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Three-dimensional topological crystalline insulators were recently predicted and observed in the
SnTe class of IV-VI semiconductors, which host metallic surface states protected by crystal sym-
metries. In this work, we study thin films of these materials and expose their potential for device
applications. We demonstrate that thin films of SnTe and Pb1−xSnxSe(Te) grown along the (001)
direction are topologically nontrivial in a wide range of film thickness and carry conducting spin-
filtered edge states that are protected by the (001) mirror symmetry via a topological invariant.
Application of an electric field perpendicular to the film will break the mirror symmetry and gener-
ate a band gap in these edge states. This functionality motivates us to propose a novel topological
transistor device, in which charge and spin transport are maximally entangled and simultaneously
controlled by an electric field. The high on/off operation speed and coupling of spin and charge in
such a device may lead to electronic and spintronic applications for topological crystalline insulators.

PACS numbers:

Crystal structure and symmetry play a fun-
damental role in determining electronic proper-
ties of quantum materials. The interplay be-
tween crystallography and electronic topology[1,
2] has advanced our understanding of topo-
logical insulators[3–5]. More recently, a new
type of topological phases termed topological
crystalline insulators[6] has been predicted[7]
and observed[8–10] in three-dimensional mate-
rials SnTe and Pb1−xSnxSe(Te). A key char-
acteristic of topological crystalline insulators is
the presence of metallic boundary states that
are protected by crystal symmetry, rather than
time-reversal[11]. As a consequence, these states
can acquire a band gap under perturbations that
break the crystal symmetry[7, 12]. This novel
property opens up an unprecedented function-
ality of tuning the charge and spin transport
of topological boundary states with high on/off
speed by applying an electric field. Here we the-
oretically demonstrate that thin films of SnTe and
Pb1−xSnxSe(Te) grown along the (001) direction
realize a new, two-dimensional topological crys-
talline insulator phase that supports spin-filtered
edge states with a band gap tunable by electric
field effect. Our work may thus enable electronic
and spintronic device applications based on topo-
logical crystalline insulators.

Topological crystalline insulators (TCI) have so far
only been realized in three-dimensional materials[7–10].
In this work, we propose a material realization of a two-
dimensional (2D) topological crystalline insulator phase,
which is topologically distinct from an ordinary insulator
in the presence of mirror symmetry about the 2D plane.

The topology here is mathematically characterized by
two integer topological invariants N+ and N−, which
are Chern numbers of Bloch states with opposite mir-
ror eigenvalues. While the sum N+ +N− determines the
quantized Hall conductance, the mirror Chern number[2]
defined by NM ≡ (N+−N−)/2 serves as an independent
topological index[7, 13–18], which distinguishes a mirror-
symmetric TCI in two dimensions.

The mirror eigenvalue of an electron wavefunction is
intimately related to its spin. Because performing mirror
transformation (denoted by M) twice is equivalent to a
2π rotation which changes the sign of a spinor, M2 = −1
and hence mirror eigenvalues are either i or −i. In the
absence of spin-orbit coupling, these two eigenvalues cor-
respond to spin eigenstates sz = ± 1

2 where the quantiza-
tion axis z is perpendicular to the plane, so that mirror
Chern number NM reduces to spin Chern number[19–
21]. More broadly, mirror Chern number can be defined
for any system that is symmetric under reflection, with
or without spin conservation. For instance, the quan-
tum spin Hall state in graphene proposed by Kane and
Mele[22] is characterized by |NM | = 1, in addition to the
Z2 index.

In this work, we demonstrate that (001) thin
films of topological crystalline insulator SnTe and
Pb1−xSnxSe(Te) in a wide range of thickness realize a
2D topological phase indexed by mirror Chern number
|NM | = 2, which supports two pairs of spin-filtered edge
states. This new topological phase belongs to a different
symmetry class than the quantum spin Hall state, and
its edge states are protected solely by mirror symmetry
instead of time reversal. A unique consequence is that ap-
plying an electric field perpendicular to the film breaks
the mirror symmetry and generates a band gap in these
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edge states. This functionality leads to a new way of
controlling the charge and spin transport simultaneously
by electric field effect in a two-dimensional topological
crystalline insulator.

Our results are based on a combination of k · p mod-
eling, band structure calculations, and topological band
theory. A detailed derivation of the following analysis can
be found in Methods. Here, we describe how the competi-
tion between (1) the inverted band structure in the three-
dimensional limit and (2) hybridization between the two
surfaces determines the topological nature of the TCI film
as a function of film thickness. SnTe and Pb1−xSnxTe
films are typically grown by molecular beam epitaxy in a
layer-by-layer mode with good thickness control[23–25].

Three-dimensional TCI, SnTe or Pb1−xSnxSe(Te),
have Dirac fermion surface states on the (001) surface.
There are four Dirac points located at non-time-reversal-
invariant momenta Λ near the X points, which can be
derived from the k · p theory at the X point [26]. Sur-
face states at X correspond to p-orbitals of the cation
(C) and the anion (A) respectively. Importantly, TCI
has an inherently inverted band ordering opposite to the
ionic insulator PbTe[7], so that the anion-derived surface
state EA(X) is located near the conduction band edge,
and the cation-derived surface state EC(X) near the va-
lence band edge[29]. As we will show below, the topolog-
ical properties of TCI (001) films are dictated by these
gapped surface states at X, while their low-energy band
structures are largely determined by the gapless states at
Λ.

In this work, we consider TCI (001) films with an odd
number of atomic layers, which are symmetric under the
reflection z → −z about the 2D plane in the middle (see
Fig.1). Our main result—gapless edge states with an
electrically tunable gap—also holds for TCI films with
an even number of layers, although the underlying sym-
metry is different and to be described elsewhere. When
the film thickness is below the penetration length of sur-
face states, the wavefunction hybridization between the
top and bottom surfaces results in an energy splitting
between the bonding and anti-bonding states. These hy-
bridized surface states form the conduction and valence
bands of the 2D TCI film. Based on k · p analysis (see
Methods) and band structure calculations, we find that
the conduction and valence bands of the TCI film at the
X point are derived from the bonding state of the an-
ion at energy EA+(X) and the anti-bonding state of the
cation at energy EC−(X). Due to their opposite par-
ity, the two bands EA+(X) and EC−(X) do not repel
each other. The band ordering of EA+(X) and EC−(X)
depends crucially on the competition between the hy-
bridization of the two surfaces and the inverted gap 2m of
each surface. For thick films, the hybridization is weak so
that EA+(X) > EC−(X). With this ordering, the band
structure of the TCI film is adiabatically connected to
the original surface states in the three-dimensional limit,

Λ XΓ

EA

EC

FIG. 1: Energy Level Diagram of TCI Thin Films.
Top: rocksalt structure of SnTe (left) and schematic Brillouin
zone of the (001) surface of three-dimensional SnTe (right).
Four massless Dirac points of surface states are indicated by
the black dots. Bottom: schematic conduction and valence
bands of a TCI film at the X point. When the top and bot-
tom surfaces hybridize weakly, the film inherits the inverted
band gap of the 3D limit (left). Strong hybridization drives a
band crossing, leading to a trivial phase (right). A,C denote
anion/canion, and ± denote bonding/anti-bonding combina-
tions of the two surfaces.

which is inherently inverted near X points (see Fig.1).
We now concentrate on the band inversion near the

transition point EA+(X) ∼ EC−(X), which occurs at a
critical film thickness to be determined from band struc-
ture calculations later. This transition is described by
Dirac mass reversal in a k · p Hamiltonian:

H(k) = (ṽxkxsx − ṽykysy)τx + m̃τz (1)

where τz = ±1 denotes the conduction and valence band
of the TCI film at X, and each band has a Kramers
degeneracy labelled by sz. The velocities ṽx, ṽy and the
Dirac mass m̃ ≡ EC−(X)−EA+(X) are derived from mi-
croscopic parameters of surface states in the 3D TCI and
their hybridization strengths (see Methods for details).

Importantly, H(k) is invariant under mirror symmetry
about the 2D plane:

MH(k)M−1 = H(k). (2)

Here the mirror operator is given by M = −iszτz, be-
cause bonding and anti-bonding states have opposite mir-
ror eigenvalues, and so do spin up and down states. For a
single-flavor Dirac fermion, sign reversal of Dirac mass m̃
changes mirror Chern number NM by 1[2]. We further
take into account that there exist two X points in the
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FIG. 2: Band Inversion in SnTe Films. Conduction and
valence bands of a 3 layer (left), 5 layer (middle), and 25 layer
(right) SnTe film. Red dots denote the weight of the electronic
wavefunction on the anion Te. Starting from 5 layers, TCI
(001) films show an inverted band structure relative to an
ionic insulator.

Brillouin zone, related by a four-fold rotation. Because
of the simultaneous band inversions at both X points,
NM changes by 2:

|NM (m̃ > 0)−NM (m̃ < 0)| = 2. (3)

Combining this equation with the inverted band struc-
ture of m̃ < 0 deduced earlier, we conclude that
(001) thin films of TCI with an inverted band ordering
EA+(X) > EC−(X) realize a two-dimensional topologi-
cal crystalline insulator phase with mirror Chern number
|NM | = 2.

The above conclusion drawn from k · p analysis and
topological band theory is confirmed by our band struc-
ture calculations of (001) TCI films based on a realistic
tight-binding model[30], using SnTe as a representative.
Fig.2 shows the band structures and orbital characters
near the X point for 3- and 5-layer films, as well as a
thick 25-layer film. Clearly, the 5-layer film has an in-
verted band ordering with the conduction (valence) band
near X derived from the anion (cation), while the 3-layer
film does not. This confirms our k · p result that the
increased hybridization strength in thinner films drives
the system out of the inverted regime. We further calcu-
late the mirror Chern number numerically by integrating
the Berry curvature over the Brillouin zone (see Meth-
ods), and confirm that NM = 0 for the 3-layer film and
|NM | = 2 for the 5-layer film.

As the film thickness increases above 5 layers, the band
gap at X, Eg(X) ≡ EA+(X)−EC−(X) increases mono-
tonically, and eventually reaches the value 220meV that
is determined by the band structure of surface states in
the 3D limit. Meanwhile, the fundamental band gap in

Λ XΓ

Λ XΓ

|NM|=0 |NM|=2

FIG. 3: Phase Diagram of 2D TCI. Band gap of SnTe at
the X point as a function of film thickness. Above five layers,
the gap of SnTe at X is inverted and increases with thickness,
resulting in a wide region of topologically nontrivial 2D TCI
phase with mirror Chern number |NM | = 2. For thick films,
the fundamental band gap shifts from X to Λ, where the Dirac
points of 3D surface states are located (insets).

thicker films shifts from X to the momentum Λ located
on the line ΓX, see for example the band structure of
the 25-layer film shown in Fig.2. In the 3D limit, the
gap at Λ decreases to zero, thus recovering zero-energy
Dirac points of TCI surface states (see Fig.3). Irrespec-
tive of this shift of band gap, films thicker than 5 layers
all show an inverted band structure near the X point,
which results in the nontrivial band topology. This leads
to a robust 2D topological crystalline insulator phase in
a wide range of thickness. Moreover, the inverted gap
in 11-layer SnTe film reaches 0.15eV near the X point,
which is much larger than that of existing quantum spin
Hall insulators. The same physics holds for Pb1−xSnxSe
and Pb1−xSnxTe, though the critical thickness depends
on material details.

A hallmark of 2D TCI is the presence of conducting
edge states. The mirror Chern number |NM | = 2 dic-
tates that there exist two pairs of counter-propagating
edge states within the band gap, and those moving in
the same (opposite) direction carry identical (opposite)
mirror eigenvalues. This is confirmed in our band struc-
ture calculation of a SnTe thin film in a strip geome-
try parallel to [100], using the recursive Green’s function
method[31]. As shown in Fig. 4, edge states with oppo-
site mirror eigenvalues cross each other at a pair of mo-
menta in the edge Brillouin zone. In the ballistic limit,
the conductance through such edge states is 2e2/h.

Unlike helical edge states in a quantum spin Hall insu-
lator, the band crossings of spin-filtered edge states found
here are located at non-time-reversal-invariant momenta,
so that they are protected solely by the mirror symmetry
z → −z, but not time-reversal. This leads to a remark-
able consequence: applying a perpendicular electric field,
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FIG. 4: Effect of Electric Field on Edge States. Edge
states of a TCI film and electric-field-induced gap. (Left) Bulk
and gapless edge dispersion of a 11 layer SnTe film, labeled
by mirror eigenvalues. (Right) Gapped dispersion when a
perpendicular electric field is applied to generate a potential
difference of 0.1eV across the film.

which breaks the mirror symmetry, will generate a band
gap in these edge states. To illustrate this effect and es-
timate its magnitude, we calculate the band structure of
an 11-layer SnTe film under a modest, uniform electric
field that generates a 0.1eV potential difference across the
film. The effect of an external electric field is modeled by
adding a layer-dependent potential that varies linearly in
the (001) direction to the tight-binding model[30]. We
find that the spin-filtered edge states become completely
gapped (see Fig.4). For comparison, a magnetic field or
induced ferromagnetism is required to gap helical edge
states of a quantum spin Hall insulator, which can be
difficult to achieve[32].

Thus edge-state transport in the 2D topological crys-
talline insulator phase found here has the unique prop-
erty that the conductance is easily and widely tunable via
an electric-field-induced gap instead of carrier depletion.
This mechanism works at high on-off speed and improves
power efficiency. As the on/off states originate from the
crystal symmetry and symmetry breaking, they are more
robust to material imperfections, which may also increase
the operating cycles and improve the performance of the
transistor especially at high frequency. In addition, only
a local electric field is required to gap out edge states,
which further minimizes power consumption. The resis-
tance of the “Off” state depends on the amount of im-
purity states inside the energy gap, and thus the On/Off
ratio can be improved by controlling the film quality[33].
On the other hand, in the ballistic transport regime, the
On/Off ratio of the topological transistor can be further
enhanced with a quantized ”On” state conductance of
2e2/h per edge and a negligible ”Off” state conduction.

Since the electron spin polarization in the z direction
is proportional to mirror eigenvalue, an electric current
carried by the TCI edge states is spin-polarized, and re-
versing the current flips the spin (Fig.5). Importantly,
it is the mirror eigenvalue, rather than the amount of

FIG. 5: Topological Transistor. Proposed topological
transistor device for using an electric field to tune charge and
spin transport. Without an electric field, the TCI film has
mirror symmetry and thus protected, spin-filtered edge states
(left). Applying an electric field perpendicular to the film
breaks mirror symmetry, which gaps the edge states (right).

spin polarization, that determines spin transport. For
instance, when a TCI is placed adjacent to a ferromag-
netic lead, sz = +1/2 electrons in the lead will tunnel
into the right moving TCI edge states with mirror eigen-
value +i with 100% certainty, if the setup preserves the
z → −z mirror symmetry.

The above functionality motivates us to propose a
topological transistor device made of dual-gated TCI thin
films, as shown in Fig.5. The device ”On” state in Fig. 5
itself can be used as a spin diode that enables the electric
field control of the electron spin polarization. Using the
two gates, one can control the electric field across the film
and the carrier density independently, and thus turn on
and off the coupled charge and spin transport by purely
electrical means functioning as a transistor.

In addition to an electric field, a magnetic field can also
be applied to a TCI thin film to independently control
the dispersion of the two sets of edge modes. Consider
the (100) edge states with crossings at ±k0, and apply
a magnetic field B = (B||, B⊥, Bz) (parallel being along
the edge). Bz will shift both the energies and momenta
of these crossings, while in-plane magnetic field B|| and
Bz open up gaps. By tuning both electric and magnetic
fields, the gaps at ±k0 can be separately tuned in full
range:

∆k0 =
√

(mE +mB⊥)2 +m2
B||

(4)

∆−k0 =
√

(−mE +mB⊥)2 +m2
B||
. (5)

Here mE ,mB⊥ ,mB|| are energy gaps that are generated
separately from the corresponding fields (see Methods).

From the material standpoint, thin films of IV-VI semi-
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conductors have been grown epitaxially[23–25] and ex-
tensively studied[34]. In particular, ultrathin SnTe quan-
tum wells have been made with high quality[35–37]. Re-
lated materials PbTe, PbSe and PbS, while topologically
trivial in bulk form, can become inverted in strained thin
films[7], which further broadens the material base avail-
able for use. Quantum devices based on IV-VI semi-
conductor quantum wells have been fabricated, which
show ballistic transport with remarkable conductance
quantization[38]. These developments as well as intensive
interest in TCI thin films [39, 40] give us hope that the
two-dimensional topological crystalline insulator phase
and topological transistor device proposed here can be
experimentally realized in the future.

Methods: In this section, we present (i) a detailed
derivation of k · p theory for TCI film; (ii) computation
of mirror Chern number; and (iii) effective theory for TCI
edge states under electric and magnetic fields.

I. Derivation of k · p theory for TCI film

Here we provide the derivation leading up to the effec-
tive Hamiltonian (1). The starting point is (001) topolog-
ical surface states of TCI in the three-dimensional limit.
The k · p Hamiltonian for these surface states, linearized
at an X point, is given by:

H0(k) = (vxkxsy + v′xkxszτx − vykysx)σz +mτz. (6)

σz = ±1 denote the top/bottom (001) surfaces, τz =
1(−1) denote basis states that are mainly derived from
the cation(anion), and sz = ±1 denotes a Kramers dou-
blet. For a given value of σz, H0(k) reduces to the four-
band k · p Hamiltonian for a single surface, derived in
Ref.[26–28]. Note, however, for technical convenience,
we have chosen a basis different from that in Ref.[26],
such that H0(k = 0) is diagonal.
H0(k) is invariant under the symmetry operations of

inversion P , Mz : z → −z, Mx : x → −x, My : y → −y,
two-fold rotation about z-axis C2, and time-reversal Θ.
In the above basis, these are represented by

P = σx,

Mz = −iszτzσx,
Mx = −isx,
My = −isyτz,
C2 = −iszτz,
Θ = isyK. (7)

Hybridization between the two surfaces corresponds to
off-diagonal terms in σz basis. There are three hybridiza-
tion terms allowed by the above symmetries:

Hh(k) = δ1σx + δ′1τzσx + δ2sxτyσx. (8)

Here δ1 ± δ′1 is the intra-orbital hybridization matrix el-
ement within the cation (anion) orbitals on the top and
bottom surface. δ2 is the inter-orbital hybridization ma-
trix element between the cation and anion orbitals on
the two surfaces. By combining (6) and (8), we obtain
an eight-band k · p Hamiltonian for the (001) thin film of
TCI:

Ht(k) = H0(k) +Hh(k). (9)

The intra-orbital hybridization δ1 and δ′1 splits a pair of
degenerate states at X on the two surfaces, Eα=C,A(X),
into a bonding and anti-bonding states with energies
Eα+(X) and Eα−(X) respectively. From band structure
calculations, we find that δ′1 is smaller than δ1, so that the
bonding states have a lower energy than the anti-bonding
states: Eα+(X) < Eα−(X). In this case, the conduction
and valence band edges at X are derived from the bond-
ing combination of the anions at energy EA+(X) and the
anti-bonding orbital of the cations at energy EC−(X).

The transition as these two levels cross each other can
be derived by projecting Ht(k) into the low-energy sub-
space of EA+(X) and EC−(X). We find that δ′1 plays
an insignificant role and can be set to zero for simplicity.
Projecting onto the four bands yields the k · p Hamilto-
nian for TCI film, Eq.(1)

H(k) = m̃τz + (ṽxkxsx − ṽykysy)τx. (10)

where the parameters are given by

m̃ =
√
m2 + δ22 − |δ1|,

ṽx = v′xsgn(δ1δ2),

ṽy =
vy|δ2|√
m2 + δ22

. (11)

II. Mirror Chern number

The mirror Chern number nM is determined by the
difference in Chern numbers N+ and N− that are associ-
ated with different mirror eigenstates. We compute these
Chern numbers by numerically integrating the Berry cur-
vature for all occupied bands over the entire 2D Brillouin
zone[41]. The Bloch wavefunctions are obtained from the
tight-binding model for SnTe[30]. We find that the Berry
curvature is strongly concentrated in the vicinity of two
X points (see Fig.6), which justifies our analysis of band
topology based on k · p theory.

We now comment on the sign of mirror Chern num-
ber. To define the sign of NM requires first choosing
an orientation for the mirror plane. This is because (i)
mirror operation is defined as spatial inversion combined
with a two-fold rotation with respect to an axis normal
to the mirror plane; and (ii) for spin-1/2 particle, the
eigenvalue of two-fold rotation ±i changes sign when the
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Γ X

X M

FIG. 6: Berry Curvature. Plot of Berry curvature associ-
ated with +i mirror eigenstates of a 5-layer SnTe film over the
2D Brillouin zone. The −i mirror eigenstates have opposite
Berry curvatures. This makes the total Chern number zero,
but the mirror Chern number |NM | = 2.

axis is reversed. Therefore the absolute value of mirror
Chern number per se is only meaningful after specifying
the orientation of the mirror plane, and NM changes sign
when one changes the choice of orientation. Nonetheless,
the relative sign of mirror Chern number and electron’s
spin component along the mirror axis is an unambiguous
and measurable: it determines the directionality of spin
current at the edge. We leave a detailed study of the sign
of mirror Chern number in TCI films to a future work.

III. k · p theory for edge states

We now derive the k·p theory of the gapless edge states,
in order to analyze how they are affected by external
fields. Note that above, the x direction is actually (110)
with respect to crystal axes. Let us now choose x to be
(100) and analyze the gapless edge states with crossings
at ±k0 along this axis.

The two symmetries that fix a single valley are Mz and
MxΘ, and we choose the representation

Mz = −isz (12)

MxΘ = iszK. (13)

The following table denotes how the electric field E (in
the z direction) and magnetic field (Bx, By, Bz) trans-
forms under the two symmetries:

Mz MxΘ
E − +
Bx − −
By − +
Bz + +

The most general k · p Hamiltonian compatible with
the above is

Hk0(k) = vksz +mEsy +mB||sx +mB⊥sy

+ EBz
+ E′Bz

sz (14)

where v is velocity of edge states, mE ,mB|| ,mB⊥ , EBz

and E′Bz
are linearly proportional to the corresponding

electric/magnetic field. Using time-reversal symmetry,
we obtain the k · p Hamiltonian for the other valley at
−k0:

H−k0(k) = vksz −mEsy +mB||sx +mB⊥sy

− EBz
+ E′Bz

sz (15)

By diagonalizing Eq.(14) and (15), we derive the field-
induced gap (4) and (5) at the two valleys.
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