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The free electron laser instability is investigated for a tenuous circulating electron beam
propagating perpendicular to a uniform magnetic field B€, and transverse wiggler field modeled
by B, sin kqpé, in planar geometry. Unlike the rippled-field magnetron which operates at
Brillouin flow, the present analysis assumes a low-density electron beam with »? </2 2. Making
use of a macroscopic cold-fluid model for the electrons coupled with Maxwell’s equations for the
fields, it is found that wave perturbations with ordinary-mode polarization (6 E||B, and 5 BLB,)
amplify with characteristic maximum growth rate Im(8w) = w,(£2,,/2v2ck,) and emission
frequency o, = (1 + Bg)yekoVg. Here, 2, = eB,,/ygme, Bz = Vg/C,yg =(1 —B%1)""2, and
Ve = — cEy/By, where E, is the applied electric field across the anode—cathode gap. Depending
on the size of £2,,/ck,, the characteristic exponentiation time w,” '(£2,,/2v2ck,)~" for the cross-
field free electron laser instability can be relatively short in units of &, .

I. INTRODUCTION AND SUMMARY

There have been several theoretical'~!? and experimen-
tal'*~?° studies of free electron lasers in linear (straight) ge-
ometry with transverse'™® or longitudinal®'? wiggler mag-
netic fields. Such configurations have gain limitations
imposed by the finite length of the interaction region. In the
present analysis, we consider the free electron laser (FEL)
instability for a tenuous circulating electron beam propagat-
ing perpendicular to a uniform magnetic field B,é, and
transverse wiggler field B, sin ke, (Fig. 1), where
Ao = 2w/k,is the wiggler wavelength and B,, = const is the
wiggler amplitude. The planar configuration in Fig. 1{a) is
used to model the cylindrical geometry in Fig. 1(b) in the
limit of large aspect ratio R,>d. Like the rippled-field mag-
netron discussed by Bekefi,?! the beam circulates continu-
ously through the wiggler field thereby providing a long ef-
fective interaction region. Unlike the rippled-field
magnetron,?’ which operates at Brillouin flow, the present
analysis assumes a tenuous electron beam with low density
(@} <2 2). In addition, it is assumed that the average trans-
wverse motion V) = — cEy/B, is maintained by an applied
electric field Eyé, [Fig. 1(a)]. However, a completely analo-
gous stability analysis can be developed for the case where
the circulating electron motion corresponds to a large-orbit
(cyclotron) gyration in the applied field B¢, .

The present theoretical model (Sec. II) is based on the
macroscopic, relativistic cold-fluid equations [Egs. (5) and
(6)] coupled with Maxwell’s equations [Eqgs. (8) and (9)],
where it is assumed that the wave perturbations have ordi-
nary-mode polarization with E = 6E,é, and 6B = 8B _é,

+ 6B, &,. The electron beam density is assumed to be suffi-
ciently low that equilibrium self-field effects are negligibly
small and the Compton-regime approximation is valid with
negligibly small perturbation in electrostatic potential
(6¢=0). In Sec. I1I, the equilibrium flow is examined in the
limit of small wiggler amplitude e’B 2 /m*c*k § <1 [Eq. (25)]
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and weak spatial variation in electron energy y,(x)mc? across
the anode-cathode gap [Eq. (26)]. The average equilibrium
electron flow is then approximately V) = ¥V = — cEy/B,
[Eq. {27)] with a small wiggler-induced modulation of the
axial flow velocity ¥V = — (eB,, /$mck)cos kqp. For ordi-
nary-mode perturbations with d /9z = 0, detailed stability
properties can be determined from the coupled eigenvalue

{a) /
$old)=V oo

B2: B8, + Bysintkoy) &,

FIG. 1. Cross-field FEL configuration in (a) a planar geometry approxima-
tion, and (b) cylindrical geometry.
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equations [(28)-(33)] or approximately from Eqs. (38}-(42) in
the limit of weak transverse spatial variations with [/
Jx|€|d/dy|. For small wiggler amplitude and beam density,

g

o~k — )

the resulting matrix dispersion equation (47) can be approxi-
mated by the diagonal terms which give the dispersion rela-
tion [Eq. (50)]

= —w

olk + ko)Vg — 2k + ko)

‘2’(2!5;0 )2( [a)—(k[:— A + [w—(ka—)-kO)VE]

[0 —(k+k)Ve]? — 22/7%

where o2 = 4mn,e*/ycm, 2, =eB,/ygmec, 0. =eBy/
ygme, vg = (1 — V3/c%) "% k = k8, is the wave vector,
and o is the complex oscillation frequency.

Analytic and numerical estimates (Sec. IV} of the FEL
growth rate obtained from Eq. (50) show that the upshifted
resonance term proportional to [w — (k + ko)¥z] ™' in Eq.
(50) leads to instability with characteristic maximum growth
rate [Eq. (56)]

Im(bw) = (0,/2V2)(12,,/ck,),
and emission frequency [Eq. (54)]

o, = (1 + Be)rekoVe,
where8; = Vg/c. Depending on thesize of 2,,/ck,, Eq. (56)
can correspond to relatively short exponentiation times in
units of »,” .

The . resonance term proportional to {[w —(k
+ ko)Vg]? — £22/7%} " in Eq. (50) also leads to instability
with characteristic maximum growth rate [Eq. {67)]

Im($)

‘Qw k 172 ‘Qc 1/2
Lo, (2 ‘m) (0+801- )
4 cky I\ 22, Yekoe

(1 —02./7ske)'?
(Bz — 0./vske)'? ’

and downshifted frequency [Eq. (62}]

o, = (1 4+ Belve(Be — 2./vekoc)koc.
Depending on the size of 2,,/ck,, Eq. (67) can give even
shorter exponentiation times provided B is close to 12,/
yekoc, although the output frequency is lower than that of
Eq. (54).

The organization of this paper is the following. In Sec.
II we outline the assumptions and macroscopic cold-fluid
model used in the present analysis. The equilibrium flow and
linearized Maxwell-fluid equations for ordinary-mode wave
perturbations are discussed in Sec. III. Analytic and numeri-
cal studies of the resulting coupled eigenvalue equations
(38)-(42) are presented in Sec. IV in the limit of weak trans-
verse spatial variations [Eq. (35)] and low beam density (o’
<c*k ) and wiggler amplitude (22 <c*k 3).

Il. THEORETICAL MODEL AND ASSUMPTIONS

For present purposes, we consider the planar geometry
illustrated in Fig. 1{a} with applied fields
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I
E°=Eg,,
(1)
B°= B8, + & B, sin kyy,
where B, = const is the axial magnetic field, B,, = const is
the transverse wiggler amplitude, A, = 27/k, = const is the
wiggler wavelength, V' = — E.d is the applied-voltage, d is
the anode—cathode spacing, and E,, is the electric field. The
planar configuration in Fig. 1(a) is used to model the cylin-
drical geometry in Fig. 1(b) in the limit of large aspect ratio
Ro>d. The assumption of constant wiggler amplitude B,
= const is a valid approximation over the transverse extent
of the electron beam provided k,d €1, which we assume to be
the case. In the present analysis, it is assumed that the elec-
tron beam is infinite in extent in the y and z directions with
uniform average density n, between x =0and x =d. It is
also assumed that the beam density is sufficiently tenuous
that the effects of equilibrium self-fields E? and B? can be
neglected in comparison with the applied field components
in Eq. (1}. For example, it is readily shown from Poisson’s
equation that |E?| <|E,| provided
Yewld?/c?)<eV /Pmc?, (2)
where c is the speed of light in vacuo, — e is the electron
charge, m is the electron rest mass, w? = 4wn,e’/pm is the
relativistic plasma frequency squared, and $mc? is the char-
acteristic electron energy. For the configuration illustrated
in Fig. 1(a), the average equilibrium flow is primarily in the y
direction at the E®XB® velocity ¥, where

Ve = —cEo/By=cV/Bd. (3)

In the present analysis, all equilibrium and perturbed
quantities are allowed to have spatial variations only in the x
and y directions with V =@,(d/0x)+ &,(9/dy) and 9/
0z =0. It is assumed that the beam density is sufficiently
tenuous that the Compton-regime approximation is valid
with negligibly small perturbations in electrostatic potential
(6¢~0). In particular, we consider perturbed electromagnet-
ic fields 6 E and § B with ordinary-mode polarization

| ]

SE =0E,(xpt ), = ———0A_(xyt)8,,
c ot

5B =06B,(xyt)e, + 0B, (xyt),
a d
=— 064 e, —— 584, (xyt)é,,
S Xt )8 o (xpt )8,
where OB =VXS8A, SE= —(1/c)(0/3t)6A, and S A
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= 0A, (x,y,t )&, is the perturbed vector potential. Finally, to
complete the theoretical model, we make use of a macro-
scopic cold-fluid description in which the electron density
n{x,y,t) evolves according to the continuity equation
(i+ V, — 4 —+V, = J )n= —n("W" + Y, ) (5)
ot ox Y dy dx dy
and the average electron flow velocity V=V, (x,p,t )8,
+ V,(xpt )8, + V,(x.,2 )8, satisfies the relativistic cold-
fluid momentum transfer equation
d d d
(az ety )"”"V)

= — e(E® + 6E) — f VX(B° + &B). (6)

Here, E° + S E and B° + § B are defined in Egs. (1) and (4),
and y(x,p,t) is the relativistic mass factor for a fluid element

V)zr V2 Vf — 172
A S A "

Moreover, making use of Eq. (4), the VX8 B Maxwell equa-
tion can be expressed as

( F & 1
' o’
where the perturbed axial current 8J, (x,,t) is given by
8J, = —endV, —eVon. 9

Here, we have expressed quantities as an equilibrium value
(0/0t)=0 plus a perturbation, e.g., n(xpt)=nyx.y)
+ Sn(x,y,t), etc. As a further useful dynamical equation, we
take the vector dot product of Eq. {6} with the flow velocity
V. This gives

(3, y 9 i) 1o ey 9
) s i B

which describes the evolution of the energy ymc?.

To summarize, Egs. (5), {6), and (8), supplemented by
the definitions in Egs. (1), (4), and (7), constitute the final set
of fluid-Maxwell equations used in the subsequent analysis.
These equations describe the equilibrium (3 /¢ = 0) and or-
dinary-mode stability properties of a tenuous electron beam
propagating in the planar configuration illustrated in Fig.
1(a), assuming negligibly small beam thermal effects and
equilibrium self-fields. For future reference, an important
simplification occurs in the exact dynamical equation (6).
We introduce the vector potential 4, (v} for the wiggler field
in Eq. (1} such that B,, sin kyy = (3/dy)4,,,(y), where

A4,..)= —(B,/ky)cos kyp. {11)
After some straightforward algebraic manipulation, the z

component of Eq. {6) can be expressed (exactly) in the equiva-
lent form
( a J )

24v, S 4y 2
ax 7y

-£ 5A,) =0,
ar

c
(12)

corresponding to the conservation of axial canonical mo-

)('}’m Vz - f—sz
4
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——)5A, = s, 8)
c

mentum P, = ymV, — (e/c)4,,, — (e/c)6A4, = const follow-
ing a fluid element. If we consider the case where there is no
axial flow in the absence of wiggler and radiation fields, then
P, = 0and Eq. (12) gives the exact result

=(e/c)d,, + (e/c)b4,. (13)

Making use of Eq. (13} to eliminate ¥, from the x and y
components of motion in Eq. {6) then gives

ymV,

(%+V,%+n%)wm

= —eE— oy _ 27:;23 (A, + 64,13 (14)
(g%V,‘;ixwy%)(rmV,)

=£€&V,-2;:c :y(A + 84, (15)

With regard to the transverse motion of an electron fluid
element, it is evident directly from Eqs. (14) and (15) that (4,
+ 84,)? plays the role of a ponderomotive potential for the
combined wiggler and radiation fields.

Ill. GENERAL EQUILIBRIUM AND LINEARIZED
STABILITY EQUATIONS

In this section, we make use of the theoretical model
outlined in Sec. II to investigate equilibrium and stability
properties for the planar flow configuration illustrated in
Fig. 1(a).

A. Equilibrium equations

From Egs. (13}(15), the exact equilibrium {3 /3t = 0)
motion of a fluid element in the absence of radiation field
(64, = 0) is determined from

e

Vo= A, = cos kg, (16)
Yome romck
(Vg ; +rvol )(yOmV")_ _eE, — "’B° ve,  (17)
(re+vel ; )(romV°)
2
—Boyo _ 2 4P, (18)
¢ 2yome* dy
where
Vgl VOZ V(z)z - 172
7,02(1_ A c;' s ) ’ (19)
and
o O
| 29 Ew e V —_ (70mc + eEx) = (20}

follows from Eq. (10). Makmg use of Eq. {5}, the equilibrium
density profile n,(x,y} is related self-consistently to the flow
velocity by

P J P P
o9 Lyl ) - _ (-—Vg ——V°).
( o Trg ST T G Vet Y
(21)
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Integrating Eq. (20}, and defining =y,(x = 0), gives
Yo =1 + eVx/mc*d ), (22)
where ¥V = — Ed is the applied voltage. Moreover, making
use of Eq. (16) to eliminate ¥ from the definition of y,, we
find from Egs. (19) and (22) that
V02 V02
x ¥

c? c?

| &*B*?
=1—{1+ =
( m*ck?

1 eVx =2

‘cos’ k, —-(1 ) .
cos (,y)i/2 +7/mc2d

(23)

Although closed expressions for the individual velocity com-
ponents ¥ and V') are difficult to obtain analytically from
Eqs. (17) and (18), the combination ¥'?* + V9 is determined
exactly by Eq. (23} in the present model.

For future reference, we summarize equilibrium flow
properties in circumstances where the x-z motion is nonrela-
tivistic with

nWVI/d), rnvi/cKl, (24)

but the y motion is generally relativistic with ¥ approxi-
mately equal to the E°% B° velocity ¥z = — cE,/B,. From
Eq. (16), the inequality 73 V' %%/c*<1 implies weak wiggler
amplitude with

e’Bl/m’c*k <1, (25)
If, in addition, it is assumed that the spatial variation in y, is
weak over the gap region 0<x<d, then eV /$Pmc’«1, or
equivalently,

(Ve/c)2.d /c)<l, (26)
whereVy; = — cEy/By, = cV /Bydand 2, = eBy/ymc.Even
if Vg =~c, Eq. (26) is satisfied provided 0.6 B,d €, where B, is
in kilogauss and d is in centimeters. On the other hand, Eq.
(25) is satisfied provided 0.6 B,k 5~ !<1, where B,, is in kilo-
gauss and k ;! is in centimeters. Making use of Egs. (24)-

(26), it is straightforward to show from Egs. (10)—{18) and (22)
that the equilibrium flow correct to O(B,,) is given by

V? = (eB,/Pmckg)cos kop,

VS =Vy +0(BL), (27)

Ve =0(B2),
where $~(1 — ¥'%/c?)~"/? and y,~7 is approximately uni-
form over the region 0<x<d. For small wiggler amplitude
[Eq. (25)], the wiggler field produces only a small second-
order modulation of the x-p motion [Eqgs. (23) and (27)], with
VS and V) given approximately by ¥ =0and V) = V.
Finally, in the context of Egs. (21) and (27), a uniform density
profile with ny(x,y) = n, = const is an allowed equilibrium
solution in the region 0<x<d [Fig. 1(a)].

B. Linearized Maxwell-fluid equations

We now examine stability properties for small-ampli-
tude perturbations about the exact equilibrium flow equa-
tions {16)—(21). All perturbation quantities §y{x,y,t ) are ex-
pressed as

236 Phys. Fluids, Vol. 27, No. 1, January 1984

Slxp.t) = Sfx.ylexp| — iot)
where Im o > 0 for the case of oscillations that amplify tem-
porally. Making use of Egs. {16)—~(21), we find from Eqgs. (13)-
(15) that

B e62,
5V, = 67/ % cos ko + (28)

Yo Yomckg Yome '

(—ia) + VO E‘Zx—+ yo :—y)(yoma’ﬁx + 8ymV?)

+ (5?’,‘ —53—+53>y g—y)(romVﬁ)
_eBy o3 sV ?
c »t yomczk
0
y

(—ia)+ Vgga;+ ay)(roszV +57/mV°)

~ 3 A 3
8V, — + 6V, —) yo
+( 3x+ > % (YomV ;)

cos koy—aa—dA,, (29)

B,

~Bosp 4 9. (cos kopdA.), (30)
c vomc?k, dy

where use has been made of 4, = — (B,,/ky)cos kop and

Vo= —(eB,/yymcky)cos kyy. Making use of 6V, (3/

Ixfygmc® = — eEySV, [Eq. (22)], the linearized. energy

equation (10) can be expressed as

. ad d
o4yl )5
( iw + o -+ ’ 5 14

2

cos koyb‘A (31

7] ¢
romc2
Equatigns (28)-(31) determine the perturbed fluid mo-
tion (8V,,6V,,6 V 67) in terms of the wiggler field and tSA
Retuming to the Maxwell equation (8) for 4,, we make use
of Eq. (28) to eliminate §¥,. Equation (8} then reduces to

F  F 4rnye’ )
—t—— 54,
(a o »H c2 yonc?
B A
= 4””0822 22 cos koy(ﬂ__‘s_”), (32)
Yome® ko Yo Mo

In Eq. (32), 8y{x) is related to 84,(x,») by Eq. (31), and
én{x,y) is determined in terms of the perturbed flow from the
linearized continuity equation (5), i.e.,

, P P Vo 3V°)
P 7 B 7 )a 5( :
( w+ dx o Yy e+ dx + dy
- —(5V no | 57, ‘9"0)
ox dy
3 3 o
—ng| 287, —SV). 33
""(a t%° (33)

To summarize, Egs. (29)~33) constitute the final cou-
pled eigenvalue equations for 54 LX), 6n(x,y), 67(x,y), 8V
(x,y), and Y% ,(x,p) assuming ordinary-mode perturbations
about the general equilibrium flow equations (16}-(21).
Equations (29}~(33) include both x and y variations and must
be solved numerically in the general case. In the special limit
of zero wiggler amplitude (B,, = 0), it follows trivially that
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8V, = 0,8V, = 0,5y =0, and 8n = 0, and Eq. (32) reduces
to the familiar ordinary-mode eigenvalue equation
2
(iz+32;+—“’—- drnqe” )6A =0, (34)
Xt d* * ygmc?
for a cold plasma in the absence of wiggler field.

IV. ANALYSIS OF EIGENVALUE EQUATION

In general, allowing for full x and y dependence, the
coupled eigenvalue equations (29}~{33) must be solved nu-
merically. In this regard, Eqs. (29)—(33) can be used to inves-
tigate cross-field free electron laser stability properties over a
broad parameter range where the tenuous-beam theory sum-
marized in Secs. II and III is valid. For present purposes,
however, to illustrate the basic physics features of the cross-
field FEL instability, we consider the regime where spatial
variations in the y direction have short wavelength in com-
parison with spatial variations in the x direction, i.e.,
91518
dy ox
In particular, we neglect the x dependence of all equilibrium
and perturbation quantities in Egs. (29}-(33) (8 /9x = 0). In
addition, it is assumed that the inequalities in Eqgs. (24)-(26)
are satisfied, and the equilibrium x-y motion is approximat-
ed by

(35)

Ve =o,
(36)
V) =Ve= —cEy/B,
It is convenient to define
2, =eBy/ygme, 2, =eB, /ygmc,
(37)

w2 = 4mn,e’/yem, 84, = e84, /ygmc?,

where ¥ = (1 — ¥%/c¢*)~"2 = const, and n, = const is the
{uniform) beam density. Setting d /dx = 0 and making use of
Eq. {(36), the coupled eigenvalue equations (29)-(33) can be

approximated by

' 9 \s¥, P

—-'tw+ VEa_y .= — .6V, (38)
( o+, 2 )6V + VE( i + VEi)ﬂ
A/ Ve

+0 aV = 0,57, + 20 2 (cos ko 64,),
ck(, dy
(39)
2,
( o+ Vg = 9 ) 57 = iw =2 cos koybd,, (40)
dy cko
& )
o2 )54,
(a‘y2 * ¢
2 A
=_w_,,0 koy(‘s_”_ﬂ), (41)
C2 Cko ng YE
J .~
v )5 = —n, 26V, 42
( o + Ea n= —=n, 3y ¥y (42)
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Equations (38)-42) constitute coupled equations for & v ),
SV, ), Svy), 84,(y), and 5n(y) In obtaining the term
0 (V /A)8V, in Eq. (39), we have made use of Eq. (22)
to approximate b‘Vx (8/0x)\yomV ) = (VE/cz)aV (—eEy)
=0,(Vi/A8P, in Eq. (30).

We now Fourier decompose with respect to the y depen-
dence in Eqgs. (3842) with 64 )= 2k6A « expliky), etc.
After some straightforward algebra, this gives
81 = — ve [0/l — kVe))(@u/2 ky

X(aAk+ko + 64, _ 1), (43)
én, = n,,k&V Lo —kVg), (44)
2, (0—kVg)wVy —ck)
2ky [(w — kV,,-)2 2/vE]
><(6Ak+k,, +5Ak—k,,)’ (45)
(@* — ¢k ? — w2)54,
2

= &)IZ, 201: ( (5nk+ko +6nk kﬁ)

—y—(amk, +6?k_k(,)). (46)

E

&V, =

Combining Eqs. (43}-45) and substituting into Eq. (46) gives
the final eigenvalue equation

2k2 wz —~
(1 —sz —;‘;—+xk+ko(w)+xk_ko(w))6ztk

+Xk+kn(w)‘szk+2kn +Xk——ko(m)62k—2ko =0, (47)

where the wiggler-induced susceptibility y, (@) is defined by

vl =25 (22 )

( ((okVE—czkz) Lo )
[~ kVe? —22/1%]  (0—kVi) )

(48)
Equation (47) constitutes the final matrix dispersion
equation for the cross-field free electron laser instability in
circumstances whered /dx = Oisassumed. For 22 /c’k 2 <1
[Eq. (25)], the coupling to the off-diagonal terms in Eq. (47) is
weak, and the dispersion relation can be approximated by .
1 - k%0 — 0 /0" = — [Yiy i, (@) + X — i, (@)]
(49)
or equivalently
n

2(,';:0 )2( [ — (ka—:— ko)Ve]

2 27 2 2_ 2
0 —ck®—w,= mp(

®
* [@— (k= ko)Vi]

[a)(k + koW — ik + ko)z]
[a)—- (k‘f‘ko)VE]z—ﬂf/?’é

[olk — ko)Vs — ck — ko] ) 50
[a) - (k"ko)VE]Z"ﬂg/ﬁs

Equation (50} constitutes the final ordinary-mode dis-
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persion relation (diagonal approximation) in circumstances
where |k |>|d /x| and spatial variations in the x direction
are neglected. Equation (50) can be used to investigate cross-
field free electron laser stability properties over a broad pa-
rameter range consistent with the Compton-regime approxi-
mation (tenuous beam and 5¢~0). In the remainder of this
paper, we make use of Eq. (50) to obtain simple analytic
estimates of stability properties (Sec. IV A} as well as de-
tailed numerical calculations of free electron laser growth
rates (Sec. IV B).

A. Analytic estimates of FEL growth rates
In this section, we make use of Eq. (50) to obtain simple

analytic estimates of instability growth rates in the limit of
small wiggler amplitude and beam density with

122/4c%k}, ol/ki<l. (51)
It is evident that the ordinary-mode electromagnetic wave
with w? — ¢’k * — @} ~0 can resonantly couple to wiggler-
induced current perturbations whenever the beam reso-
nance condition @ — (k + ko)Vz = 0 or cyclotron resonance
condition [w — (k + ko)V:]? — 22/y; =0 are approxi-
mately satisfied. Now we simplify Eq. (50) in these two limit-
ing regimes.

1. FEL instability near beam resonance
Restricting attention to upshifted frequencies, we first
examine Eq. (50} for (w,k) in the vicinity of (w,,k,) deter-
mined from .
o, = (k2* + o?)'?,
(52)
®, = (k, + ko)VE,
where o, >0 and k, > 0 are assumed. In this case, Eq. (50)
can be approximated by
[0 — (k+ k)VE ](@® — k? — w)) = — )2,/ 2k w.
’ (53)
For w?/c%k § <1, it follows from Eq. (52) that », and , can
be approximated by the familiar result
o, = (1 + BelekoVe,
(54)
k,=(1 +BE)72EBEk0’
where 7, = (1 —B%)~"/%. Expressing o =, + 8w and
k =k, + 8k, and retaining terms to order (§w)* and (8k )%,
the dispersion relation (53} can be approximated by

k, 1 L 2,V
S —~ Ok Jbo —Vibk)= ——w, .
2ck,

, 2
(35)
For 6k =0, Eq. (55) gives the characteristic maximum
growth rate
Im{éw) = (w,/v2)($2,,/2ck,). (56)
Depending on the size of (2,,/2ck,), Eq. {56} can correspond

to relatively short exponentiation times in units of ,” !

Within the range of validity of Eq. (55), it is readily shown
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that the growth rate is stabilized (Im 6w = 0) whenever
(6k )*>(Sk )2, where
ol k22, \
ok =222 (e ) (57)
Ve kd \ 2k,

and k, is defined in Eq. (54). Making use of Eq. (56) and
substituting in Eq. (50), it is readily shown for @~(k + k)
X Vg that the cyclotron resonance term proportional to
{[o—(k+ko)Ve]> —22/v%} " is negligibly small pro-
vided

@ Bu Vel +65) 5

‘Qc BO ﬁE

It is interesting to compare Eq. (53) with the cold-beam
Compton-regime dispersion relation obtained in the case of
zero guide field (B, =0). Setting 2, = 0 in Eq. (50) and de-
noting Vp by. ¥V,, the quadratic resonance term
[@ — (k + ko)V,] % dominates the linear resonance term
[@ — (k + ko)V, 1™ ! on the right-hand side of Eq. (50), which
leads to the approximate dispersion relation
[@ — (k + ko)V, 12 (0® — ¢k — w?)

= — {02, /2ck )k + ko) [wV,, — Pk + ko)],  (58)
with characteristic maximum growth rate (for 8k = 0)

Im(aw)=ﬁ( @ 2. )"3(”/"" )mkc
2 \ k2 4ck? 28, o
(59)

Typically, Eq. (59) gives a somewhat larger growth rate than
Eq. (56).

2. FEL instability near cyclotron resonance

We now return to Eq. (50) in the presence of a guide field
(By#0) and examine the dispersion relation for (w,k ) in the
vicinity of (,,k, ) corresponding to cyclotron resonance, i.e.,

o, = (k1 +})'"?

(60)
0, = (kr + kO)VE i' ‘Qc/YE’
where o, >0 and ., >0 are assumed. In this case, Eq. (50)
can be approximated by
{[o -(k+k0)VE]2 -2/}’ —k? —-(o’%)
= — 0}, /2ckof(k + ko) [@Vg — Pk + ko)]. (61)
For w?/c’k } <1, it follows from Eq. (60) that @, and , can
be approximated by
o, = (1 + Be)ve(Be £ 2./7ekoc)kqc,
(62)
k, = (1+ Bzl Be £ 2./vskoc)ko
As before, we express ® = o, 4+ 6w and k = k, + Sk in Eq.
(61). For 8k = 0, some straightforward algebra shows that
Eq. (61) can be approximated by

ot 22 2 Jop = 2 (Lo ) (fths )

Ye 2 2£‘k0 k ,
£,
X1+ ek = 22 ). 163
E
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For a sufficiently weak applied field B, such that 2_/y gk
<1 and 2,/y; <¢|6w|, Eq. (63) reduces to the unmagnetized
results in Egs. (58) and (59). On the other hand, for £2./y
> |6w| the quadratic term in Eq. (63) dominates and dw is
determined from

0 (2, N k, +k,
R
G0l ="\ 2k, k

x(l +(1+8,) k‘;“" ) (64)

<

for 5k = 0. Making use of Eq. (62) to eliminate k,, Eq. (64)
can be expressed in the equivalent form

2 2
2 _ wp ‘Qw ) (k0c7E )( ﬂc )
(bw) + 4 ( 2¢ck, 2, 1+8:) £ Yekot

(B + 2./vekee)
Clearly the + branch in Eq. (65) is always stable

(65)

(Im 6w = 0), whereas the — branch exhibits instability
whenever

2./vgkoc <P, (66)
with corresponding growth rate

1 ﬂw ko"?’s 172 'Qc 172
o= Lo (2 )(522) (145 -
( (‘)) 4 P Cko ﬂc ( BE) yEkoC
(1 — 2./ygkee)'?

(Br ~ Qc/Vekoe)

and downshifted emission frequency [Eq. (62)] o,

= (1 + Be)ve(Br — 2./yskqc)kqc. Making use of Eq. (67)

and substituting in Eq. (50), it is readily shown for

@ — (k + ko)Vy~ — 0_/y5 that the linear resonance term

proportional to [w ~ (k + ko)¥z] ™' is negligibly small pro-
vided

w, 21 ( 8, _ 0, )1/2
2koe ko £ kocye
( ﬂ )1/2 ( ﬂ n 172
< - 1 ——= )( 1+ Bg) —— ) .
koY s ks N HPE) o

B. Numerical results

(67)

The complete dispersion relation in Eq. (50) is an
eighth-order algebraic equation for the complex oscillation
frequency w. In this regard, Eq. (50) has been solved numeri-
cally and typical results are summarized in Figs. 2 and 3,
where the normalized growth rate (Im w)/ck, is plotted ver-
sus k /k, for the unstable branch with upshifted wavenumber
k~k, = (1 + Bg)yzBrk, In Fig. 2, we fix y, =2, 2./
cko=0.5,and @’ /c*k j = 0.1and vary B,,/B, from 0.1 [Fig.
2(a}] t0 0.5 [Fig. 2(c)]. On the other hand, in Fig. 3, we fix 7,

=2, 2, /cky=0.5, and B, /B, = 0.25 and vary w?/c*k}
from 0.25 [Fig. 3(a)] to 0.5 [Fig. 3(b)]. For small values of
both B, /B, and w./c’k }, it is clear from Fig. 2(a) that the
bandwidth of unstable & values is very narrow. Indeed, Ak /
k, ~1072 for the parameters in Fig. 2(a). However, for in-
creasing values of B, /B, (Fig. 2), or for increasing values of
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FIG. 2. Plot of the normalized growth rate Im w/ck, vs k /k, obtained nu-
merically from Eq. (50) for the upshifted unstable mode with
w==(k + ko)V. Parameters correspond to v, = 2, w2/c*%k} = 0.1, 22, /ck,
=0.5,and (a) B,,/B, =0.1, (b} B,,/B, = 0.25, and (c) B, /B, = 0.5.
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w?/c’k} (Fig. 3), both the bandwidth of unstable k values
and the maximum growth rate (Im w)ysx increase substan-
tially. The “dimpled” structure of the Im w/ck, vs k /k,
plots in Figs. 2 and 3 has to do with the high-order (eighth-
order) nature of the algebraic dispersion relation for @ in Eq.
(50}

- Finally, we have also solved numerically the complete
dispersion relation (50) for the unstable downshifted branch
near cyclotron resonance with @ — {k + kg)Ve~ — 2./75.
(See discussion at the end of Sec. IV A.) Typical numerical
results are illustrated in Fig. 4 for parameters such that the
growth rate of the downshifted branch is comparable to the
cross-field FEL growth rates in Figs. 2 and 3. Note from Fig.
4 than an increase in B,,/B, or &} /c*k § leads to an increase
in growth rate Im » and a broadening of the range of unsta-
ble k values.

004

1 0.03
Imw

Cko
0.02

0.01

lll’llllllTl'lIleTll

llllLlll Jll!'llll[J;L

" 0.061-

L 0.05}—

3 —

':v 0.04

-

ke’ 503

" 0.02 —

: l B
- a
oLt [ W Y N R R T L1
50 6.0 7.0 8.0

FIG. 3. Plot of the normalized growth rate Im w/ck, vs k /k, obtained nu-
merically from Eq. (50) for the upshifted unstable mode with
w~(k + ko}V,. Parameters correspond to y,. =2, B,/B,=025, 2./
cky = 0.5, and (a) @2 /c*k 3 = 0.25 and (b) w3 /c*%k ] = 0.5.
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FIG. 4. Plot of the normalized growth rate Im w/ck, vs k /k, obtained nu-
merically from Eq. (50) for the unstable dowshifted cyclotron branch with
@ — tk + ky)V =~ — £2,/y,. Parameters correspond to y; = 2 and $2,/ck,
=0.5 and (a) B,/B,=0.25 and w2/} =0.1, (b) B,/B,=0.25 and
w,/c*k g =0.25, and () B,,/By = 0.5 and w?/c’%k } = 0.1.
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V. CONCLUSIONS

The present theoretical analysis of the cross-field FEL
instability is based on the macroscopic, relativistic cold-fluid
equations for the electrons [Egs. (5) and (6)] coupled with
Maxwell’s equations for the fields [Eqs. (8) and (9)], where it
is assumed that the wave perturbations have ordinary-mode
polarization with SE =8E,é, and 6B =5B. &, + 6B,¢,.
The electron beam density is assumed to be sufficiently low
that equilibrium self-field effects are negligibly small and the
Compton-regime approximation is valid with negligibly

.small perturbation in electrostatic potential (5¢~0). In Sec.
I11, the equilibrium flow was examined in the limit of small
wiggler amplitude ¢’B 2 /m’c*k 3 <1 [Eq. (25)] and weak spa-
tial variation in electron energy y,(x)mc? across the anode~
cathode gap [Eq. (26)]). The average equilibrium electron
flow is then approximately V') = V; = — cE,/B, [Eq. (27)]
with a small wiggler-induced modulation of the axial flow
velocity V2 = — (eB,, /Pmckg)cos kyp. For ordinary-mode
perturbations with d/dz = 0, detailed stability properties
were determined from the coupled eigenvalue equations
(38)~{42) in the limit of weak transverse spatial variations
with |@ /9x|<|d/dy|. For small wiggler amplitude and beam
density, the resulting matrix dispersion equation (47) is ap-
proximated by the diagonal terms which give the dispersion
relation in Eq. (50). Analytic and numerical estimates (Sec.
1V) of the FEL growth rate obtained from Eq. (50) show that
the upshifted resonance term proportional to
[ — (k + k,)V 2]~ " in Eq. (50) leads to instability with char-
acteristic maximum growth rate [Eq. (56)]

Im(S0) = (@,/2V2)2, /cko),
and emission frequency [Eq. (54)]
o, = (1 + BelrekoVe,
where B = ¥;/C. Depending on the size of 12,,/ck,, Eq.
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{56) can correspond to relatively short exponentiation times

in units of w,™ .
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