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ABSTRACT

We present numerical results of a 1-D (poloidal), time dependent code for the description of

ion impurity transport on a given tokamak magnetic surface, in the presence of momentum

sources such that, as observed in neutral beam injection experiments, the toroidal rotation

velocities be comparable to or larger than the impurity thermal speed. We show that the

densities, the velocities and the ambipolar potential reach a quasi steady state characterized

by significant poloidal gradients, on a time scale of the order of the collision time, i.e. faster

than the radial diffusion scale. To obtain this steady state a phenomenological drag force

needs be introduced; we find that a purely classical, gyroviscous force alone is apparently

insufficient to obtain a steady state, within the framework of the present model which

retains only the zero-th order, in the Larmor radius expansion, ion-impurity friction.
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1.Introduction

We consider here a two ion components tokamak plasma (index j=i,Z), where "i" indicates

the main ion species and "Z" an impurity; impurities are heavier and have a charge Z

higher than the charge of the main ions. The relative concentration of the two species is

taken as

a =nzZ2 /rt, 0(l)

according to the situation in present day experiments, where Zeff ::::: 1+a > 2 is frequently

observed . The plasma is toroidally rotating with velocities

Vth,Z < Voi - VZ < Vth,i

which are typical for NBI experiments 0).

We are, for the moment, interested in phenomena which happen on a time scale faster than

the time scale for radial diffusion, so that no radial transport is considered here. However,
we check a posteriori the extent to which this assumption is consistent and justifiable (see

Section 2.1).

Due to the high toroidal velocities, the inertial (centrifugal and other) forces need be

retained in the analysis; these forces act differently on ions and impurities due to the

mass difference between the two, and must be balanced by pressure and electric potential

poloidal gradients arising on every magnetic surface. These surfaces are then no more

equipotential.

Also the viscous forces play an important role in this problem: parallel viscosity is needed

to damp flows in poloidal direction, but cannot balance any source of toroidal angular

momentum; to this purpose a number of different mechanisms has been suggested , among

which classical gyroviscosity (.

The purpose of the present study is to determine the equilibrium resulting from the fast

time scale evolution, i.e. the poloidal distributions, for both ion species, of the densities

n3 and of the the parallel velocities V9j, together with the self consistent evaluation of the

radial electric field E,. (The coupling with the radial transport problem on the slower

radial diffusion time scale will be the object of a subsequent paper.)

We have given elsewhere ( the detailed derivation of a neoclassical fluid model of the

problem at hand. The model consists of the continuity equations and the parallel (to B)

3



momentum balances for each of the two ion species, together with the total, flux surface

averaged, momentum balance in the diamagnetic (B x Vb) direction. This last equation

becomes, using the radial momentum balances, the equation for EV, - a flux surface quantity
to this order. The electrons enter the description of the system in the determination of the
parallel electric field, by imposing the quasi-neutrality condition. The temperatures are

taken as equal and constant on the surface. For the purpose of simplicity a set of circular,

concentric magnetic surfaces is assumed given. The geometrical toroidicity effects, and the

nonlinearities arising from the inertial forces mjnivj -Vvj have been fully retained.

The Braginskii (5) prescription for the parallel viscous force is used; we extend here our
previous model (, which was limited to the r7o contributions, by including also the gyro-
viscous piece of the viscous tensor.

Numerical results we presented earlier (2) were limited to the Pfirsch-Schlueter (PS) regime
of collisionality (appropriate for the impurities), whereas we now implemented a parallel

viscosity coefficient () which is independent of the collisionality regime; this is required

if any comparison with present day experiments is to be done, where the main ions are

typically in the Banana-Plateau (BP) regime. We emphasize however that a form of the

viscous force that is valid for compressible flows in the low collisionality regime is not

yet known. We thus used the general viscosity coefficient together with the Braginskii

functional form, which is rigourously valid only in the PS regime.

In Section 2 the numerical results are presented: in Section 2.1 we consider the case when

the momentum sources are balanced by a simplified, drag-like sink term, required to reach

a steady state on every given magnetic surface; in Section 2.2 the classical, gyroviscous

force is included, and no phenomenological sink term is present any more.

In Appendix A details are given on a semi-analytical, simplified computation of NBI-like

parallel momentum sources. In Appendix B, finally, we give the non dimensional form of

the set of equations solved.

2.Results

We present in the following a set of typical results, obtained by numerically solving the set

of equations given in Appendix B.

4



We used a pseudo-spectral (collocation) approximation in the poloidal angle, and the NAG

routine D02EAF for the integration to steady state of the resulting set of time dependent

ODE's.

The geometry and the system of coordinates we are using are shown in Fig.1.

The parallel momentum source arising from neutral beam injection can be approximately

determined in a semi-analytical fashion (7), as discussed in Appendix A.

The specific input parameters chosen refer to a certain extent to the ASDEX tokamak

data. We took a magnetic surface with minor radius 0.3 m and major radius 1.64 m,

(resulting inverse aspect ratio co ; 0.18), toroidal field 2.5 T and poloidal field 0.25 T,
(both at 0 = ±), average electron density 4 x10 19m- 3, average electron temperature

500 eV; when not explicitely stated otherwise, the NB injected power is taken as 1.33

MW, corresponding to half of the maximum power from NBI on ASDEX. Only the case

of injection parallel to the magnetic field has been considered, but the model (at least

formally) also contains the possibility of describing the effect of a momentum source in

diamagnetic direction.

The impurity is Fex vr, which adequately represents the average charged state for the

range of temperatures, corresponding to the range of beam input powers we are interested

in. With the previous choices the i-Z collision time is approximately 600 Ps, the main ions

are in the BP regime (v,, ~ 0.4), and the impurities are in the PS regime (v*z%' ; 4.2).

All the results refer to the same initial condition of the system, and to the same total time

of observation (tTOT 2 5 Ins).

2.1 Sources balanced by a phenomenological drag

The drag frequencies v1 d are taken for both species equal to the inverse of a (characteristic)

measured total momentum confinement time ; unless explicitely stated otherwise, we take

vdj =50 S-1

Since we are not considering radial transport, we cannot of course follow the transient from

zero flow and flat densities to fully developed profiles, because this occurs on the time scale

of vi- ~ 10 + 100 ms, and not on the fast (collision) time scale (- 100ps) that we are

considering. We can nevertheless pick an initial condition as in Fig.5a, with flat density

profiles but (large) toroidal flows such as to balance the source on the average, for a given
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drag. The result is shown in Figs.2 to 7. (Two general remarks about the plots: whenever

ambigous the solid line refers to the impurity species, and the dash-dot line to the main

ions; there are always 64 (equispaced) points in the space co-ordinate and 9 (quadratically

dense near the origin) in time. These nine points are only used for diagnostic purposes,
and the number of time steps required for reaching a steady state is much larger - see

Fig.8c.)

In Fig.2 the time evolution of the impurity density poloidal profile is given: large sin 0

components develop in the initial stage of the transient due to the strong ion-impurity

friction ; then a steady state is reached with large cosine components due to the inertial

(centrifugal) forces.

The time evolution of the time derivatives of the i and Z densities and parallel velocities

at two given poloidal locations (6 = 7r/2 UP andO = 7r OUTBOARD) is shown in Fig.3;

one sees that a steady state is reached on a time scale of a few collision times.

The corresponding logarithmic plots for the absolute value of the time derivatives are given

in Fig.4a; it is interesting to compare them with Fig.4b which refers to the same initial

condition but without source and drag. In the presence of sources the quasi equilibrium

resulting from the fast transient successively evolves on the slower time scale of the drag.

Figs.5 show the initial and steady state profiles of the (normalized) densities and of the

parallel flow velocities: one can notice that the deviation from uniform density on a given

magnetic surface is large for the impurities (solid line), and that some friction between the

two ion species still survives at steady state.

The evolution to steady state of the radial electric field and of the absolute value of the

poloidal flow velocities for the two species is shown in Fig.6, together with the poloidal

distribution of the (dimensionless) electric potential /. Counterstreaming poloidal flows

of a few 10 m s- are seen to obtain at steady state.

For a decomposition of the impurity density (obtained at = t TOT as a result of the fast

transient) of the form

N

nz = ao(1 + Z(acos(k0) + bksin(kO))
k=1

the Fourier amplitudes bk and ak are shown in Figs.7a (bk/ao) and 7b (ak/ao). The exis-

tence of (small) sine components - i.e. up - down asymmetries - as in Fig.7a, constitutes

a substantial difference with respect to the case without sources, which is purely up-down

symmetric (. From Fig.7b one sees that already at intermediate injection powers co-

sine modes develop with amplitudes comparable to the zero-th mode amplitude. This fact
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clearly makes an analytical approach, which can afford only a few, at most O(co) amplitude

modes (4), rather unreliable.

The accuracy of the code in the case without sources has already been reported M. Now, in

the presence of sources, the total, flux surface averaged (< >), toroidal angular momentum

is obviously no more a conserved quantity, but the total number of particles for each species

still is; this is actually conserved, with 64 points on the poloidal circumference, within a

relative error shown in Fig.8a.

As a further check for the case at hand, we take the solution obtained with 64 points on the

poloidal circumference as a reference, and we give in Fig.8b the convergence of the absolute

value of the relative error in the first cosine (solid line) and sine Fourier amplitudes of the

impurity density, as a function of the number of points. The remarkable feature of the

exponential convergence of spectral methods is apparently verified. The corresponding

computing cost is given in Fig.8c: the solid line gives the CPU time in seconds, required

to reach a, steady state, on a CRAY-XMP/24; the dashed line gives the total number (in

thousands) of calls of the subroutine internal to D02EAF, which computes the right hand

side of the ODE system solved. (The time step used in the integration is controlled by the

routine so as to satisfy prescribed accuracy requirements.)

Two important questions still need be discussed: 1) how can one justify neglecting radial

flows ? and 2) does the model satisfy ambipolarity?

Let us consider the total <toroidal angular momentum> balance, and solve for the <radial

particle flow> Fj. Neglecting radial convection of toroidal angular momentum (which gives

a correction of order - (MACH)j, even if not intrinsically ambipolar), one gets

,-{ < Rmjn j V4, > ± < Rminiviz(Voz - 17i) >
CIZj RBo t

B4
-B< R(M 1 , - myngudJV j) >}.

Here the minus sign in the friction term applies to the main ions (j=i), the plus sign to

the impurities.

As a measure of the inaccuracy introduced by neglecting the radial flows , one can compare

the term (that we neglected) containing the radial flow velocity Vsj in the continuity equa-

tion, with the term depending on the poloidal flow (that we kept). Assuming comparable

scale lengths for the radial and poloidal derivatives, one sees that neglecting the radial
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flows is correct (at least in this equation !) as far as Vipj << V. In Fig.9a the radial flow

velocity of the impurities Vlz = Fz/ < nz > is given as a function of time; comparison

with Fig.6 shows that neglecting the radial flows is at least not inconsistent with the results

of the model. (We emphasize that both the poloidal flow velocities of Fig.6 and the radial

flow velocity of Fig.9a are not, however, local quantities, but averages on 0 in some sense.)

As to the second point raised above, one knows (see Ref.1 equation (13b)) that in the ab-

sence of momentum sources in the diamagnetic direction, the main ions and the impurities

need to satisfy ambipolarity at steady state, while the (classical) radial electron particle

flux is negligible. We are however following a transient, so that one can still get deviations

from ambipolarity AA until the time derivatives are large (see e.g. the first term in the

previous formula). Using the previous formula, we build from the results of the code the

quantity

A TzF1 +Z z\
Ir i

which obviously gives an indication of the relative deviation from ambipolarity. One sees

from Fig.9b, where A4 is plotted vs. time, that the results of the code reproduce the

qualitative arguments mentioned above.

2.2 Sources balanced by classical gyroviscosity

In this second part we set vdj = 0 and we try to obtain a steady state in the presence of

momentum sources, introducing classical gyroviscous forces.

We emphasize however that the structure of gyroviscosity in the BP regime is not rigorously

known; we will thus use expressions valid in PS, and heuristically assume that, unlike

the 71o contributions, the gyroviscous contributions (q3,4) be basically independent of the

collisionality regime.

Within a simplified framework it has been shown (4) that provided sufficiently large

up - down asymmetries in the poloidal density variations can be obtained, it is possible

to balance the toroidal torque introduced by the NBI source by means of a purely classical

gyroviscous drag.

Our result in Fig.10 (cfr. Fig.2) shows that no steady state is apparently obtained using

as a drag classical gyroviscosity alone; this is basically related to the fact that the sine

components of the densities obtained as a result of time evolution of the present set of
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equations are not those ones required for gyroviscosity to be effective. The reason for

the small sine-amplitudes becomes apparent in Fig.11a showing that the parallel ion and

impurity velocities are practically equal, thus almost annihilating the parallel friction. But

it is this friction term which generates a finite sinusoidal density variation. If the friction

were calculated through first order in the (poloidal) gyroradius expansion, one would expect

a finite amplitude for the sin 0 density amplitude ("). The present equations contain only

the zero-th order expression for the friction.

Within the present formalism one can compare Fig.11a, which gives the final parallel

velocity profiles, with Fig.11b, which gives the profiles for the case when the source is the

same but neither drag nor gyroviscosity are present. The two plots are the same, so that

classical gyroviscosity is completely ineffective as slowing down torque against the parallel

momentum input.

To be sure that no saturation appeared observing the system for a longer time, we have

run the code until the main ions parallel velocity reaches the ion thermal speed.
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Appendix A. Semi-analytical, simplified computation of the

parallel momentum source due to NB injection

Following Ref.10 we compute here the parallel momentum input due to NBI, on both the
main ions and the impurities, for several NBI powers. (We remark that Ref.10 strictly

speaking considers the case of toroidal injection, therefore not exactly coincident with the

parallel one.)

Taking a = 1, and observing that this source term actually comes from a friction process

with a third species - the fast beam ions - that we do not consider separately in our model,
it is clear that the input on both ion species will be the same.

Part of the momentum input goes directly to the electrons; however we do not take into

account sources in the electron parallel momentum balance, assuming they are balanced

exactly by e-i and e-Z friction, which are also consistently neglected. In the present cal-

culation this source on the electrons is assumed transferred directly to the ions, equally

divided between the two species.

With the notation of Ref.10 we thus have, for arbitrary a

M =(1- a )(Mil. + M1i)a + 1

and

MMz (Mil' + M11).a + 1

The two sources are given by

Milj = nf PoK j = e,i;

here

_5= H(p)
(27rRo)(7ra 2 )

where I,= NinjI.., Ni. j is the (variable) number of NB injector channels, H(p) is the

spatial shape factor, which should come from a slowing down code (e.g. FREYA (M), and

Pfo is the initial fast ion toroidal momentum, depending on the average energy of the

source Eo. (For ASDEX Ni,, can be varied between I and 8, I, = 15.76 A, and EO = 25

keV.)

The K's are plotted in Ref.10 vs. (Eo/Ec), where E, is the critical energy, dependent on

the electron temperature Tc, the ion and beam masses and on a; these plots are given for
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various ratios of the i-e scattering time r, (dependent also on the electron density ne) and

the charge exchange time
1

Tcz-
nNeutrOcm VO

where oc;, is tabulated () and depends only on E 0 .

To compute the parallel source on any given magnetic surface (p = constant) one then

needs in principle, for different NB powers P (corresponding to different Ninj's) the radial

profiles of Te, ne, nNeutr and H.

We now assume that ne(p), nfNeutr(p) and H(p) remain constant as P varies.(We use in

the following H(p = 0.3m) = 0.87.) Only T is allowed to vary following

Te(0)=Te H(0)+C P
< n, >

where Pb is given in MW and ne in 1013 cm-3, and the temperature radial profiles are

taken as simple parabolas without pedestal (in the absence of information on how the

temperature at the boundary varies with Pb). In the previous formulas we set TH = 400

eV and C = 4.

We consider the case of deuterium injection into a (mainly) hydrogen plasma. For the

foreseen range of Te, and taking nNeutr(P = 0.3m) = 1015 m- 3 , the average impurity

ionization state, computed assuming corona equilibrium , grows monotonically with T

from 15 to 17. We then take, for all Pb, Z = 16.

Table 1 collects, for several injection powers, the different values of Te(0), T,(p= 0.3 m),

Ke, Ki, and finally the parallel momentum sources M and M I in N m-3.
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Appendix B. Non-dimensional set of equations

We give here the non-dimensional form of the set of equations presented in Ref. 1, as it is

implemented in the code.

The time coordinate has been non-dimensionalized through the transit time

t
t - T p/(/3vt)

where
=Ovt Be T

p B mz

The dependent functions (unknowns) have been non-dimensionalized according to

Nj(0, -r) og( () ( ) VE(r) (t)Ro
nio Vt Vt

The momentum sources become

S (0, r) M (, S (0, -r) M
nj (0, t)Tlp nj (0, t)Tlp

and the collision and drag frequencies

v13 (n,) i-__
wij(Nj) _=WdjL Ldj

The (local) major radius is

R(O) = Ro - pcosO

and consequently the magnetic field components vary with 0 as

B,,(0) = BoRo where B, = BOB, and
R(0)

The set of equation is thus given by

Continuity:

aN3  -(V - -yHVE) NE - - -sin9 V, + 2y
Or -o 09

F0

B 2 =2S+BB 2 =B+B=

sinOVE 3 izz
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Main ions parallel momentum:

OVi 4 a 2 V 48 01

3 71i 892 - (i - -yHVE - 7iesin6

1 8Ni 1 ONz

-i(++ a/Z 6 1 + Z/a 86

-[Wdi - -yEosinVE + 2( 2IE 26 + 2EcosO)]V1

+,32 HEosin9VE - yEoi(f esin 2 6 0 2COSO)VE + wiZ(VZ - i) + .iSp

V aN. 1 8%i
-4j[ -z-( + 4Esin9) - f - esinOVi)]

ivi 80 iNi a

Impurities parallel momentum:

_Vz 4 a2 Vz 4 . Vz
7z - 2 - (Vz - y H V -- iizcszn9)

Z 8Nz Z 9Ni
(++Z/a 90 1+a/Z 80

[WZ - -yceosinOVE + 7z( f2 sin2o + 2ECOSO)]Vz

2 2 
+f 2HosinVE - -yoiz(Esin2 9 + -cos6)VE + _WiZ(Vi - Vz) + -80Z

3 p~ia )3

14 Vz 8Nz 1 8Vz .-48z ( + 4csin9) - ( - Esin6Vz)]
ivz -0 iNZ(9

Total <diamagnetic momentum>

d - A2 V2 - 2A1VE + Ao
dr

A2 'Yf E !! < eNsin /2 >
M, ~~ 1 M N Y

A1  {, <1!N72N 2

Ao {<eN 2sin > +-)Aj < sin(2 - csin9Vj) >
D oF002  mi 3 89

37
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-pui < eN Sij/E >} + ypi < [2eNi O + (1 + Z)eNz aNz , /E}

D '1Ai2 2+ B< eN /,2>
E0 C Mi

Definitions

" py = Bo H(O) R(O) EB Ro

e a = a(Ni, Nz) eNZ 2

" wiz = wiz(Nz) = V2wL)aeNi

* ?7j =/ (pj/2)F(v~,)e-N <n >
nc)

F(v,j) E "4.

(0) =
<eNZ>Z

2

<eNi >

Sto 3

1 3Vthj 0

1,**to= (1 + aV2) vztot = + V/(2/pi))Z2

Vi 94a i V42aTTs
p 2 eZ 3 Be

A < A Op
.X w(O)R(9)do

* < X(6) >- 2wRo
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Figure captions

1) Geometry and co-ordinate system

2) Time evolution of the poloidal impurity density profile
3) Time derivatives of the impurity (solid lines) and main ion densities

and parallel flow velocities vs. time, at two poloidal
locations (Oup =7r/2, OOUTBOARD = 7).

4a) Same as 3) but logarithmic scale on the ordinates
4b) Same as 4a) but Mit = Vdj = 0

5a) Initial poloidal profiles of the (normalized) densities and of the parallel
flow velocities of the impurities (solid lines) and of the main ions

5b) Final (= tTOT) poloidal profiles of the (normalized) densities and of
the parallel flow velocities of the impurities (solid lines)
and of the main ions

6) From upper left clockwise: time derivative of the radial electric
field vs. time; radial electric field vs. time;

Kj ( n) = f 1 Ve vs. time, j = i, Z (solid line); 1II( vs. time
7a) Sine Fourier amplitudes of ni and of nz (solid line) vs. mode number

at t = tTOT

7b) Cosine Fourier amplitudes of ni and of nz (solid line) vs. mode number
at t = t TOT

8a) I<nj(OtO)>-<np(',t=0)> vs. time, j = i, Z (solid line)<n3 (O,t=O)>
N=NP N N=NP-,N=648b) A (solid line), and b -6 vs. the number8b 1 a =641 IbN= 64 1

of points NP on the poloidal circumference

8c) CPU time on a CRAY-XMP/24 to reach steady state (solid line)
and number of calls (in thousands) of the subroutine

internal to D02EAF vs. NP

9a) Average radial flow velocity of the impurities vs. time

9b) Relative deviation from ambipolarity vs. time

10) Time evolution of the poloidal impurity density profile, using as a drag
against parallel momentum sources gyroviscosity alone

11a) Final parallel flow velocity poloidal profiles, using as a drag against
parallel momentum sources gyroviscosity alone

11b) Final parallel flow velocity poloidal profiles (no drag, no gyroviscosity)
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A T(O) T.(p = 0.3 m) K. Ki M -

[MW [cV] [eV I JN

0.333 663 290 0.28 0.48 0.046

0.666 930 407 0.22 0.52 0.089

1.333 1463 640 0.16 0.48 0.154

2.000 1993 872 0.10 0.54 0.230

2.666 2526 1105 0.06 0.50 0.269

Table 1


