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Abstract. The projection games (aka Label-Cover) problem is of great
importance to the field of approximation algorithms, since most of the
NP-hardness of approximation results we know today are reductions from
Label-Cover. In this paper we design several approximation algorithms
for projection games:
1. A polynomial-time approximation algorithm that improves on the
previous best approximation by Charikar, Hajiaghayi and Karloff [7].
2. A sub-exponential time algorithm with much tighter approximation
for the case of smooth projection games.
3. A PTAS for planar graphs.
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1 Introduction

The projection games problem (also known as LABEL COVER) is defined as
follows.

INPUT: A bipartite graph G = (4, B, E), two finite sets of labels X4, X5,
and, for each edge e = (a,b) € E, a “projection” m, : Y4 — Xp.

GoAL: Find an assignment to the vertices o4 : A — X4 and pp : B —
Y'p that maximizes the number of edges e = (a,b) that are “satisfied”, i.e.,

Te(pala)) = p(b).

An instance is said to be “satisfiable” or “feasible” or have “perfect complete-
ness” if there exists an assignment that satisfies all edges. An instance is said
to be “d-nearly satisfiable” or “d-nearly feasible” if there exists an assignment
that satisfies (1 — d) fraction of the edges. In this work, we focus on satisfiable
instances of projection games.

LABEL COVER has gained much significance for approximation algorithms
because of the following PCP Theorem, establishing that it is NP-hard, given a
satisfiable projection game instance, to satisfy even an e fraction of the edges:
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Theorem 1 (Strong PCP Theorem). For every n, e = ¢(n), there is k =
k(e), such that deciding SAT on inputs of size n can be reduced to finding, given
a satisfiable projection game on alphabets of size k, an assignment that satisfies
more than an € fraction of the edges.

This theorem is the starting point of the extremely successful long-code based
framework for achieving hardness of approximation results [6/1T], as well as of
other optimal hardness of approximation results, e.g., for SET-COVER [QT6/8].

We know several proofs of the strong PCP theorem that yield different pa-
rameters in Theorem The parallel repetition theorem [19], applied on the basic
PCP Theorem [5AJ32], yields k() = (1/€)°™M). Alas, it reduces exact SAT on
input size n to LABEL COVER on input size n©(°81/¢) Hence, a lower bound
of 29(") for the time required for solving SAT on inputs of size n only implies
a lower bound of 27°"""*"? for LABEL COVER via this theorem. This bound
deteriorates as e approaches zero; for instance, if € = (1/n)°(), then the bound
is £2(1), which gives us no information at all.

A different proof is based on PCP composition [I7U§]. It has smaller blow up
but larger alphabet size. Specifically, it shows a reduction from exact SAT with
input size n to LABEL COVER with input size n'+t°Mpoly(1/e) and alphabet
size exp(1/e).

One is tempted to conjecture that a PCP theorem with both a blow-up of
n'*t°Mpoly(1/¢) and an alphabet size (1/¢)°M) holds. See [16] for a discussion
of potential applications of this “Projection Games Conjecture”.

Finding algorithms for projection games is therefore both a natural pursuit
in combinatorial optimization, and also a way to advance our understanding of
the main paradigm for settling the approximability of optimization problems.
Specifically, our algorithms help make progress towards the following questions:

1. Is the "Projection Games Conjecture” true? What is the tradeoff between
the alphabet size, the blow-up and the approximation factor?

2. What about even stronger versions of the strong PCP theorem? E.g., Khot
introduced “smooth” projection games [I3] (see discussion below for the
definition). What kind of lower bounds can we expect to get via such a
theorem?

3. Does a strong PCP theorem hold for graphs of special forms, e.g., on planar
graphs?

2 Our Results

2.1 Better Approximation in Polynomial Time

In 2009, Charikar, Hajiaghayi and Karloff presented a polynomial-time O((nk)'/?)-
approximation algorithm for LABEL COVER on graphs with n vertices and al-
phabets of size k [7]. This improved on Peleg’s O((nk)'/?)-approximation algo-
rithm [I8]. Both Peleg’s and the CHK algorithms worked in the more general
setting of arbitrary constraints on the edges and possibly unsatisfiable instances.



We show a polynomial-time algorithm that achieves a better approximation for
satisfiable projection games:

Theorem 2. There is a polynomial-time algorithm that, given a satisfiable in-
stance of projection games on a graph of size n and alphabets of size k, finds an
assignment that satisfies O((nk)'/*) edges.

2.2 Algorithms for Smooth Projection Games

Khot introduced “smooth” projection games in order to obtain new hardness of
approximation results, e.g., for coloring problems [I3]. In a smooth projection
game, for every vertex a € A, the assignments projected to a’s neighborhood by
the different possible assignments o, € X4 to a, differ a lot from one another
(alternatively, form an error correcting code with high relative distance). More
formally:

Definition 1. A projection game instance is p-smooth if for every a € A and
any distinct assignments o,,0) € X4, we have

Pryen)[Tap (0a) = T(ap)(0,)] <

where N(a) is the set of neighbors of a.

Intuitively, smoothness makes the projection games problem easier, since
knowing only a small fraction of the assignment to a neighborhood of a vertex
a € A determines the assignment to a.

Smoothness can be seen as an intermediate property between projection and
uniqueness, with uniqueness being 0-smoothness. Khot’s Unique Games Con-
jecture [I4] is that the Strong PCP Theorem holds for unique games on nearly
satisfiable instances for any constant € > 0.

The Strong PCP Theorem (Theorem is known to hold for p-smooth projec-
tion games with g > 0. However, the known reductions transform SAT instances
of size n to instances of smooth LABEL COVER of size at least n@((1/1)108(1/)) [T3T9].
Hence, a lower bound of 2(" for SAT only translates into a lower bound of
gn /1R ATD) o p-smooth projection games.

Interestingly, the efficient reduction of Moshkovitz and Raz [I7] inherently
generates instances that are not smooth. Moreover, for unique games it is known
that if they admit a reduction from SAT of size n, then the reduction must incur
a blow-up of at least n'/ 820 for 5-almost satisfiable instances. This follows from
the sub-exponential time algorithm of Arora, Barak and Steurer [I].

Given this state of affairs, one wonders whether a large blow-up is necessary
for smooth projection games. We make progress toward settling this question by
showing:

Theorem 3. For any constant ¢ > 1, the following holds: there is a random-
ized algorithm that given a p-smooth satisfiable projection game in which all

vertices in A have degrees at least CILW, finds an optimal assignment in time

exp(O(u|B|log | Xs|))poly(|Al, | Xa]) with probability 2/3.



There is also a deterministic O(1)-approzimation algorithm for p-smooth
satisfiable projection games of any degree. The deterministic algorithm runs in

time exp(O(u|B|log | Xs|))poly(|Al, | X4]) as well.

The algorithms work by finding a subset of fraction p in B that is connected to
all, or most, of the vertices in A and going over all possible assignments to it.

Theorem [3| essentially implies that a blow-up of n/u is necessary for any
reduction from SAT to p-smooth LABEL COVER, no matter what is the approx-
imation factor e.

2.3 PTAS For Planar Graphs

As the strong PCP Theorem shows, LABEL COVER is NP-hard to approximate
even to within very small €. Does LABEL COVER remain as hard when we con-
sider special kinds of graphs?

In recent years there has been much interest in optimization problems over
planar graphs. These are graphs that can be embedded in the plane without edges
crossing each other. Many optimization problems have very efficient algorithms
on planar graphs.

We show that while projection games remain NP-hard to solve ezactly on
planar graphs, when it comes to approximation, they admit a PTAS:

Theorem 4. The following hold:

1. Given a satisfiable instance of projection games on a planar graph, it is NP-
hard to find a satisfying assignment.

2. There is a polynomial time approximation scheme for satisfiable instances of
projection games on planar graphs.

The NP-hardness of projection games on planar graphs is based on a reduc-
tion from 3-colorability problem on planar graphs. The PTAS works via Klein’s
approach [I5] of approximating the graph by a graph with constant tree-width.

3 Conventions

We define the following notation to be used in the paper.

— Let ng = |A| denote the number of vertices in A and ng = |B| denote the
number of vertices in B. Let n denote the number of vertices in the whole
graph, i.e. n =n4 +npg.

— Let d, denote the degree of a vertex v € AU B.

— For a vertex u, we use N(u) to denote set of vertices that are neighbors of
u. Similarly, for a set of vertex U, we use N(U) to denote the set of vertices
that are neighbors of at least one vertex in U.

— For each vertex u, define No(u) to be N(N(u)). This is the set of neighbors
of neighbors of u.



— Let 09FT be the assignment to v in an assignment to vertices that satisfies
all the edges. In short, we will sometimes refer to this as “the optimal assign-
ment”. This is guaranteed to exist from our assumption that the instances
considered are satisfiable.

— For any edge e = (a,b), we define p. to be |7~ . In other words,
Pe is the number of assignments to a that satisfy the edge e given that b
is assigned abOP T the optimal assignment. Define p to be the average of p.

over all e; that is p = E‘TE’T Pe

— For each set of vertices S, define E(S) to be the set of edges of G with at
least one endpoint in S, i.e., E(S) = {(u,v) € E|ue SorveS}.
— For each a € A, let h(a) denote |E(Na(a))|. Let hpmar = mazaeah(a).

o)

For simplicity, we make the following assumptions:

— @ is connected. This assumption can be made without loss of generality, as,
if G is not connected, we can always perform any algorithm presented below
on each of its connected components and get an equally good or a better
approximation ratio.

— For every e € E and every o, € X, the number of preimages in 7, !(0y) is
the same. In particular, p, = p for all e € F.

We only make use of the assumptions in the algorithms for proving Theo-
rem [2| We defer the treatment of graphs with general number of preimages to
the appendix.

4 Polynomial-time Approximation Algorithms for
Projection Games

In this section, we present an improved polynomial time approximation algo-
rithm for projection games and prove Theorem

To prove the theorem, we proceed to describe four polynomial-time approx-
imation algorithms. In the end, by using the best of these four, we are able
to produce a polynomial-time O ((n AlZaDY 4)—approximation algorithm as de-
sired. Next, we will list the algorithms along with its rough descriptions (see
also illustrations in Figure [1| below); detailed description and analysis of each
algorithm will follow later in this section:

1. Satisfy one neighbor — |E|/ng-approximation. Assign each vertex in A
an arbitrary assignment. Each vertex in B is then assigned to satisfy one of
its neighboring edges. This algorithm satisfies at least np edges.

2. Greedy assignment — |X4|/p-approximation. Each vertex in B is as-
signed an assignment o, € Xp that has the largest number of preimages
across neighboring edges 3~y ) ‘ﬂ'(_a%b) (0p)|- Each vertex in A is then as-
signed so that it satisfies as many edges as possible. This algorithm works
well when Y'p assignments have many preimages.



3. Know your neighbors’ neighbors — |E|p/hmq.-approximation. For a

vertex ag € A, we go over all possible assignments to it. For each assignment,
we assign its neighbors N (ag) accordingly. Then, for each node in Na(ag), we
keep only the assignments that satisfy all the edges between it and vertices
in N(ag).
When qg is assigned the optimal assignment, the number of choices for each
node in Na(ap) is reduced to at most P possibilities. In this way, we can satisfy
1/p fraction of the edges that touch Na(ag). This satisfies many edges when
there exists ag € A such that No(ap) spans many edges.

4. Divide and Conquer — O(nanpghma./|E|?)-approximation. For every
a € A we can fully satisfy N(a) U Na(a) efficiently, and give up on satis-
fying other edges that touch Nj(a). Repeating this process, we can satisfy
Q(|E]?/(nanphmaz)) fraction of the edges. This is large when Na(a) does
not span many edges for all a € A.

The smallest of the four approximation factors is at most as large as their geo-
metric mean, i.e.,

El |X Ep nanphmaes
0(§/"-'A'- Ep nans >=0<<nA|2A|>1/4>.
np p

All the details of each algorithm are described below.

Satisfy One Neighbor Algorithm. We will present a simple algorithm that

pproximation ratio.

gives —

Lemma 1. For satisfiable instances of projection games, an assignment that
satisfies at least ng edges can be found in polynomial time, which gives the
approrimation ratio of L—E!

Proof. For each node a € A, pick one g, € X4 and assign it to a. Then, for each
b € B, pick one neighbor a of b and assign ¢(b) = m.(0,) for b. This guarantees
that at least np edges are satisfied.

Greedy Assignment Algorithm. The idea for this algorithm is that if there
are many assignments in X4 that satisfy each edge, then one satisfies many edges
by guessing assignments at random. The algorithm below is the deterministic
version of this algorithm.

Yal

Lemma 2. There exists a polynomial-time ‘ ﬁ" -approximation algorithm for

satisfiable instances of projection games.
Proof. The algorithm works as follows:

1. For each b, assign it o} that maximizes 3,y |7T(711b)(0'b)|~
2. For each a, assign it o} that maximizes the number of edges satisfied, |{b €
N(a) | 7(ap)(0a) = o3}



A B A B

@ o), maximizes
number of
preimages,

Zag,\'(b) ‘”@?b)(ﬂh)‘

L N(ag)

Na(ap) Na(ap)

No(ay) — N(a)

(3) (4)

Fig.1. An Overview of The Algorithms in One Figure. Four algorithms are
used to prove Theorem [2} (1) In satisfy one neighbor algorithm, each vertex in B is
assigned to satisfy one of its neighboring edges. (2) In greedy assignment algorithm,
each vertex in B is assigned with an assignment with largest number of preimages. (3)
In know your neighbors’ neighbors algorithm, for a vertex ag, choices for each node in
Na(ap) are reduced to at most O(p) possibilities so O (%) fraction of edges that touch
N3(ao) are satisfied. (4) In divide and conquer algorithm, the vertices are seperated to
subsets, each of which is a subset of N(a) UN2(a), and each subset is solved separately.

Let e* be the number of edges that get satisfied by this algorithm. We have
et = Hbe N(a) | map(os) = op}l.
acA

By the second step, for each a € A, the number of edges satisfied is at least
an average of the number of edges satisfy over all assignments in X' 4. This can



be written as follows.

e > Z UQGEA {b € N(a) | Tr(a,b)(a-a) = U;H

acA ‘ZA‘

_ Z ZbeN |7T(a b) (Ub)|
|EA|

Z Z \%b) a3)]

aeA beEN (a)

A|Z Z |7T(ab o)l

bEB aEN(b)

aeA

Moreover, from the first step, we can conclude that, for each b, ZaeN(b) ‘7‘('(_[;{)) (o) >

(0PFT)|. As a result, we can conclude that

ELZ Z |7T (0OPT)|

bEB a€N(b)

|2A| > pe

eck
_ |Elp
| X4l

ZaeN(b ‘ﬂ-(a b)

Hence, this algorithm satisfies at least % fraction of the edges. Thus, this

is a polynomial-time 1Za] -approximation algorithm for satisfiable instances of

projection games, which concludes our proof.

Know Your Neighbors’ Neighbors Algorithm

The next algorithm shows that if the neighbors of neighbors of a vertex ag € A
expand, then one can satisfy many of the (many!) edges that touch the neighbors

of ag’s neighbors.

Ep
(ao

Lemma 3. For each ag € A, there exists a polynomial-time O (,ll )-approzimation

N

algorithm for satisfiable instances of projection games.

Proof. To prove Lemma [3] we want to find an algorithm that satisfies at least
N (@) edges for each ag € A.

The algorithm works as follows:

1. ITterate over all assignments o,, € X4 to ag:
(a) Assign op = T(4,,5)(0a,) to b for all b € N(ap).



(b) For each a € A, find the set of plausible assignments to a, i.e., S, =
{oa € X4 | Vb€ N(a) N N(ap), T(ap)(ca) = op}. If for any a, the set S,
is empty, then we proceed to the next assignment without executing the
following steps.

(c) For all b € B, pick an assignment o} for b that maximizes the average
number of satisfied edges over all assignments in S, to vertices a in
N (b) N Na(ap), i.e., maximizes ZaeN(b)ﬂNQ(ao) |7T(_{;b)(0b) N Sl

(d) For each vertex a € A, pick an assignment o € S, that maximizes the

number of satisfied edges, [{b € N(a) | 7(, b)(O’a) = o} }.
2. Pick an assignment {07 }se, {07 }sep from the previous step that satisfies

the most edges.

We will prove that this algorithm indeed satisfies at least @ edges.
Let e* be the number of edges satisfied by the algorithm. We have

= S b e N(a) | map)(os) = oi
a€A

Since in step 1, we try every possible o,, € X4, we must have tried o,, =
aaODP 7. This means that the assighment to ag is the optimal assignment. As a
result, the assignments to every node in N(ag) is the optimal assignment; that
is o, = oPFT for all b € N(ap). Note that when the optimal assignment is
assigned to ag, we have 97T € S, for all a € A. This means that the algorithm
proceeds until the end. Thus, the solution this algorithm gives satisfies at least
as many edges as when o, = 0977 for all v € {ag} U N(ap). From now on, we
will consider only this case.

Since for each a € A, the assignment ¢ is chosen to maximize the number of
edges satisfied, we can conclude that the number of edges satisfied by selecting
o} is at least the average of the number of edges satisfied over all o, € S,.

As a result, we can conclude that

T, s b€ N@) | e () = 51}
22 A

a€cA

_ Z Zaaesa ZbeN(a) 17r<a,b)(oa)=o;;
|Sal

acA

_ Z ZbEN(a) Zaaesa 17T(a,b)(0a):0§
|Sal

a€A

_ Z ZbEN(a) ‘77(;}1))(0;) N Sl

acA |Sa‘
Sy y Ten0%
beEB a€N(b) |S |

.k (03) 1 Sl
EA

=) )

beB aEN(b)ﬁNz(a(])



Now, for each a € Na(agp), consider S,. From the definition of S,, we have

Sa={0a € Xa|V¥be N(a) N N(ag), m(ap)(0a) =0p} = N 7uhy (o)
beN (a)NN (aog)

As a result, we can conclude that

. -1
1Sal < bEN (@)1 N (ao) {Ima (o0)l}

_ : OPT
beN ()N (a0 ){‘W(“ n(en Dl
{p(a,b)}'

min
beN (a)NN (ao)

Note that since a € Na(ap), we have N(a) N N(ag) # 0. Since we assume for
simplicity that p. = p for all e € E, we can conclude that |S,| < .
This implies that

wZ > Imy(e) NSl

beB a€N(b)NN2(ap)

Since we pick the assignment o that maximizes 3, c n(4)nN; (a0) |7r(_a%b)(alf) N
Sq| for each b € B, we can conclude that

_,Z Z | (;:b)(azf)ﬂsﬂ

beB a€N(b)NN2(ag)
Z > Iy (@ )N Sal.
beB a€N(b)NN2(ao)

Since the optimal assignment satisfies every edge, we can conclude that
oOFT ¢ ﬂ(alb)(abopT) and c9FT € S,, for all b € B and a € N(b) N Na(ap).

This implies that

e > = Z Z |7T( b)(al?PT)ﬂSa\

bEB G.GN b)ﬁNz(a(])

,,Z > oL

beB a€N(b)NNz(ag)

The last term can be written as

,Z o=

bGB a€N (b)NN2(ap)

2. 2!

a€Nsz(ap) bEN (a)
—(h(ao))
(ao)

p

> %Hr—*

10



As a result, we can conclude that this algorithm gives an assignment that

satisfies at least @ edges out of all the |F| edges. Hence, this is a polynomial-

time O ( Agg) approximation algorithm as desired.

Divide and Conquer Algorithm. We will present an algorithm that separates
the graph into disjoint subgraphs for which we can find the optimal assignments
in polynomial time. We shall show below that, if h(a) is small for all a € A, then
we are able to find such subgraphs that contain most of the graph’s edges.

Lemma 4. There exists a polynomial-time O (%) -approximation algo-

rithm for satisfiable instances of projection games.

Proof. To prove Lemma[d] we will describe an algorithm that gives an assignment
3
that satisfies (2 (L) edges.

nanghmas
We use P to represent the collection of subgraphs we find. The family P
consists of disjoint sets of vertices. Let Vp be Jpcp P
For any set S of vertices, define Gg to be the graph induced on S with
respect to G. Moreover, define Eg to be the set of edges of Gg. We also define
Ep =Upep Ep.
The algorithm works as follows.

1. Set P «+ 0.

2. While there exists a vertex a € A such that |E(n(a)un,(a))-vp| =
(a) Set P+ PU{(Nz(a)UN(a)) —Vp}.

3. For each P € P, find in time poly(|X4l,|P|) an assignment to the vertices
in P that satisfies all the edges spanned by P.

1B .
4dnanp”

We will divide the proof into two parts. First, we will show that when we
cannot find a vertex a in step |E(AU3)_V7,} < @ Second, we will show that

3
the resulting assignment from this algorithm satisfies {2 (#) edges.
ANBNmax
We will start by showing that if no vertex a in stepexists, then ’E(Aug),vp | <
1E]
5 -
Suppose that we cannot find a vertex a in step[2} In other words, | E(n (a)un, (a))—ve | <

|51* for all a € A.

1
4dnanp

2
Consider Y, - 4 [E(N(a)UNs(a))— Vi |- Since |En(a)uns (@) -vp| < %n‘ilm for all
a € A, we have the following inequality.

|EJ?

Ing = > BN @)uNa(ay)-vi |

a€cA

Let N?(v) = N(v) — Vp and N§(v) = Na(v) — Vp. Similary, define N?(S)
for a subset S C AU B. It is easy to see that NY(v) 2 NP(NP(v)). This implies
that, for all « € A, we have |E(Np(a)UN§(a))| > |E(Nv(a)unr (N (a)))]- Moreover,

11



it is not hard to see that, for all a € A — Vp, we have |E(nr(@)unr(Nr(a)))| =

S eno(a INP(B)].
Thus, we can derive the following:

Z | E(N(a)UNz(a))=Vp | = Z |E(Nr (a)UN (a))]
acA a€A

> Y B @unga
a€A-Vp

Yo D N

a€A—Vp beNP(a)

= > 2 Vo)

beEB—Vp aeNP(b)

= 3 )R

beB—-Vp

From Jensen’s inequality, we have

2
1
E _ P — NP(b
E | E(N (a)UN2 (a)—Vip | = BV ( E | ()|>

acA beEB—Vp

1 2
= B-vp| |E(aus)-vs |

z | Eavs)—vn |’

E 2
Since ‘ ‘ > ZaeA |E(N(a)UN2(a)) V7>| and ZaeA |E(N(a)UNz(a)) Vp| 2 on np ’E(AUB) Vel o

we can conclude that

E
5] |E(auB)-vs|

which concludes the first part of the proof.
Next, we will show that the assignment the algorithm finds satisfies at least

n (L) edges. Since we showed that @ > |E(AUB),V7,| when the algo-

nANBhmax
rithm terminates, it is enough to prove that |Ep| > % (|E| — |E(AuB)7V7; D

Note that the algorithm guarantees to satisfy all the edges in Ep.
We will prove this by using induction to show that at any point in the algo-

rithm, |Ep| > ol — (\E| - }E(AUB)prD'

dnanphmax
Base Case. At the beginning, we have |[Ep| =0 = % (|E\ - |E(AUB)—V7> |)’
which satisfies the inequality.
Inductive Step. The only step in the algorithm where any term in the inequal-
ity changes is step [2a] Let P, and Py be the set P before and after step [24]

12



is executed, respectively. Let a be the vertex selected from step 2] Suppose that
Poiq satisfies the inequality.

From the condition in step |2 we have |E(n(a)un,(a))—vp m' > %Jﬂ;. Since
IEP,ew] = Bl + [E(N(@)uNs ()~ Vi, |» We have
1 |EP
E > |E - .
| pnew| = | Pozd| + Anang

Now, consider (|E| —|Eaup)-vp, .. |) — (|E| - ‘E(AUB)—VP(,LJ)' We have

(B = Eaom)-ve,. ) = (1B = 1Baom)vi,|) = 1Bcaon) v, | = [Ecaos) v,

Since Vp, ., = Vp,,, U (N2(a) U N(a)), we can conclude that
((AuB)=Vp,,) € (AUB) = Vp,,,) U (N2(a) UN(a)).
Thus, we can also derive

Eaup)-ve,,, € E(AUB)-Vp,. ., )U(N2(a)UN(a))
= E(auB)-vp,,, U{(d V') € E|d € Ny(a) or b’ € N(a)}.

From the definition of N and Na, for any (a/,b') € E, if b’ € N(a) then
a’ € Na(a). Thus, we have {(¢’,V') € E | a’ € Na(a) or b’ € N(a)} = {(a',V') €
E | d € Ny(a)} = E(Nz(a)). The cardinality of the last term was defined to be
h(a). Hence, we can conclude that
Boavs) v, | < 1Baus)ve,, U@, V) € B| ' € Ny(a) or ¥ € N(a)}
< |EauB)-vp,.. |+ {(d',b") € E|d’ € Na(a) or b’ € N(a)}|
— |Eaony ve,,, |+ (@ V) € B d’ € Na(@)}]
= |Eaosy v, | + [E(Na(a))
+ h(a)
< |E(AUB)—Vpnew| + hmaz-

= |EuB)-vp,..,

This implies that (|E| — |E(AU3)_V7, ’) increases by at most hy,qq-

Hence, since (|E\ - E(AuB)—VpD increases by at most hj,q. and |Ep| in-
|E|?

creases by at least i
nanp

that

and from the inductive hypothesis, we can conclude

E?

E [ S B
| P o 4nAnB hmaa:

).

Thus, the inductive step is true and the inequality holds at any point during
the execution of the algorithm.

(IE] = |EcauB)-vp,..,

new

13



When the algorithm terminates, since |[Ep| > ol (|E| - |E(AU3)_V7, |)

Ananphmaa
1E] _EP g
and 5 > ’E(AUB),VP , we can conclude that |[Ep| > g—=,——. Since the algo-

rithm guarantees to satisfy every edge in E'p, we can conclude that the algorithm

gives 0(%@"%) approximation ratio, which concludes our proof of Lemma

Proof of Theorem 2]

Proof. Using Lemma [3| with a¢ that maximizes the value of h(a), i.e., h(ag) =
( |E|p

hmaz, we can conclude that there exists a polynomial-time O -approximation

o

ax

LE]

algorithm for satisfiable instances of projection games.
there exists a polynomial-time e

Moreover, from Lemmas and
[Zal

approximation algorithm, a polynomial-time -approximation algorithm and

a polynomial time O (%{W)—approximation algorithm for satisfiable in-

stances of projection games.
By picking the best out of these four algorithms, we can get an approximation

: i (JED  [Zal |E| nanphmas
ratio of O (mm (hmw’ g B

Since the minimum is at most the value of the geometric mean, we deduce
that the approximation ratio is

. |EDp X E hmaz 4
o< IE lp.lAl.ll.nArrgQ>:o(m).

hmaa: p np

This concludes the proof of Theorem

5 Sub-Exponential Time Algorithms for Smooth
Projection Games

In this section, we prove Theorem [3| via Lemma [5] and Lemma [6] below.

5.1 Exact Algorithm for Graphs With Sufficiently Large Degrees

The idea of this algorithm is to randomly select ©(unpg) vertices from B and
try all possible assignments for them. When the assignment for the selected set
is correct, we can determine the optimal assignment for every a € A such that
more than pd, of its neighbors are in the selected set.

The next lemma shows that, provided that the degrees of the vertices in A
are not too small, the algorithm gives an assignment that satisfies all the edges
with high probability.

Lemma 5. For every constant ¢ > 1, the following statement holds: given a
satisfiable instance of projection games that satisfies the u-smoothness property
and that d, > m% for all a € A, one can find the optimal assignment for the

game in time exp(O(unplog|Xp|)) - poly(na, Xa) with probability 2/3.
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Proof. Let ¢ be a constant greater than one.
The algorithm is as follows.

1. For each b € B, randomly pick it with probability c;u. Call the set of all
picked vertices B*.

2. Try every possible assignments for the vertices in B*. For each assignment:
(a) For each node a € A, try every assignment o, € X4 for it. If there is

exactly one assignment that satisfies all the edges that touch a, pick that
assignment.

3. If encountered an assignment satisfying all edges, return that assignment.

Next, we will show that, with probability 2/3, the algorithm returns the
optimal assignment with runtime exp(O(unglog|Xg|)) - poly(na,|Xal).

For each b € B, let X, be an indicator variable for whether the vertex b is
picked, i.e. b € B*. From step 1, we have

E[Xp] = c1p.

Let X be a random variable representing the number of vertices that are
selected in step 1, i.e. X = |B*|. We have

E[X] =) E[X)] =npcip.

For each a € A, let Y, be a random variable representing the number of their
neighbors that are picked, i.e. Y, = |B* N N(a)|. We have

ElYa = Y E[X)]=dacip.
beN (a)

Clearly, by iterating over all possible assignments for B*, the algorithm run-
time is | Zp|CUB"D = exp(O(|B*|log|X5|)). Thus, if X = |B*| = O(ung), the
runtime for the algorithm is exp(O(unp log |X5])).

Let ¢o be a constant greater than one. If X < cociunpg, then the runtime of
the algorithm is exp(O(unplog|Xp|)) as desired.

Since {X}}ep are independent, using Chernoff bound, we have

PriX > cociung] = PriX > coE[X]]

6C2_1 npcip
<
((02)52>

—npger(ca(log C2—1)+1)#.

=e
Now, consider each a € A. By going through all possible combinations of

assignments of vertices in B*, we must go over the optimal assignment for B*.
In the optimal assignment, if more than u fraction of a’s neighbors is in B* (i.e.,

15



Y, > pd,), then in step 3, we get the optimal assignment for a. Since { X} e n(a)
are independent, using Chernoff bound, we can obtain the following inequality.

Pr[Y, <d,u] = PrlY, < iE[Ya]]
1

dacip
ect

i
1)
c1

— g dacrt(l—gr = loge)n

Hence, we can conclude that the probability that this algorithm returns an
optimal solution within exp(O(unp log|Xg|))-time is at least

Pr

(/\ (Yo > dau)> AX < chUmB)] —1-pr

acA

(\/ (Y, < dau)> V(X > czcl,ung)]

a€cA

o1 (Z Priy, > dam> ~ PriX > coering]

a€A
> 1— <Z e—dacl(l—ﬁ—ﬁ 10g01)lt> _ g~ mBci(ca(logea—1)+1)p
acA
Since ¢1(1 — L — Lloge;) and ¢;(ca(logey — 1) + 1) are constant, we can

C1 C1
define constants c3 = ¢1(1 — % - % loger) and ¢4 = ¢1(ea(logea — 1) + 1). The
probability that the algorithm returns an optimal solution can be written as

1 — g~ nBHCL _ E e—da,ltc:s.
a€A

Moreover, since we assume that d, > 01"% for all a € A, we can conclude
that the probability above is at least

1 — g MBHCL _ E P logna — 1 _— e BHCL _ nAe—(}Cg logna
a€A
— 1 — g ™BHCL _ ef(cc_o,fl)logn;,

Note that for any constants c3,c;, we can choose constants cj,ce so that
cs=c1(1— % - %bgcl) > ¢4 and ¢4 = c1(c2(logca — 1) + 1) > ¢f. This means
that we can select ¢; and ¢z so that ¢ > 1+ Clogm € O(1) and ¢4 > niﬁ € 0(1).
Note also that here we can assume that logn4 > 0 since an instance is trivial
when ny = 1. Plugging c3 and ¢4 into the lower bound above, we can conclude
that, for this ¢; and cg, the algorithm gives the optimal solution in the desired

runtime with probability more than 2/3.
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5.2 Deterministic Approximation Algorithm For General Degrees

A deterministic version of the above algorithm is shown below. In this algorithm,
we are able to achieve a O(1) approximation ratio within asymptotically the
same runtime as the algorithm above. In contrast to the previous algorithm, this
algorithm works even when the degrees of the vertices are small.

The idea of the algorithm is that, instead of randomly picking a subset B* of
B, we will deterministically pick B*. We say that a vertex a € A is saturated if
more than p fraction of its neighbors are in B*, i.e. |[N(a) N B*| > ud,. In each
step, we pick a vertex in B that neighbors the most unsaturated vertices, and
add it to B*. We do this until a constant fraction of the edges are satisfied.

Lemma 6. There exists an exp(O(punplog|Xp|)) - poly(na,|Xal)-time O(1)-
approximation algorithm for satisfiable p-smooth projection game instances.

Proof. Without loss of generality, u > 1/d, for all a € A. Otherwise, y-smoothness
is the same as uniqueness, and one can find the optimal assignment for all the a’s
with p < 1/d, in polynomial time (similarly to solving fully satisfiable instances
of unique games in polynomial time).

Let ¢; be a real number between 0 and 1.

The algorithm can be described in the following steps.

1. Set B* «+ .
2. Let S be the set of all saturated vertices, i.e. S = {a € A | |[N(a) N B*| >
pda}. Aslong as [y, g da| < c1|E|:

(a) Pick a vertex b* € B— B* with maximal |N(b) —S|. Set B* + B*U{b*}.

3. Iterate over all possible assignments to the vertices in B*:

(a) For each saturated vertex a € S, search for an assignment that satisfies
all edges in {a} x (N(a) N B*). If, for any saturated vertex a € S,
this assignment cannot be found, skip the next part and go to the next
assignment for B*.

(b) Assign each vertex in B an assignment in X'g that satisfies the maximum
number of edges that touch it.

(c) Assign arbitrary elements from X4 to the vertices in A that are not yet
assigned.

4. Output the assignment that satisfies the maximum number of edges.

We will divide the proof into two steps. First, we will show that the number
of edges satisfied by the output assignment is at least ¢1|E|. Second, we will show
that the runtime for this algorithm is exp(O(unplog|Xp|)) - poly(na,|Xal).

Observe that since we are going through all the possible assignments of B*,
we must go through the optimal assignment. Focus on this assignment. From
the smoothness property, for each saturated vertex a € S, there is exactly one
assignment that satisfies all the edges to B*; this assignment is the optimal
assignment. Since we have the optimal assignments for all a € S, we can satisfy
all the edges with one endpoint in .S; the output assignment satisfies at least

17



> acs da edges. Moreover, when the algorithm terminates, the condition in step
2 must be false. Thus, we can conclude that ) g das > c1|E|. As a result, the
algorithm gives an approximation ratio of é =0(1).

Since we go through all possible assignments for B*, the runtime of this
algorithm is |Xg|UE"D . poly(na,|Z4|). In order to prove that the runtime is
exp(O(unlog |Xgl)) - poly(na,| X al), we only need to show that |B*| = O(ung).

When the algorithm picks a vertex b* € B to B* we say that it hits all its
neighbors that are unsaturated. Consider the total number of hits to all the
vertices in A. Since saturated vertices do not get hit any more, we can conclude
that each vertex a € A gets at most ud, + 1 hits. As a result, the total number
of hits to all vertices a € A is at most

> (nda +1) = plBE| +na.
acA

Next, consider the set B*. Let B* = {b1,..., by, } where by, - - , b, are sorted
by the time, from the earliest to the latest, they get added into B*. Let v(b;)
equals to the number of hits b; makes. Since the total number of hits by B*
equals the total number of hits to A, from the bound we established above, we
have

U(bi) < ,u|E\ +na.

i=1

Now, consider the adding of b; to B*. Let B} be {b1,...,b;_1}, the set B* at
the time right before b; is added to B*, and let S; be {a € A | [N(a)NB}| > ud,},
the set of saturated vertices at the time right before b; is added to B*. Since we
are picking b; from B — B} with the maximum number of hits, the number of
hits from b; is at least the average number of possible hits over all vertices in
B — Bf. That is

v(b;) = |N(b;) — Si

| 2 Ve s

i! \beB-B;

v

~ (Z INE) - si|> X v - s

bEB bEB;
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We can also derive the following inequality.

SING-s=Y Y 1

beB beB aEN(b)—5;

:Z Z laper

beBacA-S;

Z Z 1(a7b)€E

ac€A—-S; beB

>,

acEA—S;

|B| - (g da)

>(1-c1)lEl.

Note that the last inequality comes from the condition in step 2 of the algorithm.
Moreover, we have

i—1
Y IND) = Si| =) IN(;) - Sil
beB; j=1

i—1
(Since Sj g Sz) S Z |N(bj) — Sjl

j=1

Putting them together, we have
1
v(bi) > —((1 = c1)|E| = p|E] —na)
np

foralli=1,...,m
From this and from Y., v(b;) < u|E|+ na, we can conclude that

HE|[+na
s (L= c1)|E| = plE| = na)

=Nnpu ! l%f#
B n .
(1 =) = p— 15
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m <




g
%_ Since = O(1) and 74 = O(1), we can con-
(1761)7#7@ |E|

clude that the denominator is ©(1).

Consider the term

Consider “’;ﬁ We have

|E‘|,u = Z ,U'da-

acA

Since we assume that d, > 1/p for all @ € A, we have ny = O(|E|p). In other
words, gz = O(1). Hence, we can conclude that the numerator is ©(1).
As a result, we can deduce that m = O(unpg). Thus, the running time for

the algorithm is O(unplog|Xp|), which concludes our proof.

6 PTAS for Projection Games on Planar Graphs

The NP-hardness of projection games on planar graphs is proved by reduction
from 3-coloring on planar graphs. The latter was proven to be NP-hard by Garey,
Johnson and Stockmeyer [10].

Theorem 5. LABEL COVER on planar graphs is NP-hard.

Proof. We will prove this by reducing from 3-colorability problem on planar
graph, which was proven by Garey, Johnson and Stockmeyer to be NP-hard [10].
The problem can be formally stated as following.

PLANAR GRAPH 3-COLORABILITY: Given a planar graph G = (V, E), de-
cide whether it is possible to assign each node a color from {red, blue, green}
such that, for each edge, its endpoints are of different colors.

Note that even though G is an undirected graph, we will represent each edge
as a tuple (u,v) € E where u,v € V. We will never swap the order of the two
endpoints within this proof.

We will create an instance of projection game (A, B, E, X4, X5, {7c}ccr) as
follows.

—~Let A=FE and B=1V.

— E={(a,b) € A x B |bis an endpoint of a with respect to G}.

— X4 = {(red, blue), (red, green), (blue, red), (blue, green), (green, red), (green, blue)}
and X'g = {red, blue, green}.

For each e = (u,v) € E = A, let T(ew) * (€1,¢2) = 1 and 7y @ (c1,¢2) =

C2, i.€., T(e,y) and m( ) are projections to the first and the second element

of the tuple respectively.

It is obvious that G = (A, B, E) is a planar graph since A, B are E,V re-
spectively and there exists an edge between a € A and b € B if and only if node
corresponding to b in V is an endpoint of an edge corresponding to a in E. This
means that we can use the same planar embedding from the original graph G
except that each node represent a node from B and at each edge, we put in
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a node from A corresponding to that edge. It is also clear that the size of the
projection game is polynomial of the size of G.

The only thing left to show is to prove that (A, B, E, X4, Xg,{mc}ecr) is
satisfiable if and only if G is 3-colorable.

(=) Suppose that (A, B, E, X4, Xp, {7 }ecr) is satisfiable. Let o, be the
assignment for each vertex u € AU B that satisfies all the edges in the projection
game. We will show that by assigning o, to v for all v € V = B, we are able
to color G with 3 colors such that, for each edge, its endpoints are of different
color.

Since V = B, o, € {red,blue,green} for all v € V. Thus, this is a valid
coloring. To see that no two endpoints of any edge are of the same color, consider
an edge e = (u,v) € E = A. From definition of E, we have (e,u) € E and
(e,v) € E. Moreover, from definition of (., and (. .), we can conclude that
0 = (0u,0y). Since o, € X4, we can conclude that o, # o, as desired.

Thus, G is 3-colorable.

(<) Suppose that G is 3-colorable. In a valid coloring scheme, let ¢, be a
color of node v for each v € V = B. Define the assignment of the projection
game @4, p as follows

wala) = (cy,c) for all a = (u,v) € A= E,
op(b)=c, forallbe B=1V.

Since ¢, # ¢, for all (u,v) € E, we can conclude that the range of ¢4
is a subset of X4. Moreover, it is clear that the range of ¢p is a subset of
Y. As a result, the assignment defined above is valid. Moreover, it is obvious
that m.(pa(a)) = ¢p(b) for all e = (a,b) € E. Hence, the projection game
(A,B,E, X4, Xp,{Te}ecr) is satisfiable.

As a result, we can conclude that LABEL COVER on planar graph is NP-hard.

Next, we will describe PTAS for projection game instances on planar graph
and prove Theorem [4 We use the framework presented by Klein for finding
PTAS for problems on planar graphs [I5] to one for satisfiable instances of the
projection games problem. The algorithm consists of the following two steps:

1. Thinning Step: Delete edges from the original graph to obtain a graph
with bounded treewidth.

2. Dynamic Programming Step: Use dynamic programming to solve the
problem in the bounded treewidth graph.

6.1 Tree Decomposition

Before we proceed to the algorithm, we first define tree decomposition. A tree
decomposition of a graph G = (V, E) is a collection of subsets {Bq, Ba, ..., By}
and a tree T" whose nodes are B; such that

1. V=B, UByU---UB,.
2. For each edge (u,v) € E, there exists B; such that u,v € B;.
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3. For each B;, Bj, if they have an element v in common. Then v is in every
subset along the path in 7" from B; to B;.

The width of a tree decomposition ({B1, Ba, ..., By}, T) is the largest size of
Bi,..., B, minus one. The treewidth of a graph G is the minimum width across
all possible tree decompositions.

6.2 Thinning

Even though a planar graph itself does not necessarily have a bounded treewidth,
it is possible to delete a small set of edges from the graph to obtain a graph with
bounded treewidth. Since the set of edges that get deleted is small, if we are
able to solve the modified graph, then we get a good approximate answer for the
original graph.

Klein has proved the following lemma in his paper [15].

Lemma 7. For any planar graph G = (V, E) and integer k, there is a linear-
time algorithm returns an edge-set S such that |S| < t|E|, a planar graph H,
such that H — S = G — S, and a tree decomposition of H having width at most
3k.

By selecting k = 1+ %, we can conclude that the number of edges in H — 5 =
G — Sis at least (1 — 1) |E| = 1_1~_€|E\.

Moreover, since a tree decomposition of a graph is also a tree decomposition
of its subgraph, we can conclude that the linear-time algorithm in the lemma
gives tree decomposition for G —S = H — S which is a subgraph of H with width
at most 3k = 3(1+ 1).

6.3 Dynamic Programming

In this section, we will present a dynamic programming algorithm that solves
the projection game problem in a bounded treewidth bipartite graph G' =
(A, B',E’) and projections m, : X4 — Xp for each e € E’, given its tree
decomposition ({Bjy,...,Bp},T) with a bounded width w.

The algorithm works as follows. We use depth first search to traverse the tree
T. Then, at each node B;, we solve the problem concerning only the subtree of
T starting at B;.

At B;, we counsider all possible assignments ¢ : B; — (X4 U XY'g) of B;. For
each assignment ¢ and for each edge (u,v) € E’ such that both u,v are in B;,
we check whether the condition 7, ) (¢(u)) = ¢(v) is satisfied or not. If not,
we conclude that this assignment does not satisfy all the edges. Otherwise, we
check that the assignment ¢ works for each subtree of T starting at each child
B; of B; in T'; this result was memoized when the algorithm solved the problem
at Bj.

Let a be a two-dimensional array such that a[B;][¢] is true if an assignment
¢ is possible considered only a subtree starting from B; and a[B;][¢] is false
otherwise. The pseudo-code for the algorithm is shown below.
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DYNAMIC-PROGRAMMING (B;)

1 for each children B; of B; in T’
2 DYNAMIC-PROGRAMMING (B;)

3 for each assignment ¢ of all elements of B;
4 possible < True
5 for each edge (u,v) € E’
6 if w,v € B; and 7(y)(é(u)) # ¢(v)
7 possible + False
8 for each children B; of B; in T’
9 agree < False
10 for each assignment ¢’ of B;
11 if ¢(x) = ¢'(x) for all z € B; N B;
12 if a[B;][¢] is True
13 agree < True
14 if agree is False
15 possible < False
16
17 a|B;][¢p] + possible

We start by calling the function with the root of T" as an input.

To analyze the runtime of the algorithm, first observe that there are (|X4] +
| X)) Bil possible assignments for B;. Since the width of this tree decomposition
is at most w, we can conclude that |B;| < w + 1. Thus, for each B;, there are at
most (|X 4]+ |Xp|)¥ T assignments for it.

For each assignment ¢, we check all the edges in the original graph whether
T () (@(u)) = ¢(v) or not. There are |E’| such edges to check.

Moreover, for each edge (B;, B;) in T, we need to check whether the assign-
ment in B; agrees with any feasible assignment in B; or not. This means that we
perform at most (|Xa| + |Xp|)?*“*? of these checks. In addition, in each check,
we check that assignments for B; and B; agrees for all vertices in B; N B; or
not. This takes at most O(|B;| + |B;|) < O(w + 1) = O(w) time.

As aresult, the overall runtime for this algorithm is O(n|E’|(| X a|+|X5|)¥ 1+
nw(|Zal +[Zp)* ).

Please note that, once DYNAMIC-PROGRAMMING finishes, we can similarly
use depth first search one more time to find an assignment ¢ that satisfies the
whole graph. The pseudo-code for doing this is shown below. ¢ is first initiated to
be null. Then the procedure ANSWER is run on the root of T'. After the program
finishes, ¢ will get filled with an assignment that satisfies all the edges in E’.
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ANSWER (B;)
1 for each assignment ¢’ of all elements of B;
2 if a[B;][¢] is True
3 agree < True
4 for each v € B;
5 if ¢(v) # Null and ¢(v) # ¢'(v)
6 agree < False
7 if agree is True
8 for each v € B;

9 d(v) = ¢'(v)
10 Break
11 for each children B; of B; in T’
12 ANSWER(B;)

It is easy to see that the ANSWER procedure runs in O(nw(|X 4|+ |Xp|)* ")
time which is asymptotically smaller than the runtime of the DYNAMIC-PROGRAMMING
procedure.

6.4 Summary

By using the dynamic programming algorithm presented above to solve a graph
G’ = G — S got from the thinning step, since the instance is satisfiable, all the
edges in G — S can be satisfied. Thus, it gives an assignment that satisfies at
least 1%% fraction of the edges in the original graph.

Moreover, if we treat € as a constant, the width w in the tree decomposition is
at most 3 (1 + %) which is a constant. Thus, the dynamic programming algorithm
runs in polynomial-time.

This gives us polynomial-time approximation scheme for satisfiable instances

of the projection game problem as desired.
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Appendix

A Polynomial-time Approximation Algorithms for
Projection Games for Nonuniform Preimage Sizes

In this section, we will describe a polynomial time O((n.4|%4|))-approximation
algorithm for satisfiable projection games, including those with nonuniform preim-
age sizes.

It is not hard to see that, if the p.’s are not all equal, then “know your neigh-
bors’ neighbors” algorithm does not necessarily end up with at least Az /D
fraction of satisfied edges anymore. The reason is that, for a vertex a with large
|Na(a)| and any assignment o, € X4 to the vertex, the number of preimages
in 7r;1(7r(a7b) (04)) might be large for each neighbor b of a and each edge e that
has an endpoint b. We solve this issue, by instead of using all the edges for the
algorithm, only using “good” edges whose preimage sizes for the optimal assign-
ments are at most a particular value. However, this definition of “good” does
not only depend on an edge but also on the assignment to the edge’s endpoint
in B, which means that we need to have some extra definitions to address the
generalization of h and p as follows.

ot for each b € B, denotes o}, € X} that maximizes the value of
ZaGN(b) |7T(Zib) (ov)]-

poar for each edge e = (a,b), denotes |r (o7, the size of the
preimage of e if b is assigned o7*".

pmar denotes the average of p® over all e € F, i.e. ﬁ > eer PO
We will use 2p™*" as a thershold for determining “good” edges
as we shall see below.

E(S) for each set of vertices S, denotes the set of edges with at least
one endpoint in S, i.e. {(u,v) € E|u € S orve S}

Eyer denotes the maximum number of edges coming out of N(a) for
all a € A, i.e., maz,ca{|E(N(a))|}.

E’ denotes the set of all edges e € E such that p. < 2p™", i.e.,
E' ={e€E|p. <2pm*}.

G’ denotes a subgraph of G with its edges being E'.

E'(S) for each set of vertices .S, denotes the set of all edges in E’ with
at least one endpoint in S, i.e., {(u,v) € E' |u € Sorve S}

EY for each set of vertices S, denotes the set of edges with both
endpoints in S, i.e. Eg = {(a,b) € E' |a € S and b € S}.

N'(u) for each vertex u, denotes the set of vertices that are neighbors of
u in the graph G'.

N'(U) for each set of vertices U, denotes the set of vertices that are
neighbors of at least one vertex in U in the graph G'.

Ni(u) for each vertex u, denotes N'(N'(u)), the set of neighbors of

neighbors of u in G'.
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i(a)

N*(a,04)

N3 (a,04)

h*(a,04)

E*(a,0a)

h*

max

for each a € A, denotes the set of all assignments o, to a that, for
every b € B, there exists an assignment o, such that, if a is assigned o,
b is assigned o, and all a’s neighbors are assigned according to a, then
there are still possible assignments left for all vertices in Na(a) N N (b),
i.e., {0, € X4 | for each b € B, there is 0, € X' such that, for all

o’ € Na(a) NN (), (Nyenwrnnie Mo (T (00))) Nt (00) # 0},
Note that ¢9PT € 5% (a). In other words, if we replace ¥4 with X% (a)
for each a € A, then the resulting instance is still satisfiable.

for each a € A and o, € 2% (a), denotes {b € N(a) | |7T(a, b)( (a,0)(Ta))]
< 2p™** for some o’ € N(b)}. Provided that we assign o, to a, this set
contains all the neighbors of a with at least one good edge as we
discussed above. Note that 7, 4)(04) is the assignment to b
corresponding to the assignment of a.

for each a € A and o, € X% (a), denotes all the neighbors of neighbors
of a with at least one good edge with another endpoint in N(a) when a
is assigned oy, i.e., Upen+(q,0,){0" € N(D) | |7r(a, » (M) (0a))] < 2p™7}.
for each a € A and o, € 2% (a), denotes |E(N3(a,0,))|- In other words,
h*(a,0,) represents how well Nj(a,o,) spans the graph G.

for each a € A and o, € X% (a), denotes {(a’,b) € E | b€ N*(a,0,),

a' € Ny(a,0,) and |7r@}7b)(7r(a’b)(aa))| < 2p™%*}. When a is assigned o,
this is the set of all good edges with one endpoint in N (a).

denotes maxX,ea 0, €54 (a) h*(a,04).

From the definitions above, we can derive two very useful observations as
stated below.

Observation 1. |E'| > %

Proof. Suppose for the sake of contradiction that |E’| < @ From the definition

LE|

of E’, this means that, for more than ‘5 edges e, we have p. > 2p™*". As a
result, we can conclude that

[EP™ <Y pe
ecE

:Z Z P(a,b)

beB aEN(b)

= D Imay @)l

bEB a€ N (b)

<D D Iy (e

beB ac N (b)
- B,

This is a contradiction. Hence, |E’| > @
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Observation 2. If 0, = 09FT, then N*(a,0,) = N'(a), Nj(a,0,) = Nj(a)

a
and E*(a,0,) = E'(N'(a)).

This observation is obvious since, when pluging in aaOP T each pair of defini-
tions of N*(a,0,) and N'(a), N3 (a,0,) and N4(a), and E*(a,0,) and E'(N'(a))
becomes the same.

Note also that from its definition, G’ is the graph with good edges when the
optimal assignments are assigned to B. Unfortunately, we do not know the opti-
mal assignments to B and, thus, do not know how to find G’ in polynomial time.
However, directly from the definitions above, o}*®*, p**® p" % ER**, X% (a),
N*(a,04),N3(a,04), h*(a,0,) and h¥, ... can be computed in polynomial time.
These notations will be used in the upcoming algorithms. Other defined nota-
tions we do not know how to compute in polynomial time and will only be used
in the analyses.

For the nonuniform preimage sizes case, we use five algorithms as opposed
to four algorithms used in uniform case. We will proceed to describe those five
algorithms. In the end, by using the best of these five, we are able to produce a
polynomial-time O ((n4|X4])'/*)-approximation algorithm as desired.

Now, we will list the algorithms along with their rough descriptions; detailed
description and analysis of each algorithm will follow later on:

1. Satisfy one neighbor — |E|/ng-approximation. Assign each vertex in A
an arbitrary assignment. Each vertex in B is then assigned to satisfy one of
its neighboring edges. This algorithm satisfies at least np edges.

2. Greedy assignment — |X4|/p"*"-approximation. Each vertex in B is
assigned an assignment o, € YXp that has the largest number of preimages
across neighboring edges >~y ) \w(ib) (0p)|.- Each vertex in A is then as-
signed so that it satisfies as many edges as possible. This algorithm works
well when Y5 assignments have many preimages.

3. Know your neighbors — |E|/E}*"-approximation. For a vertex ag € A,
pick an element of X% (a¢) and assign it to ag. Assign its neighbors N(ag)
accordingly. Then, for each node in Na(agp), we find one assignment that
satisfies all the edges between it and vertices in N (ag).

4. Know your neighbors’ neighbors — |E|p™%* /h}, . .~approximation. For

a vertex ag € A, we go over all possible assignments in X% (a) to it. For each
assignment, we assign its neighbors N (ag) accordingly. Then, for each node
in Na(ap), we keep only the assignments that satisfy all the edges between
it and vertices in N (agp).
When qg is assigned the optimal assignment, the number of choices for each
node in N3 (ag) is reduced to at most 2p"** possibilities. In this way, we can
satisfy 1/2p™%* fraction of the edges that touch NJ(ag). This satisfies many
edges when there exists agp € A such that N3 (ag) spans many edges.

5. Divide and Conquer — O(nang(h},,, + En®®)/|E|?)-approximation.
For every a € A, we can fully satisfy N*(a) U N5 (a) efficiently, and give up
on satisfying other edges that touch this subset. Repeating this process, we
can satisfy 2(|E|?/(nanp(h},.. + ER))) fraction of the edges.

max
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Aside from the new “know your neighbors” algorithm, the main idea of each
algorithm remains the same as in the uniform preimage sizes case. All the details
of each algorithm are described below.

Satisfy One Neighbor Algorithm. The algorithm is exactly the same as that
of the uniform case.

Lemma 8. For satisfiable instances of projection games, an assignment that
satisfies at least ng edges can be found in polynomial time, which gives the
approximation ratio of L—i‘

Proof. The proof is exactly the same as that of Lemma

Greedy Assignment Algorithm. The algorithm is exactly the same as that
of the uniform case.

Lemma 9. There exists a polynomial-time }ﬁﬁl -approzimation algorithm for
satisfiable instances of projection games.

Proof. The proof of this lemma differs only slightly from the proof of Lemma [2|
The algorithm works as follows:

1. For each b, assign it o} that maximizes ) |7r(7£b)(ob)|.

2. For each a, assign it o that maximizes the number of edges satisfied, |{b €
N(a) | m(ap)(0a) = o3}

Let e* be the number of edges that get satisfied by this algorithm. We have

' =Y {be N(a) | map(os) = a7},

acA

By the second step, for each a € A, the number of edges satisfied is at least
an average of the number of edges satisfied over all assignments in Y 4. This can
be written as follows.

=Y H{beN(@) | m@p(or) = o3}

a€A
=3 Yoses, b€ N(a) | map)(oa) = op }
= | X4l

_ Z 2_beN(a) |7T(_¢:b)(‘7;)|

aGA |ZA|

Z DR

aeA beN(a)
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From the definition of ¢}"**, we can conclude that o} = 0;"** for all b € B.

As a result, we can conclude that

> A|Z Z \W(ab ap)l

a€AbeEN(a)

Z Y Iy @)

aEA beN (a)

RPN

aGA beN (a)

- ||Ellﬁm”|
—max

_ b

E
|2A|| :

Hence, this algorithm satisfies at least T;:Tl fraction of the edges, which
concludes our proof.

Know Your Neighbors Algorithm

The next algorithm shows that one can satisfy all the edges with one endpoint
in the neighbors of a vertex ag € A.

Lemma 10. For each ag € A, there exists a polynomial time %-approximation

algorithm for satisfiable instances of projection games.
Proof. The algorithm works as follows:

1. Pick any assignment o,, € X% (ao) and assign it to a:

2. Assign oy = T(q4,,5)(0a,) to b for all b € N(ao).

3. For each a € Ns(ap), find the set of plausible assignments to a, i.e., S, =
{oa € YA | Vb € N(a) N N(ag), T(ap)(0a) = op}. Pick one o7 from this set
and assign it to a. Note that S, # () from the definition of X% (ao).

4. Assign any assignment to unassigned vertices.

5. Output the assignment {0} }oca, {0} }rep from the previous step.

From step 3, we can conclude that all the edges in E(N(ag)) get statisfied.
This yields m approximation ratio as desired.

Know Your Neighbors’ Neighbors Algorithm

The next algorithm shows that if the neighbors of neighbors of a vertex ag € A
expand, then one can satisfy many of the (many!) edges that touch the neighbors
of ap’s neighbors. While the core idea is similar to the uniform version, in this
version, we will need to consider N3 (ag, 04, ) instead of Na(ap) in order to ensure

that the number of possible choices left for each vertex in this set is at most
277”0,%
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Lemma 11. For each ay € A and o4, € X% (ao), there exists a polynomial-

time O (%)-appmmimation algorithm for satisfiable instances of projec-
Fag

tion games.

Proof. To prove Lemma [11] we first fix ap € A and 04, € X% (ao). We will de-

h*(ag,aao)

scribe an algorithm that satisfies (2 (W) edges, which implies the lemma.

The algorithm works as follows:

1. Assign oy, = m(4,,5)(04a,) to b for all b € N(ao).

2. For each a € A, find the set of plausible assignments to a, i.e., S, = {04 €
YA | Vb € N(a) N N(ao), T(ap)(0a) = op}. Note that S, # @ from the
definition of X% (ag).

3. For all b € B, pick an assignment o for b that maximizes the average number
of satisfied edges over all assignments in S, to vertices a in N(b) N N3 (ao),
i.e., maximizes ZaeN(b)mN;(ao) |7r(7:b) (op) N Sgl-

4. For each vertex a € A, pick an assignment ¢} € S, that maximizes the
number of satisfied edges, [{b € N(a) | m(,)(0a) = 05 }| over all 0, € S,.
We will prove that this algorithm indeed satisfies at least % edges.
Let e* be the number of edges satisfied by the algorithm. We have

¢t =Y {be N(a) | map(oy) = a7},

acA

Since for each a € A, the assignment o7 is chosen to maximize the number of
edges satisfied, we can conclude that the number of edges satisfied by selecting
o is at least the average of the number of edges satisfied over all o, € S,,.

As a result, we can conclude that

T, s b€ N@) | (@) = 57}
<22 A

a€A

_ Z Zaaesa ZbeN(a) 1‘ff(a,b)(<7a):<7§
|Sal

a€A

_ Z ZbEN(a) Zaaesa 17f(a,b)(ffa):0§
|Sal

>hen(a) T (93) N Sal
|Sal

a€A

23

acA

=2 2

beB aeN(b)

=) 2

bEB a€N(b)NNJ (a0,04a,)

|7r(ab op) N Sl
|Sal

‘W(ia}b)(UZ) N Sa|
|Sal
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From the definition of NJ(ag,04,), we can conclude that, for each a €
N3 (ag,04,), there exists b’ € N*(ag) N N(a) such that |7T(a b) (ab/)\ < 2p™e,

Moreover, from the definition of S,, we have S, C 7, b,)(crb/). As a result, we
can arrive at the following inequalities.

1Sal < Iy (ow)]
S 2pma:v.

This implies that

> 27ma$ Z Z |7T(_(;b) (o3) N Sal-

beB a€N(b)NN; (ao,04)

From the definition of X% (ag), we can conclude that, for each b € B, there
exists o, € B such that W@lb)(ab) NS, # 0 for all @ € Na(ag) N N(b). Since

N3 (ag,04,) € Na(ap), we can conclude that \77(;11))(01,) NS, > 1 for all a €
N3 (ag,04,) N N(b).

Since we pick the assignment o} that maximizes ZaeN(b)mN;(ao) |7r(;1b)(0§) N
Sq| for each b € B, we can conclude that

e 2 S Z Z \ﬂ'(_a}b)(crg‘) N S|

bEB a€N(b)NNJ (a0,04a,)

2 maz Z Z ‘ﬂ—(ia}b) (Ub) n Sa‘
bEB a€N(b)NN3 (a0,04a)
2 maw Z Z L

bEB a€N(b)NNJ (a0,04a,)

The last term can be rewritten as

1
maa: Z Z 1= 2%&:8 Z Z 1

bEB ac N (b)NN; (ao,0a) a€N;3(a0,0a,) bEN (a)
1
= 2ﬁmaz Z da
a€N; (a0,0aq)

h*(agp, 0aq)
27777/(11/'

As aresult, we can conclude that this algorithm gives an assignment that sat-

isfies at least % edges out of all the | E| edges. Hence, this is a polynomial-

time O M -approximation algorithm as desired.
h (ao,aao)
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Divide and Conquer Algorithm. We will present an algorithm that separates
the graph into disjoint subgraphs for which we can find the optimal assignments
in polynomial time. We shall show below that, if h*(a, 0,) is small for all a € A
and o, € X% (a), then we are able to find such subgraphs that contain most of
the graph’s edges.

Lemma 12. There ezists a polynomial-time O ("A”B(hf"bﬁ‘g'kEN )>—approximati0n

algorithm for satisfiable instances of projection games.

Proof. To prove this lemma, we will present an algorithm that gives an assign-
3
ment that satisfies {2 ( |E| +Emax)) edges.
N

nang R, qq

We use P to represent the collection of subgraphs we find. The family P
consists of disjoint sets of vertices. Let Vp be Jpcp P

For any set S of vertices, define Gg to be the graph induced on S with
respect to G. Moreover, define Eg to be the set of edges of Gg. We also define
Ep =Upep Ep. Note that Eg is similar to Ef defined earlier in the appendix.
The only difference is that EY is with respect to G’ instead of G.

The algorithm works as follows.

1. Set P« 0.
2. While there exists a vertex a € A and o, € X (a) such that
1 |EP
E* <) NE _ > — :
|E*(a,04) (AUB) Vp| = 16 nanp

(a) Set P« PU{(N;(a,04) UN*(a,04)) — Vp}.

3. For each P € P, find in time poly(|X4|,|P|) an assignment to the vertices
in P that satisfies all the edges spanned by P. This can be done easily by
assigning o, to a and m ) (0,) to b € BN P. Then assign any plausible
assignment to all the other vertices in AN P.

We will divide the proof into two parts. First, we will show that when we

cannot find a vertex a and an assignment o, € 2% (a) in step |E(AU3)_V7,| <

%. Second, we will show that the resulting assignment from this algorithm

: |E®
satisfies {2 (nAnB(himz—s-Eﬁ”)) edges.

We will start by showing that, if no vertex a and an assignment o, € X% (a)
in stepexist7 then ’E(AUB),VP‘ < %E‘.
Suppose that we cannot find a vertex a and an assignment o, € X% (a) in

step [2l In other words, |E*(a,04) N Eaun)-ve| < 15 EE for all ¢ € A and

16 nan
0q € 2% (a). e

Since 09TT € X% (a) for all @ € A, we can conclude that

|E*(a,09"") N Eaup)-vy| < 118 :
e F 1671ATLB
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From Observation we have E*(a,09FT) = E'(N'(a)). As a result, we have
1 |E]?

16 nanp

> |E*(a,00"") 0 Ecaup)—vy |

= |E'(N'(a)) N Eaup)-vs |

for all a € A.

Since E'(N'(a)) = E§V/(a)uN§(a)7 we can rewrite the last term as

[E'(N(a)) N E(aus)-ve | = [Ex/@yung ) N Eaus)-ve|
= |El ’(a)UNé(a)—Vp"
. . E|?
Consider ), 4 |E§V’(a)UNé(a)7Vp|' Since |E§V’(a)uNé(a)7V7:‘ < 1—16nlAT|LB for all
a € A, we have the following inequality:
E? /
By, / .
1605 > %l (a)UNz(a)7V7>|
Let N?(v) = N'(v) —Vp and N¥(v) = Nj(v) — Vp. Similary, define N?(S) for
a subset S C AUB. It is easy to see that NI (v) O NP(NP(v)). This implies that,

for all a € A, we have |E§V1’(a)UNp(a)| > |E§Vp(a)UNp(Np(a))|. Moreover, it is easy
2

to see that, for all a € A — Vp, we have |E§Vp(a)uNp(Np(a))| =2 penr(a) INP(D)]-
Thus, the following holds:

> By @ungan-vel = D B @unz )
a€cA a€A

> Y IEwr@ung )
a€A-Vp

= > > N

a€A—Vp beNP(a)

D SRIO)]

bEB—Vp a€NP(b)

= >IN

beB—Vp

From Jensen’s inequality, we have

2
1
E Ely / > E NP (b
eA| (N (a)UN2(a))—Vp‘ = |B_V’P‘ (beBV | ( )|>
a P

2

1 /
- |B _ V’P‘ ‘E(AUB)—VP
1
2 -
ng

2

‘ EEAUB)*Vp
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. E|?
Since {2 > 34 [Evi(@uns@)—vel and e q [Ev(@uny(a)-vel >
2

% EéAuB)—Vp , we can conclude that
E|
7 2 ‘EEAUB)—VP :

Consider EEAuB)fvp and E(aup)—v,. We have

Elaup)-vp U (E—E') 2 Eaup) vy
’EEAUB)fv'p‘ +|E—E'| > |Eaup)-vs|
|E]

7 7t |E — E'| > |EauB)-vp| -

From Observation |1}, we have |E’| > @ Thus, we have

3|E
3B > |Eaus)-vp |

which concludes the first part of the proof.
Next, we will show that the assignment the algorithm finds satisfies at least

E? - 3|E
7 (nAnB(hJ;nalm+Ex“I)) edges. Since we showed that % > |E(auB)-vy | when
|E|?

16nanp(h, .0

the algorithm terminates, it is enough to prove that |Ep| > TET) (1E| - |E(AU3)_VP |)
N
Note that the algorithm guarantees to satisfy all the edges in Ep.

We will prove this by using induction to show that at any point in the algo-

. |E|2
rithm, |Ep| > 16nang (h;

max

FET®) (‘E| - }E(AUB)*V’PD'
|E|?
16nanp(h

mazx

),

Base Case. At the beginning, we have |[Ep| =0 = T (|E\ — |E(Au3),v7,
N

which satisfies the inequality.
Inductive Step. The only step in the algorithm where any term in the in-

equality changes is step 2al Let P, and Ppew be the set P before and after

step [2a]is executed, respectively. Let a be the vertex selected in step 2] Suppose

that P,q satisfies the inequality.
Since |E73ncw| = ‘Epold| + ‘E(N*(a,Oa,)UNQ*(a,Ja,))—VPOld |, we have

old |

LEP, e | = 1EP | + 1E(N* (a,0,)UN; (a,00))—Vp
= |Ep,al + |E(N*(a,00)UN3 (a,00)) N E(auB)-Vp, |-

1 _|E?
16 nanp*

From the condition in Step we have |E*(a,04) N E(auB)-vp,,,| =
Moreover, E(N+(a,0,)UN; (a,04)) = E*(a,0,) holds. As a result, we have

1EP el = 1Byl + 1 E(N*(a,00)0N;3 (a,00) N Eavs-va,,,|
> ‘Epold| + ‘E*(av Ua) n E(AUB)
1 |EP

> |E — .
— ‘ Pold| + 16 nang

~VPora |
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Now, consider (|E| — |E(aup) ) — (|E| - ‘E(AUB)*VPoml)‘ We have

—VPnew

(1B = |Eaum)-ve,,., 1) = (1B = |Bcavs)va,,,|) = |Eaos)ve,,, | = [Baus) ve,,
ow = VP, U(N3(a,04) UN*(a,0,)), we can conclude that
((AUB)=Vp,,) C((AUB) = Vp,,,)U(N;(a,04) UN"(a,04)) .

Thus, we can also derive

Since Vp

EauB)—ve,, € E((AUB)-Vp,.,)U(N; (@.00)UN*(a.00))
= Eaup)-vp,., U{(d, b)) e E|d € Ny(a,0,) or b’ € N*(a,0,)}.

Moreover, we can write {(a’,b') € E | o' € Nj(a,0,) or V) € N*(a,0,)} as
{(a/,V) € E|a € N3(a,0,)}U{(a/,0) € E|V € N*(a,0,)}. Since N*(a,0,) C
N(a), we can conclude that

{(d",V) € E|d € Nj(a,0,) or b/ € N*(a,0,)} C{(a',b') € E|d' € Ny(a,04)}
U{(@,t')e E|b € N(a)}.
Thus, we can conclude that
H(a',v') e E|d € Ny(a,0,) or b/ € N*(a,04)} < |{(d’,V) € E|d € Ny(a,0,)}|
+ {(d,V) € E|V € N(a)}]
= h*(a,0q) + |E(N(a))|.
Hence, we can conclude that
< |Eaup)-vp,. U{(d',b)) € E|d € Na(a) or b’ € N(a)}|
< |Eaup)-vp,.. |+ {(d',b)) € E|d’ € Ny(a) or b’ € N(a)}|
< |EauB)-vp,,, | +h*(a,04) + |E(N(a))|
<|Eaus)-ve,,, | + Piax + ER

Eaupy-vs,,,

This implies that (|E| — |Eaup)—vs|) increases by at most hf,,, + Ex®.

*

Hence, since (|E| — |E(aup)—v,|) increases by at most hf,,, + Ene® and

2
|Ep| increases by at least %Ji‘m and from the inductive hypothesis, we can
conclude that
B[

(IB| = |E(aus)-vp,... |) -

E
| Pnew| = 16nAnB(h;<naz +E]7\7/}a:c)

Thus, the inductive step is true and the inequality holds at any point during

the execution of the algorithm.
2
When the algorithm terminates, since |Ep| > 16nAnB(}|«f|

max

TERT) (|E| - |E(AUB)—V7°|)

3|E| P2] :
and = > |E(AUB),V7,|, we can conclude that |Ep| > STnans (. TET) Since

the algorithm guarantees to satisfy every edge in Ep, it yields an O ("A"B (hli”glg+E%L = )

approximation ratio, which concludes our proof of Lemma [12]
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Proof of Theorem [2]

Proof. Using Lemmawith ap and 0,, that maximizes the value of h*(ag, 04, ),

ie., h*(ao,00y) = Ml ae, We can conclude that there exists a polynomial-time

(@) (W) -approximation algorithm for satisfiable instances of projection games.

Similarly, from Leamma [L0| with a¢ that maximizes the value of E(N(ap)),
|E|

ie., [E(N(ag))| = ER**, there exists a polynomial-time -
N

approximation

L]

algorithm for satisfiable instances of projection games.
there exists a polynomial-time [=-

Moreover, from Lemmas |§| and

approximation algorithm, a polynomial-time %Ef}l -approximation algorithm and

a polynomial time O (nA"B (h]*’ﬁ‘“z'JrEx az))—approximation algorithm for satisfi-

able instances of the projection game.
Consider the following two cases.
First, if b}, > B, we have O(nang(hlya.+En®)/|E?) = O(nanghl,../|E*).
Using the best of the first, second, fourth and fifth algorithms, the smallest of
the four approximation factors is at most as large as their geometric mean, i.e.,

El X E[p™** nanphf
O(;/H'mﬁr | |p AT'B mam) ZO((TLAleDlM).

ng D h |E|?

max

Second, if ER*® > b - wehave O(nanp(hl,,.+EW)/|E]?) = O(nang ER® /|E[?).
We use the best answer we get from the first, second, third and fifth algorithms.
The smallest of the four approximation factors is at most as large as their geo-

metric mean, i.e.,

of Bl |Zal |E| nanpBERer (nA|2A|>“4
" Tmaz mazr 2 - —=max .
np P EY |E| p

mmax

It is obvious that p is at least one. Thus, we can conclude that the approxi-
1
mation factor is at most O((na|X4|)1).
This concludes the proof of Theorem [2] for the nonuniform preimage sizes
case.
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