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We present calculations in which an energetic light quark shoots through a finite slab of strongly coupled
N = 4 supersymmetric Yang-Mills (SYM) plasma, with thickness L, focusing on what comes out on the
other side. We find that even when the “jets” that emerge from the plasma have lost a substantial fraction of
their energy they look in almost all respects like “jets” in vacuum with the same reduced energy. The one
possible exception is that the opening angle of the “jet” is larger after passage through the slab of plasma
than before. Along the way, we obtain a fully geometric characterization of energy loss in the strongly

coupled plasma and show that dE,/dL « L?//x%,, — L*, where E,, is the energy of the “jet” that

emerges from the slab of plasma and x,, is the (previously known) stopping distance for the light quark in

an infinite volume of plasma.
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I. INTRODUCTION AND CONCLUSION

One of the striking early discoveries made by analyzing
heavy ion collisions at the LHC is that when a hard parton
with an initial energy of a few hundred GeV loses a sig-
nificant fraction of its energy as it plows through a few fm
of the hot (temperature 7 such that z7T is of order 1 GeV)
strongly coupled plasma produced in the collision, the “jet”
that emerges looks remarkably similar to an ordinary jet
produced in vacuum with the same, reduced, energy. This is
so even though the jet that emerges from the collision has
manifestly been substantially modified by its propagation
through the plasma—it has lost a substantial fraction of its
energy. The “lost” energy is found in many soft particles,
with momenta comparable to z7, produced at large angles
relative to the jet. It is as if the lost energy has become a
little more, or a little hotter, plasma. These qualitative
observations were first made in Refs. [1-3], in particular in
Ref. [2]. Subsequent measurements have quantified these
observations further, and in particular have quantified what
“remarkably similar” means by measuring various small
differences between the quenched jets and vacuum jets with
the same energy as the quenched jets [4-8]. Here we shall
focus on the original qualitative observation, which remains
striking. We shall argue that this phenomenon is natural in a
strongly coupled gauge theory by doing a calculation in
which we shoot a light quark “jet” in A/ = 4 SYM theory
through a slab of strongly coupled plasma and looking at
what comes out on the other side. Our conclusion can only
be qualitative for the simple reason that there are no jets in
N =4 SYM theory [9-11]. The light quark “jet” in this
theory should not be compared quantitatively to a jet in
QCD. Nevertheless, we shall find that even when one of
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these “jets” loses a substantial fraction of its energy as it
propagates through a slab of plasma, it emerges looking
precisely like a “jet” with the same (reduced) energy and
same (increased) opening angle would look in vacuum.

The conclusion that we reach is consistent with con-
clusions (also qualitative) reached by analyzing the quench-
ing of a beam of gluons by strongly coupled N = 4 SYM
plasma [12]. In a different sense, weak-coupling analyses
of the quenching of a high energy parton by a slab of
weakly coupled plasma at some constant 7" (see Ref. [13]
and references therein) are also antecedents of our calcu-
lation, although the physics there is quite different since
energy is lost, at least initially, to radiated gluons with
momenta > 77T that are nearly collinear with the initial
parton. More recent weak-coupling analyses, beginning
with Ref. [14], have shown how the energy lost from jets
can go to large angles; for a recent review of weak-coupling
analyses of jet quenching, see Ref. [15].

II. SETUP AND STRING DYNAMICS

The setup of our problem is as follows. We consider an
energetic pair of massless quarks created in vacuum at
x = xg < 0 at time ¢t = 0. The quarks subsequently move
apart in the 4x direction. The slab of strongly coupled
N =4 SYM plasma occupies the region x € (0,L) and
v,z € (=00, 0). Hence the right-moving quark impacts
the plasma at time 7~ |xy| and exits the plasma at time
t = |xo| + L. This setup is depicted in the cartoon in Fig. 1.
Although the most relevant case is that with x, = 0, since in
a heavy ion collision the energetic quark is produced within
the plasma rather than being incident upon it from outside, it
will nevertheless be advantageous to analyze the case with
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FIG. 1 (color online). A cartoon of the setup of our problem.
A pair of quarks (red circles) are created at time t = 0 at x = x;
with momentum in the £x direction. The shaded region shows
the slab of plasma. The right-moving quark impacts the plasma at
time ¢ = |xy| and exits the plasma at time # ~ |xo| + L.

Xy < 0 first. One reason for this is that it allows us to
compute the expectation value of the stress tensor (T#*) of
the incident “jet”, between x = x; and x = 0. Our particular
interest is then the computation of (7#*) in the “out” region
x — oo. How does the presence of the slab alter (7#)? How
is the shape of the “jet” altered by the slab? How does the
slab change the total energy and momentum of the “jet”?
In this section, we shall discuss the dual gravitational
description of the above process in terms of the dynamics of
energetic strings in an asymptotically AdSs geometry. We
begin by constructing the string solutions, and then use the
gravitational description that they provide to obtain fully
geometric characterizations of the energy loss experienced
by the light quark traversing the slab of plasma, the stopping
distance for the light quark if the slab of plasma were so thick
that the energetic quark does not make it through, and the
change in the opening angle of the “jet”, namely the boosted
beam of energy around the light quark. We derive analytic
expressions for the rate of energy loss in the (unphysical)
case of a light quark that has propagated a long distance
between its creation and the moment when it enters the slab
of plasma and for the (more realistic, in the context of heavy
ion collisions) case of a light quark that enters the slab of
plasma immediately after it is produced. In both cases, we
find a Bragg peak, which is to say that we find that the rate of
energy loss is greatest for those light quarks that are fully
stopped by the plasma, and is greatest as the distance they
have travelled approaches their stopping distance. In Sec. III
we compute the angular distribution of power radiated by the
“jet” that escapes the slab of plasma, confirming that our
gravitational calculation of the energy loss in terms of the
energy of the segment of string that emerges from the plasma
is indeed the calculation of the energy lost by the “jet”. And,
we confirm that the shape of the “jets” that emerge from the
plasma is the same as that of the incident “jets”, even when
they have lost a substantial fraction of their energy and even
when their opening angle has increased substantially.
According to gauge/string duality, a quark-gluon plasma
is dual to a black hole geometry [16]. We model the
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above-horizon geometry corresponding to the slab of
plasma with a constant temperature 7 with the metric

1 du?
ds* = — | —f(x,u)d* + dx* + —|,
S = f(x,u)dt* + +f(x,u)

where f(x,u) =h(u) for 0 <x <L with h(u)=1-
u*/u} and f(x,u) =1 otherwise. The temperature of
the slab of plasma is related to the horizon radius u, via
u, = 1/xT. The boundary of the geometry is located at
radial coordinate # = 0. While this model of the black hole
geometry is unrealistic near the vacuum/plasma interfaces at
x=0 and x =L, in exactly the same sense that it is
unphysical to have a slab of plasma at constant nonzero
temperature sitting calmly with vacuum next to it rather than
exploding, in the 7L > 1 limit interface effects are negli-
gible on the dynamics of the propagating quark compared to
bulk effects accumulated propagating through the plasma.

The addition of a massless quark to the boundary QFT
state is equivalent to adding a falling string to the geometry
[17]. The dynamics of the string are governed by the
Nambu-Goto action

(1)

S = —To/dfda\/—_g (2)

where the string tension T E\Q/—Z with 1 the 't Hooft
coupling, 7 and o are world sheet coordinates, g=
det g,p, Gap = 0,X - 0,X is the string world sheet metric
and XM = {t(z,0),x(t,0),0,0,u(z,0)} are the string
embedding functions.

Upon suitably fixing world sheet coordinates, the string
equations of motion can be expressed in terms of the

canonical world sheet densities zj, and fluxes 79,

0 _ _ %'.//N_ N2 ywN N
Ty = To\/_—g[(X X)X —(X")2X"], - (3a)

5, = —Toi—ﬁj—]\g] (- X)XY = (X)2XV], (3b)

where Gy is the metric (1) and - = 9, and 7 = J,,. In terms
of these quantities the equations of motion read

0p1) + 0, = 0, (4)

which encodes world sheet energy conservation.
Following Refs. [11,18] we model the creation of a pair
of massless quarks at x = x, by a string created at the point

Xg/rleate = {O’ X0> 0, O’ uO}' (5)

The string subsequently expands into a finite size object as
time progresses with endpoints moving apart in the +x
directions. Open string boundary conditions require the
string endpoints to move at the speed of light in the bulk
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with the endpoint velocity transverse to the string. (We use
standard open string boundary conditions throughout; other
boundary conditions have also been considered [19,20].)
Since the x position of the endpoints corresponds approx-
imately to the position of the quarks in the QFT [18],
we consider strings whose endpoint velocities in the
+x directions are asymptotically close to the speed of
light and which therefore fall only slowly in the radial
direction. We will confirm below that such strings have
asymptotically high energy E,, — oo and have small

Egtring
the dual QFT to excitations that propagate at nearly the
speed of light and that have a small opening angle, like
QCD jets with a small angular extent in momentum space

~jet/ i, With the jet mass mjg = |/ Efy = P

As the strings have finite tension, the Egyp, — oo limit is
generically realized by strings that expand at nearly the speed
of light, meaning that the string profile must be approximately
that of an expanding filament of null dust. Indeed, null strings
satisfy g(Xpa) = 0 and from (3a) have divergent energy
density. As we detail below, solving the string equations
perturbatively about a null configuration is tantamount to
solving them using geometric optics, with perturbations
propagating on the string world sheet along null geodesics.

Since null strings satisfy g(X,,;) = 0 they minimize the
Nambu-Goto action (2) and are exact, albeit infinite energy,
solutions to the string equations of motion (4) [21]. To
obtain finite energy solutions we expand the string embed-
ding functions about a null string solution

- szng / Eqying> meaning that they correspond in

XM = xM

null

+edX{]) + €2X () + o, (6)
where XM, is a null string expanding everywhere at the
speed of light and where € is a bookkeeping parameter
(which we shall see below via (25) is related to the string
energy via Egyn, ~ 1/+/€) that we shall initially treat as
small for the purposes of organizing the nonlinear correc-
tions to the null string solution but that must in the end
be set to € = 1. We choose world sheet coordinate 7 = ¢
and define o by the conditions 0,X,; - 9,X,u = 0 and
5X1(‘§) = {0, 6x(n),0,0,0}. We then solve the string equa-
tions (4) perturbatively in powers of €. The first step is
constructing null string solutions.

A. Constructing null strings

Null strings can be constructed out of a congruence of
null geodesics. Each geodesic in the congruence can be
labeled by ¢ and parameterized by time ¢. The null string
can then be written

XnMull = {t’ xgeo(t’ 5)’ 0,0, ugeo(t’ 5)}’ (7)

where xg, and ug, satisfy the null geodesic equations
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0 (1 0xgeo 1 1 [Ouge, 2 of
54?&)+ﬁ0+ﬁ(m>)a—a<w

Oxgeo \2 | 1 (Ougeo\?
o+ () 5 () =0 o

and the constraint 0,X,j; - 95X pu1 = 0. The required initial
condition for the congruence is XX |,_o = XM ...

For our piecewise constant (in x) geometry the null
geodesic equations (8) may be integrated once to yield

OxXgeo f
or & (%)
a”tgeo _ f\/ 52 - f (9b)
ot £ ’
which yield a null trajectory satisfying
Ottge, 5
— = - 1
= E (10)

where the constant of integration £(o) is piecewise time
independent in each interval but discontinuous at each
interface:

éin(d)7 X < O,
E(o) =< &,(0), 0<x<L, (11)
éout(d)’ X > L

In the region x < 0 where f = 1, the geodesic equa-
tions (9a) and (9b) may easily be integrated to yield
X co = Isino + u. (12)

o — 1COS O + X, u

g g

The geodesic is specified by xg, u, and the parameter o,
which is simply the angle of the geodesic trajectory in the
half-plane (x, u > 0). From the geodesic equations (9a) and
(9b) we therefore identify

&n(o) = seco. (13)

The minimum ¢, = min(c) corresponds to the endpoint
trajectory in the +x direction; this trajectory is given by
(Ugeo — Ug)/ (Xgeo — Xo) = tano,, see Fig. 2. We shall see
below that to the extent that the energy of the string is
dominated by the energy density near its endpoint, a string
whose endpoint follows this vacuum trajectory has
m=+/E*— p?> = Esinc,, meaning that cosc, is the
velocity of the corresponding excitation in the QFT and
sino, is its opening angle. In Sec. III we will compute the
angular distribution of the energy of the “jet” in the
boundary theory that is described by the string. We shall
see that equating sin o, with the opening angle of the “jet”
is a good approximation as long as sino, is small. It is,
however, only an approximation because the relation
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FIG. 2 (color online). A null string. The string starts off as a point at x, = —5, uy = 0 and subsequently expands into a semicircular

arc, with its endpoint having ¢, = 0.01. The small value of ¢, ensures that the initial endpoint velocity dXcngpoini/d? = c0s o, is close to
the speed of light. The null string profile is shown (red curves) at times ¢ = 0.25 through 7 = 20.25 in A¢ = 1 increments. The blue
curves are null geodesics propagating along the string world sheet at constant values of ¢. Energy on the string is transported along such
o = constant geodesics, meaning that the fact that the above-horizon string segment loses energy as it propagates through the slab
corresponds precisely to the fact that within the slab some of the blue curves fall into the horizon, located at u = u;, = (#T)~' = 1 in our
units. The string that emerges from the slab carries only the energy that is transported along those blue curves that emerge. The string
enters the slab at x = 0 with its endpoint at u;;, = 0.05. The string exits the slab at z7x = 10 with its endpoint at u,,, = 0.276 and having
6, = 0.0773. The energy of the string that exits the slab of plasma is less than that which entered it by the ratio E/Ej,, which is 0.643
according to (35) and 0.57 according to the x; — —oo approximation (38). The string has lost a substantial fraction of its energy while
propagating through the plasma. After exiting the slab, the string rapidly approaches a semicircular arc configuration at late times,
looking just like a string produced in vacuum with the (reduced) energy E,, and the (increased) opening angle m gy /Ey, = sino,. If
there really were some way to stabilize interfaces between a slab of plasma and vacuum, we expect that the strings would be connected at
the interfaces via vertical segments indicated schematically by the dashed red lines.

m/E = sin o, only becomes accurate for the component of
the “jet” that is described by the energy density of the string
in the vicinity of the endpoint of the string and although the
energy density of the string deep within the bulk contrib-
utes less it does in fact contribute.

The discontinuities in £ at the x = 0 and x = L interfaces
can easily be worked out from the second-order geodesic
equations (8). A geodesic labeled by o passes through

x = 0 at time and radial coordinates
fiy = —Xp SEC o, Uiy = —Xg tano + uy. (14)

From the second-order geodesic equations (8) it follows
that for 0 < x < L the parameter &, is given by

fzh(um)
2 in
=BT - By (15)

The geodesic equation (9a) in the region 0 < x < L is
solved by

u%FllSu4 M%FIIS uj
Xgeo = — YRl Rt 5T |
O Ut 4274l ) uge,t T \A7 274 Cul,

(16)

where

1
1-&7
and , F| is the Gauss hypergeometric function. The solution

Ugeo 10 (9b) can be expressed in terms of elliptic functions
and will not be written here.

(= (17)

Likewise, a geodesic labeled by o will pass through
x = L at some time 7., (o) and at some radial coordinate
Uow (o). In terms of these quantities the second-order
geodesic equations (8) imply

> é%}h(uout>2
o 5(2)(I/l(l/tout)2 - 1) + h(uout) .

In the region x > L where again f = 1 the solutions to the
geodesic equations read

(18)

Xgeo = (1 = toy) COSG + L,
Ugeo = (1 = toyg) SING + Uy (19)

Via Eq. (9a) the function (o) is given by

Eou(0) = seca(o). (20)
Figure 2 shows a few null geodesics (blue curves) which
make up a congruence specified by x, = -5, L = 10,

uy = 0 and describe the propagation of a null string (red
curves). Our choice of units here and in what follows is set
by zT = 1. The trajectory of the endpoint moving in the +x
direction is given by ¢ = ¢, = 0.01. The small value of o,
ensures that the initial endpoint velocity dxenapoin/dt =
1/&,(0,) = cos(o,) is close to the speed of light.
Before the string passes through x = 0, the geodesics
(12) and the null embedding functions (7) imply that the null
string profile is given by the expanding semicircular arc,

-2+ (Xgeo — x0)? + (Ugeo — uy)? =0. (21)
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FIG. 3 (color online).

6 8 10 12 14

As in Fig. 2, except here the slab has thickness L = 8/(xT) and the quark is produced next to the slab at

xo = —1073 with uy = 0 and &, = 0.025. It emerges from the slab at z7x = 8 with u.,, = 0.267 and 5, = 0.0769. As in Fig. 2, after
exiting the slab of plasma the string rapidly approaches a semicircular arc configuration. Using (35), E,,/E;, = 0.757. The
approximation (46) yields E,,/E;, = 0.780. So, as in Fig. 2 the string has lost a substantial fraction of its energy in the plasma and yet
emerges looking just like a string produced in vacuum with energy E,. We shall see in Sec. II C that, under certain assumptions, this
string describes a “jet” with an incident energy E;, = 87.0v/2xT and, consequently, an outgoing “jet” that emerges from the slab with

energy Eg, = 65.9v/AxT.

After the string has passed through x = 0 into the black hole
slab, its profile is given by

xgeo(t’ 6) = 60(6)(1‘ - tin(a)) + xtrailing(a’ ugeo(t’ 6))
— Xygailing (0, Uin (1, 6)), (22)

where  Xygiiing  Satisfies  OXygiting/ Ogeo = —\/ &5 — h/h.
For &, =1, Xiuiing 18 the null limit of the trailing string
profile of Refs. [22,23]. Indeed, geodesics that propagate
farthest originate from near the string’s endpoint and have
&,(0) m &, (0,) ~ 1. After the string has exited the black hole
slab at x = L the geodesics (19) and the null embedding
functions (7) imply that the null string profile is given by

_(t - tout>2 + (xgeo - L)z + (ugeo - uout)2 =0. (23)

Comparing (23) and (21) we see that at asymptotically
late times the string profile for x > L is an expanding
semicircular arc, precisely as it was for x < 0. This is a
consequence of the fact that as viewed from x > L the
“aperture” at x = L, u € (0,u;,) is effectively a point-
source emitter for null geodesics in the (x, u) plane just as
the point x = x(, u = u, was. Therefore, other than the fact
that endpoint on the right falls with angle

6. =o0(o,) > o,, (24)

the null string profile for x > L at late times is the same as
that for x < 0. In other words, the net effect of the slab on
the null string is simply that the endpoint falls into the bulk
at a faster rate than it did before impacting the slab.

The implication of the result at which we have arrived is
that in the QFT the “jet” that emerges from the slab of
strongly coupled plasma has a larger m/E and a larger
opening angle than the “jet” that entered the slab. We will
determine the increase in the opening angle of the “jet”

more precisely in Sec. III, but as long as the “jets” remain
narrow it is a good approximation to equate the increase in
sin 6, relative to sin o, with the increase in m/E and the
increase in the opening angle.

With the exception of the increase in m/E and the
decrease in E—see below—the “jet” that emerges looks
precisely the same as that which entered. In particular, it
looks precisely the same as a “jet” in vacuum prepared with
alarger m/E and a smaller E. This conclusion comes directly
from seeing that the shape of the string is the same after
exiting the plasma as before entering it, and this in turn is a
result that is obtained completely geometrically, as in Fig. 2.
This central conclusion of our study resonates strongly with
the observations of the highest energy jets produced in heavy
ion collisions at the LHC with which we began.

It is reasonable to ask whether the conclusion that we
have just reached depends on the fact that we created the
energetic string well to the left of the slab, allowing the string
to propagate some distance in AdS before entering the slab.
In a heavy ion collision, after all, the high energy parton
rapidly finds itself in the strongly coupled matter produced in
the collision. We show in Fig. 3 that we reach the same
conclusion upon considering a case in which the energetic
string is produced at x, = —1073 and immediately enters the
slab. Indeed, the conclusion that the null string that emerges
from the slab quickly becomes vacuumlike in appearance
(i.e. quickly becomes semicircular) is completely generic
because it arises directly from the geometric perspective that
our holographic calculation provides.

B. First-order corrections

With the null string dynamics worked out, we now turn
to the first-order perturbations dx(;) in terms of which the
world sheet energy density and flux read
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ToE0,u -
0 _ _ 05V geo s _ 25
o uéeo 2ef0,6x (1) o - (29)

up to order /e corrections. According to the string
equation of motion (4) at leading order in € the equation
of motion for &x(jy is simply ,z) =0 so z) is time
independent and energy is simply transported along
o = const. geodesics, i.e. along the blue curves in
Figs. 2 and 3. This observation will play a critical role
below when we consider energy loss on the string
world sheet.

Substituting Egs. (12) and (13) into (25) we find that in
the x < 0 region &x(;) must satisfy

2(tsino — ug)

076
rox) + t(tsino + ug)

8t5)€(1) =0. (26)

The solution reads

sine(3tsino(tsine + ug) + uj)
3(tsino + ug)?

ox(1) = ¢(o) + (o),

(27)

where ¢p(¢) and y(o) are arbitrary functions. The condition
that the endpoint moves at the speed of light requires
w(o,) = 0. A simple calculation then yields

csc 20 sin ¢
ey (o)

+o(Ve). (28

7y = —Tycsc’o

The solution 6x(;) in the regions 0 < x < L and x > L can
then be obtained by solving Eq. (25) for 9,6x(;) with rcg
given above by (28) and integrating in time.

C. World sheet energy loss and stopping distance

We now turn to energy loss in the slab, remembering the
geometric intuition from Figs. 2 and 3 that energy prop-
agates along the (blue) null geodesics, with energy loss
corresponding to blue geodesics falling into the horizon.
We begin with the extreme case in which all of the incident
energy is lost, which is to say the case in which the string
endpoint falls into the horizon and no string emerges from
the slab of plasma. Clearly, there exists a maximal distance
Xgop that the string endpoint can travel through a L — oo
slab before the string endpoint and hence the entire string
has fallen into the horizon. In the dual field theory the
stopping distance xgq, corresponds to the distance a “jet”
can penetrate through the plasma before thermalizing
[18,24]. From (16) we see that the stopping distance is
given by

PHYSICAL REVIEW D 90, 025033 (2014)
F 115 1

Xgtop = —U TR e Ty

stop h2t 1 4°2°4 C(U*)

2 4

us, 115 uy,
—tF (- —]. 29
(o) 1(4 28 Hounteyt) P

In what follows we shall focus on the limit xgq, > uy
which generically requires ¢, < 1, so the endpoint trajec-
tory is nearly constant in u# before impacting the slab
geometry. Restricting our attention to strings created near
the boundary, we also set uy — 0. This is not necessary. As
we discuss in Sec. IV, it will be interesting in future to
systematically explore how our results vary as a function of
uy and o,.

We now return to the case of interest in this paper,
namely a slab of plasma whose thickness L is less than x,
meaning that, as in Figs. 2 and 3, the endpoint of the string
and some of the (blue) null geodesics describing a segment
of the string near its endpoint emerge from the slab of
plasma. Let us define the function 6,(x), for0 < x < L, by
the condition that Xy, (7, 6,) = x and Uy, (t, 6;) = uy,. That
is, 0;,(x) labels the null geodesic that falls into the horizon
at x. From (16) we see that ¢,(x) is the solution to

u% 1 1.5_ u‘,‘l
T () (Z’E’Z’¢<a>um<a>4>’ (30)

meaning that ¢, (xye,) = 0.. The energy of the string
segment that exits the slab can then be written as

oi(L)
Eo = —/ dor). (31)

E, is clearly less than the energy of the string segment that
enters the slab, which we shall take to be

on(0)
E, = — / " dont, (32)

because some null geodesics and therefore some energy has
fallen into the horizon between x = 0 and x = L.

To go further, we henceforth assume u#, — O and o, < 1.
In the 6, < 1 limit we see from (28) that z)(c) becomes
highly concentrated in a region dc ~ o, near o = o..
Expanding

y(o) =y'(0.)(c—0.) +O((c-0.)?).  (33)
we obtain from (28) the leading-order expression for 7,

_TO

o>\ 2ey/(0.)(c ~0.)

0 _
Ty =

(34)
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This expression, together with Egs. (30), (31) and (32),
allows us to compute E;/ E;,, which is to say the fractional
energy lost by the high energy parton as it traverses the slab
of plasma. We obtain

Eout 64(0)(\/64(L) — 1 + 6;,(L)cos™ 6’1&))
Ew  5,(L)(\/3,(0) =1 + 6,(0)cos™! &,,1(0)>

where 6,,(x) = 6,,(x)/0,. Although it does not look par-
ticularly simple, this expression is fully explicit. For
example, as noted in the captions of both Figs. 2 and 3,
we can use it to compute E,,/E;, for the “jets” in both
these figures.

We shall next describe two contexts in which the
expressions (29) and (35) simplify considerably.

1. A parton incident from x, = —oco

The first simplifying limit that we shall consider is the
limit in which we take x, - —oo while fixing u;, small
compared to u;. As is evident from (36) below, this is
equivalent to keeping x,, finite (but large compared to uy,)
as xy — —oo. This limit, which is not realistic from the
point of view of heavy ion collisions, corresponds to
considering an incident parton that has propagated for a
long distance before it reaches the slab of plasma, but that
was prepared with such a small initial opening angle that
when it reaches the slab of plasma the size of the cloud of
energy density that it describes is still small. In this limit,
o, = arctan(u;,/|xo|) vanishes as |xy| — oo at fixed, small,
Uiy In the xy = —oo limit, &, — 1 and & — h(u;,) and the
stopping distance (29) takes the form

VT
Xstop — ?%)4”:; U, +-—— w 2 + O(XOZ)- (36)

Neglecting transients at small x, Eq. (30) then yields

xstop + up
L + up )

on(L) = (37)
This means that o,(L ) is O(o,) when L = O(xyqp), from
which it follows that ) in (31) may consistently be taken to
be given by the near-endpoint expression (34). Substituting

(37) into (35) and taking L, Xy, > uj, we secure the result

E o _ g L(xsn;p —-L) + cos™! L _
Ein 4 Xstop Xstop

Taking the derivative of (38), we find the energy loss rate

1 dE, 2 L
E, dL

(39)

TXstop \| Xstop — L
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Egs. (38) and (39) are our final results for the energy loss in
the (unphysical) case in which x; — —o0. Eq. (38) provides
a reasonable approximation in the case illustrated in Fig. 2,
but it cannot be applied in the case illustrated in Fig. 3.

2. A parton produced at fixed x, whose x,, —

Since a hard parton produced in a heavy ion collision is
produced within the same volume in which the strongly
coupled plasma is produced, the calculation in Fig. 3 in
which the parton was produced just next to the slab of
plasma is a better caricature than that in Fig. 2. We therefore
do not wish to take the x, — —oo limit. Henceforth, we take
the o, — 0 limit at fixed x,. We shall see below that
Xsop — ©0 in this limit. We continue to assume that uy = 0,
which now means that u;, — 0 as 6, — 0. The results we
shall derive here in this limit are a good approximation for
small enough o, at any fixed value of x, in particular for
the case in which the parton is produced just next to the slab
of plasma, with x just to the left of x = 0 as in Fig. 3.

With uy = 0 and x, fixed in value, we find that x, in
(29) takes the form

o l(3)?
Xstop = 4\/7?*

in the small-o, limit. We see that if ¢, is small enough
that we can neglect the (xo—u;) term we have

+ (X() - Mh) + O(\/E;) (40)

2

Xstop > |.X0 - uh| = |)C()| +uy and o, = O(x?[_f)p) = O(m)

In the limit in which we take 6, — 0 with uy = 0 and x,
fixed we can also derive a relationship between xy,, and
E;,, defined in Eq. (32), valid to leading order in o,. Note
that the expression (34) tells us that the energy density on
the string is greatest near the string endpoint. This obser-
vation allows us to see that, to leading order in o, Eq. (32)

yields

ﬂ'T()

Epy=—r 2 41
262\ /2y (5.) 4
Comparing (41) and (40) and using Ty = ¥2, u, = 1/xT,
we find
~3C ( E. \1/3
=— = , 42
= \/M) )

where the dimensionless constant C is given by

2430 = <—€25 TZ;’/ (o )> r (i) r G) )

The x0p ~ E scahng was first obtained in Refs. [18,24].
Numerical s1mulat10ns of the string equations in Ref. [18]
yielded an estimate for the maximum possible value of C,
for “jets” whose initial state is prepared in such a way as to
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yield the maximal stopping distance for a given E;,, namely
max(C) = 0.526. The value C ~ 0.526 was recently verified
analytically in Ref. [19].

We have a calculation of xy,, in hand in (40) and can
now ask about the value of E;,. In this context, we can
reread the maximal value of C in (42) as telling us the
minimum possible Ej, that can correspond to a given X,
assuming optimal preparation of the initial state. Note that
if the initial state is prepared well to the left of the slab of
plasma as in Fig. 2 then, even if the initial state is prepared
optimally at x = x,, after the string has propagated in
vacuum from x = x; to x =0 its state is not optimally
prepared when it enters the plasma, and C must be less than
0.526 in (42). We can see this by noting that if we start from
a case like that in Fig. 2 and move the point of origin x, to
Xxo = 0, making no other change and in particular keeping
u, fixed, this does not change E;, but it decreases u;, (to
Ui, = ug) and increases X, for example from 12.71 to
17.54 in the case of Fig. 2. We see from (40) that this
xo-dependence of xy, is subleading in the small-o, limit: at
small enough ¢, moving x, from -5 as in Fig. 2 to 0 would
have a negligible effect on x,. Nevertheless, the conse-
quence of this formally subleading effect is that the
minimum value of E;,/(#T) in Fig. 2 must be greater than
that given by (42) with xy,, = 12.71 and C = 0.526.

The expression (42) with C = 0.526 can be applied
without caveats in Fig. 3. There, xg,, = 10.73 and the
minimum possible incident energy of the “jet” in Fig. 3,
assuming optimal preparation of the initial y(c), can be
read from (42) with C=0.526 and is given by E;,/(zT) =
87.00/2. If we think of a slab of plasma in which
zT ~1 GeV, the slab in Fig. 3 is 1.6 fm thick and the
“jet” depicted in the Figure, which loses 24.3% of its
energy as it traverses the plasma, has an incident energy of
87.0v/2 GeV, corresponding to a few hundred GeV.

So, we now know that as we take the o, — O limit at
fixed x,, for example for the case in which the parton is
produced next to the slab of plasma, xy,, takes the form
(40) and is related to E;, via (42). We also continue to
assume that xy,, > uj,. Upon making these assumptions,
if we consider a slab of plasma with L < xg,, and
L/xgop = O(1), Eq. (40) implies

&,(L) = (%)2 (44)

As above in Sec. IIC 1, for L = O(xy,,) we see (L) =
O(o,), from which it again follows that #{) in (31) may
consistently be taken to be given by the near-endpoint
expression (34). Differentiating (31) and dividing by E;, we
then obtain the rate of energy loss

| dEqy 412

—_ . (45)
Ein dL ﬂxsztop x%top _L2
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Upon integrating (45) we find that in this case the fractional
energy loss is given by

E 2 L L?
e 1 ———+cos™ (46)
Ein T xslop xstop xstop

This expression provides a good approximation to the
energy loss in the case illustrated in Fig. 3. We advocate the
use of the expressions (45) and (46) for the rate of energy
loss in phenomenological modelling of jet quenching in
heavy ion collisions, with xy, in (45) related to the initial
energy of the energetic parton and to the temperature of the
plasma at the location of the energetic parton via Eq. (42).

3. Bragg peak

A remarkable feature of either (35) or (39) or (45) is that
little energy is lost until L ~xy,, and then dE,,/dL
diverges as L — xgop. This behavior, which was first
pointed out in Ref. [18], is in some respects reminiscent
of a Bragg peak. The geometric origin of the Bragg peak is
easy to understand. For o, — 0 the string energy density
(34) is highly concentrated near the string endpoint and in
fact diverges when o = o, which reflects the fact that open
string boundary conditions require the string endpoint to
move at the speed of light. Assuming that L > x, the
energy loss rate dE,/dL = —r)(c},)doy,/dL must there-
fore grow unboundedly large as the endpoint falls vertically
into the horizon when it reaches x = xyp.

The boundary theory interpretation of this phenomenon
is that the “jet” of energy described by the falling string
expands in size as it propagates, expanding linearly with
distance as it propagates in vacuum with some constant
opening angle and then faster than linearly as it propagates
through the plasma until, when x ~ Xy, its size becomes
comparable to 1/(zT') at which point it rapidly thermalizes.
It is important to notice that the rapid thermalization sets in
when the size of the “jet” becomes comparable to 1/(zT)
which, depending on the way in which the *“jet” is prepared,
can happen when the velocity of the “jet” is still relativistic.
In this respect the phenomenon is different than the
canonical Bragg peak that arises when an electron losing
energy as it passes through matter decelerates to a non-
relativistic speed.

4. Momentum loss in the slab of plasma

For completeness, before turning to the boundary inter-
pretation of the “jets” whose energy loss we have computed
we set up the calculation of how much momentum they lose
as they traverse the slab of plasma. As was the case with the
string energy, the momentum P, = [(8) don? of the
string segment that exits the slab is less than the momentum
Py = [o () don of the string segment that entered the
slab. At leading order in €, the momentum density on the
string is given by
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) = —ﬂg/é. (47)

To the extent that the energy and momentum of the string
are dominated by the contribution from near the endpoint,
(47) implies that P,/ E;, = 1/&;,, = coso, and Py /Eqy =
cos6,, meaning that my,/E;, = sino, and myy/Eq. =
sinco,. This means that we can immediately see from a
figure like Fig. 2 or 3 that m,/Eqy > mi,/E;,, meaning
that the opening angle of the “jet” that emerges from the
slab of plasma is wider than that of the incident “jet”. The
bulk interpretation is that because the string loses energy as
it propagates through the plasma its endpoint is falling
more steeply after it emerges than it was before it entered
the plasma. In both Figs. 2 and 3 and in all the other
examples that we have investigated, the increase in m/E is
greater than the decrease in £ meaning that energy loss is
accompanied by an increase in m.

III. BOUNDARY INTERPRETATION

We have computed the amount of energy that the “jet”
that exits the slab of strongly coupled plasma has lost as it
traverses the slab. And, we have seen in the dual gravita-
tional description that the string that exits the slab of plasma
has the same (semicircular) shape as the string that was
incident on the slab, but that its endpoint emerges with a
value of o, that is greater than the ¢ with which it entered
the slab. In this section we shall confirm that these
observations imply that the “jet” that exits the slab of
plasma in the dual field theory has a larger opening angle
than the incident “jet” but that other than this has the same
shape. To address these questions we must consider the
angular distribution of power radiated by the “jet” that
escapes the slab of plasma,

dP., . .
T im 2%, [ de(TO), 48
o= lim W / (7% (48)

where (T*) is the expectation value of the boundary stress
tensor. Rotational invariance about the x axis implies
dPg,/dQ = 2rdP,,/dcos6 where 0 is the polar angle
with 6 = 0 corresponding to the +x direction the “jet” is
moving. In Appendix A we compute the angular distribu-
tion of power radiated by the “jet” exiting the slab. The
result reads

dPy, 1 [ou(L) —n)(o)
— d L (49
dcos @ Zl* Gy(o-)“[l —v(0) cos O)? (49)

where v(6) = 0,Xye, = c0s (o) is the spatial velocity of
the congruence of geodesics that make up the null string
that exit the slab and where y(c) = 1/+/1 — v(c)? is the
Lorentz boost factor. Eq. (49) shows how world sheet
energy —r(c) that exits the black hole slab is mapped onto
the angular distribution of power on the boundary. We note
that for each o, the integrand in Eq. (49) is nothing more

PHYSICAL REVIEW D 90, 025033 (2014)

than a boosted spherical distribution of energy. That
is, boosting with velocity —v(c) in the x direction, the
integrand in Eq. (49) becomes isotropic.

Note that in the absence of any plasma we would have
o = o and the angular distribution of power would be given
by (49) with v(o) = cos ¢, which is to say by dP;,/d cos 6.

If all of the world sheet energy —z(c) were localized at
o = o,, Eq. (49) would tell us that the “jet” in the boundary
theory was a spherically symmetric cloud of energy with
some energy m in its rest frame—i.e. in the frame in which
it is spherically symmetric—that has subsequently been
boosted by a Lorentz boost factor y (o, ). The initial opening
angle of the incident “jet” would be m;,/E;, = sino, and
the opening angle of the “jet” that emerges from the slab
would be my,/E,, = sino,. We have seen that E,; < Ej,
and o6, > o,. In both Fig. 2 and Fig. 3 we find that
6./0, > Ei,/Eqy, meaning that mg, > m;,. In fact we
have found this to be the case in every example that we
have investigated.

As long as 0, < 1 the world sheet energy density is in
fact peaked near 6 = o,, and the characterization that we
have just given is a good approximation. This characteri-
zation is not precise, however, because (49) describes a
“jet” composed by boosting spherically symmetric clouds
of energy corresponding to the energy density at different ¢
on the string world sheet by different Lorentz boost factors.
The energy carried by the bits of string deeper in the bulk,
at larger o, is boosted less; it describes the softer compo-
nents of the “jet”.

Let us now turn to the shape of the “jet” that exits the
slab. If we define its opening angle 6, as the angle at
which dP,,/dcos0 falls to one eighth of its peak (i.e.
6 = 0) value, inspection of (49) tells us that

gout ~ 5'*, (50)

as long as 0, < 1 and as long as most of the world sheet
energy density resides near ¢ = o,. So, the angle at which
the string endpoint falls into the bulk encodes how broad
the “jet” is on the boundary. Likewise, the opening angle of
the incident “jet” is

QinNG*' (51)

We know that ¢, must be greater than o,: in the dual
gravitational, geometric description of jet quenching exem-
plified in Figs. 2 and 3, the slab of plasma is represented
by the black hole horizon and its gravitational field, and
this gravitational field curves the trajectory of the string
endpoint downward. That is, 6, > o, because the force of
gravity is attractive. We now see that this basic feature
of the bulk description of jet quenching implies that
Oout > 0;,. We can go a little farther upon assuming that
Xsop — L > uy, and  xyop — L = O(xy,p,). Under these
assumptions, (16), (18), and (20) yield
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FIG. 4 (color online). The angular distribution of power for the
“jet” whose dual gravitational description is depicted in Fig. 3
which has traversed a slab of plasma with L = 8/(zT) and
Xgop = 10.73/(xT). The blue solid curve shows (1/E;,)(dP o/
d cos 0). We recall from Fig. 3 that 6, = 0.0769 and see here that
the “jet” that emerges from the slab of plasma has an opening
angle 6,,,, namely the angle at which the power has dropped to
1/8 of its @ = 0 value, of this order. We have also plotted the
incident angular distribution of power (1/E;,)(dP;,/dcos6),
which is to say the shape that the “jet” would have had in the
absence of any plasma, as the red dashed curve. In plotting the red
dashed curve we have stretched the 6 axis by a factor of 3.2 and
we have compressed the vertical axis by a factor of 14.4.

2
i () (52)
Xstop — L

Hence 0;, < 6, <1 as long as x,, — L is much larger
than both u;, and |x,|. That is, what comes out of the slab of
plasma is a well collimated beam of energy until L becomes
parametrically close to xp.

Figure 4 shows the shape of the “jet” in the boundary
quantum field theory whose dual gravitational description
is depicted in Fig. 3. As is evident from the figure, the
opening angle of dP,,/dcos0 is 6., ~ &, = 0.077. Also
shown in the figure is dP;,/dcos@ with 6 rescaled by a
factor of 3.2 and the amplitude rescaled by a factor of
1/14.4. Aside from the rescalings, we see that the shape of
dP,,/dcos0 is nearly identical to that of dP;,/dcos®0.
Therefore, just as the string that exits the black hole slab
looks identical to that which went in—except with less
energy and with an endpoint that falls with greater slope—
the angular distribution of power of the “jet” that exits the
slab is nearly identical in shape to that which went into the
slab except its opening angle is larger and its energy has
decreased.

From Fig. 4 we conclude that the “jet” that emerges from
the plasma is 3.2 times wider in angle than the incident
“jet”. We can compare this result to the simpler estimate
sino,/sino, = 3.08 for the factor by which the opening
angle should increase that we obtained previously by
assuming that the energy on the string world sheet is
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localized near ¢ = o,. The fact that this simpler estimate is
close to, but not equal to, the full boundary theory result
obtained in Fig. 4 tells us that although the energy of the
string world sheet is peaked near ¢ = o, it is not all
localized there.

Let us now turn to energy loss in the slab. Integrating the
angular distribution of power over all angles, we find

dpP on(L)
/dcosﬁﬁ— —/ : donl(c) = Eyy.  (53)

Therefore, the energy of the “jet” that exits the slab of
plasma on the boundary coincides with the energy of the
string which exits the black hole slab geometry in the bulk.
Likewise, the incident “jet” energy on the slab of plasma
coincides with the incident string energy E;,. We see that by
introducing a finite slab of plasma and asking about the
energy of the “jet” that enters the slab and of the “jet” that
exits the slab we find, by explicit computation, a com-
pletely straightforward relationship between the “jet”
energy in the boundary theory and the energy of the string
in the dual gravitational description, completely avoiding
various ambiguities that can arise in other contexts [25].

We learn from (53) that the energy loss rate in Eq. (45)
and the ratio E,,/E;, in Eq. (46) that we obtained in the
previous section by computing the energy of the string in
Fig. 3 that enters, and exits, the slab of plasma does indeed
give us the energy loss rate and the ratio E,,/E;, for the
incident and outgoing “jets” in the boundary quantum field
theory. We plot E,,/E;, in Fig. 5. We see from this figure
that for L = 0.5x0p, Eoy & 0.94Ej, and for L = 0.9x,
Ey~0.5E;, and for L =0.98xyy,, Eq~0.25E;,.
Therefore, as L — xy,, the energy lost by the “jet” is
disproportionately deposited near the end of its trajectory.
This is the signature of a Bragg peak energy loss rate for the
“jet” in the plasma. In contrast to the conclusions reached in
Ref. [25], this demonstrates that the presence of the Bragg
peak on the string world sheet implies a Bragg peak on the
boundary. In would be interesting to do a full computation
of the boundary stress tensor in the plasma in the vicinity of
the Bragg peak.

IV. OUTLOOK

We have already stated our central conclusions in the
introductory section of the paper. They are demonstrated by
Figs. 2 and 3 which illustrate the geometric interpretation of
light quark energy loss in a strongly coupled plasma as due
to null geodesics that carry energy along the string world
sheet falling into the horizon and which show that even
when the “jet” that emerges from the plasma has lost a
substantial fraction of its energy it looks precisely like the
“jet” that could have been produced in vacuum with the
same, reduced, energy E,, and the same, increased,
opening angle mg,/Ey,. The latter conclusion is further
reinforced in Fig. 4.
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We also note that the description of the rate at which a
light quark loses energy as it propagates through strongly
coupled plasma that we have obtained in Eq. (45) will
be of use in many contexts. It provides an expression for
dE,,/dL that can be used in the phenomenological
modeling of jet quenching in heavy ion collisions. It will
also be interesting to analyze the consequences for the
analysis of jets in heavy ion collisions of our result that
Oout > 0;y. If, in the analysis of experimental data, the
energy of a jet is defined as the energy inside some
specified opening angle, then if jets broaden in angle as
they traverse the quark-gluon plasma this could reduce their
measured energy, over and above the “true” energy loss
described by Eq. (45).

The expression (45) that we have derived shows

that |dEy,/dL| < L? for small L and |dE,,/dL| x

1/ /Xaop — L* for L ~ xg,, with much of the initial energy

of the “jet” lost near L ~ xy,, as in a Bragg peak and as
illustrated in Fig. 5. We computed the rate of energy loss
given by (45) and illustrated in Fig. 5 in the dual
gravitational description of Fig. 3 by computing the energy
of the string that emerges from the slab of plasma. In
Sec. III we confirmed by explicit calculation that this is
indeed the rate at which the “jet” in the boundary gauge
theory loses energy.

At a qualitative level, our observation in Figs. 2, 3, and 4
that the boosted beam of energy (the “jet”) that emerges
from the plasma looks so similar in shape to the shape of
the “jets” in vacuum in this theory resonates with the
observations of jets in heavy ion collisions at the LHC with
which we began this paper. We find that the propagation
through the slab of plasma has two substantial effects on the
“jets” that we have investigated. First, they lose energy, as
described by (45), as we have discussed. Second, their
opening angle increases. We find a simple geometric
explanation of the fact that the opening angle m,/Eqy
after the “jet” traverses the plasma is always greater than
m;,/ E;,: in the dual gravitational description of jet quench-
ing, this fact corresponds to the fact that gravity in the bulk
ensures that the string endpoint curves toward the black
hole horizon. In every example that we have investigated,
we furthermore find that m, > m;,.

It remains the case that the “jet” that emerges from the
slab of plasma looks just like a “jet” in vacuum in the theory
in which we are working. This is so because in this theory
we can prepare a “jet” in vacuum with any value of m/E
that we like. In QCD, on the other hand, the theory dictates
the probability distribution for m;, for jets with a given Ej,.
This jet mass probability distribution for both quark-
initiated and gluon-initiated jets has recently been com-
puted to next-to- and next-to-next-to-leading-log order in
Refs. [26-28]. It would be very interesting to construct an
ensemble of “jets” in the strongly coupled theory that we
have employed with varying values of u, and o, such that
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FIG. 5 (color online). The ratio of energies E,,/E;, given in
Eq. (46) as a function of L/x,. The energy loss rate dE,,/dL
increases dramatically as L — xp. This result for Eq/Ej, is
accurate for any x, as long as o, is small enough that
Xgop > |Xo| + uy,. Tt provides a good approximation to the energy
loss of the “jet” depicted in Fig. 3.

the ensemble includes “jets” with varying values of E;, and
for each value of E;, includes varying values of my,
distributed as in QCD. After shooting this ensemble of
“jets” through a slab of plasma one could then look at the
distribution of E, and m,, for the ensemble of “jets” that
emerge on the far side of the slab, for example looking at
the distribution of m, for a specified E,,, which could
then be compared to the distribution of m;, for incident
“jets” with an initial energy equal to the specified E.
(This comparison would be motivated by the comparisons
that experimentalists make between properties of quenched
jets in PbPb collisions and properties of jets in pp collisions
with the same energies as the energies of the quenched jets.)
Note that changing m;, at fixed E;, will change both E
and mg,, meaning that in an investigation like this it will be
necessary to follow a two-parameter ensemble of “jets”
through the slab. We leave this investigation to future work.

It would of course also be interesting to replace the slab
of plasma that we have employed by an expanding cooling
plasma that flows according to the laws of hydrodynamics.
We leave this also to future work.

Another direction for the future is the tailoring of the
“jets” in strongly coupled N' =4 SYM theory so that they
have the same shape as jets in QCD. We have focused in
this paper on comparing the energy and shape of the
“jets” that emerge from the slab of plasma to that of the
“jets” that are incident on it. One could instead try to make
a model for jets in QCD by replacing (34) by an expression
for 79(c) tailored so that the angular distribution of
the energy in the “jets”, see Fig. 4, matches that of jets
in QCD.

Finally, it will be interesting to look for evidence in
heavy ion collisions that quenched jets have increased
m/E in addition to decreased E. Although it is difficult to
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measure the jet mass per se for jets in heavy ion collisions,
other jet-shape observables have been measured [8]. It
would be interesting to analyze a sample of events each of
which contains a high-energy photon with the same energy,
with the photon back-to-back with jets of differing energies
in different events, to determine whether the jets that have
lost more energy have larger opening angles. Present data
sets [4] do not include enough photon-jet events for such an
analysis, but much higher statistics are anticipated in
coming years at the LHC. It may also be possible to look
for the effect on a statistical basis in dijet events, looking for
evidence that in asymmetric dijets [1-3] the lower energy
jet in the pair has a larger angular extent.
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APPENDIX: THE BOUNDARY ANGULAR
DISTRIBUTION OF RADIATED POWER

To compute the boundary angular distribution of power
via (48) we must first compute the linearized gravitational
backreaction of the bulk geometry induced by the falling
string. The near-boundary behavior of the perturbations
in the geometry then encode the expectation value of
the boundary stress tensor (T#*) [29]. Because dP,/dQ
only depends on the stress tensor asymptotically far
from the slab, it is sufficient to study the perturbation in
the AdSs geometry asymptotically far from the slab. In
other words, we can focus on the linearized backreaction of
AdSs caused by the segment of string which exits the black
hole slab.

The perturbation in the geometry due to the string is
governed by linearized Einstein equations sourced by the
string stress tensor 7V given by

MV (y) = / o\ /=gg* 0, XM, XN \;T_G(s (Y - X).

(A1)

With our choice of world sheet coordinates, at leading order
in the geometric optics expansion parameter € the string
stress tensor in the region x > L reads
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1

on(L)
MN _ _ /6 * d(;{ 20000, X 200, X oo —— Nare

6100 )00 = )| (A2

The string stress tensor (A2) should be compared to that
of a single point particle moving along a null geodesic
Xoeo = {1 Xgeo 0.0, Uye, }, Namely

Tpltla]r\t,icle €o geo]/a Xgeo(f? X]g\{ao
1
ar: (X1)8(X = Xgeo)8( — geo).  (A3)

Here y =1/V1—v* with v =k, the velocity of the
particle in the spatial direction. ¢, is a Lorentz scalar with
respect to boosts in the boundary spatial directions. In
particular, boosting to the frame in which v = 0, the energy
of the null particle is simply ¢,. Comparing (A2) and (A3)
and noting that z) is time independent, we see that the
string stress tensor is simply an integration over the
congruence of null geodesics which make up the string,
namely

6!1(1‘)
TMN = / dafg/[ar]\t]icle(a)’ (A4)
with a o-dependent energy density,
0
e,(0) = _7o(o) ; (AS)
v(o)

and a o-dependent velocity v(o). Linearity of the bulk to
boundary problem then implies that the expectation value
of the stress tensor induced by the string (7#*) can be
written as a sum over that induced by null point particles
following the (blue) null geodesics in a calculation like that
in Fig. 2 or Fig. 3. That is,

v Uh(L) v
<Tﬂ > = d <Tpamcle> (A6)
It therefore follows that
dP on(L)  dP
o [eTmE W)

with  dPicte/dQ defined by (48) with the replace-
ment (") = (Tpuire)-

The boundary stress tensor induced by a single null
particle falling in the AdSs; geometry was computed in
Ref. [30]. Defining x|, dy as the event at which the geodesic
starts from the boundary at u = 0, the expectation value of

the boundary stress tensor reads
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oy = €, 1 Axt Ax¥
particle 47”,2 7/3(1 — 7. V)3 r2

5(t - tbndy - r)’

(A8)

where Ax# = x* — x{, ;. 7 = |Ax| and 1 = xp ;.. In the rest
frame where » = 0, the induced stress on the boundary
corresponds to a spherical shell of energy and momentum
moving radially outwards from the event x’gndy at the speed
of light. We therefore have

PHYSICAL REVIEW D 90, 025033 (2014)

dp particle _ €o 1

=22 . A9
dQ dry3(1=3%-v)? (49)
Using (A7) and (AS5), we therefore secure
dP 1 [on(l) -
= do——0 . A10
aQ an), A1 —iv) (A10)

Upon multiplying by 2z we obtain the result (49) that we
have used throughout Sec. III.
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