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Abstract

Finite gauge transformations in double field theory can be defined by the exponential
of generalized Lie derivatives. We interpret these transformations as ‘generalized coor-
dinate transformations’ in the doubled space by proposing and testing a formula that
writes large transformations in terms of derivatives of the coordinate maps. Successive
generalized coordinate transformations give a generalized coordinate transformation that
differs from the direct composition of the original two. Instead, it is constructed using
the Courant bracket. These transformations form a group when acting on fields but,
intriguingly, do not associate when acting on coordinates.
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1 Introduction

Double field theory is a spacetime description of the massless sector of closed string theory
that makes T-duality manifest by doubling the coordinates. In addition to the usual spacetime
coordinates z*, i = 0,...,D — 1, there are dual ‘winding’ coordinates #;, which together with
the x' combine into coordinates XM = (&;, #%) transforming in the fundamental representation
of the T-duality group O(D, D). This theory has been formulated in [IH4]. Earlier important

work can be found in [5H7] and further developments have been discussed in [8H35].

There are various formulations of double field theory. This paper uses the generalized metric
formulation [4], in which the fundamental dynamical field is the O(D, D) matrix

g” —g™ b
Hun = ( J > , (1.1)

birg™  gij — birg™ b



that unifies the spacetime metric g;; and the Kalb-Ramond two-form b;; and that transforms
covariantly under O(D, D). In addition, the theory features the dilaton d, which is a scalar
under O(D, D). This dilaton field is a spacetime density and is related to the scalar dilaton ¢
through the field redefinition e=2¢ = \/=ge~2?. The double field theory action can be written
in terms of a generalized curvature scalar R that is a function of H and d [4],

SprT = jdmdi 672d7€(7'[,d). (1.2)

This curvature scalar is a manifestly O(D, D) invariant expression in terms of H, d and ‘doubled’
derivatives dp; = (¢%,d;), and so the O(D, D) invariance of (I2) is manifest. This theory also
features a gauge invariance whose infinitesimal transformations are parametrized by an O(D, D)
vector parameter (M = (Q:Z, (%) that combines the diffeomorphism parameter ¢* and the b field
gauge parameter 5, It acts on the physical fields as

ScHun = ¢PopHun + (0m¢” — 0" Cu) Hpn + (on¢F = 07 ) Hup |
X (1.3)
Sed = (Moyd— 5aMgM.

We may define a generalized Lie derivative EC acting on O(D, D) tensors with arbitrary index
structure. For the generalized metric the above gauge transformation is in fact the generalized
Lie derivative: o¢Hyn = EC’H mN- Under these variations R transforms as a generalized scalar,
R =¢( Moy R, from which the gauge invariance of (I2) immediately follows. More precisely,
in order to verify this invariance the following ‘strong constraint’ is required:

0 1
Moy = nMVoyony = 0, with MV = (1 0) : (1.4)
The above constraint must hold when acting on arbitrary fields and parameters and all their
products (so that 0oy A = 0 and &M Aoy B = 0 for any fields or parameters A and B).
Here npsn denotes the O(D, D) invariant metric. This constraint actually implies that one can
always find an O(D, D) rotation into a T-duality frame in which the coordinates depend only,

say, on the .

Satisfying this constraint by setting ¢ = 0, the action (L2) reduces to the standard low-
energy effective action for the NS-NS sector of closed string theory. Moreover, the gauge
variations ([3]) reduce for the components in (LI)) precisely to the standard (infinitesimal)
general coordinate transformations and b field gauge transformations. We stress that the gauge
transformations (L3 are not infinitesimal diffeomorphisms on the doubled space, because they
do not close according to the Lie bracket but rather according to the ‘C-bracket’ [2,41[5],

1
[0c:0c,] = =01cicale > [Cl,Cz]iV[ = (ongd' - §C1N5M§§V -(1<2), (1.5)

which is the O(D, D) covariant extension of the Courant bracket of generalized geometry.

In this paper we will investigate the finite or large gauge transformations corresponding to
the infinitesimal variations ([L3]). Since these gauge variations do not represent infinitesimal
diffeomorphisms of the doubled space we cannot resort to Gauss and Riemann and postulate
the usual coordinate transformation rules of vectors and one-forms. In fact, inspection of (L.3])



shows that each index appears to be some ‘hybrid’ between covariant and contravariant indices.
It is thus not clear how finite transformations can be consistently defined.

We find, however, that it is possible to view finite gauge transformations as arising from
some suitably defined ‘generalized coordinate transformations’. We introduce such coordinate
transformations with the features that are expected from the infinitesimal gauge transforma-
tions. This implies that they do not satisfy all the properties of diffeomorphisms. For instance,
two successive diffeomorphisms give a third diffeomorphism that is simply defined by direct
composition of the first two. Two successive ‘generalized coordinate transformations’ also re-
sult in a generalized coordinate transformation, but the resulting transformation is not obtained
by the direct composition of the two maps. This is the group manifestation of the fact that the
gauge algebra is governed by the Courant bracket (5] rather than the Lie bracket.

Given a generalized coordinate transformation X — X’ = f(X), we propose the following
associated transformation for an O(D, D) vector Ajs:

Ay (X)) = FuVAn(X), (1.6)
where the matrix F is defined by
1/ 0XP 0Xp, o0X), oxVN
AN = _<a P u 0 ) (1.7)
2\0X'™™ oXy  0Xp O0X'P

Here the indices on coordinates are raised and lowered with the O(D, D) invariant metric,
Xar = nun XN = (2%, %), etc. More generally, a tensor with an arbitrary number of O(D, D)
indices transforms ‘tensorially’, with each index rotated by the matrix 7. We show that F is in
fact an O(D, D) matrix. In ordinary geometry we would simply have Fp/~ = gg—,ﬁ;. In double
field theory the dilaton d provides the scalar density exp(—2d). We give the transformation law

for this density under large coordinate transformations in ([2.23]).

We will show that the transformation rule in (L6]) and (7)) implies the infinitesimal trans-
formations (L3) when we set X’ = X — ((X). We have also verified that this transformation
satisfies the following consistency requirements: It implies the usual formulae for coordinate
transformations that transform only the z* or only the #;. It leaves the O(D, D) invariant met-
ric in ([4)) invariant, i.e., this metric takes the same constant form in all coordinate systems,
something required in double field theory but inconsistent in conventional differential geometry.
Moreover, the strong constraint (I.4]) in one coordinate system implies the strong constraint in
all other coordinate systems.

As mentioned above, the generalized coordinate transformations do not compose like ordi-
nary diffeomorphisms. In order to elucidate this point, it is useful to introduce an alternative
form of the finite gauge transformations. The rule (L6l defines the transformed tensor by giv-
ing its transformed components at the transformed point X’. As in general relativity, this can
be seen as a passive transformation, but it is useful to also have an active form of the gauge
transformations which transforms the field components, but not the coordinates. For general
relativity this problem has been discussed in the literature, see, e.g., [36,37], where it is found
that gauge transformations connected to the identity can be realized as an exponential of the
Lie derivative. Thus, given an ordinary vector field A,,(z) we have the transformed field A/, (z)



given by
Al (z) = ek Ap(z), (1.8)

where L¢ is the Lie derivative in the representation appropriate for a vector, and all fields and
parameters depend on z. It can be shown that this transformation is induced by the following
diffeomorphism

g = e gm (1.9)

In double field theory we can follow the above strategy. Even though the Courant bracket
does not define a Lie algebra, generalized Lie derivatives define a Lie algebra under commutators.
We can therefore realize a finite gauge transformation by exponentiating the generalized Lie
derivative:

Ay (X) = efe Ap(X) (1.10)

where all fields and parameters depend on X. If finite gauge transformations are defined this way
it is simple to use the Baker-Campbell-Hausdorff formula to show that the field transformations
form a group and compose according to the Courant bracket. Our key technical result is the

determination of the generalized coordinate transformation
XM = om0 Ok XM oR(g) = K 1 0, (1.11)

so that (L6) and (L7) lead to the transformation (IIQ), at least to O(£*). The composition
rule for generalized coordinate transformations, calculable from the definition (LI0]), will be
verified explicitly with F expanded to quadratic order in £&. We note in passing that while the
exponential (.I0) only makes sense for gauge transformations connected to the identity, the
generalized coordinate transformations may be applicable more generally.

Even though the composition rule is non-standard, we are intrigued that the simple gener-
alization of conventional tensor transformations given by (L6) and (7)) exists, seems to pass
all consistency checks, and is, plausibly, the unique form compatible with (ILI0). Surprisingly,
while generalized coordinate transformations form a group when acting on fields, they do not
satisfy associativity at the level of coordinate maps. Further discussion of this result and other
open questions can be found in the concluding section.

2 Finite gauge transformations

In this section we propose finite gauge transformations for double field theory. These transfor-
mations are induced by (and written in terms of) generalized coordinate transformations. We
begin by discussing these coordinate transformations and compute the derivatives of the maps
using a simple parameterization. We show that the strong constraint is preserved by these
coordinate transformations and that applying the transformation rule to dps is consistent with
the chain rule. Finally, na/n is an invariant tensor so that F is actually an O(D, D) matrix.

2.1 Coordinate transformations and strong constraint

In this subsection we describe some generalized coordinate transformations of the doubled
coordinates. We will use throughout section 2l and [8] — but not in the rest of the paper — a



parameterization with a parameter (™ (X) and new coordinates X’ given by the exact relation

XM - xM_M(x), (2.1)
It follows by differentiation that

0X'Q

8X—P = 5PQ - 8PCQ, (2-2)

and in matrix notation we write this as

oX'y @ 0X'e
<aX)p = 7 = (1-a),9, with ap?= 0p¢?. (2.3)

Note that when representing coordinate derivatives as matrices we will always associate the

first index (row index) with the coordinate in the denominator and the second index (column
index) with the coordinate in the numerator. The matrix inverse provides us with the other

derivatives

<%>MP = géj; = (1ia>MP = <1+a+a2+a3+...)MP, (2.4)

or, more explicitly,

oxF

~xoar = O’ ¢+ ducharc” + anctarcoRc” + O(Ch) . (2.5)

Let us now consider the strong constraint (I.4]). In this setup with large coordinate trans-
formations we assume that ¢(M as well as all X-dependent fields satisfy the strong constraint:

™MNoyAoyB = MAoyB = 0, 79pA = 0. (2.6)

In the above, A(X) and B(X) can be (™ or any field of the theory, like the dilaton or the
generalized metric. The strong constraint implies that the product a’a vanishes:

aa = 0. (2.7)

Indeed,

0 = 0pCu "¢y = apma®n = ()ypa’n = (a'a)yn- (2.8)

We claim that if the strong constraint holds for all fields and parameters in coordinate
system X it will then hold for coordinate system X’. We begin by proving the following lemma
in which two functions A and B of X are differentiated with mixed-type derivatives:

MAoyB =0, MoyA =0. (2.9)
To see this we note that a primed derivative, with the help of (23), can be written as

ox*t
a/M = nMNaAIN _ ,’7MN aX/N aP

= "7MN(5NP+aNCP+aNCK&KCP+aNCKaKCQaQCP+"')ap

(2.10)
= (nMP+aMCP+aMC.KaKCP+aM<KaKCQaQCP+“‘)aP

= M 4 MK (5P 4 0T + 8KCQ5QCP +...)5P )
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We see that structurally this takes the form
oM — M (MY U 0p (2.11)

where U is a matrix function of X whose expression is in fact not important. The lemmas now
follow easily:
IMAB = (aMA + (OM K UyP apA) ouB = 0, (2.12)

by use of the strong constraint as in (Z6]). Similarly,
M oA = (aM + (MY U P ap)aMA — 0. (2.13)
Using the lemma and (ZIT) it now follows that
IMAIB =0, IMIA = 0. (2.14)

These can be viewed as the statement that the strong constraint holds in the primed coordinates.

2.2 Large gauge transformations
For a scalar S(X) the coordinate transformation will be taken to be the usual one,

S'(X) = S(X). (2.15)
It then follows to first order in ¢ that

S'(X)-CMoyS = S(X) = 68 = 5X)-85X) = MoyS. (2.16)

For a generalized vector Aj; we need a transformation rule that acts on it like for a one-form
and a vector simultaneously. Indeed, here our main clue is the infinitesimal transformation

0Ay = Ay(X) = Au(X) = LeAw = FopAn + (0ucN —0NCu)Ay . (217)

This must be reproduced by the formula we propose once the parameter ( is taken to be small.
We propose the transformation

Ay (X') =

1<aXP 0Xp  0X)y oxN

\ax axy T axp 8X’P> Av(X). (2.18)

In here we have defined Xy = nyy XM and Xy = Ny X™ . Expanding to first order in ¢ we

find with (2.2)) and (23]
Al(X) = ¢PopAm(X) = %((5MP + ¢ (N p — N ¢p)

+ (87w = 07 Cr) (3 + 2pCY) ) An(X)
1
2

= Aun(X) + (0ar¢N — Ve An(X) + O(¢?),

(2.19)

(200" + 200N = 20% Car ) An(X) + O(¢?)



which indeed reproduces ([ZI7). The transformation (2I8]) is not fully determined by the
constraint that the infinitesimal transformations arise correctly. A number of options allow for
this result. Other consistency checks appear to select (2.I8]) as the only possible choice, as we
will discuss in this and the following section.

Before we proceed with the analysis of the transformation (2.I8]) we introduce some notation.
We write
Ay (X" = FuVAn(X), (2.20)

where the matrix F is defined by

P / / N
oXP oxi, oxX}, ox ) (2.21)

1
N == —
Fu = 2<0X’M Xy | 0Xp OX'P

More generally, any O(D, D) tensor we require to transform under generalized coordinate trans-
formations such that each index is rotated by the matrix FpV.

Double field theory also requires the definition of a scalar density. The transformation (L3])
of the dilation d implies that
sce 2 = oy (¢Me?). (2.22)
This is the infinitesimal transformation of a scalar density, and it is the same transformation
that we have in ordinary differential geometry. Thus, the finite gauge transformation of this
density must be given by

e 24X e~ 2dX) (2.23)

0X
= e 28
ox'
Of course, using (2.5) and expanding this to first order in ¢ it is easily seen that the variation

6¢d = d'(X) — d(X) coincides with that given in (IL3]). Further exploration of the consistency
of ([2:23]) will be discussed in sections [4.2] [5.2] and 5.3

The transformation (2.I8]) can be expanded to all orders in {. In the matrix notation we
have used for coordinate derivatives we have
0X <6X’>t <6X’)t 0X > N
0X" \oX 0X/) oX'/m

FN (X, X) = 1( (2.24)

2
We have added the coordinate arguments in a specific order: the first input is the new coordinate
and the second input is the old coordinate. We will only use those arguments when needed
explicitly. In index-free notation we write

S o L 0X X'\t X'\t X
FIXLX) = 2<0X’<8X) +<6X> aX/> (2.25)
Note that F is in fact an anticommutator of partial derivatives:
) L L{EX axye
o - L, () o2
Using our expansions (2.3) and (2.4) we immediately write
1 1 1
N _ 1t ot ot N
Fu = 2((1—&) (1=a)+0 a)<1—a>>M
1
= 5( 1+ (a—a) + (a* — ad®) + (a® — a?a’) + - - (2.27)

~|—1—at+a+a2+a3~l—--->MN,

7



where we used the strong constraint a’a = 0 and expanded in the last equation. We also note
that by the strong constraint between ¢ and any field it follows that if A satisfies the strong
constraint, so does A’ defined by (2.I8]). Combining these terms gives us the result

o0
F =1l+a-d+ Z (a" — %a"flat) . (2.28)
n=2

Let us finally note that for aa’ = 0 the two lines in the second equation of (227 are equal,
which in turn means that the two terms in the definition of F coincide, and so (2:25]) reduces

to one term,

ac! = 0 = F(X, X) =

0X <0X’)t _ <0X’>t 0X (2.29)

0X' \ 0X 0X /) oX'’
Although this does not hold in general, it does hold for a few special cases that we inspect in
section [3

We now perform a basic consistency check. We should be able to use the transformation
([2I8)) for partial derivatives, which also have an index down. Therefore, we must have

1,0XP 0X! oxh. oxVN
Ay = = P M N - 2.30
M9 <6X’M oXy = 0Xp 8X’P> N (2.30)
On the other hand, partial derivatives must also transform with the chain rule
XN XN
oy = d i = d oN - (2.31)

oX'M XN oX'M
The two expressions are consistent thanks to the strong constraint. For this note that the first
expression can be written as

, 1 0XP 1 ,
= (N p —N¢p)on + 5(5PM —of¢C) 0 . (2.32)

0 o2

Mo 20xM
By the lemmas (Z9) the term (0¥(y/)0) vanishes acting on any function. Moreover, the term
(0N (¢p)on also vanishes. Bringing the right-most non-vanishing term to the left-hand side, we

have
1 1 oxF

— / — -
5 M = gy O

showing that the usual transformation of derivatives is consistent with (2.30).

(2.33)

Our final check here is that the metric nysn is an invariant tensor. For this we must have
nun = Fu Fn®ngs. (2.34)

This equation states that Fy/™ is in fact an O(D, D) matrix Raising the IV index we have
o = FuFNg = (FF)MY, (2.35)

and therefore we must check that
FF=1. (2.36)

1t should be noted, however, that we cannot think of the generalized coordinate transformations as local
O(D, D) transformations with an X-dependent O(D, D) matrix h = F(X). The reason is that in the transfor-
mation of the argument we would need X'™ = FM v X" which in general is different from the actual X',



We thus calculate with (227))

-

1
l1—a

(1—a) + (1 —a')— )1((1—@ L 1 (1—a)>. (2.37)

1—a/ 2 l1—at 1-adt
The cross terms give multiples of the unit matrix, but the other two terms are more complicated,

1 1 1 1 1
¢ _ L1 N T T
FF' = 2+4< +(1 a)l—al—at(l a)). (2.38)

(1—at)(1—a)1_at

We note that if the order of the second and third factors in the first term was opposite we
would have a simple product. The same holds for the first and second factors in the second

term. The computation is thus helped by the use of the following commutators:

1 1
[1—at,1—a] = —ad, [1—at,1_a] = 1_aaat. (2.39)

With these (238)) becomes

Frt - 1+i(

1, 1 1,1
- 1-a)) . 2.4
1—aaa1—at+1—aaa1—at( @) (2:40)

The terms in parenthesis cancel: in the second one we can bring the a’ in aa’ to the right,
where it kills a. We thus proved that F F! = 1. This implies the desired gauge invariance of
n or, equivalently, its independence of the chosen coordinate system. Moreover, it proves that
FuN is an O(D, D) matrix.

It is also straightforward to verify that, as expected, F and F' are also inverses of each
other in the other direction:
F'F =1. (2.41)

Indeed, this time we get

1 1
l—atl—a

G-ai-d)). (42

1 1
A

= —+-((1=
77 2+4<( a) 1—a

1—al) + ——

The simplest way to evaluate the left-over terms is to expand using a’a = 0. Each of the two

summands gives in fact simple expressions:

FlF = %4—%((1—@(#) + (1~|—aat)) = 1. (2.43)

The coordinate transformation for a generalized tensor with an upper index is obtained
from (2:20) by raising the index:

AM(X") = FMyAN(X) . (2.44)

Of course, the indices on F are raised and lowered with 7, so that ([2.21]) gives

(2.45)

M 1<5Xp ox't N ox'™M aXN>
N7 2\oxy, oxN T OXP oxj,

Consistent with the invariance of n, it follows that the contraction of upper and lower indices

gives a tensor of lower rank, e.g.,

AMBY = FMNANFLE B = AN(FIF)NEBix = ANoy®Bx = AVBy . (2.46)



Let us comment on inverse transformations. If we perform a coordinate transformation
X — X' followed by X’ — X the result should be no coordinate transformation. In the
notation of (2.24) we should have

FuVN (X, XY AP (X, X) = 6uT. (2.47)

As we would expect, this is closely related to the O(D, D) properties of F noted above. We see

from (2.25))

no 10X (AX Nt 0X\t X
FXX) = 5 < oX <aX/> + (aX/) ax) (2.48)
1/ 0X (0X'\t [0X'\t 0X \t o '
§<aX'<aX> +<6X) 6X’> = F(XLX)
With indices, we write
FuN (X, X)) = F¥u (X', X). (2.49)
Back on the left-hand side of (2.47) we have
FVu X', X)FNP (X, X)) = (FFR) M = out. (2.50)

This confirms that the postulated transformation is consistent with the independent definition
of the inverse.

Our computations used at various points the strong constraint. This constraint implies
unusual relations. For example we have found that

—1+

o (o) = () 251

which is readily checked using (23] and (2.4]). This relation allows us to write F differently,
but not in any simpler way. Using the above and (2.26]) we have, for example,

F o= -1+

0X <8X’)t 1[8X <6X’)t]‘ (252)

ox’ " \ox /) 2lox' \ox
Using relations like this we have experimented with various other candidate expressions for F,
but have not found an equally natural expression that passes all consistency requirements.

3 Special gauge transformations and O(D, D)

The purpose of this section is two-fold. We first show, in subsection Bl how the standard,
finite coordinate transformations of the non-doubled fields arise from the finite transformations
generated by F in the doubled theory. In subsection we discuss to what extent finite
O(D, D) transformations are contained in the gauge group. Viewing the O(D, D) rotation of
coordinates directly as a generalized coordinate transformation leads to a puzzling result: the
gauge transformed field and the O(D, D) transformed field differ by one power of the O(D, D)
rotation. Resolving this paradox we find that only the geometric subgroup GL(D, R)x R3P(D-1)
can always be realized as special coordinate transformations, but that in the context of a

reduction on the torus T%, the full O(d,d) subgroup of O(D, D) is part of the gauge group.

10



3.1 General coordinate and b-field gauge transformations

We will now show that the postulated finite coordinate transformations in double field theory
reduce for special cases to the standard finite gauge transformations, namely general coordinate
transformations and b-field gauge transformations. It turns out that these transformations,
cf. B3), (B.6) and B8] below, are special transformations X — X’ for which the two terms
in (2.1I8) are actually equal so that F simplifies to one term, as in (2.29)),

oxh, ox¥N oxt oxs, x4, ox¥N oxt oxs

_ N _ _
oXp 0X'P T 0X'™M 90Xy = Fu oXp oXP — axil oxy . OD

We recall from (2:29) that this holds if aa’ = 0, which by (2.3) means
(ad)un = ananp = ouC" Onp . (3.2)

If we have either ¢* = 0 or {; = 0 the O(D, D) invariant sum over P vanishes and (3.I]) holds.
This will apply below, since we will consider general coordinate and b-field gauge transforma-

tions separately.
We start with a vector Aps(x) independent of  and a coordinate transformation

zt — 2 = 2¥(z), o= 3. (3.3)

Since this transformation leaves #; invariant, the corresponding parameter (; is zero, and thus
we can apply (BI)). Specializing (2.:20) to A; and using the second form of F in (B.I]) we get

il
aﬂji/

oxt oxi, oxP 0y, ox? 5 An(z) =

which is precisely the standard general coordinate transformation of a co-vector. Specializing
(Z20) to A® we get

oxt oxiy,
0x, Xy

ox?P oz
av@) = @), (39)

0z OxV'
oz, oz

Ai/(aj/) _ A"(aj) _ 5i

n(@) = P Ogn

which is the general coordinate transformation of a vector.
If we consider now a field depending only on Z and a transformation
& — o= @), ¥ = a2t (3.6)

that transforms only the Z we have (* = 0 and so we can again apply B.I). We get by a
completely analogous computation

] ox - 0%,
AE) = A, AE) = SZAE). (3.7)

Therefore, they transform conventionally, where we recall that for dual coordinate transforma-
tions the notion of covariant and contravariant indices is interchanged.

Let us now consider b-field gauge transformations, which should follow from
o= &i—(x), o =gt (3.8)

11



As (; depends on z this transformation mixes z and Z, but still satisfies condition (B1)) since
¢ = 0. We first compute

oz’ ozt .
(5 E)- (%0
o ol _ajgi 5j
and the inverse e o ‘
oxM & o 67 0
oX'N (a:zi o | T Foosidl) (3.10)
P 0jGi 9

We will now show that (3.8) indeed leads to the expected b-field gauge transformations. We
apply a finite gauge transformation to the generalized metric

/Hz'j sz i _ zkb .
Huw = (00 0T = (0 ) (3.11)
Hi? Hij birg™  gij — bikg” byj

oxXP ox1, X9 0Xg

0X'M 0Xy 0X'N 0Xy,

Specializing to the component H%, we get

0XT oxl, 0X@ 0Xg
~/ ~7 HKL )

ox;, 0Xgk 0:17j 00Xy,

which reads

Hyn(X') =

Hrr(X) . (3.12)

Hlij —

(3.13)

and we assume that H depends initially only on z so that by (B.8]) H’ has the same coordinate

dependence, which we suppress. Inserting the non-vanishing derivatives we get
0z, 02 0%y 0z

kl i j Kl ij
7 ok 33 o L = Op o0 HY = MY, (3.14)
4 J

r]_[/’ij —

and comparing with ([B.I1]) we deduce that
g7 = g7 (3.15)
Thus, as expected, the metric is invariant under b-field gauge transformations. Specializing now

to the component Hij and inserting the non-vanishing derivatives we get

i = 0XT 0X} 0X¢ 0X{) e
] 0%, X 0xi 0Xp
0%, oaF ox7' 0x; "' 0%, ok oxd ox 0%, 0x* 0xi' ox! (3.16)

= 0, 0P 8518 HE + 6,7 kP 879 (=) HM + 6,7 kP (9;Cg) 01 HM
= H'j— oG H + ;G HY.
Making use of (B.I1]) we then find that
— "' b = —g" bk — g™ (kG — 0;Ck) - (3.17)
From this and (3.I5]) we infer that
bij = bij+ 05— ;G s (3.18)

showing that the generalized coordinate transformations reproduce precisely the finite b-field
gauge transformations.
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3.2 The relation between O(D, D) and gauge symmetries

We ask now to what extent O(D, D) transformations are generalized coordinate transforma-
tions. Consider the finite O(D, D) transformation

XM — pMyxN  or X' = hX, (3.19)
which, by definition, acts on a vector field as

Ay(x) = AnX)(R Y)Y 'y or A(X'=hX) = AX)hL. (3.20)

As a first naive attempt let us view ([3.I9) as a generalized coordinate transformation and
compute its action on a vector Aps(X). The derivatives are

ox™ oxM _
6’X—N = hMN, ﬁX—’N = (h 1)MN7 (3-21)
or in matrix notation ox! ox
~ = At ~ (hhHt. (3.22)

We can then use (2.24)) to write the gauge transformation, including the O(D, D) metrics that
are implicit in (2.21]) in the PP contractions and the coordinates with lowered indices:

A7) = (G e+ ()| Y AN(X) (3:23)

We have hnh! = 7, from which we conclude for the first term
(Wt = ()T = [ (3.24)
and for the second
a (Y = T B = [ (3.25)
Thus, the transformation rule is
Al (X)) = [((h*l)ﬂMNAN(X) — AN[()]u - (3.26)
In index-free notation,
A(X'=hX) = AX)(h1)%. (3.27)

Comparing with ([B:20) we infer that the gauge symmetry gives the square of the matrix we
want! This is the finite version of the same phenomenon encountered at the infinitesimal level
in [3]. There we saw that the infinitesimal version of the naive ansatz (3.19) leads to a relative
factor of two between the transport term and the rest.

The reason that the above does not indicate an inconsistency is that, viewed as a general
coordinate transformation, the ansatz (3.19)) is not allowed in general by the strong constraint.
We will use (3:27) as a guide to modify the generalized coordinate transformation associated
to the duality transformation (3.19]). While the coordinate transformation will differ from the
duality transformation in the way coordinates are rotated, the field transformations can be
made to agree, under conditions to be explained below.

13



Consider first the geometric subgroup GL(D,R) x R2P(D-1) of O(D, D), whose elements
do not mix the z and # coordinates. This subgroup, we claim, can be realized as (generalized)
coordinate transformations. To prove this claim, we work in a frame in which the fields do not
depend on Z. Consider the dualities defined by a constant A € GL(D,R) embedded in O(D, D)
as A — h(A), with

D FU (S Al
(Y)Y (A) = <( 1)]-- ( )2'> _ <0ﬂ (Aol)j) , (3.28)

The corresponding O(D, D) transformation (3.20)) on a vector Ay = (A%, A;) then gives

Aia) = (AW Ai(x), A = N A(2), (3.29)
where only the transformation of x is relevant in the argument of the fields. The associated
generalized coordinate transformation is

$li = Aij $j s j/' = jz ) Ae GL(D7R) . (330)

7

As anticipated above, this is not the coordinate rotation induced by GL(D,R) < O(D, D),
which would also transform Z (in the dual representation according to (3:28])). Equation (B8.30])
is a special case of (B.3]), so we can use the results of that subsection to find that this coordinate
transformation yields

Ay = (MY, Aj(z) AY(2") = A Al(x), (3.31)

resulting in complete agreement with (3.29).

Finally, consider now the constant shift transformations in the duality subgroup R>D(D-1)

of O(D, D). These, with constant parameter e;; = —ej;, are given by

_I\N (8 ey
(A mle) = <0 5%) : (3.32)

It is easy to check that this acts on the generalized metric by b;; — b;; + €;;. We claim that
the associated generalized coordinate transformations are

1 , . .
T = Titgeye, a2t o= at (3.33)
Again, this differs (by a factor of two) from the coordinate transformations suggested by the
dualities (3:32]). Equations ([3.33]) are a special case of ([B.8]), applicable for fields that depend
only on z, and also result in b;; — b;; 4 ¢;;. Summarizing, the full geometric subgroup is part
of the gauge group.

Let us now turn to the remaining transformations that complete the geometric subgroup
to the full T-duality group O(D, D). Instead of ([B.19) we consider the generalized coordinate
transformation

XM = (V)M yxN. (3.34)
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The square root of the group element always exists and is itself a group element for the compo-
nent connected to the identity: we may simply insert a factor of % in the exponential represen-
tation of h in order to construct v/A. Since v/h is an O(D, D) element the above computation
leading to (B.27) proceeds in exactly the same way, but now we obtain

Ay(x) = [(WR) ™) An(X) = AnX) (A (3.35)
More schematically, and without indices, we write
AX'=vhX) = AX)h L. (3.36)

The right-hand side is as required by the O(D, D) transformation (B.20), but the left-hand
side is not, because X’ = vh X rather than X’ = hX. We conclude that in general the full
O(D, D) cannot be seen as part of the gauge group. However, for the special case that the fields
depend only on a subset of half of the coordinates that are allowed by the strong constraint
the situation changes. In this case we can consider O(D, D) transformations that act only on
those coordinates on which the fields do not depend. We then have A’'(X’) = A’(X) and the
two formulas ([B:20) and (3.30) coincide. We use this approach now to see that the remaining
O(D, D) transformations can be realized as coordinate transformations, consistent with the
strong constraint. We already have the group elements ([3.28) and (B8.32]). To generate the full
O(D, D) we are missing the elements

5ij 0 M (52,]' 0
Wn(f) = <fl.j 52‘]-) = (VR) " N(f) = <%fij 5@.) . (3.37)

The coordinate transformation (3.34]) then reads
. 1
XM — (Va)YNxN s =&, = ' 5 (3.38)

The last equation implies C~Z =0,( = —% f4 Z;, and thus the gauge parameters depend only on
the Z; on which the above transformation acts. As discussed above, the fields are now assumed
to be independent of the dual z* coordinates, so the strong constraint is satisfied. Therefore we
have shown that these particular O(D, D) transformations are special gauge transformations.
In other words, in the case of a torus reduction, where the fields are independent of d < D
(internal) coordinates, we can view the full O(d, d) subgroup as part of the gauge group. This
analysis completes our previous analysis in [3] for the case of finite gauge transformations.

4 Exponentiation of generalized Lie derivatives

In this section we compare the postulated formula ([2.:20]) for generalized coordinate transfor-
mations with an alternative definition of finite transformations as the result of exponentiation
of generalized Lie derivatives Eg, with parameter £. We determine how the parameter £ enters
into the generalized coordinate transformation X — X’ to quartic order in ¢ and verify the
resulting equivalence of the two forms of finite transformations to that order.
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4.1 General coordinate transformations

We start by writing a finite coordinate transformation in terms of a parameter ¢M(X) that
generates this transformation as follows

XM x™M o ET(X)op x M (4.1)

In this right-hand side the exponential is meant to be expanded in a power series and the
differential operator ¢y, written sometimes as &, acts to the right on a function to give a
function. We can also rewrite (4] as an operator equation as follows

X = e tXe (4.2)

This can be verified with the familiar relation e Be™ = B + [A, B] + 4[A,[A,B]] + -+,
recalling that for any function f(X) we have [£, f(X)] = Moy f. Equation [#2) is to be
interpreted as an operator equation, in which the left-hand side is a function that is viewed as
an operator acting via multiplication.

The parameter ¢ can be related to ¢ defined in (5.68), (M = ¢M — %{Pé’péM + O(£3), but
this will not be required in the discussion that follows. The £ parameterization of the coordinate
change will be used henceforth unless noted otherwise. We could write XéM to denote the &
dependence but we will not do so unless it is required to distinguish it from other possible
definitions of X’. We write the above diffeomorphism more compactly as

X' = e fX = (1—5+%g2—...)x, ¢ = Moy, (4.3)

Taking derivatives of X’ with respect to X is not complicated and one quickly finds that
oxX' 1 1 1
> 1—a~|—§(£~|—a)a—§(£+a)2a+a(£+a)3a+-~, ap® = 0pe?. (4.4)

In here the ¢ operator acts on everything that stands to its right. For example, £a® = (£a)a +
a(€a). The above right-hand side is a (matrix) function, not a (matrix) differential operator.
Letting the £ act we have

X' 1 1
X 1-a + -(¢a+ a®) — =(a+ (Ca)a+2aa+a®) + OEH). (4.5)
0X 2 6
Equation ([4.4]) can be written as
oX’
= (e (+a)
— (e 1) , (4.6)

where the full expansion of the exponential acts on the constant matrix 1. Since (£ +a)l = a,
one sees immediately that the evaluation of (Z8]) yields ([@4]). We now claim that we can simply

write

0X'

X
Here the right-hand side may seem to be a differential operator but it is in fact a function, the
function given in ([@6]). To prove this define h(t) by

— e (EFa)et (4.7)

h(t) = e HEraet (4.8)
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Taking a derivative of h with respect to t we get h'(t) = e *¢+%)(—qa)e¥, and note that the
object in between the exponentials is a function, not a differential operator. We can write

this as
W) = e D (—(¢ +a)1)ek. (4.9)

Then passing from the n-th derivative to the next goes as follows
(1) = e tEF g, ot p D (1) = e 7HEFD (—(¢ 4 a)g,,) e (4.10)

We note that in the expression for A1) the operator & acts only on g,, because the term where
it acts on e'¢ cancels against the derivative of €. If g, is a function, the object in between the
exponentials in h("*1) is also a function. The result now follows because the above establishes
that K" (t = 0) = (=1)"(€ + )1, and therefore

/ 0 0
(Z(( = Zni = > ni “D)(E+a)"l = e 1. (4.11)

n=0

In summary we have shown that

/
% = e (E+a)ef — (ef(@r“) 1). (4.12)

With this result we can readily write out the inverse matrix

5)); _ ket (10 €0). (413

The first equality follows directly from (£I2]), the second by a calculation completely analogous
to that above. Here, we have introduced the notation M(—¢€ + a) = —(£EM) + Ma for the
action of this operator on an arbitrary matrix M. The expansion then gives

7 —1—|—a—|——a(—£+a)+§a(—£—l—a) + @ a(—€ +a)®+ 0. (4.14)
Expanding the (E action we find
X 1 1, 1,, 5 .
D l+a— §£a+ 30+ 6(5 a—2(a)a—ala+a’)+ O(&"). (4.15)

It is also of interest to find an expression for F, as defined in (2.25]). For this we need a
formula for (6_X) Using equation (4.4]) one quickly notes that

0X'\t 1, 1 .
<0—X) = 1—at+§at(£+at)—§at(£+at)2~l——

(4.16)
— <1e—(?+at)) _ e_fef_“t7

where in the last step we used the second equality in (AI3) with a — —a®. At this point it is
useful to define a function &€ that appears both in (I3]) and ([£I6). We take

Ek) = e Sefth = (167?”“),
. L1, . (4.17)
= 1+k—§§k+§k +6(§ k—2(k)k —kEk + k) + ...,
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where we made use of (£I3)) and its expansion (ZI5). We now have

0X OX'\ ! .
o~ S, (FF) - e (419
It follows that
1 t t
F = 5(5(@)5(—&)4—5(—& )E(@)) - (4.19)

An expansion to cubic order in £ is now easily calculated. We find

F=14(—d)-g6a—d)+5a—dy

1 1
+-&(a—a") -z ({(a—a")) (a—d)
0 3 (4.20)

(a —a')é(a —a') + %(a —a')?

[N

1

19 <(£a)at —aéal + a’a — a(at)2> +0(£Y) .

Comparing with ([£I7) we recognize that the first three lines fit precisely the cubic expansion
of £(a — a'), and so we can write

F = &la—a") - 1—12 ((ga)at — aéa’ + a*a’ — a(at)2) +0O(Y. (4.21)

4.2 Ordinary scalar and vector

Before turning to the generalized coordinate transformations let us review for scalars and vectors
the derivation of the finite gauge transformations as exponentials of ordinary Lie derivatives
corresponding to ordinary diffeomorphisms associated with (4.1).

Consider the general situation of a field ¥ whose infinitesimal gauge transformation is
given by the action of an operator M¢ linear in the infinitesimal gauge parameter ¢ but field
independent. We write

U(X) = U(X)+ MU(X), (4.22)

or, more schematically,
U= v + MW (4.23)

In order to construct a finite transformation with finite parameter £ we define ¥(X;t) in such
a way that U(X;t =0) = U(X) and

U(X;t+dt) = U(X;t) + Mg eU(X5t), (4.24)

which states that a change of parameter dt is implemented by a gauge transformation with
parameter dt{. One can view W(X;t) as the gauge-transformed field obtained for gauge pa-
rameter t£ and the fully transformed field is ¥(X;t = 1). Because of the linearity of M, in ¢,
the above equation implies that

dv(X;t)

= MU (Xat). (4.25)
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Since M is field independent, we integrate this immediately and find
U(X;t) = Mew(X:t =0). (4.26)
In conclusion, the fully transformed field ¥/(X) = ¥(X;t = 1) is given by
V(X)) = eMu(X). (4.27)

This is the desired large gauge transformation.

As a warmup let us consider the case of a scalar field. Then the infinitesimal gauge trans-
formation reads

9(X) = (X) +EPopd(X) = $(X) + Led(X). (4.28)

Here L¢ denotes the usual Lie derivative, and it is acting on the scalar. The above discussion
implies that the large gauge transformation is given by

¢(X) = " p(X) = (X)), (4.29)

since &€ = €My, coincides with the Lie derivative acting on a scalar. We now want to show
that this result follows from the basic transformation law

¢'(X) = (X)), (4.30)
for the coordinate transformation (£I]). As written in ([A3]) we have
X = etX - £X = X. (4.31)

The last equation requires a little explanation. The £ operator must act through the chain rule,
as it involves X-derivatives. The result is a function, as all derivatives must act on something.
We now use that for a general (analytic) function f

(ENX) = Ef(XN)e ™ = f(etXe™) = f(X), (4.32)

using ([E2)) and the logic that led to it. Thus, e acts on any (analytic) function by turning X’
into X. Therefore,
(X)) = ¢'(X), (4.33)

where here and henceforth we omit the parenthesis around e¢¢’. Therefore, using also the scalar
property (4£30) we have

F(X) = &¢'(X) = fo(X) = " p(X), (4.34)

just as we had in (4.29]). This is what we wanted to show.

For a scalar density ®(X) such as e=2? in (2:23)) we have infinitesimally
P(X) = ®(X)+ou (M) = o(X) + LeP(X), (4.35)

where here £¢ denotes a Lie derivative on the density. This derivative, so defined to act on a
density, satisfies the algebra

[£51 ’£52] = _£[€17§2]‘ (4.36)
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This is the same algebra of diffeomorphisms that Lie derivatives satisfy acting on arbitrary

tensors.

Let us now consider an ordinary vector field, whose infinitesimal coordinate transformation
takes the for

Ay = Ay + 0 Ay + (0mES) A = Ay + (LeA)nr (4.37)
All fields here are evaluated at the common argument X. In index free notation we have
A = A+EA+aA = A+ LA, (4.38)
which shows that, on the vector, we can view L as the matrix operator
Le = E+a. (4.39)
It then follows that the large coordinate transformation of the vector is given by

Al = eFeA = efTeA. (4.40)

We now compare with the large gauge transformation derived from the usual coordinate

transformation of a vector,

oxN 0X
Following (£.33)) we write
0X
A(X) = A (X)) = ¢t AKX, (4.42)
or, leaving out the common argument,
0X
I 3
A ¢ 5 A. (4.43)

The above partial derivatives were calculated in (4.13]). Using them we have
A = ettt ) A = g, (4.44)

in agreement with (£.40).

4.3 Generalized vector and reparameterized diffeomorphisms

The case of a generalized scalar is no different from the ordinary scalar. For generalized vectors,
however, the situation is quite different. The infinitesimal transformation of a generalized vector
is given by the generalized Lie derivative,

Ay = Ay + 80 Ay + (0m€X —5en) A = Anr+ (LeA)w (4.45)

2 Ordinary and generalized vectors will be denoted by the same symbol Ajs and are recognized by the context.
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In index-free notation we have
A = A+EA+ (a—a')A = A+ LeA, (4.46)

which shows that on a generalized vector we can view the generalized Lie derivative as the
operator
Le = E+a—ad. (4.47)

It follows that the large gauge transformation of the vector is then given by
A(X) = efea = eftlamal) g, (4.48)
We now must compare with the transformation (Z20) we postulated. Following the steps
that are by now familiar, we have
A (X) = A (X)) = e FuNAN(X) (4.49)

or in matrix notation

A(X) = £ FA. (4.50)
Equality with (4£.48]) would require
F — g ebtla—a) 9 (4.51)
Using the definition (A7) we are thus asking if
F = &la—a") ? (4.52)

In here, F is calculated using the diffeomorphism X’ = exp(—&)X and its definition (2.:25]). The
result to cubic order was given in (4.20)) and ([4.2I]). We found there that the above relation
holds up to quadratic order, but not to cubic order:

F = &(a—ad) - AF, (4.53)
where the correction AF is given by

AF = 1—12 <(§a)at —atad" + d*a’ — a(at)2> +0(Y. (4.54)

This is an apparent failure of consistency. But there is some freedom in double field theory
that is not available in ordinary field theory. We can use that freedom to alter the parameteri-
zation of the diffeomorphism in such a way that the vector field transformations work out. In
doing so we must be careful not to spoil the already achieved agreement for the scalar field.

The diffeomorphism we have been considering so far is
_¢P
XM = e x M (4.55)

where we have added the subscript £ to emphasize the role of this parameter. Now we consider
a different diffeomorphism

1 1
XM = O xM _ xM _gM §@Pap@M — gepap ofoxeM L 0©*) .  (4.56)
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We are to design the new diffeomorphism — or equivalently to fix ©(¢) — so that Fg, given by

7o = 5 (g () + (32) 2 ) (50

satisfies the requisite relation
Fo =E(a—ad), (4.58)

that guarantees that Fgo generates the same transformation as the exponential of the generalized
Lie derivative. In here we will achieve the above equality up to terms of order &3 and in the
appendix we extend the result to order &2

We now consider the case when © equals £ to leading order but has higher order corrections.
Since AF is cubic in £ we have no use for quadratic corrections and we write

oM — M _ M) 4 .. (4.59)

The subscript in § indicates that this term is cubic in . We will also assume that in 637 the
index M is carried by a derivative. Schematically,

oM = M4 p M, (4.60)
with p; and y; functions of . Because of the strong constraint, the action of ©dp on fields
(like &, or ©, but not X), reduces to the action of ¢¥dp

OFop(fields) = &Pop(fields) . (4.61)
Applied to (£56]) this gives

XM = O xM _ xM_gMy %ipc?p@M - %SP@DSK@K@M +0(¢h)
- (4.62)
= XM 6M 4 LeoM — LecoM 1 O

On a scalar the new diffeomorphism results in the same large coordinate transformation. Since
Xy = e®%x 5 X = Oy (4.63)

we have, as before (see the discussion starting with (£31]) and leading to (£33])),
F0) =9 (X) = OTo(x) = TGX) = eFep(X) . (464)

We now aim to compute Fg. First, using ([A59) and (£G2), we can write the relation
between the two X'’s as

XA = XM 4 o)+ O(eh) . (4.65)
We then have
ox! 0X!
= A TAs (Ba)gM = a8 = (a8)oM
o o, (4.66)
= —— —As.
0Xl, — 0X]

$We note that this modification is consistent with the transformation of a density like the dilaton, which is
unmodified compared to ordinary geometry, see (2:23)), because by the strong constraint the extra term on&M
in the transformation rule is also unchanged when replacing £ by ©.
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We use the definition (£57) to find that
Fo = Fe+ AL —As. (4.67)
In this light we have from (4.53))
Fo = E(a—a") —AF + AL — Az. (4.68)

We are to design the new diffeomorphism so that Fg is equal to £(a — a'), and therefore we
must find a ©(§) for which

AL — A3 = AF. (4.69)
We claim that © is given by
1
O = &M+ = (s¢h)oMeL + 06, (4.70)
or equivalently
1
03 = —5 (€€)Mer. (4.71)

We confirm this quickly. The definition of Ag in (£66) gives

1 1
Ay = 00 = —5 ((¢a)a" + a®a’) — E(ggL)aagL : (4.72)
where the matrix indices are carried by the partial derivatives 00 in the second term. Moreover

AL — A3 = % ((ﬁa)at + a’a’ — ata® — a(at)2> . (4.73)

This coincides exactly with AF in (£54]). Thus equation (£.69) holds and we have completed
the verification of ([58) to order &3:

Fo =E(a—at) +0O(Y). (4.74)

In Appendix A we carry the computation to quartic order and show that the above d3 suffices
to generate the terms that must be cancelled. Thus the above actually holds with O(£%). We
expect that there will be a need for a correction d5 to quintic order.

5 Composition of generalized coordinate transformations

In this section we study the composition of gauge transformations. As we will argue, our previ-
ous results that relate large gauge transformations to exponentials of Lie derivatives guarantee
the existence of a composition law. This is true both for the ordinary and for the general-
ized case. It will also become clear here that in the generalized case the composition of the
underlying coordinate transformations is exotic.
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5.1 Facts on composition

To begin we consider two diffeomorphisms

X' = e8Xx,

(5.1)
X" = e eXx!,
We also consider a diffeomorphism from X to X”
X" = e~ x (5.2)

If this diffeomorphism is induced by the composition of the previous two diffeomorphisms we
have X” = e=&(X)e=6(X) X and therefore

e—612(X) LX) —a(X) (5.3)
In order for the argument of £ to become X we multiply the right hand side by unity, expressed

as e—§1(X) g1 (X).
e*ﬁlQ(X) _ e*fl(X) (efl(X)e*&(X/) effl(X)), (5.4)

Recall from ([#32) that & f(X')e & = f(X), for any regular function f(X). Using this we
find the relations

e—612(X) _ —&u(X) e—ﬁz(X)7

(5.5)
ef12(X) _ &(X) efl(X)7

where the second line is obtained by taking the inverse of the first line. We are now in a position
to use the Baker-Campbell-Hausdorff (BCH) relation to write an explicit expression for &19:

f2 = &+6 +5[ea]+ (6ol + o laal) + (56)

For our applications here we will just need this formula to quadratic order in &:
1
G2 = G+&— 5[4, &]+0E). (5.7)

A useful alternative picture of the situation involves the Lie derivative operator L¢. The
key properties of this operator are its linearity in £ and the commutator [Le¢,, Le, | = —L[e, 6]
We can combine the exponentials of two such operators as follows

eFaX) el = eLaax) (5.8)

where we claim that &5 is the one determined above. To see this, let the above operator
equation act on a scalar field S. On a scalar the Lie derivative acts just like the vector operator:
LeS = ¢S, and we therefore get

Lax)ef2(X)g = (X)L g = £2(X)1(X)g — eﬁlz(X)57 (5.9)

“Let us note that here and below (see eq. (5.9)), we employ the convention that the (generalized) Lie derivatives
act on the fields first. The opposite convention according to which the Lie derivatives are operators acting
equitably on everything on the right leads to a different sign in the commutator of Lie derivatives.
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consistent with (5.5]). We can also explicitly combine the operators on the left-hand side of
(5.8)) using BCH:

1
eLer(X) Lea(x) — oLegHLeyT5[Ley Leylt _ Loy +Ley—5L1ey eg) T — eﬁﬁﬁfzf%[flfz]*w, (5.10)
This, of course, gives the same determination of &;o.

In the generalized case the coordinate transformations become subtle to handle, but the
analogy to Lie derivatives holds. Thus, in view of (5.8) we now consider the corresponding

exponentials of generalized Lie derivatives,
eLa () leax) = Lefe0 | (5.11)

As for the BCH relation, the only difference with ordinary Lie derivatives is that the commutator
of generalized Lie derivatives gives a generalized Lie derivative with parameter equal to (minus)
the Courant bracket of the parameters. It follows that the parameter £f, written above is in
fact given by the same formula (5.0 that gives £12 but this time using the Courant bracket:

ffo = L+& + %[52,51]0 + 1—12([52, [&2,&1], ], + [&, [, 82],],) +- - (5.12)

It is important to clarify the notation in the above formula. In the generalized theory, due to
the strong constraint, it is not synonymous to speak of the components A of a vector, or the
vector operator AMdy,. The above equation must be thought of as an equation for components:

€)M = &'+ + %[52,51]34 SR (5.13)

This distinction is relevant: while the vector components (£5,)% and (£12)% are not equal, we

claim that the strong constraint implies the equality of the corresponding vector operators

(652)" 0 = (&12)" 0. (5.14)

We can write this as £f5 = £12 when no confusion is possible, but recalling that the vectors do
not have the same components. In order to prove (G.14]) we first recall that the C-bracket (L5
differs from the Lie bracket by a vector whose index is carried by a derivative:

[A,B]Y = [A,B]* +(---0%--), (5.15)

where the expressions indicated by dots are not presently relevant. It then follows by the strong

constraint that
[A, Bl on = [A, B . (5.16)

Next we verify the following relation for Lie brackets:

[X7(...§...)] = (-+-0---). (5.17)

This states that the Lie bracket of an arbitrary vector with a vector whose index is carried by
a derivative is again a vector whose index is carried by a derivative. This is readily verified
computing the M-th component of the following commutator:

—

[x.pdn]" = xKox(pon) — (0% n)orx™ = xXFox(pd'n), (5.18)
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and, as claimed, the right hand side is a vector whose index is carried by a derivative. We can

now see that a double nested C-commutator also reduces to a Lie commutator:
[x1, e xsle 12 om = [xa. e xsle M o
= [X17[X27X3]]M6M + [X17(a)]MaM7

using (5.16) and then (5.I5). We now use (5.I7) to conclude that, as claimed

(5.19)

[ X1 Doz xale 1Mo = [xas Dxes xa) 1Monr + (o™ )om = [xa, [xes xa]1Monr . (5.20)

It is now easy to make an inductive argument to show that

[Xl 5 [X27 [X3 te [Xn—l 7Xn]c]c .. ]c]yaM = [Xl 5 [X27 [X3 te [Xn—l 7Xn]] .. ] ]MaM . (521)

Indeed, in such an argument one may assume that all commutators are Lie except for the most
nested one. Then one uses (5.15) for this commutator to get the desired term with all brackets
of Lie type and an extra term where that most nested commutator is replaced by a vector with
index carried by a derivative. Then successive application of (B.I7) gives the desired result.
Having shown this, and given the form of £y in (5.12)), we see that (5.14]) is true.

5.2 General argument for composition

For the ordinary vector we wrote

A(X') = G(X', X)A(X), (5.22)
and with the diffeomorphism
X' = e tX, (5.23)
we found that
GX' X) = é’_X (5.24)
) aX, ) *
can be written as
G(X',X) = e Setta, (5.25)

Moreover, with these results we also found that transformation (5.22]) implies
A(X) = eFeAX) = etToA. (5.26)

As indicated above, acting on vectors, L¢ =  + a. Therefore, when the operators in (5.8) are

acting on a vector we have
efataz itar _ liataie (5.27)

We now verify that the composition property of G,
gX" X"hg( X', X) = gX" X), (5.28)
is a consequence of (IBZZI)H Given (5.25]) the above equation requires that

e~ 62(X) ge(X)tay —61(X) a1(X)+ar _ —€12(X) p&12(X)+arz (5.29)

*Eqn. (5:28) follows directly from (5.24), but such derivation is not available for the generalized case.
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Let us show that this gives us (5.27). Acting with e&12(X)

o£12(X) =2(X") p&a(X)tahy —61(X) pe1(X)tar _ &12(X)+arz (5.30)

Then using (5.3])
51(X) p&a(X)+ay —61(X) Ja(X)t+ar _  &a(X)tais (5.31)

The first three factors on the left-hand side giveEI the factor e£2(X)*92 Thus (5.31) becomes

X tar (aX)tar _ () ta (5.32)

which is identical to (5.27).

We can now turn to the generalized case. The composition law on a scalar is no different
from that in ordinary geometry and holds as in that case. For the scalar density we have that
the Lie derivatives L¢ considered in (£35]) lead to

eFa X eleX) = eLennx) (5.33)

But for the scalar density (or the scalar) Lie derivatives take the same form as generalized Lie
derivatives, so we have R ~ ~
L) eleax) = Lepx) (5.34)

Moreover, acting on a scalar density (or a scalar) any contribution to &€ of the form --- M - ..

will vanish on Eg. Thus by virtue of (5.14]) we can replace &12 by £f, in the above, finding that
on a scalar density we have R
eLer0leax) — Lef(X) (5.35)

The integration of the infinitesimal transformation of the scalar density leads to (Z23]) and by
the above argument, such transformation must be consistent with composition, as expressed in
the generalized case by the equation above. We verify this explicitly at the end of section B3l

Let us now consider the large transformation of the vector field is represented by the relation

A(X) = F(X', X)A(X), (5.36)
i 1/0X 0X'"  0X''oX
FXX) = 3(5oex *ax o) (5:37)
We have already shown that
X = e ®POXx, 0@ =¢c+0(, (5.38)
leads to
FX',X) = e festh k= a—d, (5.39)
at least to O(&£%). Moreover, this and (5.36) imply that
A(X) = eFeA(X) = eSthA. (5.40)

SNote that a5 goes to az because (ab)q” = dp&2(X")" = h(X')o" is ultimately a function of X’ so that
et (az)e e = e h(X")e e = h(X)Q" = 00&(X)" = (a2)Q”.
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Note that on generalized vectors 25 = {4+ k. It now follows that the composition (5I1) of
exponentials of generalized Lie derivatives, applied to generalized vectors, gives

egg(X)Jrkze&(X)Jrkl _ effz(X)Jrk‘fz . (5.41)

We claim that composition of F holds in the following sense:
e~ (X)) (XN +hy —&(X) & (X)+kr €0 (X) &R (X)+khTy (5.42)
This means that
FX" X" F(X',X)=FX" X), (5.43)

where the F on the right-hand side is built from X” = ¢=©¢i2) X, To prove (542) we first
multiply it by €6 (X)e82(X) to get

§1(X) (XN +ky —6(X) & (X)+k1 &1 (X) &a(X) o —€55(X) €52 (X) kS, (5.44)

Consider the first three factors on the above right-hand side. Given (5.I4]) we can replace £,
by &12 (since here they are operators) and then use (5.3)) to find that these factors give the unit

matrix:
e81(X) 82(X") o =€52(X)  _ o&1(X) &2(X) g—612(X) _ 1 (5.45)

On the left-hand side of (5.44]) we see that the first and third factor implement the change
X’ — X on the second factor. All in all (5.44]) becomes

e&2(X)the pe1(X)+kr _ &1 (X)+kfy (5.46)
This is indeed identical to (5.41), as we wanted to show. Note that the above right-hand side

is also equal to e&2(X)+F2 but kS, is built from the components (€5,)™, and therefore cannot
be traded for k15 which is build from the components (flg)M .

5.3 Testing composition

In this section we test explicitly the composition rules. This provides a confirmation of the
arguments presented above and is simply a welcome check on the formalism. While the con-
firmation to be done is certainly not novel in the ordinary geometry case, the notation to be
introduced will help the treatment of the generalized case.

For the three parameters &1,&2, and €12 we introduce the matrices aj,as, and a2 as the
analogs of the matrix a(£)p®? = 0p&@:

(a)u™ = ou&, (a)u™ = (X)), (a)n™ = dmERB(X) . (5.47)
The composition law (5.28]) then requires

G(&)G(&) = G(&2), (5.48)

where we have denoted the G in terms of the parameter that generates the corresponding
transformation. This equation must determine £12, and we expect that this is the &2 obtained
before.
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Recalling that G = % and making use of ([AI5]) we can write, to quadratic order,

1 1
G(&) = 14+a — Fé101 + garar + - (5.49)

Using (5.49)) for the other two £’s, we quickly find that (5.48]) requires, to quadratic order,

1 1 1 1 1
1+a1+ag— 561&1 — 562&2 + asaq1 + 5 (alal + agag) = 14+ai9— 5612@12 + 50,12&12 . (550)

To linear order this requires a3 = a1 + as. Writing a12 = a1 + as + § one readily determines §
and concludes that the above equation is satisfied if

1 1
a2 = a; +ag — §[a1,a2] + 5(51(12 + 52&1) . (5.51)

We now calculate aj2, with &9 given in (5.7) and will show that indeed the above a9 arises.
We begin with

1 1
(m2)n™ = On€ly = dm (€l + &0 — S€1 P82 + 5 0PET) - (5.52)

In here we will have to evaluate the derivative 0y (X) which is closely related to az. The
relation to quadratic order is readily found,

06(X) = € I&(X)e ™ = ag + E1as + O(E3) . (5.53)

Evaluating (5.52)) with the help of this relation we find

1 1 1
a2 = ai +az + &§az — 50102 — §§1a2 + 50201 + 552611 ; (5.54)
and we recover precisely (5.51]), completing the proof to second order.

In the generalized setting, the transformation of a gauge field is now implemented by F,
instead of G. Our expansion of F to quadratic order is read off from (4.20]):

F() = 1+k — %glkl + %klkl . with ki=a1—ad, a1 =0¢. (5.55)
This time the composition rule requires that
F(&)F (&) = F(&2)- (5.56)
Written out to quadratic order it gives the requirement
1+Fk+ko— %flkl — %flkg + koky + %(klkl +koko) = 1+ ki, — %gmkfz + %kfzkfz . (5.57)
This equation will be satisfied if £{, is such that
ki = ki + kg — %[kh ko] + %(51192 + &ok1) (5.58)
It remains to show that this is consistent with

(€)= el + el — [e 6]
(5.59)

e + et — e8] + sapdMe — Tordel
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where we used (LH). The new a§, here is equal to the old aj2 in (5.51]), plus the contributions
from the last two terms above,

1
(afo)n™ = dmtly = (m2)n” + J0m (PO & — &pd"EY) - (5-60)
Therefore,
1 1
ajs = app + 1 (a1ah — agaj) + Z(&P(aa)ﬁf — & p(00)]) - (5.61)

In the last couple of terms the matrix indices are carried by the partial derivatives. Now, when
we form k$, = a$, — (af,)! those terms cancel and we find

1
kiy = afy —(afy)’ = a1z —ajy + 5(‘11@5 — agal) . (5.62)

Let us now expand the right-hand side of (5.58) to see if it agrees with the above k{,:

1 1
ki+ ko — §[k‘1,k’2] + 5(511@2 + &ak1)

1 1 1
= a; —a) +ay —ab — §[a1 —al,as —ab] + §§1(a2 —ab) + Efg(al —a})

1 1
= a+ag— 5[1117&2] + §(§1a2 + &2a1) (5.63)
t e Loy 1 t t 1 t Loy
— (al + ag — 5[(12,(11] + 5(51(12 + 52(11) > + §[a1,a2] + §[a1,ag]

1
= app —aly + 5((11(15 —abay + dlas — axal) ,
where we made use of (5.51) to identify the terms that comprise aj2 and af,. We now note that

(aha2)pg = (a)Mp(a)u® = Mep oyt = 0, (5.64)

using the strong constraint in the form (2Z.9). For the same reason aba; = 0. As a result the last
right-hand side in (5.63]) indeed equals k{,, as given in (B.62]). This proves the desired result.

To conclude, we explain how the composition law for generalized coordinate transformations
is consistent with the large transformation of a scalar density, as postulated in (2.23]). The
consistency requires that

B (2

det ( (9X”> ‘Xﬂ:{e(%)x '

ety (5.65)

On the left-hand side we have the composition of determinants computed directly by matrix
multiplication as if the generalized coordinate transformations composed directly; on the right
hand side we have the determinant of the true composite generalized transformation. To verify
this equality we recall the general identity

det(1+A) = exp[tr(A - %Az + %A?’ + - )] , (5.66)

and from (@I5), when X’ = e %X,

0X
oxX'

1+ A, with A — a— %éa + %cﬂ + %(g% —9(¢a)a— ata+a®) + O(EY . (5.67)
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Equation (5.65]) holds if the change
M Mg oML (5.68)

leaves the computation of the determinant invariant. This is because ;2 and £, differ by such
terms, and ©(¢) differs from £ by such terms. As we can see above, the determinant is expressed
in terms of traces of A, A%, A3,.... We see immediately that tra = 0-¢ is invariant under (5.68)).
So is tréa = £Mop0 - €, and

tra? = oV oneM = (N + - N Y on(EM M) (5.69)

The general term in any power of A is made of a sequence of a factors and & operators, and
their trace will be invariant under (5.68)):

trfaa...(€a)...a] = omENonEPop .. R(€Q0g)oRe% 05 ... €W oy eM (5.70)

since each £ index must be contracted with a derivative index (there are no a'’s in here). All in
all this makes it manifest that (5.65]) holds and that our formula for the large transformation
of a density is consistent.

6 Conclusions and open questions

We have presented a proposal for finite gauge transformations in double field theory. These
transformations arise, in this viewpoint, from something we call generalized coordinate trans-
formations. While in ordinary geometry a vector field transforms with one power of the matrix
of derivatives of the coordinate maps, in double field theory a vector A (X) transforms as

A(X') = FX', X)A(X), (6.1)

with

1/0X oX'"  oX''oxX
FxLx) = 5 )
XX =slavax Tax o
Apart from passing a number of consistency conditions a key property of the above expression

(6.2)

is its relation to finite gauge transformations defined more directly through the exponentiation
of generalized Lie derivatives Le:

Al(X) = eE5A(X) = et A k=a—d', a=0c¢. (6.3)

To establish that this transformation is equivalent to the transformation (6.II) we had to show
that there is a generalized coordinate transformation X’ = f¢(X) in terms of ¢ for which the
evaluation of F results in

F(X',X) = e tebth, (6.4)

for this indeed implies the equivalence of (61l and (63). One may have thought that the
coordinate transformation X’ = e~¢X would do the job, but it turns out that this only leads
to (6.4 holding to order £2. The generalized coordinate transformation can be somewhat more

31



exotic while preserving familiar results due to some flexibility afforded by use of the strong
constraint. We showed that in fact

X = e ®OX . with oM — 5M+%(55L)5M5L+0(g5), (6.5)

leads to (6.4) up to and including O(¢*) terms. Note that ©M equals ¢M to leading order and
that the cubic correction is a vector whose index is carried by a derivative. This correction
affects the coordinate transformation but also results in ©0,; = €My, on fields (but not
on X). It remains an open problem to show that there exists a ©(¢) that implies (6.4]) to all
orders in £. It would also be of interest to understand the geometrical role of ©.

Generalized Lie derivatives define a Lie algebra. Indeed, we have [4]

[‘Eﬁl 72&] = _2[51762]c7 (6.6)

with [+, ] the C-bracket, and the Jacobi identity holds:

[[Le L, Les] + [[Leas Ley ) Le) | + [[Leys Ley ), Ley] = 0. (6.7)

This happens because the C-bracket Jacobiator of (£1,&2,&3) is a trivial parameter and gener-
alized Lie derivatives of trivial parameters are zero. For both of the above properties one must
use the strong constraint. It is then a direct consequence of (6.3]) that the finite transformations
form a group. The Baker-Campbell-Hausdorff formula allows us to combine exponentials to get

6251()()6252()() = 6550(52’51) , (68)
where
1 1
§°(62,61) = &a2+& + 5[52751]0 + E([ﬁ% [&2.&] ], + [&, [0, &].],) +- - (6.9)
The group associativity property is guaranteed to hold acting on fields, namely
(6551<X>6552<X>)6553<X> — Lo (efszmefsgm) , (6.10)
This results in
exp (Le(eaec@a)) = P (Leeree ) (6.11)

and implies that the parameters of the left-hand side and right-hand side are equal up to a
trivial parameter that does not generate a Lie derivative. A short computation shows that, in
fact,

£ &, (6. &1)) = £(&(&s,6), &) — %J(§1,§27§3) +- (6.12)

where J(&1,82,&3) = [&1,[€2,&3]c]e + cycl. is the C-bracket Jacobiator that indeed is a trivial
parameter, see eq. (8.29) in [2].

In terms of generalized coordinate transformations we have two maps m; : X — X’ and
mo: X' — X,

X' = 90X x

)

(6.13)
X" — ¢~0E)X) x
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We are now to find the relevant map mo; : X — X”. The direct composition map is not the
one we get. It would lead to a parameter built from & and &; and the Lie bracket, not the
C-bracket. What we get is the map mo; = mo * my defined by

X" — 6*9(56(&,51)()()))(_ (6.14)

It may seem paradoxical that the direct composition mg o my of maps does not define the map
relevant in double field theory, but this is unavoidable and consistent. Is it possible to write the
exotic composition law we have here in terms of the maps rather than in terms of the generating
& parameters? Should the coordinates be viewed in a different way that makes the composition
law look more natural?

The exotic composition rule has important consequences for associativity. Consider a third
map mg : X" — X"
X" = ¢ OE)X") x7 (6.15)

Given the three maps m1, ms and mg, we can form a map X — X" in two different ways,
msg x (mg * ml) s (m3 * mg) LIS (6.16)

The first map leads to
X" = exp (—O(£(&3,£(6,61)))) X, (6.17)

and the second map leads to

X" = exp (—O(E(6(63.62).&1))) X . (6.18)

Due to (6.12) the two maps above are not equal. Indeed, a trivial parameter like the Jacobiator
contributes to the transformation of X, see e.g. (4.62]). Let us stress that this phenomenon
would occur also without the modification from £ to © and that, moreover, this modification
does not compensate for the difference between (6.17) and (6I8]). Therefore, even though the
generalized coordinate transformations build a group when acting on fields, the composition
rule = for coordinate maps does not form a group. In this respect we note that recently there
have been proposals that in string theory there is a plausible role for string coordinates that
are non-commutative or even non-associative [38-41], and it would be interesting to investigate
if the unconventional group structure encountered here can be naturally interpreted in that
context. These are important open questions, and any progress could help us learn about the
underlying geometry of string theory.

In double field theory the strong constraint guarantees that, at least locally, we may always
rotate into a frame where the fields depend only on half of the (doubled) coordinates. It is
not yet known how to construct a non-trivial patching of local regions of the doubled manifold
leading to more general ‘non-geometric’ configurations. The notion of a ‘T-fold’, for instance,
is based on the idea that field configurations on overlaps can be glued with the use of T-duality
transformations [42]. In order to address questions of this type in double field theory we need
a clear picture of the finite gauge transformations, and in this paper we hope to have taken a
step in this direction.
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A Modifying the parameterization of the diffeomorphism

The purpose of this section is to verify that ©, as given in (470, is actually correct to quartic
order. That is, no quartic term is needed and in fact

OV = M -3 +OE) = € + o (€NMeL + OE), (A1)
will be sufficient to guarantee that
Fo =E(a—a') +0O(). (A.2)

We begin by considering the discrepancy AF between F and €(a — a') to quartic order in &.
We write

F = &a—ad)—AF, (A3)

where AF is calculated by expansion of (£.19]) and was calculated to leading cubic order before.
This time we find

AF = 1—12 ((ﬁa)at +a%a’ — atal — a(at)2>

[(ﬁa)aat —aa'éal + (%a)a’ — a(ézat)] (A4)

1 1 1
- E[azgat —a(éa)al + a*(a')? — Ea?’at - §a(at)3] .

The first line contains the contributions cubic in &, while the other two lines contain the con-
tributions quartic in £. Recall the expression for X’ and that for X in (£62)

XM = XM M DeeM - S 1 0,

(A.5)

1 1 1

Xg! = XM —oM 4 seol — nol + 1o + 0(8) .
Using (A.5)) we can write the relation between the two X’s as
A A 1
Xg' = xM+oy"+0) +..., with 0)f = —5555}4. (A.6)
Now define, for ¢ = 3,4, the derivatives

(A5)e™ = 08", (MM = 4" . (A7)
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With this notation,
0X4 0X¢
A short calculation shows that 1
Ay = —§(§ + a)Ag .

(A.8)

(A.9)

Now we need a formula to find the inverse of the above coordinate derivatives. Given the matrix

M expanded in powers of £ as
M = 14+ A+ Ay + A3 + Ay + O(€)
with matrix inverse M !, we find that for the perturbed matrix
M' = M+ AA;3 + AA, + O(E),
the inverse matrix is given by
M7t = MY — AAy — AAy + (AA3) AL + A1 (AA3) + O(80).

Applied to (A.8)) this gives

0X 0X
X, = 8—Xé — Az — Ay + (Az(—a) + (—a)As)
0X
= a—Xé_ <A3+A4+A3a+aA3) .

We then find that
Fo = Fe+A,

where

A = AL — Az + A} — Ay — (Aza + al3) + = (Aza’ + aAl + Aba + a'A3).

1
2

In this light we have from (A.14]) and (A.3))
Fo = Ela—ad)—AF+A.
So in order to get Fo = E(a — a') we need a O(&) for which
A = AF.

Let us now confirm that our choice for ©, defined by (A.Il) with

55 = o5 (€€1Ver

indeed produces the desired result. The definition (A7) gives

Ay = _%((fa)at + a2at) - %(&L)aa& ’
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(A.19)



where the matrix indices on the last term are carried by the partial derivatives d0. Moreover,

Ay = — %(fJF a)As

= i [(ga)‘wt + (52a)at + (€a)(€a’) + 2a(éa)a’ + a’tal + a3at] (A.20)

+ 52 (€ +a)((&h)oep)

Using the above we can calculate all the ingredients of A,
¢ 1 ¢ 2 ¢ ¢ £\2
A — Az = ﬁ<(£a)a +a“a’ — afa’ — a(a’) ) )
1
—(Aza + als3) + §(A3at +alAl + Aba +a'A3)

= 1—12 (a(éa)a’ + a*a’ — a*(a")?)

- %(@a)(at)2 +a’¢a’) + %(a(ssp)aagp — (€€P)(0¢p)at) (A.21)
AL —Ay = — i [ (€a)aa’ — aa’éa’ + (€%a)a’ — a( 2at)]
1

- ﬂ[2a(§a)at —2a(¢at)at + a*¢a’ — (€a)(a')? + aa — a(at)?’]

- i(a(&sﬂaasp ~ (&¢7)(0o¢p)a')

where &2 terms on the last line cancelled because the ‘matrix’ 00 is symmetric. Adding up the
above to find A we get

A = 1—12 ((ga)at + a*a' — ata — a(at)2>
- i | (¢a)aa’ — aa'ta + (£%a)a’ — a(§2at)]
) ) ) (A.22)
t 3.t 20 12 2 2¢ t
—i-ﬁ_a(ga)a +a’a” —a“(a") —E(ga)(a) — 50 fa]
Lr t it Loy 1 RTINS
kD 7a(£a)a —a(&a’)a’ + 3¢ €a' — 5(5&)(& )* + Sl ga(a ) ] .
Combining the last two lines we get
A = 1—12 <(§a)at +a*a’ — aga’ — a(at)2>
- i [ (€a)aa’ — aa’éal + (€%a)al — a(£2at)] (A.23)
- 1—12[a2£at —a(éa)a! + a*(a')? — %a?’at - %a(at)s] .

This coincides exactly with AF in (A.4]). Thus equation (A.I7) holds and we have completed
the verification that Fo = £(a — a') up to terms quintic in .
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