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Neoclassical shielding is the dominant mechanism reducing the collisionless zonal flow in a 

tokamak. Previously, this phenomenon was analyzed in the case of an essentially homogeneous 

equilibrium since the wavelength of the zonal flow perturbation was assumed to be much less than 

the scale length of background plasma parameters. This assumption is not appropriate in a tokamak 

pedestal.  Therefore the pedestal neoclassical polarization and the zonal flow residual differ from the 

conventional results. This change is due to the strong electric field intrinsic to a subsonic pedestal 

that modifies neoclassical ion orbits so that their response to a zonal flow perturbation is 

qualitatively different from that in the core. In addition to orbit squeezing, we find a spatial phase 

shift between the initial and final zonal flow potentials – an effect absent in previous works. 

Moreover, we demonstrate that because of orbit modification neoclassical phenomena disappear in 

the large electric field limit making the residual close to one. 

 

 



I. INTRODUCTION 

 

Zonal flow is observed in nearly all the systems with turbulent behavior1. In tokamaks, zonal flow is 

a poloidally and toroidally symmetric sheared flow produced by drift wave turbulence on a time 

scale greater than the cyclotron period. By suppressing this turbulence, it limits anomalous transport 

and in turn improves plasma confinement. This mechanism seems to be rather universal and works 

for turbulence due to ion2-4 and electron5 temperature gradient modes. In this connection, the 

question of what limits zonal flow itself takes on special significance.  

 

The pioneering work by Rosenbluth and Hinton6 demonstrated that in the absence of collisions the 

zonal flow amplitude is controlled by neoclassical polarization, with a significant portion of it, the 

residual, surviving in the turbulent steady state. In their calculation, the assumptions of circular flux 

surfaces and large radial wavelengths were used. In subsequent work the effects of collisions on 

zonal flow were analyzed7, 8 as well as those of the flux surfaces shape9, 10 and shorter wavelengths11, 

12. However, all of the preceding analyses involved an essentially homogeneous equilibrium solution 

since the wavelength of the zonal flow perturbation was assumed to be much less than all 

background radial scale lengths. While plausible in the tokamak core, such an assumption is 

inappropriate in a pedestal whose background scale is comparable to the ion poloidal gyroradius 

≡ /pol i polv Mc ZeBρ , where ( )≡
1/2

2 /i iv T M  is the ion thermal velocity and polB  is the 

poloidal magnetic field. The purpose of the present calculation is to generalize the zonal flow 

calculation to the pedestal case. 

 

A better understanding of the pedestal region is a key to modeling high confinement or H Mode 

operation13, 14 for controlled fusion power production. Recently, some basic features inherent in a 

pedestal were theoretically found in Ref.15. The formalism developed there allows the radial pedestal 



width to be of the order of ion poloidal gyroradius while assuming polρ ρ� , where ρ  is the ion 

gyroradius. This assumption decouples the neoclassical phenomena from classical finite Larmor 

radius (FLR) effects and allows the development of a version of gyrokinetics that is particularly 

convenient for pedestal studies. With the help of this formalism we proved that in the banana regime 

the background ion temperature in pedestal cannot vary as strongly as on the poloidal gyroradius 

scale when plasma density does. This result was recently confirmed by direct measurements in He 

plasmas in DIII-D16. Moreover, it allows the shape of the pedestal electric field to be deduced for 

subsonic ion flow since the E B×
G G

 drift and diamagnetic flow must cancel to lowest order in 

/ polρ ρ . 

 

When the pedestal width is of order polρ  it is important to recall that ion departures from a flux 

surface also scale with polρ  and therefore finite drift orbit effects on zonal flow are significant. For 

the problem of ion transport these effects were considered by Shaing and Hazeltine17, who presented 

the derivation of ion orbits in the presence of a strongly sheared radial electric field. They focused 

their studies on orbit squeezing18 by assuming large electric field shear and expanding the potential 

around the flux surface where the radial electric field vanished. However, the electric field is large 

for most flux surfaces in the pedestal and we are led to solve for the particle motion in a tokamak 

retaining both the electric field and its shear. A preliminary numerical investigation of this issue 

along with some analytical estimates is given in Ref.19. Here we present a fully self-consistent 

derivation of particle trajectories in a pedestal. 

 

To carry out the pedestal zonal flow calculation we employ the Kagan and Catto15 version of 

gyrokinetics that readily provides the relation between the density and potential perturbations. The 

explicit evaluation of the potential involves trajectory integrals and this is where the finite orbit 



effects enter. We find that for strong enough electric field the trapped particle fraction becomes 

exponentially small so that the neoclassical shielding disappears. This means that turbulent transport 

can be lower in the pedestal than in the core for the same turbulent drive, and may impact for how a 

sharp density gradient is established on the transport time scale. 

 

The remainder of the paper is organized as follows. In Sec. II we derive the integral relation between 

the density and potential perturbations and give the expression for the zonal flow residual. Sec. III 

investigates ion motion in a tokamak pedestal and the results of this study are applied in Sec. IV to 

obtain explicit expressions for the neoclassical polarization and the zonal flow residual in the 

pedestal. Finally, in Sec. V we summarize our findings and discuss their implications. 

 

 

II. NEOCLASSICAL POLARIZATION IN THE PRESENCE OF STRONG BACKGROUND 

ELECTRIC FIELD 

 

Rosenbluth and Hinton demonstrated that neoclassical polarization is the key factor affecting the 

zonal flow dynamics in a tokamak6, 7. Thus, to see how zonal flow is modified as we move from the 

tokamak core to the pedestal, we have to evaluate neoclassical polarization in the presence of a 

sharp density gradient. 

 

It may seem that as polarization density is due to modifying single particle orbits by the perturbation 

of the electric field, the density gradient should not have a strong impact on it. However, while a 

density gradient cannot affect single particle motion directly, it necessarily builds up a strong 

electric field to sustain pressure balance15, 20. In a subsonic pedestal with a density gradient as large 



as 1/ polρ , the resulting E B×
G G

 drift ( Ev
G

) contributes to the poloidal angular velocity θ�  of ions in 

leading order so that  

 ( )⎡ ⎤′= ⋅ ∇ + ⋅ ∇ = + ⋅ ∇⎣ ⎦|| ||
ˆ ˆ/Ev n v v cI B nθ θ θ φ ψ θ

G� , (1) 

where the two terms on the right side are comparable (unlike the core where ||v  dominates). 

Therefore, the distinctive pedestal feature that is crucial for the zonal flow dynamics is the existence 

of the strong background radial electric field as it directly affects equilibrium particle orbits. 

Accordingly, in this section we discuss the role of the equilibrium electric field on the neoclassical 

plasma polarization. 

 

Plasma polarization polε  relates density and potential perturbations nδ  and δφ  through 

 2 4polk Ze nε δφ π δ⊥ = − . (2) 

Therefore, what one technically has to do to evaluate polε  is to assume a small density perturbation 

is introduced into the pedestal and find the potential response to this perturbation. To this end, it is 

convenient to use the axisymmetric gyrokinetic equation derived in Ref.15 

 ||
2

22
l M
ii M

Iv fg Mv T Ze
C g f

t M t ET
φ

ψ
⎧ ⎫ ∂∂ ∂ ∂⎪ ⎪⎪ ⎪− − = −⎨ ⎬∂ ⎪ Ω ∂ ⎪ ∂ ∂⎪ ⎪⎩ ⎭

, (3) 

where instead of the regular radial variable we employ the canonical angular momentum  

 ×
≡ − ⋅ = − + ⋅ ∇

Ω Ω
||

*
ˆˆ IvMc v n

R v
Ze

ψ ψ ζ ψ ψ
GG

 (4) 

with I  defining the toroidal component of the axisymmetric magnetic field = ∇ + ∇ ×∇B I ζ ζ ψ
G

 

and Mg f f≡ − , where f  is the total ion distribution function. The other independent variables are 

the total energy ( )2 /2 /E v Ze M φ≡ + , the poloidal and toroidal coordinates of the gyrocenter 

*
ˆ /v nθ θ θ= + × ⋅ ∇ Ω

G
 and *

ˆ /v nζ ζ ζ= + × ⋅ ∇ Ω
G

, and magnetic moment µ . Here, 

gyroaveraging, denoted by ... , is to be performed holding *ψ , *θ , *ζ , E , and µ  fixed, and l
iiC  



stands for the linearized ion-ion collision operator. Finally, to derive (3) the leading order solution is 

taken to be a Maxwellian whose temperature varies slowly on the poloidal gyroradius scale 

 
⎛ ⎞ ⎛ ⎞⎟ ⎟⎜ ⎜= −⎟ ⎟⎜ ⎜⎟ ⎟⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⎠

3/2

exp
2M
M E

f
T T

η
π

 (5) 

with ( )= ≈exp /n Ze T constη φ . It was proven analytically in Ref.15 that in the banana regime 

this is the only physically acceptable choice giving no entropy production in the pedestal. This result 

is also confirmed experimentally by recent measurements in the DIII-D tokamak that found He ion 

temperature variation much slower than that of the density and electron temperature16.  

 

To apply (3) to our problem we have to evaluate φ . To do so we observe that there is a significant 

equilibrium potential in the pedestal and therefore φ  consists of the unperturbed piece 0φ , whose 

gradient balances the diamagnetic drift to keep the ion flow subsonic 

[ ( )∂ ∂ ≈ − ∂ ∂0 / / /iT en nφ ψ ψ ], and the perturbation δφ  such that / /t tφ δφ∂ ∂ = ∂ ∂ . 

Assuming an eikonal form for δφ  we write 

 ( ) ( )* ||
ˆ/ /ˆ ˆ iG Iv v niGe e ψ ψψδφ φ φ + Ω− × ⋅∇ Ω= ≈

G
. (6) 

Normally, we would expand G  around *ψ  to obtain 

 ( ) ( ) ( )||*
ˆ/ /G G Iv v n Gψ ψ ψ ′≈ + Ω − × ⋅ ∇ Ω

G
 (7) 

and gyroaverage this result to find 

 ( )0* / iQJ k v eδφ φ ⊥ ⊥≈ Ω , (8) 

where ( )*
*

ˆ iGe ψφ φ≡ , ( ) ′≡ Ω|| /Q Iv G  and k G⊥ ≡ ∇
G

. However, the underlying assumption 

made to perform expansion (7) is that, for the particles of interest, ||v  is small. In the conventional 

case this is justified because neoclassical response is mainly due to the trapped and barely passing 

particles whose ||v  is indeed small in the large aspect ratio limit. Now that we allow a strong electric 



field, the poloidal motion described by (1) suggests that the trapped-passing boundary is shifted to 

( )|| /v cI Bφ ψ′≈ − . In the pedestal, /cI Bφ′  is of order iv  while the wavelengths of interest are of 

order polρ  or less. Thus, the particles contributing the most to the neoclassical polarization, have 

( ) ( )|| /Iv G G ψ′Ω ∼ , making (7) inappropriate. To address this issue we expand G  around 

* /Iuψ − Ω  rather than around *ψ  itself, where u  accounts for the effect of E B×
G G

 drift and is 

approximately equal to /cI Bφ′− . The explicit definition of u  in terms of constants of the motion 

will be provided in the next section where single particle orbits are analyzed. Now, anticipating that 

trapped and barely passing particles still lie within a narrow vicinity of the trapped-passing 

boundary, we replace (7) with 

 ( ) ( ) ( )[ ]||*
ˆ/ / /G G Iu I v u v n Gψ ψ ψ ′≈ − Ω + + Ω − × ⋅ ∇ Ω

G
, (9) 

so that we can directly adopt (8) by redefining Q  as 

 ( )⎡ ⎤ ′≡ + Ω⎣ ⎦||
/Q I v u G  (10) 

and *φ  as ( )* /ˆ iG Iue ψφ − Ω . 

 

Next, we transit average (3), using */ 0g θ∂ ∂ =  to leading order in the banana regime, to find 

 ( )||
2

*
2 02

l iQ
ii M M

Ivg Mv T Ze k v
C g f f J e

t T tT

φ
ψ

⊥ ⊥
∂⎧ ⎫∂ ∂⎪ ⎪⎪ ⎪− − =⎨ ⎬∂ ⎪ Ω ∂ ⎪ ∂ Ω⎪ ⎪⎩ ⎭

, (11) 

where the transit average of a quantity A  is defined over a full bounce (for trapped) or a complete 

poloidal circuit (for passing) by 

 * *

* *

/

/

Ad
A

d

θ θ

θ θ
≡ ∫

∫

�

�
v
v

. (12) 

We consider the collisionless limit, and set ( )⊥ ⊥
Ω =0 / 1J k v  since we assume polB B� . With 

these assumptions (11) yields  



 *
iQ

M
Ze

g f e
T

φ= . (13) 

To relate g  and fδ , the perturbation of the distribution function from its equilibrium value, we 

write 

 ≡ − = + − ≈ − +0 0M M
Ze

f f f f g f f g
T
δφ

δ , (14) 

where we used that ( )= =0 0Mf f φ φ  and Taylor expanded Mf  for small δφ . Then, we obtain the 

linearized neoclassical relation between the density and potential response on a flux surface in a 

form similar to the one found in Ref.11: 

 ( )−= −∫ 3
0 1iQ iQZe

n d vf e e
T θ

δ δφ , (15) 

where ...
θ

 stands for the flux surface average. Again using that parallel velocities of the particles 

of interest are localized around u− , we expand the right side of (15) up to the second order in Q  to 

obtain  

 
⎛ ⎞− + ⎟⎜ ⎟⎜= − − ⎟⎜ ⎟⎜ ⎟⎜⎝ ⎠

∫
2 2

3
0

2
2

Ze Q QQ Q
n d vf iQ iQ

T
θ

δ δφ . (16) 

 

In the Rosenbluth-Hinton case6, the terms of the first order in Q  do not contribute to the density 

perturbation. Indeed, in the absence of the electric field ||v  and Q  are odd functions of ||v  while 0f  is 

even in it. That is, for each particle passing clockwise there is a particle with the same absolute 

value of ||v  passing counterclockwise so that their cumulative response is canceled. Also, for any 

trapped particle || 0v Q= = . Thus, in the Rosenbluth-Hinton limit, it is the terms quadratic in Q  

that give the leading order response. 

 



In our case, there is a preferred direction of rotation in the poloidal plane due to the E B×
G G

 drift. 

Therefore, Q  is no longer an odd function of ||v . Neither have we || 0v =  for trapped particles. 

Thus, the terms linear in Q  are expected to contribute to the neoclassical polarization. Interestingly, 

these terms have a preceding factor of i  making the plasma susceptibility complex. Consequently, 

in contrast to the Rosenbluth-Hinton case there is now a spatial phase shift between the density and 

potential perturbations.  

 

Once we explicitly relate nδ  and δφ  with the help of (16) we are able to predict the long-term 

behavior of the zonal flow using the Rosenbluth-Hinton framework. Namely, we will assume that at 

times greater than the cyclotron period, but less than the bounce period, the potential response to the 

zonal flow density is solely provided by the classical polarization pol
clε , whereas at the times much 

greater than the bounce period neoclassical shielding enters as well so that 

( )→ ∞ = +pol pol pol
nc cltε ε ε . Thus, solving for the potential response to a constant density step, 

( ) ( )= = 0n t n tδ δ ,  we obtain  

 
( )
( )
→ ∞

=
= +0

pol
cl

pol pol
nc cl

t

t

δφ ε
δφ ε ε

 (17) 

with = 2 2/pol
cl pi ciε ω ω , where piω  and ciω  are the plasma and ion cyclotron frequencies 

respectively. Notice, that in our case pol
ncε  is complex and therefore the zonal flow residual is phase 

shifted with respect to the initial perturbation of the potential. In the following section, finite E B×
G G

 

drift departures from flux surfaces will be shown to substantially modify the Rosenbluth-Hinton6 

result further. 

 

 



III. PARTICLE ORBITS IN A TOKAMAK PEDESTAL 

 

In this section we analyze single ion motion in a tokamak in the presence of a strong electrostatic 

field. Namely, we investigate how accounting for the E B×
G G

 drift on the right side of (1) modifies 

poloidal dynamics of an ion. It is necessary to emphasize that the E B×
G G

 drift itself need not be 

comparable to ||v  in order to have significant effect. In fact, due to geometrical factors even Ev  of 

order ( ) ||
/ pol iv vρ ρ �  causes qualitative changes. Indeed, for / 1polρ ρ � , ||v

G
 is nearly 

perpendicular to the poloidal plane, while Ev
G

 is almost parallel to it as shown in Fig. 1. 

Consequently, if / 1/ polZe Tφ ρ∇ ∼  these two streaming contributions in (1) compete in the 

poloidal cross-section of a tokamak.  

  

As mentioned in the previous section, in the presence of an electric field, the trapped and barely 

pasing particles are spatially localized around the flux surface ( )* *, ,Eψ ψ ψ µ= −∆  rather than 

around *ψ ψ=  as in the conventional case. Assuming that the radial extent of particle orbits is 

much less than polρ , we can Taylor expand the equilibrium electric potential around this point 

 ( ) ( ) ( ) ( ) ( )⎡ ⎤ ⎡ ⎤′ ′′≈ − ∆ + − −∆ −∆ + − −∆ −∆ +⎣ ⎦ ⎣ ⎦
2

0 * * 0 * * 0 *
1

...
2

φ φ ψ ψ ψ φ ψ ψ ψ φ ψ  (18) 

Notice, that we anticipate the yet unknown parameter ( )*, ,Eψ µ∆  to be of order /thIv Ω  and for 

this reason it would be incorrect to Taylor expand the potential around *ψ  to retain finite drift 

departures from a flux surface. We assume further that the radial variation of B  is weak so that 

( ) ( ) ( )* *, , ,B B Bψ θ ψ θ ψ θ≈ −∆ ≈ . Then, denoting   

 ( ) ( ) ( )′ ′ ′′ ′′≡ − ∆ ≡ −∆ ≡ −∆* * * * * *, ,φ φ ψ φ φ ψ φ φ ψ  (19) 

we can rewrite (1) as  



 
⎛ ⎞′′ ′ ′′∆⎟⎜ ⎟= + + +⎜ ⎟⎜ ⎟⎟⎜ Ω⎝ ⎠

||

2
* * *

0 1
cI cI cI

qR v
B B B
φ φ φ

θ� , (20) 

where 0R  stands for the major radius and finite orbit effects are retained. Defining  

 0*u cI Bφ′≡  (21) 

and setting /Iu∆ ≡ Ω , (20) becomes  

 ( )||0qR S v uθ = +� , (22) 

where 2
*1S cI Bφ′′≡ + Ω  is the orbit squeezing factor 18. Next, we use an aspect ratio expansion to 

write 

 ( ) ( ) ( )2
0 01 / 1 cos 1 2 sin

2
B B B

θ
ε ε θ ε= + + ≈ +  (23) 

with ( )0 0B B θ≡ =  and = 0θ  at the outer equatorial plane. We also define ( )||0 || 0v v θ≡ = ,  

( )0 0u u θ≡ =  and 2
0 0 0*1S cI Bφ′′≡ + Ω  so that ( )||00 0 00

qR S u v
θ

θ
=

= +� .  

 

Next, we employ energy conservation 

 ( )||
2

.
2
v Ze

E B const
M

µ φ ψ≡ + + =  (24) 

Using *ψ  conservation this becomes  

 
( ) ⎛ ⎞+ ′′∆ ⎟⎜ ⎟′+ − = − + ∆ +⎜ ⎟⎜ ⎟⎟⎜⎝ ⎠
||

2
22

*
* *2 2 2

v u Su Ze
B E

S M
φ

µ φ φ , (25) 

where all terms on the right side are constant along a trajectory. As a result, we can describe the 

particle motion solely in terms of θ  and θ� : 

 
( ) ( )2 2 22
0 0 0 0 0 0 0

0
02 2 2 2

q R q R S uSu
B B

S S

θ θ
µ µ+ − = + −

� �
. (26) 

Evaluating the θ  dependence of u  and S  with the help of (23) and solving (26) for θ�  we obtain 



 ( )2 2
0 0 0 0 0 1 sin 2q R q Rθ θ κ θ= ± −� � , (27) 

where we assume ( )−0 04 1 / 1S Sε �  and define 

 
( ) ( )
+ +

≡ =
+

||0

2 2
2 0 0 0 0

0 2 2
00 0

4
4

u B u B
S

SqR u v

µ µε
κ ε

θ�
 (28) 

with the trapped particles corresponding to 1κ >  and the passing to 0 1κ< < , and where 

⊥
≡

0
2

0 / 2B vµ . For 04 / 1Sε �  the particles of interest are indeed localized around the trapped-

passing boundary justifying our initial assumption. 

 

It is instructive to plot the trapped-passing boundary on the ( )0 ||0,v v⊥  plane as shown in Fig. 2. 

Compared to the conventional case there are two novelties worth mentioning. First, due to the 

effective poloidal potential well, particles with no magnetic moment can be trapped. Second, as 

anticipated, the trapped particle region is no longer centered at ||0 0v = , which is the Maxwellian 

distribution axis of symmetry. Consequently, the terms linear in Q  on the right side of (16) no 

longer vanish. Furthermore, for <04 / 1Sε , as 0u  grows the overlap between the trapped region 

and the distribution function decreases exponentially. Thus, we expect neoclassical phenomena to 

disappear for a strong enough electric field! 

 

The important qualitative change in the ( )0 ||0,v v⊥  plane is due to the large electric field, rather than 

its shear. Indeed, for 0 0u =  and 0 1S �  the trapped particle region is still a cone centered at the 

origin17 and therefore electric field shear alone can only modify the Rosenbluth-Hinton result 

algebraically. Therefore, even though 0S  is expected to contribute to neoclassical polarization, the 

key features in the pedestal zonal flow behavior are governed by the parameter 0u . 

 



We are now in a position to revisit our localization assumption which allowed us to perform 

expansion (18). To do so we rewrite (27) as 

 ( ) ( )|| ||0
2 2

0 1 sin 2u v u v κ θ+ = ± + −  (29) 

so that following a given particle  

 ( ) ( )( ) ( )|| ||0
2 2

0* / / / 1 sin 2Iv Iu I u vψ ψ θ κ θ− = − Ω = − Ω ± Ω + − . (30) 

Then, 

 ( ) ( )( ) ( ) ( )||0
2 2

0 0 0 0* / 1 sin 2 2 / /thI u v S Ivψ ψ κ θ ε⎡ ⎤− − ∆ ≈ Ω + − < Ω⎣ ⎦ �
, (31) 

as required, while ( ) 0* /thIvψ ψ θ− Ω∼ . Thus, expanding ( )φ ψ  around *ψ  is not valid, while it 

is valid to expand ( )φ ψ  around *ψ −∆  provided 0/Sε  is small enough for higher order terms in 

(18) to be neglected. More specifically, we require 0/Sε  to be small so that 
⊥ 02 / 1polk Sρ ε � , 

as well as 
⊥

> 1polk ρ
�

. 

 

Finally, we remark that the preceding results involve the parameter 0u  which is defined in terms of 

*ψ . This form of 0u  is exactly what we need to find the transit average of Q  and 2Q  on the right 

side of (16) since *ψ  must remain constant along a particle trajectory. However, the velocity 

integral in the same expression is to be evaluated holding ψ  fixed rather than *ψ . Therefore, it is 

necessary to express 0u  in terms of ψ  as well. To do so we recall (19) and (21) to find 

 ( ) ( ) ( ) ( ) ( )( )||*/ / / 1u cI B Iu cI B S u vφ ψ φ ψ′ ′= − Ω = − − + , (32) 

where the second term on the right side of (32) is smaller than the first one by a factor of 0/Sε . 

Thus, for the flux surface average we can consider  

 ( ) ( ) ( )′≈ ≈0 /u u cI Bψ φ ψ . (33) 



The integrals in (16) are evaluated in the next section. 

 

 

IV. EVALUATION OF THE NEOCLASSICAL RESPONSE 

 

Now that we have solved for the particle trajectories we can obtain an explicit expression for the 

neoclassical polarization in the pedestal. To do so it is convenient to define  

 
⎛ ⎞− + ⎟⎜ ⎟⎜≡ − − ⎟⎜ ⎟⎜ ⎟⎜⎝ ⎠

∫
2 2

3
0

0

1 2
2

Q QQ Q
Y d vf iQ iQ

n ψ
θ

 (34) 

so that the zonal flow residual is given by 

 
( )
( )

⊥

⊥

→ ∞
=

= +

2 2

2 20
i

i

t k

t k Y

δφ ρ
δφ ρ

, (35) 

where (2), (16), and (17) are used along with ( )⊥
= 2 2 2 2/pol

nc pi ci iY kε ω ω ρ . To evaluate Y  we first 

transit average Q  and 2Q  based on the particle equations of motion, and then perform the 

integration over velocity space and the flux surface average on the right side of (34). 

 

A. Transit Averages  

 

We start by noticing that to the requisite order ( )( )′= Ω +
||

/Q G I v u  as well as 

( ) ( )′= Ω +
||

222 /Q G I v u . Then, for passing particles (0 1κ< < ), 

 ( ) ( )
( )
+

′= Ω ||0 0/
2

v u
Q G I

K

π

κ
 (36) 

and  



 ( ) ( ) ( )
( )

′= Ω +
||0

222
0/

E
Q G I v u

K

κ

κ
, (37) 

where (29) is used and K  and E  are the complete elliptic integrals of the first and second kinds 

respectively:  

 ( ) ≡ −∫
/2

2 2

0

1 sinE d
π

κ ξ κ ξ , (38) 

 ( ) ≡
−

∫
/2

2 2
0 1 sin

d
K

π
ξ

κ
κ ξ

. (39) 

For trapped particles ( 1κ > ), 

 0Q =  (40) 

and  

 ( ) ( ) ( )
( )

⎡ ⎤
⎢ ⎥′= Ω + + −⎢ ⎥
⎢ ⎥⎣ ⎦

||0

2
222 2

0

1 /
/ 1

1 /

E
Q G I v u

K

κ κ
κ

κ
. (41) 

 

B. Velocity and Flux Surface Average Integrals 

 

Equations (36) - (41) provide us with Q  and 2Q  in terms of ( )||0 0v u+  and κ . Therefore, it is 

convenient to switch from integration over v
G

 to integration over ( )||0 0v u+  and κ  in (34). To 

account for the Jacobean of this transformation we use (29) to obtain 

 ( ) ( )
( )

||0 ||0
||

2 2
0 0 0

2 2
0

2
2 1 sin /2

BS v u d d v u
v dv dv

B

π κ
π

ε κ θ
⊥ ⊥

+ +
=

−
. (42) 

Then, upon performing the flux surface average we rewrite (34) as 

( ) ( )( ) ( )222
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− +⎛ ⎞⎟⎜= + + +⎟⎜ ⎟⎟⎜⎝ ⎠∫ ∫  
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, (43) 

where 0 0/Q IG ′≡ Ω . In equation (43), the first term in the curly brackets is employed for the 

evaluation of the passing particle response by integrating over < <0 1κ  after performing the 

+
||0 0v u  integration from ( )( )1/202 / / Sκ ε  to +∞  and from −∞  to ( )( )−

1/2
02 / / Sκ ε  (see 

Fig 2). The second term is used for the integration over the trapped particle region > 1κ  and again 

between ( )( )±
1/2

02 / / Sκ ε  and ±∞ . Letting ( )= + −
||0

22 2
0 0 0/ 4 /y MS v u T Mu Tκ ε  and 

replacing κ  with 1 / κ  in the <1 κ  range, the trapped particle response on the right side of (43) 

can be evaluated explicitly to obtain 
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∫ ∫ , (44) 

where numerical evaluation of the expression in the curly brackets gives an approximate value of 

0.193 . Absent the electric field, 0 0u =  and 0 1S =  so that the last integral in (44) is equal to 

3 / 4π  and (44) recovers the Rosenbluth-Hinton result6 

 ( )22 2 3/21.6 iRH
q

Y k ρ ε
ε⊥≈ . (45) 

Therefore, normalizing (44) to RHY  we obtain the final answer in a more compact form 

 
( )

( )
⊥

∞−
−

⎛ ⎞ ⎡ ⎤⎟⎜ ⎟⎜= + +⎢ ⎥⎟⎜ ⎟⎟⎜ ⎣ ⎦⎝ ⎠
∫

2
0 / 3/220

03/2
0 0

/ 4
1 2 2 /

3

iu v
yi

i
RH pol

u vY e
i dye y u v

Y k Sρ π
. (46) 

Expression (46) possesses the features qualitatively expected. In particular, it captures a spatial 

phase shift between density and potential perturbations and orbit squeezing, as well as exponential 

decay in the large electric field limit. As anticipated, the major changes are due to the parameter 0u  



rather than 0S  which only modifies the Rosenbluth-Hinton result by a factor of 3/2
0S . Notice, that 

for the wavelengths of order pedestal size the imaginary part of the residual is comparable to its real 

part and therefore simulations should reveal a non-trivial phase shift between the initial and 

resulting zonal flow potentials.  

 

To see in greater detail how neoclassical polarization depends on the electric field we plot 

=/ /pol pol
nc nc RHRH

Y Yε ε  for 
⊥

= 1polk ρ  in Fig. 3, where ( ) ( )≈ 2 2 21.6 /pol
nc pi ciRH

qε ω ω ε  is 

the neoclassical polarization in the tokamak core6. Notice that ( )0pol
nc uε  has a maximum at 

≈0 1.2 iu v . To the right of this maximum, an increase in the equilibrium electric field leads to an 

increase of the zonal flow residual according to (35). Recalling that in a subsonic pedestal pressure 

balance yields the radial Boltzmann relation between the equilibrium potential and plasma density15, 

 ( )≈ −0 0 0/ / /d d T en dn dφ ψ ψ , (47) 

we find that, for a steep enough density profile, its further sharpening leads to the enhancement of 

the zonal flow residual. This feature has an important consequence as noted in the next section. 

 

 

 

V. DISCUSSION AND CONCLUSION 

 

In the preceding section we present an explicit evaluation of the collisionless neoclassical 

polarization and zonal flow residual in the pedestal. It importantly generalizes the classic 

Rosenbluth-Hinton result6 because it allows for the strong electric field that is an intrinsic feature of 

a subsonic pedestal in a banana regime. The mechanism by which strong radial electric field 

modifies the zonal flow in the banana regime can be schematically explained in the following way. 



In a pedestal of width polρ , the electrostatic potential satisfies / 1/ polZe Tφ ρ∇ ∼  to sustain 

pressure balance. A simple estimate then gives that the ×E B
G G

 drift significantly contributes to the 

poloidal motion of an ion, thereby qualitatively changing ion orbits compared to those in the core. 

Consequently, the neoclassical response to a density perturbation provided by these changed orbits 

modifies the Rosenbluth-Hinton zonal flow dynamics and the residual. 

 

As it can be seen from (46), the zonal flow is sensitive to both, the absolute value of the electric 

field and its shear, with the former entering through the parameter 0u  and the latter through the orbit 

squeezing factor 0S . However, in the absence of 0u , orbit squeezing only modifies the Rosenbluth-

Hinton results algebraically leaving the underlying physics otherwise unchanged. More 

interestingly, the electric field without shear makes the neoclassical polarization complex, resulting 

in a zonal flow residual that is phase shifted with respect to the initial perturbation. Moreover, for 

>0 1u  the neoclassical polarization decays exponentially as the square of the electric field so that 

the zonal flow is no longer neoclassically shielded! In this limit, the zonal flow residual approaches 

unity so once it is generated it can continue to act strongly in regulating the turbulent transport. 

 

If we now imagine that zonal flow is the dominant factor limiting turbulent transport in the tokamak 

edge, the preceding results suggest that a strong background electric field reduces transport. This in 

turn suggests a feedback mechanism that could play a role in pedestal formation. Indeed, consider a 

tokamak with a shallow density profile and initial zonal flow. Assume that a perturbation causes a 

sharp density gradient. We might expect this gradient to be eliminated by transport processes. 

However, when the flow is subsonic, creating such a density step at the same time increases the 

radial electric field to sustain pressure balance (47). When this field becomes large enough for 0u  to 

go beyond the maximum of the curve in Fig 3 it enhances the zonal flow residual in that region 



making the turbulent transport level lower and sharpening the density profile further. Thus, this 

feedback phenomenon may allow creation of a steep density profile before it can be relaxed by 

anomalous transport and therefore it could be involved in establishing, as well as maintaining, a 

tokamak pedestal. Importantly, it is the strength of the electric field, rather than its shear, that is 

expected to play the key role since it enters exponentially. 
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FIG. 2. The trapped particle region is shifted by a
factor of u0, while its width scales like (ε/S0)1/2. For
4ε/S0<1, as u0 grows, the trapped particle fraction
decays exponentially.
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