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1. Introduction

The space of chiral supergravity theories in six dimensions is strongly constrained by

anomaly cancellation and other consistency conditions. It was shown in [1] that N = (2, 0)

supersymmetry in six dimensions uniquely determines the massless spectrum of the theory.

A systematic analysis of N = (1, 0) 6D supergravity theories and their string realizations

was initiated in [2]-[7]. The space of low-energy 6D supergravity theories that are com-

patible with known anomaly and kinetic term sign conditions is quite constrained, but

nevertheless contains a rich range of theories with different gauge groups and matter con-

tent. Many of these theories can be realized in string theory, through F-theory [8, 9, 10] and

other constructions. There are, however, also many theories that satisfy these constraints

with no known string realization.

If we find an apparently consistent supergravity theory that cannot be obtained in

string theory we face three logical possibilities:

1. This low-energy theory is inconsistent because of a consideration that we are not yet

aware of.

2. There is a string construction leading to this supergravity theory that is based on

techniques we are not yet aware of.

3. There are consistent low-energy theories that cannot be obtained by any string con-

struction. Of course, it is difficult to prove that this is the case because to prove this

we would need to know all possible string constructions and understand all macro-

scopic constraints.
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A productive research direction involves looking for such examples and trying to see

which of the three possibilities above is the right one. This line of investigation can focus our

thinking and point us either to new string constructions or to new macroscopic consistency

conditions.

In [4, 5], an explicit correspondence between the discrete data describing the field

content of low-energy supergravity theories and topological information about F-theory

constructions was used to identify some classes of apparently consistent models without

string realizations. One condition that is satisfied by all known 6D N = 1 string theory

vacua is that the lattice of allowed dyonic string charges in the low-energy theory must be

a unimodular (self-dual) lattice. This raises the question of whether such self-duality is a

necessary condition for consistency of the quantum theory.

An extremely interesting line of research starting with [11] and references therein has

explored the consistency conditions on gauge theories based on higher form gauge fields.

In particular, [12]-[17] have presented a general and beautiful description of such theories.

This work leads to the conclusion that the natural framework for describing chiral fields

is in a general class of self-dual cohomology theories. However, the discussion in these

papers is fairly abstract, and more general than needed for our purposes here. Instead of

attempting to frame the discussion here in the more general context of that work, we will

take a lowbrow approach based on standard methods in field theory, which leads us to the

conclusions we need. We should emphasize, however, that many of the observations made

here are simple corollaries of the more general theory presented in these papers.

In this note we show by elementary arguments that any consistent 6D N = 1 theory

must have a lattice Γ of allowed dyonic string charges that is unimodular; i.e. Γ = Γ∗.

This result is independent of string theory; the dyonic strings are simply the possible

states charged under the two-form fields in the theory. We describe the self-duality of the

charge lattice in Section 2. The consequences of this condition for constraining the space

of 6D supergravity theories are discussed in Section 3. Examples of theories that are ruled

out from this consideration are given in Section 4. Section 5 contains concluding remarks.

2. Consistency conditions for six-dimensional two-form gauge fields

Our goal in this section is to find some necessary conditions on the set of charges that

can couple to six-dimensional two-form gauge fields. As stated in the introduction, this

is a lowbrow version of the discussion in [11]-[17]. We will start by studying two warmup

problems in two and four dimensions and then we will turn to the six-dimensional theory.

We show that a 6D field theory with self-dual and anti-self-dual two-form fields cannot

be consistent after dimensional reduction to 2D or 4D unless the charges lie in a self-dual

lattice.

2.1 Scalar fields in two dimensions

The theory of free compact scalar fields in two dimensions is well known. Following [18, 19]

we study p left moving scalars φ+a and q right moving scalars φ−r with standard two-point
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functions

〈φ+a(0)φ+b(z)〉 = −δab log z ; 〈φ−r(0)φ−s(z̄)〉 = −δrs log z̄ . (2.1)

Typical operators in the theory are of the form

Ova,ṽr = exp
(

ivaφ
+a + iṽrφ

−r
)

. (2.2)

Using (2.1) their operator product expansion is

Ova,ṽrOua,ũr
∼ zvaua z̄ṽr ũrOva+ua,ṽr+ũr

+ · · · (2.3)

Therefore, completeness of the operator product expansion shows that (va, ṽr) are vectors

in a p+ q dimensional lattice Γ. Furthermore, single valuedness of (2.3) means that

vaua − ṽrũr ∈ Z . (2.4)

This means that the lattice Γ has signature (p, q) and locality means that it must be an

integral lattice. Note that the bilinear form on the lattice was determined by our choice of

two point functions for the scalars (2.1).

As long as we limit ourselves to correlation functions in R
2, equation (2.4) is the only

consistency condition. Studying the theory on more complicated surfaces leads to further

constraints. In particular, imposing modular invariance on the partition function when the

theory is on T
2 leads to two additional conditions:

1. Invariance under the S transformation in the modular group forces the lattice Γ to

be self-dual.

2. Invariance under the T transformation in the modular group forces the lattice Γ to

be not only integral but also even. Without this requirement, the torus partition

function is invariant under T 2 but not under T .

Should we impose these two requirements? In the context of string theory, the proper

spacetime interpretation of the theory forces us to sum over the spin structures on the

worldsheet. Hence, the torus partition function must be fully modular invariant and there-

fore Γ should be even and self-dual. However, if we are interested in a two-dimensional

field theory without insisting on another interpretation of the theory in the target space,

there is no need to be so restrictive.

Let us consider the situation without imposing T invariance. The operators (2.2) with

even v2a − ṽ2r have integer spin and they are bosons, but those with odd v2a − ṽ2r have half

integral spin and they are fermions. The presence of operators with half integer spin forces

us to specify the spin structure on the torus. If we impose invariance under T the operators

(2.2) include only bosons and we do not need to specify the spin structure on the torus.

But if the theory is not T invariant, additional data, in particular the spin structure, can

be included in the definition of the theory. With such data there is no need to impose T

invariance for the theory to be consistent.
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The situation with S invariance is different. With a choice of one-cycles we view the

torus as S
1 × S

1 and interpret the first S1 as space and the second S
1 as Euclidean time.

The standard state/operator correspondence of the operators (2.2) leads us to choose the

spin structure in which the half-integer spin operators are anti-periodic in space. The trace

over the Hilbert space corresponds to making these operators anti-periodic in Euclidean

time. In this case the S transformation, which exchanges these two circles, must be a

symmetry of the theory.

We conclude that the second requirement above of T invariance is optional, but we

must always impose S invariance. Therefore, Γ must be integral and self-dual but not

necessarily even.

An example of a consistent theory that is S invariant but not T invariant is the theory

of a free left moving Weyl fermion. In its bosonized form it fits the discussion above about

the free scalars with p = 1, q = 0. The corresponding lattice is integral and self-dual but

it is not even.

2.2 Maxwell fields in four dimensions

As our second warmup example we remind the reader of the theory of free Maxwell fields

in four dimensions Aa. The analog of (2.2) are loop operators including Wilson loops and

’t Hooft loops. The former are of the form

Wva = exp

(

iva

∮

Σ1

Aa

)

, (2.5)

where Σ1 is a closed loop. This operator describes the effect of a probe particle with

“electric charges” va. Again, the vector va belongs to a lattice L. The ’t Hooft opera-

tors describe the effect of probe magnetic particles with magnetic charges ua. The Dirac

quantization condition can be understood in terms of the relative locality of Wilson and ’t

Hooft operators. It implies that

vau
a ∈ Z , (2.6)

which is similar to (2.4) and states that ua belongs to the dual lattice L∗.

More generally, states in the 4D theory can have dyonic charges (va, u
b). The Dirac

quantization condition states that for any two dyonic charges (v, u) and (v′, u′) the anti-

symmetric charge product

v · u′ − u · v′ ∈ Z (2.7)

is integral. This describes a skew-symmetric inner product on the charge space. If the

gauge group is U(1)n, the skew-symmetric inner product can be written in the canonical

form
(

0 I

−I 0

)

(2.8)

where I is the n×n identity matrix. Note that the matrix (2.8) has unit determinant. The

restriction of Dirac quantization alone does not uniquely determine the form of (2.8). Other

integral skew-symmetric matrices might be considered for describing charges of candidate

theories. Such models are incompatible, however, with the condition that Wilson loops
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and ’t Hooft loops are the proper observables for the theory. From representation theory

of the relativistic symmetry group, in 4D these are the only available classes of operators.

We discuss below how the situation is different in 6D.

2.3 Two-form fields in six dimensions

We now come to the theory of two-form gauge fields in six dimensions. This case is almost

identical to the two-dimensional example of chiral bosons we started with. More generally,

a similar situation arises in a theory of self-dual and anti-self-dual fields in any dimension

of the form 4n + 2. The conclusion in all these cases is that the charge lattice Γ must be

integral and self-dual (but not necessarily even). Our analysis relies only on the structure

of the free field theory of two-form fields, and is unchanged by interactions or coupling to

gravity. We discuss the situation in the context of gravity in more detail in Section 5.

As in two dimensions, we consider p fields B+a whose field strength H+a = dB+a is

self-dual and q fields B−r whose field strength H−r = dB−r is anti-self-dual. The analog

of the local operators (2.2) of the two-dimensional theory and the line operators (2.5) of

the four-dimensional theory are the surface operators

Wva,ṽr = exp

(

i

∮

Σ2

(vaB
+a + ṽrB

−r)

)

. (2.9)

These operators describe the effect of a probe string with worldsheet Σ2 that carries charges

(va, ṽr). Because of the (anti)self-dual properties of the fields, there is no need to add

independent ’t Hooft operators.

Dirac quantization, or equivalently locality of the operators (2.9), leads to [20]

vaua − ṽrũr ∈ Z . (2.10)

This condition is very similar to (2.4). It states that the signature (p, q) lattice of charges

Γ has to be an integral lattice.

As in the two-dimensional case above, additional restrictions on the lattice Γ cannot

be seen by studying the theory on R
6. However, imposing consistency of the theory once

it is compactified on various spaces shows that

Γ = Γ∗ (2.11)

i.e. Γ should be self-dual, as we now demonstrate.

Following the approach taken in [21], we can relate the 6D theory to a 2D theory by

compactifying the 6D theory on CP
2. The resulting two-dimensional theory is precisely the

two-dimensional example we studied at the beginning of this section. Each self-dual/anti-

self-dual two-form field reduces to a left/right-moving scalar field in 2D. The operators

(2.9) reduce to operators (2.2), with a corresponding reduction of the charges (va, ṽr) to

elements of the 2D lattice Γ. The self-duality of the charge lattice of the two-dimensional

theory leads to the conclusion (2.11) for the self-duality of the lattice of the six-dimensional

theory.

This simple but complete argument shows that a 6D field theory with self-dual/anti-

self-dual two-form fields must have a charge lattice satisfying (2.11). The condition that
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the charge lattice of any six-dimensional theory is self-dual is, however, central to our

analysis. Therefore it makes sense to view this conclusion from different perspectives. We

now describe several other compactifications which also lead to the condition (2.11).

As one alternative approach, we could attempt to imitate the argument in two dimen-

sions, which was based on the partition function on S
1 × S

1, by considering the partition

function of the 6D theory on S
3 × S

3. Then, invariance under the exchange of the two

S
3 factors could also lead to the self-duality condition (2.11). This analysis must differ in

some aspects from the 2D story, since there is no analogue of the Hamiltonian picture. We

have not completed the details of such an approach, but this could give another interesting

perspective on this problem.

Next, we consider the theory compactified on various tori. (A related compactification

of the theory of a single self-dual field on T
6 was considered in [22].) As with chiral scalar

fields in 2D, there is a question of boundary conditions when compactifying a theory of 6D

chiral and anti-chiral two-form fields on a torus. Indeed, much of the formalism developed

in [11]-[17] is designed to address issues of this kind. These works show that there is a Z2

structure needed for B fields in six dimensions analogous to the spin structure needed for

fermions in 2D. In the following subsection we discuss an odd charge lattice that requires

this generalization, analogous to the presence of operators of half-integral spin in 2D. Such

odd lattices still satisfy (2.11). There does not seem to be any way to use nontrivial

boundary conditions to accommodate non-self-dual lattices, though it would be nice to

have a rigorous proof of this assertion.

Perhaps the most intuitive route to deriving (2.11) follows from considering the theory

on R
4 × T

2. Each field B+a or B−r in six dimensions leads to a single Maxwell field in

four dimensions, and we can use these Maxwell fields to describe the operators. One set

of operators is obtained by taking the worldsheet Σ2 in (2.9) to be spanned by one of the

cycles in the compact T
2 and a loop Σ1 in R

4. This leads to a Wilson loop (2.5) in four

dimensions. If instead, we let Σ2 wrap another cycle in T
2, we find an ’t Hooft loop in

four dimensions. Therefore, the lattice Γ of the six-dimensional theory includes both the

electric and the magnetic charges of the four dimensional theory. Since in four dimensions

the lattice of electric charges must be dual to the lattice of magnetic charges (2.6), we see

again that the original six-dimensional lattice must be self-dual. We give a more explicit

description of how the self-dual lattice reduces to the electromagnetic charge lattice in 4D

in terms of fields in the following subsection.

We can also consider compactification of the 6D theory on T
4. In this case we get

several copies of the 6D charge lattice in 2D from windings of each H± on different two-

cycles in T
4. The resulting 2D charge lattice is a tensor product of the 6D charge lattice

with the unimodular lattice given by H2(T
4,Z) with the associated intersection form. The

condition that the 2D charge lattice is unimodular again shows self-duality of the 6D charge

lattice. Note that a similar argument for the 4D theories considered above compactified on

T
2 gives an alternate proof that all 4D charge lattices have an inner product of the form

(2.8).

The arguments presented here show from several points of view that any field theory

with self-dual and/or anti-self-dual two-form fields in six dimensions must have a self-dual
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dyonic string charge lattice. In particular, the dimensional reductions on CP
2 and tori give

simple yet complete demonstrations of this result.

2.4 Explicit example: (1, 1) signature two-form fields

It may be helpful to consider a specific example in more detail. Consider the case of one

B+ and one B− in six dimensions, i.e. (p, q) = (1, 1). As discussed above, each of the two

fields B± reduces on T
2 to a single U(1) gauge field in four dimensions. We denote the

compactified dimensions by 4, 5, and note that the (anti)-self-duality condition states that

the 6D field strengths H± = dB± satisfy

H±

4µν = ±
1

2
ǫ ρσ
µν H±

5ρσ . (2.12)

Thus, if we denote the field strength of the corresponding U(1) in 4D by

Fµν = H4µν , (2.13)

then strings wrapped around the 4-direction of the torus (which carry string charge under

H40i, with i in the radial spatial direction) carry electric charge under the 4D U(1), while

strings wrapped around the 5-direction carry magnetic charge under the same U(1). Since

strings wrapped in either direction carry charges in the same 6D charge lattice Γ, the

resulting theory in 4D has a single U(1) field coming from the dimensional reduction of

each of the two 6D B fields. The bilinear form on allowed electric and magnetic charges

for the resulting U(1)2 gauge group is then

Γ4D =

(

0 Γ

−Γ 0

)

. (2.14)

As we noted above, the determinant of the skew-symmetric charge product in 4D is always

1. It follows that det Γ = ±1, so Γ = Γ∗. By performing a linear transformation on

magnetic charges to put them in the dual basis to the electric charges, it is always possible

to transform (2.14) into the form (2.8).

There are two distinct choices for the integral lattice Γ with signature (1, 1). We can

have the odd lattice

Γ1 =

(

1 0

0 −1

)

. (2.15)

Or we can have the even lattice

Γ0 =

(

0 1

1 0

)

. (2.16)

Note that in the even case the two fields B± can be combined into a single B field with

a Lagrangian description analogous to that of a single 4D massless vector. In this case,

the analogue of Wilson and ’t Hooft surface operators for the B field are adequate for

describing the theory. In the odd case, however, we must use the surface operators for B±

in eq. (2.9). Related to that is the fact that upon compactification the odd theory needs

additional data like spin structure.
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The 6D case should be contrasted with the situation in 4D. In six dimensions, as

in two dimensions, the dyonic charge lattice has a symmetric inner product, and both

(2.15) and (2.16) are possible charge lattices. In four dimensions, the bilinear form on

the electric-magnetic charge space is antisymmetric, and there is only one possible inner

product structure on electric and magnetic charges.

Each of the two lattices Γ1,Γ0 is realized in certain classes of string compactifications.

For Γ1, after dimensional reduction to 4D the bilinear form on charges is

Γ4D
1 =











0 0 1 0

0 0 0 −1

−1 0 0 0

0 1 0 0











. (2.17)

The analogous form arising from Γ0 is

Γ4D
0 =











0 0 0 1

0 0 1 0

0 −1 0 0

−1 0 0 0











. (2.18)

In each case, the matrix describing the form can be put into the canonical 4D form of eq.

(2.8) by a change of basis for the magnetic charges. For eq. (2.17) this can be done by

changing the sign on the fourth charge, while for eq. (2.18) this is done by switching the

third and fourth charges.

3. Application to 6D supergravity

In six dimensions, antisymmetric two-index tensor fields appear in two distinct N = 1

supersymmetry multiplets. The gravity multiplet contains a two-form field B+ with a

self-dual field strength. Theories may also have any number T of tensor multiplets each

containing a two-form B− with an anti-self-dual field strength. The set of allowed charges

carried by dyonic string excitations of the theory must live in a lattice Γ of signature

(1, T ). There is no guarantee that all allowed dyonic charges on this lattice are realized in

the spectrum of the quantum theory, though strong arguments suggest that in a consistent

theory of gravity there must be quantum excitations realizing all allowed charges in the

charge lattice (see e.g. [23, 24]).

In a general N = 1 6D supergravity theory, in addition to the gravity multiplet and

T tensor multiplets there are V vector multiplets describing a general gauge group G with

simple non-Abelian factors G1×· · ·×Gk, and H hypermultiplets with scalars transforming

in a representation of G. The presence or absence of Abelian factors does not affect the

discussion here, which depends only on the non-Abelian part of the gauge group.

We now review the Green-Schwarz anomaly cancellation conditions for 6D supergravity

theories [25, 26, 27, 28], following [5]. The anomaly cancellation condition can be written

in terms of the 8-form anomaly polynomial as

I8(R,F ) =
1

2
ΩαβX

α
4 X

β
4 . (3.1)
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Here

Xα
4 =

1

2
aαtrR2 +

∑

i

bαi

(

2

λi
trF 2

i

)

(3.2)

with aα, bαi transforming as vectors in the space R
1,T with symmetric inner product Ωαβ;

“tr” denotes the trace in the fundamental representation, and λi are normalization con-

stants depending on the type of each simple group factor (λ = 1 for SU(N) factors).

Cancellation of the individual terms in (3.1) gives

H − V = 273 − 29T (3.3)

0 = Bi
adj −

∑

R

xiRB
i
R (3.4)

a · a = 9− T (3.5)

a · bi =
1

6
λi

(

Ai
adj −

∑

R

xiRA
i
R

)

(3.6)

bi · bi = −
1

3
λ2
i

(

Ci
adj −

∑

R

xiRC
i
R

)

(3.7)

bi · bj = λiλj

∑

RS

xij
RS

Ai
RA

j
S

(3.8)

where AR, BR, CR are group theory coefficients defined through

trRF
2 = ARtrF

2 (3.9)

trRF
4 = BRtrF

4 + CR(trF
2)2 , (3.10)

and where xi
R
and xij

RS
denote the number of matter fields that transform in the irreducible

representation R of gauge group factor Gi, and (R,S) of Gi ⊗Gj respectively. Note that

for groups such as SU(2) and SU(3), which lack a fourth order invariant, BR = 0 and

there is no condition (3.4).

It is shown in [5] using elementary group theory that the inner products on the LHS

of conditions (3.5-3.8) are all integral as a consequence of global and local anomaly can-

cellation. Thus, independent of any UV realization of the theory, any apparently consis-

tent low-energy 6D supergravity theory contains an integral lattice Λ formed from vectors

a, bi ∈ R
1,T . We refer to this lattice as the anomaly lattice of the theory. The vector a

is associated with a coupling B · a trR2 of the B fields to space-time curvature, while the

vectors bi are associated with couplings B · bi trF
2
i of the B fields to the field strengths Fi

of the various factors in the gauge group.

The 6D theory has gauge dyonic string excitations with charge bi associated with

instantons in the factors of the gauge group [29]. The charges bi therefore are contained

within the dyonic string charge lattice of the 6D theory. While we do not have a complete

argument that the charge a also corresponds to a dyonic string∗, there are several heuristic

arguments that suggest that this is the case. Locally, a gravitational instanton will carry

∗We thank Ashoke Sen for useful discussions on this point.
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charge a and should live in the charge lattice. The fact that a has an integer inner product

with itself and all vectors bi indicates that it satisfies Dirac quantization with respect to

the other charges, which also strongly suggests that it should also be an element of the

charge lattice.

F-theory [8, 9, 10] gives a very general approach to constructing 6D N = 1 supergravity

theories by describing nonperturbative IIB string compactifications on a complex surface B

containing 7-branes. Geometrically, monodromies around the 7-branes describe a Calabi-

Yau threefold that is elliptically fibered over the base B. For any F-theory construction,

the charge lattice Γ = H2(B,Z) is spanned by dyonic strings in six dimensions arising

when 3-branes are wrapped on the 2-cycles of B. Self-duality of Γ is then an automatic

consequence of Poincaré duality. The lattice Λ spanned by the vectors a, bi is embedded

in a simple fashion in the lattice Γ for any F-theory model [5]. In this embedding, a

corresponds to the canonical class of the space B and is always associated with a state in

the charge lattice.

The condition that the lattice of charges Γ for the two-form fields of any 6D N = 1

theory must be self-dual is a strong constraint on 6D supergravity theories. This constraint

rules out a large class of models that satisfy the other known consistency constraints of

anomaly cancellation and proper-sign gauge kinetic terms. In particular, this constraint

implies that the anomaly lattice Λ should admit an embedding into a self-dual lattice Γ. In

[4, 5] several theories were identified that have anomaly lattices Λ violating this condition.

The result of the previous section shows that these theories are inconsistent. Thus, these

theories are not consistent quantum supergravity theories for any type of UV completion.

In the following section we give some examples of such theories.

4. Examples of inconsistent theories

We give several examples of theories that satisfy anomaly cancellation and gauge kinetic

term sign constraints, but that violate the self-dual charge lattice condition. In the first

example we assume that the charge a is contained in the charge lattice. The second example

is very similar but contains a charge lattice that is disallowed even when a is not considered.

The third example is a model with two tensor multiplets, and the final example contains a

more exotic matter representation. The examples given have T = 1 and T = 2. For T = 0

the only integral lattice is Z, which is automatically self-dual, so no models in this class are

ruled out by the self-duality constraint. For T > 1 it seems likely that a large fraction of

anomaly-free models violate the self-duality constraint, though it is more difficult to prove

in cases where the number of simple factors in the gauge group is less than T .

Example 1:

One example of a problematic model, first identified in [4] and discussed further in [5],

is a 6D supergravity theory with T = 1, gauge group

G = SU(4) (4.1)

and matter content

1× (15) + 40× (4) + 10× (6) + 24× (1) . (4.2)
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It is easy to check that H − V = 244 as required by anomaly cancellation. The anomaly

lattice for this theory consists of vectors a, b spanning the lattice

Λ =

(

a · a −a · b

−a · b b · b

)

=

(

8 10

10 10

)

. (4.3)

This lattice cannot be embedded in any unimodular lattice of signature (1, 1). The easiest

way to see this is to note that if Λ is embedded in a unimodular lattice of the same

dimensionality as itself, then the volume of the unit cell spanned by −a, b in Λ must be an

integer. But the determinant of Λ is the volume squared, and therefore must be a perfect

square (up to a sign). In this case detΛ = −20, which is not a perfect square, so Λ does

not admit an embedding into any two-dimensional unimodular lattice.

We can also directly prove this assertion by examining all cases as follows. The only

signature (1, 1) unimodular lattices are Γ0,1 from (2.16, 2.15). In the case of Γ0, the only

choices for a · a = 8 are (up to overall sign) (−2,−2) and (up to sign and exchange of

coordinates) (−1,−4). If a = (−2,−2) then b = (x, y) with 2xy = 10, 2(x+ y) = 10, which

have no integral solutions for x, y. Similarly, if a = (−1,−4) then 2xy = 10, x + 4y = 10,

which again has no integer solutions. For Γ1, the only possibility (up to signs) for a is

a = (−3, 1), which gives x2 − y2 = 10, 3x + y = 10, which once again has no integer

solutions. Thus, Λ cannot be realized by any set of vectors in a unimodular lattice Γ,

so this 6D theory cannot be consistent when reduced on a torus to 4D, and therefore is

inconsistent in 6D.

Example 2:

We now consider a closely related example, where the charge a is not needed to rule

out the lattice. Basically, the idea is to construct a theory like the previous example, but

with a second gauge group factor having a dyonic string instanton with charge proportional

to a.

In this example the gauge group is

G = SU(3)× SU(3) . (4.4)

The matter content is

15× (3,1) + 45× (1,3) + 5× (3,3) + 1× (1,8) + 27 × (1,1) . (4.5)

It can be verified that both local and global anomalies cancel for this model, and the

anomaly lattice is spanned by vectors −a, b1, b2 with inner products

Λ =







8 4 10

4 2 5

10 5 10






. (4.6)

Note that this lattice is degenerate, with b1 = −a/2 and hence we can focus on the two-

dimensional lattice spanned by the dyonic string charges b1, b2,

Λ̂ =

(

2 5

5 10

)

. (4.7)
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The arguments used in the previous example show that this lattice cannot be embedded

in any unimodular lattice, so the theory is inconsistent.

Example 3:

For another example, take the theory with T = 2 with gauge group

G = SU(N)× SU(N) . (4.8)

and charged matter content

2N × (N,1) + 2N × (1,N) . (4.9)

The anomaly lattice for this model is spanned by vectors −a, b1, b2 with inner products

Λ =







7 0 0

0 −2 0

0 0 −2






. (4.10)

Once again, this does not admit a unimodular embedding since the determinant is 28,

which is not a perfect square. This is another example in which the inconsistency of the

model depends upon the appearance of a in the charge lattice. (Note for comparison that

the theory with one SU(N) factor and 2N fundamental representations with T = 1 has an

anomaly lattice diag(8,−2) with determinant -16, which does admit an embedding into a

unimodular lattice.)

Example 4:

For another example, take the theory with T = 1 with gauge group

G = SU(3)× SU(4) . (4.11)

and matter content

2× (3,4) + 22× (3,1) + 13× (1,4) + 1× (1,20′
[ ]

) + 105 × (1,1) . (4.12)

The anomaly lattice for this model is spanned by vectors −a, b1, b2 with inner products

Λ =







8 4 4

4 2 2

4 2 6






. (4.13)

As in example 2, this lattice is degenerate, with b1 = −a/2. Considering only the lattice

spanned by dyonic string charges b1, b2, a similar argument to the other examples shows that

the lattice cannot be embedded in any unimodular lattice, so the theory is not consistent.

5. Concluding remarks

Following on the work of [11]-[17] we have given simple physical arguments showing that

the charge lattice of two-form fields in six dimensions should be integral and self-dual (but

not necessarily even). The criteria we have used, based on consistency of the theory upon
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compactification to lower dimensions, can be interpreted as physical requirements for the

theory. Despite the substantial progress of [11]-[17], we feel that a simpler mathematical

treatment connecting the general formalism to the physical properties of these theories is

still desirable. But even without such a deeper understanding, we can use these consistency

conditions to derive powerful constraints on supergravity theories and therefore also on

possible string constructions. The results of this paper show that a certain class of 6D

supergravity theories are inconsistent. This narrows the gap between the set of 6D theories

that are not provably inconsistent and the set of theories with known string realizations.

The arguments given in Section 2 for self-duality of the 6D charge lattice were based

on principles of field theory. It is important to stress that while coupling to gravity can

lead to additional consistency conditions, the conditions derived from field theory are still

necessary in the presence of gravity and other fields. In particular, when we consider

compactification of a theory with two-forms and gravity on CP
2 we can take the size of the

compact space to be much larger than the Planck length, so that all gravitational effects

are negligible.

When compactifying on tori there is also the issue that new charges appear coupling

to the gauge fields arising from the 6D metric. This extends the charge lattice of the lower

dimensional theory. Kaluza-Klein momenta produce electric charges for these additional

gauge fields. We can choose, however, to perform the reduction on a square torus (or d-

dimensional generalization thereof) in the absence of background fields, in which case the

resulting extension of the charge lattice is only by a direct sum with a trivial 2d×2d matrix

of the form (2.8). This does not change the determinant, so the unimodularity constraint

still holds when gravity is added.

KK monopoles can also appear which naively will carry a dyonic charge associated with

the vector a appearing in the coupling a ·BR2. This does not change the self-dual structure

of the charge lattice, but does give another reason to suspect that a is in the charge lattice.

The role of the dyonic charge a in the theory is, however, somewhat subtle. Although

this charge was shown in [5] to satisfy Dirac quantization with respect to gauge dyonic

strings for any theory satisfying anomaly cancellation, we do not have a rigorous proof

that this dyonic charge must appear in the charge lattice. It would be nice to have a more

complete understanding of the role of the dyonic string charge a. One promising approach

to understanding this and related questions is through a systematic understanding of the

world-sheet theory on the dyonic strings themselves.

We have used the condition that the dyon lattice must be self-dual to rule out a number

of 6D supergravity theories which otherwise obey the known consistency conditions. In

some cases, the gauge instantons in the 6D theory provide a set of dyonic string charges

that is sufficient to rule out the theory. In other cases, the full anomaly lattice cannot be

embedded in a self-dual lattice only because of the vector a associated with gravitational

physics. In the latter set of cases, a better understanding of a is needed to rigorously rule

out these theories.

One might also wonder whether the modifications of the sum over topological sectors

of [30] and [24] can affect our conclusions. These papers coupled a discrete gauge theory to

the topological charges, which has the effect of excluding certain topological sectors. We
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can contemplate coupling the various four-form string currents in (3.2) to such a discrete

gauge theory. This amounts to enlarging the gauge symmetry of the two-forms B± by

adding a discrete gauge symmetry for such forms. One way to think about such discrete

gauge symmetries [31, 24] is to embed them in continuous symmetries for additional B

fields and then Higgs them down to the discrete symmetry. For example, if the discrete

gauge symmetry is Zp, we add to the theory a two-form field B, which includes both a

self-dual and an anti-self-dual H = dB, as well as its Higgs field, which is a one-form A.

The presence of the new B fields enlarges the charge lattice. But since the added fields are

“vector like”, they cannot affect our conclusion about the original system and the charge

lattice of the massless B± should still be self-dual.
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