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ABSTRACT

Hernandez-Ceron, Nancy PhD, Purdue University, May 2015. Discrete Epidemic
Models with Arbitrarily Distributed Disease Stages. Major Professor: Zhilan Feng.

The use of discrete-time models (or discrete models) in the field of mathematical
epidemiology has been limited while continuous-time models (or continuous models)
are often times preferred, particularly because disease dynamics do occur continu-
ously in time and more mathematical tools are available for model analysis. How-
ever, discrete models are not only more tractable and easier to understand, but also
more directly related to data, particularly when the disease stage distributions are
arbitrarily distributed (e.g., when the data cannot be fitted by distributions from a
parametric family). Under these circumstances continuous models usually lead to
complex system of integral equations.

Deterministic and stochastic epidemic models have commonly assumed that the
disease stages, particularly the infectious period, have constant exit rates (contin-
uous models) or constant exit probabilities (discrete models), which correspond to
exponential and geometric distributions, respectively. The very property of these
distributions that makes models tractable, the memoryless property, is biologically
unrealistic for most infectious diseases. In fact, it has been shown that models with
these simplifying assumptions may generate biased and possibly misleading evalua-
tions for disease control strategies.

Realistic alternatives considered in the literature are the Gamma and Negative
Binomial distributions, a natural generalization due to their relationship with the
above mentioned distributions. The “linear chain trick” can be used to reduce a
system of integro-differential equations to a system of ordinary differential equations

and a similar idea can be applied in stochastic models to allow for the use of Gamma
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distribution, while still preserving the Markov property of the process. Few models,
however, include distributions beyond these alternatives. The focuses of this thesis is
the use of arbitrarily distributed disease stages in discrete models, their formulation
and analysis, as well as the study of the impact of a given distribution on model
predictions.

Chapter 1 includes a brief review of relevant topics and the motivation for this
work. In Chapter 2 several SEIR-type models with arbitrarily distributed infectious
period are introduced and analyzed. This chapter focuses on the use of the next gen-
eration matrix approach to derive analytic expressions for Ry and Re. In Chapter
3 we develop and analyze of a model with quarantine and isolation when arbitrar-
ily distributed disease stages are incorporated. The results obtained in the general
framework are then applied to models with specific distributions (e.g., Geometric vs.
more realistic distributions), which allow us to investigate the influence of disease
stage distributions on the dynamics of single epidemic outbreaks. It is demonstrated
that the discrepancies between model predictions can sometimes be substantial.

In Chapter 4 a stochastic discrete-time model with n patches and (random) infec-
tious period 7' is developed. The results obtained are then used to investigate how the
distribution of 7" may affect model outcomes. Specific distributions analyzed include
Geometric, Negative Binomial, Poisson and Uniform. The model predictions are con-
trasted both numerically and analytically by comparing the corresponding R values
as well as the probability of disease extinction. It is shown analytically that for n = 2
the Ry values corresponding to different distributions of 7' can be ordered based on
the probability generating function ¢ of T. In addition, numerical simulations are

carried out to examine the final epidemic size, duration and peak of the epidemic.



1. INTRODUCTION AND BACKGROUND

The birth of mathematical theory of epidemics can be traced to the work of Daniel
Bernoulli in 1760 [1], who developed a discrete epidemic model to analyze the mor-
tality of smallpox, and more recently to Sir Ronald Ross [2], Anderson Gray McK-
endrick [3], and the statistician William Ogilvy Kermack. Sir Ronald Ross, an English
physician and Nobel Laureate, developed the first mathematical models for the study
of the transmission dynamics of malaria [2]. McKendrick and Kermack published a se-
ries of papers, introducing a deterministic epidemiological model and their celebrated
threshold theorem [3-5]. In the first paper of this series a discrete-time epidemic
model is considered, which leads to a continous-time model as the time steps are
taken to the limit.

After the 2003 SARS outbreaks, and more recently the 2009 HIN1 pandemic and
the 2014 Ebola epidemics, efforts to connect models to data have increased greatly.
Single-outbreak epidemic models are now routinely used to estimate the basic re-
production number Ry and the effective or control reproduction number R¢, and to
evaluate disease control strategies for continuous [6-15] and discrete models [16-23].

In 2004 Y. Zhou, Z. Ma and F. Brauer developed a discrete-time model for SARS
[24].  Other epidemics of particular diseases have also been modeled in a discrete
framework. These include measles [25], tuberculosis [26], rodent-hantavirus [17, 23],
chytridiomycosis in amphibians [17], plant diseases [27], and diseases involving vector-
host transmission [28] and vertical transmission [29]. More mathematical results
about epidemic models can be found in [30,31] (permanence and stability of models
with delay), [29,32,33] (stability analysis), [32, 34, 35] (presence of chaos) and the
references therein.

The connection between epidemic models in discrete-time and continuous-time

settings has been investigated in the past. For example, Pellis et al. [36] examined



and extended the insights that can be gained from Ludwig’s result [37], which specified
conditions under which a continuous-time infectious process has the same final size
distribution as another discrete-generation contact process. This topic has also been
discussed in [8] (see Exercise 1.40) and [22,28,38]. However, it is not the focus of this
work to study the relationship between continuous-time and discrete-time models for
epidemics.

The focus of this work is on the formulation and analyses of discrete-time mod-
els that allow for the inclusion of arbitrarily distributed waiting time distributions.
Most existing discrete-time models for infectious diseases implicitly assume a geo-
metric distribution for the disease stage durations (e.g., latent or infectious period),
which makes the models tractable and easy to analyze. However, this assumption is
not realistic for most infectious diseases. Although these simpler models can be very
helpful for gaining important insights into disease dynamics, there are many situa-
tions in which they may not be appropriate and can generate biased or misleading
results, as demonstrated in the following chapters. Therefore, it is important to in-
vestigate how the assumptions on disease stages may influence model outcomes. The
approach presented in this thesis is to develop a model with an arbitrarily distributed
disease durations (latent and/or infectious period). The results can then be used
to compare model outcomes when the arbitrary distribution is replaced by various
distributions (e.g., geometric, binomial, Poisson, or empirical). The measures used
for model comparison include the basic and control reproduction numbers (R, and
R¢), final epidemic size, probability of major/minor outbreaks, duration and peak of
the epidemic.

Chapters 2 and 3 are devoted to deterministic models, while Chapter 4 considers
a stochastic model. In order to bring into the context of epidemiological applications,
formulas for Ry and R are derived in all cases. Our detailed derivations help reveal
the explicit dependance of Ry and R on the mean values of the stage distributions,
the mean sojourn times, and other distribution-adjusted probabilities. Throughout,

we highlight the role that modeling assumptions (a priori selection of distributions for



disease stage durations) have on the qualitative and quantitative assessment of model
outcomes. Examples of discrete-time models under different stage-duration distribu-
tions are considered to illustrate the discrepancies in model evaluation, particularly
when control strategies are present.

The remainder of this chapter is organized as follows. Section 1.1 includes a brief
summary of results involving deterministic epidemic models in discrete-time. Section
1.2 includes a discussion about the importance of considering more realistic distribu-
tions for disease stages, as well as some drawbacks of using the (commonly assumed)
Geometric distribution. Finally, a summary of important results in continous-time
stochastic SIR models with arbitrarily distributed infectious period can be found in

Section 1.3. These results strongly motivated the work presented in Chapter 4.

1.1 Discrete epidemic models

As pointed out in [32], there are usually two ways to construct a discrete epidemic
model. The first approach, used in [34], directly makes use of the property of the
epidemic disease, whereas the second approach, used in [31], consists in discretizing a
continuous-time model using techniques such as the forward Euler scheme or Mickens
non-standard discretization. In this thesis the first approach is used and the discrete-
time single-outbreak model introduced and analyzed in [39] is generalized through
the inclusion of arbitrary distributed disease stages. The building block to do so is
the basic model

Spr1 = SuG (1,/T,)

Lyt = S,[1—-G(L/T,)]+ (1 =), (1.1)

R,.1 = R,+I,, n=12...
depicted in figure 1.1. Here, T,, = S, + I, + R,, is the total population size and I,,/T,
is the prevalence, at time n. The proportion of susceptible individuals who become
infected at time n + 1 is given by 1 — G, where G : [0,1] — [0, 1] is a monotone
function with G(0) = 1, G'(x) < 0 and G"(z) = 0, as pointed out by Castillo-Chavez



and Yakubu in [34]. When the population size is assumed to be constant, a customary
practice for short term single outbreak models, the dependence of G on T, can be
dropped. This is the case for the models studied in this thesis. Including demographic
effects or disease death is straightforward but some results (specially those involving

final size relations) might no longer hold if this factor is included.

[s]—"~[1]——[R]

Figure 1.1. Transmission diagram for the discrete SIR model (1.1)

If the time between contacts is assumed to be Exponential with parameter 3/N
then, at time n + 1, the number of times a susceptible has been in contact with any
infective follows a Poisson distribution with parameter 51,,/N. Thus, the probability
of entering in contact with at least one infective is 1 — /N For this reason, often
times it is assumed that

G(I,) = ePn/N, (1.2)

This functional form of G guarantees that the solutions remain nonnegative at all
times. Other options for the function G are explored in [34,40].

One of the main motivations for this thesis comes from the transition from the I to
the R class. Under constant exit probability, the proportion of individuals leaving the
I class after exactly 7 days is (1 — )1y for i € {1,2,3,...}, which is the probability
mass function of a Geometric distribution with parameter . The proportion of
individuals who stay more that ¢ days in the I class, also called survival probability,
is

0

bi = 2(1_7)]6717:(1_7)1‘7 i€{0,1,2-~}

k=i+1



In Section 1.2 drawbacks of the use of this distribution are discussed. An interesting
discussion of a similar restriction in continuous models (constant exit rate) can be

found in [41].

1.1.1 Computations of Ry and R

The most commonly used quantity in the study of epidemiological models is the
basic reproduction number Ry or the control reproduction number R. They provide
critical measures for designing strategies for disease control and prevention, as well as
the evolutionary dynamics of the pathogen. Various approaches have been developed
for the derivation of an analytical expression for Ry (R¢). These studies include both
continuous-time models (see, for example, [6-12]) and discrete-time models (see, for
example, [16-23,38])

A commonly used method to compute Ry and R¢ is the so called next generation

matrix method. Let Xo = (z1,...,2,)" and X| = (Zyy1, ..., 2,)7, where x1,..., 2,
are the infected classes of the epidemic model and x,,,1, ..., z, are uninfected. Let
X(n+1)=M(X(n)), n=012,... (1.3)

where M : R} — R" is a continuous and differentiable function. Assume there is a
unique DFE for which, after linearizing one obtains Y (n + 1) = JY (n). Here, J is

the n x n Jacobian matrix at the DFE and has the form

F+T 0
J = (1.4)
A C
The next theorem by Allen and van den Driessche (Thm 2.1 in [17]) gives a formula

for Ry as well as stability conditions. A complete proof and examples can be found

in [17,20,22,23).

Theorem 1.1.1 Suppose the system of difference equations (1.3) has a unique DFE
and that linearization of the system about the DFE yields (1.4) with matrices F' and



T nonnegative, F + T is irreducible, and matrices C and T satisfying p(C), p(T) < 1.

Then the basic reproduction number is given by
Ro— o (F(I-T)). (1.5)
In addition, the DFE is locally asymptotically stable if Ry < 1 and unstable if Ro > 1.

The key point here, is that the model must be written in the form (1.3), for which
the Geometric function assumption is key. If a different distribution is used for the
transition from I to R then the next generation method cannot be directly applied,

as we will see in Chapter 2, Section 2.4

1.2 Why do we need to consider more realistic distributions?

As mentioned in Section 1.1, constant exit probability from the I class carries with
it the assumption of Geometric distribution for the infectious period. The memoryless

property of the Geometric distribution
P(X >n+m|X >m)=P(X > n) (1.6)

means that the probability of X exceeding the value n + m, given that it already has
passed m, is the same as X originally exceeding n regardless of the value of m. In
other words, every instant is the beginning of a new random period and the past has
no bearing on the future behavior of X. The Exponential and Geometric distributions
are the only memoryless continuous and discrete random variables. The memoryless
property explains an important factor of the I equation in the model 1.1: the number
of individuals who remain in the I class at time n + 1 depends only on [,,. For with
Geometric distribution, it is not necessary to keep track of the past in order to know
the values at the present.

The Geometric distribution however, might be biologically unrealistic for most
infectious diseases. Plots of the probability density (f; = P(X = 4)) and survival
functions (p; = P(X > 1)), depicted in Figure 1.2, support this claim, as a “bell



shaped” distribution is expected for the duration of the infectious period. The Geo-

metric distribution on the other hand is far too positively skewed.

Geometric density function Geometric survival function
7y I
A 0=0.75 A 0=0.75
g - e =05 g 1 1% e =05
o o a=025 o a=025
i 3 v &R
© d i S \ Q
Q. o
g = N a A s OQ
® o
A 990 ey %o
g— A%l?ﬂﬂ?ﬂil-,nannf g—l 1A§llllggﬁﬂﬁ?.l..f
5 10 15 20 0 5 10 15 20

Figure 1.2. Plots of the mass (left) and the survival (right) probability
functions of a geometric distribution.

Denote by M x(s) the expected remaining time in a stage (latent or infectious)
given that s units of time have already elapsed in the given class, this is

) o

,ZP(X > n|X > m) :EM if P(X>m)>0
My(m) =] = =

P(X > m)
0 if P(X>m)=0

A desirable property of a distribution used to model infectious periods is that the
expected remaining sojourn is considerably shorter than the mean sojourn. For both

the Geometric and Exponential distributions this is not the case. Particularly, if X ~

Geom(7),

0 (1 = ,T)n+m %

Again, by the memoryless property, the expected remaining sojourn after an indi-
vidual already spent m units of time in the latent stage is independent of m. This
may contribute in a significant way to the potentially biased model predictions on

the effect of disease control strategies. The use of other distributions may lead to



more reliable assessments because of their ability to capture more accurately the de-
scription for the expected remaining sojourns. In Chapter 3 Section 3.4.2 this point
is exemplified with specific distributions, for a model with disease control.

A natural and more realistic alternative to the Exponential (Geometric) distri-
bution is the Gamma (Negative Binomial) distribution. In the continuous-time set-
ting the so called “linear chain trick” can be used to reduce the system of integro-
differential equations (obtained under Gamma distribution) to a system of ordinary
differential equations (for details see, for example, [42-46]). The key idea in this
approach is to introduce multiple sub-stages, each of which follows an exponential
distribution. For stochastic models a similar idea is applied to allow the use of
Gamma distribution, while still preserving the Markov property of the process. Such
models were first developed and studied in [47,48] and more recently in [49-51].

A discrete model with arbitrarily infectious period is considered in [52]. How-
ever, the impact of the choice of distribution is not analyzed in this study. More
recently there has been an interest in the literature to study this topic. For instance,
Castillo-Chavez points out in [53] that the choice of specific distributions in a model
is particularly important when the model is used to evaluate disease control strate-
gies such as quarantine and isolation. Moreover, in [54] Wearing et al explain how
substantial bias are introduced by (i) neglecting the latent period, and (ii) assuming
that the latent and/or infectious periods are exponentially distributed. In short, this
unrealistic assumptions give rise to overoptimistic predictions, i.e. underestimation
of Rg. It is shown in [55] how parameter estimates depend sensitively on the assump-
tions made concerning the viral life cycle in within-host models. The assumption of
exponential lifespan can lead to underestimates of Ry and overly optimistic predic-
tions on prevention/eradication of the disease. The results in [45,56] illustrate how
unrealistic assumptions on the distribution of the infection and recovery process may
change considerably some dynamical properties of a model. In particular, detailed
explanations are provided as to how the inclusion of the more realistic Gamma distri-

bution destabilizes the model and changes persistence. A similar conclusion is reached



in [43,57,58] by showing that models with Exponential and Geometric stage distri-
butions may generate misleading assessments on disease control strategies. Thus, it
is important to consider more realistic distributions, as less dispersed distributions
seem to be more appropriate for modeling diseases with longer latent and infectious

periods [54,59].

1.3 Stochastic SIR models in a closed population

In this section a brief review of stochastic continous-time SIR models with arbi-
trarily distributed infectious period is included. In Section 1.3.1 the use of branching
processes to approximate such models is discussed. Section 1.3.2 is devoted to the
computation and interpretation of the probability of a minor and major epidemic.
The methods and tools used in this section are modified and adapted to analyze the
the discrete-time model developed in Chapter 4.

Two underlying processes define a stochastic SIR model in a closed population:
infection and recovery. The infection process has mostly been modeled by a homoge-
neous Poisson process, i.e., contacts between any two individuals happen at a random
time according to an Exponential random variable with fixed rate. Few models allow
other transmission structures [60], but in recent years researches have incorporated
network structures in the population to make the modeling of infection process more
realistic, see for example [61] and the references therein.

The recovery process, on the other hand, has been given more flexibility and
several models that allow an arbitrarily distributed infectious period have been de-
veloped. In spite of this, the most commonly used assumption is the Exponential
distribution with a fixed parameter (see Figure 1.3). This, together with exponen-
tially distributed contact times, makes the process a continuous time Markov chain
(CTMC). This explains the popularity of such models, first developed and studied in
the 1950s [62,63].
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Figure 1.3. Depiction of the typical CTMC model in which contacts
are modeled by a Poisson process with an exponential infectious pe-
riod.

As discussed in Section 1.2, the exponential distribution offers tractable models
but this assumption is often times biologically unrealistic. Models with Gamma
distributed infectious period have been studied as early as 1964, when the first one
appeared in [47]. More recently, such a model was analyzed and extended in [48].

A fully generalized SIR model that imposes no assumption on the infectious period
was proposed as early as 1978 in [64], and was further analyzed by Ball in [65,66]. In
this framework individuals recover according to an arbitrary (non negative) random
variable with distribution F', for which the first moment exists. A recursive formula
for the exact probability mass function of the final size was provided by using the rep-
resentation developed by Sellke in [67]. Asymptotic results involving the distribution
of the final size and severity of an epidemic (area under the trajectory of infective)
were also presented in [65]. Furthermore, these results were generalized to epidemics

among a heterogeneous population.

1.3.1 Branching process approximation

The early stages of an epidemic is approximated by a properly defined branching
process (BP). The “convergence” of the epidemic model to its associated BP has been
established previously [68-70]. A less formal but more practical exposition can be
found in [28,50,51,71].

In particular, a simple BP can approximate the epidemic when the infectious
period is exponential. If the Exponential distribution is replaced by Gamma, then a

multi-type BP id used instead of a simple BP [28 50]. More generally, a Crump-Mode-
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Jagers BP can be used to approximate the epidemic when the infectious period is not
Exponential nor Gamma distributed. Some properties of these processes are studied
in [72] (see chapter 6). A Crump-Mode-Jagers BP is generally non Markovian, while
simple BP and multi-type BP are.

(5] 20 1] £ [R]

Figure 1.4. Depiction of an SIR stochastic model in which (i) con-
tacts are modeled by a Poisson process and (ii) infectious period is
arbitrarily distributed, according to X ~ F.

Let S(t),1(t), R(t) represent the system depicted in Figure 1.4, with constant
population size and [(0) initial infectious individuals. On the other hand, let Y (¢)
represent a Crump-Mode-Jagers BP with 7(0) ancestors. In this BP, each individual =
has a life span A, while the point process £, () represents the reproduction (offsprings)

of z. To approximate the number of infectious individuals I(¢) by Y (¢) we let
e )\, = X, where X is a random variable with distribution F', and
e &, (t) is a poisson process with constant rate .

Let ¢ be the number of offspring produced by an individual in its entire life. Clearly ¢

is equal to the poisson process ¢ evaluated at X, thus ( ~ Poisson(5.X). In particular

T ke—ﬁx
P(C = kX = ) = % (1.7)

It is known that either Y(¢) — o or Y (¢) — 0 as t — 0. This asymptotic behavior
strongly depends of the mean value of (. If E(¢) < 1, Y (¢) is called subcritical and
P (lim; o Y (t) = 0) = 1. On the other hand, if E(¢) > 1, Y (¢) is called supercritical
and P (lim;,, Y (t) = 0) < 1.

Generally speaking, a threshold condition for deterministic models is well known:

if Ry < 1 then there is no epidemic, and if Rg > 1 then an epidemic can occur.
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On the other hand, for stochastic models, is harder to define what is meant by an
“epidemic”. For instance, unlike the deterministic I(t), the stochastic I(t) can (and
most of the times will) go up and down several times before converging to zero. This
motivated the use of the BP as an approximation for stochastic epidemic processes.
In the literature, the probabilities of a minor and major epidemic are defined as

P(major epidemic) = P (lim Y(t) = oo) ,  P(minor epidemic) = P <1im Y(t) = O) .

t—o0 t—00

For ease of notation, let Py = P(minor epidemic). Notice that, with probability one
Y (t) either vanishes or goes to infinity as ¢ — o0. Therefore, P(major epidemic) = 1 — Py.
The following theorem from the theory of branching processes gives an explicit for-

mula to compute P

Theorem 1.3.1 Let ¢ be the moment generating function of the infectious period X

oe}
J e f(x)dx  if X is continuous,
0
¢(s) = E(e™") = » (1.8)
Z e_Skpzk if X is discrete,
k=1

A major epidemic can only occur if Ro = PE(X) > 1, in which case this happens

with probability 1 —Py. Moreover, Py = ¢, where q is the smallest root of equation
P(B(l—s)) =s. (1.9)

A complete proof (not included here) can be found in [66, 68, 72]. Intuition for
equation (1.9) comes from the fact that Py is the smallest root of the reproduction

generating function of the BP Y'(¢), given by
s — [E(s%) se[0,1]

The key in finding an expression for E(s%) is writing

Ry

P(c = 1) = E(E (fc-n X)) =B (L2
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Then, (see 6.4.4 in [73] for details)

Bs) = D SPC=) = Y o8 (M) ) iE<(ﬂXfi¥)

k=0

A generalization of Theorem 1.3.1 is used in Section 4.2.2, Chapter 4 to compute

the probability of a minor epidemic for our discrete metapopulation model.

1.3.2 The probability of a minor and major epidemic

An important feature of any BP is the so called extinction probability, i.e. the
probability that the process vanishes as ¢ — c0. This number has been widely studied
and its exact value can be computed. For us, this means that it is possible to have an
expression for Py. Theorem 1.3.1 gives a “recipe” to compute Py that depends on the
distribution F' through its mgf ¢, given by (1.8), and the initial number of infected
I1(0). From basic probability theory it is known that ¢(s) = ¢(B(1 —s)) is increasing
and convex in the interval [0,1]. Also, ¢(0) > 0, ¢'(1) = R and ¢(1) = 1 (see Fig
1.7). If Ry < 1 then s = 1 is the only root of ¢(s) = s, but if Ry > 1 then there exist
another root, smaller than one. Due to the geometric properties of ¢, the iteration
method is a perfect candidate to numerically find this root.

Once the parameters § and E(X) have been chosen, Ry and Py can be computed.
If Ry < 1then Py = 1, but if Ry > 1 then the value of Py depends on the distribution
chosen for X. Although possible, it is unlikely that different distributions will produce
the same Py. To investigate how the choice of the distribution ' may affect the value
of Py, we compare several models with different distributions F. We consider two
models to be comparable if they have the same parameters 5 and E(X), and thus the

same R.
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Four examples of comparable models are considered bellow. Then, assuming that

Ro > 1, the ¢ value produced for each model, see equation (1.9), are computed. Let

q be denoted by ¢*), ¢(¢*) g and ¢ in examples A-D, respectively.
A. X ~ Exponential(y). In this case, E(X) = 1/7, Ro = 8/7, ¢(s) = 15 and
FONNES

k
B. X ~ Gamma(k, k7). In this case, E(X) = 1/v, Ry = /7, ¢(s) = (ﬂ) :

and ¢(@*) is the smallest root of

1

— - -5 selo,1].
(1+R01—;5)k 10,11

C. X = 1/v, i.e. fixed duration. In this case E(X) = 1/v, Ro = /7, ¢(s) = e=*/7

and ¢ is the smallest root of the equation

e~ Rol=8) — 5 se[0,1].

D. X is discrete with finitely many points and mass function equal to
Dk ife=x,, k=12--.n

0 otherwise

Then, from equation (1.8), ¢(s) = . pre™, ¢(B(1 — s)) = . pre -z
k= k=1
and ¢ is the smallest root of

Zpke fl=s)ae — 5 se0,1]. (1.10)

For instance, case D represents empiric data, in which case typically x, = k; py is

equal to the proportion of people who recover after k£ units of time; and

1—3 Zpke A=)k
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Figure 1.5. Example of X with finite support (D) and parameters
Ro = 1.946735, 5 = 0.25, E(X) = 7.786942

Figures 1.5 and 1.6 present a “fictitious” examples in which X could be empiric

data. Figures 1.5a) and 1.6a) show the probability mass function P(X = k), while

1.5b) and 1.6b) are plots of the cumulative function P(X < k).

Notice that the

infectious period, X in Figure 1.6 is bimodal. Such X would be extremely difficult

to model if we restrict to commonly used families of distributions.

In particular,

Exponential and Gamma distributions are a terrible fit for a distribution like this.
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a) Probability mass function of X

b) Distribution function of X
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Figure 1.6. Example of bimodal X with finite support (D) and Ry =

1.623, 8 = 0.15, E(X) = 10.82
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The four examples above illustrate how different the probability of no epidemic
can be, even when the models are comparable. The relationship between ¢(#), ¢(@*)
and ¢ has been studied before, see for example [48]. It is known that if Ry > 1, then
V k> 2, keZ we have

q < ¢(GFD < g(GR) — ((B) and lim ¢k

- k—o0

:g‘

Figure 1.7 suggest that ¢ may be the smallest possible value for ¢ among other com-

parable models. The following result proves this conjecture.

a) Ry=0.9 b) Ry=1.5 ) Rp=2
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I
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Figure 1.7. Graphic of ¢( — (1 — s)) for comparable models A-C
with: a) RO = 09, b) RO = 1.5 and C) RO = 2.

Theorem 1.3.2 [f Ry > 1 then the model in which X is constant (fixed duration)

predicts the smallest probability of minor epidemic.

Proof Let X be the constant m and X be any arbitrary comparable infectious
period. This is, E(X) = E(X) = m. Denote by ¢ and ¢(s) = e~ the mgf of X
and X, respectively. Let ¢,q € (0,1) be the smallest root of Q(,@(l — s)) = s and

¢(6 (1- s)) = s. Apply Jensen’s inequality to the convex function x — e™** to obtain

e EX) < Bem¥) = o(s) < 9(t).
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This, implies that ¢ < ¢(8(1 —¢)) and ¢ = ¢(B(1 —q)). Let o(s) = ¢(B(1—s)) —s =
e~Ro(1=5) _ 5 clearly f is continuous and strictly convex. Since ¢(0)¢(g) < 0, f must
vanish at some s’ € (0,¢]. Finally, since g is the smallest zero of f, it follows that

q<q. |

Theorem 1.3.2 gives a lower bound for the value of ¢. It turns out it is also possible

to find an upper bound, as shown in the following result

Theorem 1.3.3 Consider all comparable models for which E(X) = m (thus Ry =
Bm) and Var(X) < o2. The probability of a minor epidemic is bounded above by g,
the smallest root of

g m —B(1—s)™ +o

m2+02+m2+02 mo =3, s € [0,1].

o(s) =

This upper bound is attained when the infectious period X is the two point r.v.

2

_o
m2+02)

- 0 with probability
X =
m2+o? ; i1a m?
L with probability 3.

The proof of this theorem, based on a result in [74], is not included here because of
the similarities with the proof of Theorem 4.3.3. See details at the end of Section
4.3.2.
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Bounds for ¢(p(1-s))
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Figure 1.8. Upper and lower bounds for ¢(8(1 — s)) as given by
Theorems 1.3.2 and 1.3.3. The points ¢ and & contain all possible
values for ¢ for comparable models with § = 0.1875, Ry = 1.5 and
Var(X) < 64.
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2. DISCRETE EPIDEMIC MODELS WITH
ARBITRARILY DISTRIBUTED INFECTIOUS PERIOD

The work presented in this chapter was done in collaboration with Feng and van
den Driessche. Most of the results and ideas in this chapter were published in the
Journal of Difference Equations and Applications [57]. My contribution includes
model formulation and analysis as well as the writing of the manuscript. All models

considered in this chapter are deterministic and for discrete-time.

2.1 Introduction

In this chapter several SEIR-type of models are introduced and analyzed. We
begin by presenting models without control (Sections 2.2 and 2.3) and finish by an-
alyzing a model with a control measure (isolation). The focus of this chapter is on
the development of a general framework for formulating and analyzing discrete-time
models that allow for the inclusion of arbitrarily distributed waiting times.

It is known that the 2.14 property (see equations (1.6) and (2.14)) of the Geometric
distribution (an analogue property of the exponential distribution in continuous-time
models) may generate biased and possibly misleading evaluations on disease control
strategies; see, e.g., [21,43]. It is also known that less dispersed distributed stages
seem to be more appropriate for modeling diseases with longer latent and infectious
periods [45,54-56,59], see Section 1.2 for a discussion along these lines.

With this is mind, in Section 2.2.2 a model that uses a shifted negative binomial
distribution for the infectious period is presented. In Section 2.2.3, we fully gener-
alized the model so that any discrete distribution with support in {1,2,3,..., M}
can be used to model the infectious period. At this level of generality, the model is

modified to include two strains (Section 2.3.1) or heterosexual transmission (Section
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2.3.2). Finally, in Section 2.4, we consider a model with disease control in the form
of isolation /hospitalization of infectious individuals. In all models demographic pro-
cesses, such as birth and death, are ignored and the total population size is assumed
to be the constant V.

In order to bring into the context of epidemiological applications, Ry and R¢
are computed and interpreted. When Geometric distribution is assumed, the next
generation matrix approach is straightforward to apply, but when another distribution
is used this is no longer the case. In this chapter we explore different ways to modify
this approach under those circumstances and show that our formulas are consistent
with those obtained from biological considerations.

Throughout these ideas can be extrapolated to allow an arbitrary distribution of
the latent period as well, but in this chapter we focus on the infectious period only.
In Chapter 3 a model with arbitrary distribution for latent, infectious, quarantine

and isolation periods is considered.

2.2 SIER models with various distributions and computation of R,

In this section SEIR-type of models with several distributions for the infectious
period are considered, including the case of a general distribution. All distributions
are assumed to have the same mean to allow for the comparison of model results.
The outcomes of these models are compared in terms of the reproduction number R,

(or R¢) or final epidemic size.

2.2.1 A simple SEIR model with Geometric distribution

We begin by presenting a standard SEIR model inspired by the work of Brauer
et al in [39]. The distribution used to model the latent and infectious stages is Geo-
metric, which is equivalent to assuming that individuals exit a stage with a constant
probability at each time step. This assumption is commonly encounter throughout

the literature, as it makes the model easier to formulate and analyze.
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Table 2.1.
List of parameters and symbols commonly used in Chapter 2

Symbols Definitions

15} Transmission parameter
Bi Stage dependent transmission parameter
a Exit probability of E class, a € (0,1)
0% Exit probability of I class, v € (0, 1), Geometric model (2.1)
o, ¢ Exit probability of I subclasses, ¢, ¢; € (0,1), sNB model (2.6), (2.9)
p Reduction factor of H class (Section 2.4)

Length of the infectious period
Y, Length of the infectious period, strain

(w=s,r) or sex (w = f,m) dependent

|44 Age since infection at which an individual is isolated

fi Probability mass function of Y

Di Survival function of Y
Duw.i Survival function Y,,, w = s, (strain) or w = f,m (sex)
i Survival function of W

In the equations bellow S, E,, I, and R, represent the number of susceptible,
exposed, infected and recovered at time n € {0,1,2,...}. A complete list of symbols

and parameters can be found in Table 3.2.

Sps1 = SuG(1), G(I,) = e Pl/N
E,oi = Su[1-G)]+ (1 —-a)E,

(2.1)
Inyi = aE,+ (1 —7)I,
Rpyi = Rn+vly, n=12 ...

Notice that, since the total population is constant, the last compartment can be

dropped from the system. In the future, an equation for R will not be included since
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we could easily let R, = N — S,, — E,, — [,,. A transition diagram for this model is

shown in Figure 2.1.

(s~ [E][1][R]

Figure 2.1. Disease transmission diagram for model (2.1). The con-
stant exit probabilities from E and I are o and ~, respectively.

The survival probability of a susceptible individual from being infected, per unit
of time, given the per capita infection rate is given by G(I,,) = e #/N. See equation
(1.2) in Chapter 1, Section 1.1 for details.

Under constant exit probability, the proportion of individuals leaving the I class
after exactly i days is f; = (1 — )1y for ¢ € {1,2,3,...}, this is known as the
probability mass function. The proportion of individuals who stay more that ¢ days

in the I class, also called survival probability, is

o]

pi = Z 1=ty =(1—-9), ief{0,1,2---} (2.2)

This is, under constant exit probability the number of days spent in the I compart-
ment follows a Geometric distribution with parameter v. Figure 2.2.1 depicts the
Geometric mass and survival functions corresponding to different parameter values

v. The average time spent in the [ class is

- Dlifi= > pi (2.3)

For the computation of Ry, we adopt the method described in [17] (see Chapter
1 Section 1.1.1). To use the approach of next-generation matrix, the disease stages

(S, E and I) at time n + 1 must be written in the form
[ EnJrl; In+17 SnJrl ]T = M[ Eny [na Sn ]T’

Then, F' (the matrix associated with new infections) and T' (the matrix associated

with other transitions) are calculated on the infected variables only evaluated at the
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Geometric density function Geometric survival function
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Figure 2.2. Plots of the mass (left) and the survival (right) probability
functions of a geometric distribution.

disease-free equilibrium, and the Jacobian on these variables is F' 4+ T, which is an

irreducible matrix. Moreover,
Ro=20 (FU - T)—1) : (2.4)

Under suitable assumptions (see Theorem 1.1.1 in Chapter 1) the reproduction num-
ber Ry gives relevant threshold information about the model. If Ry < 1, then the
disease-free equilibrium (DFE) is locally asymptotically stable; whereas if Ry > 1, it
is unstable.

For the system (2.1), the Jacobian matrix evaluated at the DFE (FE,[,S) =
(0,0, N) is given by

1 —« g 0
o 1.—7 B
0 -8 1

Then, the matrices associated with new infections and transitions are

0 B l—a 0
= and = ,
0 0 o 1 —«
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respectively. See that o(T) = max{l — a,1 — v} < 1, and

-1

i, a 0 /a0 . 8 8
(I-T)" = - -~ FUI-T)'=|" 7
—a 7 Ly 1/ 0 0
Finally,
Ro=o(F(I-T)") = g (2.5)

Notice that Rg is the product of the average number of secondary infections pro-
duced per day () and the mean infectious period (1/v). Since latent individuals do
not transmit disease, the latent period plays no role in the final expression of the
reproduction number. Because of this, Geometric distribution was used to model the
latent period (F class), and focus only on the distribution of the infectious period

(transition from I to R).

2.2.2 The case of negative binomial distribution

For continuous-time models, the Gamma distribution is usually considered to be
more appropriate to model the infectious period than the Exponential distribution.
In fact, the latter is a special case of the former, obtained when the shape parameter
is equal to one. A discrete equivalent of the above relation occurs with the Geometric
and the shifted Negative Binomial distribution (sNB).

The “linear chain trick” used in continuous time models consists in breaking the
infectious class I into subclasses I®) (see, for example, [42-46,71]). This relies on
the fact that a Gamma is the sum of iid Exponential random variables. Such ideas
can also be applied to our discrete mode, so that the I class is separated into k
different sub-stages. The idea behind this is to recover the infectious period as a
sum of k geometric distributions. The transition diagram for this modified model is
given in Figure 2.3. I represents the i*" sub-stage corresponding to the i geometric
distribution in the sNB distribution. Individuals in the infectious classes can progress

with probability ¢ or satay with probability 1 — ¢. For this model, it is shown that
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the structure of Ry remains the same, although the formula for the mean infectious

period can be different.

T o RO ) ISR iy Ry

Figure 2.3. A transition diagram for a model with infectious sub-
classes. With this structure the infectious period follows a sNB. The
superscript i represents the i geometric sub-stage for the negative
binomial distribution.

The system
Snt1 = S e B+ +IOYN

B, = Sy [1 _ B+ +I§l’“)]/N] +(1—-a)E,
(2.6)
I, = aB,+(1-¢)1"

), = orf V-, 2<j<k

corresponds to the transition diagram depicted in Figure 2.3. At any given time the
exit probability of the class 1 is ¢, this restriction is relaxed at the end of this
section.

The proportion of population spending exactly ¢ days in the infectious compart-
ments is equal to f; = P(X; 4+ -+ + X}, = i), where X; ~ Geom(¢). From basic
probability theory [75-77]

fi = (::Dqﬁk(l—(ﬁ)i—’“, i=kk+1LE+2 ... (2.7)

See that, an infected individual spends at least k days in the infectious classes (one

day per subclass), which explains the ¢* factor above. The factor (1 — ¢)"~* accounts

-1

for the remaining ¢ — k “stay days”. Finally, there are (;_k

) ways to distribute this
event. The distribution given in (2.7) corresponds to a shifted Negative Binomial
(sNB) with parameters (k, ¢) and support on {k,k+1,...}. When k =1 and v = ¢

this distribution corresponds to a Geometric with parameter v. The mean infectious
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period with a sNB(k,¢) distribution is k/¢. Plots of the probability density and

survival function for this distribution are presented in Figure 2.4.

a) Negative Binomial density function

0.00
|

b) Negative Binomial survival function

Figure 2.4. Plots of the probability density and survival function of
a sNB distribution, described by (2.7), for different values of ¢ and
k=25.

For the computation of Ry, note that the (k+ 1) x (k+ 1) infection matrix F' and

the transition matrix 7" matrix are given by

Then

(-7

08 - 8
00 - 0
00 - 0
0 0 0

L
RICRY

1/¢ 1/¢

0

and T =
0 0

0 0
1/ 1/¢

Thus, the reproduction number is

l-a O
fa! 1l —¢

¢

0 0
= F(I-T)™" =

RU=MFU—TYW=55

ko
=)

o o

0 0

0 0

0 0

¢ 1—¢

(k—1)3 3]

@ @

0 - 0

0 0

(2.8)

once again, the average number of infections per day times the mean infectious period.



27
Stage dependent transmission and exit probability

If epidemiological data suggest that either the exit probabilities or transmission
parameters are stage dependent, the model (2.6) can easily be modified to include

this dependance. The system

S S, e B+ BN
gy (k)
Eni1 = S, [1 — e~ 1B e 4Bl ]/N] +(1-a)E,
(2.9)
1, = aE, + (1— ¢
19, = ¢, I8V 4+ (1—9)IY, 2<j<k

incorporate this features. The infectious period however is no longer a sNB but a
more “general sum” of geometric distributions with different parameters ¢;.
The (k+ 1) x (k + 1) new infection matrix F' and the transition matrix 7" matrix

are given by

11—« 0 0 0 0
0 61 - Bre1 B a  1—ag¢ 0 0 0
0O 0 -~ 0 0 0 1— 0 0
F = and T = o %
. : : : 0 0 ¢2 0 0
0 0 0 0 :
| 0 0 0 - Pr1 1—oy
Simple calculations yield
k
Ro=), % (2.10)
i=1 "7t

If p; = f and ¢; = ¢, then equation (2.10) reduces to (2.8).

2.2.3 A general model with arbitrary distribution

In this section we develop a discrete SETR model with arbitrarily distributed in-

fectious period and compute R, using the next generation matrix approach. Several
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models of this nature have been developed and analyzed in a continuous time frame-
work (see for example [43]). These models however, are rather complex even without
control measures like isolation or hospitalization, involving a set of integral-differential
equations

S = —Lsr1

_ B

I(t) = J aB(s)P(t — s)ds

0
The discrete counterpart of the model above is much simpler, easy to understand and

interpret, giving it an edge over continuous-time models. If we take under considera-
tion the fact that data is collected at most daily, we see that discrete models offer an
advantage for biologists and public health researchers.

Consider an arbitrary discrete distribution on N with compact support. In other
words, if Y represents the length of the infectious period of and average individual in

the population, let
fi=PY =1¢) and p; =P >1i), ie{l,2,..., M}.

By definition fz € [0, 1], po =1, ppr =0, sz\il fz =1 and pi = Z];.Ozi_g.l fz = Z};\ii_i,_l fl

The mean infectious period is given by
M—1
i=1 1=0

The discrete-time model with survival function {p;} for the infectious period, de-

picted in Figure 2.5 is given by the set of difference equations

Spi1 = Spewln
Eppi = Sp(l—e %)+ (1—a)E, (2.12)
Inyi = tpgr +ipp1 + 0 + 4 Pp, i = ol

with initial conditions So = N — Ey, Eg > 0, Iy = 0. Here, i}, is the input to the I

class at time k and %,41_;p; is the number of individuals who entered the I class j
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time units ago and are still in / at time n + 1. The biological interpretation of the

reproduction number Ry leads once again to the formula

Ro = BE(Y). (2.13)

distribution

S]—[E]-[1]——[R]

Figure 2.5. Disease transmission diagram with an arbitrarily dis-
tributed infectious period.

Computing Ry using the next generation matrix approach for this system presents

some challenges since, without the memoryless property
PY >n+m|Y >m)=P(Y >n) (2.14)

of the geometric distribution, it is necessary to keep track of the past in order to know
the values at the present. Since the disease stages S, F and I, at time n + 1 cannot

be written in the form
[ En+17 [n+17 STL+1 ]T = M ([ Em [TH Sn ]T) ) M : Rg - RS

it is impossible to use the next-generation matrix method directly, see Chapter 1
Section 1.1.1 . To overcome this difficulty we can consider multiple I stages, an
approach similar to the “linear chain trick”. To the best of our knowledge, this
technique has not been used in discrete models.

Since I, in (2.12) depends on other variables besides I,, and E,,, the subclasses
I . IM™M) are introduced, see Figure 2.6. The superscript i corresponds to the
age-since-infection. Notice that these subclasses are different from those in the sSNB
model (2.6) and (2.9), because an individual can only stay in I for one unit of time,

(i+1)

and must either progress to [ OT Tecover.
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_>m_a> 7 M)

N A
Ea

Figure 2.6. A transition diagram for a model with arbitrarily dis-
tributed infectious period. The superscript i in I® represents age
since infection.

An equivalent system for (2.12) is given by

Sper = Spe PR TN,
E.po = S, [1 — e*ﬂ(1£1)+---+I£M))/N] +(1—a)BE,
(1) ) (1) (2.15)
In+1 = aky, In+1 = piln
V), = el 3 i< M

Pj—2
Notice that the transition probability from the (j — 1) class to the j* class is given
by the probability that an infectious individual is still infectious j time units after
acquiring the disease (P(Y > j—1) = p;_1) given that the person remained infectious
J—1 time units ago, (P(Y > j—2) = p,;_2). Thus, the proportion of individuals in the
(j — 1) class that progress to j™ class is p;_1/p;_2, while the remaining proportion,
(1 —p;j_1/pj—2), go to the R compartment. A disease diagram for (2.15) is depicted
in Figure 2.6.

The computation of Ry in this case is more challenging. Although the next gen-

eration matrix method cannot be applied to the system (2.12), it can be used to

compute Ry for the system (2.15). The (M + 1) x (M + 1) matrices F' and T are
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l1—-a 0 O 0 0
0 16 o 0 0 0 0
00 --- 0 0 0 0 0
F = and T = b
Do : 0 0 B 0 0
p1
0 0 0 :
0 0 o --- Pym—1
| Py—2 _
Thus,
- v _
B 21 Bipi-1 B Z pi-1 - B
im i=1
0 0 0
Therefore
M
Ro=o(F(I-T)") = 52]0171 = BE(Y) (2.16)
i=1

which is consistent with the formula given in (2.13).

Stage dependent transmission

Just like in the second part of Section 2.2.2, transmission parameters can depend
on age since infection. Let f3; be the transmission parameter for the substage I, In

this case (2.15) becomes

Sn+l - S’ne_(ﬂllﬁll)""‘i‘ﬁn];z]u))/]v
Foet = 5 [1 - 6_(51]’9)+"'+BnI£M))/N] +(1-a)E,
: (2.17)
2 1
I?’(l-‘zl = OéEn, I’r(Lle _ p1[7(L)
W) i—1 7(G—1)
L = g’ 3<js<M
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In this case,

l1—a 0 O 0 0
0 B B2 -+ PBu «Q 0 O 0 0
o o0 o0 --- 0 0 pr 0 0 0
F = and T =
Do : : 0 0 22 0 0
p1
0O 0 O 0 :
0 o 0 ... BbmM=
| Pr—2 i
Therefore, ) )
M M
YiBpics DB o Bu
i=1 =
0 0 0
and
RO - Q( Zﬁzpz (218)

If B; = [, then formula (2.18) reduces to (2.16).
To interpret (2.18), recall that that for a given function h

D IPY = m)h(m) = E[h(Y)].

m=1
This follows from the definition of expectation and the fact that Y has an upper
bound M. In particular, let h(m) = >, §;, to obtain

Ro = Mgol i1Di = Z BmmZZ]H]P(Y m) = ]\j_;lmilﬁmmy:m)
- 5% z+1P<Y=m>=m§_1[< mEa| -2 (25).

In plane words, R is the average of adding the transmission parameters for as long

as the individual is infectious.
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2.3 Models with more complexities and computation of R

For the models considered in the previous section, the computation of R is rela-
tively easier due to the fact that the next generation matrix has rank 1. When models
involve more complexities, the next generation matrix may have rank greater than 1.

a couple of such examples are presented in this section.

2.3.1 A two-strain pathogen model

Building from the equivalent models (2.12) and (2.15), we now consider two para-
site strains (e.g., drug-sensitive and drug-resistant strains) that compete for a single
susceptible population. Assume that the infectious periods for both strains follow
arbitrary discrete (bounded) distributions denoted by Y and Y, respectively. Here
the subscript s stands for the sensitive strain and the subscript r stands for resistant
strain. Suppose that M, for w = s,r are the maximum length of the infectious period
Y,. Let

psi = P(Ys > 1) and pri = P(Y, > 14).

The model equations under this circumstances are

Sy = Se | EMasaril + D s ]N
_ZMM/B (@) /N

Ew,n+1 = Sn[l — € Sistiwrwn ] + (1 - aw)van

(€] _ _
Lypir = (L= ow)Eun (2.19)

2 1
[1(1;,214-1 = pw,lL(u,ZL
[g)nﬂ = p—w’j_llg’;l) 3<j < My, w =57

Pw,j—2

Notice that the transmission parameter depend on the age since infection, and the
exit probability of the latent class, a,, is strain dependent. A transition diagram is

illustrated in Figure 2.7.
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—] |S(MS)

1,4

|r(Mr)

Figure 2.7. A transition diagram for the model with two strains. The
subscripts s and r denote drug-sensitive and drug-resistant strains,

respectively.

The corresponding F' and T matrices for model (2.19) are

where F,, and T,, (w = s,7r) are the (M, + 1) x (M, + 1) matrices

0 Bw,l 610,2 Bw,Mw 1 — Oy 0 0
0O O 0 0 Qly 0 0
0O O 0 0 0 w 0
Fw _ : Tw _ p ,1
0O O 0 0 0 0 Pw.2
Pw,1
0 0 0 0 0 0 0
Then -
F,(I —T; -1 0
F(I-T)"= ( ) ,
0 Fr([ — T,ﬂ)_1
where
- M M. _
Z ﬁw,ipw,iq Z ﬁw,ipw,iq ﬁw,Mw
i=1 i=1
Fw(I o Tw)fl _ 0 0 0 ’
0 0 0

o o o O

Pw, My —1

Pw, My —2

34
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Since F,,(I — T,,)"! reduces to a block diagonal matrix, with each of the two blocks

having one positive eigenvalue, it follows that
M,

M,
Bs,i DPsji—-1 Z ﬁm p’r,i—l}
1 i=1

1=

~ max {E @1 Bsﬂ) = @1 ’ > }

2.3.2 A two-gender model for sexually transmitted infections

Ro = oF(I-T) ") = max{

In this section we introduce a system that includes two sub-populations, female
and male, with heterosexual mixing (i.e., no sexual contacts between individuals of
the same sex). Assume that the infectious periods for female and male populations
follow arbitrary discrete (bounded) distributions denoted by Y} and Y,,, respectively.

The subscripts f and m stand for female and male, respectively. Let
pri =Py >i) and pp,; =P(Y, >1).

Denoted by M, (for w = f,m) the maximum length of the infectious period. The

model equations are

My g ()
Sumet = Sune” St Paitin/N,

My i
Ew,n+1 = Sw,n[l —e 21 Bif,ilé,?n/N] + (1 - aw)Ew,n

]S,ZLH = awEw,n (220)
]1(1;2,2L+1 = pw,lji(vl,zb
19, = Bwatygy 3<j <M, w=fm.

wntl T pg g twm
Here, w represents the opposite sex of w. The constant (Bm,q) is the transmission
parameter to a female (male) by infectious male (female) individuals with age since
infection i.

The corresponding F' and 7" matrices for (2.20) are

0 F, Ty 0

F; 0 0 T,
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where F, and T, (w = f,m) are the (M,, + 1) x (M,, + 1) matrices

11—y, 0 0 0 0
O 610,1 Bw,Q T ﬁw,Mw Ay 0 O 0 0
0 0 o - 0 0 w 0 0 0
Fw = ) Tw = Pt
: . . O 0 Pw,2 0 0
Pw,1
0 O 0 0 :
0 0 0 L Pw, My —1
L pw,l\/fw—Q |
Then,
0 F,,(I—-1T,, -1
F(I o T)—l _ ( )
Fy(I=Ty)7! 0
where
oy ML B
Z /Bw,ipw,i—l Z /Bw,ipw,i—l ce 5w,Mw
i=1 i=1
Fol —T,) "' = 0 0 0 w=fm
0 0 o 0

The matrix F(I — T)~! has rank 2 and the only two non-zero eigenvalues are

My Mm
+ (Z; Bri pf,i—l) (Z; 5m,ipm,i—1) -

It follows that

My M
Ro = oF(I-T)1) = (; By.i pf,i—l) (; Bm,ipm,i—l)

Yy Yim
E (; 5f,¢> E (; 5m,i)

Secondary infections need to be computed from one female (male) to other females

(males) through the male (female) population. This is the reason behind the square

root in the formula above. Let

Yy Yim
’R((]fm) =E (Z 5fz> ; Rémf) =K (Z 5mz> .
i=1 i=1
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These quantities describe the average number of secondary infections an infectious
female (male) individual can produce in a susceptible male (female) population during

her(his) infectious period. Thus, Ry is the geometric mean of R(() ™ and R(()mf ),

2.4 SEIR models with disease control and derivation of Ro

In this section, the system (2.15) in Section 2.2.3 is modified to include disease
control in the form of isolation/hospitalization. Continuous-time models with arbi-

trarily distributed disease stages and control have been studied before, consider for

example
S = —SS[I+(1-p)H|
E = 251+ (1-pH]-(1-a)E
rt
I(t) = (I1—a)E(s) - P(t—s)Q(t—s)ds
Jo SY—m——— ~ ~ -~
. input to I at time s still in I at time t
rt T
H(t) = J (1—a)E(s)[-P(r —8)Q' (1 — s)ds P(t — 7|7 — s) dr
|
70 ‘0 ~— - still in H at time t
. input to H at time T
r
= (1 —a)E(s)P(t—s)[1 —Q(t — s)]ds.
JO

This model allows the use of distributions P and () for the infectious period and
isolation time, respectively. Unless P and () are Exponential or Gamma distributions,
we are left with a set of integral-differential equations that a might be hard to interpret
implement. Models along this lines are presented in [41] and [43]. Several findings of
the latter study suggest that the use of more realistic assumptions on the distribution
of the infectious period can be critical when isolation/hospitalization of infectious
individuals is included in the model.

With this in mind, a discrete model capturing such features is developed in this

section. A transition diagram is described in Figure 2.8. The isolated (or hospitalized)



38

- =R

distrib | i -
distrib p;

Figure 2.8. A transition diagram for the model with isolation and an
arbitrary bounded distribution for the infectious period.

class is denoted by H. As before, let Y be the length of the infectious period and, in

addition, let W be the age since infection at which an individual is isolated, then
pi =P(Y > 1) and g =P(W >1).

Denote by M the upper bound of Y and W, ie., p,, = ¢n = 0 for all m > M.
Assume that isolated individuals have a reduced transmission factor p € (0, 1) so that

the force of infection can be written as

NI, Hy) = Z[1 + (1 — p)H,).

SIS

The model equations read

—A(In,Hn
Sn-i—l = Sne ( )7

Epy = Sp(l—e M) 4 (1 —a)E,
(2.21)

L1 = ips1 T inp1qn + in-1p2q2 + -+ + ©1DnGn
Hyvr = dupi(1— @) +ip-1p2(l — o) + -+ iipa(l — qn),
where i;,; = aF; is the input from the F class to the I class at time j + 1. Initial
conditions are given by So = N — Fy, Fy > 0 and Iy = Hy = 0.
As for (2.12) in Section 2.2.3, the classes S, F, I and H at time n + 1 cannot be

written in the form
[ En+1> ]n+17 Hn+1v Sn—H ]T =M ([ Ena Im Hm Sn ]T) )

where M : R* — R*. Therefore, in order to compute R using the next generation

matrix method, the set of equations (2.21) must be reformulated. Consider substages
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for the I and H classes, as shown in Figure 2.9. The substage 1) represents indi-
viduals who have been infected for i units of time without being isolated, and H®
represents isolated individuals infected for ¢ units of time. Note that F(!) = 0 as iso-
lations occurs after becoming infectious. All of the I and H sub-stages are connected
to R, representing the fact that infectious individuals may recover at any time. All
individuals will be recovered by M units of time after becoming infectious. Then, the

system (2.21) can be replaced by the following equations:

Sper = Spexp [~ I+ (1 - pHY
n+1 n CXP NZ[H ( p) 71] !

M . .
Fnt1 = Sp 'l — exp (—%Z[ﬂlﬂ +(1— p)HFE‘]])] + (1 —a)E,,

I—fll_gl = (kEn1 I?Egl = pl(}lj‘ﬁl]1
(2.22)
7\ _ Pj—19i-1 ;r(;:’—U1
n+1 Pij—2qj—2 n
o, = p(l—a)LY,
Hﬂl _ Pj—l@j—z — f}j—l)frgj—l) + %f@ﬂr({f—l)1 3<j< M.
Pj—24j-2 Pj-2

|

]~ - - [ ~0]
B-E8"7 j 1 [A]

77— [] = - — "
L 1 L
L 1

Figure 2.9. A detailed diagram for a reformulated model, equivalent to (2.21)

Derivation of the control reproduction number R

We now present the derivation of Re. The detailed derivation and biological

explanations help reveal the explicit dependance of R¢ on the mean values of the
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stage distributions and the ‘isolation-adjusted” mean sojourn time. From the set of

equations (2.22) the 2M x 2M matrix F associated with new infections is

(05 - 8 (1-pB - (1-p)B
00 --- 0 0 0

F =
_0 0 --- 0 0 0 |

As before, T denotes the 2M x 2M block matrix associated with transitions. Then

A 0
I-T = , where the matrices A of dimension (M + 1) x (M + 1); C of
C D

dimension (M + 1) x (M —1); and D of dimension (M — 1) x (M — 1) are

o} 0 0 0 0 B
1 0 0 0 0
« 1 0 0 0
—D2 1 0 0 0
0 —pgn 1 0 0 .
o =1 ... 0 0
A=]0 0o ke 0 of, D= "
P1q2
0 0 0 1 0
0 0 0 1 0
0 o 0 ... —bmo
0 0 0 co.  _PModM-o1q L PM—2
B PM—2qM -2 |
0 —p(l—q) 0 0 0 0
0 0 _pgi—gq2) . 0 0 0
C = p1q1
0 0 0 . —bu—ilam—2—an-1) 0
| Prr—29n—2 _




At 0

The inverse of I — T is given by , where
-D7'CcA™t D!
= 0 0 0 0
1 1 0 0 0
A1 P1a p1q1 1 0 0
D2G2 D2G2 gf—gf 0 0
| PM-19M -1 PM-19M—-1 PM-19M-1 %
1 0 0 0 0
Bz 1 o -~ 0 0
P1
3 p3 1 - 0 0
DL = p1 P2 ’
PvM—2 PM-2 PM-2 1 0
p1 p2 p3
PM-1  PM-1 PM-1 .  PM-1
| D1 p2 p3 PrM—2
and
pi(l—q)
2Zpi(l—q) + pa(ar — @2) = p2(1 — o)
—1v g1
—D7CAT = Bpi(1—q1) + Epaqn — ¢2) + p3(a2 — g3) = ps(1 — g3)

PM-—1

S (=) + -+ pu—(gv—2 — qu—1) = par—1 (1 — qar-1)
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Notice that only the first column of the previous matrix is relevant for computing the

eigenvalues of the next generation matrix since F' has rank 1 and

0 B (1=p)B - (1=p)pB
00 --- 0 0 0
. At 0
FU-T)" = {00 -0 0 - 0
-D7tCcA™t D!
00 --- 0 0 0
[ M-1 M-1 - T
B2 piai + Bl—p) 2 pi(l—q) = - =
i=0 i=0
_ 0 0 --- 0
0 0 --- 0
To interpret R, in biologically relevant terms, see that
M—1 M—1
> pigi = Emin{y,W}) and ) pi(1—g;) = E(Y) — E (min{Y, W}).
i=0 i=0

E(Y) represents the mean time spent in compartments I and H, E (min{Y, W})
is the mean time spent in I (‘isolation-adjusted’ mean sojourn time) and E(Y) —
E (min{Y, W}) is the mean time spent in H. Using this expressions, a formula for

R is given by

Re = PE (min{Y, W}z + (1 — p)[E(Y) — E (min{Y, W})l : (2.23)

.

v

R Ru
Here, R; represents the number of secondary infections produced in a susceptible
population by an individual in the I class, during his/her infectious period. Similarly,
Ry is the number of secondary infections produced by an individual in the H class.
If p = 0, i.e., isolation does not reduce the transmission rate, this model is compa-
rable to the systems (2.12) and (2.15). Clearly, RC‘FO = PE(Y), which is identical
to R obtained in (2.16), Section 2.2.3. On the other hand, if p > 0 then R¢ < Ry,

as expected.
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2.4.1 Effect of disease stage distribution on R¢

Equation (2.23) provides a simple way to asses the effect that our choice on the
distributions p;,q; has on the value of Reo. To illustrate this effect, consider the

following distributions for the infectious period Y.

(i) Shifted Binomial. Let Yy —1 ~ Binomial (19,5), then Y; € {1,2,3,---,20},
E(Y;) =5and 1 = pg > p1 > -+ > pig > pyo = 0. The probability mass

function of Y] is

. 19 4 1—1 4 19—1+1 .
P(K:Z):pl—l_pz:<l_1) (1_9> <1_1_9> ) 22172a720

and its survival function is recursively given by p, = 1 and

19 4 1—1 4 19—i+1
Pi = Pi1 <z _ 1) (19> < 19>

A graph of both functions can be found in Figure 2.10a and 2.10b.

~.

=1,2,---,20

(ii) Truncated Geometric. Let Ys be a truncated Geometric with parameter ¢ =
0.197548, and Y3 € {1,2,3,---,20}. The value for ¢) has been chosen so that
E(Y3) ~ 5. The survival function is given by p; = 0.802452" for i = 0,1,--- ,19
and poy = 0. The plots of its mass and survival functions are shown in Figures

2.10a and 2.10b, respectively.

(i) “Artificial”. Y3 is a distribution that does not belong to any family of discrete
distribution. Our goal here is to show that any distribution (particularly empir-
ical distributions obtained directly from data) can be used in (2.21) and (2.22).
The made up distribution has probability mass function

)
a if i =1,2,3,

b if i = 4,5,6,
0.01 ifi=7,---,20,

0 otherwise.
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The values for a and b are chosen so that E(Y3) = 5. Since E(Y3) = 6a+15b+1.89

1.19
9

and 3a+3b+0.14 = 1, we chose a = and b = 2. The density and survival

functions are shown in Figures 2.10a and 2.10b.

These three distributions are comparable, as they all have the same support {1, - , 20}

and mean E(Y]) = E(Y3) = E(Y3) = 5.

a) Density function of Yy, ¥; and Y,

- ¥ Y, Binomial
& - T o ¥, Truncated Geom
=} \ 4 ‘,\ « Y; “Artificial
i W, e ac-an
f . — :g" .\*\
= P \
=) - *\9‘ X =
o £ ° o X
=] % Yose ‘.‘g*:_o g, 0 S = -9
3 i S Sl At e S T et
=] T T T T
5 10 15 20
b) Survival function of ¥y, Yz and Y5
1 ":f‘ut % Y, Binomial
@ | \a_ s o Y, Truncated Geom
o o » Y, "Artificial
_ w2
Pi i,
- '
o | ﬁ‘,p
D6
1 ".*.\ ®--o__
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Figure 2.10. Plots of the probability mass (a) and survival functions
(b) of the distributions of Y;, j = 1,2, 3. These potential distributions
for the infectious period have the same support and mean value.

To allow comparison, assume that the distribution W is a shifted Binomial with
parameter 6 (see the definition of Y1) taking values on the set {1,---,20}. Let Wy
denote the dependence on W on #. Figure 2.11 shows the density and survival func-
tions of Wy for # = 0.05,0.4 and 0.75. The average time spent before isolation is given
by E(W) = 190 + 1. Notice that E(Wjy) = 1 because at least one unit of time has
to elapse before the transition from [ to H, see the transition diagram in Figures 2.8
and 2.9. Smaller values of @ (close to zero) imply that isolation occurred very soon

after entering the infectious class. Larger values of ) (close to 1) imply a longer stay
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in the infectious class before isolation occurs. In this case more individuals in [ will
move to the R class than to the H class. Thus, ¢ is a parameter that determines the

timing of isolation.

a) Density function of W b) Survival function of Wy
< | & &L
S leg © 0=005 | =4 0 8=005
! 4 9-04 240 . A9=04
£ \ 8=075 b » 0=075
1 1 pi e g/
8 A a
=] ] AAA“ = \ %
' =] ) A
-1 ‘\ ﬁ’ \&\ i b \\a
& & -"\& \‘G ‘A
2 |oaatrfescocwboebbasaan =2 Coe000c0088ssbsLLD
(=] T T T T L o T T T 3 iR T
5 10 15 20 25 0 5 10 15 20

Figure 2.11. Plots of the probability mass (a) and the survival func-
tions (b) of Wy for three different values of #. A small value of 6
represents early isolation whereas a larger ) (close to one) represents
delayed isolation, in which case most infectious individuals will recover
before being moved to the H class.

The numeric values of E (min{Y;, Wp}), for j = 1,2,3 and 0 € (0, 1), can be easily
computed and are shown in Figure 2.12. Let R¢(#, j) be the control reproduction
number of a model with Y =Y; and W = Wj. Using equation (2.23), we obtain

Re(0,j) = B[E (min{Y;, We}) + (1 — p)(5 — E (min{Y;, Wp}))]
(2.24)
= B[pE (min{Y;, Wp}) +5(1 — p)] .
The formula (2.24) can be used to examine the influence of distributions Y; on the
assessment of control strategies Wy (isolation), as measured by Re(6, 7). As expected,
the effect of isolation on the reduction of R (f,j) also depends on the isolation
efficiency (p) and transmission rate (3).

A plot of R (0, j) for j = 1,2,3, 0 € [0, 1] and various values of p and j is shown

in Figure 2.13. The threshold values of 8, below which R¢ < 1 (no disease outbreak),

are marked for the three distributions Y;. The following observations can be made:
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Mean time spentin | under Y1, Y2 and Y3

E(min {Yj, Wg})
3

—— Yy Binomial

-—= Y2 Truncated Geom
M Yy "Artificial"
T T T T T T
0.0 02 0.4 06 08 1.0

Figure 2.12. Plot of the mean time spent in 7, E (min{Y;, Wp}), under
three scenarios given by Y;, j = 1,2,3.

(i) Y7 (Binomial distribution) always generates the lowest threshold (earlier iso-
lations) than Y2 and Y5. This suggest that the Truncated Geometric and the

Artificial distributions tend to provide more optimistic evaluations;

(ii) the discrepancy between the three distributions is larger for lower transmission

rate 3 (see figure 2.13b) than for higher 3 (see figure 2.13c)

(iii) the discrepancy between the three distributions is smaller for lower isolation

efficiency p (see figures 2.13a.c) than for higher p (see figures 2.13b.d).

Our results suggest that the choice of distribution for the infectious period plays a

crucial role in outcomes of the model with isolation.

2.5 Conclusion and future directions

The results in this chapter provide a systematic derivation for the reproduction
numbers of various discrete-time epidemic models under various assumptions on the

distribution of the infectious period. including an arbitrarily distributed (bounded)
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Figure 2.13. Plot of R¢(#, j). The vertical lines show a threshold
value for 0, under which R¢(0,7) < 1. The interval between these
vertical lines mark an interval for # in which the models predict dif-
ferent results when analyzing whether or not there is an epidemic.

infectious period. For models without disease control (Sections 2.2 and 2.3), we pre-
sented the derivation for reproduction numbers by using the next generation matrices.
The resulting formulas for Ry are shown to be consistent with biological considera-
tions.

To facilitate the use of the next generation matrix approach on the models with
negative binomial and arbitrary distribution (Sections 2.2.2, 2.2.3), we introduced
multiple infectious stages; a technique that we believe is novel for discrete systems.
We also demonstrated other innovative ideas of analyzing discrete models in Section

2.3 where the [ stages represent the age-since-infection. Similar techniques were
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also used in the analyses of other models including multiple strains or structured
populations (e.g., structured by sex), as well as for a model with isolation.

For the model with isolation (Section 2.4), R¢ was also computed using the next
generation matrix approach. It is shown that the control reproduction number R¢
depends, among other factors, on the mean infectious period E(Y) and the isolation-
adjusted mean sojourn time E(min{Y, W}) (see equation (2.23)). This formula is
particularly useful for model applications as it works for general distributions, and can
be applied to a particular disease or population for which a specific stage distribution
can be identified. R depends both on the parameters related to the infectious stage
distribution and on the distribution associated with isolation probability during the
infectious period. To control the disease it is necessary to decrease R¢ below one and
having an explicit formula of R makes it easier to identify the most effective control
strategies, based on specific probability distributions associated with the disease.
More importantly, the choice of distributions may have significant influence on the
applications of the model in evaluating control strategies (see Figure 2.13 and the
related discussion in Section 2.4.1).

Previous studies have shown that epidemiological models with different assump-
tions on the distribution of disease stage durations can generate dramatically different
conclusions. In this chapter we show that for discrete models, the use of a geometric
distribution (the analogue of an exponential distribution in continuous models) can
lead to biased evaluations on disease control strategies when compared with models
with other disease stage distributions [21]. These findings suggest that it is important
to study models with more realistic assumptions on disease stage distributions.

For future directions, some interesting problems include the uses of the results for
the study of specific diseases for different regions and populations, the application of
the formulas for R when particular distributions are suggested by epidemiological
data, and the computations of R¢ for discrete-time models that incorporate more

complex factors.
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3. INFLUENCE OF STAGE DISTRIBUTIONS ON
MODEL PREDICTIONS

The work presented in this chapter was done in collaboration with Feng and Castillo-
Chavez. Most of the results and ideas in this chapter were published in Bulletin of
Mathematical Biology [21]. My contribution includes model formulation and anal-
ysis as well as the writing of the paper. All models considered in this chapter are

deterministic and for discrete-time.

3.1 Introduction

In this chapter, we expand on the discrete-time single-outbreak models introduced
and analyzed in Chapter 2 through the inclusion of (1) two control measures: quaran-
tine (of latent individuals) and isolation (of infectious individuals); and (2) arbitrary
distributions of the latent and infectious periods. The main goal of this chapter is to
evaluate the impact of alternative stage-duration distributions on model predictions.
To do so, a single epidemic outbreak model built on geometric period distributions,
which is the baseline model in our analyses and discussion, is introduced and ana-
lyzed. Results from the geometric distribution model will provide the reference frame
for comparisons with models with more realistic distributions.

Throughout, we highlight the role that modeling assumptions (a priori selection
of disease stage duration distributions) have on the quantitative assessment of disease
control strategies. Examples of models under different stage-duration distributions
are considered to illustrate the discrepancies in model evaluations of disease control
strategies. Similar discrepancies in model evaluations of disease control strategies
under different distribution assumptions have also been observed in continuous-time

models (see [43]).
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One of the main contributions of this chapter is to develop an epidemic model
with arbitrarily distributed stage durations in a discrete setting, as well as to derive
analytical formulas for the reproduction number R« and the final epidemic size. Such
formulas depend on the characteristics of these arbitrary distributions and allow for
comparison between distribution. Compared with continuous time models, when
arbitrary stage distributions and disease control are included (which will lead to
complex system of integral equations as in Feng et al. [43]), our discrete models are not
only more tractable and more directly related to data (particularly when the disease
stage distributions cannot be fitted well by continuous probability distributions), but
also easier to analyze and adopt by biologists.

The organization of this chapter is as follows. In section 3.2, we develop a general
discrete-time model with arbitrarily distributed disease stages. Formulas for R and
the final size relation are also included. In Sections 3.3 and 3.4 the general model is
analyzed under specific distributions. Particularly, we compare model outcomes when
the disease durations follow classical distributions (Geometric, Poisson, or Binomial).

A discussion of model results and final thoughts are included in Section 3.5.

3.2 A general model with quarantine and isolation

In this section we present a general single-outbreak model involving arbitrarily
distributed stage-durations for disease stages. This model is a discrete-time analogue
of the continuous-time epidemiological model in [43]. The model is derived following
the approach taken in Chapter 2, with an added probabilistic perspective.

As usual, let n denote time (time step or generation time), S,, E,, I, and E,
represent the number of susceptible, exposed but not yet infectious, infectious, and
recovered at time n. In addition, let (),, and H,, be the number of quarantined and
isolated individuals at time (generation) n. It is also assumed that only individuals

in the I and H classes are capable of transmitting the disease. Let  denote the
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transmission coefficient and p the isolation efficiency, i.e. p = 0 represents no isolation
and p = 1 perfect isolation. Define

pl = proportion of individuals that remain latent i steps after infection;

p! = proportion of individuals that remain infectious i steps after becoming infectious;

(3.1)

k:ZQ = proportion of individuals who are not quarantined ¢ steps after infection;

kH = proportion of individuals who are not isolated i steps after becoming infectious.

The applications of our framework is extremely flexible because the probabilities
Di, @i, ki, and [; do not have to come from a particular parametric family of discrete
distributions. Model (3.5) can in fact incorporate directly empirically estimated (from
the raw data) probabilities. That is, no specific assumptions on the shape of the
duration-stage distribution of latent and infectious stages or on the waiting-time
distributions in quarantine and/or isolation classes are required within the framework
of this chapter.

Making use of probabilistic terminology facilitates the interpretation and appli-
cability of our deterministic model results. For this reason let X and Y represent
the time an individual spends in latent (£, Q) and infectious (I, H) classes, respec-
tively. Similarly, denote by Z the time at which an exposed individual is quarantined
(transition from E to @), and W the time at which an infected individual is isolated
(transition from I to H). X, Y, Z and W must take values on {1,2,3,...} and have
survival probability functions {pF}, {p!} {k%} and {k”}. Under this notation,

pE=P(X >1i), pl=PY >i), k¥=P(Z>i) and kI =PW > 1)

)

By definition pX > pZ,, P(X = i) = p~, — pF and E(X) = >,/ pF, where E(X) is
the mean or expectation of X. Similar equalities hold for p!, k¥ and k. Assume
that

PG =po=kg =ki' =1, (3.2)
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meaning that the latency, infectious, quarantine and isolation periods last at least

one time step. For ease of presentation, we introduce the following notation:

e, input to E at time n (new infections),
i, input to I at time n,

¢, input to @) at time n,

h, input to H from () at time n,

A transition diagram using the above notation is shown in Figure 3.1.

[s]-~[E ] R

17

[ Q|~[H]

Figure 3.1. Transmission diagram for the discrete model with arbi-
trarily distributed stage durations.

The equation related to susceptible is given by
Sn+1 = SnGn> n=0123- -, (33)

where G,, = G(I,, H,) is the force of infection at generation n. It is commonly
assumed in the literature that the functional form of G is given by G(I,, H,) =
e*%U"*(l*p)H"], which follows from an argument that assumes that contacts between
individuals in a population happened after an exponential amount of time. For details,
see equation 1.2 in Section 1.1, Chapter 1.

The input to E at time n, e,, is recursively defined by
€y = E07 Cn+1 = Sn - Sn-i—l = Sn(]- - Gn)v n = 0.

An expression for E, is formulated in terms of e, and pZ following this argument:

individuals who entered the E compartment j units of time ago (e,;1—;) and have



93

Table 3.1.
List of parameters and symbols commonly used in Chapter 3

Symbols Definitions

B Transmission parameter
a,y Exit probability of latent and infectious class (GDM)
0q,0n Quarantine and Isolation probability (GDM, PDM, BDM)
en input to £ at time n (new infections)
in input to I at time n
qn input to () at time n
h input to H from @ at time n
X Latent period, time spent in latent (F, Q) classes
Y Infectious period, time spent in infectious (I, H) classes
A Time at which an exposed individual is quarantined (£ — Q)
w Time at which an infected individual is isolated (I — H)
pk Survival probability function of X, P(X > i)
! Survival probability function of Y, P(Y > 1)
k2 Survival probability function of Z, P(Z > i)
kH Survival probability function of W, P(W > i)
Dg Mean sojourn time in the exposed stage
D ‘Quarantine adjusted” mean sojourn time in the exposed stage
D; Mean sojourn time in the infectious stage
Dy ‘Isolation adjusted’ mean sojourn time in the infectious stage
Pe_r1 Proportion of individuals in the F class who enter the I class
Pr-o Proportion of individuals in the E class who enter the @) class
My Expected remaining sojourn (U = X,Y)

not been quarantined (k%

) no have become infectious (pf) are still in £ time n + 1,

therefore

Eni1 =epq1 + 6np1Lk§2 +t elpﬁkﬁ? + €0p7Lz+1k77?+1'
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To obtain an equation for (), notice that the total number of latent individuals at
time n+ 1 (E,41 + @ny1) consists of individuals who became infected j units of time

ago (e;), whose latent period has not ended ¢F. Therefore

Epnii +Qni1 = €pp1 + enpf +oet elpﬁ + €0p£+1-

Combine the last two equations to obtain
Quir = enpt (1= k) + -+ + el (1 — k3) + eopiy 1 (1 — k2,1).

The input to the I compartment at time n + 1 (i,41) include all individuals who were
infected at time j (e;), remained in E after n— j steps (k:,?_j) and whose latent period

was over after n — j + 1 time units (P(X =n + 1 — j)). This yields

ns1 = eP(X =1)+ e 1k9P(X = 2) + - + eokQP(X = n + 1)
= en(1=pf) + ena(pf = pHIRT + -+ eo(ph — phy1 KD

The I compartment at time n consists of individuals who entered at time j (i;) and
after n+1— j steps, have not recovered (p),,,_;) nor have they been isolated (k. ,_,).
Therefore,

L1 = insr +inpiki + -+ iph kI (3.4)
An expression for ¢,.1, the input to Q) at time n + 1, can be useful to find a formula
for H,,,. Clearly

Gn+1 = Ep — Eny1 + €ny1 — lnga,

because individuals who leave the E class enter either I or ), thus E,—(E, .1—€,11) =

Int1+qnr1. On the other hand the input into H from @, h,,,1, is given by the recursive

relationship
hn+1 = Qn - (Qn-H - Qn-i-l)'

Finally, since the total number of infectious at time n + 1 (1,41 + H, 1) include all
individuals who became infectious at time j (i;+h;) and did not recover after n+1—j

units of time (p},, ;), then

Lnwi + Hy1 = (ing1 + Ppgr) + (in + hn)p{ + o (i + hl)prlw
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Collecting all of the above formulas, we are now ready to formulate a model with

arbitrarily distributed stage duration. The set of difference equations is given by

Spi1 = SuGny G = e wlnt0-pH

Epi1 = epp1 + eapbh? + -+ + erphkQ + eopk, 1 k2,

Qnin = enpl(1—k7) + -+ erph(1 — k@) + eopl, (1= k7)) (3:5)
Lnyv = dpgy Finpikl’ + -+ aphkll

Huyp1 = (ing1 + hogt) + (Gin + ho)pl + -+ (i1 + h)pl — Lig,

with initial conditions Sy, Eg > 0, Iy = Qo = Hy = Ry = 0 and inputs

ent1 = Sp— Snp1 = Su(l — Gn),
1 = En— Enp1 + enp1 — inga,
ini1 = en(l=pt) +ena(pf = PR + - + colph — pE_KS,
hpyr = Qn— (QnH - Qn+1)-
Initial conditions for the inputs are eg = Ey > 0 and gy = i9p = hg = 0. Since a

constant population size (N) is assumed, the number of recovered can be computed

by Ry =N —S, — E, —Q, — I, — H,.

Theorem 3.2.1 All the variables in the system given by (3.5) and (3.6) are non

negative.

Proof Since 1 — G, € [0,1] for all n, then 0 < S,41 < S, and e, > 0 for all
n € N. Since pj ,pj € [0,1] then E,, > 0 and @,, = 0. The inequality i,, > 0 follows
from the fact that pj > ij+1 and k]Q > 0. As a consequence [, > 0. See that

Gnt1 = En — Eyy1 + eny1 — ipy1 reduces to

n+1 n
L 1.Q L Q L L Q
ejpn ]kn - ZO 6jpn+1*jkn+1—j + En+1 — ZO ej(pnfj _pn+1fj)kn—j
= J]=

ej( 7111 jkT? 7 pn+1 ]k§+1 —J (pﬁ pn+1 ])kQ )

ejpﬁ-i—l—j (k}? ngrl y>

NgE

dn+1 =
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M=

0
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which means that ¢, > 0. Finally, h,.1 = Q, — Qn+1 + gny1 reduces to
n—1 n
hnyr = j;o ejprLz—j(l - k%?—j) - ]Z:O ejprLLH—j(l - k%?ﬂ ]) + Z ejpn-H —j [kQ k§+1 ]:|
n—1 r
= Zo €;j pv%—j(l - ky?—j) - p7%+1—j(1 - k??—i—l—j) + pn+1—j (kg k??—l—l—j)]
iz i
—eapb (1= ) + el (K§ — 1)
K Q L Q £y L L Q
= ZO €j pn ](1 - k ) pn+1—j(1 knfj)] = 'ZO ej<pn—] _pn+1—j)(1 - knf])
j= j=
which implies h, >0, h, + i, = 0 and H,, > 0 for all n € N. [ |

3.2.1 Computation of R¢

In this section we study the control reproduction number Ro. It is proven that
the structural form of the R formulae remains the same no matter the distribution

assumed for disease stages. In order to find this expression, the following notation is

introduced.
Dpg
D
Dy
Dy«
Pror

PE—>Q

mean sojourn time in the exposed stage

“quarantine adjusted” mean sojourn time in the exposed stage
mean sojourn time in the infectious stage

“isolation adjusted” mean sojourn time in the infectious stage
proportion of individuals in the E class who enter the I class

proportion of individuals in the E' class who enter the () class

Formulas for these quantities are given by

and

PE—»I

PE—>Q

Dy =E(X) = i pt,  Dps = E(min{X, Z}) = 2 prE?,
2! (3.7)
D =E(Y) = ;0 pl, Dy = E(min{Y,W}) = 2 plkl.
P(X<Z)=§1P(X=j 7) - ip( PG -1 < 2)
i (p]L—1 - pf)kﬁla (3.8)
1 —Peor
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Remark. An expression for D« and Dy« was found using (3.2) and the fact that
P(min{X, Z} > j) = P(X > j)P(Z > j) = pk?.

P(min{Y, W} > j) = P(Y > j)P(W > j) = pik’.

Making use of the above defined notation, we introduce the term
Ri = BPe-1Drx, (3.9)

which represents the number of secondary infections produced in a susceptible pop-
ulation by an individual in the I class during his/her infectious period. Individual
in the H class, on the other hand, can be classified as (i) those who entered H from
I; and (ii) those who entered H from (). Again, using terminology from (3.7) and
(3.8), the average time spent in H is given by D; — Dy« for type (i) individuals and
D, for type (ii) individuals. The proportions of type (i) and type (ii) individuals are
Pr_r and Pg_.q, respectively. Considering the isolation efficiency determined by p,
we know that the average numbers of secondary infections produced by type (i) and

type (ii) individuals are
R[H = ﬁ(l — p)PE_,](D[ — D[*) and RQH = ﬂ(l — p)PE_,QD]. (310)
The above arguments prove the following

Theorem 3.2.2 The control reproduction number Re¢ for the model (3.5) can be ex-
pressed in terms of the mean Dy, the isolation-adjusted mean Dy« , and the quarantine-

adjusted probability of disease progressions Prp_r, Pr_qg. That is,
Re =R1+R1H+RQH (3.11)

where Ry, Ry and Rou are the stage-specific reproduction numbers defined in (3.9)
and (3.10).

The usefulness of the R¢ formula given in (3.11) emerges from the fact that it

was derived for general stage distributions. This expression for R allows for the
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investigation of its dependence on the means and control-adjusted means (e.g., Dy,
D;+ ete.) of the stage distributions. It also allow us to explore the role of control
measures (quarantine and isolation) in reducing R¢ as a function of pre-selected
stage distributions (see Section 3.4). For simpler epidemic models, the reproduction

number can be derived using the next generation matrix approach presented in [17].

3.2.2 Final epidemic size

In this section, the final size of the epidemic (lim S,,) is explored, and an expres-
n—ao0

sion for Sy, is derived. This expression includes R¢ as one of its main components.

Theorem 3.2.3 The final epidemic size generated by the dynamics of Model (3.5)

satisfies the following final size relationship

So S

Proof The E and @ equations in (3.5) together with (3.7) yield
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0

Since F,, = 0 and ) E, < w, then E,, = 0. Similarly, Q,, iy, I,, h, and H,, converge
n=1

to zero as n — o0. By definition of i, (see (3.6)) we get

o0 n o0 0]
in o= 2N ensg(ph = pIEL, = Y ((pf_l —phk? Z'en—j)

1 n=1j=1 j=1

Nk

In addition (see (3.6)),

© © 0 © 0
Zl(zn"i'hn) = Zzn"i_ Z(anl_Qn"i_Qn): Ezn'i'QO"i_ZQn
n= n=1 n=1 n=1 n=1
0 0 0
= Zin*’Z(Enfl_En"i'en_in):EO—{'Zen
n=1 n=1 n=1
== N_ Sw.

0

)
0 n—1
H, = i1+h1—11+2 in+hn+2(in*j+hn*j)p§_[n

n=1 n=2

n=1 (3.14)

= (N — Soo)(D[ — ,PEH[D[*)

Finally, from the S equation in (3.5), it follows that

1&:ﬁ§1 1— iH
ng- N n+( p) = n

n=1

= (1= 322)[BPp_iDs+ + B(1 — p)(D; — Pp—1Dr+)]

- (1-%)Re.
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It is worth noticing that each term involved in R¢ is expresses in terms of quan-
tities associated with specific probability distributions (expectations, etc.). It can
also be observed that the usual final size relation is robust under the distribution
assumed for disease stages [78-81]. However, changes in pF, pf, k2, and k7 will lead

to quantitatively distinct results.

1

e o S
= =) =}
T T T

Final Epidemic Size
(=
[}

Rc

Figure 3.2. A contour plot of the function In Sy/(N(1 —y)) = yR¢,
where y = 1 — S, /N represents the final epidemic size

The final size relation in (3.12) can be rewritten using the proportional size of the

final epidemic y = 1 — S, /N as follows:

InSo/(N(1 —y)) = yRe-

A contour plot of the equation above expression as a function of R¢ is shown in Figure
3.2. Although this equation cannot be solved analytically for y, the relation between

Rc and the final size y can, from the above expression, be numerically determined.

3.3 Application of the general model in the case of Geometric distribution

In this section we study the general model given in (3.5) and (3.6), under the

1

assumption that pJL P; kJQ kf are geometric distributions. The diagram in Figure
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3.3, shows the model with constant exit probabilities corresponding to the geometric

assumption. The set of difference equations is given by

Suit = SuGar Gy = e RO

E.ii = (1-G,)S,+(1—a)(1—-46g)E,

Quir = (1-a)lgBy+ (1 - )@y (315)
Ingyy = aB,+(1—~)(1—0)I,

Hyv1 = aQn+ (1 —v)0g),+(1—-~)H,, n=0,1,23---,

with initial conditions Sy, Fy > 0 and [y = Qo = Hy = Ry = 0.

In the E, ;1 equation, the first term represents the new infection and the second
term denotes those individuals who were infected in the previous step (at time n) and
have not become infectious (1 —«v) or been quarantined (1 —#6g) at time n+ 1. Other
equations can be explained in a similar way. In this model we have assumed that
quarantine only captures latent individuals, but not susceptible individuals, which is

reasonable if quarantined individuals are much fewer than the susceptible population.

(S J—[E|J—=~[1]—+[R]

o w2

| Q|-+ H]

Figure 3.3. Disease transmission diagram for the discrete model (3.15)
with constant transition probabilities.

In what follows we show that the system (3.15) is a particular case of (3.5), ob-
tained when Geometric distribution is assumed for X, Y, Z and W. The geometric
distribution is a discrete probability distribution supported on {1,2,3,...}. It repre-
sents the number of independent Bernoulli trials needed to get a single success. Prop-

erties of this distribution can be found in (see [75-77]). Assume X follows a Geometric
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distribution with parameter o (X ~ Geom(a)), in this case P(X =) = (1—a)" ()
fort=1,2,--- and

pi =P(X>i)=(1-a) fori=0,1,2,...

Graphics of the above functions can be seen in Figures 1.2 (Section 1.2) and 2.2
(Section 2.2.1). Like its continuous analogue (exponential distribution) the geometric

distribution is memoryless, i.e. for any 7,5 € N,
P(X >i+j|X >1i) =P(X > j).

Theorem 3.3.1 Assuming that X ~ Geom(a), Y ~ Geom(vy), Z ~ Geom(fg) and
W ~ Geom(Oy ), then the general model (3.5) becomes the Geometric model given by
(3.15). The control reproduction number for this model is Rc = R; + Ry + Row,

where )
o
R = .
! a+0g—aby ~v+0g—~0g
o 1 1
R = l1-py)y - i
IH B( p)oz+«9Q—oz0Q (7 7+9H_79H>, (3.16)
(1—0&)969 1
R = 1—p)—— 2% . —.
QH B( P)&+9Q_&9Q N
and

S, S,
1n§ — (1 _ W) Re.

Proof Under these Geometric distribution assumptions (3.1) becomes

B2 = (1-6g), EE = (1—0y). i=0,1,2,. ..

Then the E,; equation in (3.5), e,pFk® + - + e;ptk® + eopk, k%, simplifies to
en(1—a)(1—=0g)+- - +er(1—a)" (1-0g)" +eo(1—a) " (1-0g)" ! = (1—a)(1—0g) E.,.

Therefore,

By = (1= Go)S, + (1 — a)(1 - 0g)E,.
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The i,41 and h,.; equations in (3.6) can be written as
int1 = en +ep1a(l —a)(l—0g) + -+ epa(l —a)"(1 —0y)" = ak,.
and
n+1 = E, — En+1 + €n+1 — Int1

= E,—(1-Gp)S—(1—-a)(1—0g)E, + (1 —G,)S, — aE,

= E,—(1-a)(1—-609)E, —aE, = (1—-a)igk,
This yields

Qi1 =1 —a)lg)E,+ (1 —a)Q, and I,y = ()E,+(1—7)(1—6n)l,

Hence hy 11 = aQ, and H, 1 = aQ, + (1 — )01, + (1 —~)H,. This shows that the
Geometric model (3.15) is a particular case of the general model (3.5), obtained with
Geometric distribution assumptions.

Theorem 3.2.2 can now be used to find an expression for Ro. We begin by

computing the mean of X

sz Z 1—a)i=é>1, ae (0,1).
=0

Similarly E(Y) = %, E(Z) = % and E(W) = é. Moreover, P(min{X, Z} > i) =

(1—a)(1—60g)", sothat E(X A Z) = 1_(1_;)(1_%) = a+9Q1_a9Q. Therefore (see (3.7))
1 1 1 1

Dg=—, Dpx=——"7——— ©D;y=—, Dpp=—-——"-—. 3.17

E &7 E* O{+0Q—O{0Q’ 1 77 I* ’}/"—QH_'}/QH ( )

Similarly,

o0 o0
P(X<Z) = >0y —pDES, =D a(l—a) ' (1—6) "
=1 j=1 (3.18)
(0% (0%

1—(1—&)(1—(9@) B a+9Q—a9Q'
Finally, replacing (3.17) and (3.18) in (3.11), expressions for Ry, R;y and Rgu are

obtained
R = BPe-1Dre - Yoy eQa— aby v+ eﬂl— +0n
Rig = B(1—p)Pe.1(Dr—Drx) = B(l_P)m' (%_m
Row = B-0PeoDr = sl-p el

)
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and by Re = R + Rrug + Rou. Finally, by Theorem 3.2.3, the final size relation

S, S,
1n§ — <1 _ W) Re.

holds for this model. [ ]

3.4 Other applications of the general model

The control reproduction number and final epidemic size are important measures,
which are often used to compare the effectiveness of control strategies like quarantine
and/or isolation. In our framework, R¢ can also be used to examine the impact of
the shape of the latent and infectious period time distributions. In this section, the
role of three classical discrete distributions in the modeling process is compared. The
Geometric model (GDM) developed in Section 3.3 will be compared to (i) PDM, a
Poisson distribution model; and (ii) BDM, a Binomial distribution model.

For simplicity, the quarantine and isolation period distributions (described by Z

and W, respectively) are assumed to follow Geometric distributions with

1 1

K= (1-6g), K'=(1-0x) and E(Z)=- EW)=_.
Q

3.4.1 Examples of specific stage distributions

Our baseline model GDM, together with PDM and BDM are introduced in this
section, followed by a comparison among models. Our goal here is to explore the
role that distributions of the latent (X) and infectious period (Y) have on control
strategies. To do so, the associated values of R¢ will be computed, compared and
contrasted. Figure 3.4 shows a diagram for the three models mentioned above. In
order to make these models comparable we fix an average latent and infectious period,
say

E(X) =m, E) = pe.

The parameters of the distributions mentioned below have been chosen to match these

fixed average times.
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Figure 3.4. Disease transmission diagram for the GDM, PDM and
BDM. The difference consists on the distributions used to model X
and Y.

GDM. Linked to this model, consider X, ~ Geom(a) and Y, ~ Geom(7y).
Parameter values ;1; =1 > 1 and %{ = pp > 1 are chosen. See Section 3.3 for

more details and properties of the Geometric distribution.

PDM. Linked to this model, we have X, and Y, following a shifted Poisson
distribution with support in {1,2,3,...}. Thisis, X}, — 1 ~ Poisson(yx; — 1) and

Y,—-1~ Poisson(pz — 1). The probability mass function for X, and Y, are

P(Xy =1i) = ’—(m—lJ%: P(Y, =i) = e—(ﬂz—l}ﬁﬁ;ll_)}? (3.19)

Figure 3.5 displays the probability mass and survival functions of Poisson dis-

tributions for different parameter values.

(=1 3
= S5 2 =, —
A s =5 o N "\ °"-‘ s =5
\ ? - WY 4
¢ N R 1= > 2% R "=
I f A% N "
Il Y =y \ %
¢ B\ & a'-._ = 1 \ YW &
| ¥ " Y 1 .
£ . 5 N E o,
A B A \ a o Y LY
! W\ w - X < \ ‘ =
Pl LN *u "--e_ ;N “\ oy .
- ed . i T At T < T P = i i S P S S Y
T T I T T T T T T T T T
a 5 10 15 20 25 1] 5 10 15 20 25
(a) Probability mass function (b) Survival finetion

Figure 3.5. Plots of the probability mass and survival functions of
Poisson distributions with parameters n = 3,5, 7, 10.
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BDM. Linked to this model, we have X, and Y, following a shifted Binomial
distribution with support in {1,2,...,n + 1}. This is, X, ~ Binomial(ny,a)
and Y, ~ Binomial(ng, b). Notice that n; + 1 (ng + 1) is the maximum length
of the latent (infectious) period. The parameters ni, no,a and b must satisfy
(n1 —Da+1 = py, (ng —1)b+ 1 = py. The probability mass function for X,

and Y, are

P(X, = i) = (Z B 1> a N (l—a)" "t P(Y, =) = ( )b"‘l(l — )"

(3.20)

1—1

Figure 3.6 displays the probability mass and survival functions of Binomial

distributions for different parameter values.

o =
p=0.1 - b o8l p=0.1
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(a) Probability mass function (b) Survival function

Figure 3.6. Plots of the probability mass and survival functions of Bi-
nomial distributions with parameters m = 15 and p = 0.1,0.2,0.6,0.9.

3.4.2 Expected remaining sojourns

The analysis on the role of exponential and gamma distributed stage durations

distributions in continuous-time models was carried out using expected remaining

sojourns in [43]. In the case of exponential distributions, the mean sojourn and the

expected remaining sojourn are identical (memoryless property) whereas in the case of

the gamma distribution the expected remaining sojourn can be much shorter than the

mean sojourn. Hence, it is not surprising to see that the use of distinct distributions
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leads to discrepancies as well when uses discrete-time models to make predictions.
We follow the philosophy in the above mentioned study as we proceed to document
stage-distribution generated model discrepancies.

Denote by My(s) (U = X,Y) the expected remaining sojourn, which represents
the expected remaining time in a stage (latent or infectious) given that s units of

time have already elapsed in the given class. A formula for M (s) is given by

o0] 0]
Y PU>nlU>s) = 3 D i PU>s) >0

My(s) =< n=0 n=0
0 it P{U>s)=0
For instance, if U is bounded by M, then My(m) = 0 for all m > M. Clearly
My (0) =E(U) for U = X,Y. In GDM, X, ~ Geom(a), thus p;, = (1 — @)’ and
e Q)+ w0
M o) = 33 (e = 301 o = BOG,) = Mo, 0)
In plain words, the expected remaining sojourn after an individual already spent
s units of time in the latent stage is independent of s. This may contribute in a
significant way to the potentially biased model predictions on the effect of disease
control strategies (See Chapter 1 Section 1.2). The use of PDM and BDM may lead
to more reliable assessments because of their ability to capture more accurately the
description for the expected remaining sojourns. Figure. 3.7 illustrates the difference
among the three distribution assumptions (GDA, PDA, and BDA) by plotting the
expected remaining sojourn as a function of s (the time elapsed after entering the
latent stage). This figure shows that the function is constant under GDA, while the
functions correspond to PDA and BDA decreases with s. Since the Binomial random

variable X is bounded, M x(s) = 0 after its upper bound.

3.4.3 R¢ under specific distributions

In this section the control reproduction numbers R¢ 4, Reyp and Ry associated

to the GDM, PDM and BCM are computed. A formula for R¢, has already been
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Expected remaining sojourn at step s
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Figure 3.7. Plots of the expected remaining sojourn time, Mx(s), in
a disease stage (latent or infectious) when s units of time have elapsed
after entering the stage.

provided in (3.16), Theorem 3.3.1. The first step to find an expression for R¢, is
computing Pr_r, and Dy« ,. From (3.7) and (3.19),

58l

o (o — 1) ;
Peaip = Z]P’(Xp =i)P(Z>i—1)=¢ WD Z R (1—00)""

oo o0 .
o — ) J i
Dpsp = 1+Z wk;”'_1+z 1—e U ”Zi“Tﬂ’JT— (1—0g)

o t—

= 14150 lm uzz{ul_gﬂ):;ﬁ_ (2= I)ZZAMI_OH)
i

I —(;w lJ (p2—1)7 (1=0) 1 _ L_ —(p2—1) 1-0g [(p2—=1)(1=0y)]?
Oy ! Orr ga € Ou J!

1—(1-0g)e W2 10n
O ’

Since, at g = 0, D= = D; then form PDM, equations (3.9)-(3.11) yield

1 (1 e 9”)6—(“2_1}0”
On

B [(1 — Py + pe~ 11 . ] if 0<fy<1,

R(r‘p =
Biis [1 —p (1 — e—(“"l—lw@)] if Oy =0.
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Although, computationally easy, obtaining an expression for R¢y in the BDM is

not simple. For instance, for X, qﬁb is a simple sum with no more than n; + 1 terms

ni+1 ni+1
L _ N A n k-1 n1—k+1
qz‘,b—]P)(Xb>@)— E P(X =k) = E (k—l)a (1—a)™ )

k=i+1 k=i+1
Therefore Pr_14, Pr—gp and D+ consist of finite sums that can not be simplified.
For this reason an explicit formula for R¢ is not included.

The derivatives of R¢ with respect to the control parameters (e.g., g and 6p)
can provide useful information about the effect of controls on the reduction of R¢.
Recall that the average time elapsed before quarantine and isolation are 1/6, and
1/0y, respectively. Thus, and increment in either 6 or g represent a higher control

effort. This motivates the following

Theorem 3.4.1 In the GDM and PDM the control measures, quarantine and isola-

tion, have a positive impact on Re. More specifically,

07?’079 aRC,g 0RC,p and 0RC,p

9 9 < 0-
0o ' 00 0 011

Proof We begin by computing the partial derivatives of R¢, with respect to both
control parameters. Keeping in mind that 8 > 0, and «, p, 7, 00,0 € (0,1)

57—\’,(;79 _ /Bpa<1 — O{) < O
g (a+0g —abg)2(y + 0w —Y0u)
&Rag _ 5p0./(1 B 7) <0
00y (a+0g — alg) (v + 0n —10n)? o
For the PDM,
1—(1—0;)e (w2=1)0n)
Rep _ —Bp(pa — 1) - e~V (1 = b)e <0,
200 On
and
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Notice that %’— < 0 if and only if, for all 8y € (0, 1)

fO0y) = e = D0u](uy —1)0% — Oy (pg — 1) — 1] + 1
= e 2= 0u [(uy — 1)(0% — 0g) — 1]+ 1 > 0.
In order to prove this, compute
f'(0) = e G2~ [(uy — 1)(20 — 1)] — (2 — 1)e™#2=%% [(uy — 1)(6} — On) — 1]
= 0 (y — 1) [(20 1) — (2 — 1)(0 — Or) +1]
= e ¢ (uy — )0 [2 — (12 — 1)(0 — 1)]

Since pp > 1 it is easy to see that f/(fy) = 0 if and ounly if 0y = 0 or Oy = ;‘-‘—j

This implies that f is strictly monotone in the interval |0, 222 | and particularly in
I ; y s ; I y

pa—1
(0,1). Finally, since f(0) = 0 and f(1) = 1 — e~ 27D "> 0 then f(0y) > 0, for all
s OR¢,p
On € (0,1). In conclusion 52 < 0. 5
Geometric Poisson
o o
o — Rc(0.5,6y) o — R¢(0.5,6)
= = Re(6q,0.9) X ~—= Rec(6q,0.5)
0 | 0
aQ o
& o | < Q.
o | 0
o o
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Figure 3.8. Comparison of the GDM and PDM in terms of their
evaluations on various control measures. Two control strategies are
considered:  (0g,0n) = (0.5,0.2) (see the solid circle o) and by
(0g,0m) = (0.2,0.5) (see the solid diamond ). Inconsistent assess-
ments are obtained from the GDM (left figure) and PDM (right fig-
ure).

The sensitivity of R to the variations of control parameters can be evaluated

by examining how R¢, as function of 0y and 0y, change with variations on these
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parameters. Two examples are illustrated in Figure 3.8 for the GDM (left) and the
PDM (right). The solid line represents R (0.5, 0y), while the dashed curve shows
Rc(0g, .05). The parameter values used to produce this figure are 5 = 0.75, p = 0.95,
w1 =5 and py = 10.

Figure 3.8 also shows reduction in R¢ under two control strategies: Strategy I
corresponds to (Ag, 0r) = (0.5,0.2), represented by a circle e on the solid (red) curve.
Strategy 11, on the other hand, corresponds to (6g,0x) = (0.2,0.5) and is represented
by a diamond ¢ on the dashed curves. According to the left figure (GDM), Strategy
IT is more effective than Strategy I, because it leads to larger reductions in R.,.
However, it the right figure (PDM), Strategy I is more effective than Strategy II. This
shows that the two models distributions (GDM and PDM) generate contradictory

assessments.

Table 3.2.
Components of R¢ determined by the GDM and PDM corresponding to Figure 3.8.

e Strategy 1: (6g,0n) = (0.5,0.2) | & Strategy 2: (0g,0n) = (0.2,0.5)
GDM PDM GDM PDM
Pe_r| 0.33 0.14 0.56 0.45
Dy« 3.57 4.34 1.82 1.99
R; | 0.893 0.44 0.758 0.67
Riug | 0.08 0.029 0.171 0.135
Rou | 0.25 0.324 0.167 0.207
Re | 1.223 0.793 1.095 1.011

It is not clear what is the underlying reason for the difference between GDM and
PDM presented in Figure 3.8. To better understand how the distributions may affect
Re, we list in Table 3.2 the values of some components of R corresponding to these

two scenarios. We observe that for strategy 2, which corresponds to a lower quarantine
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(0g) and a higher isolation (0y), Pr_ is higher while Dy« is lower than strategy 1
for both the GDM and PDM. Consequently, Rouy = B(1 — p)Pr—1(D; — Dr+) and
Riu = B(1 — p)Pr—gD; have larger values under strategy 2 than strategy 1 for both
distributions. However, for R; = fPgr_;D;, the GDM generates a smaller value under
strategy 2 than strategy 1 whereas the PDM generates a larger value under strategy 2
than strategy 1. As a result, GDM produced a smaller R under strategy 2 (1.095 vs.
1.223) while GDM produced a larger R under strategy 2 (1.011 vs. 0.793). From
this set of parameter values, it seems that the most significant difference between
the distributions or strategies is the lower value of Ry + R; for the PDM when
quarantine is relatively high (strategy 1). This may be due to a lower Pg_,; value for
the PDM with high quarantine. This suggests that the GDM may underestimate the

role of quarantine in reducing the control reproduction number R¢.

(a) Geometric (b) Poisson (c) Geometric and Poisson

14 o 1500

Figure 3.9. Joint effect of quarantine () and isolation (fy) on the
reduction of Ro. The two surfaces correspond to the GDM and PDM,
while the plane indicates R¢ = 1.

In Figure 3.9, the joint effect of quarantine () and isolation (6) on the reduction
of R¢ isillustrated. (A) shows the surface under GDA and (B) shows the same surface
but under PDA. The plane corresponds to R¢c = 1 and (C) collects the graphs of
both surfaces. The parameter values used are the same as in the previous figure. We
observe that for this set of parameter values, PDA provides a lower estimate of R¢
for most values of 6 and 6, except when either 6 is small (less quarantine) or 6y

is small (less isolation). We also observe that within PDM is possible to increase
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so that R < 1 for each fixed 0y (including the case when 0y = 0, i.e., no isolation),

while this is not possible in the GDM case.

Exposed Quarantined
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& --== Paisson & - Peisson
. == Binomial — == Binomial
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Figure 3.10. Numerical simulations showing the epidemic curves gen-
erated by the three models: GDA, PDA, and BDA from time n = 10
to n = 250. Control parameters are g = 0.3 and 0y = 0.2. In this
case, the GDM generates a much higher epidemic peak than the other
two models.

In addition to the reproduction number and final epidemic size, we can also ex-
amine some of the characteristics of epidemic curves generated by the three models
(GDM, PDM, and BDM) and the influence on these characteristics of quarantine
and isolation, as shown in Figure 3.10. The values for the control parameters are
0o = 0.3,0y = 0.2, the initial condition is S = 980, Ey = 20, Iy = Qo = Hy = Ry = 0,
and 8 = .75.,p = .95. We observe that the GDM predicts a much higher peak for
the initial epidemic than the other two models. However, it is not the case that the
epidemic peak generated by the GDM is always higher. As seen in Figure 3.11, for
different parameter values, the epidemic peak from the GDM may be lower than that
generated by the other two models. Figure 3.11 was produced with the same initial

conditions as Figure 3.10 and g = 4.,p = .95, g = 0.1, Oy = 0.2.
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Figure 3.11. Contrasting with Figure 3.10, GDM generates a much
lower epidemic peak than the other two models. All parameter values
used for this figure are consistent with Figure 3.10, except 0g = 0.05,
(low quarantine effort).

Finally, to conclude our analysis of the GDM and PDM, the general formulas for
for Rey and Re)p (see Theorem 3.4.1) allow further examination of the role of its
additive components, Ry, Rrg and Rgop. These effects are illustrated in the GDM
(left) and the PDM (right) plots of Figure 3.12.

Figure 3.12 plots Ry, Rimw and Ropw (w = g,p) as a function of the infectious
period. The thin solid curve corresponds to Re. The parameter values used for in
Figure 3.12 are 8 = 0.75, p = 0.7, g = 0.4, Oy = 0.1. We observe that R, and
Rip.w have a much bigger impact on R¢ than R ... Moreover, the contributions
from Ry, and Ry, are different for both distributions. Particularly, these effects
are observed in the case of the geometric distribution where R;, > Ryu , for small
infectious periods but Ry, < Riu,4 for larger infectious periods (and they are very
close). In the case of the Poisson distribution, Ry, turns out to be significantly

larger than Rj, for all values of the infectious period in the range displayed. This
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suggests that reducing Ry, (e.g., by increasing isolation efficiency p) might be more
effective for reducing R¢. Hence, the use of the PDM is more likely to emphasize the

importance of isolation efficiency.
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Figure 3.12. Plots of the components of R¢ (Rr, Riu, and Ron)
as functions of the control parameters (g and 6y). The two models
considered are the GDM and the PDM.

3.5 Conclusions and observations

This chapter focuses primarily on the evaluation of the impact of epidemiological
and control stage-duration distributions on the quantitative dynamics of discrete-
time single-outbreak epidemiological models. The analyses presented here allow the
evaluation of the final epidemic size and the role of stage-duration distributions on
the additive components in the control reproduction number. The models considered
are discrete-time SEIR-type single-outbreak epidemic models with build in control
strategies (quarantine and isolation). The results are discussed in particular within
the context of three classical discrete parametric distributions: Geometric, Poisson
and Binomial. General model results suggest for example, that the use of distinct
parametric distributions can lead to contradictory predictions, see Figure 3.8. Some

of the consequences that arise from the use of selected distributions in the context
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of particular intervention efforts were analyzed. A comprehensive evaluation requires
the use of data sets and model validation approaches, topics left for future work.
Fortunately, the framework introduced in this chapter allows for the incorporating
of empirical stage-duration distributions. The use of data-generated stage-duration
distributions directly provides an approach that some may consider satisfactory, par-
ticularly when model results turned out to be highly sensitive to distribution shape
parameters.

We remark that the main contribution of this study is the construction and anal-
ysis of a discrete-time epidemic model that allows an arbitrarily distributed duration
for the infectious period. This can provide an important advantage of using data
in the application of the model than models that assume a specific parametric dis-
tribution of the disease stage. Indeed, if we were going to try to fit exponentially
waiting times there would not be an advantage in the use of geometric times, but if
the data was just collected and the duration of times was arbitrary then this model
has an advantage as one could just use the data. If one were to fit a model then one
may feel tempted, lets say to use a gamma or generalized gamma distribution (for
continuous-time model) or to use a negative binomial (for discrete-time models), but
as it was shown in the case of HIV/AIDS by the late Stephen Lagakos and Marcelo
Pagano, the use of a parametric distribution [53], is simply not good. They found
a “perfect” fit with incubation period distributions of 10 years and 100 years. In
our modeling framework, using a discrete model allows the use of the data somewhat
closer to what those using non-parametric methods tend to use. Yes, the results from
the discrete-time model are not unexpected but the level of arbitrariness incorporated
allow us for the use of the data which is similar to the distribution-free approaches
that have been argued by the statisticians involved in HIV as most effective and re-
alistic (discrete distributions). Again, the goal here is not to fit data but to use the
data directly.

To the best of our knowledge, no discrete-time epidemic models have been devel-

oped and analyzed that include quarantine and isolation while the disease durations
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are allowed to have arbitrary distributions. Thus, the construction and analysis of a
such discrete-time model provided in this study can contribute to the applicability of
epidemic models in public health policymaking. As mentioned earlier a discrete-time
model is more tractable than continuous-time model, specially when an arbitrary
distribution is used to model waiting times in disease stages.

Another major contribution of this study is the derivation of the analytic formulas
for the reproduction numbers and final epidemic sizes for models with arbitrarily dis-
tributed disease durations, see Theorem 3.2.3 in Section 3.2.2 for details. The general
formula for R¢ allows further examination of the role of its additive components Ry,
Rim and Rgpm. In particular, for the analysis of Geometric vs Poisson distributions,
these effects are illustrated in Figure 3.12. It can be observed that the use of the
PDM is more likely to emphasize the importance of isolation efficiency.

Finally, the question of what stage distribution(s) is (are) more appropriate de-
pends on what we actually know about the epidemiological process. The specifics of
each disease provide the most critical information. Researchers involved in the study
of the dynamics of infectious diseases seem to prefer to work with models that make
use of geometric stage-duration distributions. Needless to say, the latent or infectious
stage distributions may be fit better alternative distributions, for a great number
of infectious diseases. Does the general use of geometric distributions matter? In
the goal is to carry out a qualitative study within single-outbreak epidemic models
then no, but if the goal is to assess quantitatively the efficacy of control measures for

specific diseases then the answer is, most likely yes.
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4. MULTI-PATCH MODEL WITH ARBITRARILY
DISTRIBUTED INFECTIOUS PERIOD

The work presented in this chapter was done in collaboration with Chavez-Casillas and
Feng. Most of the results and ideas in this chapter were published in Mathematical
Biosciences [82]. My contribution includes model development and analysis as well
as the writing of the paper. All models considered in this chapter are stochastic and

for discrete-time.

4.1 Introduction

Historically, some of the first stochastic models with arbitrarily distributed in-
fectious period were considered in [64, 68, 83|, but Sellke’s construction [67] helped
derive stronger results such as those in [65,66]. In general, mathematical formu-
lations of continuous-time models are complicated when an arbitrarily distributed
infectious period is included [64—66,68,83-85]. In contrast, analogous discrete-time
models can be formulated in a way that is much easier to understand and analyze (see,
for example, [21,28,57]). Discrete models also have the capability of incorporating
distributions directly from empirical data, whereas for continuous-time models the
parameters for a standard distribution have to be estimated via data fitting. In spite
of this, little attention has been given to discrete models in a stochastic framework.

In this chapter, a stochastic discrete-time model is developed to study the spread
of an infectious disease in an n-patch environment. The model includes an arbitrary
distribution of the (random) infectious period 7', and the results are used to investi-
gate how the distribution of 7" may influence the model outcomes. Although discrete,
the model developed in this chapter goes one step further than the model discussed

in Section 1.3. As a result of this added complexity the formulas for both Ry and
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Py are significantly more complicated (compare Theorem 1.3.1 vs Theorem 4.2.1 and
4.2.2).

In Section 4.2, a general model with n patches and Markov displacement is de-
scribed. For an infected individual, the infectious period (7T') is assumed to be a
discrete random variable with an arbitrary distribution and finite mean. We derive
a formula for the basic reproduction number R, which is given by the spectral ra-
dius of the mean offspring matrix, a matrix that depends on D and the probability
generating function (pgf) of T. An equation for the probability of minor epidemic
(extinction probability) Py is also derived. Our model was inspired by the work of P.
Neal, presented in [85].

In Section 4.3, the general results are applied to the case n = 2 patches. In addition
to an exact formula, lower and upper bounds for Ry are also identified. To examine
the effect that the distribution of T" has on R, we consider three specific distributions:
shifted Geometric, shifted Negative Binomial, and shifted Poisson. The reproduction
numbers corresponding to these distributions have a specific order relation. Numerical
simulations for the two-patch model are carried out to explore the influence of the T'
distribution on the final epidemic size (F), duration of epidemic (D), as well as the

probability of disease extinction (IPy).

4.2 Formulation and analysis of the general model

We adopt the approach used in [84,85] for continuous models to develop a dis-
crete stochastic SIR metapopulation model, in a closed population, for an epidemic
outbreak with an arbitrarily distribution for the infectious period (IP). The main
objective of this study is to investigate how the distribution of IP may affect the
model outcomes, particularly the basic reproduction number Ry and the probability
of major epidemic (1 — Py).

Consider a metapopulation with n sub-populations (patches). Let N;(t) denote

the size of population i at time ¢ for s = 1,2, --- ,n. Assume that the total population
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Table 4.1.

List of parameters and symbols commonly used in Chapter 4

Symbols Definitions
N;, N  Population sizes, N = N; +---+ N,
T Random infectious period
U Markov Chain that controls movement between patches
D = (04;), Markov matrix associated of U
e Stationary probability of U
Bi Number of effective contacts per unit of time in population i (Poisson)
M Average number of offsprings (secondary infections) generated in population
j by an individual from population ¢ during the lifetime (7)
M = (myj;), Mean offspring matrix

s Q
CINCH

W9 W

Po

pef of the offspring distribution
pgf of T

Final size of the epidemic
Duration of the epidemic

Peak of the epidemic

Probability of disease extinction, Probability of minor epidemic

Model with n = 2 populations

Probability of staying in population 1 per time unit, (oq;)
Probability of staying in population 2 per time unit (oas)
Smaller eigenvalue of D

Basic reproduction number for population i = 1,2

Weighted average of Ry and Ry according to m; and o

size N = )" | N;(t) remains constant for all time. Individuals can move between any
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two patches, this movement is determined by a discrete time Markov chain U7, which is
described by the transition matrix D = (0;;). The entry o;; represents the probability
of moving from population ¢ to population j, at each time step.

Effective contacts by individual in population ¢, per unit of time, is modeled by a
Poisson random variable with parameter 5;. In the early stages of the epidemic most
effective contacts will produce an infection because most individuals are susceptible.
The disease transmission dynamics within each sub-population is governed by an SIR
model. It is assumed that individuals become immune after recovery. Let T denote
the random variable for the IP (the time until recovery), which is assumed to be the
same for all sub-populations. Here, we place no restriction on the 7" distribution, other
than 7T is discrete, non negative and has a finite mean. All variables and parameters
are listed in Table 4.1. Figure 4.1 provides a graphical representation of the model

described above.

1 " 4 P2
\\<\4 @ @ % B,
Deom @ﬁa @

| o=}

Figure 4.1. (a) Individuals move from patch to patch at time ¢ € N
according to the Markov chain U. (b) Once the infection process has
started in one patch, the disease can spread to other patches. Contacts
by an infected individual, per unit of time in patch ¢, is described by
Poisson(f;).

New infections are produced between time steps in the interval (¢,¢ + 1), while
recovery and geographical displacement (governed by the discrete random variables
T and U) occur at integer time points. This simplification assumption accompanies
discrete models and not their continuous counterpart. However, the assumption is

biologically reasonable for different situations, including (i) commuters traveling at
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peak hours from city to city or (ii) domestic animals who are transported from farm
to farm at night.

Assume that, at time ¢ = 0, N;(0) ~ Nm; (i = 1,2,--- ,n), where 7 = (m;)_ is
the stationary probability (i.e. 7D = 7). Thus, although random, the subpopulation
N;(t) will remain close to its initial value throughout time. Some of the properties of

the model are described in the following sections.

4.2.1 Computation of R

In this section, we follow the approach presented by Neal in [85]. The early stages
of an epidemic is approximated by a properly defined multi-type branching process,
see Section 1.3.1 for a discussion on the use branching process on the computation of
the basic reproduction number Ry.

To facilitate the derivation of a formula for Ry the following notation is introduced:

¢;; = random time spent in patch j (before recovery) by an infectious individual from

patch i;

m;; = average number of “offspring” (i.e., secondary infections) that an individual,
from patch i, can produce in patch j during the entire “life span” (i.e. the

random infectious period modeled by T');

M = (my;), the mean offspring matrix.

Then, Ry is given by the spectral radius of the matrix M [16,17,68, 71, 86], which

entries m;; can be written as

0
By conditional expectation E((;;) = > E((;|T = ¢)P(T = ¢) and
=0

t—1 t-1 =t
E(G|T =1) =E (Z ]IUi(k)—j> = 2 PUR) = j) = 3, o,
k=0 k=0 k=0

where JZ-(f ) denotes the ij—th entry of the matrix D", U;(k) the state of the Markov

chain at time k given that U;(0) = 4, and Iy, x)—; the indicator function of the event
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Ui(k) = j. Notice that new infections at time ¢ are generated by infective individuals
at time ¢ — 1, which is why the sum above has been taken from 0 to t — 1. Combining

the last two equations we obtain the matrix of expectations of (;;

ECn) - EG)]| o
: - :ZP(T:ﬂZDk:E(ZDk)' (4.2)
t=1 k=0 k=0

Let A1, ..., A\, be the eigenvalues of the stochastic matrix D = (0;;). Since D is a

Markov matrix, A; = 1 for some ¢ and |\;| < 1 Vi. If D is diagonalizable, then there

exists a nonsingular matrix A such that D* = A diag(1, A5, ..., \*) A=! so that

t—1 t—1 t—1
Y DF = A diag (t, PR Af;) AL (4.3)
k=0 k=0

k=0
Substitution of (4.3) into (4.2) yields

E(G1) - E(Gn)
: - : = A

0 t—1 t—1
> P(T = t) diag (t, PP A,’g)] A!
t=1 k=0 k=0

= A diag(p(1),(Aa), -, (M) AT

where ¢ is the function defined by
t—1 E(T) if s=1,
p(s) = Y P(T=1) > s" = i (4.5)
i=1 k=0 E <11_T55> if s 1.
The following theorem, a discrete equivalent of a result presented in [85], is obtained
using equalities (4.1) and (4.4).
Theorem 4.2.1 Ry is given by the spectral radius of M, o(M), where
M=E(1+D+ -+ D" ") diag(B,...,Bn).

Moreover, if the Markov matrix D s diagonalizable then

M = A diag(¢(1), 0(X2), ..., 0(N\,)) A~ diag(Bi, . .., Bn)-
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Remark. Notice that the trivial case T = 0 yields M = 0 and Ry = 0. For this

reason 1" # 0 is assumed from now on.

This result can also be expressed using the probability generating function (pgf)

of T', which we denote by ¢(s), i.e.,

¢(s) =E(s") . (4.6)

For s # 1 (see (4.5)),
1—¢(s)
= . 4.

ol = 120 (4.7)
o0

The series ¢(s) = ) s'P(T = t) is absolutely convergent in |s| < 1, and so is ¢(s).
=1

An explicit formula for the pgf is usually available for most commonly used discrete
distributions. In addition, it is easily verified that 0 < ¢(s) < E(T) Vs € [-1,1].
Applications of Theorem 4.2.1 are illustrated later when specific distributions for
T are considered in the model with n = 2 patches (see Section 4.3.1). This result
also allows us to compare the reproduction numbers Ry corresponding to different

distributions of T' (see Section 4.3.2).

4.2.2 Probabilities of minor and major epidemics

When it comes to stochastic models, the probability of extinction of the branching
process, also known as the probability of a minor epidemic,(IPy), provides insightful
results about the model [50,51,65,68]. In this section, a formula for Py is derived
using the probability generating function of the offspring distribution.

Obtaining an expression for the pgf of the offspring distribution, denoted by G,
is important because the probability of extinction of a branching process can be de-
termined using G [72]. Let 7;; be the number of offsprings (secondary infections)

generated in population j by an individual from population . Since the sum of inde-
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pendent Poisson random variables is still Poisson we have that 7;;|(;; = Poisson(5;(;;).

Let §= (s1,...,8,). Then the function G : [0, 1]™ — [0, 1]™ can be expressed as

Gto- s )

= E < H?=1 E <S?ij Gits - - - 7Cm)> =K (e‘zyzlﬂf@f(l_sfo .

Define (;;(¢) to be the time spent in group j by an individual from group ¢ up to time

69 = B(I) = (T

(4.8)

t, and

t) = > B ()1 —s5).
j=1
Using the conditional expectation formula, equation (4.8) becomes

Gz(g) = K (e 21 BiGi(1=s; ) Z E( 271 BiGii(1—s;)

T = t) P(T = 1)
(4.9)

[
8

E (e X)) P(T = t)

t

1

An explicit formula for G is provided in the following

Theorem 4.2.2 Let A(3) be the n x n matriz given by A(5);; = e %ay;. Let E(3) be
the nx 1 matriz given by E(3); = e~%, where 0; = B;(1—s;). Then G : [0,1]™ — [0, 1]"

15 given by

ST AE) MBS BT = 1)

t=1

GE)" = (G-,
Proof To simplify notation, let ; = 5;(1 — s;). Then
Xi(t) = 01Ga () + 02Gia(t) + - - + OnCin().

Alternatively, X;(t) = 0; + 0uy,1) + - - + 0u,¢—1)- Thus, by conditional expectation

E(e X)) = E[E (e XED|U (1 i EONU(1) = k) PU(1) = k)

7j=1

_ 2 E (eei+9k+...+9Ui<t)|Ui<1) _ k;) O = 2 AR (e*X’“(t)) Tir

j=1 J=1
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The last equality makes use of the stationary property of the Markov Chain U;. For
ease of notation, let A and E represent the matrices A(S) and E(5), this is

e~ 011 6_91012 s 6—9101n e~

6*92021 6*92022 s et Oon, e 02
A= . E=

e_eno-nl e_an 0-n2 e . e_en Unn 6_9n

It follows by induction that (E(e=*®)), .. ,E(e*X"(t)))tr = A"1E: clearly, for t = 1,

E(e=%M) = ¢7% and A°E = E. Now, assume the statement is true for ¢ and prove

fort +1:
— _ - —61 _ - B .
E(efxl(t)) k:gle onlE(e Xk(t)) E(B*Xl(tﬂ))
- b — X (t B
AtE = A(At—lE) A E(e Xg(t)) _ kgle 2U2I<:E(€ e )) _ E(e Xg(t+1))
_E(G*Xn(t))_ i efgnankE(eka(t)) _E(Q*X’n(tﬁ'l))_
L k=1 ]

From equation (4.9), the i*" component of G is given by
Gi(5) = Y E (e X)) (T = 1),
t=1

therefore

The extinction probability (or probability of minor epidemic) is determined by

—

the equation G(S) = §. This is a well known fact from the theory of branching
process [72], see Section 1.3.2 for a discussion on this topic. If Rg < 1, the only
fixed point of G(5) is (1,1,...,1). If Ry > 1, the equation G(5) = § has a nontrivial
solution 2’ = (z1,...,2,) € (0,1)". Each value z; represents the extinction probability

given the initial condition [;(0) = 1 and I;(0) = 0 Vj # i. Thus, if there are m;,
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initial infective individuals in population ¢ at ¢ = 0, then the extinction probability

Py (probability of minor epidemic) is

Naturally, the probability that a major epidemic occurs is 1 — Py.
Theorem 2 is valid for any distribution of 7" and any number n of subpopulations.
When a specific distribution of T" is used, the formula may simplify and (4.10) can be

determined numerically. Examples with n = 2 patches are presented in Section 4.3.3.

4.3 Additional insights from the two-patch model

When n is large, an explicit expression for the spectral radius of the matrix M can
be difficult to obtain. However, for n = 2 patches, most formulas can be dramatically
simplified, especially when specific distributions of 7" are used. In Section 4.3.1,
explicit formulas for Ry and the pgf of offspring distribution G(3) are derived. In
Section 4.3.2, the effect of the distribution of 7" on Ry is analyzed.Finally, Section 4.3.3
includes some simulation results and Section 4.3.4 presents a more detailed formula

for GG, which is used to compute the probabilities of major and minor epidemics.

4.3.1 Properties of R

Without loss of generality, assume that the transmission parameters [3; satisfy
B1 = Po. To simplify the notation, let a = 017 and b = 09. Then, the transition

matrix of the Markov chain becomes
D = ) (4.11)

To avoid extreme cases, let a,b € (0,1). The eigenvalues of D are 1 and

A=a+b—1. (4.12)
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Let m denote the stationary probability distribution of the Markov chain described
by D (i.e. @D = 7). It is easy to verify that m = [m, mo] with

1-0 l1—a
T = m € (0, ].), Ty = m € (O, ].)
The matrix D can be diagonalized and rewritten as
10 L 1 1-a
D =A A", where A= . (4.13)
0 A 1 —(1-0)
From Theorem 1, the mean offspring matrix is given by
M o— A E(T) 0 Al B 0| | AUmE(T) + mp(A)]  Bema[E(T) — (N)]
0 »() 0 B Pmi[E(T) —e(N)] B[ mE(T) + mip(A)]

Recall from (4.5) that ¢(1) = E(7) is the mean infectious period and () =

E (%) For ease of notation, let
Roi = BE(T), Ro = mRo1 + mRoe. (4.14)
Ro can be interpreted as the weighted average of Rg; and Rga, the intuitive patch
reproduction numbers. Finally, by analyzing M we can find not only the exact value

of Ro but also other important properties that are listed in the next Theorem.

Theorem 4.3.1 Let z = p()\) and ¢(N), ©(N), A\, Ro, Ro1 be defined as in (4.6),
(4.7), (4.12), (4.14). For n = 2 patches,

(i) An explicit expression for Ry is

R — Ro + (B2 + fom1) + \/[ﬁo + 2(Bima + 527T1)]2 — 4p1 5 E(T) =z

0 5 ; (4.15)

(ii) Ro has the following upper and lower bounds:

RQ < Ro < Rgl;

(11i) Ry is decreasing with respect to ¢(N\) and increasing with respect to z.
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Proof Following a similar approach that the one presented in [85], define z = ().
Denote by

f2(x) = [Roim + 28172 — x][Roama + 282m — x| — (E(T) — 3)251527T17T2

the characteristic polynomial of M. Straightforward calculations yield
£(0)>0, f.(Rp)<0, f.(Ro)<0, and f.(Rop)=0.

Therefore, f,(z) has two real roots. Ry, the dominant eigenvalue of M, is in the

interval [Ro, Ro1], as illustrated in Figure 4.2. To analyze the connection between
the distribution of T" and Ry, consider two random variables with different distri-

butions but the same mean, i.e., E(T;) = E(T3) (so that the two distributions are

1-E(\T%)
1-X

“comparable”). Let z; = p(\,T;) = . Through z;, the two distributions may
yield different reproduction numbers, which we denote by R;' and R;>. Notice that
Ro1, Roz and Ry do not depend on z; (see (4.14)). Assume that z; < zo, then it can
be verified that

29 — 21

E(TY) [(Ro1 — R$?) (RS2 — Roz) + RGP (R —Ro)] = 0.

le (RgQ) =

Thus, f., (R) = f.,(RE) = 0. Since Ry < Ri' < Ry (i = 1,2) and f is an
increasing function on (Ry, Ro1), it follows that Ri' < RZ2. A graphical representa-
tion of this argument is provided in Figure 4.2. Finally, since z; < 2o if and only if
E(A2) < E(AT'), we conclude that R, is a decreasing (increasing) function of ¢(\)
(p(A)). This completes the proof of Theorem 4.3.1.

]

Remark. If § = ; = [ (i.e., identical transmission in both sub-populations),
formula (4.15) reduces to Ry = Ro; = Ro = BE(T), which is consistent with the
standard simple SIR model with a single population. In the following sections we

assume that 5, > s, to avoid this trivial case.
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Figure 4.2. Plot of the characteristic polynomial f,, (x).

4.3.2 Effect of the distribution of infectious period 7 on R,

To investigate how the choice of the IP distribution may affect R, we examine our
model under several distributions for 7" and compare the corresponding Ry values.
We consider two models to be comparable if they have the same values for 3, G, 7,
and mean infectious period E(7).

The following four distributions will be considered: A. shifted Geometric (sGeom);
B. shifted Negative Binomial (sNegBinom); C. shifted Poisson (sPoisson); and D.
discrete with finitely many points (for example the empirical distribution obtained
from data). In all cases the support of T lies in N. For convenience of, we list below

the specifics of each distribution as well as relevant quantities involved in Ry.

A. T ~ sGeom(v). The probability mass function (pmf) is P(T = ¢) = (1 — )"
for te {1,2,3,...} and 0 <~ < 1. The mean and pgf are given by
1

E(T) = = Bg(\) = E(,\T) =

YA B A
M1—7)  E(T) - AET) - 1]

B. T ~ sNegBinom(k, 7). The pmf is given by

t—1+k—1\ ,
P(T=1)= ( !.i i )-r,r}”(l —n)t! forte{1,2,3,...},

and n = i for k € N. The mean is E(T) = % + 1 and pgf is given by

__k
T)+k—1

k k
T 7 k
Gn(A) = E ()‘ ) =:A (1—)\(1—73)) =A (E(T)—)\[E(T)—l]—l+k) '
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If k = 1, this distribution is equivalent to a sGeom(7).

t—1

C. T is sPoisson(x) with parameter x. The pmf is P(X = 1) = e "= for

te{l1,2,3,...} and k > 0. The mean and pgf are

E(T) =k+1, ¢p(A) =E(AT) = e 07N = pe [BD-110-2),

D. T is discrete with support on {1,2,...,m}. The pmf is
Dk ife=%k k=1,---,m
0 otherwise.

The mean and pgf are
E(T) = Y kpr,  0(N) = E(N) = Y pe.
k=1 k=1

Plots of the pgf ¢(\) for the distributions A—C are shown in Figure 4.3. We
observed that the order of the pgfs can be very different depending on the sign of A,
the smallest eigenvalue of the transition matrix D (4.12). By Theorem 4.3.1, ¢(\)
can be used to compare the R, values associated with these specific distributions.
Denote the reproduction numbers corresponding to distributions A - C by RS, R?,
and RE, respectively. Figure 4.3 suggests that these numbers follow a certain order
based on the corresponding distributions. This finding is described in the following

result.

Theorem 4.3.2 Let A = a+b—1 be the smaller eigenvalue of the Markov matrix D.
Let T # 0. The reproduction numbers corresponding to the distributions A—C' can be

ordered as follows:

RI < R <RI < REif Ae0,1),
(4.16)
RE <RI <RI <REif Ae (—1,0].

Moreover,

b
Ry™ — RY as k — oo.

Equality is attained only if A =0 or k = 1.
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Figure 4.3. Plots of the pgf ¢(\) = E(AT) for sGeom, sNegBinom and
sPoisson distributions for A € (—1,0) (left) and A € (0,1) (right). In
all cases, the mean infectious period is E(7) = 10.5.

Proof Let —1 < A < 1. From the Binomial Theorem

(1 5 B —ABL)—1] - 1)1‘ > E(T) — A[E(T) —1].

k

This, combined with the fact that E(7") — A[E(T") — 1] = 1 yield

k k
E(T) — NE(T) — 1] ~ (f« FE(T) — NE(D) — 1] - 1) |

Since

k -k
k _ (1= [E(T)—1] —(1-A)[E(T)-1
(k+E(T)—A[]E(TJ—1]—1) = (1 + : ) X g AEEE

as k — o0, we can conclude that ¢4(A) = ¢np, (A) = dnp,., (A) = dp(A) if A € [0,1),

and @g(A) < @np, (A) < Priby 1 (A) < (,f)p(/\) if Ae (—1,0].
|

Remark: Theorem 4.3.2 clearly shows that the effect of the IP distribution on Ry
depends on the sign of A\. This phenomenon is not observed in the continuous-time
models, for which the value of Rg is (i) smaller for Exponential than for Gamma

distribution (with shape parameter larger 1); and (ii) maximized with fixed duration
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for the IP [85]. The similarity between continuous and discrete models exists for

A > 0 because the pgf can be expressed in terms of the mgf
p(\) = E(\T) = E(e”8Y). (4.17)

On the other hand, the above equality is no longer valid for A < 0. A possible
biological reason for this discrepancy between continuous and discrete models has
not been identified. In practice, most models would assume that individuals are more
likely to stay in their patch than to migrate to the other patch. This implies a,b > 0.5,
and therefore A\ =a+0b6—-1> 0.

If A > 0, sharper bounds than those given in Theorem 4.3.1 can be obtained for

Ry, regardless of the distribution of 7T'.

Theorem 4.3.3 Let A > 0.

(i) An upper bound for Ry is given by

= 1_AE(D)
%{ Ro + 55— (Bimy + o)

B 1-AED) 2 L_AKD)
+\/[Ro+ 2 (517T2+ﬂ27ﬁ)] — 4615E(T) = }

This value is attained when T has a constant distribution with fived duration

E(T).

(ii) If Var(T) < 02, a lower bound for Ry is given by

1
2

?

[ﬁo + 2(Pime + Pomr) + \/[ﬁo + z(Bimy + 52771)]2 — 461 5E(T)z

where

2, ,2
BT (1- A7)

[E(T)* + 0] (1=A)

This value is attained if T is the two point distribution

z:

0 with probability  gz5zrgz,
I ==
E(?E)(;J;UQ with probability E(]?()Zfaz
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Proof For the upper bound, by Jensen’s inequality E(e7108*) > E(T)1ogA Therefore,
for all comparable T, ¢(A\) > AE(). Substitution of this value in (4.15) leads to the
upper bound expression.

For the lower bound, let ¢(\) = E(AT) then it is easy to check that

2452 24452 2 2
Var(T) = g5t + | 25n” B0 s = o

E(T)2+02

8(N) = E (V) = sfors + mamemst °

e 2+0? T E(T)2+0?

It is known that the mgf of a non-negative random variable with variance o? is

maximized by T’ (see Theorem 1 in [74]). From (4.17) T also maximizes the pgf of all
comparable infectious periods 7. Moreover,
o? E(T)? | z1)?+0?
4 E(T)
E(T)? + 02 E(T)? + o2

g(o) =

is an increasing function of o. Consider g as a function of z = 02. Then

2+ BTN oy _E@a(t)
96 = —grrez ™ IO ErE e

2

where ¢;(z) = E(T) + [log(A)E(T)? + log(\)z — E(T)] AT Clearly, the sign of
¢'(2) is determined by g;(z). Since e ®(MeN) > _E(T)log(A) + 1, then

1> [-E(T)log(\) + 1] AT = 1 4+ [E(T)log(\) — 1] AE™ > 0.

Therefore g1(0) = E(T) [1 + [log(\)E(T) — 1] XET)] = 0. Since

g1(z) = [log(A\E(T)? + log(\)z — E(T)] ll(ég(%) A ED 4 log()\))\E(g()T)Jrz
B 5 zlog(A\)? SIS
= [log()\) E(T) + “E(T) A > 0,

it follows that g(z) is an increasing function of z. Thus, ¢1(z) = ¢1(0) = 0 Vz = 0;
and, ¢'(z) = 0 Vz = 0. Therefore, conclude g(o1) < g(02) Yo < 09. This implies
that, if 7" satisfies Var(7') < ¢°, then its pgf is no greater than ¢ for any A € [0,1].
Since Ry is a decreasing function with respect to the pgf ¢, we conclude that Ry is
1—¢(/\,\) ¢

minimized when 7" = T'. Finally, substituting the expression z = p()\) = =~ for z

in (4.15) we obtain the expression for the lower bound. [ |
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Remark Since our model is discrete, we consider random variables with support on

the set {0,1,...}, thus if E(T) or E(%l;)(?;ﬁ ¢ Ny are not integers, then the upper and

lower bound might not be attained.

4.3.3 Results of stochastic simulations

Numerical simulations of the model with n = 2 subpopulations have been con-
ducted. Let S;(t), I;(t), R;(t) denote the numbers of susceptible, infective, and re-
covered individuals, respectively, of the population i at time ¢ (i = 1,2, ¢ € N).
Initial populations N;(0) and Ny(0) are chosen near the Markov equilibrium, i.e.,
N1(0) ~ m N, Ny(0) ~ moN. Recall that the total population size N = Ny (t) + No(t)
remains constant for all time. Assume I;(0) > 0 for at least one sub-population i. To
determine the number of individuals in each epidemiological classes at time ¢, we first
run the epidemic process (updating the number of susceptible, infected, recovered),
and then shuffle the population from one patch to the other according to the Markov
matrix D (4.13). The epidemiological process is simulated using a similar approach as
in [28]. Since the number of effective contacts per person in population i is Poisson(;),
the number of secondary infections is determined by x(¢) ~ Poiss (ﬁi[i(t - 1)%) :

If T~ sGeom(y) (see distribution A in Section 4.3.2), then the probability that
an infected individual recovers at time ¢ is equal to 7. Let z;(¢) and y;(¢) denote the

newly infected and newly recovered individuals at time ¢, respectively, in population

i. Note that y;(t) is distributed as Binomial(Z;(¢ — 1),). Then
Si(t-) =St —1)—=x(@t),  L(t-)=L{t—1)+z(t)—y(d),

Ri(t-) = Ri(t — 1) + y(t)

The notation ¢_ is used because of the following consideration. To obtain S;(t), I;(t),
and R;(t) we must simulate the movement from patch i to patch j. Let s;_,; denote the
number of susceptible individuals staying in patch i (i = 1,2). Then, the number of

susceptible individuals staying in patch 1, s1_,1, is distributed as Binomial(S;(t-), a).
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Similarly sy—o ~ Binomial(S3(t-),b). Define s;, = Si(t-) — s1-1 and s2; =

Sp(t_) — 83,3. Note that
Sl(i) = 811 + S2-1 and 52(5) = S22 + S159.
In the same fashion 4;.; and r;_; are defined. Then,

L1(t) = 4101 + %201, I (t) = dgg + 12,

Rl(f‘) = -1 + T2, R-z(f-) = Trono + oo

| e =

Populaion
Indected

Siscepbbees.
0 0 300 AC
1 '
i
s
-4 (
1 |
L L

g 4 l
+ . — i — -
00 £00 400 1000 0 200 40 600 800 1000

Figure 4.4. Sample path of an epidemic with 7" ~ sGeom. Parameter
values, N1(0) = 340, N2(0) = 660, I;(0) = I,(0) =1, a = .8,b =9
By = .27, By = .15 and E(T) = 10, produce RJ*“™ = 1.964408.

Based on these rules, numerical simulations have been conducted. A sample path
of the simulated epidemic with sGeometric distribution is illustrated in Figure 4.4.
The set of parameter values used in this figure are Ni(0) = 340, N2(0) = 660,
L(0) = L(0)=1,a=.8b=.9 0 = .27, B, = .15 and E(T) = 10, which produce
RI™ ~ 1.96. In this realization, the epidemic ended at around ¢ = 250.

Taking advantage of the fact that a Negative Binomial r.v. with parameters (k,7)
(see B in Section 4.3.2) can be written as the sum of & Geometric r.v. with parameter
1, the infectious class I; has been artificially subdivide into k& = 5 subclasses. The
above ideas were then used to generate an epidemic with this distribution for 7.

To complement the numeric results, the case 7' ~ Unif({5,6,...,15}) was con-

sidered (i.e. P(T = i) = & for i € {5,6,...,15}). This distribution was chosen
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to emphasize the fact that any distribution for 7" is allowed by our model. T ~
Unif represents the absolutely lack of a priori information, other than recovery takes
place 5 to 10 days after acquiring the disease. Figure 4.5 shows the three comparable

distributions for which simulations were performed.

© L} --e-  Geometric

g 1 .';. " -e - Negative Binomial
= LR * —e— Uniform
i ] = \.
E g — ; -.'!. “ h\

o " l.‘.-- Bt

o 4 o, 1% ::‘
8 | s A 83 2520000,
o T T T T T
0 10 20 30 40
Time

Figure 4.5. Probability mass function P(T" = t) of three compara-

ble distributions: sGe('n'rlg",( = Tl{—]) sNegBinom(k = 5.7 = 15—1) and

Uniform in {5,. .., 15}. All three distributions have mean equal to 10.

The influence of the distribution of 7" on the final size F, the duration D and peak
P of an epidemic can also be examined by comparing results from multiple epidemic
paths [49,87.88]. Figures 4.6, 4.7 and 4.7 collect the outcomes of 50,000 simulations of
the models with 7" ~ sGeom (i.e., the Geometric Distribution Model or GDM); T' ~
sNegBinom with shape parameter k& = 5 (i.e., the Negative Binomial Distribution
Model or NBDM); and T ~Unif {5,...,15} (i.e., the Uniform Distribution Model
or UDM). Parameter values for these figures are the same as in Figure 4.4. The
corresponding basic reproduction numbers can be computed using (4.15) and the pdf

formulas provided in Section 4.3.2:
REe™ = 1.964408 < RY9Pin — 1977059 < RY™ = 1.98091. (4.18)

In Figure 4.6, histograms show the overall distribution of F. The large bin near
zero (representing lower F values) collects observations that can be cataloged as minor
epidemics, whereas all other bins collect major epidemics. The average of F, from

smaller to larger is given by Geometric, NegBinomial and Uniform distribution. This
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confirms (4.18), which indicates that the Geom distribution is likely to predict a less
severe epidemic than the predicted by NegBinom and Uniform. In particular, a much
lower level of final epidemic size was predicted. Figure 4.7 captures the distribution
of the duration of the epidemic D. Our observations indicate that epidemics with
T ~ Geometric tend to be milder but longer than those with 7' ~ NegBinomial and
T ~ Uniform. Figure 4.8 shows the distribution of the epidemic peak. One more time
we observed that the Geometric model predicts a milder epidemic when measured by
the average peak of the outbreak. The uniform model, on the other hand, predicts a

more severe epidemic under the same criteria.

Final Epidemic Size (G ic) Final Epidemic Size (Neg. Binomial) Final Epidemic Size {Uniform)
w a wl
b= A Average - 589,39 2 A Average - 697.16 2 A Average - 724.011
L= L= L=
5 g g
) o o o I o
T T &
§ o § §
o 9 o Q o 9o
L= o Q
= S =
o o L= ”
o (=] L=
c B = B = -
r T T T 3 r T T T d r T T T d
0 200 400 600 800 0 200 400 600 800 0 200 400 600 800
Final Size Final Size Final Size

Figure 4.6. Distribution of the final size F obtained from 50,000
simulations from the GDM (left), the NBDM (middle) and UDM
(right). R§®™ ~ 1.96, RY9P™ ~ 1.97 and R§™ ~ 1.98 .

4.3.4 Probabilities of minor and major epidemics

Recall that the Markov matrix D for n = 2 patches is given in (4.11). From
Theorem 4.2.2

g 0 (1—aq) =01 0, = Bi(1 — s1)
e a € a . € 1 1 1
A(Sla 32) = 3 JEl’('f’.la '5’.2) = 3 d
e %2(1 —b) e %2 e 02 Oy = Bo(1 — s2)
01(31132

G(s1,82)" = ; = Z./l(s]?sg)t_lﬁ'(.‘;h s9) P(T = t)

11(511 52
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Figure 4.7. Distribution of the epidemic duration D obtained from
50,000 observations for the GDM (left), the NBDM (middle) and
UDM (right).
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Figure 4.8. Distribution of the epidemic peak P obtained from 50,000
observations for the GDM (left), the NBDM (middle) and UDM

(right).

Although it is difficult to find an analytic expression for the solution of G(sy, s2) =

(s1, 82), numerical solutions can be obtained for a given distribution of 7" by substi-

tuting appropriate expressions for P(7' = t) in the above equations. For example, for

the three models GDM, NBDM and UDM (see Figures 4.6, 4.7 and 4.8), the extinc-

tion probabilities Py (or probability of a minor epidemic) are obtained numerically

using the fixed point approach. Results are listed in Table 4.2. These probabilities

hL(0)

are given by Py = z 252(0)‘. as defined in equation (4.9) and (4.10). For each model,

three pairs of initial conditions (71(0), I2(0)) are considered.



101

To examine how good these approximations are, the second column in Table 4.2
contains the “empirical” probabilities of minor epidemic. These quantities have been
determined by the proportion of observations that have total infections < 10 (see
Figure 4.6). The last (Error) column shows the difference between the analytic value
Py and the value from model simulations. Our simulations suggest that P, provides

a very good approximation.

Table 4.2.
Comparison of the probabilities of minor epidemic (extinction proba-
bility Py) and simulation results for different initial values 7;(0) and
I5(0). A sample path for which the final size is less than 10 was
considered to be a minor epidemic.

Initial value Proportion
(1:(0), I5(0)) Py from simulations Error
(1,0) 0.4426690 0.43962 0.003048985
Geometric (0,1) 0.5324051 0.52236 0.010045121
(1,1) 0.2356792 0.22546 0.010219235
(1,0) 0.2815446 0.28798 -0.006435354
NegBinom (0,1) 0.3728444 0.37072 0.002124375
(1,1) 0.1049723 0.10308 0.001892338
(1,0) 0.18068085 0.2353 -0.05461915
Uniform (0,1) 0.25198173 0.31478 -0.06279827
(1,1) 0.04552827 0.07218 -0.02665173
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4.4 Discussion

In this chapter, discrete-time stochastic epidemic models in a metapopulation
setting were studied. Although some of the ideas and methods are adopted from [85],
which deals with an analogous continuous-time model, new findings and results were
obtained. A particular new behavior that is absent in continuous models is that, in
the two patch model, the effect of distributions of 7" on Ry depends critically on the
sign of A\ (the smaller eigenvalue of the Markov matrix D). The consideration of a
(random) arbitrarily distributed infectious period T in the discrete model is also a
new feature that has not been studied previously. The results obtained for the general
distribution allow us to compare model outcomes under different assumptions on the
distribution of infectious period.

For the model with n populations and an arbitrary infectious period 7', we derived
the expression for Ry (Theorem 1) and the equation for the probability of disease
extinction Py (see (4.9) and (4.10)). These general results are applied to the case of
n = 2 populations, from which an explicit formula for R was derived in terms of the
pef ¢ of T'. More importantly, it was proved that R is a decreasing function of ¢,
which allows us to obtain an order relation among the Ry that is dependent on the
distributions of T' (including sGeometric; sNegative Binomial; sPoisson; and a discrete
distribution with finite support, representing the case of empirical data). It was shown
that, when A > 0 the Geometric distribution gives the smallest reproduction number
(RY) while the Poisson distribution gives the largest (Rf). However, when A < 0, the
order is reversed (see Theorem 3). In addition, an upper and lower bounds for R,
were provided for the case A > 0. Notice that, if individuals in population ¢ are more
likely to stay than to move to the other population, i.e., a,b > 0.5, then A > 0 will
be a more likely scenario.

Because our model includes several random factors, e.g., the infectious period T
and the number of effective contacts [3;, some of the results are obtained by carrying

out a large number of numerical simulations for the model with n = 2 populations.
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From these simulation results we can obtain insights into the effect of distributions of
T on the final epidemic size F, duration of an epidemic D, peak of an epidemic P and
probability of minor epidemic Py (e.g., see Figures 4.6 - 4.8). Traditionally, models
with Geometric infectious period are preferred due to its tractability. However, our
findings suggest that when the model with 7" ~ Geom is compared with the model
with 7" ~NegBinom and 7" ~Uniform, the GDM predicts a milder epidemic (when
A > 0). This is supported by our analytical (see (4.16), (4.18)) and numerical results
(see Figures 4.6-4.8). From the numerical simulations we also observe that the GDM
is likely to generate a longer duration when compared to the NBDM and UDM.

A formula for the probability of disease extinction Py has also been derived based
on the approximations by a branching process. Comparisons of the Py value with the
proportion of minor epidemics from simulations of the three models (GDM, NBDM
and UDM) suggest that the formula for Py provides very good approximations (see
Table 4.2). From the results shown in Table 4.2 we also observe that the Geometric

model predicts a higher (smaller) probability of minor (major) epidemic.
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5. SUMMARY AND DISCUSSION

In this thesis several discrete-time epidemic models, both deterministic and stochastic,
are developed and studied. The driving questions that motivated most of these models

are the following:

(i) What are the drawbacks of Geometric distribution assumption on disease stages

when the model is used to evaluate control measures?

(ii) How will the model predictions alter when the Geometric distribution is replaced

by more realistic distributions?

(iii) Can we derive a formula for the reproduction numbers Ry (R¢) and a final
epidemic size relation when an arbitrarily distributed disease duration is used

in a discrete SEIR type of model?

These questions are addressed in this thesis, and the results obtained can be very
useful for providing important insights into disease transmission dynamics and eval-
uations of disease control strategies such as quarantine and isolation.

In Chapter 2, a systematic derivations for the reproduction numbers of various
discrete-time epidemic models are presented. Models without disease control (Sec-
tions 2.2 and 2.3) and with isolation (Section 2.4) are considered, most of which allow
for an arbitrarily distributed (bounded) infectious period. The inclusion of the gen-
eral distribution makes the model analysis challenging, particularly the computation
of Ry and R¢ due to the fact that the commonly employed method, the next gener-
ation matrix approach, cannot be applied. The technique developed in this thesis is
one of the main novelties, which provides a useful method for analyzing discrete-time
epidemic models.

Because R¢ depends on the mean infectious period and the isolation-adjusted

mean sojourn time (see formula (2.23)), among other factors, we demonstrated that
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models assuming Geometric distributions can lead to biased or misleading evaluations
on disease control strategies. For example, Figure 2.13 in Section 2.4 illustrates
that the choice of distributions may have significant influence on the applications
of the model in evaluating control strategies. This is in agreement with previous
findings, suggesting the importance of using more realistic assumptions on disease
stage distributions in some cases.

Chapter 3 presents more examples of using discrete-time epidemic models to evalu-
ate control strategies and the effect of stage-duration distributions on the quantitative
dynamics. To the best of our knowledge, no discrete-time epidemic models have been
previously developed and analyzed that include quarantine and isolation while al-
lowing the disease stages to have arbitrary distributions. The analyses presented in
this chapter provide useful tools for evaluating the final epidemic size. The results
are discussed in particular within the context of three classical discrete parametric
distributions: Geometric, Poisson and Binomial. The results suggest that the use
of distinct parametric distributions can lead to contradictory model predictions (see
Figure 3.8).

The framework introduced in Chapter 3 also allows for the incorporation of em-
pirical stage-duration distributions. This can provide a particular advantage of using
data directly in the application of the model due to the flexibility in the distribution
assumption. Another major contribution of this study is the derivation of the ana-
lytic formulas for R and final epidemic sizes. The general formula for R makes it
possible to further examine the role of its additive components (R;, Ry and Ron),
which can help identify critical factors for the most effectively control of the disease.

Finally, in Chapter 4 a discrete-time stochastic epidemic model in a metapop-
ulation setting was studied. The (random) infectious period T is assumed to be
arbitrarily distributed, which represents a new feature that has not been studied
previously in the stochastic/discrete setting. For the model with n sub-populations,
an expression for Ry (Theorem 4.2.1) and the probability of disease extinction Py

(Theorem 4.2.2 and equation (4.10)) are obtained. These general results are then
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applied to the case of n = 2 sub-populations, from which an explicit formula for R,
can be derived in terms of the pgf ¢ of T. More importantly, we proved that Ry is a
decreasing function of ¢, which allows us to obtain an order relationship among the
R, values corresponding to the distributions of T. We compared these reproduction
numbers under specific distributions (e.g., Geometric, Poisson and Negative Bino-
mial) and established a hierarchical relationship. More generally, upper and lower
bounds for Rq are provided for the case \ > 0.

Because our model includes several random factors, some of the results are ob-
tained by carrying out a large number of numerical simulations for the model with
n = 2 sub-populations. From these simulation results we can obtain insights into
the effect of distributions of T on the final epidemic size F, duration of an epidemic
D, and probability of minor epidemic Py (e.g., see Figs. 4.6 and 4.7). Traditionally,
models with Geometric infectious period are preferred due to the tractability of the
model. However, our findings suggest that when the model with T" ~ Geom is com-
pared with the model with 7" ~NegBinom or 7" ~Uniform, the geometric distribution
model (GDM) predicts a milder epidemic (when A > 0). This is supported by our
analytical (see (4.16), (4.18)) and numerical results (see Fig. 4.6, 4.7). From the
numerical simulations we also observe that the GDM is likely to generate a longer
duration when compared to the negative binomial distribution model (NBDM) and
the uniform distribution model (UDM).

We have also derived a formula for the probability of disease extinction Py based
on the approximations by a branching process. Comparisons of the Py value with the
proportion of minor epidemics from simulations of the three models (GDM, NBDM
and UDM) suggest that the formula for Py provides very good approximations (see
Table 4.2). From the results shown in Table 4.2 we also observe that the Geometric
model predicts a higher (smaller) probability of minor (major) epidemic.

In summary, the studies included in this thesis provide new methods and frame-
works for formulating and analyzing discrete-time epidemic models, particularly when

more realistic distributions for disease stages need to be considered. The use of ar-
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bitrarily distributed stage durations in the general model provide formulas for sev-
eral quantities including Ry (R¢), final epidemic size relation, and probability of
minor/major epidemic that can be easily applied when specific distributions are con-

sidered. Model results provide useful tools for evaluating disease control strategies.
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