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A fundamental open problem in condensed matter physics is how the dichotomy between conven-
tional and topological band insulators is modified in the presence of strong electron interactions.
We show that there are 6 new electronic topological insulators that have no non-interacting counter-
part. Combined with the previously known band-insulators, these produce a total of 8 topologically
distinct phases. Two of the new topological insulators have a simple physical description as Mott
insulators in which the electron spins form spin analogs of the familiar topological band-insulator.
The remaining are obtained as combinations of these two ‘topological paramagnets’ and the topo-
logical band insulator. We prove that these 8 phases form a complete list of all possible interacting
topological insulators, and are classified by a Z3 group-structure. Experimental signatures are also

discussed for these phases.

The last few years have seen tremendous progressl ™
in our understanding of electronic topological insulators
modeled by band theory. Despite this there is currently
very little understanding of the interplay between strong
electron interactions and the phenomenon of topologi-
cal insulation. Can interaction dominated phases be in a
topological insulating state? Are there new kinds of topo-
logical insulators that might exist in interacting electron
systems that have no non-interacting counterpart? These
questions acquire particular importance in light of the on-
going experimental search for topological phenomena in
strongly correlated materials with strong spin-orbit cou-
pling.

It is important to first distinguish the topological in-
sulator from a different class of more exotic topological
phases - ones with a bulk gap but with “intrinsic” topo-
logical order® as exemplified most famously by the frac-
tional quantum Hall states. Intrinsically topologically
ordered phases have exotic bulk excitations which may
exhibit fractionalization of quantum numbers.

A fascinating minimal generalization of a topologi-
cal insulator to interacting systems is to states of mat-
ter known as Symmetry Protected Topological (SPT)
phases. In contrast to more exotic generalizations®® SPT
phases have a bulk gap and no intrinsic topological order
but nevertheless have non-trivial surface states that are
robust in the presence of a global internal symmetry.

We focus here on the all-important example of time
reversal symmetric insulating phases of electrons with a
conserved global charge (corresponding to a global U(1)
symmetry). Non-interacting insulators with this symme-
try in 3D have a well known distinction™ ¥ between the
topological and trivial band insulators (corresponding to
a Zsg classification).

We show that with interactions there are 6 other non-
trivial topological insulating states corresponding to a
classification by the group Z3. This group structure
means that all these interacting topological insulators
can be obtained from 3 ‘root’ states and taking combina-
tions. One of the 3 root states is the standard topological
band insulator. The other two require interactions. They
can be understood as Mott insulating states of the elec-

trons where the resulting quantum spins have themselves
formed an SPT phase. Such SPT phases of quantum
spins were dubbed ‘topological paramagnets’ in Ref. [10]
and their properties in 3D elucidated. The three root
states and their properties are briefly described in Table.
il

A classic 1d example of a topological paramagnet
is the Haldane spin-1 chain which has non-trivial end
states that are protected by symmetry. Substantial
progress toward classification in diverse dimensiongH18
has been reported. The physical properties of various
such bosonic SPT phases in both twdl220 and in three
dimensionsI #2125 have also been described in some de-
tail, and provide crucial insights for the present work.

Previous progress in understanding interacting elec-
tronic SPT phases is restricted to one™*28 and tw
space dimensions. A formal abstract classification
for some symmetries (which includes neither charge
conservation, nor spin-1/2 electrons) in 3d has been
attempted®? but leaves many physical questions unan-
swered. Our strategy - which sidesteps the difficulties of
this prior approach - is to first constrain the symmetries
and statistics of monopole sources of external electro-
magnetic fields. We then incorporate these constraints
into a theory of the surface, and determine the resulting
allowed distinct states.

In general it is natural to attempt to construct possible
SPT phases of fermion system by first forming bosons as
composites out of the fermions and putting the bosons
in a bosonic SPT state. However not all these boson
SPTs remain distinct states in an electronic system. We
determine that the distinct such states (see Appendix.
can all be viewed as topological paramagnets as described
above.

While such spin-SPT phases can clearly exist, we give
very general arguments that the only other electronic
root state is the original topological band insulator.

We also clarify a number of other questions about
interacting topological insulators (see end of the paper
and Appendix. . For instance we explain the fun-
damental connection between topological insulation and
Kramers structure of the electron.
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T-breaking

T -invariant

Topological | Representative surface
transport gapless
Insulator state .
signature superconductor
= sz =
Free fermion TT Single Dirac cone Tay :I:l/KQO None
Topological Zsz spin liquid with N = 8 Majorana
paramagnet I Kramers doublet Opy = Kay =0 cones
(eT'mT) spinon(e) and vison(m)
Topological Zg_sp}n hqmd with oy = 0; %22 — | N = 8 Majorana
paramagnet II | Fermionic spinon(e) and K0 cones
(epmy) vison(m)

TABLE I. Brief descriptions of the three fundamental non-trivial topological insulators, with their representative symmetry-
preserving surface states, and surface signatures when either time-reversal or charge conservation is broken on the surface (with

topological orders confined). oy, is the surface electrical Hall conductivity in units of % Kay is the surface thermal Hall

2
conductivity and ko = T—QkTBT (T is the temperature). N is the number of gapless Majorana cones protected by time-reversal

3

symmetry when the surface becomes a superconductor. A combination of these measurements could uniquely determine the

TIL

Generalities: For any fully gapped insulator in 3D, the
effective Lagrangian for an external electromagnetic field
obtained by integrating out all the matter fields will take
the form

Eeff :E]\/[aa: +£0 (1)

The first term is the usual Maxwell term and the second
is the ‘theta’ term:

Lo = o E-B 2

0= 3 (2)

where E and B are the external electric and magnetic
fields respectively.

Under time reversal, §# — —60 and in a fermionic system
the physics is periodic under 6 — 6 4 27. Time reversal
symmetric insulators thus have 6§ = nt with n an integer.
Trivial time-reversal symmetric insulators have § = 0
while free fermion topological insulators have § = 732,
Any new interacting TI that also has § = 7 can be com-
bined with the usual one to produce a TI with § = 0.
Thus it suffices to restrict attention to the possibility of
new TIs which have 8 = 0.

Consider the symmetry properties of monopole sources
of the external magnetic field. At a non-zero 6, this ele-
mentary monopole carries electric charge % so that it is
neutral when 6 = 0. Under time reversal the monopole
becomes an anti-monopole as the magnetic field is odd.
Formally if we gauge the global U(1) symmetry to in-
troduce a dynamical monopole field m it must transform
under time reversal as

T imT = e ml (3)
T imiT =e " *m (4)

However“? (see Appendix. by combining with a gauge
transformation we can set the phase a = 0. Physically
this is because the time reversed partner of a monopole
lives in a different topological sector with opposite mag-
netic charge and hence is not simply a Kramers partner.

This fixes the symmetry properties of the bulk
monopole. There are still in principle two distinct choices
corresponding to the statistics of the monopole: it may
be either bosonic or fermionic. We will consider them in
turn below. Bosonic monopoles will be shown to allow for
the topological paramagnets mentioned above and noth-
ing else. Fermionic monopoles will be shown to not occur
in electronic SPT phases.

Topological insulators at 6=0 - bosonic
monopoles: Consider the surface of any insulator
with § = 0 and a bosonic monopole. This is conveniently
incorporated into an effective theory of the surface
formulated in terms of degrees of freedom natural when
the surface is superconducting, i.e, it spontaneously
breaks the global U(1) but not time reversal symmetry.
The suitable degrees of freedom then are Z—Z vortices
and (neutralized) Bogoliubov quasiparticles®® (spinons)
which have mutual semion interactions. In general
we can also allow for co-existing topological order,
i.e. other fractionalized quasi-particles, in the surface
superconductor®®, This gives a dual description of 2D
electronic systems that is particularly convenient to
studying not just the superconducting phase but also
some topologically ordered insulating phases.

Imagine tunneling a monopole from the vacuum to the
system bulk. Since the monopole is trivial in both re-
gions, the tunneling event - which leaves a % vortex on
the surface - also carries no non-trivial quantum num-
ber. Hence the surface dual effective field theory has
a bosonic %—vortex that carries no non-trivial quantum
number. We can therefore proliferate (condense) the %—
vortex on the surface which disorders the superconductor
and yields an insulator with the full symmetry U(1) x T
unbroken. However as is well known from dual vortex
descriptions®#39 of spin-charge separation in 2D, the re-
sulting state has intrinsic topological order.

In this surface topologically-ordered symmetry-
preserving insulator, a quasi-particle of charge-q sees
the “¢-vortex as a 2mg/e flux. Hence, the %—Vortex
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condensate confines all particles with fractional charge
and quantizes the charge to ¢ = ne for all the remain-
ing particles in the theory (for a more detailed discus-
sion see Appendix. [C|). However, we can always re-
move integer charge from a particle without changing its
topological sector by binding physical electrons. Hence
the particle content of the surface topological order is
{1,€,...} x{1, ¢}, where only the physical electron ¢ in the
theory is charged, and all the non-trivial fractional quasi-
particles in {1,€, ...} are neutral. Since time-reversal op-
eration preserves the U(1) charge, its action has to be
closed within the neutral sector {1,¢,...}. We can there-
fore describe the surface topological order as a purely
charge-neutral quantum spin liquid with topological or-
der {1,¢, ...}, supplemented by the presence of a trivial
electron band insulator, {1,c}. In particular, any gauge-
invariant local operator made out of the topological the-
ory must be neutral (up to binding electrons), but in an
electron system a local neutral object has to be bosonic.
Hence the theory should be viewed as emerging purely
from a neutral boson system. This implies that the bulk
SPT order should also be attributed to the neutral boson
(spin) sector, i.e it should be a SPT of spins in a Mott
insulating phase of the electrons (a topological paramag-
net).

The SPT states of neutral bosons with time-reversal
symmetry are classified!?2223 by 72 with two funda-
mental root non-trivial phases. These can both be un-
derstood as Mott insulators in topological paramagnet
phases. Adding to this the usual # = 7 TI captured by
band theory we have 3 root states corresponding to a Z3
classification. To establish that there are no other states
we need to still consider the other possibility left open
for the bulk response: a fermionic monopole.

Topological insulators at 6#=0 - fermionic
monopoles?: The possibility that the monopole may be
fermionic in a system which also has fermionic charges is
naively consistent with time-reversal symmetry. However
we can show that such a state cannot occur in any elec-
tronic 3D SPT phase. Crucial to our argument is the
requirement of ‘edgability’ defined in Ref. 22l Any the-
ory that can occur in strictly d-dimensions (as opposed to
the surface of an SPT in (d+ 1) dimensions) must admit
a physical edge to the vacuum. We show that electronic
systems with a fermionic monopole are not edgable.

To illustrate the difficulty consider a Bose-Fermi mix-
ture, with both the boson b and the electron ¢ carrying
charge-1. Now put the electron into a trivial band in-
sulator, and the boson into a bosonic SPT state. Then
the charge-neutral external monopole source becomes a
fermion?224, We may attempt to get rid of the bosons in
the bulk by taking their charge gap to infinity (i.e pro-
jecting them out of the Hilbert space). However they will
make their presence felt at the boundary and the theory
is not edgable as a purely electronic system. Indeed we
show in Appendix. [D] by a direct and general argument
that fermionic statistics of the monopole in an SPT phase
implies the existence of physical charge-1 bosons at the

boundary. This is not possible in a purely electronic sys-
tem.

Physical characterization of interacting topologi-
cal insulators: We now describe phenomena which in
principle can be used to completely experimentally iden-
tify the various TIs. We consider breaking symmetry at
the surface to obtain states with no intrinsic topological
order. The results are summarized in Table[l} A different,
less practical, but conceptually powerful characterization
is in terms of a gapped topologically ordered surface state
which we describe in Appendix. [B]

First consider surface states breaking time-reversal
symmetry (and no intrinsic topological order). Of the 8
insulating phases we obtained, four have electromagnetic
response # = 7 (of which one is the topological band in-
sulator) and four have # = 0 (of which one is the trivial
insulator). The € term in the response means that such a
surface state will have quantized electrical Hall conduc-
tivity e—hzz/ with v = % + n, where n can be any integer
signifying conventional integer quantum hall effect on the
surface. A further distinction is obtained by consider-
ing the thermal Hall effect ., in this surface state. In

general in a quantum Hall state k., = Z/Q%Q%T where
kp,T are Boltzmann’s constant and the temperature re-
spectively. The number v is a universal property of the
quantum Hall state.

Two of the § = 7 insulators have vg = v =1/2+n
(including the topological band insulator) while the other
two have vg = v 4. Similarly two of the § = 0 insula-
tors (including the trivial one) have vg = v = n while the
other two have vg = v+ 4% Thus a combined measure-
ment of electrical and thermal Hall transport when 7T is
broken at the surface can provide a very useful practical
(albeit partial) characterization of these distinct topolog-
ical insulators.

Next we consider surface superconducting states (again
without topological order) obtained by depositing an s-
wave superconductor on top. It was noticed in Ref.
43 that the surface of the topological paramagnets I
and IT become identical to that of a topological super-
conductor (see also Appendix. for a simpler deriva-
tion). The corresponding free fermion superconductor
has N = 8(modl16) gapless Majorana cones at the sur-
face protected by time-reversal symmetry. Thus induc-
ing superconductivity on the surface of either Topologi-
cal Paramagnet I or II leads to 8 gapless Majorana cones
which should be observable through photoemission mea-
surements. Taken together with the T-breaking surface
transport we have a unique fingerprint for each of the 8
TIs.

Other symmetries, Kramers fermions, and 6 =«
topological insulators: As a by-product of our consid-
erations we are able to address a number of other fun-
damental questions about interacting topological insula-
tors. For the free fermion systems the Kramers structure
is what allows a topological insulator with § = 7. What
precise role, beyond free fermion band theory, does the



Kramers structure of the electron play in enabling § = &
? We show non-perturbatively that any gapped insula-
tor with a § = 7 response and no intrinsic topological
order necessarily has charge carriers that are Kramers
doublet fermions. We also use a similar insight to show
the necessity of magnetic ordering when the exotic bulk
excitations of the topological Mott insulator phase of Ref.
8l are confined. Finally we show that time reversal break-
ing electronic systems with global charge U(1) symmetry
have no interacting topological insulator phase in three
dimensions. These results are described in Appendix.
and Appendix. [G]

Our results set the stage for a number of future studies
including identification of the new topological insulators
in microscopic models and in real materials. Strongly
correlated materials with strong spin orbit interactions
are natural platforms for the various topological insula-
tor phases we described. We expect that our results will
inform the many ongoing searches (e.g., in rare earth in-
sulators, or in iridium oxides) for topological phenomena
in such materials.
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Appendix A: Time reversal action on the magnetic
monopole

As the magnetic field is odd under time reversal,
a magnetic monopole becomes an antimonopole. We
briefly recapitulate the reasoning of Ref. 22| to show that
in Eq. (3) and (4) of the main paper the phase a can
always be set to zero. To see this we observe that the
T operator can be combined with a (magnetic) gauge
transformation to define a new time reversal operator:

T=U()T (A1)

where U(a) = e " where ¢, is the total magnetic
charge. Since ¢, is odd under time-reversal, we have
U(a)T = TU(a), hence the order of product in Eq.
does not matter. When acting on physical gauge invari-
ant states 7 has the same effect as 7 but the monopole
fields m, m! transform with o = 0.

Appendix B: Topologically ordered surface states

A powerful and complete characterization of the dif-
ferent three dimensional interacting topological insula-

tors is in terms of a gapped symmetry preserving surface
with intrinsic topological order. The physical symmetries
are realized in this surface topological order in a manner
which cannot be realized in strict two dimensions. The
surface topological order of the topological paramagnets
was studied in Refs10%22523  The simplest such surface
states have Z, topological order, with two particles e and
m having a mutual m-statistics. The Topological Param-
agnet I supports a surface theory in which both e and m
particles are Kramers bosons (denoted as eT'mT), while
Topological Paramagnet II has a surface in which both
e and m are non-Kramers fermions (eymy). The third
state, being a composite of the previous two, has e and
m both being Kramers fermions (eT'mT).

The topological band insulator can also be character-
ized in terms of its surface topological order. In contrast
to the topological paramagnets the surface topological
order in this case is non-abelian and such states have re-
cently been studied in Ref. [38H41l The resulting state
are variants of the familiar Moore-Read state describing
the v = 5/2 quantum hall system, modified to accom-
modate time-reversal symmetry. In Table [T we list the
representative surface topological orders of the three root
states described in the main text.

In hindsight, in interacting electron systems the de-
scendants of neutral boson SPT states are naturally ex-
pected to arise. However, one could also have naively
included the descendants of boson SPT states made out
of Cooper pairs (charge-2 objects). The non-trivial boson
SPT made out of physical bosons with charge ¢ = 2 sup-
ports a surface theory %2224 iy which both e and m are
non-Kramers bosons carrying charge ¢/2 = 1 (denoted
as eCmC). However, since we have physical Kramers
fermions with charge-1 in the system (the electrons), we
can bind them with the e and m particles. This con-
verts them to neutral Kramers fermions, which becomes
exactly one of the SPT surface states (efT'm¢T') of neu-
tral bosons. Hence the SPT state made out of charge-2
bosons does not add any non-trivial fermion topological
insulator.

Apart from its conceptual value the study of the sur-
face topological order also provides a very useful theoreti-
cal tool to access the topological paramagnets. It allowed
Ref. 22Ito construct the root states of the two time rever-
sal symmetric topological paramagnets (as well as other
bosonic SPT phases) in a system of coupled layers where
each layer forms a state that is allowed in strictly 2d sys-
tems. Ref. 23] used the surface topological order egmy
(Topological Paramagnet IT) to construct an exactly solv-
able model. While the constructions of Refs #2223 g
tablish the existence of Topological Paramagnet II it is
absent in the cohomology classification of Ref. [15land [16
Understanding how to generalize the cohomology classi-
fication to include this state is a challenge for the future.



Representative surface

Topological Insulator topological order

Free fermion T1 Variants of Moore-Read state

Zo gauge theory with Kramers
doublet e and m, € = em is
singlet

Topological paramagnet |
(eT'mT)

Zo gauge theory with Fermionic
e and m, € = em is also
Fermionic

Topological paramagnet 11
(efmy)

TABLE II. Brief descriptions of the three fundamental non-
trivial topological insulators, with their representative surface
topological orders.

Appendix C: Vortex condensate and charge
quantization

Here we provide more details of the argument estab-
lishing that electronic topological insulators with 6§ = 0
and a bosonic monopole can be reduced to bosonic topo-
logical paramagnets. It is convenient to start with a sym-
metry preserving surface termination that has intrinsic
topological order. Such a surface state is characterized
by a set of anyons {1,c, X, X, Y7} where I is a discrete
label, and their corresponding braiding and fusion rules.
Each anyon will be characterized by a sharply quantized
charge ¢ under the global U(1) symmetry. Let us denote
this topological information and symmetry assignments
as the initial surface anyon theory: Tipitial-

A useful theoretical device?? is to consider creating a
monopole source of an external (non-dynamical) mag-
netic field, and dragging that monopole through the topo-
logically ordered surface at position R. Such a monopole
insertion event changes the external magnetic flux, ®p,
piercing the surface by 27“ (in units where h = c = e = 1).
When the monopole sits close to the under-side of the sur-
face, this extra flux, §®p, is concentrated in the vicinity
of R. Suppose we take a surface excitation, Y, with frac-
tional charge gy, and drag it around a sufficiently large
loop that encloses (nearly all) the additional magnetic-
flux from the monopole insertion. This process accumu-
lates Berry phase €279 #£ 1 because of Y’s fractional
charge. However, the total monopole insertion event is a
local physical process, and since there are no gapless ex-
citations in the system it cannot have non-trivial action
on distant events (clearly if YV is arbitrarily far from the
R, it should not be able to discern whether the monopole
is infinitesimally above or infinitesimally below the sur-
face). Therefore, if Tinitia1 contains quasi-particles Y
with fractional charge, ¢7, the monopole insertion event
must also create a quasi-particle of type X in the sur-
face theory which has mutual statistics fx,y, = e= 27,
This mutual statistics then exactly compensates the non-
trivial Berry phase from encircling the additional flux
from the monopole insertion, and ensures that the over-
all monopole insertion event does not have unphysical
non-local consequences. Furthermore, since the bulk
monopole is chargeless and bosonic, X, is a neutral bo-

son.

We can similarly consider the time-reversed version of
this process by inserting an anti-monopole from the vac-
uum into the bulk. Let us denote by X the particle nu-
cleated at the surface. Clearly X and X are exchanged
by 7, indicating that, like X, X is a charge-neutral bo-
son. The mutual statistics of an anyon Y with X is then
e2™v  Further as the monopole and antimonopole can
annihilate each other to give back the ground state X
must be the antiparticle of X.

These mutual statistics indicate that driving a phase
transition in which X, X condense will confine all frac-
tionally charged particles. However, in general it is not
guaranteed that the condensation of X, X preserves 7.
To avoid this issue, we take a detour through an inter-
mediate superconducting phase in which descendants of
X, X can be safely condensed while preserving 7. This
results in a topologically ordered state, Thna), which has
the desired structure of a neutral boson theory.

Our strategy is to first enter a superconducting phase
obtained by condensing the physical Cooper pair, b =
crey, from Tipitial and then to exit it through a differ-
ent phase transition to reach the final topological order
Thnal- In the theory, Tinitiai, the Cooper pair is local
with respect to all nontrivial anyons. Thus its condensa-
tion preserves the topological order Tipitia1- The result-
ing topologically ordered superconductor is convention-
ally denoted SC* (see Ref. 33)) to distinguish it from the
ordinary non-fractionalized BCS superconductor, SC.

Let us denote the Cooper pair field by b = \/pT,eid’.
A long-wavelength effective Lagrangian density for the
theory can be written:

L:[baXvXa} = % (aﬂ¢)2 +£ﬂnicia1[XaXaY17"']
+ ‘Cmixed [b, YI7 .. ] (Cl)
where L7, [X, X, Y7, ...] is the Lagrangian density en-

coding the topological content of the topologically or-

dered phase, and Lmixed = >, M,y [} (eiq“z’/QYI)NI
encodes all charge-conserving interaction terms between
b and gauge-invariant combinations of operators in the
topologically ordered theory. When b condenses to obtain
a superconducting phase, apart from the original topo-
logical quasiparticles, there will also be quantized vortex
excitations where the phase ¢ of b winds by 2n7 with
n an integer. Following the terminology of Ref. 33 we
will call these vortons (to distinguish from the vortices of
conventional superconductors without topological order).

We wish to disorder the superconducting order by con-
densing a suitable vortex to obtain the desired insulating
surface theory Tgna1- This may be done in a dual effective
field theory in terms of the vorton degrees of freedom. To
formulate such a dual field-theory, it is very convenient to
introduce “neutralized” fields: Y; = etar¢/ 2¢Y7, obtained
by binding a fraction of the Cooper pair to Y;. In terms
of these neutralized variables:

£ =5 (0u0) + LIX.X. 1] (C2)



The advantage of this choice of variables is now manifest,
as the Cooper-pair phase ¢ is no longer directly coupled
to the neutralized fields Y;. The Y; however now acquire
a phase ™! on encircling an elementary vorton. Follow-
ing the standard duality transformation, we can re-write
the boson current ji' = pyd,¢ as the flux of a gauge-
field a: jlf = 5;:? d,cy. In the dual theory, the vorton
field, denoted by v, is a bosonic field that couples mini-
mally to this gauge field, and in addition has statistical
interactions with the Y particles:

_ VA 2 1 . TN 2
Laual _8772,% (5# 8u04)\) + §| (8H — 1y, — Zau) ’U|
~ . JIION
+ V([ol*) + LIX, X, V] + = —ay K150,05
+ 05 ay gt (C3)

where the gauge fields, a’, integer vectors £(), and multi-
component Chern-Simons term with K-matrix Kj; cap-
ture the mutual statistics between the vortons and the
fields Y;. Here, j{;} is the current of the Y7 particles, and
V(|v]?)) is a potential for the vorton field.

Now consider the particles v2X, (vT)Q X. These carry
vorticity +2 and are interchanged under time reversal.
These are the relics of a monopole tunneling event in
this superconducting state discussed in the main text.
Due to the coupling of v to the dual gauge field, oy, we
may always choose a gauge such that time reversal is
implemented as:

T2 XT = (UT)2 X
T (o))’ XT = %X

(C4)
(C3)

We may now condense v2X, (UT) > X and preserve time re-
versal symmetry. The condensation also destroys the su-
perconducting order and produces the desired new topo-
logical order Tgna. Note that the neutralized particles
Y; have no non-trivial mutual statistics with v>X as the
phase around the v? exactly cancels the phase around X.
Hence they survive in Tgnha as quasiparticles. The vor-
tex condensate however quantizes electric charge to be
an integer. In particular the charge ¢ bosons obtained
by fractionalizing the Cooper pair b, = ¢'# are confined
unless ¢ is an integer. In effect the original electrically
charged Y7 particles are confined to the fractional bosons
to produce the neutral Y; particles. The vortons v also
survive as particles in final but they are electrically neu-
tral.

The detour through the superconductor essentially
implements a ‘charge-anyon’ separation of the original
topological theory Tinitial- This is completely analogous
to the conceptual utility of superconducting degrees of
freedom in implementing ‘spin-charge’ separation in 2d
insulators®?. Though we will not elaborate this here an
alternately route from Tipitia1 t0 Thnal is through a parton
construction where we fractionalize the charged anyons
into a charged boson and a neutral anyon.

This proves that Tgna only has integer charged quasi-
particles. Without loss of generality, we may relabel the
quasi-particle content of Tgn, by binding an appropri-
ate number of electrons to each quasi-particle to remove
the remaining integer charge. The resulting theory has
quasi-particle content {1,v,Ys} x {1,c}, that can be de-
composed into the direct product of a neutral boson sec-
tor {1, v, Y} trivially accompanied by a gapped electron.
This completes the desired proof that the 8 = 0 classi-
fication reduces to the classification of neutral bosonic
phases.

Appendix D: Impossibility of a Fermionic Monopole

In this section we provide a general argument against
the possibility of fermionic monopoles in a purely elec-
tronic SPT insulator. We will show that fermionic
monopoles in the bulk necessarily leads to inconsisten-
cies in the boundary theory, as long as the charge U(1)
symmetry is preserved. When the charge U(1) is gauged,
apart from monopoles we may also consider in the bulk
dyons parametrized by (gm,q.) where g, is the elec-
tric charge and ¢,, the magnetic charge. If the neutral
monopole (1,0) is fermionic in a purely electronic system
(where the (0,1) particle is identified with the electron)
all dyons with ¢,, = 1 are also fermions. If time rever-
sal is broken in the bulk the 6 value may change from 0
leading to these dyons acquiring non-zero charge. How-
ever their statistics stays fermionic. It follows that if any
putative time reversal symmetric electronic topological
insulator phase with a fermionic monopole exists then it
will stay a non-trivial topological insulator even in the
absence of time reversal symmetry. Thus it suffices to
show that fermionic monopoles are forbidden in the ab-
sence of time reversal symmetry to rule out such putative
topological insulators.

We will show that SPT states of electrons with a global
U (1) symmetry admit unphysical boundary excitations if
the monopole is fermionic. Suppose we could construct
a state with fermionic monopoles. By the arguments of
the previous section, we may describe this phase in terms
of the surface topological order with particle content:

{l,C,f,,Yl,}/g,"'} (Dl)
Here, f is the surface excitation corresponding to the
bulk monopole, and hence is a neutral fermion having
mutual statistics e271/¢_ with particles Y7 of charge ¢;.
(Even if time reversal is not present we imagine tuning
to a point where the monopole is neutral).

Following an analogous line of reasoning in Appendix.
[C] we can now pair condense the remnant of the fermionic
monopole (ff) # 0, which immediately confines all the
fractionally charged particles Y7 unless q; = ne/2 for
some integer n, due to their mutual statistics with f. By
attaching enough physical electrons (c), we can always
take the charge of the particles Y7 to be either 0 or e/2.



The resulting theory can thus be written as:

{1vcvacIaNI} (D2)
where C; have charge e/2, and N; are neutral quasi-
particles. Note that f is local with respect to N; and is
a mutual semion with C7.

The neutral sector of the theory {1, f, N;} is closed
under fusion and braiding due to charge conservation.
Moreover they form a consistent topological field the-
ory. To see this, let us momentarily dispense also with
charge-conservation symmetry (for example by explicitly
breaking it), and then condense (cf) # 0, which confines
all 1/2-charged particles C7 while keeping all the neu-
tral particles N; unaffected. Furthermore, as f is local
with respect to all the Ny’s, the theory {1, f, N;} can
be viewed as a topological field theory of a system with
physical fermion f in the absence of any symmetry. Such
a theory can then be confined to {1, f} without obstruc-
tion.

Returning to the original theory in Eqn[D2]this implies
that we may get rid of the neutral particles N; and be
left with

{17 C, f7 Ci}a

where {C;} is a subset of the original charge-e/2 particles
{Cr}.

Without loss of generality, we can restrict our attention
to a single species of fractional charge particle C7, and
its anti-particle. The only possible fusion outcomes con-
sistent with charge conservation are: C7 x Cq € {c,cf}.
If two copies of C; fuse to ¢ then ¢! C is the anti-particle
of C;. However, this is not possible, since the topolog-
ical spin (self-statistics) of ¢'C; and C; differs by —1,
whereas anti-particles must have the same topological
spin. A similar argument rules out the possibility that
two copies of C fuses to cf.

This line of reasoning shows that the topological order
of Eq.[D3]is internally inconsistent, unless there are no C;
particles, i.e. unless the topological order contains only
the following particles:

(D3)

{Lc, f}.

Since f has trivial mutual statistics with ¢, it must be
a physical object that is microscopically present in the
system (i.e. is not an emergent particle). However, there
is no such neutral fermion degree of freedom in an elec-
tronic system. It follows that in a purely electronic sys-
tem the monopole cannot be fermionic in an SPT phase
with global U(1) symmetry.

We note that the Bose-Fermi example constructed in
the main paper has a neutral fermion excitation ( a bound
state of the boson and fermion) and hence is allowed to
have a fermionic monopole. Let us examine this more
closely. We put the electron into a trivial band insulator,
and the boson into a boson topological insulator. Then
the charge-neutral external monopole source becomes a

(D4)

fermion?224.  We initially consider such a system in a

geometry with no boundaries. We then tune the boson
charge gap to infinity, so that the charged bosons disap-
pear from the spectrum, and we are left with a purely
electronic theory. But since the fermionic monopole does
not carry any boson charge, it survives as the only charge-
neutral monopole. Now the bulk theory is exactly what
we were looking for, but we need to examine its boundary
and see if it is consistent with a time-reversal invariant
electronic system.

As the electrons are in a trivial insulator they do not
contribute anything special on the boundary, so we only
have to worry about surface states of the eC'mC' boson
SPT. We first consider a symmetric surface state with
topological order. It is known!? that one of the possible
surface states of the bosonic T1 is described by a Zy gauge
theory with both e and m carrying charge-1/2 and the ¢
fermion being charge-neutral (the state denoted eCmC
in Ref. 22). By setting the boson charge-gap to infinity,
the e and m particles disappear from the spectrum, but
the neutral € fermion survives as a gauge-invariant local
object, which is not allowed in a system purely made of
charged fermions. Another way to see the inconsistency
of the surface is to look at the surface state without topo-
logical order in which time-reversal symmetry is broken.
The boson topological insulator leads to a surface elec-
trical quantum hall conductance 0., = +1 and thermal
hall conductance k,, = 02 The difference of 0y, fay
between the two time-reversal broken states should cor-
respond to an electronic state in two dimensions without
topological order. Here we have Aoy, = 2 and Akgy, =0,
which cannot be realized from a purely electronic sys-
tem without topological order. Indeed adding integer
quantum Hall states of electrons increases ogy, kzy by
the same amount. It is possible to add a neutral boson
integer quantum Hall state without topological order but
that requires ogy—0, Koy = 0(mod8). Hence the bound-
ary as a purely electronic theory is not consistent with
time-reversal symmetry, and the bulk theory cannot be
realized in strict three dimensions, although it may be
realizable at the surface of a four dimensional system.
We also note that if we allow topological (or other exotic
long range entanglement) in the bulk then the monopole
may be fermionic.

Appendix E: Equivalence between N = 8 Majorana
cones and the e¢I'mT topological order

In this section, we provide a physical construction of
the eIT'mT topological order from the N = 8 Majorana-
cone surface state of a time-reversal invariant topological
superconductor phase. We start from the free theory

8

Liree = Z Xg:a(pxgx + Py07)abXib (E1)
i=1



where ¢ € {1,...,4} and a € {1, ]}, and with time rever-
sal acting on the real (Majorana) fermions as

TXiT_l = iangi,b- (E2)

We can group the theory into four complex (Dirac)
fermions by writing

Vi.a = X2i,a + 1X2i—1,a (E3)

the Lagrangian then simply describes four gapless Dirac
cones

4
Efree = Zd}j(paﬂgz +pyo'z)7/}i7 (E4)

i=1
in which time-reversal acts as
T Tt =ioyl. (E5)

It is easy to see that the theory is protected from gap-
opening at the free (quadratic) level. We can then ask,
could a non-perturbative gap be opened when interac-
tion is introduced? The way to tackle this problem is to
first introduce a symmetry-breaking mass term into the
fermion theory, viewing the mass term as an fluctuating
order parameter, and ask if one can recover the symmetry
by disordering the phase of the mass field.

For this purpose it is convenient to first introduce an
auxiliary global U(1) symmetry

UppUy * = %9 (E6)

as a microscopic symmetry in the model (rather than a
subgroup of the emergent SO(8) flavor symmetry). This
auxiliary symmetry will be removed at the end of the
argument, so the final result does not depend on the ex-
istence of this U(1) symmetry.

The total symmetry is now enlarged to U(1) x T, with
UpT = TUy (ie. the conserved quantity associated with
the auxiliary U (1) symmetry changes sign under 7 like a
component of spin rather than an electrical charge). One
can now write down a pairing-gap term into the theory

4
Lgap =10 ioyt; + hec. (ET7)
=1

which breaks both U(1) and 7 (A — —A* under time-
reversal because 72 = —1 on physical fermions). The
task for us now is then to disorder the field A and restore
time-reversal symmetry. The virtue of the auxiliary U(1)
symmetry shows up here: the field A is XY-like, so to
disorder it we can follow the familiar and well-understood
route of proliferating vortices of the order parameter

It is important here to notice that although the gap in
Eq. breaks both U(1) and T, it does preserve a time-
reversal-like subgroup generated by T = TU, /2. Since
we want to restore T by disordering A (which surely will
restore U(1)), we must do it while preserving 7. This

“modified time-reversal” looks almost like the original
one, but there is a crucial difference: 72 = 1 when acting
on the fermion field .

Now we are ready to disorder the field A. At first
glance it seems sufficient just to proliferate the fundamen-
tal vortex (hc/2e-vortex) and obtain a trivial gapped in-
sulator. However, as we will see below, 72 = —1 on these
fundamental vortices, hence proliferating them could not
restore time-reversal symmetry.

The vortex here is subtle because of the fermion zero-
modes associated with it. It is well-known that a super-
conducting Dirac cone gives a Majorana zero-mode in
the vortex coré*®. So the four Dirac cones in total gives
two complex fermion zero-modes f; 2. We then define
different vortex operators as

vanlGS) = (£)" ()" 1FN), (E8)

where |FN) denotes the state with all the negative-
energy levels filled in a vortex background. The U(1)
being spin-like under 7 (hence T also) means that a
vortex configuration is time-reversal invariant. The only
non-trivial action of 7 is thus on the zero-modes:

7~-f1,27~—71 = f;r,g, (E9)
and by choosing a proper phase definition:

TIFN) = f{ f}IFN). (E10)
It then follows straightforwardly that {vgo,v11} and
{vo1, v10} form two "Kramers” pairs under 7. Moreover,
since the two pairs carry opposite fermion parity, they
actually see each other as mutual semions.

We thus conclude that to preserve the symmetry, the
“minimal” construction is to proliferate double vortices.
The resulting insulating state has Z, topological order
{1,e,m, e} with the e being the remnant of {vgg,v11}, m
being the remnant of {vg1,v10}, and € is the neutralized
fermion 1;

Now the full U(1) x T is restored, we can ask how are
they implemented on {1,e,m,e}. Obviously these par-
ticles are charge-neutral, so the question is then about
the implementation of 7 alone. However, since the par-
ticles are neutral the extra auxiliary U(1) rotation in T
is irrelevant and they transform identically under T and
7. Hence we have 72 = 72 = —1 on e and m, and
T2 =7T? =1 on ¢, which is exactly the topological order
eI'mT. The charged physical fermion ¢ is now trivially
gapped and plays no role in the topological theory, one
can thus introduce explicit pairing to break the auxiliary
U(1) symmetry. Since topological order stems from the
charge-neutral sector, pair-condensation of i) does not al-
ter the topological order, and the resulting state is just
the eT'mT state with only 7 symmetry.



Appendix F: Spinless fermions and other symmetries

We first provide the proof that a § = 7 electromagnetic
response in a time reversal invariant insulator implies
that the charge carriers are Kramers fermions.

When the global U(1) symmetry is gauged, § = 7 im-
plies that the monopoles of the resulting U(1) gauge field
are ‘dyons’ (in the Witten sense) with electric charge
shifted from integer by % Label particles by (gm, ¢e),
where ¢y, is the magnetic charge (monopole strength) and
ge is the electric charge. A strength-1 monopole (dyon)
carries charge-1/2, labeled as (1,1/2), which under time-
reversal transforms to the (—1,1/2) dyon, since electric
charge is even while magnetic charge is odd under time-
reversal.

Introduce fields d,, 4. for dyons with magnetic charge
gm and electric charge ¢.. Under time reversal these
transform as

T T = €112 (F1)
T 11T = ePdaays

where d4, 4.) denotes the corresponding dyon operator.
We then have for 72

T 2d(1,1/2) T2 = P=d(y 19 (F2)
T 2d(1,1/2)T7 =€ 7Dd( 19

The exact value of the phase factor e(®~#) is not mean-
ingful since it is not gauge-invariant (see Appendix. |[Al).

Now let’s consider the bound state of d(;;/9) and
d(~1,1/2), it has g, = 0 and g, = 1, which is nothing
but the fundamental charge of the system. These two
dyons see each other as an effective monopole. To see this
view the (—1,1/2) dyon as the bound state of the electric
charge (0,1) and (-1, —1/2) which is the anti-particle of
(1,1/2). The Berry phase seen by the (—1,1/2) dyon
is the same as that seen by a charge from a monopole.
Hence their bound state will carry half-integer orbital
angular momentum and fermionic statistics The angu-
lar momentum of the gauge field*# in this bound state is
given by

I = Ge,19m,2 ; Ge,2qm,1 _ 1/2. (F3)

The half integer angular momentum goes hand in hand
with fermi statistics of the bound state. To determine
whether or not the fermion is a Kramers doublet, we need
to consider contributions from the internal and orbital
degrees of freedom separately. The internal contribution
follows readily from Eq. , which contributes to 72 by
¢ilP=a)gila=F) — 1. The orbital part contributes to 72
by —1 due to the half-integer angular momentum. More
precisely, since time-reversal exchanges the two dyons, it
is generated by a m-rotation along a great circle, hence 72
is generated by a 2m-rotation along a great circle, which
picks up a Berry phase of m due to the mutual-monopole
structure of the two dyons. Therefore we conclude that

T T

—> =0 — s
d.‘ &i)\/
w12 dey -

FIG. 1. For 8 = 7, a monopole and anti-monopole become

charge-5 dyons. Acting twice with 7 is equivalent to rotating
the pair by 27, which gives Berry-phase —1 due to the half-

angular momentum of the EM field of the dyon-pair.

the fundamental charge must be a Kramers fermion, and
there’s no fermion SPT with § = 7 made out of non-
Kramers fermions. We emphasize that this argument is
non-perturbative, and does not rely on results from free
fermion theories.

In the absence of the § = 7w TI for non-Kramers
fermions (72 = 1) what are the possible TIs? The ar-
guments advanced earlier go through as before and we
again inherit the boson SPTs with symmetry Z2. Thus
the classification for interacting non-Kramers fermion TIs
with time reversal is Z3.

Finally we note that the methods of this paper imply
the absence of any topological insulator states of elec-
trons when time reversal is absent (i.e when only charge
U(1) is present). Progress toward the classification of in-
teracting time reversal symmetric electronic topological
superconductors (the charge U(1) is absent) is made in
Ref. [43] which proposes a Zj¢ classification.

Appendix G: Implications for topological Mott
insulators

Let us now briefly consider the question of confined
phases obtained by condensing the dyons of the topolog-
ical Mott insulator phase® whose low energy theory is
precisely the gauged TI. Since the (1,1/2) and (—1,1/2)
dyons see each other as effective monopoles, they can-
not condense simultaneously. Condensing one of them
should confine the other, just as condensing monopoles
will confine electric charges. Since time-reversal relates
these two dyons, this implies that the dyons cannot con-
dense (hence confine the gauge theory) without breaking
time-reversal symmetry. That the condensation of either
of the (1,+1/2) dyons breaks T-reversal was previously
pointed®®. Here we see that it is not possible to simulta-
neously condense both dyons. Thus the confined phase
obtained from the topological Mott insulator necessarily
breaks T-reversal and hence is an antiferromagnet.
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