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ABSTRACT

Sun, Wei PhD, Purdue University, May 2015. Stability of Machine Learning Algo-
rithms. Major Professor: Guang Cheng.

In the literature, the predictive accuracy is often the primary criterion for evaluat-
ing a learning algorithm. In this thesis, I will introduce novel concepts of stability into
the machine learning community. A learning algorithm is said to be stable if it pro-
duces consistent predictions with respect to small perturbation of training samples.
Stability is an important aspect of a learning procedure because unstable predictions
can potentially reduce users’ trust in the system and also harm the reproducibility of
scientific conclusions. As a prototypical example, stability of the classification proce-
dure will be discussed extensively. In particular, I will present two new concepts of
classification stability.

The first one is the decision boundary instability (DBI) which measures the vari-
ability of linear decision boundaries generated from homogenous training samples.
Incorporating DBI with the generalization error (GE), we propose a two-stage algo-
rithm for selecting the most accurate and stable classifier. The proposed classifier se-
lection method introduces the statistical inference thinking into the machine learning
society. Our selection method is shown to be consistent in the sense that the optimal
classifier simultaneously achieves the minimal GE and the minimal DBI. Various sim-
ulations and real examples further demonstrate the superiority of our method over
several alternative approaches.

The second one is the classification instability (CIS). CIS is a general measure of
stability and generalizes DBI to nonlinear classifiers. This allows us to establish a
sharp convergence rate of CIS for general plug-in classifiers under a low-noise con-

dition. As one of the simplest plug-in classifiers, the nearest neighbor classifier is



xii

extensively studied. Motivated by an asymptotic expansion formula of the CIS of
the weighted nearest neighbor classifier, we propose a new classifier called stabilized
nearest neighbor (SNN) classifier. Our theoretical developments further push the
frontier of statistical theory in machine learning. In particular, we prove that SNN
attains the minimax optimal convergence rate in the risk, and the established sharp
convergence rate in CIS. Extensive simulation and real experiments demonstrate that
SNN achieves a considerable improvement in stability over existing classifiers with no

sacrifice of predictive accuracy.



1. INTRODUCTION

The predictive accuracy is often the primary criterion for evaluating a machine learn-
ing algorithm. Recently, researchers have started to explore alternative measures to
evaluate the performance of a learning algorithm. For instance, besides prediction ac-
curacy, computational complexity, robustness, interpretability, and variable selection
performance have been considered in the literature. Our work follows this research
line since we believe there are other critical properties (other than accuracy) of a
machine learning algorithm that have been overlooked in the research community. In
this thesis, I will introduce novel concepts of stability into the machine learning com-
munity. A learning algorithm is said to be stable if it produces consistent predictions
with respect to small perturbation of training samples.

Stability is an important aspect of a learning algorithm. Data analyses have
become a driving force for much scientific research work. As datasets get bigger and
analysis methods become more complex, the need for reproducibility has increased
significantly [1]. Many experiments are being conducted and conclusions are being
made with the aid of statistical analyses. Those with great potential impacts must
be scrutinized before being accepted. An initial scrutiny involves reproducing the
result. A minimal requirement is that one can reach the same conclusion by applying
the described analyses to the same data, a notion some refer to as replicability. A
more general requirement is that one can reach a similar result based on independently
generated datasets. The issue of reproducibility has drawn much attention in statistics
2], biostatistics [3,4], computational science [5] and other scientific communities [6].
Recent discussions can be found in a special issue of Nature!'). Moreover, Marcia
McNutt, the Editor-in-Chief of Science, pointed out that “reproducing an experiment

is one important approach that scientists use to gain confidence in their conclusions.”

Lat http://www.nature.com/nature/focus/reproducibility/



That is, if conclusions can not be reproduced, the credit of the researchers, along with
the scientific conclusions themselves, will be in jeopardy.

Throughout the whole scientific research process, there are many ways statistics
as a subject can help improve reproducibility. One particular aspect we stress in this
thesis is the stability of the statistical procedure used in the analysis. According to [2],
scientific conclusions should be stable with respect to small perturbation of data. The
danger of an unstable statistical method is that a correct scientific conclusion may not
be recognized and could be falsely discredited, simply because an unstable statistical
method was used.

Moreover, stability can be very important in some practical domains. Customers
often evaluate a service based on their experience for a small sample, where the accu-
racy is either hard to perceive (due to the lack of ground truth), or does not appear to
differ between different services (due to data inadequacy); on the other hand, stability
is often more perceptible and hence can be an important criterion. For example, In-
ternet streaming service provider Netflix has a movie recommendation system based
on complex learning algorithms. Viewers either can not promptly perceive the inac-
curacy because they themselves do not know which film is the best for them, or are
quite tolerable even if a sub-optimal recommendation is given. However, if two con-
secutively recommended movies are from two totally different genres, the customer
can immediately perceive such instability, and have a bad user experience with the
service. Furthermore, providing a stable prediction plays a crucial role on users’ trust
of the classification system. In the psychology literature, it has been shown that
advice-giving agents with a lager variability in past opinions are considered less infor-
mative and less helpful than those with a more consistent pattern of opinions [7,8].
Therefore, a machine learning system may be distrusted by users if it generates highly
unstable predictions simply due to the randomness of training samples.

It is worth mentioning that stability has indeed received much attention in statis-
tics. For example, in clustering problems, [9] introduced the clustering instability to

assess the quality of a clustering algorithm; [10] used the clustering instability as a



criterion to select the number of clusters. In high-dimensional regression, [11] and [12]
proposed stability selection procedures for variable selection, and [13] and [14] applied
stability for tuning parameter selection. For more applications, see the use of sta-
bility in model selection [15], analyzing the effect of bagging [16], and deriving the
generalization error bound [17,18]. However, many of these works view stability as
a tool for other purposes. In literature, few work has emphasized the importance of
stability itself.

As a prototypical example, in this thesis we will discuss extensively the stability
of a classification procedure. Classification aims to identify the class label of a new
subject using a classifier constructed from training data whose class memberships
are given. It has been widely used in diverse fields, e.g., medical diagnosis, fraud
detection, and computer vision. In the literature, much of the research focuses on im-
proving the accuracy of classifiers. Recently, alternative criteria have been explored,
such as computational complexity and training time [19], the robustness [20], among
others. Our work focuses on another critical property of classifiers, namely stabil-
ity, that has been somewhat overlooked. A classification procedure with more stable
prediction performance is preferred when researchers aim to reproduce the reported
results from randomly generated samples. Consequently, aside from high prediction
accuracy, high stability is another crucial factor to consider when evaluating the per-
formance of a classification procedure. Our work tries to fill this gap by presenting

two new concepts of classification stability.

1.1 Decision Boundary Instability (DBI)

In Section 2, I will introduce the decision boundary instability (DBI) to capture
the variability of decision boundaries arose from homogenous training samples. Incor-
porating DBI with the generalization error (GE), we propose a two-stage algorithm
for selecting the most accurate and stable classifier: Stage (i) eliminate the classifiers

whose GEs are significantly larger than the minimal one among all the candidate



classifiers; Stage (ii) select the optimal classifier as that with the most stable deci-
sion boundary, i.e., the minimal DBI, among the remaining classifiers. Our selection
method is shown to be consistent in the sense that the optimal classifier simultane-
ously achieves the minimal GE and the minimal DBI. Various simulations and real
examples further demonstrate the superiority of our method over several alternative

approaches.

1.2 Classification Instability (CIS)

In Section 3, I will introduce the classification instability (CIS) which character-
izes the sampling variability of the yielded prediction. CIS is a general measure of
stability for both linear and nonlinear classifiers. This allows us to establish a sharp
convergence rate of CIS for general plug-in classifiers under a low-noise condition.

! which is shown by adapting the

This sharp rate is slower than but approaching n~
theoretical framework of [21]. As one of the simplest plug-in classifiers, the nearest
neighbor classifier is extensively studied. An important result we find is that the CIS
of a weighted nearest neighbor (WNN) classifier procedure is asymptotically propor-
tional to the Euclidean norm of the weight vector. This rather concise form allows us
to propose a new classifier called stabilized nearest neighbor (SNN) classifier, which
is the optimal solution by minimizing the CIS of a WNN procedure over an accept-
able region of the weight where the regret is small. In theory, we prove that SNN
attains the minimax optimal convergence rate in the risk, and the established sharp
convergence rate in CIS. Extensive simulation and real experiments demonstrate that

SNN achieves a considerable improvement in stability over existing classifiers with no

sacrifice of predictive accuracy.



2. DECISION BOUNDARY INSTABILITY

Classification aims to identify the class label of a new subject using a classifier con-
structed from training data whose class memberships are given. It has been widely
used in diverse fields, e.g., medical diagnosis, fraud detection, and natural language
processing. Numerous classification methods have been successfully developed with
classical approaches such as Fisher’s linear discriminant analysis (LDA), quadratic
discriminant analysis (QDA), and logistic regression [22], and modern approaches
such as support vector machine (SVM) [23], boosting [24], distance weighted dis-
crimination (DWD) [25], classification based on the reject option [26], and optimal
weighted nearest neighbor classifiers [27]. In a recent paper, [28] proposed a platform,
large-margin unified machines (LUM), for unifying various large margin classifiers
ranging from soft to hard.

In the literature, much of the research has focused on improving the predictive ac-
curacy of classifiers and hence generalization error (GE) is often the primary criterion
for selecting the optimal one from the rich pool of existing classifiers; see [29] and [30].
Recently, researchers have started to explore alternative measures to evaluate the
performance of classifiers. For instance, besides prediction accuracy, computational
complexity and training time of classifiers are considered in [19]. Moreover, [20] pro-
posed the robust truncated hinge loss SVM to improve the robustness of the standard
SVM. [31] and [32] investigated several measures of cost-sensitive weighted general-
ization errors for highly unbalanced classification tasks since, in this case, GE itself
is not very informative. Our work follows this research line since we believe there are
other critical properties (other than accuracy) of classifiers that have been overlooked
in the research community. In this article, we introduce a notion of decision bound-

ary instability (DBI) to assess the stability [15] of a classification procedure arising



from the randomness of training samples. Aside from high prediction accuracy, high
stability is another crucial factor to consider in the classifier selection.

In this paper, we attempt to select the most accurate and stable classifier by incor-
porating DBI into our selection process. Specifically, we suggest a two-stage selection
procedure: (i) eliminate the classifiers whose GEs are significantly larger than the
minimal one among all the candidate classifiers; (ii) select the optimal classifier as
that with the most stable decision boundary, i.e., the minimal DBI, among the re-
maining classifiers. In the first stage, we show that the cross-validation estimator for
the difference of GEs induced from two large-margin classifiers asymptotically follows
a Gaussian distribution, which enables us to construct a confidence interval for the
GE difference. If this confidence interval contains 0, these two classifiers are consid-
ered indistinguishable in terms of GE. By applying the above approach, we can obtain
a collection of potentially good classifiers whose GEs are close enough to the minimal
value. The uncertainty quantification of the cross-validation estimator is crucially
important considering that only limited samples are available in practice. In fact,
experiments indicate that for certain problems many classifiers do not significantly
differ in their estimated GEs, and the corresponding absolute differences are mainly
due to random noise.

A natural follow-up question is whether the collection of potentially good classifiers
also perform well in terms of their stability. Interestingly, we observe that the decision
boundary generated by the classifier with the minimal GE estimator sometimes has
unstable behavior given a small perturbation of the training samples. This observation
motivates us to propose a further selection criterion in the second stage: DBI. This
new measure can precisely reflect the visual variability in the decision boundaries due
to the perturbed training samples.

Our two-stage selection algorithm is shown to be consistent in the sense that the
selected optimal classifier simultaneously achieves the minimal GE and the minimal
DBI. The proof is nontrivial because of the stochastic nature of the two-stage al-

gorithm. Note that our method is distinguished from the bias-variance analysis in



classification since the latter focuses on the decomposition of GE, e.g., [33]. Our DBI
is also conceptually different from the stability-oriented measure introduced in [17],
which was defined as the maximal difference of the decision functions trained from
the original datasets and the leave-one-out datasets. In addition, their variability
measure suffers from the transformation variant issue since a scale transformation of
the decision function coefficients will greatly affect their variability measure. Our DBI
overcomes this problem via a rescaling scheme since DBI can be viewed as a weighted
version of the asymptotic variance of the decision function. In the end, extensive
experiments illustrate the advantage of our selection algorithm compared with the

alternative approaches in terms of both classification accuracy and stability.

2.1 Large-Margin Classifiers

This section briefly reviews large-margin classifiers, which serve as prototypical
examples to illustrate our two-stage classifier selection technique.

Let (X,Y) € R? x {1,—1} be random variables from an underlying distribu-
tion P(X,Y). Denote the conditional probability of class Y = 1 given X = x as
p(x) = P(Y = 1|X = x), where p(x) € (0,1) to exclude the degenerate case. Let

the input variable be & = (z1,...,24)7, € = (1,21, ...,24)", with coefficient w =
(w1, ..., wq)T and parameter @ = (b, w?)?. The linear decision function is defined as
f(x;0) =b+x"w = &7, and the decision boundary is S(z;0) = {x : f(x;0) = 0}.
The performance of the classifier sign{f(x;0)} is measured by the classification risk
E[I{Y#Sign{f(x;g)}}], where the expectation is with respect to P(X,Y’). Since the di-
rect minimization of the above risk is NP hard [34], various convex surrogate loss
functions L(-) have been proposed to deal with this computational issue. Denote the
surrogate risk as R (0) = E[L(Y f(X;0))], and assume that the minimizer of R ()

is obtained at @gz, = (bor, wl;)T. Here Oy;, depends on the loss function L.



Given the training sample D,, = {(@;,y;);i = 1,...,n} drawn from P(X,Y), a
large-margin classifier minimizes the empirical risk O,,1(0) defined as
Onn(0) =~ Xn: L(y(me + b)) b 2T (2.1)
nL n % 7 9 ) :

i=1

where ), is some positive tuning parameter. The estimator minimizing O, (0) is
denoted as 6, = (/b\L, w})T. Common large-margin classifiers include the squared loss
L(u) = (1—u)?, the exponential loss L(u) = e~*, the logistic loss L(u) = log(1+e™%),
and the hinge loss L(u) = (1 — u)+. Unfortunately, there seems to be no general
guideline for selecting these loss functions in practice except the cross validation
error. Ideally if we had access to an arbitrarily large test set, we would just choose
the classifier for which the test error is the smallest. However, in reality where only
limited samples are available, the commonly used cross validation error may not be
able to accurately approximate the testing error. The main goal of this paper is to

establish a practically useful selection criterion by incorporating DBI with the cross

validation error.

2.2 Classifier Selection Algorithm

In this section, we propose a two-stage classifier selection algorithm: (i) we se-
lect candidate classifiers whose estimated GEs are relatively small; (ii) the optimal

classifier is that with the minimal DBI among those selected in Stage (i).

2.2.1 Stage 1: Initial Screening via GE

In this subsection, we show that the difference of the cross-validation errors ob-
tained from two large-margin classifiers asymptotically follows a Gaussian distribu-
tion, which enables us to construct a confidence interval for their GE difference. We
further propose a perturbation-based resampling approach to construct this confi-

dence interval.



Given a new input (X, Yy) from P(X,Y), we define the GE induced by the loss

function L as
1 . ~
Dy, = §E]Y0 — sign{ f(Xo;0L)}|, (2.2)

where b\L is based on the training sample D,,, and the expectation is with respect to
both D,, and (X, Yy). In practice, the GE, which depends on the underlying distri-
bution P(X,Y), needs to be estimated using D,,. One possible estimate is the em-
pirical generalization error defined as Dy, = D(6), where D(8) = (2n)~! Yory i —
sign{ f(x;;0)}|. However, the above estimate suffers from the problem of overfit-
ting [35]. Hence, one can use the K-fold cross-validation procedure to estimate the
GE; this can significantly reduce the bias [36]. Specifically, we randomly split D,
into K disjoint subgroups and denote the kth subgroup as I. For k =1,..., K, we
obtain the estimator aL(,k) from all the data except those in I, and calculate the
empirical average E(EL(_k)) based only on Iy, i.e., f)(@L(_k)) = QL) e, lvi —
sign{ f(x;; aL(_k))H with |I| being the cardinality of I,. The K-fold cross-validation
(K-CV) error is thus computed as

K
DL=K'Y DO ). (2.3)

k=1

We set K =5 for our numerical experiments.
We establish the asymptotic normality of the K-CV error Y/D\L under the following

regularity conditions:

(L1) The probability distribution function of X and the conditional probability p(x)

are both continuously differentiable.
(L2) The parameter 8, is bounded and unique.
(L3) The map 0 — L(yf(x;0)) is convex.

(L4) The map 0 — L(yf(x;0)) is differentiable at @ = 6y, a.s.. Furthermore, G(8,)

is element-wisely bounded, where

G(Bz) = B[ VoL(Y (X:0))VoL(Y (X:0))"]| .
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(L5) The surrogate risk R (0) is bounded and twice differentiable at @ = 6y, with
the positive definite Hessian matrix H(0o) = VR L(0)|o=0,; -

Assumption (L1) ensures that the GE is continuously differentiable with respect to
0 so that the uniform law of large numbers can be applied. Assumption (L3) ensures
that the uniform convergence theorem for convex functions [37] can be applied, and
it is satisfied by all the large-margin loss functions considered in this paper. As-
sumptions (L4) and (L5) are required to obtain the local quadratic approximation to
the surrogate risk function around @yy. Assumptions (L2)—(L5) were previously used
by [38] to prove the asymptotic normality of 0;.

Theorem 2.2.1 below establishes the asymptotic normality of the K-CV error ﬁL

for any large-margin classifier, which generalizes the result for the SVM in [36].

Theorem 2.2.1 Suppose Assumptions (L1)-(L5) hold and A, = o(n~*/%). Then for
any fized K,

Wy, = \/ﬁ<23L — D0L> LN N(O, E(z/ﬁ)) as n — oo, (2.4)

where Y1 = 1|1 — sign{ f(X1;001)}| — Doz, — d(or)TH (801) ' My(8or) with d(8) =
VoL (D(6)), and M(0) = VoL(Y1f(X1;0)).

An immediate application of Theorem 2.2.1 is to compare two competing classifiers
L, and Ly. Define their GE difference A;5 and its consistent estimate 312 to be
Dgys—Dg1 and 132—@1, respectively. To test whether the GEs induced by L; and L, are
significantly different, we need to establish an approximate confidence interval for A,
based on the distribution of Wa,, = Wa—W, = n1/2(£12—A12). In practice, we apply
the perturbation-based resampling procedure [39] to approximate the distribution of
Wa,,. This procedure was also employed by [36] to construct the confidence interval

of SVM’s GE. Specifically, let {G;}!; be i.i.d. random variables drawn from the

exponential distribution with unit mean and unit variance. Denote

A~k

. BN T Anp
0, = arg Ii}iun {ﬁ ; GiL, (yz(w x; + b)) + 711; w} . (2.5)
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Conditionally on D,,, the randomness of /0\; merely comes from that of Gy,... G,.
Denote WX , = W5 — Wy with

n

* — 1 . n* )
W =n"23" {5 y; — sign{ f(a, ej)}‘ - Dj}GZ-. (2.6)
i=1
By repeatedly generating a set of random variables {G;,7 = 1,...,n}, we can obtain

a large number of realizations of WX , to approximate the distribution of Wa,,. In

Theorem 2.2.2 below, we prove that this approximation is valid.
Theorem 2.2.2 Suppose the assumptions in Theorem 2.2.1 hold, we have
Wase =5 N (0, Var(vss = vu1)),
as n — oo, where P11 and Y12 are defined in Appendiz A.3, and
WA, N N(O, Var(¢s — wll)) conditional on D,,,
where ‘=" means conditional weak convergence in the sense of [40].

Algorithm 1 below summarizes the resampling procedure for establishing the con-
fidence interval of the GE difference Ajs.
Algorithm 1 (Generalization Error Comparison Algorithm)

Input: Training sample D,, and two candidate classifiers L, and Ls.
e Step 1. Calculate K-CV errors ﬁl and 252 of classifiers L and Lo, respectively.
e Step 2. For r =1,..., N, repeat the following steps:

(a) Generate i.i.d. samples {G\"}", from Exp(1);

(b) Find 5;(T) via (2.5) and W;(r) via (2.6), and calculate WZ(Q = Wy -
Wi,

e Step 3. Construct the 100(1 — «)% confidence interval for Ajy as
[ﬁm — n_1/2¢1,2;a/2, 812 - n_1/2¢1,2;1—a/2 )

where 312 = 132—131 and ¢ 2., is the ath upper percentile of {Wg(l?, . WZ(N)}.
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In our experiments, we repeated the resampling procedure 100 times, i.e., N = 100
in Step 2, and fix @ = 0.1. The effect of the choice of o will be discussed at the end
of Section 2.2.4.

The GEs of two classifiers L and Ly are significantly different if the confidence
interval established in Step 3 does not contain 0. Hence, we can apply Algorithm 1
to eliminate the classifiers whose GEs are significantly different from the minimal GE
of a set of candidate classifiers.

It is worth noting that employing statistical testing for classifier comparison has
been successfully applied in practice [41,42]. In particular, [42] reviewed several
statistical tests in comparing two classifiers on multiple data sets and recommended
the Wilcoxon sign rank test, which examined whether two classifiers are significantly
different by calculating the relative rank of their corresponding performance scores
on multiple data sets. Their result relies on an ideal assumption that there is no
sampling variability of the measured performance score in each individual data set.
Compared to the Wilcoxon sign rank test, our perturbed cross validation estimator
has the advantages that it is theoretically justified and it does not rely on the ideal
assumption of each performance score.

The remaining classifiers from Algorithm 1 are potentially good. As will be seen
in the next section, the decision boundaries of potentially good classifiers may change
dramatically following a small perturbation of the training sample. This indicates
that the prediction stability of the classifiers can be different although their GEs
are fairly close. Motivated by this observation, in the next section we introduce the
DBI to capture the prediction instability and embed it into our classifier selection

algorithm.

2.2.2 Stage 2: Final Selection via DBI

In this section, we define the DBI and then provide an efficient way to estimate

it in practice.
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Toy Example: To motivate the DBI, we start with a simulated example using
two classifiers: the squared loss L; and the hinge loss Ls. Specifically, we generate
100 observations from a mixture of two Gaussian distributions with equal probability:
N((=0.5,—0.5)T, 1) and N((0.5,0.5)7, I5) with I, an identity matrix of dimension
two. In Figure 2.2.2; we plot the decision boundary S(z; /0\3) (in black) based on D,
and 100 perturbed decision boundaries {S(m;aﬁ(l)), . ,S(w;@j(loo))} (in gray) for
j =1,2; see Step 2 of Algorithm 1. Figure 2.2.2 reveals that the perturbed decision
boundaries of the squared loss are more stable than those of the SVM given a small
perturbation of the training sample. Hence, it is desirable to quantify the variability
of the perturbed decision boundaries with respect to the original unperturbed deci-
sion boundary S(z; 5]) This is a nontrivial task since the boundaries spread over a
d-dimensional space, e.g., d = 2 in Figure 2.2.2. Therefore, we transform the data
in such a way that the above variability can be fully measured in a single dimen-
sion. Specifically, we find a d x d transformation matrix R, which is orthogonal
with determinant 1, such that the decision boundary based on the transformed data
Di = {(a!,4),i = 1,...,n} with ! = Rpa; is parallel to the Xy,..., X;_; axes;
see Section 2.7.3 for the calculation of R;. The variability of the perturbed decision
boundaries with respect to the original unperturbed decision boundary then reduces
to the variability along the last axis Xjy. For illustration purposes, we next apply the
above data-transformation idea to the SVM plotted in the top right plot of Figure
2.2.2. From the bottom plot in Figure 2.2.2, we observe that the variability of the
transformed perturbed decision boundaries (in gray) with respect to the transformed
unperturbed decision boundary (in black) now reduces to the variability along the
X, axis only. This is because the transformed unperturbed decision boundary is par-
allel to the A, axis. Note that the choice of data transformation is not unique. For
example, we could also transform the data such that the transformed unperturbed
decision boundary is parallel to the A, axis and then measure the variability along
the X axis. Fortunately, the DBI measure we will introduce yields exactly the same

value under any transformation, i.e., it is transformation invariant.
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Least square SVM

X2

SVM: after data transformation

X2
0
|
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o
#
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X1

Figure 2.1. Two classes are shown in red circles and blue crosses.
The black line is the decision boundary based on the original training
sample, and the gray lines are 100 decision boundaries based on per-
turbed samples. The top left (right) panel corresponds to the least
square loss (SVM). The perturbed decision boundaries of SVM after
data transformation are shown in the bottom.

Now we are ready to define DBI. Given the loss function L, we define the coefficient

estimator based on transformed data D] as 52 and the coefficient estimator based on
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the perturbed samples of DI as 5}* In addition, we find the following relationship

through the transformation matrix Ry:

0, = =0, = and 0; = =0, =
o~ ~ A~k A~k
wy, Rrwy, w; Rrw;

which can be shown by replacing x; with Ryx; in (2.1) and (2.5) and using the
property of Ry.

DBI is defined as the variability of the transformed perturbed decision boundary
S(X; /0\2*) with respect to the transformed unperturbed decision boundary S(X; /0\2)

along the direction A.
Definition 1 The decision boundary instability (DBI) of S(ac;b\L) is defined to be
DB](S(X;@L)) —F [var (Sd|X}_d))] , (2.7)

where Sy is the dth dimension of S(X; 52*) and Xz_d = (X],..., xI_ )"

)
Remark 1 The conditional variance VaT(Sd|XI_d)) in (2.7) captures the variability
of the transformed perturbed decision boundary along the dth dimension based on
a giwen sample. Note that, after data transformation, the transformed unperturbed
decision boundary is parallel to the X, ..., Xy_1 axes. Therefore, this conditional
variance precisely measures the variability of the perturbed decision boundary with
respect to the unperturbed decision boundary conditioned on the given sample. The

expectation in (2.7) then averages out the randomness in the sample.

Toy Example Continuation: We next give an illustration of (2.7) via the 2-
dimensional toy example shown in the bottom plot of Figure 2.2.2. For each sample,
the conditional variance in (2.7) is estimated via the sample variability of the projected
X, values on the perturbed decision boundary (in gray). Then the final DBI is
estimated by averaging over all samples.

In Section 2.7.4, we demonstrate an efficient way to simplify (2.7) by approximat-
ing the conditional variance via the weighted variance of /0\2 Specifically, we show
that

DBI(S(X;8,)) ~ (w,) 2B [ Xy (075, o) X o] - (2.8)
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where wTL 4 1s the last entry of the transformed coefficient 08 ., and n %]

OL,(—d) is the

asymptotic variance of the first d dimensions of /O\TL Therefore, DBI can be viewed as
a proxy measure of the asymptotic variance of the decision function.

We next propose a plug-in estimate for the approximate version of DBI in (2.8).
Direct estimation of DBI in (2.7) is possible, but it requires perturbing the trans-
formed data. To reduce the computational cost, we can take advantage of our resam-
pling results in Stage 1 based on the relationship between E(T)L and Xoz. Specifically,
we can estimate Z(T) . by

~ ~ T

= given that %, =

RLiw,b RLE\]wR%1 i\:w,b Ew

where & 1, is the sample variance of 52 obtained from Stage 1 as a byproduct. Hence,

combining (2.8) and (2.9), we propose the following DBI estimate:

no 4T =1
— ~ i= Li_ Z i
DBI(S(X;OL)> _ D i1 (=d)'L,(=d)*™( d)) (2.10)

AN

(nwz,d)Q

~ . ~F a . . .
where wL o 1s the last entry of 8, and EE (—a) 18 obtained by removing the last row

and last column of iz defined in (2.9). The DBI estimate in (2.10) is the one we will

use in the numerical experiments.

2.2.3 Relationship of DBI with Other Variability Measures

In this subsection, we discuss the relationship of DBI with two alternative vari-
ability measures.

DBI may appear to be related to the asymptotic variance of the K-CV error, i.e.,
E(31)? in Theorem 1. However, we want to point out that these two quantities are
quite different. For example, when data are nearly separable, reasonable perturba-
tions to the data may only lead to a small variation in the K-CV error. On the other
hand, small changes in the data (especially those support points near the decision

boundary) may lead to a large variation in the decision boundary which implies a
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large DBI. This is mainly because DBI is conceptually different from the K-CV error.
In Section 2.5, we provide concrete examples to show that these two variation mea-
sures generally lead to different choices of loss functions, and the loss function with
the smallest DBI often corresponds to the classifier that is more accurate and stable.

Moreover, DBI shares similar spirit of the stability-oriented measure introduced
in [17]. They defined theoretical stability measures for the purpose of deriving the
generalization error bound. Their stability of a classification algorithm is defined as
the maximal difference of the decision functions trained from the original dataset and
the leave-one-out dataset. Their stability measure mainly focuses on the variability
of the decision function and hence suffers from the transformation variant issue since
a scale transformation of the decision function coefficients will greatly affect the value
of a decision function. On the other hand, our DBI focuses on the variability of the
decision boundary and is transformation invariant.

In the experiments, we will compare our classifier selection algorithm with ap-
proaches using these two alternative variability measures. Our method achieves su-

perior performance in both classification accuracy and stability.

2.2.4 Summary of Classifier Selection Algorithm

In this section, we summarize our two-stage classifier selection algorithm.
Algorithm 2 (Two-Stage Classifier Selection Procedure):

Input: Training sample D,, and a collection of candidate classifiers {L; : j € J}.

e Step 1. Obtain the K-CV errors ﬁj for each j € J, and let the minimal value
be ,Z/jt.

e Step 2. Apply Algorithm 1 to establish the pairwise confidence interval for each
GE difference A;;. Eliminate the classifier L; if the corresponding confidence
interval does not cover zero. Specifically, the set of potentially good classifiers

is defined to be
A= {j €J: 3tj — 2y jiase < 0}7
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where ﬁtj and ¢y j.o/2 are defined in Step 3 of Algorithm 1.

e Step 3. Estimate DBI for each L; with j € A using (2.10). The optimal classifier

J* = argmin DBI <S(X; Oj)>. (2.11)

In Step 2, we fix the confidence level & = 0.1 since it provides a sufficient but not
too stringent confidence level. Our experiment in Section 6.1 further shows that the
set A is quite stable against o within a reasonable range around 0.1. The optimal
classifier L+ selected in (2.11) is not necessarily unique. However, according to our
experiments, multiple optimal classifiers are quite uncommon. Although in principle
we can also perform an additional significance test for DBI in Step 3, the related
computational cost is high given that DBI is already a second-moment measure.

Hence, we choose not to include this test in our algorithm.

2.3 Large-Margin Unified Machines

This section illustrates our classifier selection algorithm using the LUM [43] as an
example. The LUM offers a platform unifying various large margin classifiers ranging
from soft ones to hard ones. A soft classifier estimates the class conditional probabil-
ities explicitly and makes the class prediction via the largest estimated probability,
while a hard classifier directly estimates the classification boundary without a class-
probability estimation [44]. For simplicity of presentation, we rewrite the class of

LUM loss functions as
1—u it u <~y
Lv(u) — X ' (2.12)
(1 - 7)2<u72»y+1> if u > e

where the index parameter v € [0,1]. As shown by [43], when v = 1 the LUM loss

reduces to the hinge loss of SVM, which is a typical example of hard classification;
when v = 0.5 the LUM loss is equivalent to the DWD classifier, which can be viewed

as a classifier that is between hard and soft; and when v = 0 the LUM loss becomes a
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soft classifier that has an interesting connection with the logistic loss. Therefore, the
LUM framework approximates many of the soft and hard classifiers in the literature.
Figure 2.3 displays LUM loss functions for various values of 7 and compares them

with some commonly used loss functions.

Loss functions

\\ \\ —— Least square
N\ —— Exponential
24 N \ - - - Logistic
N\ == LUM:y=0

Loss
1
|

Figure 2.2. Plots of least square, exponential, logistic, and LUM loss
functions with v = 0,0.5, 1.

In the LUM framework, we denote the true risk as R (0) = E[L,(yf(x;0))], the
true parameter as 6y, = argming R, (0), the GE as Dy,, the empirical generalization

erTor as lA)v, and the K-CV error as 737. In practice, given data D,,, LUM solves

,w

~ 1 Apwlw
0, = arg min {ﬁ ; L, (yz(meZ + b)) + T} . (2.13)

We next establish the asymptotic normality of 7/57 and 57 (with more explicit
forms of the asymptotic variances) by verifying the conditions in Theorem 2.2.1, i.e.,
(L1)—(L5). In particular, we provide a set of sufficient conditions for the LUM, i.e.,
(L1) and (A1) below.

(A1) Var(X1]Y) € R¥? is a positive definite matrix for Y € {1, —1}.
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Assumption (A1) is needed to guarantee the uniqueness of the true minimizer y,. It
is worth pointing out that the asymptotic normality of the estimated coefficients for

SVM has also been established by Koo et al. (2008) under another set of assumptions.

Corollary 1 Suppose that Assumptions (L1) and (A1) hold and )\, = o(n~'/?). We
have, for each fized v € [0, 1],

V(0. — 6,,) —5 N(0,%0,) as n — oo, (2.14)

where Yo, = H(0o,) *G(00,)H (00,) "' with G(0y,) and H(Oy,) defined in (2.31) and
(2.33) in Section 2.7.5.

In practice, direct estimation of ¥, in (2.14) is difficult because of the involvement
of the Dirac delta function; see Section 2.7.5 for details. Instead, we find that the
perturbation-based resampling procedure proposed in Stage 1 works well.

Next we establish the asymptotic normality of liy.

Corollary 2 Suppose that the assumptions in Corollary 1 hold. We have, asn — oo,
VD, = Dy) <5 N (0, B(3,)). (2.15)

where Y1, = §|Y1 — sign{f(X1;00,)}| — Doy — d(80,)" H(8o,) ' M:(60,), d(8) =

2

~

VoL (D,(0)), and
(1 - Y)QKX1[{Y1f(X1;007)2w}
5
<Y1f(X1; 0o,) — 27 + 1)

Corollary 2 demonstrates that the K-CV error induced from each LUM loss func-

Ml(OOV) = _1/1)21[{3/1f(x1§00’y)<7} -

tion yields the desirable asymptotic property under Assumptions (L1) and (A1). It
can be applied to justify the perturbation-based resampling procedure for LUM as

shown in Theorem 2.2.2.

2.4 Selection Consistency

This section investigates the selection consistency of our two-stage classifier se-

lection algorithm. Selection consistency means that the selected classifier achieves
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the minimal GE and minimal DBI asymptotically. We focus on the selection consis-
tency of the LUM loss functions in this section; the extension to other large-margin
classifiers is straightforward.

For the LUM class, we define the set of potentially good classifiers as
Ao = {7 € [0,1]: D, < D5 + n_1/2¢~/ﬁ5;a/2}7 (2.16)

where 75 = arg min,¢o, 1) ﬁw based on D,,. Its population version is thus defined as

those classifiers achieving the minimal GE, denoted
Ao = {7 €[0,1]: Do = Dogg }. (2.17)

where 75 = arg min,ejo1) Do,. Literally, 75 and v; may not be unique. To show
the selection consistency, we require an additional assumption on the Hessian matrix

defined in Corollary 1:

(B1) The smallest eigenvalue of the true Hessian matrix Ayin(H(0o4)) > c1, and the
largest eigenvalue of the true Hessian matrix Apax(H(6oy)) < c2, where the

positive constants ¢y, co do not depend on 7.

As seen in the proof of Corollary 1, the true Hessian matrix H(6y,) is positive
definite for any fixed v € [0, 1] under Assumptions (L1) and (Al). Therefore, As-
sumption (B1) is slightly stronger in the uniform sense. It is required to guarantee
the uniform convergence results, i.e., (2.38) and (2.40), in Appendix A.1.

Our Lemma 1 first ensures that the minimum K-CV error converges to the mini-

mum GE at a root-n rate.

Lemma 1 Suppose that Assumptions (L1),(A1), and (B1) hold. We have, if \, =
o(n~?),

= Op(n~1/?). (2.18)

0
In the second stage, we denote the index of the selected optimal classifier as

Ao = arg min @(S(X; 57)), (2.19)

v€A0
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and its population version as

Yo = arg min DBI (S(X; @,)) (2.20)

v€A0

Again, 7y and 7, are not necessarily unique.

Theorem 2.4.1 Suppose the assumptions in Lemma 1 hold, we have, as N — oo,
]173\1(50(; §%)> — DBI (S(X; 5%)> ) = op(nh). (2.21)

Recall that N is the number of resamplings defined in Step 2 of Algorithm 1.

Theorem 2.4.1 implies that the estimated DBI of the selected classifier converges
to the DBI of the true optimal classifier, which has the smallest DBI. Therefore,
the proposed two-stage algorithm is able to select the classifier with the minimal
DBI among those classifiers having the minimal GE. It is not uncommon to have
several classifiers obtain the same minimal GE, especially when the two classes are
well separable. In summary, we have shown that the selected optimal classifier has

achieved the minimal GE and the minimal DBI asymptotically.

2.5 Experiments

In this section, we first demonstrate the DBI estimation procedure introduced in
Section 2.2.2, and then illustrate the applicability of our classifier selection method
in various simulated and real examples. In all experiments, we compare our selection
procedure, denoted as “cv+dbi”, with two alternative methods: 1) “cv+varcv” which
is the two-stage approach selecting the loss with the minimal variance of the K-CV
error in Stage 2, and 2) “cv+be” which is the two-stage approach selecting the loss
with the minimal classification stability defined in Bousquet and Elisseeff (2002) in
Stage 2. Stage 1 of each alternative approach is the same as ours. We consider six
large-margin classifier candidates: least squares loss, exponential loss, logistic loss,
and LUM with v = 0,0.5,1. Recall that LUM with v = 0.5 (v = 1) is equivalent to
DWD (SVM). In all the large-margin classifiers, the tuning parameter A, is selected

via cross-validation.
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2.5.1 Illustration

This subsection demonstrates the DBI estimation procedure and checks the sen-
sitivity of the confidence level «v in Algorithm 2.

We generated labels y € {—1, 1} with equal probability. Given Y = y, the predic-
tor vector (r1,x2) was generated from a bivariate normal N ((uy, py)?, Iy) with the
signal level p = 0.8.

We first illustrate the DBI estimation procedure in Section 2.2.2 by comparing the
estimated DBIs with the true DBIs for various sample sizes. We varied the sample
size n among 50, 100, 200, 500, and 1000. The classifier with the least squares
loss was investigated due to its simplicity. Simple algebra implied that the true
parameter 8y, = (0,0.351,0.351) and the transformed parameter O(T)L = (0,0,0.429).
Furthermore, the covariance matrix Yz and the transformed covariance matrix E(T)L

were computed as

0.439 0 0 0439 0 0
Yor = 0 0.268 —0.170 and EZ)L = 0 0439 O ;
0 —0.170 0.268 0 0 0.098

given the transformation matrix

I el
SN

Ry =

Finally, plugging all these terms into (2.8) led to

DBJ(S(X;@L)) ~ 3003 (2.22)

n

The left plot of Figure 2.5.1 compares the estimated DBIs in (2.10) with the
true DBIs in (2.22). Clearly, they match very well for various sample sizes and their
difference vanishes as the sample size increases. This experiment empirically validates
the estimation procedure in Section 2.2.2.

In order to show the sensitivity of the confidence level « to the set A in Algorithm 2,

we randomly selected one replication and display the proportion of potentially good
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Figure 2.3. Comparison of true and estimated DBIs in Example 6.1
is shown in the left plot. The true DBIs are denoted as red triangles
and the estimated DBIs from replicated experiments are illustrated
by box plots. The sensitivity of confidence level a to the proportion
of potentially good classifiers in Stage 1 is shown on the right.

classifiers over all six classifiers. Note that as « increases, the confidence interval
for the difference of GEs will be narrower, and hence the size of A will be smaller.
Therefore, the change of the proportion reflects exactly the change of A since A is
monotone with respect to a. For each o € {18—0; [l =0,...,50}, we computed the
proportion of potentially good classifiers. As shown in the right plot of Figure 2.5.1,

the proportion is stable in a reasonable range around 0.1.

2.5.2 Simulations

In this section, we illustrate the superior performance of our method using four
simulated examples. These simulations were previously studied by [45] and [43]. In
all of the simulations, the size of training data sets was 100 and that of testing data
sets was 1000. All the procedures were repeated 100 times and the averaged test

errors and averaged test DBIs of the selected classifier were reported.
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Simulation 1: Two predictors were uniformly generated over {(xy, xs) : 22 +23 <
1}. The class label y was 1 when 25 > 0 and —1 otherwise. We generated 100
samples and then contaminated the data by randomly flipping the labels of 15% of
the instances.

Simulation 2: The setting was the same as Simulation 1 except that we contam-
inated the data by randomly flipping the labels of 25% of the instances.

Simulation 3: The setting was the same as Simulation 1 except that we con-
taminated the data by randomly flipping the labels of 80% of the instances whose
|zo| > 0.7.

Simulation 4: Two predictors were uniformly generated over {(x1,zs) : |z1] +
|zo| < 2}. Conditionally on X; = x; and Xy = x5, the class label y took 1 with
probability e3(*1+22) /(1 + e3(*1+22)) and —1 otherwise.

We first demonstrate the mechanism of our proposed method for one repetition
of Simulation 1. As shown in the upper left plot of Figure 2.5.2, exponential loss and
LUMs with v = 0.5 or 1 are potentially good classifiers in Stage 1; they happen to
have the same K-CV error. Their corresponding DBIs are compared in the second
stage. As shown in the upper right plot of Figure 2.5.2, LUM with v = 0.5 gives
the minimal DBI and is selected as the final classifier. In this example, although
exponential loss also gives the minimal K-CV error, its decision boundary is unstable
compared to that of LUM with v = 0.5. This shows that the K-CV estimate itself is
not sufficient for classifier comparison, since it ignores the variation in the classifier.
To show that our DBI estimation is reasonable, we display the perturbed decision
boundaries for these three potentially good classifiers on the bottom of Figure 2.5.2.
The relationship among their instabilities is precisely captured by our DBI estimate:
compared with the exponential loss and LUM with v = 1, LUM with v = 0.5 is more
stable.

We report the averaged test errors and averaged test DBIs of the classifier selected
from our method as well as two alternative approaches, see Table 2.1. In all four sim-

ulated examples, our “cv+dbi” achieves the smallest test errors, while the difference
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Figure 2.4. The K-CV error, the DBI estimate, and the perturbed
decision boundaries in Simulation 1 with flipping rate 15%. The min-
imal K-CV error and minimal DBI estimate are indicated with red
triangles. The labels Ls, Exp, Logit, LUMO0, LUMO0.5, and LUMI1 re-
fer to least squares loss, exponential loss, logistic loss, and LUM loss
with index v = 0,0.5, 1, respectively.

among test errors of all algorithms is generally not significant. This phenomenon
of indistinguishable test errors agrees with the fact that all methods are the same
during the first stage and those left from Stage 1 are all potentially good in terms of
classification accuracy. However, our “cv+dbi” is able to choose the classifiers with
minimal test DBIs in all simulations and the improvements over other algorithms
are significant. Overall, our method is able to choose the classifier with outstanding

performance in both classification accuracy and stability.

2.5.3 Real Examples

In this subsection, we compare our method with the alternatives on two real

datasets in the UCI Machine Learning Repository [46].
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Table 2.1.

The averaged test errors and averaged test DBIs (multiplied by 100)
of all methods: “cv+varcv” is the two-stage approach which selects
the loss with the minimal variance of the K-CV error in Stage 2;
“cv+be” is the two-stage approach which in Stage 2 selects the loss
with the minimal classification stability defined in Bousquet and Elis-
seeff (2002); “cv4dbi” is our method. The smallest value in each case
is given in bold. Standard errors are given in subscript.

Simulations cv+varcv cv-+be cv+dbi

Sim 1 Error | 0.1919.002 0.1940.002 0.190¢ go2
DBI | 0.1399.043 0.1350.019 0.081¢.gp2
Sim 2 Error | 0.2960.002 0.3030.003 0.295¢ 002
DBI | 0.2919044 0.318p.036 0.229¢.012
Sim 3 Error | 0.218p006 0.2349.006 0.209¢ 004
DBI | 0.124p008 0.291p037 0.107¢.003
Sim 4 Error | 0.120p.901 0.1219.901 0.119¢.001
DBI | 0.884p207 0.414p.106 0.2350.038

The first data set is the liver disorders data set (liver) which consists of 345
samples with 6 variables of blood test measurements. The class label splits the data
into 2 classes with sizes 145 and 200. The second data set is the breast cancer
data set (breast) which consists of 683 samples after removing missing values [47].
Each sample has 10 experimental measurement variables and one binary class label
indicating whether the sample is benign or malignant. These 683 samples arrived
periodically as Dr. Wolberg reported his clinical cases. In total, there are 8 groups of
samples which reflect the chronological order of the data. It is expected that a good
classification procedure should generate a classifier that is stable across these groups
of samples.

For each dataset, we randomly split the data into 2/3 training samples and 1/3

testing samples, and reported the averaged test errors and averaged test DBIs based
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on all classifier selection algorithms over 50 replications, see Table 2.2. Compared with
the alternatives, our “cv+dbi” method obtains significant improvements in DBIs and
simultaneously attains minimal test errors in both real data sets. This indicates that
the proposed method could serve as a practical tool for selecting a most accurate and

stable classifier.

Table 2.2.
The averaged test errors and averaged test DBIs of all methods in real
example. The smallest value in each case is given in bold. Standard
errors are given in subscript.

Data cv-tvarcv cv+be cv-+dbi

Liver Error | 0.331p.006 0.3350.006 0.3270.006
DBI | 0.1409.013 0.157g024 0.113¢012
Breast Error | 0.038p002 0.038p.002 0.038¢.002
DBI | 0.3880.066 0.1520028 0.124¢ 923

2.6 Nonlinear Extension

The extension of our two-stage algorithm to nonlinear classifiers contains two
aspects: (1) asymptotic normality of the K-CV error in Stage 1; (2) the application
of DBI in Stage 2. The former is still valid due to [48], and the latter is feasible
by mapping the nonlinear decision boundaries to a higher dimensional space where
the projected decision boundaries are linear. Details of these two extensions are as
follows.

Extension of Stage 1: We first modify several key concepts. The loss L : X X
Y xR — [0,00) is convex if it is convex in its third argument for every (z,y) € X x ).
A reproducing kernel Hilbert space (RKHS) H is a space of functions f : X — R which
is generated by a kernel k : X x X — R. Here the kernel k could be a linear kernel,

a Gaussian RBF kernel, or a polynomial kernel.
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Given i.i.d training samples D,, = {(@;,v;);i = 1,...,n} drawn from P = (X,Y),
the empirical function f7 p, x, solves

n

min— 3" Ly, o £(22)) + Aall £

feH n 4
=1

In the nonparametric case, the optimization problem of minimizing population
risk is ill-posed because a solution is not necessarily unique, and small changes in P
may have large effects on the solution. Therefore it is common to impose a bound
on the complexity of the predictor and estimate a smoother approximation to the
population version [48]. For a fixed A\ € (0,00), we denote f1, p,, as the population
function which solves

iy [ Liz,y. £)Pld(e.) + ol 71

feH

The following conditions are assumed in [48] to prove the asymptotic normality
of the estimated kernel decision function.
(N1) The loss L is a convex, P-square-integrable Nemitski loss function of order
p € [1,00). That is, there is a P-square-integrable function b : X x ) — R such that
|L(z,y,t)] < b(x,y) + [t|P for every (x,y,t) € X x Y X R.
(N2) The partial derivatives L'(z,y,t) = Z(z,y,¢) and L"(z,y,t) = B;Tf(x,y,t)
exist for every (z,y,t) € X x Y x R and are continuous.
(N3) For every a € (0,00), there is b, € Ly(P) and b, € [0, 00) such that, for every
(7,y) € X X Y, SUDye|_q 4 |L'(z,y,t)] < b,(x,y) and SUDte[—a,a] |L" (z,y,t)| <b,.

Proposition 1 (Theorem 3.1, [48]) Under Assumptions (N1)-(N3) and N, = \o +
o(n=12), for every Ao € (0,00), there is a tight, Borel-measurable Gaussian process

H: Q — H such that ﬁ(fL,DmAn — fL,P,,\O> — HL.

Remark 2 Among the loss functions considered in this paper, the least squares, ex-
ponential, and logistic losses all satisfy the assumptions (N1)-(N3), while the LUM
loss is not differentiable and does not satisfy Assumption (N2). However, [48] showed

that any Lipschitz-continuous loss function (e.qg. LUM loss) can always be modified as
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a differentiable e—wversion of the loss function such that the assumptions (N1)-(N3)
are satisfied; see Remark 3.5 in [48].

In the nonlinear case, the GE Dy, and the K-CV error ﬁL are modified accord-
ingly. The asymptotic normality of W;, = \/ﬁ(ﬁL — Dyy) follows from Proposition
1, Corollary 3.3 in [49], and a slight modification of the proof of our Theorem 1.
Then a perturbation-based resampling approach can be constructed analogously to
Algorithm 1.

Extension of Stage 2: The concept of DBI is defined for linear decision bound-
aries. In order to measure the instability of nonlinear decision boundaries, we can map
the nonlinear decision boundaries to a higher dimensional space where the projected

decision boundaries are linear.

Least square SVM

X2
X2

X1 X1

Figure 2.5. The nonlinear perturbed decision boundaries for the least
squares loss (left) and SVM (right) in the bivariate normal example
with unequal variances.

Here we illustrate the estimation procedure via a bivariate normal example with
sample size n = 400. Assume the underlying distributions of the two classes are
fi = N(=1,-1)T, L) and f, = N((1,1)T,2I,) with equal prior probability. We

map the input {xy, 25} to the polynomial basis {1, zs, 122, 22, 23} and fit the linear
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large-margin classifiers using the expanded inputs. The instability of the original
nonlinear decision boundary boils down to the instability of the linear boundaries
in the expanded space. Figure 2.6 demonstrates 100 nonlinear perturbed decision
boundaries for the least squares and SVM losses, where the former is visually more
stable than the latter. Indeed, their corresponding DBI estimations in the expanded
space capture this relationship in that the estimated DBI of the former is 0.017 and
that of the latter is 0.354. [ |

2.7 Technical Proofs

In the section, we provide proofs of all theorems, calculation of transformation

matrix, and detailed estimation of DBI.

2.7.1 Proof of Theorem 2.2.1:
Before we prove Theorem 2.2.1, we show an intermediate result in Lemma 2.

Lemma 2 Suppose Assumptions (L1)-(L3) hold and )\, = o(n~'/?). Then we have

0; — 0y;, and Dy, — Dy, as n — oo.

To show 6, — 01, we apply Theorem 5.7 of van der Vaart (1998). Firstly,
we show that, uniformly in 6, the empirical risk O, (0) converges to the true risk
R1(0) in probability. Assumption (L3) guarantees that the loss function L(yf(x;0))
is convex in @, and it is easy to see that O, (@) converges to R (0) for each 6. Then
we have supg |O,(0) — R.(0)| — 0 in probability by uniform convergence Theorem
for convex functions in Pollard (1991). Secondly, according to assumption (L2), we
have that R (@) has a unique minimizer 8yy,. Therefore, we know that 0 [ converges
to @y, in probability. The consistency of E(@L) can be obtained by the uniform law
of large numbers. According to Assumption (L1), p(x) is continuously differentiable,
and hence |y — sign{f(x;0)}| = |y — sign{@” 0} is continuous in each @ for almost

all . This together with |y — sign{f(x;0)}| < 2 leads to uniform convergence
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supg |D(6) — TE|yo — sign{f(xo;0)}|| — 0. Therefore, we have D(6,) — Dy, in
probability. This concludes the proof of Lemma 2. [ |
Proof of Theorem 2.2.1:
We next prove (2.4) in three steps. Let M;(0or) = Vo L(Yif(Xi;0))|o=6,,- In step
1, we show that

\/ﬁ(aL — OOL) = —nil/QH(OOL)il i Mz<90L) + OP(l) (223)

i=1
by applying Theorem 2.1 in Hjort and Pollard (1993). Denote Z = (X*,Y) and
AB = (Ab, AwT)T. Taylor expansion leads to

LYf(X;00+A0)) — LY f(X;001)) = M(OOL)TAH + R(Z,A0), (2.24)
where

M) = VoL(YJ(X:0))|
(A0)" (V3L(Y F(X:0))| a6
R(Z,00) = 5 =0t 4 o(]| A1),

According to Assumption (L1), it is easy to check that E(M (0¢1)) = VoRL(0)|o=0,, =

0, and
ElR(Z,A8)] = %(AH)TH(OOL)(AO) +o(||[A0]%); E[R*(Z,A0)] = o AB°).

Denote s = (b, w!)T, Z; = (X7],Y;), and

S

Anls) = DO {LOGF (X5 00s + 5/v/m)) = LY (Xi:000)) }

=1

+ Ao(wor, + ws/v/n)" (wor, + ws/v/n) — AnngwOL-

Note that A,(s) is minimized when s = (0, — 8o.) and nE[R(Z,s/\/n)] =
25T H(Bo1,)s + o(||s]|?). Based on the above Taylor expansion (2.24), we have

As) = Y {Mi(HOL)Ts/\/ﬁ + R(Z,,s/v/n) — ER(Z, s/\/ﬁ)} + nE[R(Z,s//7)]

T
+ A\ w, w,
n

= Uls+ 55 HOuw)s + ollsIP) + S0 { R(Zs/ Vi) — BR(Zis/vi)}

T
+ A\ w, ws,
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where U, =n~Y23"" | M;(0o1). Note that Y1 [ {R(Zi,s//n)—ER(Z;,s/v/n)} — 0,
and )\nwgfws — 0 since A\, — 0 and w, is bounded. In addition, Hessian matrix
H (0. is positive definite due to Assumption (L5). Therefore, we can conclude that
(2.23) holds by Theorem 2.1 in Hjort and Pollard (1993).

In step 2, we show that W, = /n{D(6.) — Do} — N(0, E(¢?)). As shown in
Jiang et al. (2008), the class of functions Gg(d) = {\Y—sign{f(X; 0)} :|0—00L| <
J } is a P-Donsker class for any fixed 0 < § < oco. This together with (2.23) and

consistency of EL implies that
ﬁ(f)(@L) - D0L>
— Vi(D(@r) - D(8or)) + vin(D(Bor) ~ Do)
\/ﬁd(HOL)T(OL —6o1) + ﬁ(ﬁ(‘gOL) - D0L>

Il=

Il

n=/? Z {%Dﬂ — sign{ f(X;001)}| — Dor, — d(OOL)TH(OOL)_lMI(GOL)}
=1

= 0723 g -5 N0, B(Y)),

i=1

le”

where “ =" means asymptotical equivalence in the distributional sense.

In step 3, the distribution of W, = n/2{D; — Dy} is asymptotically equivalent
to that of W, as shown in Theorem 3 in Jiang et al. (2008). This concludes the proof
of Theorem 2.2.1. [ |

2.7.2 Proof of Theorem 2.2.2

According to Appendix D in Jiang et al. (2008), we have
Wy L1/ 2%1 —1) and W2 =n 12 Zl/ha(Gi -
i=1

where ¢ij = %Dfl — 81gn{f(X,,90])}| — D()j — d(aoj)TH(90j>ilMi<00j), fOI‘j = 172

Recall that “ £ ” means the distributional equivalence. As shown in Jiang et al.
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(2008), conditional on the data, W} converges to a normal with mean 0 and variance

n~ S 2 for j = 1,2. Note that

Wy =W £ 0723 (v — ) (Gs — 1).

i=1
Here, (10 — ¥i1)’s, i = 1,...,n, are i.i.d random vectors with F(t¢;2 — 1;1) = 0 and
Elis — i1 |* < 0o. Independent of (12 — 1:1), (G; — 1)’s are i.i.d random variables
with mean 0 and variance 1. Since (12 — ;1) depends on the sample (x;, y;), Lemma

2.9.5 in van der Vaart and Wellner (1996) implies that, conditional on the data,

n

-1/ Z(%Q — i) (G — 1) =% N(0, Var(tis — t11)). (2.25)

i=1
Next, as shown in Theorem 2.2.1, W, L 172 Yo ¥a and Wh 4 172 Yor i,

therefore,

n

Wy — W L1 Z(wm — i) -4 N(0,Var(yrs — ¥n1)).

=1

This together with (2.25) and the asymptotic equivalence of W, and W, (Jiang et al.
2008) lead to the asymptotic equivalence between Wa1, and W}, which concludes

the proof. (]

2.7.3 Calculation of the Transformation Matrix in Section 2.2.2

Given a d dimensional hyperplane f(x;0) = b+ wix; + -+ + wgrgy = 0, we
aim to find a transformation matrix R € R%*¢ such that the transformed hyperplane
flx;0") = bt +wlz +- - +wlzy = 0is parallel to Xy, . .., Xy_q, where (w], -, w)T =
R(wy, -+ ,wg)T and b = b. Here, we implicitly assume that wy # 0.

We construct a class of linearly independent vectors spanning the hyperplane:

1 0 0

0 1 0

0 0 1
_w w2 _Wd—1

wq | wq Wq



35

Denote these vectors as vy, vs,...,ug_1. Then, by Gram-Schmidt process, we can

produce the following orthogonal vectors vy, Us,..., Ug_1:

v = Vi,
B o= v-gaz,
R L R e et )

where the inner product < u,v >= Zle wv; for u = (uq, ..., ug) and v = (vy,...,04).
Denote 0y = [wy, - -+ ,wy]", which is orthogonal to every o;, i = 1,--- ,d — 1 by the
above construction. In the end, we normalize u; = o||o;||~ for i = 1,--- ,d, and
define the orthogonal transformation matrix R as [uy,...,ug”. By some elementary
calculation, we can verify that that w:-r =0fori=1,---,d—1 but wIl =% 0 under

the above construction. Therefore, the transformed hyperplane f(x; OT) is parallel to

Xiy oo Xy |

2.7.4 Approximation of DBI

We propose an approximate version of DBI, i.e., (2.8), which can be easily esti-

mated in practice.

-~

According to (2.7), we can calculate DBI(S(X;60p)) as

-y TT ~T% -y T
E [X(_d)Var (77} |X}7d))X(_d)} , (2.26)
T T ~tx The ) ~Tx ~Fx g ~tx o~ ~ Tk
where X(—d) = (LXJ(rfd))T and 77TL = < - bTL /wTL,d? _wTL,l/w}LL,d cees _w;[:,d—l/w;r:,d)'

To further simplify (2.26), we need the following theorem as an intermediate step.

Theorem 2.7.1 Suppose that Assumptions (L1)-(L5) hold and A, = o(n=/?). We

have, as n — o0,

V(6 —8o) 5 N(0,Sor), (2.27)

A~k ~ d

Vn(@;, —0r) = N(0,3) conditional on D,, (2.28)
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where Yo, = H(6o1) 'G(00r)H(0or)" . After data transformation, we have, as

n — 00,

~t
Vi@, -6l % N©0,%,), (2.29)

\/ﬁ(b\TL* — 4/9\TL) =L N(0,%%,) conditional on D}, (2.30)
where 8], = (b, wl, R and

)Y SowRT Xy Lpw
= ’ bt if we partition ¥y, as ’ >
RLEw,b RLEUJRE Z:w,b Zw

We omit the proof of Theorem 2.7.1 since (2.27) and (2.28) directly follow from (2.23)
and Appendix D in Jiang et al. (2008), and (2.29) and (2.30) follow from the Delta
method.

Let 7} = (-E*L J@, =@} Ty~ T4 /@;d). According to (2.29) and
(2.30), we know that Var(7}*| X If 4)) is a consistent estimate of Var(mh) because it*
and ﬁTL can be written as the same function of 52* and @JFL, respectively. Hence, we

claim that

DBI(S(X; 5L)> ~E (de)var(ﬁ})kf_d)> .

Furthermore, we can approximate Var(f!) by (de)_Q[n_lZ(T)L (_ayls Where n1ul ()

is the asymptotic variance of the first d dimensions of 52, since fﬁz 4 asymptotically

follows a normal distribution with mean wz 4 and variance converging to 0 as n grows

(Hinkley, 1969). Finally, we get the desirable approximation (2.8) for DBI. |

2.7.5 Proof of Corollary 1

It suffices to show that (A1) and (L1) imply Assumptions (L2)-(L5).

(L2). We first show that the minimizer 8y, exists for each fixed ~. It is easy to
see that R,(0) is continuous w.r.t. 8. We next show that, for any large enough M,
the closed set S(M) = {9 € R*:R,(0) < M} is bounded. When yf(x,0) < 7,
we need to show S(M) = {0 € R E[1 -Yf(X;0)] < M} is contained in a

box around the origin. Denote e; as the vector with one in the j-th component
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and zero otherwise. Motivated by Rocha et al. (2009), we can show that, for any
M, there exists a a;p such that any 6 satisfying | < 6,e; > | > a;p leads to
El(1-Y f(X;0)Iysx.0)<y)] > M. Similarly, when y f(x, ) > v, S(M) is contained
in a sphere around the origin, that is, for any M, there exists a ¢ such that any 6
satisfying | < 6,0 > | > o leads to E[mg;;—;%l(yf(x;g)zw)] > M. These imply
the existence of 6y,. The uniqueness of 6y, is implied by the positive definiteness of
Hessian matrix as verified in (L5) below.

(L3). The loss function L.(yf(x;@)) is convex by noting that two segments of
L. (yf(x;8)) are convex, and the sum of convex functions is convex.

(L4). The loss function L,(yf(x;0)) is not differentiable only on the set {x :
270 = v or 10 = —v}, which is assumed to be a zero probability event. Therefore,
with probability one, it is differentiable with

(L-)2y
<y5:T0 — 2y +1)? (y2'0>v)>

Vol (yf(z;0)) = _iy[(y:i:T9<’y) -
and hence

G(0,,) = E[ng,y(Yf(X;H))ngv(Y f(X;O))T\gzgoy]
(- XXy ) }
(Y X 0y, — 294 1)1 X 00227
= B{XX"|[p(X)A(X,00,)+ (1-p(X))B(X.00,)|},  (231)

- E{XXTWI

T
(YX™ 60,<7)

where A(X,0,) and B(X,6y,) are defined as

A(XaBO’y) = [(XTQ < )+ ~ T (1 _’7>4 I(XTB > );
T (X 0 — 2y
(1—79)*
B(X’007> - [(*XT00w<“/)+ g XTHOWZ'Y)'

(X 00, +27 - 1)t
Obviously, |A(X, 8y,)| and | B(X, 8y,)| are both bounded by one. Therefore, G(6y,) <

oo based on the moment condition of X.
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(L5). We prove it in three steps. First, we show the risk R,(8) is bounded. For
each fixed v € [0, 1],

R,(8) < E|L,(Y(X:0))
o7 (1—7)?
< BEl1-YX'0)I, ‘+E‘ (1-7)" o
= (YX" 6<7) YXTO—Q’Y—I—l (YX 6>7)
=T
< Bl1=YX ), 4r, | +11 -7 < oo, (2.32)

where the first term in (2.32) was shown to be bounded in Rocha et al. (2009).

Next, we derive the form of Hessian matrix. The moment assumption of  and the
inequality (y&70—2y+1)? < (1—7)? lead to E|VeL,(Y f(X;0))| < E|- XY |+E| -
XY| < 2E|X| < co. Then, dominated convergence theorem implies that VR, (8) =
E[veL,(Y f(X;0))]. Hence, the Hessian matrix equals VoE[VoL,(Y f(X;80))]. We
next derive the form of E[VeL,(Y f(X;0))]. Note that

E[VeL, (Y f(X;8))]

= B[- XV r,., - (Y§T; 7_)22‘:: ey K70
= E{]{Yzl} [ - XI{XTOQ} B (X:(Fle__?j)j 1)2 {XT927}]
+ Iiy=—1y [X I{—XT9<7} - ( X%;?jf 1)2 {—XTGZ’Y}] }
= E{P(X) [ - X[{XT0<’Y} N (XSO_—VQ)’?:% 1)21{5(%2”’}} }
+ E{(l —p(X)) [X]{—XT9<W} T (XSO;VQ);)E 1)21{_5(%27}] }

= Fy(0) + E»(0).

After tedious algebra, we can show

T

VoEi(0)lo-0,, = E{XX

PX)C(X.60)}.
'

VoBs(0)lo-0,, = E{XX'(1-p(X))D(X,60,)},
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where
o T 2
L= )8(X 80, =), 21 570,20
(X 00, —2y+1)2 (X 0y, —2y+1)3
~.T 2
25(X 0p,+7) 2= 57, 5

~ T 1—
D(X.00) = oy +X"0,) L= S ,
(X 6o, +2y—1)2 (X 6oy +2y—1)3

C(X,0,,) = 5(7—5(%%)—(

and () is the Dirac delta function. Hence, we can write the Hessian matrix as
< o T
H(00,) = E{ XX [p(X)C(X,00,) + (1 - p(X))D(X . 00,) |} (2.33)

Finally, we establish the positive definiteness of H(6,,). We write H(6y,) =
Rl (007) + RQ(GOV) with

Ry (60,) = E{XXT (X5 = X" 80,) + (1= p(X))5(y + X6y, }

o7
o T v+ X 6 2[_~T
RQ(OOV):E{XX [(1—P(X))( ~:£7 o) ~T( X 60,>7) )
(X 00, +27—1)2 (X 6, +27y 1)
o T

(X 0o, — 2]5(T907<

() (g P =) ﬂ}(l—v)Q-
(X 00, =27 +1) (X O, — 2y +1)°

Next we show the positive definiteness of R1(6o,). Let f, be the density of :ETOOW.
According to Lemma 9 in Rocha et al. (2009), Assumption (L1) implies that fg(v) >
0, fol—y) > 0, P(Y = 1| X 6y, =) > 0, and P(Y = —1|X 0y, = —7) > 0. Note

that R1(6o,) can be rewritten as
~ ~T ~ T T
Bi(00,) = E[XX'|V =1,X" 05, = 4| POy = 11X, =1)fx(1)
~ ~ T ~ T =T
n E[XX Y =-1,X"0 = —V}P(Y = 11X 00, = —) fx(—7).
In order to show R;(0y,) is positive definite, it remains to show that £ [X X T|Y =

1, XTOOW = *y} or E[XXT\Y =—1, XTOO,Y = —fy] is strictly positive definite. Rocha
et al. (2009) showed that

T < - b
E [XXT|Y, x"0,, = 7] —E [XXT|Y, X0, = M]
[[wos ||
b 2 —b
(ﬂw 07) (wavgm) + Var<X|Y, X 0y, = 7 07), (2.34)
o/l [[wo, |
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where Sl i SQ means Sl - 52 is pOSitiVG Semi—deﬁnite, and U,wOﬂ{ = HZ}}%H By as-
vy
sumption (A1), Var(X|Y) is non-singular, and hence Var <X|Y, AXTUwo7 = H;g%)
.

has rank (d — 1) . Therefore, the right hand side of (2.34) is strictly positive def-
inite when v # bg,. Similarly, E[X XT|Y, XTH(W = —7} is strictly positive def-
inite when v # —by,. Therefore, either E[XXTD/ = 1,)(T’wo7 + byy = 7] or
E [XXT|Y = —1, X wy, + by, = —7} will be strictly positive definite at @, This
leads to the positive definiteness of R;(6o,).

In addition, similar argument implies that Ry(6,) is positive definite at 6y,.
This is due to the fact that (XT@Q7 + 2y — 1) < 0 when XTHO7 +v < 0, and
(XTOO,Y — 27+ 1) > 0 when )~(—T(907 — v > 0. Therefore, the Hessian matrix H(6y,)

is strictly positive definite for any « € [0, 1]. This concludes Corollary 1. [
2.7.6 Proof of Corollary 2
Following the proof of Theorem 2.2.1, we only need to show that

V(B = Ou) = =0 2H(O0,) 1 3 Mi(B0r) + 0p(1),

where .
(1 = )*Yi Xl (i r(X:60,)27)
s
(Yif (Xi:00,) =27+ 1)

Similarly, we denote Z = (X”,Y) and t = (b, w!)”, and write the difference of the

M;(80y) = =Y Xy, £(X,:00,) <) —

loss function according to their definitions,

Ly(Y (X500, +1)) = Ly (Y (X 65))

B < T (1—9)?
= (L= X 0oy D)1y 2765, 1<) YX' (60, +1) — 27 + 1 o 20)
T (1-9)?

YX 00, — 2y +1
= M(6y,)"t + R(Z,1).
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Here we reorganize the complicated terms into two parts M (6y,)”t which is linear in

t and R(Z,t) which contains higher-order functions of ¢. In particular, we denote

- T

3 1—79)2YX

M(OO’Y) = _YXTI{Yf(XT;OowKW} N (Yf(j((T 07)) 2y + 1)2
s Ooy) — 27

R(Z,t) = (1 —Yf(X;00, +1 ]{Yf(XT;eowm}]

1

V(X 00,)>7)

>> [I{Yf(XT;Howt)O} -

(= Yy %™ 00 42)

YF(X" 100, +1) —27+1

B (1—9)? =YX
Y/(X 100,) ~2v+1  Y(X ;80,)—2y+1

It is easy to check that E(M(0y,)) = VoR,(0)|o—g,.

+

1

(v #(X"00,)>7}

E[R(Z,1)] = %tTH(Om)t +o([[t]*) and E[R*(Z,t)] = O(|t||*)-

The remaining arguments follow exactly from the proof of Theorem 2.2.1. [

2.7.7 Proof of Lemma 1

In the proof of Corollary 2, we showed that for any ~ € [0, 1],

V0, —6y,) = —n"2H(8,,)"" Zn: M;(8¢,) + op(1); (2.35)
VD, = Do) = 2y i+ op(1), (2.36)

where 1/11‘7 = %’Y; — Slgn{f(Xz, 007)}‘ — DOV — d(eofy)TH(eofy)_lMi<007). In addition,
(2.35) and (2.36) converge to normal distributions.
Next, we show that the right hand sides of (2.35) and (2.36) are uniformly bounded

over v € [0,1]. Denoting the L; norm as || - ||y, we have

[0

v€([0,1]

(1= 92X il (v, f(x1:600,)2)

< sup || — Y;Xi](yif(xi?e()w)<'Y)H1 + sup

=~ 76[0,1] ’}/E[O,l] (Y;f(X,“ eo’y) . 27 + 1)2
< 2 )X . (2.37)
1




42

In addition, Amax(H(0oy)) < c2 in Assumption (B1) implies that each component
of the Hessian matrix is uniformly bounded since [[H(6oy)|[max < [[H(Ooy)||2 =
Amax (H (0o)). This combining with (2.37) and Central Limit Theorem leads to

sup H\/ﬁ(/év — 6,

~v€[0,1]

= Op(1). (2.38)
Similarly,
sup

~v€[0,1]

< sup 2]Y—81gn(X 0o,)| + sup |Doy| + sup ‘d 00,)" H(6o,) ' M;(6o,)

djify

v€[0,1] v€l0,1 v€[0,1]
< 141+ sup (d(6o,)| sup H(Goy)’ ‘ sup (| M;(6o,)
~v€[0,1] Lyefo) max ye[0,1] !

where ¢z in (2.39) is a constant according to [[H(0oy) lmax < [|H(00y) 2 =
1/ Amin(H(600,)) < 1/cy from Assumption (B1), and

1400l < 4| VE (Toisixiony<n ) | < 40(-Y0L X1 Xilli = 0 as,
with §(z) = 0 for z # 0 and oo at z = 0. So (2.39) leads to

sup \/ﬁ)ﬁ7 — Do,

76[071]

= Op(1). (2.40)
In the end, the definitions of 4§ and 7 imply that
l)o%k - l)o%k <0 and ’536 — ﬁ%; <0. (241)

Therefore, we have Do, — ﬁ% = Doz — Dogz + Dogz — D < Doy; — ﬁ% = Op(n=1/?)
based on (2.40) and (2.41). Using similar arguments, we have ﬁ% —Dyye < Op(n=/2).
= Op(n~'/?). This concludes the proof
of Lemma 1. |

The above discussions imply that ‘YS% — Doy

2.7.8 Proof of Theorem 2.4.1

Before we prove Theorem 2.4.1, we introduce two useful lemmas.
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~ T~
Lemma 3 The generalization error Do, = 3 E|Yy — sign{ X 0,}| is continuous w.r.t.

v a.s.

~ T/\
Proof of Lemma 3: The discontinuity of sign function happens only at X, 8., = 0,
which is assumed to have probability zero. Hence, it is sufficient to show §7 is contin-
uous in v by dominated convergence theorem. Recall that 57 = argminge ra+1 O, (0)

with

AwTw

2

O, (8) = % i L, (yi(wTwi + b)) +

Note that O,,(0) is continuous w.r.t. = due to the continuity of L,(u) w.rt. ~.
Then, for any sequence v, — o0 with v € [0, 1], continuous mapping theorem
implies that |0, (0) — Opnqe(0)] < 6 for any 6 > 0 when n is sufficiently large.

Denote 6., = arg ming Onroo(0) and G = {0 : |0 — 5700“ < €}. For each fixed €, we

Y00

construct R

MiNge pd+1\g Oﬂ’Yoo (9> - OTWOO (0’}’00)
5 .

5:

Then we have

On'YOO (0700) = eeg}iiﬁ\g On'yoo (0) —20

< Beg}iigi\g On’Yoo (0) + On’Yn (0) - On’Yoo (9) -9

< Ony,(0) =0,
which is true for any @ € R, Therefore,

On’YOO (0’}'00) < Beg}li-ﬂ\g On%, (9) — 0. (242)

On the other hand, |0y, (8) — Oy (8)] < & implies that Oy,.y, (6-5,) — Onegy (000) <

~

and hence minge gar1 Oy, (0) < Onygo(0440) + 9. This combining with (2.42) leads to

min O,,,(0) < min O, (0).

OcRd+1 OcRI+IN\G

Therefore, arg minge ga+1 Oy, (0) € G, and hence @7 is continuous at vp9. Note that
e can be made arbitrarily small and ~go is an arbitrary element within [0,1]. This

concludes Lemma 3. |
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The following Lemma 4 shows the (element-wise) asymptotic equivalence between

AO and Ko.

Lemma 4 Suppose that the assumptions in Lemma 1 hold. We have, as n — oo, (i)
for any 7 € Ao, there exists a v € Ny such that 5 £ v; (i) for any v € Ag, there

ezists a 7 € N satisfying 7 R 7.

Proof of Lemma 4: Our proof consists of two steps. In the first step, for any 7 € _/A\O

with 7 R ~, we have

A~

Doy = Doy; = (Doy — Doz) + (Dog — D5) + (D5 — D‘/S) + <D’YE§ - DUVS)
= I+ +1IT+1V.

Obviously, we have I = op(1) according to continuous mapping theorem and Lemma
3, and I1,IV = op(1) due to (2.40). As for 11, we have II] < Ds: — D,; +
n*1/2¢§,§6;a/g < op(1l)sincey € Ao defined in (2.16). The above discussions lead to the
conclusion that Do, — Dyg,x < op(1). Therefore, we have P(y € Ag) > P(Doy— Doy <
0) — 1.

In the second step, we apply the contradiction argument. Assume there exists
some v € Ag such that 7 ¢ /A\o for any 7 R ~. The above assumption directly implies
that ﬁg - ﬁ% > op(1). The analysis in the first step further implies that there exists
some v* € A, i.e., Doy = Doys, with probability tending to one such that 7 =R v*.

Then, we have

~

Doy = Doy = (Doy — Doy) + (Dog — D5) + (D5 — Dg;) + (Ds; — Doy)

= [+ II+1IT+1V".

Recall that I,II = op(1) and I1I' > op(1) as shown in the above. We also have
IV" = op(1) due to (2.40) and the fact that ~j L 4. In summary, we have Dy, —

Dy« > op(1), which contradicts the definition of v. This concludes the proof of
Lemma 4. u
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Proof of Theorem 2.4.1: The proof consists of two major steps. In the first

step, we show that

sup n|DBI(S(X:0.)) — DBI(S(X:0.))| — 0. (2.43)

~€[0,1]
Denote DBI(S(X;6,)) =+ 5", iL‘Z Var(nw)ajl( , where f’iz—d) = (1, (Rvmi)(de))T
and R, is the transformation matrix associated with the loss function L,. Then we
have

sup n‘@(S(X; 6.)) — DBI(S(X;8.))

~v€[0,1]
< sup n‘l?B\I(S(X;b\W)) ——DBJ(S(X;@))‘
~v€[0,1]
+ sup n‘DB] S(X:9.)) — DBI(S(X;@W))‘. (2.44)
~v€[0,1]

Next we show each summand in (2.44) converges to 0. For the first one, we have

~ ‘

sup n\ﬁB\w(X;@V)) ~ DBI(S(X:8,))

~v€[0,1]
= sup n’ sz Var — —Z oV ar( 777) i(_a)
~v€[0,1]
= sup sz (Var(®l) — Var@))&!_,|. (2.45)
~v€[0,1]
where ; ot
z _ z
Var(pl) = ==L and Var(fl) = —2=2
n(w'y,d) n( ’yd)

Here, fET . 1s the last dimension of 6* Since fJT . follows the normal distribution with

f

mean U},y d

and variance converging to 0, we have wi 4= w 4 +op(1), and hence
(@Ld)Q = (w%d) + op(1) due to the boundedness of w%d. In addltlon, uniform law
of large numbers implies that each component of ig — E(Tm uniformly converges to 0
w.r.t. 7, because each element of iL is continuous w.r.t. 7 (by similar arguments as

in Lemma 3). Therefore, we have

— 2 L) Sa
n|Var(q!) — Var(n!)| = (lT E (wv{ E
%d v,d
SN 3 S Caor(l)

_ D) T Fon(-d) (= (2.46
(w2 +op(1)  (w! )2[(w] )2+ 0p(1)] (240
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where the second term in (2.46) uniformly converges to 0 due to Assumption (B1)
and the boundedness of w; 4 Therefore, each element of (2.46) uniformly converges
to 0, which implies that (2.45) converges to 0.

As for the second summand of (2.44), we again apply uniform law of large numbers
to show

sup n‘W(S(X 0.)) — DBI(S(X;8.))| - 0.

~v€[0,1]

Note that X Var(n,y) X I 4 18 continuous w.r.t. v by similar arguments as in

Lemma 3, and
n X oVar(m )X = |1, (Ry2)" ) nVar@) (A, (R,x)! ;)
n, y Uy ) (_g) 1)UL By @) gy
< 04‘1 + SU(T,d)CU(—d) < ¢s,

where the first inequality holds because each component of nVar(ﬁ,Ty) is uniformly
bounded due to the boundedness of w;d and Assumption (B1). Then the uniform

law of large number implies

sup n’DB[ S(X:0.)) — DBI(S(X;@V))‘

~v€[0,1]

= ZilLy) —2yf A 1T b y=25 ot

a Séugpu _Z Z07( —d) (n’Y)wi(—d) - E<X(fd)(wv,d) 207,(—d)X(fd)>’
)

- 0 (2.47)

Combining (2.45) and (2.47) leads to (2.43).

In the second step of the proof, we show n(@(S(X; 5%)) —DBI(S(X; ém))) <
op(1) and n(DBI(S(X;@WO)) - @(S(X; 5%))) < op(1), from which the desirable
result (2.21) follows.

Firstly, we prove
n(DBI(S(X;85,)) - DBI(S(X;8,,))) < op(1).

Denote 7, = arg min_ 3 DBI(S(X; /9\7)) For 7y defined in (2.20), Theorem 4 implies

that there exists a 75 € Ao such that 75 R Yo, then we have

n(ﬁB\[(S(X; 6-,)) — DBI(S(X; 5%))) — [+ IT+111,
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where

—

I = n(DBl (S(X ))-DBI(S(X;%))),
I = n(DBI S(X:0.)) - DB](S(X;%()&))),
111 = n(DBI(S(X;0.2)) —DBI(S(X;@M)).

~

Note that @(S(X 0;,)) < DBI(S(X 04)) according to (2.19) and hence
I< n<53\1(5(x;5%)) — DBI(S(X; 5%))).

According to DBI(S(a:;@Wg)) < DBI(S(az;aﬁoa)) due to 7} € Ao, we have IT < 0.
Moreover, DBI(S(X; /O\%A)) —DBI(S(X; 5%)) = op(n~1) according to 75" L 4o and
continuous mapping theorem. All these together with (2.43) lead to
I+ IT+1II < supn|DBI(S(X;8,)) — DBI(S(X:0.))| + op(1) < op(1). (2.48)
WEKO

Secondly, we prove
n(DBI(S(X;0,,)) — DBI(S(X;85,))) < op(1).

Denote vy = arg min. ey, @(S(X; 4/9\7)) For 7y defined in (2.19), Lemma 4 implies
that there exists %3 € Ay such that 7y Rt %5, then we have

~

DBI(S(X;8,,)) — DBI(S(X;85,)) < DBI(S(X;85,)) — DBI(S(X;85,))
+ DBI(S(X:85,)) — DBI(S(X;05)) + DBI(S(X:8)) — DBI(S(X;05,)).

Here DBI(S(X;0.,,)) < DBI(S(X;85,)) by the definition of vo, DBI(S(X;0,)) <
@(S(X; 4/9\%)) due to the definition of 7y, and @(S(X; %))—@(S(X; /0\%)) =

op(n~1) according to 7 Rt ﬁg and continuous mapping theorem. Therefore,

n(DBI(S(X:8.,)) - DBI(S(X:85,)))
< supn‘DBI S(X:6.)) - DBI(S(X;@W))‘—FOP(Dgop(l), (2.49)

v€Ao
Consequently, combining (2.48) and (2.49) leads to the desirable conclusion in
Theorem 2.4.1. |
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3. STABILIZED NEAREST NEIGHBOR CLASSIFIER AND ITS
THEORETICAL PROPERTIES

The k-nearest neighbor (kNN) classifier [50,51] is one of the most popular nonpara-
metric classification methods, due to its conceptual simplicity and powerful prediction
capability. In the literature, extensive research have been done to justify various near-
est neighbor classifiers based on the risk, which calibrates the inaccuracy of the clas-
sifier [52-57]. We refer the readers to [58] for a comprehensive study. Recently, [27]
has proposed an optimal weighted nearest neighbor (OWNN) classifier. Like most
other existing nearest neighbor classifiers, OWNN focuses on the risk without paying
much attention to the classification stability.

In this chapter, we define a general measure of stability for a classification method.
It characterizes the sampling variability of the prediction, and is named the classi-
fication instability (CIS). CIS applies to both linear and non-linear classifiers. An
important result we obtain is that the CIS of a weighted nearest neighbor (WNN)
classifier is asymptotically proportional to the ¢, norm of the weight vector. This
rather concise form is crucial in our methodological development and theoretical anal-
ysis. To illustrate the interplay between risk and CIS, we apply the kNN classifier to
a bivariate toy example (see details in Section 3.6.1) and plot in Figure 3.1 the regret
(that is the risk minus a constant known as the Bayes risk) versus CIS, calculated
according to Proposition 2 and Theorem 3.2.1 in Section 3.2, for different k. As k
increases, the classifier becomes more and more stable, while the regret first decreases
and then increases. In view of the kNN classifier with the minimal regret, marked
as the red square in Figure 3.1, one may have the impression that there are other &
values with similar regret but much smaller CIS, such as the one marked as the blue

triangle shown in the plot.
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0.20 A stabilized NN
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Figure 3.1. Regret and CIS of the kNN classifier. From top to bottom,
each circle represents the kNN classifier with & € {1,2,...,20}. The
red square corresponds to the classifier with the minimal regret and
the classifier depicted by the blue triangle improves it to have a lower

CIS.

Inspired by Figure 3.1, we propose a novel method called stabilized nearest neigh-
bor (SNN) classifier, which takes the stability into consideration. We construct the
SNN procedure by minimizing the CIS of WNN over an acceptable region where
the regret is small, indexed by a tuning parameter. SNN encompasses the OWNN
classifier as a special case.

To understand the theoretical property of SNN, we establish a sharp convergence
rate of CIS for general plug-in classifiers. This sharp rate is slower than but approach-
ing n~!, shown by adapting the framework of [21]. Furthermore, the proposed SNN
method is shown to achieve both the minimax optimal rate in the regret established
in the literature, and this sharp rate in CIS established in this article.

In order to illustrate the advantage of the SNN classifier, we offer a comprehensive
asymptotic comparison among various classifiers, through which new insights are
obtained. It is theoretically verified that the CIS of our SNN procedure is much
smaller than those of others. Figure 3.2 shows the regret and CIS of kNN, OWNN,
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Figure 3.2. Regret and CIS of NN, OWNN, and SNN procedures
for a bivariate normal example. The top three lines represent CIS’s
of kNN, OWNN, and SNN. The bottom three lines represent regrets
of kNN, SNN, and OWNN. The sample size shown on the x-axis is in
the log,, scale.

and SNN for a bivariate example (see details in Section 3.6.1). Although OWNN is
theoretically the best in regret, its regret curve appear to overlap with that of SNN.
On the other hand, the SNN procedure has a visibly smaller CIS than OWNN. A
compelling message is that with almost the same accuracy, our SNN could greatly
improve stability. Extensive experiments further illustrate that SNN has a significant
improvement in CIS, and sometimes even improves the accuracy. Such appealing
results are supported by the theoretical finding (in Corollary 3) that the regret of
SNN approaches that of OWNN at a faster rate than the rate at which the CIS of
OWNN approaches that of SNN, where both rates are shown to be sharp. As a
by-product, we also show that OWNN is more stable than the kNN and the bagged
nearest neighbor (BNN) classifiers.
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3.1 Classification Instability

Let (X,Y) € R¢x{1, —1} be arandom couple with joint distribution P. We regard
X as a d-dimensional vector of features for an object and Y as the label indicating
that the object belongs to one of two classes. Denote the prior class probability as
m = P(Y = 1), where P is the probability with respect to P, and the distribution of
X given Y =1 as P;. Similarly, we denote the distribution of X given ¥ = —1 as
P,. The marginal distribution of X can be written as P = m P, + (1 —m)P,. Fora
classifier ¢ : R +— {1, —1}, the risk of ¢ is defined as R(¢) = P(¢(X) # Y). It is well
known that the Bayes rule, denoted as ¢"®°, minimizes the above risk. Specifically,
#BYs(z) = 1 — 21{n(x) < 1/2}, where n(z) = P(Y = 1|X = z) and 1{-} is the
indicator function. In practice, a classification procedure ¥ is applied to a training
data set D = {(X;,Y;),i = 1,...,n} to produce a classifier ¢, = ¥(D). We define the
risk of the procedure ¥ as Ep [R(an)], and the regret of ¥ as Ep [R(g/gn)] — R(¢Bwes),
where Ep denotes the expectation with respect to the distribution of D, and R(gpB#ve)
is the risk of the Bayes rule, called the Bayes risk. The risk describes the inaccuracy
of a classification method. In practice, for a classifier ¢, the classification error for a
test data can be calculated as an emprical version of the risk R(¢).

For a classification procedure, it is desired that, with high probability, classifiers
trained from different samples yield the same prediction for the same object. Our
first step in formalizing the classification instability is to define the distance between
two generic classifiers ¢; and ¢9, which measures the level of disagreement between

them.

Definition 2 (Distance of Classifiers) Define the distance between two classifiers ¢,
and ¢y as d(¢1, 2) = P(¢1(X) # ¢2(X)).

We next define the classification instability (CIS). Throughout the article, we denote
D; and D, as two i.i.d. copies of the training sample D. For ease of notation, we

have suppressed the dependence of CIS(V) on the sample size n of D.
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Definition 3 (Classification Instability) Define the classification instability of a clas-

sification procedure ¥ as
CIS(\P) = ED1,D2 |:d($n17 $n2):| (3].)

where gz?,ﬂ = V(D) and Q/b\ng = U(D,) are the classifiers obtained by applying the

classification procedure W to samples D1 and D.

Intuitively, CIS is the average probability that the same object is classified to two
different classes in two separate runs of the learning algorithm. By definition, 0 <

CIS(¥) < 1, and a small CIS(V) represents a stable classification procedure W.

3.2 Stabilized Nearest Neighbor Classifier

In this section, we introduce a novel classification method called the stabilized
nearest neighbor (SNN) procedure which well balances the trade-off between classifi-
cation accuracy and classification stability. Section 3.2.1 reviews the general weighted
nearest neighbor (WNN) framework. Section 3.2.2 derives an asymptotic equivalent
form of the CIS measure for the WNN procedure, which turns out to be proportional
to the Euclidean norm of the weight vector. Based on WNN’s explicit expressions of

the regret and CIS, we propose the SNN classification procedure in Section 3.2.3.

3.2.1 Review of WNN

For any fixed z, let (Xn), Y1), ..., (X(m), Y(n)) be a sequence of observations with
ascending distance to x. For a nonnegative weight vector w, = (wy;)", satisfying
Y or  wy; = 1, the WNN classifier ¢wn predicts the label of z as ¢¥»(z) = 1 —
2 {50 wd (Y = 1} < 1/2).

[27] revealed a nice asymptotic expansion formula of the regret of WNN under
the following Assumptions. For a smooth function g, we denote g(x) as its gradient
vector at x. We assume the following conditions through all the article.

(A1) The set R C R? is a compact d-dimensional manifold with boundary OR.
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(A2) The set S = {z € R : n(x) = 1/2} is nonempty. There exists an open subset
Up of R? which contains S such that: (i) 7 is continuous on U\Uy with U an open
set containing R; (ii) the restriction of the conditional distributions of X, P, and
P, to Uy are absolutely continuous with respect to Lebesgue measure, with twice
continuously differentiable Randon-Nikodym derivatives f; and f.

(A3) There exists p > 0 such that [, ||z]|°dP(z) < co. Moreover, for sufficiently
small § > 0, inf,er P(Bs(2))/(aqg6?) > Cs > 0, where aq = 7%2/T'(1 +d/2), T'(-) is
gamma function, and C5 is a constant independent of 9.

(A4) For all = € S, we have 7(z) # 0, and for all z € S NIR, we have dn(z) # 0,
where On is the restriction of 1 to OR. |

Remark 3 Assumptions (A1)-(A4) have also been employed to show the asymptotic
expansion of the regret of the kNN classifier [59]. The condition n(x) # 0 in (A4) is
equivalent to the margin condition with o = 1; see (2.1) in [27]. These assumptions

ensure that f(xo) and 1(xy) are bounded away from zero and infinity on S.

Moreover, for a smooth function g: R? — R, let g;(z) its jth partial derivative
at x, §(z) the Hessian matrix at =, and g;i(z) the (j, k)th element of G(z). Let

_ 2
Cjd = [yuj<1 V5 dv- Define

& (@) Fi(@) + 1/2n;5(2) F(x)}
a(z) = ]Z:; T (2 .

We further define two distribution-related constants

. f(x) old1( _ f(x) al2)2dVold (2
Bi= [ e, B= [ pepearaere),

where Vol?™! is the natural (d — 1)-dimensional volume measure that S inherits.

Based on Assumptions (A1)-(A4), By and Bs are finite with B; > 0 and By > 0,
where By = 0 only when a(x) equals zero on §. In addition, for 5 > 0, we denote
W, 5 as the set of w,, satisfying (w.1)—(w.5).
(w.1) Yo, wpy <n7,
2

(w.2) n=4(37" | qiwgi)? < n~P, where o = i — (i— 1),
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(w.3) n¥/d Y ki1 Wai/ D iy iy < 1/logn with ky = |nt=#],

(w.4) Z?:kg-i—l wiz/ 2?21 w’rzzi < 1/logn,

(w.5) iy wis/ (30, i) < 1/ logn.

For the kNN classifier with w,; = k~'1{1 < i < k}, [27] showed that (w.1)-(w.5)
reduce to max(n”, (logn)?) < k < min(n!=#4/4 nl=8) More discussions on W,, 5 can

be found in [27].

Proposition 2 [27] Under Assumptions (A1)-(A4), for each B € (0,1/2), we have,
as n — 0o,

n

Regret{ WNN) = {B1 >k + By (Y O;fjg)g} {1+ 0(1)}, (3.2)

=1 =1

uniformly for w, € W, g with W, g, where a; = itE— (i — 1),

[27] further derived a weight vector that minimizes the asymptotic regret (3.2)
which led to the optimal weighted nearest neighbor (OWNN) classifier. As will be
shown in Section 3.2.3, the OWNN classifier is a special case of our SNN classifier.

3.2.2 Asymptotically Equivalent Formulation of CIS

Denote the two resulting WNN classifiers trained on D; and D; as &5%" () and
5;”2” (x) respectively. With a slight abuse of notation, we denote the CIS of a WNN
classification procedure by CIS(WNN). According to the definition in (3.1), classifica-

tion instability of a WNN procedure is CIS(WNN) = Pp, p, x (ggﬁl" (X) # &53;()())
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We first do some initial analysis of the above CIS measure, which helps derive its
asymptotic equivalent formulation. Based on the fact Dy, D, -y D, the CIS of WNN

can be reformulated as

CIS(WNN)
= IEX[PD@( X) # G (X)] X))
- B (320001 = 1,35 00 = )]
FEx [Po, o, (637 (X) = =1, 65(X) = 1]
= 2B [Po (G0 (X) = 11X)] —2mx[P3 (0 () = 1X)]  (33)

The above derivations indicate that WNN’s CIS can be fully captured by its perfor-
mance on a single data set, and we can develop the formulation by studying each
term in (3.3) separately.

Theorem 3.2.1 provides an asymptotic expansion formula for the CIS of WNN in

terms of the weight vector w,,.

Theorem 3.2.1 (Asymptotic Equivalent Form of CIS) Under Assumptions (Al)-
(A4), for each B € (0,1/2), we have, as n — oo,

CIS(WNN) = By ( En: w?“-> P oy, (3.4)

uniformly for all w, € W, g with W,, 5, where the constant By = 4By /\/7 > 0 with
By defined in Proposition 2.

Theorem 3.2.1 demonstrates that CIS of the WNN procedure is asymptotically

/2 For example, for the kNN procedure (that is the

proportional to (3., w?)
WNN procedure with w,; = k~'1{1 <i < k}), its CIS is asymptotically Bs+/1/k.
Therefore, a larger value of k leads to a more stable kNN procedure, which was seen
in Figure 3.1. Furthermore, we note that the CIS expansion in (3.4) is related to the
first term in (3.2). The expansions in (3.2) and (3.4) allow precise calibration of the

regret and CIS. This interesting connection is important in the development of our

SNN procedure.
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3.2.3 Stabilized Nearest Neighbor Classifier

To stabilize WNN, we consider a weight vector which minimizes the CIS over an
acceptable region where the classification regret is less than some constant ¢; > 0,

that is,
min CIS(WNN) (3.5)

subject to Regret(WNN) < ¢, Zwm =1, w, > 0.

i=1
By considering CIS(WNN)? in the objective function and the Lagrangian formulation,
we can see that (3.5) is equivalent to minimizing Regret(WNN) + \oCIS?(WNN)
subject to the constraints that Z?:l wy; = 1 and w, > 0, where \yg > 0. The
expansions (3.2) and (3.4) in Proposition 2 and Theorem 3.2.1 imply the following
asymptotically equivalent formulation:
n 2 n
HI1Uinn (Z %) +)\Zwii (3.6)
i=1 i=1

n
subject to Zwm- =1, w, >0,
i=1

where A\ = (B; + \gB2)/Bs depends on constants B; and B, and \g. When A\ — oo,
(3.6) leads to the most stable but trivial kNN classifier with £ = n. The classifier in
(3.6) with A | By/By (i.e., Ag | 0) approaches the OWNN classifier considered in [27].
Note that the two terms (n=2/¢ 3" | cyw,;)? and Y7 w?; in (3.6) represent the bias
and variance terms of the regret expansion given in Proposition 2 [27]. By varying
the weights of these two terms through A, we are able to stablize a nearest neighbor
classifier. Moreover, the stabilized classifier achieves desirable convergence rates in
both regret and CIS.

Theorem 3.2.2 gives the optimal weight w}, with respect to the optimization prob-
lem (3.6). We formally define the stabilized nearest neighbor (SNN) classifier as the
WNN classifier with the optimal weight w;,.
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Theorem 3.2.2 (Optimal Weight) For any fized A > 0, the minimizer of (3.6) is

wk = kl_* 1+g_2(k»fl)2/d04i , fori=1,... k",
0, fori=k*+1,...,n,

where o; = i\t — (i — 1)1+3 and k* = Hggig}ﬁd“/\#“nﬁj-

The SNN classifier encompasses the OWNN classifier as a special case when A =
By/B;y. Note that Theorem 3.2.2 is valid for any A > 0, which includes the case
A > By/Bs.

The computational complexity of our SNN classifier is comparable to that of
existing nearest neighbor classifiers. If we preselect a value for A\, SNN requires no
training at all. The testing time consists of two parts: the O(n) complexity for the
computation of n distances, where n is the size of training data; and the O(nlogn)
complexity for sorting n distances. The kNN classifier, for example, shares the same
computational complexity. In practice, A is not predetermined and we may treat
it as a tuning parameter, whose optimal value is selected via cross validation. See
Algorithm 1 in Section 3.5 for details. We will show in Section 3.5 that the complexity

of tuning in SNN is also comparable to existing methods.

3.3 Theoretical Properties

In this section, we establish a sharp convergence rate of CIS for a general plug-
in classifier, which includes SNN as a special case. We then demonstrate that SNN
attains this established sharp convergence rate in CIS, as well as the minimax optimal

convergence rate in regret.

3.3.1 A Sharp Rate of CIS

Motivated by [21], we establish a sharp convergence rate of CIS for a general

plug-in classifier. A plug-in classification procedure ¥ first estimates the regression
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function n(z) by 7. (z), and then plugs it into the Bayes rule, that is, ¢,(z) = 1 —
214{n.(z) < 1/2}.

The following margin condition [21] is assumed for deriving the upper bound of
the convergence rate, while two additional conditions are required for showing the
lower bound. A distribution function P satisfies the margin condition if there exist

constants Cy > 0 and a > 0 such that for any € > 0,
Px(0 < |n(X) —1/2| <€) < Cpe*. (3.7)

The parameter « characterizes the behavior of the regression function 7 near 1/2,
and a larger a implies a lower noise level and hence an easier classification scenario.

The second condition is on the smoothness of n(x). Specifically, we assume that 7
belongs to a Haolder class of functions X(v, L, R?) (for some fixed L,y > 0) containing
the functions g : RY — R that are |v] times continuously differentiable and satisfy,
for any x, 2’ € R?, |g(2) — g.(2')] < L||z — 2'||?, where |7] is the largest integer not
greater than v, g, is the Taylor polynomial series of degree |v| at x, and || - || is the
Euclidean norm.

Our last condition assumes that the marginal distribution P satisfies the strong
density assumption which satisfies that for a compact set R C R? and constants
co,mo > 0, P is supported on a compact (cg,7o)-regular set A C R satisfying v4(A N
B, (x)) > cova(B,(x)) for all r € [0,r] and all x € A, where v; denotes the d-
dimensional Lebesgue measure and B,(z) is a closed Euclidean ball in R? centered at
x and of radius r > 0. Moreover, for all z € A, the Lebesgue density f of P satisfies
fanin < f(2) < funax for some 0 < fiuin < fmax, and f(z) = 0 otherwise. In addition,
fex(y—1,L, A).

We first derive the rate of convergence of CIS by assuming the exponential con-

vergence rate of the corresponding regression function estimator.

Theorem 3.3.1 (Upper Bound) Let 7, be an estimator of the regression function n
and let R C R? be a compact set. Let P be a set of probability distributions supported
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on R x {1,—1} such that for some constants C1,Cy > 0, some positive sequence
an, — 00, and almost all x with respect to P,

sup Pp (\ﬁn(a:) —p(z)] > 5) < Oy exp(—Crand?) (3.8)
PeP

holds for any n > 1 and &6 > 0, where Pp is the probability with respect to P®".
Furthermore, if all the distributions P € P satisfy the margin condition for a constant
Co, then the plug-in classification procedure W corresponding to 7, satisfies

sup CIS(¥) < Ca;/?,
PeP

for any n > 1 and some constant C' > 0 depending only on o, Cy, Cy, and Cs.

It is worth noting that condition (3.8) holds for various types of estimators. For
example, Theorem 3.2 in [21] showed that the local polynomial estimator satisfies
(3.8) with a,, = n?"/**% when the bandwidth is of the order n='/(27+4) In addition,
Theorem 3.3.3 in Section 3.3.2 implies that (3.8) holds for the newly proposed SNN
classifier with the same a,. Hence, in both cases, the upper bound is of the order
-0/ (2r+d)

We next derive the lower bound of CIS in Theorem 3.3.2. As will be seen, this
lower bound implies that the obtained rate of CIS, that is, n=®"/7*4d cannot be

further improved for the plug-in classification procedure.

Theorem 3.3.2 (Lower Bound) Let P, be a set of probability distributions sup-
ported on R x {1,—1} such that for any P € P,, P satisfies the margin condition
(3.7), the regression function n(z) belongs to the Holder class (v, L,R?), and the
marginal distribution P satisfies the strong density assumption. Suppose further that

P.., satisfies (3.8) with a,, = n*/®+) and ay < d. We have

sup CIS(V) > C'n~/r+d),
PEPa.y

for any n > 1 and some constant C' > 0 independent of n.
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Theorems 3.3.1 and 3.3.2 together establish a sharp convergence rate of the CIS for
the general plug-in classification procedure on the set P, . The requirement oy < d
in Theorem 3.3.2 implies that o and v cannot be large simultaneously. As pointed out
in [21], this is intuitively true because a very large v implies a very smooth regression
function 7, while a large « implies that 1 cannot stay very long near 1/2, and hence
when 7 hits 1/2, it should take off quickly. Lastly, we note that this rate is slower

than n~!, but approaches n~! as the dimension d increases when a~y = d.

3.3.2 Optimal Convergence Rates of SNIN

This subsection illustrates that SNN’s convergence rate of regret is minimax op-
timal and its convergence rate of CIS achieves the sharp rate established in Sec-
tion 3.3.1. We further show the asymptotic difference between the SNN procedure
and the OWNN procedure.

In Theorem 3.3.3 and Corollary 3 below, we consider SNN with k* =< n?7/(27+d) in
Theorem 3.2.2, where a,, < b, means the ratio sequence a, /b, stays away from zero
and infinity as n — oo. Note that under Assumptions (A1)—(A4), we have v = 2 and

hence k* < n*“+4d which agrees with the formulation in Theorem 3.2.2.

Theorem 3.3.3 For any o > 0 and v € (0,2], the SNN procedure with any fized
A > 0 satisfies

sup Regret(SNN) < Cn~=lettv/@r+d)
PEPa.

sup CIS(SNN) < Cn~o/(2r+d),

PePq

for any n > 1 and some constants C,C' > 0, where Po~ is defined in Theorem 3.3.2.

Corollary 3 below further investigates the difference between the SNN procedure

(with A # By/Bs) and the OWNN procedure in terms of both regret and CIS.
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Corollary 3 For any a > 0, v € (0,2], we have, when \ # By/Bs,

sup {Regfret(SNN) — Regret(OWNN)} = - (Fe/Cytd)

PePy ~

sup {C[S(OWNM— C[S(SNN)} = po/@td) (3.9)

PePa ~

where Pq 15 defined in Theorem 3.3.2.

Corollary 3 illustrates that the regret of SNN approaches that of the OWNN (from
above) at a faster rate than the rate at which the CIS of OWNN approaches that of
the SNN procedure (from above). Intuitively, this may imply that there is some room
for improvement in CIS, while the difference in regret between the two methods is

very small.

Remark 4 Under Assumptions (A1)-(A4), which are the assumptions in Theorem
3.2.1, and the assumption that v = 2, the conclusion in (3.9) can be strengthened to
that for any P € P15, CISCOWNN) — CIS(SNN) < n=2/1+4) that is, the room for

improvement in CIS is relatively large for all distributions in P .

3.4 Asymptotic Comparisons

This section starts with an asymptotic comparison of the CIS among several exist-

ing nearest neighbor classifiers. We then demonstrate that SNN significantly improves

OWNN in CIS.

3.4.1 CIS Comparison of Existing Methods

We compare the CIS for three existing methods, kNN, OWNN and the bagged
nearest neighbor (BNN) classifier. The kNN classifier is a special case of the WNN
classifier with weight w,; = 1/k for i = 1,...,k and w,; = 0 otherwise. Another
special case of the WNN classifier is the BNN classifier. After generating subsamples
from the original data set, the BNN classifier applies 1-nearest neighbor classifier to

each bootstrapped subsample and returns the final predictor by majority vote. If the
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resample size m is sufficiently smaller than n, i.e., m — oo and m/n — 0, the BNN
classifier is shown to be a consistent classifier [60]. In particular, [60] showed that, for
large n, the BNN classifier (with or without replacement) is approximately equivalent
to a WNN classifier with the weight w,; = q(1 —¢q)" /[l — (1 —¢)"] fori =1,...,n,
where ¢ is the resampling ratio m/n.

We denote the CIS of the above classification procedures as CIS(kNN), CIS(BNN)
and CIS(OWNN), respectively. Here k in the kNN classifier is selected as the one
minimizing the regret [59]. The optimal ¢ in the BNN classifier and the optimal weight
in the OWNN classifier are both calculated based on their asymptotic relations with
the optimal & in ANN, which were defined in (2.9) and (3.5) of [27]. Corollary 4
gives the pairwise CIS ratios of these classifiers. Note that these ratios depend on the

feature dimension d only.

Corollary 4 Under Assumptions (A1)-(A4) and the assumption that By is positive,

we have, as n — 00,

CIS(OWNN) N 22/(d+4)(d+2>(d+2)/(d+4)

CIS(kNN) d+4 ’
CIS(BNN) .
it Sntebieh V4 9=2/(d+4) (9 4 2/4)%/ (d+4)
CIS(kNN) (2+2/d)7,
CIS(BNN) 4 d + 4\ (d+2)/(d+4)
) /(d+4)r 2 2/d d/(d+4) )
CISCOWNN) (2+2/d) <d+2)

The limiting CIS ratios in Corollary 4 are plotted in Figure 3.3 which delivers
several messages. A major one is that the OWNN procedure is more stable than
the ENN and BNN procedures for any d. The largest improvement of the OWNN
procedure over kNN is achieved when d = 4 and the improvement diminishes as
d — 00. The CIS ratio of BNN over kNN equals 1 when d = 2 and is less than 1 when
d > 2, which is consistent with the common perception that bagging can generally
reduce the variability of the nearest neighbor classifiers. Similar phenomenon has been
shown in the ratio of their regrets [27]. Therefore, bagging can be used to improve
the kNN procedure in terms of both accuracy and stability when d > 2. Furthermore,
the CIS ratio of OWNN over BNN is less than 1 for all d and it quickly converges to 1
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Figure 3.3. Pairwise CIS ratios between KNN, BNN and OWNN for
different feature dimension d.

as d increases. This implies that although the BNN procedure is asymptotically less

stable than the OWNN procedure, their difference sharply vanishes as d increases.

3.4.2 Comparisons between SNN and OWNN

Corollary 3 in Section 3.3.2 implies that OWNN and SNN share the same conver-
gence rates of regret and CIS (note that OWNN is a special case of SNN). Hence, it
is of great interest to go one step further and compare their relative magnitude. The

asymptotic comparisons between SNN and OWNN are characterized in Corollary 5.
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Corollary 5 Under Assumptions (A1)-(A4) and the assumption that By is positive,

we have, as n — 00,

Regret(SNN) {i}d/(dﬂ) { 44 d\By/ By }

Regret( OWNN) ABs 44+d ’
CIS(SNN) {ﬂ}d/@(d-i-‘l))
CIS(OWNN) ABs ’

where constants By and By are defined in Proposition 2.

As can be seen from Corollary 5, both ratios of the SNN procedure over the OWNN
procedure depend on A, and unknown constants By and By. Since A = (B;+M\gB3)/Bs
in (3.6) and By = 4B;//7 in (3.4), we further have

Regret(SNN) { 1 }d/(d+4) { 44 d(1+4 16B1 Ao/ 7)
Regret(OWNN) 1+ 16BN/ 7 4+d
CIS(SNN) { 1 }d/<2(d+4>)
CIS(OWNN) 1+ 168\ /7 '

For any A\g > 0, SNN has an improvement in CIS over the OWNN. As a mere

}, (3.10)

(3.11)

illustration, we consider a case that the regret and the squared CIS are given equal
weight, that is, A\¢g = 1. In this case, the ratios in (3.10) and (3.11) only depend on
B; and d.

Figure 3.4 shows 3D plots of these ratios as functions of B; and d. As expected,
the CIS of the SNN procedure is universally smaller than OWNN (ratios less than 1
on the right panel), while the OWNN procedure has a smaller regret (ratios greater
than 1 on the left panel). For a fixed By, as the dimension d increases, the regret of
SNN approaches that of OWNN, while the advantage of SNN in terms of CIS grows.
For a fixed dimension d, as B; increases, the regret ratio between SNN and OWNN
gets larger, but the CIS advantage of SNN also grows. According to the definition of
By, a great value of By indicates a harder problem for classification; see the discussion
after Theorem 1 of [27].

Since SNN improves OWNN in CIS, but has a greater regret, it is of inter-
est to know when the improvement of SNN in CIS is greater than its loss in re-
gret. We thus consider the relative gain, defined as the absolute ratio of the per-

centages of CIS reduction and regret increment, that is, |ACIS/ARegret|, where
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Figure 3.4. Regret ratio and CIS ratio of SNN over OWNN as func-
tions of By and d. The darker the color, the larger the value.

ACIS = [CIS(SNN) — CIS(OWNN)]/CIS(OWNN) and ARegret = [Regret(SNN) —
Regret(OWNN)]/Regret(OWNN). As an illustration, when Ay = 1, we have the rel-
ative gain converges to [1 — (1 + 16B;/m)~% ] [(1 + 16B, /7)Y (@D — 1] !, Fig-
ure 3.5 shows the log(relative gain) as a function of B; and d. For most combinations
of By and d, the logarithm is greater than 0 (shown in grey in Figure 3.5), where
SNN’s improvement in CIS is greater than its loss in regret. In particular, when

B; <0.2, the logarithm of relative gain is positive for all d.

3.5 Tuning Parameter Selection

To select the parameter A for the SNN classifier, we first identify a set of values
for A whose corresponding (estimated) risks are among the smallest, and then choose
from them an optimal one which has the minimal estimated CIS. Let g/i% denote an
SNN classifier with parameter A trained from sample D. Given a predetermined set of
tuning parameter values A = {\q,..., Ax}, the tuning parameter \ is selected using
Algorithm 1 below, which involves estimating the CIS and risk in Steps 1-3 and a

two-stage selection in Steps 4 and 5.
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Figure 3.5. Logarithm of relative gain of SNN over OWNN as a func-
tion of By and d when \g = 1. The grey (white) color represents the
case where the logarithm of relative gain is greater (less) than 0.

Algorithm 1:

Step 1. Randomly partition D = {(X;,Y;),i = 1,...,n} into five subsets I,
i=1,--,5.

Step 2. For v = 1, let I; be the test set and I, I3, I, and I5 be training sets.
Obtain predicted labels from @zu 1,(X;) and (Z}\w 1, (X;) respectively for each X; € 1.
Estimate the CIS and risk of the classifier with parameter A by

TS = S Hdhun(X5) £ Shon (X)),

|]1| (X;,Y;)en
ST 1 ~ ~
Riki(N) = g D {10 (0) # i) + 180, (%) # Vi) |
(Xj,Y}')EII

Step 3. Repeat Step 2fori = 2,...,5 and estimate the CIS and risk, with I; being
the test set and the rest being the training sets. Finally, the estimated CIS and risk

are,
5

5
CI8() = é S CIS(Y), Risk()) = é S Riski(A).
=1

=1
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Step 4. Perform Step 2 and Step 3 for each A, € A. Denote the set of tuning

parameters with top accuracy as
A:={\: ﬁls\k(/\) is less than the 10th percentile of ﬁis\k()\k), k=1,...,K}.

Step 5. Output the optimal tuning parameter \ as

A = argmin 61\8()\)
A€A

In our experiments, the predetermined set of tuning parameters A are of size 100.
In Step 1, the sample sizes of the subsets I; are chosen to be roughly equal. The
estimation scheme based on cross-validation in Steps 1 — 3 can be replaced by other
data re-sampling strategies such as bootstrap, while in the latter case each subsets
are no longer independent. In Step 4, the threshold 10% reflects how the set of most
accurate classifiers is defined. Based on our experiments, the choice of 10% leads to
superior performance.

Compared with the tuning method for the kNN classifier, which minimizes the
estimated risk, Algorithm 1 requires additional estimation of the CIS. However, as
revealed in Step 2, the estimation of the CIS is concurrently conducted with the
estimation of the risk. Therefore, the complexity of tuning for our SNN classifier is
in the same order as that for the NN classifier. As will be seen in the numerical
experiment, the additional effort on estimating the CIS leads to improvement over

existing nearest neighbor methods in both accuracy and stability.

3.6 Numerical Studies

We first validate our theoretical findings using a simple example, and then illus-
trate the improvements of the SNN classifier over existing nearest neighbor classifiers

using simulations and real examples.
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3.6.1 Validation of Asymptotically Equivalent Forms

This subsection aims to support the asymptotically equivalent forms of CIS de-
rived in Theorem 3.2.1 and the CIS and regret ratios in Corollary 5. We focus on a
multivariate Gaussian example in which regret and CIS have explicit expressions.

Assume that the underlying distributions of both classes are P, ~ N(0y,13) and
Py ~ N(15,1,) and the prior class probability m; = 1/3. We choose R = [-2, 3]?,
which covers at least 95% probability of the sampling region, and set n = 50, 100, 200
and 500. In addition, a test set with 1000 observations were independently gener-
ated. The estimated risk and CIS were calculated based on 100 replications. In this
example, some calculus practice leads to B; = 0.1299, By = 10.68 and B3 = 0.2931.
According to Proposition 2, Theorems 3.2.1 and 3.2.2, we obtain that

0.1732  4.7467(k*)2

Regret(SNN) = ot o (3.12)
0.3385

with k* = | 1.5"/3AY3n2/3|. For mere illustration, we choose A = (B + B2)/B,, which
corresponds to A\g = 1. So we have k* = |0.3118n%2]. Similarly, the asymptotic regret
and CIS of OWNN are (3.12) and (3.13) with &* = 0.2633n%3| due to (2.4) in [27].

In Figures 3.6, we plot the asymptotic CIS of the SNN and OWNN classifiers
computed using the above formulae, shown in red curve, along with the estimated
CIS based on the simulated data, shown as the box plots over 100 replications. As the
sample size n increases, the estimated CIS approximates its asymptotic value very
well. For example, when n = 500, the asymptotic CIS of the SNN (OWNN) classifier
is 0.078 (0.085) while the estimated CIS is 0.079 (0.086).

Similarly, in Figure 3.7, we plot the asymptotic risk, that is, the asymptotic regret
in (3.12) plus the true Bayes risk (0.215 in this example), for the SNN and OWNN
classifiers, along with the estimated risk. Here we compute the Bayes risk by Monte
Carlo integration. Again the difference of the estimated risk and asymptotic risk

decreases as the sample size grows.
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Figure 3.6. Asymptotic CIS (red curve) and estimated CIS (box plots
over 100 simulations) for OWNN (left) and SNN (right) procedures.
These plots show that the estimated CIS converges to its asymptotic
equivalent value as n increases.

Furthermore, according to (3.11), the asymptotic CIS ratio of the SNN classifier
over the OWNN classifier is 0.9189 in this example, and the empirically estimated
CIS ratios are 0.6646, 0.9114, 0.8940 and 0.9219, for n = 50,100,200, 500. This
indicates that the estimated CIS ratio converges to its asymptotic value as n increases.
However, by (3.10), the asymptotic regret ratio of the SNN classifier over the OWNN
classifier is 1.0305, while the estimated ones are 1.0224, 1.1493, 0.3097 and 0.1136,
for n = 50,100, 200,500. It appears that the estimated regret ratio matches with
its asymptotic value for small sample size, but they differ for large n. This may be
caused by the fact that the classification errors are very close to Bayes risk for large
n and hence the estimated regret ratio has a numerical issue. For example, when
n = 500, the average errors of the SNN classifier and the OWNN classifier are 0.2152
and 0.2161, respectively, while the Bayes risk is 0.215 (see Figure 3.7). A similar issue

was also reported in [27].
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Figure 3.7. Asymri:)totic risk (regret + the Bayes risk;nred curves) and
estimated risk (black box plots) for OWNN (left) and SNN procedures
(right). The blue horizontal line indicates the Bayes risk, 0.215. These
plots show that the estimated risk converges to its asymptotic version
(and also the Bayes risk) as n increases.

3.6.2 Simulations

In this section, we compare SNN with the ANN, OWNN and BNN classifiers. The
parameter k in kNN was tuned from 100 equally spaced grid points from 5 to n/2.
For a fair comparison, in the SNN classifier, the parameter A was tuned so that the
corresponding parameter k* (see Theorem 3.2.2) were equally spaced and fell into the
roughly same range.

In Simulation 1, we assumed that the two classes were from P, ~ N(04,1;) and
Py ~ N(pg,1;) with the prior probability m = 1/3. We set sample size n = 200 and
chose p such that the resulting B; was fixed as 0.1 for different d. Specifically, in
Section 3.7.8 we show that

1

V2 exp (_(ud/2 —In 2/#)2> ‘

= -14
3mud 2d (3.14)

Hence, we set p = 2.076, 1.205, 0.659, 0.314, 0.208 for d = 1,2,4,8 and 10, respec-
tively.



72

In Simulation 2, the training data set were generated by setting n = 200, d = 2
or 5, P, ~ 0.5N(04,14) + 0.5N(34,214), P> ~ 0.5N(1.54,1;) + 0.5N(4.54,21,;), and
m =1/2o0r1/3.

Simulation 3 has the same setting as Simulation 2, except that P, ~ 0.5N (04, X))+
0.5N(34,2%) and Py ~ 0.5N(1.54, %)+ 0.5N (4.54,2%), where ¥ is the Toeplitz matrix

whose jth entry of the first row is 0.6/
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Figure 3.8. Average test errors and CIS’s (with standard error bar
marked) of the kNN, BNN, OWNN, and SNN methods in Simulation
1. The z-axis indicates different settings with various dimensions.
Within each setting, the four methods are horizontally lined up (from
the left are kNN, BNN, OWNN, and SNN).

Simulation 1 is a relatively easy classification problem. Simulation 2 examines the

bimodal effect and Simulation 3 combines bimodality with dependence between the

components. In each simulation setting, a test data set of size 1000 is independently

generated and the average classification error and average (estimated) CIS for the

test set are reported over 100 replications. To calculate the average CIS, for each

replication we build two classifiers based on the randomly divided training data, and

then estimate CIS by the average disagreement of these two classifiers on the test

data.
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Figure 3.9. Average test errors and CIS’s (with standard error bar
marked) of the kNN, BNN, OWNN, and SNN methods in Simula-
tion 2. The ticks on the z-axis indicate the dimensions and prior
class probability 7 for different settings. Within each setting, the
four methods are horizontally lined up (from the left are kNN, BNN],
OWNN, and SNN).

Figure 3.8 shows the average error (on the left) and CIS (on the right) for Sim-
ulation 1. As a first impression, the error is similar among different classification
methods, while the CIS differs a lot. In terms of the stability, SNN always has the
smallest CIS; in particular, as d increases, the improvement of SNN over all other
procedures becomes even larger. This agrees with the asymptotic findings in Section
3.4.2. For example, when d = 10, all the kNN, BNN, and OWNN procedures are
at least five times more unstable than SNN. In terms of accuracy, SNN obtains the
minimal test errors in all five scenarios, although the improvements in test errors are
not significant when d = 1, 2 or 4. This result reveals that although SNN would be
asymptotically less accurate than OWNN in theory, the actual empirical difference in
accuracy between SNN and OWNN is often ignorable. In contrast, SNN additionally
relies on the classification stability, which in turn provides a significant improvement
in stability over other nearest neighbor procedures.

Figures 3.9 and 3.10 summarize the results for Simulations 2 and 3. Again, in

general, the difference in CIS is much obvious than the difference in the error. The
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SNN procedure obtains the minimal CIS for all 8 cases. Interestingly, the improve-
ments are significant in all the four cases when m; = 1/3. Moreover, among 3 out
of the 8 cases, our SNN achieves the smallest test errors and the improvements are
significant. Even in cases where the error is not the smallest, the performance of SNN

is close to the best classifier.
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Figure 3.10. Average test errors and CIS’s (with standard error bar
marked) of the kNN, BNN, OWNN, and SNN methods in Simula-
tion 3. The ticks on the z-axis indicate the dimensions and prior
class probability 7 for different settings. Within each setting, the
four methods are horizontally lined up (from the left are kNN, BNN],
OWNN, and SNN).

3.6.3 Real Examples

In this subsection, we extend the comparison to four real data sets publicly avail-
able in the UCI Machine Learning Repository [46].

The first data set is the breast cancer data set (breast) collected by [47]. There
are 683 samples and 10 experimental measurement variables. The binary class label
indicates whether the sample is benign or malignant. These 683 samples arrived
periodically. In total, there are 8 groups of samples which reflect the chronological

order of the data. A good classification procedure is expected to produce a stable
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Figure 3.11. Average test errors and CIS’s (with standard error bar
marked) of the kNN, BNN, OWNN and SNN methods for four data
examples. The ticks on the z-axis indicate the names of the examples.
Within each example, the four methods are horizontally lined up (from
the left are kNN, BNN, OWNN, and SNN).

classifier across these groups of samples. The second data set is the credit approval
data set (credit). It consists of 690 credit card applications and each application has
14 attributes reflecting the user information. The binary class label refers to whether
the application is positive or negative. The third data set is the haberman’s survival
data set (haberman) which contains 306 cases from study conducted on the survival
of patients who had undergone surgery for breast cancer. It has three attributes,
age, patient’s year of operation, and number of positive axillary nodes detected. The
response variable indicates the survival status: either the patient survived 5 years
or longer or the patient died within 5 years. The last data set is the SPECT heart
data set (spect) which describes the diagnosing of cardiac Single Proton Emission
Computed Tomography (SPECT) images. Each of the 267 image sets (patients) had
22 binary feature patterns and was classified into two classes: normal and abnormal.

For each data set, we randomly split it into training and test sets with the equal

size. The same tuning procedure as in the simulation is applied here. We compute
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the classification error and (estimated) CIS on each test set. These procedures are
repeated 100 times and the average error and CIS are reported in Figure 3.11.
Similar to the simulation results, the SNN procedure obtains the minimal CIS in
all four real data sets and the improvements in CIS are significant. The errors of
OWNN and our SNN procedures have no significant difference, although OWNN is
theoretically the best in accuracy. These real experiments further illustrate that, with
almost the same classification accuracy, our SNN procedure can achieve a significant

improvement in stability.

3.7 Technical Proofs

This section contains detailed proofs of all theoretical results and the calculation
of Bj in a particular example.
3.7.1 Proof of Theorem 3.2.1

Before we prove Theorem 3.2.1, we first introduce a useful Lemma.

Lemma 5 For any distribution function G, constant a, and constant b > 0, we have

o0

/: (G(-bu—a)~1{u<0)}du = — {a + /_OO th(t)} ,

o0 oo

Proof of Lemma 5: We show the second equality. The proof of the first equality is
similar. Note

/_OO u{G(—=bu —a) — 1{u < 0}} du

o0

= /O u{G(=bu —a) — 1} du + /OO uG(—bu — a)du (3.15)

o0
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After substitute t = —bu — a for each term, we have

/0 u{G(=bu—a)—1}du = b_12 Oo(t—l—a)(l—G(t))dt

—0o0
—a

/OOOuG(—bu—a)du _ 1712 [+ oG

Plugging these two into (3.15), we have

/00 u{G(=bu —a) — 1{u < 0}} du

[e.o]

_ biQ{_/_atG(t)dt—a/_:G(t)dH/wt(l—G(t>>dt+a/m(1—G(t))dt}

[e.9] —a —a

1
= SUTIT+IIT+1V},

Applying integration by part, we can calculate

- —%[am(—a)— / :thG(t)]
I = a[aG(—a)—l— /_ ath(t)]
1 = %[_am_G<—a>)+/jt2dc:(t)}

v = a[a(l—G(—a))jL/ooth(t)}

Plugging I-IV into (3.15) leads to desirable equality. This concludes the proof of
Lemma 5. |
Proof of Theorem 3.2.1: Note that CIS(WNN) = Pp, 5, « ((Zgln (X) # ¢7§;<X))

can be expressed in the following way.
CIS(WNN)
— Ex|Po,, (987 (X) # 0 (X)|x)
— Ex[Po, . (087 (X) = 1,68 (X) = -1|x)|
FEx [Pp, o, (3 (X) = =1, (X) = 1|X )|
= Ex|2Pp, (00 (X) = 11X) (1= Po, (957 (X) = 11X ) ) .

where the last equality is valid because D; and D, are i.i.d. samples. Without

loss of generality, we consider a generic sample D = {(X;,Y;),i = 1,...,n}. Given
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X = T, we deﬁne (X(i),Y(i)) such that ||X(1) — .Z‘” S HX(Q) — .I‘” S S ||X(n) — JIH
with || - || the Euclidean norm. Denote the estimated regression function S, (z) =

Yoi we 1{Y(;) = 1}. We have

Ex [IP(A;‘;”(X) - 1\X)] :/RP<S”(:C) > 1/2)d15(;c),
Ey [IP2<A$"(X) - 1|X>] - /RIP’2 (Sn(:z:) > 1/2>d15(:c),

where P(z) is the marginal distribution of X. For the sake of simplicity, P denotes
the probability with respect to D. Hence, CIS satisfies

CIS(WNN)/2 = /

R

_ /R {P(Su(x) < 1/2) = 1{n(x) < 1/2}} dP(x)
_ /R {P*(S,(z) < 1/2) — 1{n(z) < 1/2}} dP(x)

P(S,(x) > 1/2) (1 ~P(S,(x) > 1 /2))(1]5(3:)

Denote the boundary & = {z € R : n(x) = 1/2}. For € > 0, let §“ = {z € R? :
n(x) = 1/2 and dist(z, S) < €}, where dist(z,S) = inf, s || — x0||. We will focus on
the set

7 (zo)ll -
Let p,(x) = E{S.(2)}, 0%(x) = Var{S,(z)}, and ¢, = n~%/*  Denote s2 =

S wkand t, =n YY" agw,,. [27] showed that, uniformly for w,, € W, 5,

S — {xo Ly ME0) g 1t < e} .

Sup | () = (@) = a(@)ta| = oftn), (3.16)
resSn
1
sup |o2(z) — —=s2| = o(s2). (3.17)
rESEn 4

We organize our proof in three steps. In Step 1, we focus on analyzing on the
set R NS in Step 2, we focus on the complement set R\S*; Step 3 combines the
results and applies a normal approximation to yield the final conclusion.

Step 1: For 1y € S and t € R, denote z}, = o + ti(x0)/||7)(z0)||. Denote f =

m1f1+ (1 —m) f2 as the Radon-Nikodym derivative with respect to Lebesgue measure
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of the restriction of P to & for large n. We need to show that, uniformly for

w, € Wy3,
/R {P(Su() < 1/2) = 1{n(x) < 1/2}} dP(z) =
/S/en fzh) {]P’(Sn(mé) < 1/2) —1{t < O}} dVOI™ (20) {1 + (1)} (3.18)

€n

/Rmsm {P*(S,(z) < 1/2) — 1{n(z) < 1/2}} dP(z) =
/s /_ Fh) {2 (Suleh) < 1/2) = 1{t < 0} } dtdVol'™ (o) {1 + o(1)}3.19)

According to [27], for large n, we define the map gb(xo,t%) = z}, and note

that

(o)
7o)
uniformly in (xg, tn(xo)/||7(z0)||) for o € S and |t| < €,, where det is the determi-

det ¢(x0,t )dtdvold*(xo) = {1+ o(1)}dtdVol* (o),

nant. Then the theory of integration on manifolds [61] implies that, uniformly for
w, € Wn,g,

/S /_ /() {P(Sn(wé) < 1/2) —1{t < 0}} dtdVol*™ (o) {1 + o(1)}.

Furthermore, we can replace S with R NS¢ since S«\R C {x € R? : dist(z, dS) <
€} and the latter has volume O(€?) by Weyl’s tube formula [61]. Similarly, we can
safely replace S“» with S. Therefore, (3.18) holds. Similar arguments imply (3.19).

Step 2: Bound the contribution to CIS from R\S“. We show that, for all M > 0,

sup /R - [B(Su(e) < 1/2) ~ 1{yfa) < 12} }dP() = O(n™),(3.20)

wn€Wy g

sup /R\Sen {]P’2<Sn(a:) < 1/2) ~1{n(z) < 1/2}} dP(z) = O(n~M).(3.21)

wnGWnyg
Here (3.20) follows from the fact |P(S,(z) < 3) — 1{n(z) < 1/2}| = O(n~™) for all
M > 0, uniformly for w, € W, 3 and x € R\S [27]. Furthermore, (3.21) holds

since

P? (Sn(x) < 1/2) ~1{n(z) < 1/2}’ < 2’P<Sn(a:) < 1/2) — 1{n(x) < 1/2}.
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Step 3 In the end, we will show
/ [ i) [B(Su(xt) < 1/2) — 14t < 0} } dravor' (x;)
. /5 5 f(xo) IP’2 (sn@;g) < 1/2) 1t < 0}} dtdVol (o)

1
= §B38n + o(sy, + tn). (3.22)

We first apply the nonuniform version of Berry-Esseen Theorem to approximate
P(Sn(zf) < 1/2). Let Z; = (wy1{Yy) = 1} — wuE[1{Y;) = 1}])/on(x) and W =
>, Z;. Note that E(Z;) = 0, Var(Z;) < oo, and Var(WW) = 1. Then the nonuniform
Berry-Esseen Theorem [62] implies that

My
P(W <y) — @ ‘<—
‘ (W <y)—2(y) S R )

where ® is the standard normal distribution function and M; is a constant. Therefore,

sup sup
20ES tE€[—€n,en)

" (Sn(xg) — Jtn(h) My (3.23)

o (h) §@‘¢@4§nwu+WM'

Thus, we have
/ ~ f Io < (QZO) < 1/2) - 1{t < O}}dtdvold 1( o)
/ _enf { (1/2 (%)( )) ]1{t<()}}dthold Yxo) + o(s2 + t2),

where the remainder term o(s? + ¢2) is due to (3.23) by slightly modifying the proof
of A.21 in [27).

Furthermore, Taylor expansion leads to

7o)
17 (o)l

Denote Ay = <I><_2t“’7(x°)“_2a(x°)t”> — 1{t < 0}. We have

Sn

Flah) = Flxo) + (f(wo))” t+ o(t).

/ _en f (@) {P<5n($6) < 1/2> —1{t < 0}} dtdVol*™ () (3.24)

/ f(z0) AgdtdVol*™ () / I ”ﬁ; C Aodtd\/old Y(z0) + Ry,
—en 0
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where Ry = Ry + Ryp + o(s? + t2) with

Ry = / f:co)Adthold Y(zo),

Ry — / To) 00t § o= L),
1720 ||
1/2 i () —2t||9(x0)[| — 2a(wo)ts
A = oLt g .
( on(xh) > ( Sn )
Next we show R; = o(s,, + t,). Denote r,, = |r?10)8 i~ According to (3.16) and

(3.17), for a sufficiently small € € (0,inf, es [|7(z0)||) and large n, for all w,, € W, g,
o € S and 1 € [—€,/5p, €,/5,], [27] showed that

) i)l = ] < 0+ )

In addition, when |r — r, | < €t, /sy,

TSn

o (L)) o~ 2ol - )| <

Un(xo

and when €et,, /s, < |r| <t,/Sn,

Sn

(122 “’;iij“ D)~ @ = 2@l (r — o)) | < Il + /5ol — 1ol

Un(xo

where ¢ is the density function of standard normal distribution.

Therefore, we have

|R11| S /S f(l’o) |A| dthOld_l(l‘o)

< feos | e flaose [ (el taf o)l vl
r—Tg <€ty /Sn —00
< €ty + Sn)- (3.25)
Similarly,
|R1a|
< / / Fao) (o)t Al dtdvor="(z)
H77 550
< Flwo)es’ / Irldr + F(z0)s2€ / (Irl + tu/su)o(0(z0)[Ir — rag)dr
\rfrzo|<etn/sn —0o0

< et +52).
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The inequality above, along with with (3.25), leads to Ry = o(s,, + t,,).

By similar arguments, we have
/ / flo S (at) < 1/2) 1t < O}}dthold (z0) (3.26)

//en ~ { ( 2t |0 (zo H — 2a(zo)tn > —1{t< 0}} dtdVol’™" ()

//6" (o Tn()xo { ( 2?5H77($0)|| — 2a(zo)tn ) —1{t < 0}} dtdVol”™" ()

(o)l Sn

+ o(sp, + tn).

Denote A = @( — |In(zo)|Ju — M) 1{u < 0}. Finally, after substituting

Sn

t =wus,/2 in (3.24) and (3.26), we have, up to o(s, + t,) difference,

CIS(WNN)/2

— / / Flao) AdudVol®™ () / / Hnw ” )uAdthold (o)
0

// F(w0) AdudVol( ——// Hn - H o)) i) X ot ()

= [+I11-1II-1V.

According to Lemma 5, we have

| R s TAC A0 P

o~ | G et e
=t [/ ovai)? o )

Therefore, the desirable result is obtained by noting that Bys,t, = o(s, + t,). This

1
ntp = -B ntn
S 9 4S8

concludes the proof of Theorem 3.2.1. [ |

3.7.2 Proof of Theorem 3.2.2

We first introduce a Lemma for Proving Theorem 3.2.2.
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Lemma 6 Given o; = i'*%9 — (7 — 1)'*2/4_ we have

(1+ %)(i —i<a<(1+ %)zi, (3.27)
D ol = %k”‘*/d {1 + O(%)} : (3.28)

Proof of Lemma 6: First, (3.27) is a direct result from the following two inequalities.

1 2
and (1+-—)Y4>14 =

1
1—2)d>1—

i - (t—1)d
where ¢ and d are positive integers. These two inequalities hold because both differ-

ences (1 — 1)%4 — (1 — ﬁi) and (1+ 5)%? — (14 2) are decreasing in i and the

limit equals 0.

Second, (3.28) is due to (3.27) and Faulhaber’s formula S35 | i = #k”“%—O(k”).
According to (3.27), we have

k

k
2
(=YY< (1 Y
j=1

=1

2

(1+3)2 >

=1

Due to Faulhaber’s formula, Zle il = #"’/41{:1%/‘1 + O(k*?) and Zf:1(i — 1)t =

ﬁ/{:H‘l/d + O(k*?), which leads to (3.28). This concludes the proof of Lemma 6. W

Proof of Theorem 3.2.2: For any weight w,,, the Lagrangian of (3.6) is

L(w,) = (Z %)2 + )\Zwii + V(Zwm- —1).
; i=1 i=1

=1
Considering the constraint of nonnegative weights, we denote k* = max{i : w}, > 0}.

Setting derivative of L(w,,) to be 0, we have

k*
= on o, Z Wi + 2 \w,; + v = 0. (3.29)

=1

OL(w,,)
8wni

Summing (3.29) from 1 to k£*, and multiplying (3.29) by «; and then summing from
1 to k* yields

k*
on 4/ (x)H2/d Z QWi + 2\ + vk = 0

=1

on 44 Z QWi Z a? + 2\ Z g + v(EF)HYE = .
=1 i—1 i—1
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Therefore, we have

1 k* 4/d _ k* 2/d ;
why = = W W) a (3.30)
kS 4 i — (e

Here w}, is decreasing in ¢ since «; is increasing in ¢ and Zle a? > (k)4 from
Lemma 6. Next we solve for k*. According to the definition of £*, we only need to
find £ such that w}, = 0. Using the results from Lemma 6, solving this equation

reduces to solving k* such that

2
(1 + C_Z)(k:* _ 1)2/01 < /\n4/d(k:*)_1_2/d+

Therefore, for large n, we have
_d
B = Hd(d +4) L it |
2(d+2)
Plugging k* and the result (3.28) in Supplementary into (3.30) yields the optimal

(k)41 4+ OG2)} < (14 (k)P

(d +2)?
d(d + 4)

weight. [ |

3.7.3 Proof of Theorem 3.3.1

Following the proofs of Lemma 3.1 in [21], we consider the sets A; C R
Ay = {zeR:0< n(x)—1/2| <0},
A = {zeR:275 < |n(x) —1/2] < 276} for j > 1.

For the classification procedure ¥(-), we have

where $n1 and $n2 are classifiers obtained by applying V(-) to two independently and

identically distributed samples D; and Ds, respectively. Denote the Bayes classifier

PP we have

CIS(¥) = 2BE[1{on(X) = "¥(X), dua(X) # ¢"(X)}]
= 2E[{1 = 1{$m(X) # 6" (X)}}1{Ga(X) # ¢ (X)}]
= 2Ex[Pp, (6n1(X) # " (X)|X) = {Pp, ($m (X) # ¢(X)|X)}’]
< 2E[1{m (X) # 6" (X)}],
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where the last equality is due to the fact that D; and D, are independently and
identically distributed. For ease of notation, we will denote ggnl as g/gn from now on.

We further have
CIS(¥) < 23 B[1{n(X) # " (X)}I{X € A;}]
§=0

< 2Px(0 < [n(X) —1/2 < 6) +2 ) E[1{pn(X) # 6"V (X)}{X € 4;}].

j=1
Given the event {3, # 6P} 0 {|g — 1/2| > 2715}, we have |7, — | > 2715,

Therefore, for any 7 > 1, we have

E[1{n(X) # ¢ (X)}{X € A}}]

< E[L{[7.(X) = n(X)] = 2716}1{27716 < [n(X) — 1/2] < 276}]
< Ex[Pp([7.(X) = n(X)] > 27716 X)1{0 < [n(X) — 1/2| < 276}]
< Orexp(—Cha,(27716)2)Px (0 < |n(X) — 1/2| < 279)

< Crexp(—Chan(27716)%)Co(276)7,

where the last inequality is due to margin assumption (3.7) and condition (3.8).
Taking 6§ = a,'/*, we have
CIS(V) < Coa,*? + CoCha, " Z 207 tle =M < g2,
j=>1

for some C > 0 depending only on «a, Cy, C; and Cs. [ |

3.7.4 Proof of Theorem 3.3.2

Before we prove Theorem 3.3.2, we introduce a useful lemma. In particular,
we adapt the Assouad’s lemma to prove the lower bound of CIS. This lemma is of
independent interest.

We first introduce an important definition called (m,w, b, b")-hypercube that is

slightly modified from [63]. We observe independently and identically distributed
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training samples D = {(X;,Y;),i =1,...,n} with X; e ¥ =RandY; € Y = {1, —1}.
Let F(&X,)) denote the set of all measurable functions mapping from X" into ). Let
Z = X x Y. For the distribution function P, we denote its corresponding probability

and expectation as P and E, respectively.

Definition 4 [63] Let m be a positive integer, w € [0,1], b € (0,1] and b' € (0, 1].
Define the (m,w,b,b')-hypercube H = { Pz : G2 (01,...,0m) € {—1,+1}"} of proba-
bility distributions Pz of (X,Y) on Z as follows.

For any Pz € H, the marginal distribution of X does not depend on & and satisfies
the following conditions. There exists a partition Xy, ..., X, of X satisfying,
(1) for any j € {1,...,m}, Px(X € X;) = w;
(i1) for any j € {0,...,m} and any X € X;, we have

1 (X
Pa(y =1|X) = 22 O;w( )
with o9 = 1 and ¥ : X — (0, 1] satisfies for any j € {1,...,m},
1/2

b 2 - (BVT- P e )|

Vo2 Esp(X)X € Al

Lemma 7 If a collection of probability distributions P contains a (m,w, b, b')-hypercube,
then for any measurable estimator &En obtained by applying ¥ to the training sample

D, we have
~ mw
sup B[P (Gu(X) # 07(0))] 2 2001 — b/ (3:31)
S
where E®" is the expectation with respect to P®™.

1>

(01,...,0j-1,T,0j41,...,0p) for any r € {—1,0,+1}.
The distribution Py, satisfies Pz, (dX) = Px(dX), Ps,,(Y = 1|X) = 1/2 for any
X € &j and Py, (Y = 1|X) = P#(Y = 1|.X) otherwise. Let v denote the distribution

Proof of Lemma 7: Let 05,

of a Rademacher variable o such that v(c = +1) = v(c = —1) = 1/2. Denote the
variational distance between two probability distributions P; and P, as

dP, dP
V(P,P)=1— / (d—P; A d_Pz>dP0’
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where a A b means the minimal of a and b, and P; and P, are absolutely continuous
with respect to some probability distribution Fj.
Lemma 5.1 in [63] showed that the variational distance between two distribution

functions P}, 1 is bounded above. Specifically,

..........

,,,,,,,,,,,,

Note that P contains a (m,w, b, V')-hypercube and for X € X;, ¢P¥*(X) =1 —
21{n(X) < 1/2} =1 -21{(1 + 0;9(X))/2 < 1/2} = 0 since (X) # 0. Therefore,
we have

sup E¥" [P (¢ (X) # 65¥(X))]

Pep

> swp  {EZPL(1{8.(X) £ 6" (X)) | (3.32)

ge{—1,+1}m

> sup {E?"<pr[]l{$n()() #o0i;X € Xj}])}

Fe{—1,+1}m

> Byon Y BZ" (Px[1{80(X) # 0 X € A3})) (3.33)

j—l

— Eyon ZE (djj@: Px[1{3,(X) # 7, X € X,)])

dP®”

Rn 0j,—1 9j5,+1
> ooy 2B, [( apen " aper )
j 75,0 75,0

Jj=1

. dPE" o i5
By S B Euany (P[5, (X) # 03 X € )
j=1

Ey (a0, (Px[1{00(X) # 0;: X € ,}])] (3.34)

1
— E,otmnas_) Z SPX[I{X € ;)] [1 —V(PE PR )

.....

2
zmT[l—b\/_]

where (3.32) is due to the assumption that P contains a (m,w,b,b’)-hypercube,

(3.33) is because the supremum over the m Rademacher variables is no less than
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the corresponding expected value. Finally, the inequality (3.34) is due to dP?” >
{dP(%?”+1 A dP(%Z} and the latter is not random with respect to v(do;). This ends the

proof of Lemma 7. u

Proof of Theorem 3.3.2: According to the proof of Theorem 3.3.1, we have
CIS(W) = 2 {Ex[Pn($,(X) # 6™ (X)|X)] — Ex [{Pp(9a(X) # 6"¥(X)|X)}]}

[21] showed that when ay < d, the set of probability distribution P, ., contains
a (m,w,b,V')-hypercube with w = C3¢7¢, m = [Cyq?¥ 7], b = ¥ = Csq77 and
q = |Cen'/*7*9) | with some constants C; > 0 fori = 3,...,6 and Cs < 1. Therefore,

Lemma 7 implies that the first part is bound, that is,

sup Ex[Pp(n(X) # ¢ (X)| X)]

PePo,y
T oy Ep[Px (d(X) # 6P (X))]
> o[l - by

= (1= Cg)C3C,Csn~7/7+4),

To bound the second part, we again consider the sets A; defined in Appendix
3.7.3. On the event {qgn £ Bt N {|n — 1/2] > 27716}, we have |5, — n| > 27716.
Letting 6 = an'’? leads to

Ex[{Pp($,(X) # ¢6"(X)|X)}?]

= ZEX[{PD({an(X> # 0PV (X HX)PI{X € 4}

< Px(0 < n(X) = 1/2] <) + Y Ex[{Pp({da(X) # " (X)}X)}1{X € A;}]
j=1
< Px(0<[n(X)—1/2[ <0)+ Y Cre 2@V Py (0 < [n(x) — 1/2| < 275)
Jj=21
< Coay®? + CpCha,®/?y " 20972024
j>1
S C7a;a/27
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for some positive constant C7 depending only on «, Cy, C1, Co. When a,, = n>?/7+4)
we have

Ex [(Pp(hn(X) # ¢5¥%(X)|X))?] < Cyn— /@1t

By properly choosing constants C; such that (1 — Cg)C3C4Cs — C7 > 0, we have
CIS(W) > 2[(1 — C5)C5C4Cs — Cyln =@/ Grtd) > ¢rp=av/Gytd),

for a constant C > 0. This concludes the proof of Theorem 3.3.2. [ |

3.7.5 Proof of Theorem 3.3.3

According to our Theorem 3.3.1 and the proof of Theorem 1 in the supplementary
of [27], it is sufficient to show that for any a@ > 0 and v € (0, 2], there exist positive
constants Cy, Cy such that for all § > 0, n > 1 and P-almost all z,

sup PDQs;;(x) ~pa)] > 5) < O exp(—Cyn?/@1+d)§2), (3.35)

PGPQ,’Y
where Sk (z) = >0, wi;1{Y{;) = 1} with the optimal weight w?; defined in Theorem
3.2.2 and k* < n?/(rtd),

According to Lemma 6, we have
"
2(d+2) -
V2 N7 T 40 < Cgn~2/Crtd),
Do = e+ O} < Can

i=1
for some constant Cg > 0.

Denote pf (z) = E{S}(x)}. According to the proof of Theorem 1 in the supplement
of [27], there exist Cy, C1o > 0 such that for all P € P, and = € R,

(@) = @) < e E{n(Xe) = m(Xe)} Z%MJM7M

< LZwZiE{\IX@) —xf|"} +

< C’ng ( )v/d

< (an 7/ (2y+d) (3.36)

Z W E{n. (X))} — n(z)
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The Hoeffding’s inequality says that if Z;, ..., Z, are independent and Z; € [a;, b;]

almost surely, then we have

i=1

> 1) <200 (- <)
exp | — :
=) T e )
Let Z; = w};1{Y;y = 1} with a; = 0 and b; = w},;. According to (3.36), we have that

for 6 > 20 on~"/*7*4 and for P-almost all z,

sup Po(|Si(x) ~n(e)| 28) < sup Po(|Si(x) - pix)] = §/2)

PEPq PEPq

< 2 exp{—n27/<27+d)52/(26'8)},

which implies (3.35) directly. |

3.7.6 Proof of Corollary 3
According to Theorems 3.3.1 and 3.3.2, we have, for any v € (0, 2],
sup CIS(SNN) = p~=o7/r+d)
PEPa

Therefore, when A\ # B;/Bs, we have

sup {CIS(SNN) - CIS(OWNN)}

PEPa -
> sup CIS(SNN) — sup CIS(OWNN)
PEPay PEPa.y

> Cnnfav/(%ﬂrd).

for some constant Cy; > 0. Here Cy; = 0 if and only if A = B;/Bs. On the other

hand, we have

sup {CIS(SNN) - CIS(OWNN)}

PEPa
< sup CIS(SNN)+ sup CIS(OWNN)
PEPay PEPay

< O ancw/ (27+d)7

for some constant Cjy > 0.
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Furthermore, according to Theorem 3.3.3, we have
sup Regret(SNN) = p 7 7(H@)/(Zr+d)
PEPq
Similar to above arguments in CIS, we have
sup {Regret(SNN) — Regret(OWNN)} = YA+ CrHd)
PGP&,’Y

This concludes the proof of Corollary 3. [ |

3.7.7 Proof of Corollaries 4 and 5

For the OWNN classifier, the optimal £** is a function of k°P* of k-nearest neighbor

classifier [27]. Specifically,

d
4

[y )

According to Theorem 3.2.2 and Lemma 6, we have
i 2(d + 2)
= ——{1+O0((k) N}
> o(wi? = gy gy (14O ™)
Therefore,

CIS(OWNN) o/ (d + 2>(d+2)/(d+4)
CIS(kNN) d+4 '

Furthermore, for large n,

- - /2
By( 1 wi?)

The rest limit expressions in Corollaries 4 and 5 can be shown in similar manners. H

k* *2 1/2
CIS(SNN) B3<Zi:1 wni) _{ By }d/(2(d+4))
CIS(OWNN) A\Bs :

3.7.8 Calculation of B; in Section 3.6.2

According to the definition,

. J?(l’o) ol 1(x
Bl‘[s4rrﬁ<xo>|rdV1 (z0)
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When f; = N(04,1;) and fo = N(p, ;) with the prior probability m = 1/3, we

have
Flxo) = mfi + (1= m1) fo = 2(2m) 4 exp{—2Tw0/2} /3,
and
) = — +7T(11f1_ ok (1 +2exp{p’z — p'p/ 2}>1-

Hence, the decision boundary is
S={zcR:nx)=1/2y ={zcR: 1z = (ud)/2 — (In2)/u},

where 1, is a d-dimensional vector of all elements 1.

Therefore, for zp € S, we have 7(xy) = —u/4 and hence

2
B, = —— | exp{—a%xy/2 dVol? (z).
N Fnwe K S EIC AL )

_ Veor (ud/2 —n2/p)>
3 ud P {_ 2d } ‘
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4. SUMMARY

Stability is an important and desirable property of a statistical procedure. It provides
a foundation for the reproducibility, and reflects the credibility of those who use the
procedure. To our best knowledge, our work is the first to propose a measure of
classification instability to calibrate this quantity. In this thesis, we first introduce a
decision boundary instability (DBI). This allows us to propose a two-stage classifier
selection procedure based on GE and DBI. It selects the classifier with the most stable
decision boundary among those classifiers with relatively small estimated GEs. We
then propose a novel SNN classification procedure to improve the nearest neighbor
classifier. It enjoys increased classification stability with almost unchanged classifica-
tion accuracy. Our SNN is shown to achieve the minimax optimal convergence rate
in regret and a sharp convergence rate in CIS, which is also established in this article.
Extensive experiments illustrate that SNN attains a significant improvement of CIS
over existing nearest neighbor classifiers, and sometimes even improves the accuracy.

For simplicity, we focus on the binary classification in this article. The concept of
DBI or CIS is quite general, and its extension to a broader framework, e.g., multicat-
egory classification [28,64-67] or high-dimensional classification [68], is an interesting
topic to pursue in the future.

Stability for the high-dimensional, low-sample size data is another important topic.
Our classification stability can be used as a criterion for tuning parameter selection in
high-dimensional classification. There exists work in the literature which uses variable
selection stability to select tuning parameter [14]. Classification stability and variable
selection stability complement each other to provide a description of the reliability of

a statistical procedure.
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Finally, in analyzing a big data set, a popular scheme is divide-and-conquer. It
is an interesting research question how to divide the data and choose the parameter

wisely to ensure the optimal stability of the combined classifier.
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