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Abstract

A detailed linear and nonlinear analysis of quasimode parametric excitations relevant to
experiments in supplementary heating of tokamak plasmas is presented. The linear znalysis includes
the full lon-cyclotron harmonic quasimode spectrum. The nonlinear analysis, considering depleticn of
the pump electric field, is applied to the recent Alcator A heating experiment. Because of the ver)
different characteristics of a tokamak plasma near the wall (in the shadew of the limiter) and
Inside, the quasimode excitations are studied independently for the plasma edge and the main bulk
of the plasma, and for two typical regimes in overall density, the low (pezk in density, ng = 1.5 x
101 ¢a~%) and high (ng = 5 % 101 om~5) density regimes. At the edge of the plasma and for the
low density regime, it is found that higher n, ‘s (rLz = ¢ kJw) than these predicted by the linear
theory are strengly excited. Inside the plasma, the excitaton of hicher wave-numbers is zlso
significant. These results indicate that a large zmount of the rf-power may not penetrate to the
plasma center, but will rather be either Landau-damped on the electrons or modecenverted into
thermal modes, close to the plasma edge . Moreover, for sufficiently high peaks in density it is
found thar all the rf-power is modeconverted before reaching the plasma center. Inside he plasma
the power density of the excited sideband fields is shown to be always very smzll in comparasion

vnth their ex c1t=tvon at LHQ pla..ma edge.
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1. Introduction

In the heating of tokamaks with rf-power near the lower-hybrid freé;uenéy, the driven fields

can act as a pump for parametric instabilities. The lower-hybrid fields are prihcipally electrostatic,
(‘)pi )
(1+wd @)

and are characterized by a frequency wpy = and wavevectors k, (parallel to the

- magnetic field B) and k, (perpendicular to ‘-é) such that %« I. The quasimode type of
parametric instabilities consist in the excitation of a lower-hybrid sideband wave from the
background noise level through low frequency fluctuations in the plasma. The power levels in
cu}rent tokamak experiments [1] usually exceed the thresholds for this parametric instability to
occur, and these experiments, as well as several other tokamak heating experiments o‘.;er the past
few years [2), all indeed show the presence of such excitations. , This has provoked extensive
studies of these processes in the last few years. The original, linear analysis of the temporal
evolution of this instability [3] has been recently extended and complemented with extensive
numerical computations [4]. This instability is however a convective one and its spatial evolution in
a pump of finite spatial extent is more relevant. The linear spatial evolution, including group
velocities along and transverse to the magnetic fizld, for a constant pump of a finite spatial extent
is discussed in Ref. [5]. The nonlinear effects of pump depletion have been formulated and
discussed in general terms, in Refs. [6,7. Other nonlinear saturation effects have also been
invoked; these relate mainly to models of temporal cascading in which the excited lower-hybrid
sidebands are treated in the random-phase approximation (8] We shall not consider these here any
further, especially since the physically important nonlinear evolution is a spatial one. In spite of the
broad attention that this problem has recieved, there are still many unresolved questions regarding
the relevance and physical consequences of these parametric excitations in today's tokamak

experiments. More specifically, it is of interest to know how physical effects like pump depletion

will scale with density and temperature; what the excited spectrum will be in terms of
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change with changes in the density and temperatures. We present results that attempt to answer

these questions and give us a better insight into the effects that these parametric processes have in

plasma heating.

Our plasma model is a two-dimensional one, the x-direction is the direction of the plasma
inhomogenities  (i.e. density, temperatures, and toroidal magnetic field inhomogenities), and the
z-direction is in the direction of the toroidal magnetic field. We apply the theoretical results to

parameters relevant to the recent Alcator A heating experiment [1].

We first start with a detailed analysis of the linear theory (Sects. II and III). The low
frequency fluctuations are due to both electrons and ions. In the previous works, it was commonly
assumed that the quasimode excitation due to scattering'off ions is neglegible under the
éppx'oximation T, > T; This is never true for tokamak devices, and we shall see that scattering
off ions give important modifications to the excited spectrum. We distinguish between two different
spatial regions , the plasma edge (in the shadow of the limiters [9]) and the main bulk of the
plasma. We also make a comparative study between the two different fegimes, of low and high
densities. The low density regime correspond to a peak density of about ny = 1.5 x 10" ¢m™3, and
the high density regime to a peak density around ny = 5 x 10 R plasma edge is
characterized by a large drop in density and temperatures inside the shadow of the limiter [9].

Parametric excitations are particularly strong here, and the characteristics of the; excited spectrum

differ importantly from the ones found inside the plasma.

Nonlinear calculations are carried out in Sections IV and V . The linear analysis presented

in the preceding sections then acquires its complete physical meaning. We study'how the pump is
|

depleted at the edge and in the plasma. Pump depletion is going to have importaht consequences in

plasma heating, since it may change completely the characteristics of the power ispectrum entering
|

inside the plasma. These changes are mainly affecting the wave-number spectru‘m and the power

density. We find that at the edge of the plasma, strong nonlinear excitations of iﬂgher n, 's may

take place that will change radically the power spectrum and the amount of powér penetrating into

1
i
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the plasma. Depletion in the plasma depends critically on the density regime we are considering.
This becomes larger with increasing density. Inside the plasma the excited sideband spectrum has
a field amplitude which, in general, is never comparable to the pump émplitude. The modified
wave-number spectrum also plays an important role in determining how much of the total power

penetrates up to the center of the plasma. All the results are summarized in Sect. VL

Finally, it should be remarked that there are a variety of nonlinear phenomena that can be
operative in lower-hybrid heating of a tokamak-type plasma. In this paper we have focused on the
quasimode parametrk excitations. Other parametric excitations and selfmodulation effects, especially
at the plasma edge, may also have important consequences in lower-hybrid heating. Their

interaction with quasimode excitations is beyond the scope of this paper.
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11. Linear Theory, Spatial Growth Factor

|
- :! -
The linear steady-state evolution of a sideband field E | driven by a pump field E ,

which decays via nonlinear damping on electrons or ions is given by [6],

-3

3y VE = (COER () S | (1)
where 2 j is the group velocity of the sideband, C(x) is the coupling coefficient, Egg (x) is the
magnitude of the pump field as described by the linear equations, and Ezl is the magnitude of the
excited sideband field. The coordinate x is in the direction of the spatial inhomogeneities and is

normalized to the slab half-width a. By integrating Eq. (1) along the group velocity trajectory of

the sideband field, one finds the spatial growih factor (Fig. 1)

Mx) = 0 f 1) gy @

1 le(x )

where y(x) = C(x) E%g (x)/2 is the temporal growth rate,
2

Zw k (I + x;)x
K th . 9 W 1z2Y,2.92 i'Xe
v(x) = = —— sin (@)(l - — ——-]lz A Im(————-—) (3)
3 w% ©1 ko De I +x;+ X,
2 (l)'f,i
Wiy = ———5, Wg and w; are the pump and sideband frequencies, w = wg - w, is the

I+ w?,, ith
frequency of the quasimode, 750 and & ; the pump and sideband wavevectors, E=k 0" 3 {» and

ko
cos(¢) = E—:i We are assuming a uniform pump electric field in the y-direction so that k'g =
-L .

(kg,okgy). For this pump field, one finds,

#2=(Eoe]2= Po  ©hi kodre 1] Ko (4)

Be,) " Wam o 00 WK,

po is the rf-power density, n and T, denote the local density and temperature (in energy units) and

Koy Koy are elements of the cold plasma dielectric tensor for the frequency wg.

Let us denote by the subscripts / and R the imaginary and real parts, respectively, of the

susceptibilities of the low frequency mode x,’i(fz‘, w), where the subscripts ¢ and { stand for,
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respectively, “electron” and "jon", then

( (1 +x)x, ). X Xi * Xelllh + x;2) + Xifxer *+ Xip)) -

boxi+ x, (1+ X *+ X + (o *+ Xip)
We see that the scattering off the low frequency mode can be due, in principle, to both electrons and

fons. We are now interested in getting explicit forms for x, and x;. For electrons one has that ¢ «

kv
1, and ( BTF ]2 < |, which immediately leads to [10],

[4

!

) ®
= {1+ z ) )
‘A, { Y2k for, ( V2 Jor, }
In previous works [3 - 7], it was commonly assumed that T,>»T; and thus that |x;| » |x, . Under
these conditions Eq. (5) becomes equal to }
2
] i ® © l
Xel = 55— J & exp(- —s—s—) ' N
k )\Dt’ 2 IkllvT( 2}':2 T( . %
l

implying that the scattering is only due to electrons. This, we find is never true for tokamak-type
plasma parameters where, in fact, one finds T, =~ T; and ion conmbutlons to. the scattering is
1
important. !
!

For lower-hybrid heating of typical tokamak plasmas one finds, that the low frequency

quasimede excitation in the plasma can span several jon cyclotron harmonics. In addition one finds,
ko
Q.

i
than 1. This means that the contribution of the corresponding n will not be appreciable unless the

that inside the plasma, A (8;) = 1.(8,) exp(-B;) is usuaily small, since 8; = { )2 is greater

Z-function contribution is large. Let us fix w and x and define r(xw) as the closest integer to

Y, we thus approximate x; by
$1(x)’ T AR
r+1 Q,
l ® Ww-n
xin = o 1 e 0 Zr (e ) AB) (8)
AT { 2k o Z VR Jor; }
where we have reduced the infinite sum in all the cyclotron harmonics {n = -@, ... 0. ., =) to only

three terms, and Z denotes the real part of the Z-function. For the imaginary part of x; one has,

7 2
l T 3] . ((.0 - TQ‘)
Ly D e——————— — _ . A ) 9
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The behavior of the real and imaginary parts of Z with respect to its argument, and the fact that

& o
;27-‘ « 1, lead to only large values of Z in a narrow interval of the frequency spectrum around
i

the point @ = n; this interval being even narrower for the imaginary part of Z, for which one can
say that it is only different from zero when @ is very close to rQ;. Thus, for fixed x and w, we
need only to take account of the closest harmonics as expressed in Egs. (8) and (9). When © < £,

the main contributing term is for n = 0 which turns out to be always inappreciable for |x| < 1, since

. . ) olor; « 1 and | h h h .
it requires o = Wy and thus that w, be very close to wg where the growth factor is
. . . 1
always small. For this situation, we can approximate x; by the real quantity: x; = VR
Di

We note that the growth factor of the interaction is only appreciable when electron Landau

damping for the quasimode is important, i.e. < 3.5. The ijon-cyclotron harmonic dependence

_@
. IkzlvTe ) ,
of the quasimode gives important modifications to the growth factor as a function of frequency. This

can be appreciated from the following: let us assume that x,; = 0, (i.e > 3.5). Equation (5)

(O]
- IkzlvT(

now becomes

£Ad, In( (10)

(1+ x)x, ) BB 2 it
Lex;+x,/” (

L+ XiR * Xer) *+ X0

-1 ko, 2 2, 2 . . .
where x,.p = W—(T] and k°Ap, « L. Equation (10) is always very small, even if w =
De
n{Q;, since E2\2 ¢ X plis small. The only exception is when, for certain & =~ nf2,, (1+ XiR) = X,

X .
Eg. (10) then reducing to k%%, —X(% which can give large growth factors if x;; < (1 + xm)z.

However, for 1 + x; + x, = 0, the low frequency is no longer a quasimode but a true mode; thus the

interaction becomes a resonant three wave interaction and is no longer described Ly the quasimode

equations, Eq. (1). Here, we shall not pursue such resonant interactions.

!
To calculate T as a function of w for a fixed x and a given pump frequency wg (e.g. wg

| ck
2.45 Ghz for Alcator A), we shall proceed by first choosing some values for ng, = ?)%{ and ny, =
ck |
’(o’%' The parameter ng, is really fixed by the rf-power spectrum distributio;n which we shall

|

specify in the next section. Besides there are two physical conditions limiting the range of variation
;
:

i
1
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for ng, and n,,: a) Pump and sideband are fluid like waves, that is they cannot be electron Landau

w .
damped ( > 35 and 1 > 3.5); this gives the upper bound

kavTe k 129T¢

I« -
n0’1z<§35—7;; ) (11)

b) The lower bound is given by the requirement k% i 1 > Oin the region where the interaction takes

place.

The excited frequency spectrum is found by using the condition of strong electron Landau

®
ko,

damping of the quasimode <35

— < — <] (12)

Wo

where @, = —— ,f, = —
z kavTe z klsze

, and we assume that klz > 0. The minus sign is taken when a,
< B, and the plus when a, > 8, Once we choose ng,, n;, and w, we can solve for kg, = k¢, and

k, using the lower-hybrid dispersion relation corrected for finite temperatures effects,
akt 4 or? -k 2 +u§j “k2 K, =0 (13)
where @, b and ¢ are given elsewhere [11].

Let us now determine the lower limit of the integral x, in Eq. (2), for a given x. Denoting

by 4 the group velecity of the pump field, one finds

fxl%z + L L fxlvlz '.
ax mdx--?-:?—{-ax mdx (14)

where L is the width of the pump propagation cone. It turns out that, for |x] < I, x| is always very

close to x which allows one to approximate

- 3 b w

Uix  Uox
This growth factor can now be maximized with respect to the angle ¢. T dependencies on

¢ come through y(x) which behaves like sin2(¢>) (see Eq. (3)), and through
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91 cos(d) KL | (16)

) k!z w%, ‘Klu
[+ -5
Q

[4

v

X

|
!
o
| (1)

L ATV ALCY
Vix  Vox  \cosd Ky, Koy
K 1L and K, are elements of the cold plasma dielectric tensor for the frequency <;.>,. Putting these

together in Eq. (15), leads to the total angular dependencies of the growth factor; T, which can be

|
easily maximized to obtain |

(’Kln) kO.L ('Klu) KO_L
cos (@) - / Kl.l. ('K0u> -‘/ KLL ('KOn) - ' (18)

In the computations we shall only consider the maximum growth factor with respect to ¢. We note

that in this section and for the rest of the paper, we limit ourselves to the case ki, > 0, which is
maximized according with Eq(18) for v, < 0. This case represents waves travelling toward the
center of the plasma. When &, < 0, Eq(15) is maximized with respect to cos (9), for v}, >0

representing waves travelling toward the plasma edge. We are not considering this last possibility
since the results will be similar in both cases, and only the direction of propagation is reversed.
However, ane has always to remember that when parametric excitations become strong and the
rf-power is transferred to the excited waves, a large part of this powe.r will travel down to the
plasma edge. In general, we find that cos (¢) > 0 (kyz>0)and as w2 wg, cos (P) > 1 (ie ki, »
ky, and kly - 0). It should be noted that in the temporal evolution of the instability, the temporal
growth factor, given by Eq(3), maximizes with respect to ¢ when cos (d) is zero, that is when Ry,

= kly and k, = O representing waves which will never get into the center of the plasma.
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II1. Linear Theory, Calculations

A. Inside the Plasma

l
In our computer calculations we consider a Do-plasma and take the density, temperatures

and toroidal magnetic field to be spati.ally inhomogeneous obeying the following profiles, consistent

with measurements on Alcator A [12]
2

onfp o X2
nenofl - 1 )" (19)
-2x2
T=Tye (20)
B =Bl - z55) 1)

where ngy, T and Bj are the density temperatures and magnetic field values at the center of the
plasma, x = 0. We shall take By fixed at 60 KG, and consider two typical values for the peak
density, ng = 1.5 x 10, and 5 x 10! em™> The corresponding peaks in temperatures are, for the
low density regime: T ;5 = 1.3 Kev, T;g = 0.75 Kew, and for the high density regime: T,5 = 115

Kev,.Tl-O = 068 Kev. The accessible n, ” s a're n,, = 1.6 and 2, respectively.

As an example we apply the theory previously outlined, to the experimental characteristics of
Alcator A. We use the maximum applied rf-power as 80 Kw, driven at the plasma wall through 2
two waveguide array, each of width %ﬂ = 1.25 cms, and height 4 = 8 ¢ms. Reflection back into the
waveguid'es. reduces the available power by 207 According to linear theory (13, 14], from the
remaining 64sz0. about 35 to 407 is below accessibility. This power is fed to surface mode fields
that remain near the plasma wall, and never penetrates in the main bulk of the plasma. Let us
restrict ourselves to the propagation cone, ko, > 0. Following linear theory, the accessible power is

distributed within the wave-numbers n, = 2 to 5 as follows: between n, = 2 and 3 there is an

average of approximately 7.5 Kw, between n, = 3 and 4 5.5 Kw, and between n, = 4 to 5 3 Kuw;
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in addition there are about 2 Kw of power beyond n, = 5. The total power in a resonance cone will

be taken as approximately 17.5 Kw. We are modeling this power distribution with the function

i .2
Pxx) sin‘{(n, - ngy,) A4 ®
£ 0 ( : J where 4 = — x L, and L(x) is the width of the pump cone

2
Tag L (n, - ng P 2

which depénds on the amount of power, Po(x), penetrating to a certain point in the plasma.

In addition to accessibility which limits the power penetration into the plasma,
modeconversion of the pump electric field [11] will also restrict the amount of power getting to the
plasma center. In Fig. 2 we show hdw the different wave-numbers ng, are modeconverted as they
propagate into the plasma, for the two regimes of low (Fig. 2A) and high (Fig. 2B) densities. We
see that for the low density regime, all the linear power spectrum reaches in the plasma center. In
;he high density regime, and for x < 0.5, only that part of the spectrum between ”FE wave-numbers,
n; = 2 to 3, penetrates. These considerations, and the n, power spectrum distrlbtft'xon predicted by
the linear theory, allow us to make the following estimations : Inside the plasma, 'x < 1 for the low
density regime and 0.5 < x < 1 for the high density regime, we will assume for &inear calculations
that Py ~ 17.5 Kw and the pump spectrum is centered at ng, = 3.5, with L ~ l.S!w. For the high
density regime and for x < 0.5, one has, because of medeconversion, Py ~ 7.5 }(w, the spectrum

being centered at ng, = 2.5, with L ~ 4w, ie. the propagation cone is four times larger than the
|

waveguides width. In any of the former cases, the power density is obtained by dividing the

rf-power available by the area of the corresponding pump cone. We note that I is independent of

the pump width as can easily be seen from Egs(3), (4) and (15).

In Fig. 3 we are representing I as a function of the frequency spectrum for the two different
peaks in density, and for two different positions in the plasma, near the edge, x = 0.75, and near the
center x = 0.25 . The power distribution fixes ng, = 3.5 except for ng = 5 X 10" em™3 and x =
0.25, where as explained before ng, = 2.5. The power available is 17.5 Kw except for the high
density regime and x = 0.25, where due to modeconversion, the power available is 7.5 Kw. We
have chosen n, = 2 in Figs. 3A and 3B, and n, = 5 in Figs..3C and 3D. Comparing Figs. 3A

and 3B we see that the spatial growth factor increases very rapidly with density due to the WKB
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enhancement and cylindrical focusing factor of the pump field; we ignore the focusing factor at about
half-way to the center of the plasma. We also note that v, gives an additional WKB-type of
enhancement for T (see Egs. {15) and {16)). Moreover we find that both va and v, are small, and

Y1z

that pump and sideband move parallel to the magnetic field: Im

Y0z
. | > @I > 30, and they reach
values of the order of 100 at the highest densities. The number of resonant peaks observed in the
calculations, vary with the width of the excited spectrum, which depends on ng, n;, and x, see
Eq(12) . When ng, and ny, are close in value, the number of resonant harmonics, and the width of
the excited spectrum, are smaller than when they are far from each other. This is illustrated in
Figs. 3A and 2C where the density is the same but n|, is different. We also note that I' increases
with increasing 7y, this being due to the v, -dependency upon 7, as shown in Eq. (16). We shall
discuss later on the important consequences of this fact. Figures 3B and 3D also differ in the value
of ny. As the density is already too high, sideband fields with high n, “s can only be excited close
to the edge of the plasma, x ~ 0.75, as shown in Fig. 3D. This is due to modeconversion of the
excited fields. Modecoversion for the pump electric field was shown to occur at different n, ‘s for
different peaks in density'(see Fig. 2 ). Similarly, the values that ﬁ,z and w can take for a given
density are also restricted by modeconversion. As the density increase§, ©) has to be closer to Wg
and n, closer to accessibility in order for Eq(13) to give a real k. Fé_r example, in Fig.3D and
for x < 0.5, no sideband fields can be excited dué to ny, being too large {n, = 5) for such densities.
Similar restrictions due to modeconversion of the sideband are found in Fig. 3B, for x = 0.25 and
w Jwg < 0.96. In Fig. 4, we are representing I for the low dens;ity case at x = 0.75, and taking n|, =
12 and ng, = 6.5. The reasons why we have shifted the pump spectrum toward 'higher n, ’s, will
be explained in the next sections. What we want to notice here, is that T also incre.iases linearly with

ng, (see Eq. (4)), and that parametric excitations for such high values of n;, can only take place

close to the edge (x ~ 0.75).

|
The nodes of the growth factor occur when o is near n Q;, x;; = 0 and (,k + x;p) = 0. As

!
pointed out, x;; is only different from zero in a tiny region around w = n §1;, thus.for w # n Q; we .

l
can take ‘
i
{
i

{
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(22)

m((l"x,-)er ) (1 + xip)°
T+w v+ ) Xe ‘

Prxitxe (14 iR * Xer)* * Xa1 j
which becomes zero for x;, = -1. As we are considering an inhomogeneous magnetic field, the

position of the resonant w will change in space and so will also the the positions of the growth factor

nodes. This means that for a fixed |, there will be regions in x where the pump and sideband are

coupled, and others where the coupling is very small. The maximum values for T between nodes,

P—

are approximately given by the condition: 1+ x;p + x,p ~ 0 ( except when x,p Is very small and

_then' 1 + x;p becomes zero simultaneously). We note that the function 1 + x,z ;+ X;p has a zero

between each two harmonics, these zeros are very close to those of | + x;z. At these zeros, Eq. (22)

(l + XI'R) 2

behaves like X When x,; is small, that is when w is far away from the main bulk of

the electron damping (eg. WQ%TT« >3 or mwu—r: < 0.5), the zeros of | + x,p + x; Can lead to
singularly high values for T, as can be observed in the different figures presented. These singular
values correspond to frequencies fulfilling, 1 + x; +‘ X, ~ 0, which, aﬁ remarked before, is the
transition condition between a well defined low frequency mode and a quasimode (i.e. one for which
I +x; +x,# 0) Our formulation is no lenger valid here, and such values of T should not be
considered as reliable; they would have to be calculated from a resonant three-wave interaction

formulation.
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B. The plasma edge

Let us now study in detail the quasimode parametric excitations in a special region of the
plasma situated in the shadow of the limiters of the tokamak. This region is characterized by a
large drop in density and temperatures [9] The drop in density can still be approximately
described by Eq. (19), taking [x] ~ 1. "The corresponding drop in temperatures is about a factor 10
larger than the one prescribed by Eq. (20) taking |x] ~ 1. This leads to very high values of u?,
given by Eq.b (4), and thus to very large values for the spatial growth factor. iWe are going to
3

explore the regimes of low (ng = 1.5 x 10" cm'g) and high (ng = 5 x 10" cm™>) central densities.

According to the experimental results in Ref. [9], for the high density regime one ‘ﬁnds at the edge:

n~67x 10" e and T, ~ 10 ey; for the low density regime one has: n ~ 2 Ir 10'* ¢m~3, and

T, ~ 10 ev The toroidal magnetic field is about 50 KG and the ratio between electron and ion

. !
temperatures will be assumed to be the same as in the center of the plasma, s0' that T,~T, It
should be remarked that the ion temperature in the shadow of the limiter was .inot measured in
Ref. [9]. The possibility exists that T, > T, and hence the parametric excitation cc?uld be a resonant
one involving ion-cyclotron and, or, ion acoustic waves. Here we assume T, ~ T} é;or which case the

quasimode excitation is dominant. At the plasma edge, x ~ I, the available power{ in a cone will be
t

assumed to be 32 Kw, centered around ng, = 3, and L taken to be just the width of the waveguides,

w = 2.5 cm. We remark that by taking into account part of the power not accessible to the plasma,

we consider the possibility that by decaying into higher n, ‘s it might become accessible and then

penetrate into the plasma.

We have already commented that T increases linearly with m,,, this will have important

consequences in this region of the plasma. The parameter n, is restricted by the condition of Eg..

(11), and by modeconversion. At the edge, due to the large drop in temperatures, n, can vary
from 1 to 50. Hence, the growth factors will increase to enormous values for the higher ny,’s. In
Fig. 5, we represent I' as a function of w for the two regimes and for differents values of n . for

the low density regime (Fig. BA) we take n, = 6 and 8, while for the high density regime (Fig. 5B),
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we take n;, = 1.5 and 4. We see that similar values for I are obtained for different values of n,
as one considers the regimes of low or high densities. As the density decreases, n;, has to become
larger in order to keep I' as large as when the density is high and n;, small. We also note that the

frequency spectrum is much narrower than the one usually found inside the plasma; this is also due

to T, being small: The pump spectrum is centered at ng, = 3, implying a, = ¢ Pl 70, and
0z “Te
the lower limit of Eq(12) becomes now approximately equal to, E_*i?:g Thus, if ny, < 10, that is
13
A
if B,= > 3.5, one gets that —L s very close to 1. Given these large growth factors one
Rz VT @0

“can conclude, and we shall corraborate it in the nonlinear calculations, that the pump will be
completely depleted in the limiter region. The excited sideband fields have a frequency close to the
pump frequency, but the wave-number spectrum may be very different from the initial linear

spectrum.

It should also be noted that in Fig. 5 the narrow regions of growth factor very close to the
pump frequency wg, can be attributed to ion-acoustic quasimode interactions, i.e. these driven by
ion-Landau damping of the quasimode, these giving rise to the peak very near w, However at such
small frequencies, it may be that our quasimdde formulation is not the most appropiate one since

X1 ~ 0, and, again, a resonant three-wave interaction with w very small should be carry out.

Regarding the computational methods used in this region, we have to remark that as the
plasma parameters are quite different from the ones inside the plasma |x] < 1, the discussion

presented in Sect. 1 to derive Egs. (8) and (9) is no longer valid here. In fact, now §; =

( kyor;
Q.

i :
closest to w = n 2, since the Bessel functions are not as small as they were before. In all the

]2 2.1, and for a given w, we cannot be sure that the main contributing harmonic is the

calculations we have used a sufficient number of harmonics to obtain accurate results.
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I1V. Nonlinear Depletion

The depletion of the pump field and the nonlinear evolution of the excited sideband field,

are described by the following nonlinear equations (6]

(v0af) & + 06,0 2 ) E] = -C()E] EY - (29)
(le(x) 6%5- +0y%) aa—z] E21 = C(x)E% E2, . | (24)

Equations (23) and (24) have been obtained thrdugh a WKB mode analysis assuming the plasma to

be weakly inhomogeneous.

For a 'homogeneous medium Egs. (23) and (24) admit the exact solutions [15]

Vo= -5 (n(s@) -T(r) (29
by =+ 2 (en(s(6) - T(r) ‘_ (26)
CE} CE? vor Y 0
where ¢0=ﬁ—l—;.\l/,=wa;,u=b—é-l7é,9=z-al -ﬁ—lf:dx and 7

X
v
= =z - af v—gf dx’ ) . We shall assume a finite uniform extended pump at x = 1, 4y = \lzo(x
| . )
= 1,lz}<w/2), and denote by 4, = Y (x=1) the noise level. The functions S(8) and T(r) are
uniquely specified in terms of Ag and A4 for the two different regions: |r| < L/2, ] < L/2 (region 1)

and |r] < L2, 8 < - L[2 (region II), see Fig. 1, and their analytic expressions can be found in [15].

For an inhomogeneous plasma we shall also describe the dynamics of the interaction through
Egs. (25) and (26), but now A, and A, become slowly-varying functions of the inhomogeneity

coordinate x.

E2
Aglx) = ¢l ot il .

(x
0D 0 @7
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Clx) %E (x)

A (x) x> on( )

(28)

where Epp(x) and Ep(x) are the pump and sideband electric field as described by the linear

|
cos (@) ‘/—T“_ | | l} (29)

K?-
|
\

cos () = g + P is the power density which, for the pump, has already been specified in the former
1 ,

i
'
|

sections, and for the sideband we assume p, = % = 5 x 107 Equations (25), (26) and (27), (28)
0 :

equations,

2

2
EZ=€0

Hio

-

describe the evolution of the interaction in a WK B sense, that is if this evolution is faster than the

variation of plasma parameters with x.

A's a measure of power depletion we compute the average of the square pump electric field

along the width of the resonance cone, and the sideband field coming out from the resonance cone

(le.at 7 = - L/2). For (I - x) > Ax,, where Ax,, !vlz/lew/avoz/voxl, one finds approximately
(see Appendix)
! f”’ Ej (x2) ; Egp(x) | 1o A0 ) (30)
- = = ’
L Jo  E5() g5y 20 L A@+m) -l
EZ (x,r = -L[2) i EQ,g (x) 1 (31)
2 TR -A,6 =A,L o '
Eo() Eg(t)y +T)e Peree )

’ v v
where 8 + 1 = af (5%- - U:ZJ dx’,and I = -(44 + A)L/2 is the spatial growth factor. It
I X x :

should be noted that Eq. (30) is independent of the width of the propagation cone, and so is also,

approximately, Eq(31) since (6 + 7) > L.
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In region T the electric fields are independent of z and there solutions are as found from a

one-dimensional analysis [15]

E3()  Ed(x) | "
ES(D  EX(1) L+ g+ 4187
a
AL ’ (39)
ES(1)  E5(1) Pr”-uw,xe”)
. 2 Uix L9 2 Uix 9 o 20 9 Yoy o
and satisfy B¢z + g7 Ele = £o + gg; Ef. Then, if E§ - 0 one has B » 5— Egp (x) +

E%g (x), and the sideband will come out with all the pump power. On the other hand if the

depletion of the pump occurs in region II, then the power density of the sideband can be much less
-Ap 6+ 1)
than that of the pump. Complete depletion of the pump in region II occurs when e ! =

At that x, (30) and (31) give E3 = 0 and EZ = EZ,.

Let us now analize carefully Eq(31). The sideband electric field E2, gets larger when the
) -2r -Al (0 + T)
denominator of Eq(31) gets smaller, which happens when ¢ <« 1 and e ~ 1, (we note

-A; L 2T
that |4, L] <« A, (6 + 7) and that e N 1). In order for e « 1, we need large growth

factors (e.g. I > 1), that is either high densities, or low densities and large ny, 's. |At high densities

-2r -A!(0+‘r)

or sufficiently high n|, ‘s, we have ¢ ~ 0, but we still need ¢ ~ 1, ;i.e. A (0 +1)~

C E%e a (x —l)
I Vox !

thus, inside the plasma, |x] < 1, 4| (6 + r) will be small only if v, is sufﬁcientiy large. However
|
as has already been pointed out, v, is always small and gets smaller as one increi:ases the density.

0. Combining Eq(28) with the definition of (6 + ), weget 4, (6 + 7) = and

Hence no strong sideband fields are expected to be created in the main bulk of: the plasma. The
total rf-power is, of course, conserved, but it is now spread out in a larger region df space following
the group velocity trajectory of the pump field (i.e. along r = -L/2). This powef is introduced in

the plasma through a two waveguide array, which for Alcator A has an area 2 w = 20 cm?; as the

x
, , , , . w
pump gets in the plasma the sideband it generates will be spread out in an area: A (7 +a f
|
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x
v v v

O d4x’). For ha = 76 cm% and |y | > 30, we find e f x> 2.3 x 10° (1 - x) om?
Cx Ox 1 Ox

Thus, a strongly depleted pump does not lead necessarily to large amplitude sideband fields. The
excitation of strong fields requires a strong interaction between the pump and the noise (say I' > 1),
and that this interaction is to occur near the mouth of the waveguides (x ~ 1). At the edge, x very
close to 1, I' is very large, larger than anywhere else; besides, Ax,, is also large and increases with
decreasing density.  Thus, at the edge the pump is just depleted in region I, and the.one

dimensional equations (32) and (33) are adequate to describe the depletion. The amplitudes of the

excited fields will then be comparable to that of the launched pump field.
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V. Nonlinear Theory, Calculations

A. The Plasma Edge

Let us now apply the nonlinear description of the previcus section to Alcater A experiment,
and let us start with the plasma edge. In Fig. 6, we are representing the averaged square pump

electric field, as given by Eg. (30), for the minimum depletion distance out of the resonznce core,
wia

Ax_ = , as a function of the sideband freguency spectrum. We take the

P WodVox - V12 V1l Jency sp :

rf-power to be 32 Kw and according to the linear theory, ng, = 3. In the case of low density, Fig.

BA, we see that the wave-numbers n, = 6 and 8, deplete most of the pump power. For the high
ciensity case, Fig. 6B, the wave-numbers, =7, = 1.5 and 4 are already able to essentially deplete the
pumnp. Let us call n,; the minimum ny, for which the pump suffers an appreciable depletion in
the distance Ax,. This threshold will become smaller, and eventually equal to 1, as the density
increases. When the density is very small ore has n,; » 1. In our two examples one can

roximately fix n_,, ~ 7, for the low density regims, n_.: ~ 3, for the high density regime.
app 7 2th 7 regh ztA g ¥ I1e3

For streng excitation of large amplitude sideband fields we require that pump depietion is to

occur mainly in region- I, that is in a distance from the edge approximately equal to £x_, This

ur
characteristic distance, £x,, is a function of deasity and sideband frequency . Atthe edge @y is
so close o wg and the density is so small that Az, is usually large. For example in Fig. 8, and for
those «; that give the strongest depletion we find, for the low density regime Ax, ~ 0.07, and
for the high density régime A 0.04, (to recover Ax,, in real magnitude one has to multiply the

above dimensionless numbers by the minor radius of the tokamak, ¢ = 10 ¢m). The large amplitude

excited fields, n,

1z 2 Tz Will propagate in a cone of width equal to the pump width, L ~ 2.5 em. In

terms of wave-numbers this means that the width of the excited spectrum is of the order of the
. . : . .

width of the pump spectrum, &n,, ~ 4 (in general one has An,, < Ang, ~ 4). The question that

arises now is for my, 2 n.,,, which are the selected n, "5 that deplete the pump. We ars not zoing

to carry out in the present paper the calculations that lead to the excited spsctrum. As a general
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criterion, we take those ny, 2 n,, that "deplete first” (le. those with the larger group velodities} as
the ones that deplete the pump. In order to support this criterion, let us present some physical
arguments on what would happen if the excited fields have the largest possible ), “s. Initially the
pump spectrum is centered around the value ng, ~ 3; after decaying, the excited spectrum will be
centered at, say m, ~ 45 Let us consider the excited spectrum as a new pump which essentially
differs from the initial pump in the wave-number spectrurn. This new pump, centered at ng, ~ 45,
may decay again. The spatial growth factor increases linsarly with ng, see Eq. (4); this means that T
is multiplied by a factor of 15 with respect to the values it tock when =g, was 3, which makes this
new pump highly unstable. This would initiate a quick cascade evolution toward smaller n,”s untll
the pump reaches the most stable parametric decay, ie. near the lowest »,, for which the pump
completely depletes, which will be what we call the threshold ;. We note that if the highsst
possible 7y, “s are excited, they could damp a certain amount of the ri-power on the electrons before
the new pump is able to penetrate inside the plasma. Nevertheless, in order to achieve a very high
excited new pump {ie. 7, > 45) one nzeds to decrease drastically the density of the plasma, since
otherwise the rate of decay toward smaller n, “s will be always larger than the linear

Landau-damping rate, and thus the cascading processes toward smaller n, “s will dominate.

It should be noted that n,, and the pump spectrum penetrating in the plasma, depend on
the assumed noise level. The thermal ncise level is too smaii, and nonlinear processes always
enhances it. The experimental data show that for ng = 1.3 X 10'4 cm"S, the electrons are hezted
close to the center of the plasma. For this to oczur, we require the excitation of the wave-numbers,
ny, = 8 and 7, which in turn leads to the estimation 4;/4y = 5 X 107 so that appreciable pump
depletion should occur into these wave-numbers. We want to remark that it is beyond the scope of
this paper to present quantitative results on the stability of the excited spectrum; with arguments as
the ones presented in this section, we only attempt to present a qualitative picture of the evolution for
these quasimode excitations and mainly wish to point out how they scale in the different regimes of

plasma parameters.

Now, we can summarize the situation at the plasma edge as follows. The pump is
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completely depleted in this region, and the excited spectrum has a frequency very close to the initial
pump frequency and propagates in a cone of width approximately equal to the waveguides width.
However, the wave-number spectrum may be very different from the initial linear. spectrum. For ny
=15x 10" om® 5 < ny, < 10,2nd for ng =5 x 101 1< ny, <6. The excited spectrum
will act as a new pump inside the plasma, which is now centered at about ng, ~ 7, for the low
density regime, and around ng, ~ 38, for the high density regime. We note that by decreasing the
density, ng, will become larger, and all the rf-power may be modeconverted or damped on the

electrons, before getting in the main bulk cf the plasma.
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B. Inside the Piasma

The excited spectrum at the plasma edge will act as a new pump insice the plasme, centered
at'ng, = 7 and ng, = $, for the low and high density regimes, respectively. We assume that 407% of

the rf-power will remain close to the edgz and never be zble to act in the plasma

This may
occur because the pump can excite, close to the plasma edge, new waves of higher n, 75 {eg. ny, >
12, for the low density regime, and ny, > 5 for the high density regime). The part of the powser
which goes into these high 7n, “s will be either modeconverted cr transfered to the electrens via
Landau-damping, before the new pump penctrates well inside the plasma. Unader this
assumption,the amount of power'penetrating into the plasma in a resonance cone is, for both regimes,

about 17.5 K.

The essential difference between the main bulk of the plasma and the plasma edgz is the

zpid rise in the electron temperatore, which is faster than the corresgonding rise in density. We
have already szen that the growth factcrs are here smaller than ar the plasma edge. Censequently,
pump depletion is expected to be weaker, and cccur in a distance, Axd, much larger than Ax_ . The
excitation of sidepand fields will cccur mostly in region II, and their amplitudes will be much
‘smaller than that of the launched pump electric field. The way in which the excited spectrum will
be selected is aiso ditferent from the plasma edge. First of all, the range of variation for 2, is now
more restricted by the increasing electron temperature and by the increasing plasma density. The
largest possible ny, "5 (eg. ny, ~ 12 for the Iow density regime and 7, ~ 3 for the high density
regime) will interact with the new pump first because they have the largest growth factors, and will
deplete a large amcunt of the rf-power before the new pump is zble to gat well inside the plasma
However, their growth rates are now only moderate and because of that we assume that cascading to
lower n, ’s dees not take place. Thus, the part of the power that is transiered to the largest pessible
M1y ’s, will be either modeconverted into thermal modes or Landau-damped on the alecirons. The

. )

amount of rf-powsr transfered to rhe highest n), ’s increases by increasing the centrzl pezk density.

For the high density regime we find that the new pump is completely depleted close to the plasma
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limiter. In the low density regime the depletion is not so complete and there may be still an

appreciable amount of power getting into the plasma.

To illustrate the above comments, let us pressnt some calculations, first for the low dansity
regime. The ncnlinear power spectrum is assumed centered at ng, ~ 7; we remind that I increases
with increasing 7., so the depletion is stronger for the nonlinearly generated spectrum than it weuid

be for the original linear one (i.e. ng, ~ 3.3). In Fig. 7, we are representing with centinuous lines th

(4]

square pump field averaged along the rescnance cons, as given in Eq(30), and with dottec linas ths

evolution of the rf-power, averaged zlso in the pump cone and normalized to the initial rr-power of

175 Xw. The pump electric ﬁﬂlc suffers simultansously the sffect of the depletion, due to the
‘parametric procceses, and 2 spatial enhancement due to the inhomogenities of the plasma. When the

depleticn is small the pump electric field will grow with x until the depletion overcomes this growth,
and makes E% decreass down to zero. Wetiaken, = 2and 5in Fig. 7A, and ny, = 12in Fig. 7B.
We also take one of the maximum growing frequencies w /wg= 0.88 (Fig. 7A) and v ;/wg= 0.9 (Fig.
7B) and for these w; “s, we find Ax,, = 0.01 and C.015, respectivaly. For my, = 2, the dzepletion

is neglegible; for ny, = 5 pump depletion starts at x ~ 0.5 and the overall depletion is around

sh

In

)r’

35%. ig. 7B, x goes only up to 0.5, and this is due to modeconversion of the excitec sidzband

elecrric field of wave-number ny, = 12 and frequsncy o /wg= 0.9. However, this excited fizld

a
i

rts ransfering energy to ihe electrens at about x = 0.75, before medeconversion ini¢ tharmal
modes takes place. Thus, an appreciable amount of the available rf-power, say 40%, may be damped
on the electrons and heats the plasma close tc the plasma limiter. Besides, this will reduce ths
amount of power penetrating into the plasma center. The part of the power thai penetrates may
excite lower wave-numbers, such as ny, = 5, close to the plasma center. However, t properly
calculate how much power goes into the smallest n(, 's one should make a more carsful analysis than
the one presented hers, and substract from the total power that part that has aiready gone into the

excitation of the highest ny. s

In Fig. 8 we study, for the low density regime, how ths excited sidsband eleciric field

evolves in x {continuous lines} compared to the linear evolution of the noise eleciric field {dotted
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lines), as given in Eqs{29} and (31}, for ny, = E, w/wg = 0.86 (Fig. 8A) and ny, = 12, 0 Jwg = 0.9
{Fig. 8B). We see that the amplitude of the excited fieids are never comparable to the amplitude of
the launched pump field. This, as explained in the last section, is due to the fact that the pump is

moving parailel to the magnetic field. Thus, a pump deplsted in a distancs, Ax g, in % of the order

of 2 or 3 om has traveled a much larger distance in the z-direction, along which the power is
continuesly spread out It should be noted that the sideband fields created close to the plasma edge,
as in Fig. 8B, are always larger than the ones created well inside the plasma, a5 in Fig. 8A. This is
due to the fact that yg, Is larger when the density decreases, and zbout the same amount of power
will be put in 2 smaller distance following the pump (rajectory. The ripple in Fig. 8A at x ~0.7, is
due to the fact that pump and sideband are ocasionally uncoupied because of the spatial
inhemogenities of the toroidal i‘nagnetic field.

Nexi, we shall presenré some nonlinear calcuiations for the high density regime. In Fig. 9 we

H
study how the pump is depleted in x, for two different values of 2y, 7, = 2 (Fig. 9A)and »)_ = 5

1

(Fig. 9B). The pump powergspecrrum is centered at mg, ~ 3, the availzble power is in both

examples, 17.5 Kw, and the frequency of the excited fields is the same in both cases, o ffwg = 0.85
For this w, we find that A, ~ 0.015, and the distance in which the pump is depleted is of the

order of 2 or 8 cms. We ses thai: for n,, = 2, (Fig. 9A), pump depletion starts at x ~ 0.7. For Ry =
3 (Fig. 93), the depletion scartjs at x ~ 0.3, and the pump is effectivaly depleted {there is only a 107
left) at x ~ 0.6. Thus, the snf:allest 7y, 7’5 will not deplete the pump, since the highest n,, 75 will
interact sooner and do it f“n'stj. The reascn why in Fig. 9A, x goes only frem 1 to 0.3, is due to
modeconversion of the pump électric field centered at »g, = 3.5. From x = 0.3 to {, one should take
into account only that part of the specirum, if any, in between g, = 2 and 3 (that is a centered
spectrum at ng, = 2.5). In Fig; 9B, x varies from ! t 0.5, but the reascn is now moedeconversion of
the excited sideband electric f‘jeld wheee frequency and wave-number are respectively o, = 0.95 w4
and n, = 5 This effect of rﬁodeconversion of the excited spectrum is having crucial conssguences,
since all the ri-power will brfe transfered to the highest n, “s and modeconverted into thermal
modes, befcre reaching the élasma center. A cut-cff in the amount of rr-power getting into the

i

H
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plasma center is thus predicted {or sufficiently high densities. In Fig. 10, we are showing the excited
fields for »y, = 2 (Fig. 10A), ny, = 5 (Fig. 10B), and w jJwg = 0.95. We cbserve again that their
amplitudes {ccntinuous lines) are very small compared to the initial pump amplitude, but
considerably much largsr thzn the amplitude of the electric noise {(dotted lines). We also note that
fields excited closer to the plasma edge (Fig. 10B) have larger amplitudes than those excited near

the plasma center (Fig. 10A).
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VI, Summarv and Discussien

Parametric excitations of the quasimode type present different characteristics in two distinet
region of a tokamak plasma, the plasma edge and the main bulk of the plasma. They also lead to
different results when considering the two regimes of low and high densities, which are represented

respectively by the peak in densities: g = 1.5 x 10Mem™ and 5 x 101%m™3.

At the edge of the plasma, we have found that parameric excitations are very strong and
that, in fact, the pump is depleted in this region. The excited spectrum has a frequency very close
to the initial pump frequency, while the wave-number spectrum may be very differznt from the
initial linear spectrum  (ie. 1 < mg, < 5). As the temperature is very low here, the excited spectrum
can, in principle, ;'un from n;, = 1to say nj, = 50. The spatial growth factor increases linearly
with n;, Besides, and through the nonlinear theory, we have argued that there exist a certain
threshold, that we call n,,;, such ihat for m;, 2 n,,, the pump will be essentially depletsd. We
have not calculated the detailed excited spectrum, and as a criterion, we have been taken those Ny,
2 1y which "deplete firs:” (i.e. those which have the larger group velocities) as the ones that deplete
the pump. Due to the finite spatial extension of the pump, the excited fields have a maximum
extension in wave-numbers, A n), ~ 4 or 5. By passing from the high density regime to the low
one, n,, becomes larger and eventually, by decreasing sufficiently the density, T, Can De large
enough so that the excited spectrum is medeconverted into thermal modes or Landau-damped on the
electrons, as scon as it gets into the plasma. For sufficiently high densities, and following the abcve
criterion, the excited spectrum will be similar in wave-numbers to the initial linear spectrum. In
order to support this criterion, we have presented the following argument: Let us assume that the
pump decays into the highest possible 7y, ‘s, and let us consider the excited spectrum as a new
pump, centered 2t say mg, ~ 45, which may decay again. The spatial growth factor T increases
linearly with ng, and n;,. This means that T is multiplied by a factor of 13 with respect to the
values it took when ng, was 3. This new pump is now highly unstable to quasimede paramerric

decay, and it will quickly cascade toward smaller n, s to become more stable. This process will be
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stopped when the new n, and T are sufficiently small, so that the excited sideband spectrum cannot
further decay. Thus, the most stable parametric decay is in general, well represented by the value
T, The highest n, excited spectra can be reached just by decreasing sufficiently the density of
the plasma. It should be ncted that if the excited fields have large n, “s (eg. n, ~ 50) they can
transfer part of their energy to the electrons via Landau-damping. However, this can only happen
for very low densities, since for sufficiently high densities the rate of decaying into smaller 7, “s, is

always very large and, in fac, it is larger than the linear damping rates. Then a cascading proccess

toward smaller n, ’s would dominate, and the energy will not be transfered to the particles at the

edge.

As one gets inside the plasma, the plasma parameters will change: the density will increase
a‘nd so will the temperatures; the increase in the temperatures being much faster than the
corresponding one in density. This will also change the characteristics of the excited spectrum.
Thus, the most likely paramatric excitations will be different, in terms of wave-numbers, frequency,
and power density, from the ones found at the edge. We start with the nonlinear spectrum excited
at the plasma edge. The frequency is just the same as the initial pump fregency. The power
density, or otherwise the width of the excited sideband cone, is not different from the initial cne, at
the mouth of the waveguides. But the wave-number spectrum differs frem the linear spectrum: for
the low density regime, it is centered at ng, ~ 7, and for the high density regime, it is centered at
about ng, ~ 3. Notice that we are already considering the excited spectrum as a new pump, which
may decay into new n, ‘s as it propagates in the plasma. The possible n, “s that can be excited in
the plasma are not as large as they were at the plasma edge (say, n, < 12, for the low density case,
and n, < 6, for the high density case). The spatial growtﬁ factors are usually smaller than the
ones found at the plasma edge due to the rapid rise in the electron temperatue. In the low density
regime, a large amount of the available rf-power may decay into the highest ny, s, as say »;, =
12, before reaching the plasma center . This part of the power will be transfered to the electrons,
via Landau-damping, and never reach the plasma center. In the high density regime further

decays into new wave-numbers will also cccur as soon as the new pump penetrates into the plasma .
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The rf-power will be completely transfered to the larger ny, “s, such as ny, = 5, and modeconverted
into thermal modes before it is able to reach the plasma center. The lowest wave-numbers, such as
ny, = 2, may De excited close to the plasma center, but by then only a fraction of the power, or very

little, may be left.

The excited spectrum presents inside the plasma the following characteristics: The frequency
is usually smaller than the pump frequency, and becomes closer to it with increasing density. The
power density is much lower than the original one, at the waveguides mouth, and has spread to
many other wave-numbers. Thus, the rf-power will no longer be confined to propagate in a well

defined resonance cone, but will be dispersed across the plasma cross section.
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Appendix

The function S(8) - T(r) is given in terms of 4; and Ayz) (d{z) = 4¢ if |2} < L/2 and
Alz) = Oif |z| > L/2), by means of the following equation,

-7

8 y . Yy
SO -Tr)=1+ fo dyAlexp(J; (Ag + Apdz) + j(; donexp(L (Ag + A d2) (A1)

In region I (jr]| s L/2, & < -L/2), one finds:

1 —(A0+.41)Lf2 —AoLI2 Ale "(Ao-i- AI)’T
S -T(r) = m {-dge +{dg+dpe e +Age 1 (A2
and through Egs. (25) and (26),
A{Ag + A7)
’I’O = A1(9+ T7) Ac(:— L(;‘Z) - {dg+ Al)('zf'-L:?) (A.3)
(dg+Ape e -Age ; + Ay
V1= —A(6+L/2) —A @1y -Agfr-L1/2) a9)
(Ao*'Al)'Aoe +Ace e .

From Eq. (A.4), taking 7 = -L/2 and contemplating the definiticns, Eqs (27), (28) and (29), it is easy

to recover the form of Eq. {31). In order to derive Eq. {30), let us conéjder that 4 (r - L/2) < A7

A

- LJ2) since p, = rre 5 x 1074 and that 4,(r - LI9) < A8 + r) since § < -L/2. These

estimations allow us to write,

Up+4))

Vo~ Aglr - L/2) AfB+r). (A.5)
¢ [-1+(1+pJe ]+1
: x o
{
where now the only z-dependencies come from z, = L7 - L/2) =2 _gaf 5_%7:_ + L/2. Eq (A.5)
vl

can be integrated exactly with respect to z, from z, = 0 to z, = L, and the result is just Eq. {30).

H
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Figure Captions

figure L  Linear pump propagation cone and sideband group velocity trajectory.

Figure 2A. Modeconversion of the pump electric field at different x “s for different n, ’s. ng =

15 x 10%t em™3,

Figure 2B. Modeconversion of the pump electric field at different x “s for different n,’s.ng=25

x 10!t em™>,

Figure 3A. Inside the Plasma Spatial growth factor vs. sideband frequency spectrum. ny = 1.5 x

10" em2 g, = 35,0, = 2, Py = 175 Ku.

Figure 3B. Inside the Plasma. Spatial growth.factor vs. sideband frequency spectrum. ng = 5 x
10" en™>, n), = 2 We take at x = 0.75, ng, = 3.5 with Py = 17.5 Kw, and at x = 025, Ngp = 2.5
!

with Py = 7.5 Kw.

Figure 8C. Inside the Plasma. Spatial growth factor vs. sideband frequency s pectrum. ng = 1.5 x

10 em™, ng, = 35, ny, = 5 Py = 175 Ku. |
Figure 3D. Inside the Plasma. Spatial growth ff‘actor vs. sideband frequency spectrum. ng = 5 x
10 on™, ng, = 35,0, = 5 Py = 175 Ku.
i
Figure 4. Inside the Plasma. Spatial growth ?‘actor vs. sideband frequency spectrum. ng = 1.5 x
i
10" om™>, g, = 65,0y, = 12, Py = 17.5 Ku.

|
Figure 5A. Plasma Edge. Spatial growth factor vs. sideband frequency spectrum. my = 15 x 104
m's, ngy = 3, Py = 32 Ku. '
Figure 5B. Plasma Edge. Spatial growth factqf'r vs. sideband frequency spectrum. ng = 5 x 1014

em™>, ngy = 3, Py = 32 Ku. !
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Figure 6A. Plasma Edge. Nonlinear depletion of the square of the pump electric field vs. sideband
frequency spectrum a.r the fixed position from the edge, Bx,. ng = 1.5 x 101 em3, oy = 3 Py =
32 Kw.

Figure 6B. Plasma Edge. Nonlinear depletion of the square of the pump electric field vs. sideband

3

frequency spettrum at the fixed position from the edge, Ax . ng = 5 X 101 em™2, ngy = 3, Py =32

Kuw.

Figure 7A. Inside the Plasma. Nonlinear evolution of the square of the pump electric field and of
W
the pump power density vs. plasma position. ng = 1.5 x 101 emS, ng, = 6.5, Q—% =036, Pj=

17.5 K.

Figure 7B. Inside the Plasma. Nonlinear evolution of the square of the pump electric field and of

®
the pump power density vs. plasma position. ng = 1.5 X 101 em3, Rgy = 8.5, ny, = 12, 5—; = 0.9,

Py = 175 Ku.

Figure 8A. Inside the Plasma. Nonlinear evolution of the square of the excited sideband electric
field and linear evolution of the electric noise vs. plasma position. ng = 1.5 x 104 om~3, ng, = 6.5,

W
mip =5 g3 =086, Pg= 175 Ku.

Figure 8B. Inside the Plasma. Nonlinear evolution of the square of the excited sideband electric
field and linear evolution of the electric noise vs. plasma position. ng = 1.5 x 101 em3, ng, = 6.5, .

W
ni = 12 5o = 09, Pg= 175 Ku.

Figure 9A. Inside the Plasma Nonlinear evolution of the square of the pump electric field and of
®
the pump power density vs. plasma position. ng = 5 x 1014 em™ Nog = 3.5, ny, = 2, C)% = 0.95,

Py =175 Kw

Figure 9B. Inside the Plasma. Nonlinear evolution of the square of the . pump electric field and of
®
the pump power density vs. plasma position. ng = 5 x 1014 em™2, ng, = 3.5, n, =5, Gé = 0.95, P,

= 17.5 Kuw.
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Figure 10A.Inside the Plasma Nonlinear evolution of the square of the excited sideband electric
field and linear evoluticn of the electric noise vs. plasma position. 7y = 5 x 101 om73, ngy = 3.5,

o
mig =2 gy =095, Po= 175 Ku.

Figure 10B. Inside the Plasma. Nonlinear evolution of the square of the excited sideband electric

field and linear evolution of the electric noise vs. plasma position. ng =5 x 1014 cm"s, ng, = 3.5

Wi
nyp =8 5y =095 Pg=175Ku.
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