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ABSTRACT

The classical limit of the Einstein coefficient method is used in the
low-gain regime to calculate the stimulated emission from a tenuous rela-

tivistic electron beam propagating in the combined solenoidal and longi-

tudinal wiggler fields [BO + 635i11koz]éz“prddhqéﬁtﬁéaf'thé giiQ'Efggumﬁlti:,t

ple-mirror (undulator) field configuration. Emission is found to occur at

all harmonics of the wiggler wavenumber k, with Doppler upshifted output

0

frequency given by w = [£k V. + o . J(1 + V_/¢) 2/(l + 2V2/c2) where £ > 1.
0'b " Yep’t T B Yp i o =

The emission is compared to the low-gain cyclotron masexr with 6B = 0 and to

the low-gain FEL (operating at higher harmonics) utilizing a transverse,

linearly polarized wiggler field.

+Permanent Address: Plasma Fusion Center, Massachusetts Institute of
Technology, Cambridge, Massachusetts 02139.




1. INTRODUCTION

The Lowbitron (acronym for longitudinal wiggler beam interaction) is
a novel source of coherent radiation in the centimeter, millimeter, and
submillimeter wavelength regions of the electromagnetic spectrum. The
" radiation is generated by a tenuous, thin, relatiﬁistic electron beam with
average axial velocity Vb and transverse velocity V, propagating along the
axis of a multiple-mirror (undulator) magnetic field. It is assumed that
the beam radius is sufficiently small that the electrons experience only
the axial solenoidal and wiggler fields given by Eq. (2). The output
frequency wis upshifted in proportion to harmonics of kOVb’ where XO = 2n/k0»
is the wiggler wavelength. This offers the possibility of radiation gene-
ration at very short wavelengths.

Previously, we have considered this FEL configuration in the high-gain
regime using the Maxwell-Vlasov equations to study coherent emission at the
fundamental harmonicl’z, and at higher harmonics3. In this article, the
classical limit of the Einstein coefficient method is used in the low-gain
regime to study stimulated emission at the fundamental and higher harmonics.
In Sec. 2, we determine the electron orbits in the magnetic field given by
Eq. (2). These orbits are then used in Sec. 3 to determine the spontaneous
energy radiated. In Sec. 4, the amplitude gain per unit length is calculated
for a cold, tenuous, ;elativistic electron beam. For sufficiently large .
pagnetic.fieldg,we find that the emission is inherently broadband in the

sense that many adjacent harmonics can exhibit substantial amplification.

For a device operating as an oscillator, it would be possible to tune the
output over a range of frequencies for fixed electron beam and magnetic
field parameters by changing the optical mirror separation to correspond i
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to the different harmonics. The low-gain Lowbitron results are compared to
the low-gain cyclotron maser and low-gain, higher harmonic FEL utilizing

a transverse, linearly polarized wiggler field.




2. . CONSTANTS OF THE MOTION AND ELECTRON TRAJECTORIES

We consider a tenuous, relativistic electron beam propagating along
the axis of a combined solenoidal magnetic field and multiple~-mirror

(undulator) magnetic field with axial periodicity length ), = 2ﬂ/k0.

0
" It is assumed that the beam radius Rb is sufficiently small that kéRé <1

2 . .
and that kgr, <1 is satisfied over the radial cross-section of the electron

beam. Here, cylindrical polar coordinates (r,8,z) are introduced, where r

is the radial distance from the axis of symmetry and z is the axial coor-

dinate. For kérz <1, the axial and radial magnetic field, Bg(r,z) and

Bg(r,z); can be approximated near the axis byl—3
0_ . [. .68 . 122
Bz = BO [l + Bo sin koz] + 7 8B kor sin ka,
¢))
0 1
Br = -3 &B kor cos koz,
where B, = const is the average solenoidal field, 6B = const is the oscil-

0
lation amplitude of the multiple-mirror field, and GB/B0 <1 is related to

the mirror ratio R by R = (1 + GB/BO)/(l - GB/BO). For present purposes,
it is assumed that koRb is sufficiently small that field contributions of

the order kor B (and smaller) are negligibly small. Therefore, in the sub-

sequent analysis, the axial and radial magnetic fields in Eq. (1) are approxi-

mated by
BO = B 1l + == sin k,.z
0 B, R I
(2)
BO =0
T

That is, to lowest order, theelectron experiences only the axial solencidal

and wiggler field components of the multiple-mirror field.
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Assuming a sufficiently tenuous electron beam with negligibly small
equilibrium self fields, the electron motion in the longitudinal wiggler
field given by Eq. (2) is characterized by the four constants of the motion

P s
zZ

2 2 2
p, = (p. + Pe)’

1/2

2 4 2.2 2 2
Pz) s ' (3)

2
yme” = (m"c +cp, +c

- _e,0
Pe = r[pe 3 Ae(r,z)] .

Here, pz is the axial momentum, p, = (pi + pg)l/2 is the perpendicular mo-
mentum, Ymc2 is the electron energy, Pe is the canonical angular momentum,
and Ag = (rBO/Z)[l + (6B/BO) sin koz] is the vector potential for the axial
field BS in Eq. (2). Also, m is the electron rest mass, —e is the electron
charge, and ¢ is the speed of light in vacuo. Note that Ymc2 = const can be
constructed from the constants of the motion, P, and pi, which are indepen—
dently conserved.

For present purposes, it is assumed that the equilibrium electron
distribution fg has no explicit dependgnce on PG’ and the class of beam
equilibria

£ = £202,p) (%)

is considered. In order to determine the detailed properties of the growth

rate, we make the specific choice of beam equilibrium

0 _ ™

fb = Trp. G(P;"meVL)G (pz - meVb), (5)
where n o= fd3pfg = const is the beam density, the constants Vb and V, are
_ 2,2 2, 2.,-1/2 _ 3 0
related to Y, by Yy = 1 Vb/c vi/ce) , and Vb = [ fd p(pzlym)fb]/

(f d3pf€) is the average axial velocity of the electron beam. For this
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choice of distribution function, the beam equilibrium is cold in the axial
direction with effective axial temperature TH = [fd3p(pz -<(pz>)(vz - <vz>l/
(fd3pfg) = 0, where {y> = (depwfg)/(depfg). On the other hand, the effec-
tive transverse temperature is given by T, = (1/2)(fd3pp+v¢fg)/(fd3pfg) =
ymeE/Z. This thermal anisotropy T, > TH provides the free energy source
" to amplify the radiation.

In order to calculate the spontaneous energy radiated by an electron

passing through the magnetic field configuration given by Eq. (2), we first

determine the electron orbits from

Metyden ®

R Lk 2

g;% = 0, (8)

where p'(t') = ym y(t') and y = (1 + R'z/mzcz)l/z = const. Here, thebound-

ary conditions %'(t‘=t) = X and R'(t'=t) = p are imposed, i.e., the particle
trajectory passes through the phase space point (¥’B) at time t' = t. From

Eq. (8), the axial orbit is given by

P_ = P_»

z z
(9)
z'=z+v T,
z
where T = t' - t and v, = pzlym is the constant axial velocity. In order to
determine the transverse motion, Eqs. (6) and (7) are combined to give
E%T-VL = iwc [l + %E-sin(koz + kOVzT)] v;, (10)
0
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where v, = v;(t') + iv;(t'), w, = eBolymc is the relativistic cyclotron
frequency in the solenoidal field Bo, and use has been made of Eq. (9).
Integrating Eq. (10) with respect to'!t' and enforcing v;(tE=t) =v, t

ivy = v, exp(i¢), where (vx,vy) = (v ,cos ¢, v, sin ¢) is the transverse velo-

city at t' = t, gives
cos k.z -~ cos(k.z + k. v 1)
- . . . §B 0 0 0z
Vl(t') = v, exp [1¢ + 1wcr-+1wc B v ] (11)
0 0z
From Eq. (11), it is evident that p|(t') = YmIv;(t')l = ymv, is independent

of t', although the individual transverse velocity components, v;(t') and

v '(t'), may be strongly modulated by the longitudinal wiggler field 6B sin k,z.

0
Making use of exp(ibcosa) = 2: J(b)exp( imo + imn/2), Eq. (11) becomes

T OO

m=-® p=-w 0 0z "0

Yooy o c éB “c 8B g T}
vi(t') = v, exp(i¢) 2: 2: I . 3 1\ 5] D x
exp[i(wcr + mkovzr)] exp[i(mdn)koz], (12)

where Jn(x) is the Bessel function of the first kind of order n. Integrat-

ing Eq. (12) with respect to t' gives for the radius of the electron orbit

w
rp(eh) - ry = v, exp(i¢) Z Z (C 6B>J<k$ B0>() g

=e-00 =00 0 0 2z

exp[i(wcT + mkovzr)] -1
exp[i(m—n)koz] i(wc Tk ,v) R (13)

where ri(t') = x'(t') + iy'(t'). In the absence of wiggler field (6B = 0),
Eq. (13) gives the constant-radius orbit corresponding to simple helical

motion in the solenoidal field BO. In the absence of the solenoidal field
(B0 = 0), the m=0 term in Eq. (13) grows linearly with 1, and the radius of

the orbit increases without bound unless the argument of JO is near a zero
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of JO, in which case the orbit remains bounded. Also, in the presence of

both the solenoidal and wiggler fields, the radius of the orbit grows

0z

assumed that the value of v, = Vb is such that W, + kaVb # 0, and the

radius of the electron orbit remains bounded.

linearly in T for w, = -mk v exactly. In the following analysis, it is




3, SPONTANEOUS EMISSION COEFFICIENT

The spontaneous emission coefficient nw(§,g) is the energy radiated
by an electron per unit frequency interval per unit solid angle divided by
the time T = L/Vz that the electron is being accelerated. Here, L is the
axial distance over which the acceleration takes place. It is assumed
that the radiation field is right-hand circularly polarized and propa-
gating in the z-direction with frequency w and wavenumber k related by w =
ke in the tenuous beam limit. For observation along the z-axis, the spon-

N . s . . e s o 4
taneous emission coefficient in the classical limit is given by
T 2

dt e . x (&
8, % &,

dZI ezwz

4ﬂ2C?T

Ny = TS

W

L

x X') exp i(kz'-wT) (14)

0
The orbits in Eqs. (9) and (12) are substituted into Eq. (14), and the

integration over T is carried out. This gives

222
ewwv

R L “c B Yc 8B
n. = —— 2: 2: (i)n(—i) exp[i(£ - n)k.z]J -—-).J ( — ]
© 0 grldr e nfle 0 z<k0vz 8o/ ™\ko"2 B

exp[i(kvz + f,kovz + w, - w)T] -1
kv +Lkv + w0 - w
2 0z c (15)

exp[-i(kv_+ nk,v_ +w_ = w)T] - 1
y Z 0z c .
kv. +nk.v +w0 -uw
z 0z c

Equation (15) contains terms that (spatially) oscillate on the length scale

of the wiggler wavelength A = 2ﬂ/k0. Since our primary interest is in the

0
average emission properties, we average Eq. (15) over a wiggler wavelength,
which gives the average spontaneous emission coefficient n,

_ bl e 2f “c &3 2 2 :
T A Tl s ) st v/ (16)
8¢ Lo 0’z 0




where by = [kvz + Zkovz +c%—uﬂ$/2,

In the absence of wiggler field (6B = 0), only the £=0 term in Eq. (16)
survives, and E@ is a maximum for wo = 0 corresponding to cyclotron resonance
in the solenoidal field BO. For 6B # 0, spontaneous emission occurs at all
harmonics of kovz. Maximum emission at each harmonic number £ occurs when
wl = 0 and the argument of Jﬂ is such that Jﬁ is é maximum. Even when the
argument of the Bessel function gives a maximum value of Jz for a particular

choice of £, the emission in neighboring harmonics can be substantial. Also,

for 6B # 0, the wo = 0 contribution in Eq. (16) is reduced by the Jg factor

relative to the wo 0 emission when &B = 0.




4. AMPLITUDE GAIN IN THE TENUOUS BEAM LIMIT

Making use of the expression for the spontaneous emission E; in Eq. (16),
the amplitude gain per unit length T can be determined from the classical
limit of the Einstein coefficient method. The amplitude gain per unit length

is given by4 (r>0 for amplification)

3 2 0
4~ cF -
0 e 0
va (1o ot afg '
X -y ) — +v — (17)
P, (k z) 3p, + apz ?

where fg(pi,pz) is the equilibrium distribution function, w = kc has been
assumed, v, = pz/ym‘and-v¢ = p+/ym are the axial and transverse velocities,
and ymc2 = (mzc4 + czpi + czpf_)l/2 ié the electron energy. In Eq. (17), a
phenomenological filling factor F has been included which describes the
coupling of the electron beam to the electromagnetic mode being amplified.
The geometric factor F is equal to unity for a uniform electromagnetic plane
wave and electron beam with infinite radius. Moreover, for finite beam
cross section, F is equal to unity when the electron beam and radial extent
of the radiation field exactly overlap. On the other hand, F < 1 when the
beam radius is less than the radial extent of the radiation field.
Substituting Eqs. (5) and (16) into Eq. (17) and integrating by parts

-]

with respect to P, and p, gives the gain per unit length T = 2: Pg’ where

feeo
QibLF sin2 wﬂ v, 2
ey 2 7 | PA\v) TP LI B = T, ()]
Y, C 1] b
b £
2 2
Yx 2®) + 2(1 - ¢/V)HIZm) | + == 3 2(b)
Vb £ b’ L 2Vb Vb £
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3 sin2 wﬁ
x[w(-1 + vb/c) + wcb] 50 5 . (18)
£ wﬂ

2 2 . s
Here, wpb = Annbe /m is the nonrelativistic electron plasma frequency-

squared, wep = eBO/mec, b = (wcb/kovb)(GB/Bo), and wﬂ = (kV5 + £k V. +

0'b

Wy ~ w)T/2. Equation (18) is valid only for the case of low gain (TL < 1)
" and c¢/wL<<1l. 1In order for the lineshape factors proportional to [sin2 wﬁ]/wz
in Eq. (18) to be a valid representation of the emission for more general
choice of fg, it is necessary that any small axial spread in electron momentum
(Apz) and small spread in transverse electron momentum (Ap,) satisfy the
inequalities 1/L>> [w(1l - Vb/c)/c + KkO]Apz/ymeb agd 1/L>> wViAp+/c2ymeLVb.

We first examine Eq. (18) in the absence of wiggler magnetic field,
i.e., 6B = 0. 1In this limit, only the £=0 term survives, and Eq. (18) gives

the gain per unit length for the cyclotron maser instability taking into

account a finite interaction length L, i.e.,

2 2 2
w_, LF : sin” ¢ A sin 2y
- PP _ oyt 0 )y 0
en 7 ¢ [2(L = /vy v /v ] -+ \¥ v . (19
8ch WO b 0

An expression similar to Eq. (19) has been derived previously using the
single-particle equations of m.otion.5 For exact resonance (wo = 0), Eq.
(19) predicts only absorption of radiation. Also, for V, = 0 and arbitrary
wO’ Eq. (19) predicts only absorption, as expected. The above expression for
L its maximum value5 for y, = + 3.75 with the final term in Eq. (19)
giving the dominant contribution. Equation (19) is symmetric in wO and
“gives amplification on either side of wo = 0. Both transverse and axial
electron bunching contribute to Eq. (19) with the axial bunching dominating
for the maximum value éf rcm' The output frequency is approximately w =

ygvi/cz), which is limited to wavelengths in the centi-

2
+
wcb(l + Vb/c)yb/(l
meter and millimeter range for values of BO and Yy typically available. For
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moderately large values of BO and Yy, it may be possible to reach submilli-
meteF wavelengths.

We now gxamine Eq. (18) in the presence of the wiggler magnetic field,
6B # 0. TFor finite values of b, £ # 0, and assuming (Blawz)(sinz wﬁ/wz) is
not negligibly small, the terms in Eq. (18) proportional to L2 are dominant.

This gives
L°F

2 .2 2 2
“pb (V*) O (1 -7V, /)] =2 <sm w"‘) (20)
T, = w - w - V. /c . 0
£ 16vabc2 Vb £ cb b sz w%

Rewriting [wcb - w(l - Vb/c)] = [2¢£/L - ZkO]Vb in Eg. (20) gives

2 .2 2 2 ‘
w LFfV, sin” ¥
r, = —Lb—2<;7-) Tg®) [20,/1 = Pyl ( . z) : 1)
16y, ¢ \'b £\
b £
Typically, |£k01 >>|2w£/L]. Moreover, since we are interested in output

frequencies that are Doppler upshifted, we take £ > 0. As a function of w&’
the quantity TZ in Eq. (21) then assumes its maximum value for w£.= 1.3,

which gives

2 .2 2
L°F [V
MAX  0.54 “pb + 2 ,
T . 2 (v)ﬁkoJﬁ(b)’ (22)
v,& \'b

with an output frequency of approximately

2
i [zkovb + ‘*’cb] 1+ Vb/c)yb

2 2
1+ bef/c )

W

In the presence of the wiggler magnetic field, it is evident from Egs. (20)
and (21) that the gain per unit length gives only amplification for wﬁ > 0.
This is in contrast to the case §B = 0 where amplification occurs for both
positive and negative wo, symmetric about wo = 0.

Comparing the output frequency with and without the wiggler field, we
find that the output frequency for 6B # 0 is always greater than that for

§B = 0 and can be substantially larger for ZkOVb > DR Taking the ratio
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of Eq. (22) .to the maximum value obtained from Eq. (19), and assuming that

the final term in Eq. (19) is dominant, gives

MAX

£ N 2
= = £kOLJ£(b). (23)

cm

r

Depending on the size of Jz(b) in Eq. (23), it is evident that for kOL >>1
“and 6B # 0, it is possible to obtain a larger or comparable gain to the
cyclotron maser, but at a much higher output frequency.

From Eq. (22), depending on the size of J%, it is clear that substantial
amplification can occur simultaneously in several adjacent harmonics. If
b < 1, then the small-argument expansion of the Bessel function appearing in
Eq. (22) can be used, which shows that £ = 1 gives fhe largest amplification.
For sufficiently large magnetic field, b can take on values greater than
unity. In this case, for specified value of £, several neighboring harmonics
can give substantial amplification at different output frequencies. For

operation as an oscillator, given values of k V, and Yy it would be

0* Vb
possible to tune the output over a narrow frequency range by adjusting the
mirror locations to correspond to the frequency at a particular harmonic.
As a numerical example, for b = 1.8, Ji is a maximum, and the first
three harmonics can be excited simultaneously with l"l/F2 = 1.87 and Tl/T3 =
11.68. For b = 4,2, Jg
1‘3/1"4 = 1.44, and T3/T5 = 4,33, In this case, the first five ha;monics can

is a maximum, with F3/Tl = 28.3, F3/P2 = 2,89,

be excited to a significant level. The above values chosen for b require .
substantial magnetic fields. For example, if y, = 2, Vb/c = 0.71, V,/c = 0.5,

6B/B0 = 1/3, then b = 1.8 requires wcb/ckO = 3.83 or By = 12.8k, kilogauss,

0
where kO = ZN/AO is expressed in cm_l. For the above values of Yb’ Vb’ v,
and éB/BO, the choice of b = 4.2 then requires BO = 23ko kilogauss.

An FEL using a transverse, linearly polarized wiggler field with no
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solenoidal field has been shown theoretically to radiate at odd harmonics,

f=1, 3, 5, ..., of the wavenumber k In the present notation, the cor-

0
responding gain per unit length and output frequency are given by6

w2 L2

_ 0.54 “pb 2
T'e =716 3 2 ko g
Tp
2
_ 1+ vb/c)ﬁkoybvb |

222 2 ’
1+b Ybe/Zc

b

(24)

where
= (£-1)/2

2.2 2 2
r = Vbb Yb/4c 1+ Vbb Yy

Comparing the growth rate for the case of a longitudinal wiggler to Eq. (24)

2.2 2/2c2].

gives (assuming parameters otherwise the same)

pMAX = 2 Jz(b)

£ _[p+Y £ "% (25)
T v f 2

f b Kf

where the longitudinal wiggler output frequency is given by

2
) [1’_kovb + u)cb](l + Vb/c)Yb
w 2.2, 2

1+ be*/c

For b < 1, the £=f=1 term is dominant with TMAX/Tl = (V*c/2V§)2. Therefore,

1
the transverse wiggler gives a somewhat larger growth rate due to the fact
that the longitudinal wiggler operates with an electron beam having larger

_ initial transverse velocity V,. Although the growth rate for the transverse
wiggler is typically larger, for YEVi/czli 1 the output frequency for the
longitudinal wiggler can be substantially higher than the output frequency
for the transverse wiggler FEL. Comparing the gain at higher harmonics, a

22,2

similar conclusion holds when va;/c-.i 1.
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5. CONCLUSION

In summary, we have used the classical limit of the Einstein coefficient

method to study in the low-gain regime stimulated emission from a cold, tenu-
ous, thin, relativistic electron beam propagating in the combined solenoidal
" and longitudinal wiggler fields produced on the axis of a multiple-mirror
(undulator) field [Eq. (2)]. The gain per unit length was calculated in Sec.
4 and the maximum gain per unit length is given by Eq. (22). Emission was

found to occur simultaneously in all harmonics of ko with the Doppler-up-

shifted output frequency given by w = [ﬂkOVb + wcb](]_ + Vb/c)yg/(l + Y%V%/Cz).

For sufficiently large magnetic fields, the emission is inherently broad-
band in the sense that many adjacent harmonics can exhibit substantial am-—
plication. For 8B # 0, it is possible to obtain a larger or comparable
growth rate to the low-gain cyclotron maser (8B = (), at a much higher out-
put frequency. For y%Vi j_cz, it was also found that the output frequency
can be considerably higher than that of an FEL using a transverse wiggler,

although the gain per unit length is typically somewhat smaller.
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