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ABSTRACT

Wau, Jianging Ph.D., Purdue University, December 2014. Essays on Pricing of Cardinality
Bundles. Major Professors: Karthik Kannan and Mohit Tawarmalani.

This dissertation studies the pricing of cardinality bundles, where firms set prices
that depend only on the size of the purchased bundle, a practice that is increasingly being
adopted by industry. The first essay develops a fast combinatorial technique to obtain the
optimal prices for cardinality bundles. The second essay extend the basic model to solve
the problem when there exists fixed costs or economies of scale. The third essay relax a key
assumption in cardinality bundling literature, which restricts each consumer to purchase no

more than one bundle.



1. INTRODUCTION

We study the pricing of cardinality bundles, where firms set prices that depend only on
the size of the purchased bundle. The cardinality bundling (CB) problem we study was
originally proposed by [1] and it involves consumers having a specific preference structure
called Spence-Mirrlees Single Crossing Property (SCP).

In Chapter 2, we show that the optimal prices to the problem can be obtained in
strongly polynomial time. The solution approach we developed is useful in developing an
algorithm to solve the quantity-discount problem proposed by [2].

In Chapter 3, we studies the pricing for cardinality bundles (CB) when bundling
involves complex costs. We first extend the existing CB model to allow fixed costs in adding
additional bundles. We show that CB problem with fixed costs can be solved as a shortest-
path problem. We then extend the CB model in another way to solve CB problem with
submodular cost structure. Such analysis is especially useful when there exists economies
of scale in production.

The existing analytical framework lacks sub-additivity constraints on bundle pric-
ing, which limits its application in reality. In Chapter 4, we solve the CB problem with
additional constraints on bundle prices. We first study the CB problem with marginal de-
creasing prices and prove that it is a shortest-path problem. Second, we propose a dynamic

programming algorithm to solve the CB problem with unit decreasing prices. Third, we



analyze the CB problem with sub-additive prices and convert its MINLP formulation to
a mixed-integer programming (MIP) one. Finally, we provide analytical and numerical

analysis on the gaps between different CB models.



2. CARDINALITY BUNDLING WITH SPANCE-MIRRLEES

RESERVATION PRICES

2.1 Introduction

Bundling and its benefits have been studied extensively in the literature. For ex-
ample, [3] show that when products are synergistic, offering bundles of products can yield
higher profits than selling them separately. The earliest work on bundling [?, e.g.,]]stiglerO1,
adamsO01, mcafee01 focused on mixed bundling, wherein every combination of goods is
sold at a possibly different price. However, because the number of combinations quickly
increases with the number of goods, the pricing problem becomes intractable except for a
small number of goods [4]. So, alternate bundling schemes — such as component pricing,
where only the components are sold; or pure bundling, where only the bundle is sold —
have also been studied and deployed. The focus of this work is to study another bundling
scheme called cardinality bundling or, in short, CB.

In CB, bundles of equal cardinality or size are sold at the same price. That is, for a
firm that sells J goods, consumer may purchase any one good for a listed price, a bundle of
any two goods for a different price, and so on and so forth. In contrast to mixed bundling
(which requires pricing 2”7 — 1 bundles), CB only requires prices for J bundles. Perhaps

because of the simplicity of the pricing scheme, CB has been adopted in practice. Pricing



for theme parks within entertainment complexes such as Disney World are based on CB.
Consumers can purchase multi-day (2, 3, 4 or 5 day) passes and can choose to visit any of
the four theme parks each day. Similarly, Eastlink cable TV allows its consumers to choose
their channel combinations within the cardinality bundles (12 or 20 channels) purchased.

The current literature on CB is relatively sparse and we review it briefly here. Most
relevant to the current paper is [1], where they study the pricing of cardinality bundles
assuming that each consumer is restricted to buy at most one bundle. They explore condi-
tions under which CB can attain the same profit as mixed bundling. Further assuming that
consumers’ reservation price satisfy Spence-Mirrlees Single Crossing Property (SCP), they
propose and analyze a readily computable pricing strategy. [5] also restrict the consumer
to purchase at most one bundle and seek to solve the CB pricing problem as a nonlinear
mixed-integer program. They use Lagrangian relaxation, subgradient ascent, and heuristic
methods to derive bounds for the problem. [6] consider a CB model where unit prices for
bundles decrease with increasing size. They use computations and real data to argue that
profit from their CB model is almost the same as that from mixed bundling.

We begin by considering the model and the proposed pricing strategy of [1] for
cardinality bundles assuming that reservation prices follow SCP. We show that the optimal
prices can be obtained in polynomial time, by solving a linear programming (LLP) problem.
In contrast, the techniques proposed in [1] may not generate optimal prices. The LP refor-
mulation provides many insights into cardinality bundling. It paves the way for developing
useful approximation schemes for the continuous case (see [2] and Section 2.3), allows us

to extend our analysis to models with complex cost structures, such as fixed costs for bun-



dle setup or variable costs with economies of scale (as discussed in Chapter 3), and reveals
valid inequalities that help determine prices that disincentivize consumers from purchasing

more than one bundle .

2.2 CB Discrete Case: Model & Analysis

A customized cardinality bundling strategy models a situation where a vendor offers
a menu of products that may be purchased in a bundle, whose price is determined by its size.
The consumer is free to choose any products as long as the number of goods she chooses
matches the bundle size for which she has paid. This model was originally proposed by [1],
where they assume that the consumers can be ordered such that a consumer of higher type
not only assigns a higher value to bundles of a given size but also derives higher marginal
value from increasing the bundle size. When the consumers can be ordered this way, their
reservation prices are said to satisfy the Spence-Mirrlees Single Crossing Property (SCP).

In this section, we consider the cardinality bundling problem, which is modeled to
optimally choose the sizes and prices of the bundles a vendor should offer in the market.
Our basic model is the same as that in [1] and we review it here for the sake of completeness.
Consider a vendor who sells J products and assume that there are / consumers in the
market. In the following, we denote the bundle of size j as Bundle j. We assume WLOG
that all bundles, 1,...,J are offered in the market and the vendor decides their prices.
We denote the price of Bundle j as p;. Obviously, the consumer does not pay anything
for Bundle 0, whose price is therefore fixed at 0. We assume that the cost of the Bundle

J for vendor is ¢; and that the total cost to the vendor is the sum of the costs for all the



bundles sold. Clearly, ¢j is 0. The model makes a reasonable assumption that a consumer’s
willingness-to-pay (WTP) is non-decreasing with the bundle size,' which would be trivially
true if extra units can be freely disposed. The model further assumes that each consumer
can purchase at most one bundle.

Let w;; > 0 denote the WTP of Consumer ¢ for Bundle j. For every i, we set w;, to
zero to denote that consumers, who do not purchase anything, do not derive any value out
of the vendor’s products. Since WTPs are non-decreasing with bundle size, w;; > w;; for
j > j'. Since the choice of the bundle rests with the consumer, if Consumer 7 purchases
Bundle j;, this bundle must maximize her consumer surplus, i.e., j; € arg max;{w;; — p;}.
Let J; be the set of bundles Consumer 7 prefers with price vector p. If |J;| > 1, we assume
that Consumer ¢ purchases a Bundle j; that belongs to argmax;{p; — ¢; | j € J;}, i.e.,
the surplus-maximizing bundle that yields the most profit to the vendor. This assumption

is typical in the literature and is without loss of generality.?

111 imposes WTP for each consumer to be concave in j, which we relax in our model.

2To see this, let J'(j) = {j’ | pj» — ¢;s < p; — ¢;} be the set of bundles that provides less profit to vendor
than j. Observe that since the number of consumers and bundles is finite, there exists an ¢ > 0 such that even
if the price of a bundle that a consumer does not prefer is reduced by Je, the consumer continues to prefer
the bundles in J; after the change. Now, consider a new pricing scheme p’, where the price of Bundle j is set
to pj; = pj — [J'(j)le. Then, itis easy to verify that, when the prices are p’, Consumer i prefers the Bundle
Ji € argmax{p; — ¢, | j € J;} over other bundles in J; and, since |.J'(j)| < J, this preference is also over
bundles not in J;. Further, the vendor does not lose more than JIe in the profit when he prices the bundles
using p’ instead of p. Since € can be chosen to be arbitrarily small, this yields a sequence of solutions for
which vendor’s profit converges to the one obtained under our assumption.



Let x;; be 1 if Consumer i € {1,2,...,1} buys Bundle j € {0,1,2,...,J} and 0

otherwise. Then, CBP can be formulated as follows [?, see]]hittO1:

I J
CBP1: Max ZZ%j(pj—Cj)

Tij:Pj

i=1 j=0
J
s.t. Z(wij/ _pj'>xij’ 2 Wi — Py \V/Z, \V/j (21)

J'=0

J
> wy=1Vi (2.2)
j=0
po =0 2.3)
zi; € {0,1} Vi, V. (2.4)

Let (z*,p*) be a solution that generates the maximum profit for the vendor. Assuming
(3.2), Constraints (3.1) enforce incentive compatability (IC) and individual rationality (IR)
for Consumer ¢. The left hand side models the consumer surplus from the purchase deci-
sion and the right hand side models the consumer surplus from the purchase of alternate
bundles. The case with 7 = 0 ensures that consumer only purchases bundles with non-
negative surplus. Constraints (3.2) enforce that each consumer purchases only one bundle.
Observe that CBP1 is a mixed integer nonlinear program (MINLP) since the price vector
p; and consumer decisions x;; are variables and their products appear in the objective and
in Constraint (3.1).

Like in other nonlinear pricing problems, [1] assume that consumer valuations sat-

isfy the Spence-Mirrlees Single Crossing Property (SCP) [?, see]]spence01. We also make



the same assumption, which imposes the following ordering on the consumers’ WTP for

the bundles:

Wi Vi > i/,

Wirj — Wy jr Vi > i/, Vi > j/.

(2.5)

(2.6)

The interpretation of these conditions is straightforward. A consumer with a higher index

has a (weakly) higher WTP for any bundle. Also, the WTP exhibits increasing differ-

ences, i.e., as bundle size increases, the WTP for a higher-indexed consumer increases

more rapidly than the WTP for a lower-indexed consumer. Essentially, this assumption

states that consumers can be ordered by types, with higher type consumers valuing the

products and marginal changes in bundle sizes more than the lower type ones. Before we

develop an efficient solution for this problem, we review the currently available approaches

using examples.

Table 2.1.: Willingness-to-pay for Example 2.2.1

Bundle Consumers’ WTP
size Il ]2 13 I4
0 0 O 0 0

1 26 36 58 120

2 47 62 91 180

3 58 77 113 221

4 62 83 123 240

Example 2.2.1 Consider a scenario with I = 4 consumers, J = 4 bundle sizes, and costs

c; = 0 for all j. Suppose the WTP for the consumers are as given in Table 3.1. It can be



verified easily that they satisfy SCP. We use BARON [7] to solve the MINLP formulation of
CBP1. (Note that BARON guarantees that it finds the global optimal solution at termina-
tion.) The optimal solution thus found is to set p} = p5 = 47, p3 = 62, and p} = 72. It is
easy to check that, with these prices, Consumer 1, 2, 3, and 4 buy Bundles 2, 3, 4, and 4

respectively. The optimal profit for the vendor is 253.°

We now make a small change to the setting of Example 2.2.1 and illustrate that the

optimal assignment for a consumer depends on the WTP of all other consumers.

Example 2.2.2 In the setting of Example 2.2.1, change w4, from 120 to 100, so that WTPs
still satisfy SCP. If CBP1 is now solved using BARON, the optimal solution assigns Con-

sumer 1 to Bundle 0 yielding a profit of 256.* There is no optimal allocation that assigns

3Result 3 in [1] claims that the following approach optimally solves CBP1, which we show later isn’t always
the case. Consumer ¢ is assigned to the largest bundle size j that satisfies the following condition:

(I =i+ )(wij — wij—1) = (I =) (Wit1,j — Wit1,j-1) > ¢j — ¢j—1. 2.7)

We remark that, when Consumer ¢ is assigned a bundle, the WTP of consumers other than ¢ and ¢ + 1 are
ignored. Here, the right hand side is 0 since we assume ¢j; = 0 forall 1 < j' < J. The left hand side values
are shown in Table 2.2.

Table 2.2.: Left hand side values of Equation (2.7)

Bundle LHS values
size L L, I I,
0

1 -4 -8 16 120
2 6 12 -14 60
3 -1 3 41
4 2002 1 19

For Example 2.2.1, the above approach yields the same solution as the optimal solution found earlier using
BARON.

4The optimal assignment of Consumer 1, 2, 3, and 4 is to Bundles 0, 0, 1, and 4 respectively. The correspond-
ing prices are p; = 58 and p5 = pj = pj = 198.
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Bundle 2 to Consumer 1.°> Any allocation that ignores the WTP of Consumer 4 while allo-

cating bundle to Consumer 1 will thus not yield optimal profit. ©7

The only available approaches to solve CBP1 use either an MINLP solver or a MIP
solver on a linearization of CBP1 that does not use a global solver on CBP1 directly. The
MINLP-/MIP-based approach is, however, not amenable to comparative statics because
global optimality certificates are typically neither small nor easy to obtain. In this section,
we develop an alternate solution approach that is efficient, guarantees optimality, and is

amenable to comparative statics.

2.2.1 Properties of the Optimal Solution

First, we identify some properties of the optimal solution.®

Proposition 2.2.1 There exists an optimal pricing scheme that is nondecreasing with bun-

dle size.

Proposition 2.2.2 There exists an optimal solution to CBP1 that satisfies:

J J
Z'xi-‘rlj/ 2 in,j/ 1= 1, .. .,[ — 17 VJ (28)
J'=j J'=j

That is, there exists an optimal solution where the mapping from consumer types to bundle

sizes is non-decreasing, i.e., for any v < I, if Consumer i buys Bundle j, then Consumer

SIn fact, if Consumer 1 is restricted to purchase Bundle 2, the vendor cannot obtain a profit more than 253.

6 [1] claims that it is optimal to assign Consumer 1 to Bundle 2 even in this case. This is so, because for
1 = 1, Equation (2.7) is independent of wy;. However, as shown above, this is not an optimal assignment.
"In the proof of Result 3, [1] modify the procedure when higher type consumers do not buy larger sized
bundles. This modification does not apply here.

8 All the proofs are provided in the appendix.
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i + 1 buys a Bundle j' such that j' > j. Further, for any given price vector, there exists a

feasible allocation of bundle sizes to consumer types that is non-decreasing.

Proposition 2.2.3 There exists an optimal pricing scheme such that if two bundle sizes j

and j' are bought by some consumers and j' > j then py — ¢y > p; — ¢;.

Proposition 2.2.4 Among the consumers purchasing a non-zero bundle size, the lowest

indexed one is charged at her WTP in every optimal solution.

Proposition 2.2.2 is particularly interesting, since it provides redundant, yet rather
important, constraints that facilitate the solution of CBP1. Further, Proposition 2.2.2 ap-
plies to other bundling problems where WTPs follow SCP, including those where con-
sumers may purchase more than one bundle [8]. Propositions 2.2.1, 2.2.2, and 2.2.3 imply
that prices are higher for larger-sized bundles purchased; the higher type consumers pur-
chase weakly larger-sized bundles; and the profits also increase with the purchased bundle

sizes.

2.2.2 A Solution Approach

In this section, we refromulate CBP1 so as to develop a solution approach. A key
step in reformulating the problem is that optimal profit satisfies a substructure optimality
condition that is totally unimodular. Then, we show that there exists a simple approach to

solve the dual of the reformulation.
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Reformulating the MINLP to a 0-1 IP

We first provide some intuition into what makes it possible to solve CBP1 quickly.
First, assume that the vendor fixes a certain bundle size that the first consumer will pur-
chase. Since the first consumer must purchase one of Bundles 0, ..., J, this yields J + 1
problems for the vendor to solve. The key property that enables the vendor to solve the
problem is that once the first consumer is allocated Bundle j, the remaining problem can
be solved by solving a smaller cardinality bundling problem, i.e., one which has Consumers
2,...,1 and Bundles j, ..., J. This subproblem can then be solved recursively using the
same technique. Before we provide a formal proof of our algorithm, we build some intu-
ition into the problem structure.

Consider the cardinality bundling problem where the vendor only considers Con-
sumers 7', ..., I and prices the bundles so that each of these consumers buys one of the
Bundles j', ..., J. To accomplish this, by Proposition 2.2.2, it suffices to restrict ¢’ to pur-
chase a bundle of size at least j and to remove Consumers 1,...,7 — 1. More generally,
assume that the vendor wishes to ensure that i’ buys one of the options from a set of bundle
sizes, say .JJ'. Then, the corresponding problem can be formulated by adding the constraint,
> jenTirj = 1, to CBP1. We denote this problem as CBP(#', j' | J') and the correspond-
ing optimal profit as I[I°BP("7'l/) " Obviously, TT®BPEI'H5" /D) = max; ; [IEBPEI I 9
Therefore, it suffices to find a way to solve CBP(¢', ' | {7’}), whose solution can in turn

be obtained by solving CBP(i' + 1,5’ | {j/,...,J}). As it turns out, this is because the

9Further, by Proposition 2.2.2, IICBP(".3"[{7}) — TICBP(il{i}) because if i purchases j, then every higher
type consumer purchases a bundle j or, higher and j > j'.
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purchasing decision of Consumers i’ + 1, ..., are the same in the two problems. If we

denote the set {j’, ..., J} as ji:

HOBPE 10D = OPPETIE) o (g — ) + (1= 1) (Wi — wiy) . (29)

(.

vV VvV
sale of 5/ to 4’ restrictions on prices

The first adjustment is because of the revenue and cost from selling j to i’ and the second is
because the price of Bundle j is constrained to the WTP of Consumer i’ in CBP(¢', j' | {j'})
whereas it is constrained to the WTP of Consumer 7’ +1in CBP(i' + 1, 5’ | j%). In order to
make the result also apply to the case when ¢ = I, we define w;1; = wy;. To capture this
difference succinctly, we let v;/;» denote w; ;y — (I — ') (wy415 — wyj) and rewrite (2.9)
as: TICBPO 10D — TIOBPGH1T0) | (4, — ).

Now, we formally show that the cardinality bundling problem can be linearized into

a 0-1 integer program using the above notation.

Proposition 2.2.5 CBP1 can be reformulated as the following 0-1 integer linear problem:

J
CBP2 : Max,,, {Z (vij — ¢;)zi; | (3.2),(3.4), (3.7)} .
i=1 j=0
Let x* be an optimal solution to CBP2. Let {iy, ..., iy} be the lowest type consumers that

purchase a certain bundle size and, for any j, let r'(j) = arg min, {ir | Z;.],:j Ty = 1}.
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If there is no feasible solution, set p; = wry + € for an arbitrary ¢ > 0. Otherwise, let
L. J .
J(i) = 22— Ji; and

" (j)
P = Wigstio) + D (Wiri(ir) = Winj(ir 1)) - (2.10)

r=1

Converting CBP1 into CBP2 is possible because Zle Z}]:o v;;x;; captures the
total revenue for any feasible z;;. Thus, v;; is the incremental revenue from selling Bundle
j to Consumer .

We return to the setting of Example 2.2.2 to illustrate the application of Proposi-
tion 2.2.5 and compute the maximum profit for the vendor in this case. Table 2.3 shows v;;
values for Example 2.2.2. So, to compute the profit, the appropriate v;; values are summed
up. For example, if a vendor tries to serve Consumers 1, 2, 3, 4 with Bundles 1, 2, 3, 4
respectively, then the total vendor profit is v1; + voo + v33 + v4q4 = 245. The maximum
profit is the summation of v;; that yields the maximum value and is such that z;; satisfy
Constraints (3.2), (3.4), and (3.7). In particular, this implies that the only admissible strate-
gies are such that higher type consumers are served larger-sized bundles. In this case, the

maximum profit evaluates to vy o + v2,0 + v31 + V44 = 256.

Table 2.3.: Computing v;; for Example 2.2.2

Bundle (%%}
size Il [2 .[3 .[4
0 0 0 O 0
1 -4 -8 16 100
2 2 4 2 180
3 I 5 5 221
4 -1 3 6 240
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In fact, CBP2 can be solved without the binary restrictions (3.4) because its con-

straint matrix is totally unimodular.
Proposition 2.2.6 The constraint matrix of CBP2 is totally unimodular.

Since the constraint matrix of CBP2 is totally unimodular, we can relax its binary

restrictions.

Linear Program

Next, we reformulate CBP2 as a linear program (LP).

Proposition 2.2.7 Let a;; = Zj,:j Tig1,jr —Zj/:j x;jr, where x 141 ;,Vj # J is understood

to be 0 and x 141 ; is understood to be 1. Then, CBP2 is equivalent to the following CBP2a:

I J
CBP2a: Max Z (Uij — Cj)xij
=0

Tij,Qij ,

i=1 j

S.1. Qi5 — Qi1+ Ty — Tig15 = 0 V(Z,j) 7& (], J) 2.11)

arpy+xry =1 (2.12)
a;j+1 = 0 Ve (213)

Recall that the original cardinality bundling problem appeared to be an MINLP problem,
which has now been transformed into an LP, CBP2a. Therefore, we are now able to draw
upon the general comparative static results from the LP literature and apply them to the

CBP context to generate managerial insights. In the following subsection, we develop a
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few related insights. However, before we proceed, we formally show next that CBP2a can

be solved “fast.”

Theorem 2.2.3 CBP2d is the dual of CBP2a and can be solved within O(I.J) time.

CBP2d : A?ll’l lLJ

V)

S.L. lljle,lZ:O,,[,j:L,J (215)
lijZli_lj—l—vij—cji:l,...,f;j:O,...,J (216)

l()() =0.

2.2.3 Comparative Statics

Invoking the sensitivity results from LP, we can infer that the vendor profit is con-
cave in ¢; and convex in v;; [?, Theorem 5.3 in ]]btt97. In the following paragraphs, we
consider some additional comparative static results.

Consider the cost parameters first. We say that for any two cost vectors ¢ and ¢,

the marginal cost of ¢ is less than that of ¢” if for all j > 1, c;- — c;._l

< ¢ —c]_,. Wesay
the marginal cost is strictly less if the inequality is strict. Although the solution approach
of [1] is inadequate, their insight regarding the weak reduction in the size of cardinality
bundles with increasing marginal cost still holds.

Corollary 2.2.4 Assume that marginal cost of ¢ is less than that of ¢'. Then, for every

optimal allocation x' with ¢’ there exists an optimal allocation s with ' such that each

consumer is allocated a bundle of weakly smaller size in s than in x'. Similarly, for every
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optimal allocation x" with ¢ there exists an optimal allocation t with ¢ such that each
consumer is allocated a bundle of weakly larger size in t than in x”. If the marginal cost of
' is strictly less than that of ¢’ then every optimal allocation x' with ¢’ allocates a bundle

of size no smaller than any optimal allocation x" with c”.

Next, we study how changes to consumers’ WTP affect the solution (e.g., when
the vendor pursues advertising efforts). Since CBP2d is convex in v;; and v;; is a linear
transformation of w;;, CBP2d is convex in WTP [?, Theorem 3.2.2 in ]]bv04, and therefore,
so it is in CBP2. Notice, when WTPs do not satisfy SCP, CBP2 may not be convex in the
WTPs. !0

Increasing WTP (even if it is subject to SCP) does not guarantee an increase in ven-
dor profit. From Examples 2.2.1 and 2.2.2, it should be clear that increasing the consumers’
WTP can decrease the profit. However, increasing consumers’ WTP (of course, subject to
SCP) on the purchased bundles will always increase vendor profits. So, it is important for

the vendors to target the WTP increases.

10Tn the following example, we illustrate that when WTPs do not satisfy SCP, CBP2 may not be convex in
the WTPs. Consider a scenario with I = 2 consumers, J = 3 bundle sizes, and costs ¢; = 0 for all j.
Suppose W, is one WTP matrix as given in the second and third columns of Table 2.4 and W, is another
WTP matrix as given in the fourth and fifth columns of Table 2.4. Notice, the WTP of Consumer 1 in W is
the same as that of Consumer 2 in WW; and the WTP of Consumer 2 in W, is the same as that of Consumer
1in W;. The optimal solutions for both problems are p] = p5; = 12,p5 = 34 and the optimal profits are
II7 =115 = 46. Let W5 = %W1 + %Wg, as shown in the last two columns in Table 2.4. The optimal solution
is p; = p3 = p3 = 26 and the optimal profit is IT§ = 52 > 111} + $113.

Table 2.4.: Willingness-to-pay

Bundle W, Wa Ws
size L LI LI
1 10 16|16 10| 13 13
2 12 18 | 18 12 | 15 15
3 12 40 | 40 12 | 26 26
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Next, consider the scenario when the vendor cannot increase the WTPs but can
only shift the WTP from one consumer type to the other (for example, vendor pursues
homogenization efforts). We first study the profit implications in the context of information
goods, where ¢; = 0 Vj. Let w denote a given I x J WTP matrix. Define w’ = W(iy, i3, w)

as a function which maps w to another / x J matrix w’, such that, for any j,

Wij ifi <iqgori> iy
1 7 . . . .
T—iitl Zi?:il Wy if 11 <1< 19.
That is, consumers indexed between 7; and i, are homogenized so that their individual
WTPs in the transformed setting is the average of their original WTPs; whereas the other

consumers remain unaffected. Let II},;,(w) denote the optimal profit of a CBP problem

for a given w WTP matrix.
Proposition 2.2.8 When c¢; = 0, for each @', 11,5 p(OV (¥, I, w)) > IIEgp(w).

Proposition 2.2.8 shows that homogenizing improves the vendor profit only if it involves

the highest consumer type.!' A corollary is that homogenizing across all consumer types

"1We illustrate that merging may decrease the vendor profit when the highest consumer types are not involved
by using the following example.

Table 2.5.: Willingness-to-pay

Bundle WTP
size Il IQ Ig,
1 2 10 13
2 4 12 20

Consider a scenario with I = 3 consumers, J = 2 bundle sizes, and costs c; = 0 for all j. Suppose the WTP
for the consumers are as given in Table 2.5. Obviously, the optimal solution is p; = 10,p5 = 17 and the
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(i.e., using W(1,I,w) as WTP) will weakly increase the profit. Notice that, if costs are
non-zero, even when the highest consumer type is included for homogenization, the vendor
profit can decrease.!?

Apart from the comparative static results, we were also interested in exploring the
relationship between v;; and w;; terms. In doing so, we discovered a result that may
be tangential to the analysis thusfar but useful (for computational purposes) in quickly
generating example values of WTPs satisfying SCP. As mentioned before, given WTPs,

’Uij = wij — ([ — Z) (wiﬂj — wz]) SO,

1 1 1
i'=i =i i'=i+1
Therefore,
1 1

i'=i
This shows that there is a one-to-one linear transformation relating w to v. Given the
relationship, we show next that we may choose v arbitrarily for the first / — 1 consumers

and still find WTPs that satisfy SCP and are increasing in j.

Proposition 2.2.9 Given v;; fori € {1,...,1 —1}and j € {1,..., J}, there exist w;; for

ie{l,....,I} amdj €A0,..., J} that satisfy SCP and are increasing in j.

optimal profit is 27. If we merge Consumer 1 and 2, then w}; = w); = 6, w}y = wh, = 8, which leads to a
new optimal solution of p{* = 6, p5* = 13 and a lower optimal profit of 25.

12Consider a scenario with I = 2, J = 1, and costs ¢; = 10. Suppose w11 = 4 and wo; = 20. the optimal
solution is p; = 20 and the optimal profit is 10. If we merge Consumer 1 and 2, then w}; = wh; = 12,
which leads to a new optimal solution of pi* = 12 and a lower optimal profit of 4.
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2.3 Continuous Case: Model and Analysis

We now investigate a continuous version of the problem treated in Section 3.2. One
application of the continuous problem is in quantity discount pricing, which was explored
by [2].1* The continuous version can also be applied in cardinality bundling, when the
goods are not discrete. For example, many restaurants charge based on weight (for e.g.,
kilos in Brazil) regardless of the kind of food chosen by the consumer on their plate. The
main difference is that bundle sizes are not restricted to integer values 1, . .., J but can take
any real value. The problem for the vendor is then to identify the optimal pricing function
for all real-valued sizes, which turns out to be significantly more difficult. Nevertheless, we

show that the new insights developed in Section 3.2 can be used to approach this problem.

2.3.1 Prior Related Work

The model here is similar to that in the previous section except that we use a con-
tinuous variable y € R to represent the bundle sizes, instead of using an index j to denote
discrete sizes. Every variable that had an index 7 before now becomes a function of y in-
stead. In particular: p(y) represents the price of bundle size y; c¢(y) the cost of Bundle y;
w;(y) the Consumer i’s WTP for bundle size y. We also define y; to denote the bundle size
Consumer ¢ purchases and corresponds to j(i) = Z}]:o Jjx;j; in the discrete case. [2] also

assumes WTPs satisfy SCP and models it as w;(y) < w;, ,(y) for all y. We relax these con-

3The discrete case analyzed in [1] was heavily inspired by [2].
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ditions slightly to the weak inequality and generalize them to the non-differentiable case as

follows: !4

0= w;(0) < wi(y)

IN

wi1(y) Vy (2.18)

wily+d) —wi(y) < wii(y+d) —wi(y) Yy Vd > 0. (2.19)

Assuming p(0) = 0, the vendor’s decision problem is then as follows:

I
CBPcl: Max (p(yi) — c(yi))
vir(y)
st wi(y:) — plyi) > wily) — ply) Vi Vy. (2.20)

We first review the approach suggested in [2]. Assuming that WTPs satisfy SCP
conditions with a strict inequality, he shows that every optimal solution must satisfy ;1 >
y; forall i < I —1. Then, given y;, 2 = 1, ..., I, he substitutes the optimal prices, obtaining
the optimization problem in the space of y variables. Then, the paper ignores the constraints
Yir1 > Y; to obtain an unconstrained optimization problem and sets its derivative to zero,

yielding the following local optimality condition:

(I — i+ Dwiy:) — (I — w1 (yi) = ¢ (wi)- (2.21)

"Since wi(y) < wj,(y) for all y, it follows that fyd wi(y)dy' < fyd wj, 1 (y")dy' for all y and d, which
in turn implies that w;(y + d) — w;(y) < wi+1(y + d) — w;41(y) for all y and d.  On the other hand,
wi1(y+d)—wip1(y) > wiy+d)—w;(y) implies that limy_, =2 (v) e
or that wj_ , (y) > wji(y).

> limg 0
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We now interpret the approach of [2] using our results in Section 3.2. Assume that
the optimal bundle sizes the consumers buy are given by vy, 7 = 1,...,I. Then, CBPcl
restricted to these bundle sizes reduces to a discrete problem. Since y;,7 = 1, ..., ] mustbe
optimal to this restricted problem, the results of our previous section still apply. Therefore,
with the slightly relaxed SCP conditions (2.18) and (2.19), the results of [2] still hold. In
particular, Proposition 2.2.2 shows that there exists an optimal solution with y;, ; > y; for

all 7 < I and Proposition 2.2.5 shows that CBPc1 can be rewritten as:

CBPcy : Ni?x Z(Uz(yz) —c(yi))

where v;(y;) = w;i(y;) — (I — i) (wiy1(y) — w;i(y)) and wyy1(y) is assumed to be w;(y).
Then, Equation (2.21) is the same as setting the derivative of the objective of CBPcy to
zero, i.e., vi(y;) =  (y;).°

Solving (2.21) may not seem hard since each consumer’s decision is independent of
others. However, this approach only works if Constraints (2.22) are automatically satisfied
by the solution. Otherwise, the optimality conditions do not decompose. Once the optimal
Lagrangian multipliers are known, the remaining optimality conditions (those of the inner
problem of the Lagrangian dual) can still be decomposed. However, for a given 4, the La-

grangian multiplier of y; 1 > y; gets multiplied with the decision of both Consumers ¢ and

SMore generally, when v and c are not necessarily differentiable, then the above optimality condition gener-
alizes to zero belonging to the subdifferential of v;(y;) — c(y;).
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v + 1. Therefore, the problem of determining the optimal multipliers links the consumers
together.

Besides Constraints (2.22) being ignored in the optimality conditions, there is an-
other subtle issue with [2]’s approach. The optimality condition in (2.21) is a local opti-
mality condition, which would be reasonable, if the objective had a unique local maximum
(for example if it was strictly concave). However, as shown in the next example, v;() is
often nonconvex, and there may be many points where the derivative of the objective of

CBPcy is zero.

Example 2.3.1 In CBPcl, assume that consumers can choose any bundle size y, as long

as 0 <y < J, where J is an even number, and let c(y) be identically zero. Let w;(y) =

1+ 1—£+1 (ry + log(1 4+ y)) — cos(my) Vi. Each consumer’s WTP is increasing in y and
the WTPs satisfy SCP. It follows that v;(y) = 1 — cos(my). Therefore, if y; is even, it
satisfies (2.21). Since every consumer can be assigned Bundles {0,2,... J}, (% + 1)1
solutions satisfy Condition (2.21). Moreover, let J = 41 — 2, and observe that there are
exponentially many solutions that satisfy Condition (2.21) and satisfy Constraint (2.22). To

see this, consider 2! solutions obtained by allocating bundle sizes in {4(i — 1),4i — 2} to

Consumer 1.

[2] does not mention the fact that there may be many solutions that satisfy Condition (2.21).
There is, thus, no guidance available on selecting the best solution among them. If one ig-
nores Constraint (2.22), this situation can be remedied by selecting, for Consumer i, the
bundle size y; that maximizes v;(y) — ¢;(y) by solving a one-dimensional global optimiza-

tion problem. However, in the presence of Constraint (2.22), the situation is significantly
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more complex. Thus, the approach based on Condition (2.21) is deficient in that it ignores
Constraint (2.22) and does not provide any way of selecting the global optimal solution

from many possible local optima.

2.3.2 Reformulation and Approximation

We assume that the vendor only provides bundles of size Y or smaller. This as-
sumption is reasonable since the vendor is typically limited by a production capacity. In
other words, we include the constraint 0 < y; < Y for all 7 in CBPcy. As illustrated in
Section 2.3.1, solving CBPcl is challenging since it requires the determination of the opti-
mal price function p(y) instead of pricing a discrete set of bundles and has infinitely many
incentive compatability constraints of the type (3.33), one for each y. These issues can be
somewhat sidestepped by reformulating CBPcl as CBPcy which has finitely many con-
tinuous variables. However, since the resulting functions v;(+) are in general non-convex,
the problem remains challenging to solve, especially in the presence of Constraints (2.22).

First, we remark that it is possible to extend the approach used in formulating
CBP2d to solve the continuous case. In particular, the problem aims to find functions
l;(+),i=1,...,1, such that:

CBPcyd: min [;(Y)
li(y)

st Li(y) > lica(y) +uily) — c(y) i=1,...,1,0<y<Y
lo(y) =0 0<y<Y

l;(y) is non-negative and non-decreasing i=1,.... 1, 0<y <Y

(2.23)
(2.24)

(2.25)
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The above approach solves the continuous cardinality bundling problem by computing
Li(y) = sup{li-1(v') + vi(y) — c(v/) | ¥ < y} for each i.

We remark that the convex reformulation CBP2 (without the integrality constraints)
for the discrete case does not extend easily to the continuous case. Note that, for CBP2,
the bundle size that Consumer ¢ buys is y; = ijo Jjxi;j. At the binary values of z;;,
these reduce to ijo JTiy1j = Z}]:o Jjxij. However, when z;; take continuous values,
Constraints (3.7) are tighter: Z}]:o JTiy1; = ijl Z;’:l Tip1j = Zj’:l Z;-]:j/ Tiy1y =
Z}]/=1 Zj: T = Zj:l E?’:l T = z‘jjzo Jjx;j, where the inequality follows from Con-
straints (3.7). The converse does not hold for continuous values of xij.m This explains why
CBPcy is not convex although CBP2 is a convex program when the superfluous binary
restrictions are removed.

For a set, S, let conv(S) and proj, S denote respectively the convex hull of .S and
the projection of S to the space of x variables. Let {k;}7_; € [0,Y]/*!, where 0 = ko <

-+ < ky =Y. Consider y € R, with 0 < y, <Y for all 7 that satisfies Constraints (2.22)

and extend ¢/’ to (3, 2') € R x R™*7 so that

0 if y; < ]ﬁ}j,1 or ’y; > k?j+1
/ /
€T, = yi—kj—1 / 2.26
v kj_lj—kj if k’j_l <y, < k’j ( )
kji—y; . /
k;+1_kj if kj < Y, < kj+1,

\

16To see this, let J = 2 and define z;0 = x;0 = 0.5, ;1 = Tit1,0 = Tij+1,2 = 0, and Tit1,1 = 1. Then,
J . J .
although g j=0J%ij < g j=0JTi+1js TiJ £ Tit1J-
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where k_; and k;,, are understood to be 0 and Y + 1 respectively. Define
J J J
yZ:Z/{I]’ZIZ’ij,Vi; ijxij Zijl’i+1j,i21,...,[—1

S=3@a)| , ’
Zl‘ij = 1,Vz, Lijijr = O,Vi,j,j/ Z ] + 2; Tij 2 O,VZ,]

(2.27)
and observe that (v, z’) is the only solution in S that projects to 3. Next, we compute

conv(S).

Lemma 2.3.2 The convex hull of S is given by:

ZZL}]‘ == 1,VZ, Lij Z O,Vl,j
=0
(2.28)

Let A = {y | (2.22),0 < y; < Y,Vi}. Then, proj, S’ = proj, S = A. Further,

conv(proj, S) = proj, S".

By Lemma 2.3.2, the continuous cardinality bundling problem can be written as:

CBPcx : Max,,, {Zl <U, (Z k; xz]> e (jio ijij)>

"Max,,, {Zle <U(Zj o kizis) — (X, k:ja:ij)) ’ (y,x) € S} is a  reformulation  of

Max,, {Zle( (yi) — c(y; ) |y € A} which reduces to CBPcx since the objective only depends
on .

T € proj, S.} M
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We now show that when w;(-) and ¢(-) are piecewise linear functions whose break-

points form a subset of {ki,...,k,}, then CBPcx can be solved quickly. First, observe
that kj S Yy S kj+1,

k.

J
—y y—k;
wi(y) = —k]H wi(kj)JF—J wi(kj1) = zijwi(ky)+ i wi(kj) = inj’wi(kj')a
o

i1 — kj ki1 —k;

where the second equality is from (2.26), and the third equality is because it follows from
(2.26) that ;;; = 0 for all 7 & {j,7 + 1}. Similarly c(y) = ZLO x;;c(k;). We define
Wi = U)i(kj), C; = C(kj), and Vij = Wij — (I — Z) <wi+1j — U)Z‘j), where Wr+1j 1s understood

to be wy;. Then, CBPcx can be rewritten as:

1 J

CBPcxL : Max,,; {Z Z(Uz'j — ¢j)Ti;

i=1 j=0

T € proj, S.}

Now, since the objective is linear, by Lemma 2.3.2, we replace proj, S with proj, S” and

rewrite CBPcxL as:

J
CBPcexL2 : Maxxij {Z (Uij — Cj)il?ij
0

=1 j=

x € proj, S’} .

Thus, we have shown the following result.

Theorem 2.3.3 When w;(-) and c(-) are piecewise linear functions, whose breakpoints
form a subset of {ki, ...k}, the continuous cardinality bundling problem can be solved

as CBPcexL2.
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Observe that CBPcxL2 is identical to the discrete cardinality bundling problem CBP2 for
which we developed an O(/.J) algorithm in Section 2.2.2. Therefore, it follows from Theo-
rem 2.3.3 that the continuous cardinality bundling problem with piecewise-linear functions

can be solved in O(1.J) time.

Corollary 2.3.4 When w;(-) and c(-) are piecewise linear functions, whose breakpoints
form a subset of {ki, ..., ky}, there exists an optimal solution where every consumer pur-

chases a bundle in {ky, ... k;}, i.e., y; € {k1,...,k;} foralli.

Now, we relax the assumption that w; and ¢ are piecewise linear functions and
consider the more general case of Lipschitz continuous functions. Recall that a function
f(x) is said to be Lipschitz continuous with Lipschitz constant L, on an interval [a, b], if
there is a non-negative constant L such that | f(x1) — f(z2)| < Ly|xy — 2o for all 24, x4
that belong to [a, b]. We assume that w;(y) and ¢(y) are Lipschitz continuous with Lipschitz
constant 5. We will construct piecewise linear approximation for w;(y) (resp. ¢(y)). Say,

€

we wish to approximate the solution within €. Then, we choose k£ = {CIESVE] and J = f%}

Welet k; = jkforj€0,...,J —land k; =Y. Then, for k; <y < k;,1, we define

kilq — — k. kilq — — k.
k j+1 — Y Y j k j+1 — Y ) j
w (y) w ( ]) + kj+1 _ kjw ( j+1) c (y) kj+1 _ k] C( ]) + kj+1 _ k] C( ]+1)

Observe that w’(+) and ¢*(-) are piecewise linear functions. Let I1¢ be the optimal value of
CBPcx and IT* denote the optimal profit when w? (y) and ¢*(y) are the WTP for Consumer

1 and the cost for producing y.
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Theorem 2.3.5 For a given ¢, define k = T . Then, IT* < TI¢ < I1* + €. Further, 11*

2111)5

can be computed in O (M + [) time.

2.4 Conclusion

Pricing of cardinality bundles has not been widely studied in literature although this
bundling scheme is increasingly being adopted in industry. Our paper provides a compre-
hensive analysis of the problem when the consumer’s willingness to pay satisfies Spence-
Mirrlees condition and consumers are restricted to buy only one bundle. In this paper,
we first study the cardinality bundling problem in the context of discrete bundle sizes, the
problem first considered in [1]. We provide a solution approach that can solve the problem
efficiently. Then we use the underline structures from the discrete problem to revisit the

quantity discount problem proposed in [2] and derive insights and solution approaches.
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3. CARDINALITY BUNDLES WITH COMPLEX COSTS

3.1 Introduction

Cardinality bundling, or, in short, CB, is a kind of bundling strategy where bundles
of equal cardinality or size are sold at the same price. One example of how firms adopt CB
is the way Disney World sells themepark tickets. Consumers can purchase multi-day (2, 3,
4 or 5 day) passes from Disney World. A consumer who purchases a 2-day pass can choose
any two themeparks and enter each one for one day. Similarly, a consumer who purchases
a 3-day pass can choose any three themeparks and enter each one for one day, and so on so
forth. The key characteristic of CB is that the vendor only prices for the cardinality of its
goods and let consumers choose the combination of goods they want under the cardinality.

In fact, CB has been adopted by a variety of firms in practice. For example, Eastlink,
a cable TV service provider in Canada, sells bundles of either 12 channels or 20 channels
and let consumers pick which channels they would like to include in the proposed bundles.
Similarly, Netflix, the online DVD rental firm, prices subscription options based on the
number of DVDs a consumers rents each time.

Actually several other types of bundling have been adopted in practice. The first
one is mixed bundling, wherein every possible combination of goods is sold at a possibly

different price. Mixed bundling is the most profitable bundling strategy. However, [4]
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shows that the pricing problem for mixed bundling is only tractable when the number of
goods is small. Other two types of bundling considered are: component bundling and
pure bundling. In component bundling, individual components, rather than the bundles,
are priced. In pure bundling, only a bundle with all possible products is sold. Pricing for
these two types of bundling is relatively easy. But in most cases, these two strategies do
not guarantee optimal profits. [6] shows that in many cases CB is close to the profitability
of mixed bundling and more profitable than component pricing and pure bundling.

The models presented in this paper extend the CB models in [9]. Before we go into
the details of [9], we first review the literature on CB. [1] is the first analytical modeling
paper which studies the pricing of CB. They build the basic CB model assuming that con-
sumers’ reservation price satisfy Spence-Mirrlees Single Crossing Property (SCP). Their
basic model and the SCP assumption are also used in [9] and this paper. They also explore
the properties of the optimal solution for the CB problem. [5] relax the SCP assumption and
propose a nonlinear mixed-integer programming approach to analyze the CB problem. [6]
use computational and empirical results to show that in many cases, CB is as profitable as
mixed bundling.

[9] solve the basic models of CB problem. They first consider the model presented
in [1] and show that it can be solved as a linear programming (LP) problem within polyno-
mial time. They also consider a continuous version of the CB problem where the vendor
can price bundle sizes at continuous values rather than being restricted to integer values,

same as the quantity discount problem that is explored by [2].
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This paper extends [9] in three ways. First, we show that the basic CB model
in [9] can be reformulated as a shortest-path problem. The network structure underlying
the shortest-path formulation provides many insights into cardinality bundling . Second,
we modify the model to include a fixed costs for the vendor to add an additional bundle and
show that with the fixed costs, the problem can still be solved as a shortest-path problem.
We notice that [5] has a similar setting of including fixed costs. The third extension is to
analyze the CB problem without additively separable cost structure. We prove that even
without additively separable cost structure, if the production cost is submodular, the above
two kinds of problems are still solvable in strong polynomial time. Solutions we developed
here can be implemented to a wide scope of industries where economies of scale exists in

production.

3.2 Basic Model and a Shortest-Path Reformulation

In this section we first review the model and some important results from [9].! Then
we show that the problem can be reformulated as a shortest-path problem. The shortest-
path structure we develop here not only reveals a simple structure for the CB problem, but

also paves a way to solve more complicated problems in the following sections.

3.2.1 Basic Model

The model is developed from a vendor’s perspective who sells J products to 1

consumers in the market. In the following, we denote the bundle of size j as Bundle ;.

'Please refer to [9] for a complete version of the mode setup and analyses.
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WLOG, all bundles, 1, ..., J are assumed to be offered in the market. We denote the price
of Bundle j as p; and the cost of Bundle j as c;. The vendor’s objective is to maximize the
profit, which is calculated as the sum of all prices for all the bundles sold minus the sum
of all the costs for the corresponding bundles. We use Bundle 0 to represent consumers’
choice of not purchasing and set py = 0 and ¢y = 0.

We denote the willingness-to-pay (WTP) of Consumer i for Bundle j as w;;. For
each consumer 7, WTP is assumed to be non-decreasing with the bundle size and w;
is assumed to be zero. Each consumer ¢ is assumed to only purchase one bundle, j €
{0,1,2,..., J}, that maximizes her surplus calculated as w;; — p;. Let x;; be 1 if Con-
sumer ¢ € {1,2,...,/} buys Bundle j € {0,1,2,...,J} and 0 otherwise. Then, CBP can
be formulated as follows [?, see]]hittO1:

Let x;; be 1 if Consumer i € {1,2,...,1} buys Bundle j € {0,1,2,...,J} and 0

otherwise. Then, the problem can be formulated as follows [?, see]]ktw14a:

I J
CBP1: Max Zzﬂvij(]?j—cj)

B
J
S.t. Z(U}ij/ — pj’)xij’ > Wi; — Py \V/Z, \V/.] (31)
§'=0
J
D ay=1Vi (3.2)
§=0
po =0 (3.3)
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Constraints (3.2) represents the assumption that each consumer purchases one bundle. Con-
straints (3.1) requires that consumer surplus from the purchased bundle to be no less than
that from any other alternatives.

Following [9], we assume that consumer valuations satisfy the Spence-Mirrlees
Single Crossing Property (SCP) [?, see]]spence01, stating that consumers can be ordered
by types. Higher type consumers (with higher indexes) are willing to pay more on each
bundle size than lower type consumers (with lower indexes) do, and more for each addition

unit. Thus, we impose the following ordering on the consumers’ WTP for the bundles:

Wi > Wi Vi > ?:/, 3.5

Wyrj — Wy 4t Vi > /i/, VJ > j/- (36)

g
g
Vv

In [9], the authors explore a few properties of the optimal solution of CBP1. Next,
we review one of those properties that is especially useful in the extended models which
will be discussed later on. Proposition 4 in [9] states that consumers with higher indexes
always purchase bundle sizes larger than consumers with lower indexes. Thus, we can add

the following redundant yet useful constraints into the model:

J J
S wmip =Y wpi=1,...,1-1Vj (3.7)
J'=J J'=3
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Notice, the proof of this proposition still holds even if there are fixed costs in the model
(discussed in Section 3.3) or the costs have a general submodular form (discussed in Sec-

tion 3.4).

3.2.2 A Shortest-Path Reformulation

[9] demonstrates that a solution to CBP1 can be obtained by solving a linear pro-
gramming problem. Next, we show that CBP1 can also be solved as a shortest path prob-
lem.

Following [9], we use the following formulation to linearly transform the WTP

matrix w;; to another matrix v;;:

vij = wij + (I — i) (wi; — wiy1;) (3.8)

The way we transform w;; to v;; plays an important role in developing the solution approach
for CBP1. A detailed discussion on the definition of v;; and its implications is provided
in [9]. In short, v;; captures that when the vendor allocates Consumer ¢ to purchase Bun-
dle 7, how his revenue will change. It combines the gain from the bundle sold and the
loss from vendor’s decremental ability to extract surplus from consumers other than 7. by

transforming w;; to v;;, we are able to reformulate CBP1 to a shortest-path formulation.
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Theorem 3.2.1 CBP1 is equivalent to the following shortest path problem on a graph

which has 21(J + 1) + 2 nodes and (I +2)(J + 1)+ (I — 1)(J + 1)(J + 2)/2 edges:

I J
CBP3: Ming ., — Z Z(Uij — ¢j)Tij

i=1 j=0
J
st Xoo =1 (3.9)
j=0
Xo00j; = T1j (3.10)
J
> xig=1 (3.11)
j=0
X150 = Z1j (3.12)
J
§'=3
J
S Xicwgrg = i Vi Y (3.14)
J'=0
Xijjr € {0, 1} Vi Vj V5" > j. (3.15)

The problem formulation in Theorem 3.2.1 can be seen as a shortest-path problem on a
suitable acyclic network. Therefore, one can use a combinatorial algorithm that traverses
the vertices in the order generated by a topological sort and finds the shortest path in linear

time.

Example 3.2.2 Consider a scenario with [ = 4 consumers, J = 4 bundle sizes, and costs
c; = 0 for all j. Suppose the WTP for the consumers are as given in Table 3.1. It can be
verified easily that they satisfy SCP. The corresponding v;; values are also shown in Table

3.1.
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Table 3.1.: WTP and v;; values for Example 3.2.2

Bundle Consumers’ WTP Bundle Vij
size Il ]2 ]3 I4 size Il IQ Ig ]4
0 0 O 0 0 0 0O 0 O 0
1 26 36 58 100 1 -4 -8 16 100
2 47 62 91 180 2 2 4 2 180
3 58 77 113 221 3 1 5 5 221
4 62 83 123 240 4 -1 3 6 240

We illustrate the shortest-path structure of CBP3 on Example 3.2.2.Figure 3.1 illustrates
the associated network where the source node is the top-left node and the sink node is
the bottom-right node. One unit of flow starts from the source node, travels through the
network, and finally arrives at the sink node. Each edge in the network is directed from
left to right. Observe that, the edges in the network point sideways or downwards, but not
upwards. It is consistent with Proposition 4 in [9], stating that the consumers with higher
indexes purchase weakly larger sized bundles than consumers with lower indexes. The
network has a multipartite structure, each partition corresponding to a consumer. Apart
from the source node and the sink node, there are 2/(J + 1) nodes, with two nodes for
each pair of consumer and bundle size. There are two types of edges in the network, solid
and dotted. The solid edges connect two nodes that correspond to Consumer ¢ purchasing
Bundle j and the dotted edges connect the different partitions of the network. The variable
x;; indicates the flow on the solid edge, and ;- 1s the flow on the dotted edge that connects
the end node of the edge with x;; flow with the start node of the edge with x;; j» flow. The
per unit cost of flow through the solid edge is —v;; + c¢; whereas there is no cost for the

flow through the dotted edge. In Figure 3.1, there are two numbers shown above each
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solid edge. The number outside the parenthesis is the cost per unit flow on the edge. The
number inside the parenthesis is the shortest distance to this node from the source node. The
actual assignment of consumers to bundles is obtained from the nodes that the shortest path
visits.Observe that, the shortest path can be computed by keeping track of the predecessor

of each node.

X10 ° X20 ° X30 ° X40

44 8 (@8) - -16(-16) -100(-116)
X G X2t Tl Xxat b xad
2(-2)0 -4 (-B)1 -2 (-8). -180(:196)
X1z X22 o xaz o xa

AN BT B (12)) -221(-287)

X13 X23 X33 X43

1(1) | -3(:5) | -6 (-13) -240(-256)
X14 . ‘ X24 . X34 . X44 .

Figure 3.1.: The shortest path problem formulation for Example 3.2.2

We remarked earlier that the algorithm for solving the shortest path problem on an
acyclic network takes linear time. Since this network has O(I.J?) edges, a straightforward
implementation takes this much time. However, we can exploit the network structure to
make the algorithm faster. We traverse the nodes, one consumer at a time, from left to
right. For each consumer, we visit the nodes from smallest bundle size to largest bundle
size. For each pair of consumer and bundle sizes, (i, j), there are two nodes, namely the
start and end node of the edge with z;; flow. We denote the longest path to the start node
of (i +1,7) as [;;. Then, define [;; = max{l;;_1,l;_1; + vi; — ¢;}, where [, is understood
to be zero. These computations take O(/.J) time and solve CBP3. The formulation of this

method is exactly the same as that of CBP2b given in [9].
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3.3 Fixed Costs

In this section, we discuss the CB problem with fixed costs in setting up each bundle
size. Such an extension is particularly important to vendors, such as on-line music stores,
who could provide a huge amount of bundle sizes in the market. In fact, vendors in many
industries will limit the number of bundles they provide to the consumers. For example,
Eastlink only sells bundles of 1 channel, 12 channels, and 20 channels in the market. One
important reason is that setting up and managing each additional bundle size is costly to
the vendor. We notice that the nonlinear mix-integer model developed in [5] has a constant
fixed cost to add each additional bundle size. Next, we modify CBP1 to handle the situation
when the vendor incurs a fixed cost f; if at least one consumer is allocated to Bundle j. All
the other settings and assumptions in CBP1 are not changed.

Let o; be 1 if Bundle j € {0,1,...,J} is available in the market and 0O otherwise.

Then, the CB problem with fixed costs can be formulated as follows:

Tij,P5,05 .
=1 7=0

I J
CBPf: Max > aylpj—c;)— > f0
j j=0
st (3.1),(3.2),(4.2),(3.4)

0; € {0,1} Vi, Vj. (3.17)

Constraints (3.16) requires Bundle j to be available on the market if it is purchased by
any consumer. The additional item — Z}]:o fjo; in the objective function represents the

deduction in profit due to the fixed costs. Obviously, if f; = 0 Vj, then CBPf is same as
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CBP1. Interestingly, we can modify the shortest-path formation CBP3 to make it be able

to solve CBPT.

Theorem 3.3.1 CBPf is equivalent to the following shortest path problem on a graph

which has 21(J + 1) + 2 nodes and (I +2)(J + 1)+ (I — 1)(J 4+ 1)(J + 2)/2 edges:

1 J

J I J
CBP3f: Ming,, , — > 3 (y—c)zg+ > 3. ¥ Xupls
0

i=1 j= i=1 j=0 j'=j+1

s.t. (3.9),(3.10), (3.11), (3.12), (3.13), (3.14), (3.15).

Observe that the only difference between CBP3 and CBP3f is that there is an additional
item in the objective function of CBP3f: + Zle Z}]:o Zj,: ;41 Xijj fj- The interpretation
of this change is actually straightforward. In any solution of CBP3f, when y;;;; = 1 for
some 4, j, and j > 7j, it captures that conditionally on Consumer i is allocated to Bundle j,
Consumer 7 + 1 is allocated to a larger size Bundle j larger than Bundle j. As a result, the
vendor incurs a fixed cost f; to make Bundle ;' available and thus reduces his profit by the
same amount.

We now add fixed costs to Example 3.2.2 to illustrate the underlining shortest-path

structure of CBP3f.

Example 3.3.2 In the setting of Example 3.2.2, add f, = 2, fo =5, f3 =4, and fy = 3 as

fixed costs for setting each bundle size accordingly.

Figure 3.2 illustrates the associated network of CBP3f. It is quite similar as the

network of CBP3 shown in Figure 3.1. The only difference is that in Figure 3.1, there is
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0 0 0 0
5 X10 % X20 % X30 % X 40
2 2 2 2
4 8 -16 -100
3 X1 .3 X21 .3 X31 .3 X 41
5 YAl s “hl s YN8
-2 3 5 -4 3 5 -2 3 5 -180
& X . ); X ( } \ X Q
4 “x12 4 “x2 4 “xa3 4 x4
4 4 4
3 4 3 4 3 4
) -1 v -5 L -5 ‘:' -221
X 13 X 23 X 33 X 43
3 3 3
1 L3 \ -6 \ 241 \
X 14 X 24 X 34 X 44

Figure 3.2.: The shortest path problem formulation for Example 3.3.2

no cost for any dotted edges, but in Figure 3.2, each downwards dotted edge has a cost for
the flow to go through. Each downwards edge represents that the next consumer purchases
a different bundle size than the one purchased by the the previous consumer, and therefore,
the vendor need to incur a corresponding fixed cost to make this bundle size available.
Notice that the all there is no cost for any sidewards dotted edge, representing that if the
next consumer makes the same purchase decision as the previous consumer, the vendor will
not incur any new fixed cost. Same as CBP3, the shortest path on this graph represents the
optimal solution of CBP3f.

We next show that there exists a fast algorithm to solve CBP3. We next show that
CBP3f can be reformulated to the following CBP3a, and then show that there exists a fast

algorithm to solve the dual of it.

Proposition 33.1 Vie {1, 2, NN ,I}, VJ € {0, ]_, ceey J}, Leta,»j = Tyij, bij = ZJ,—:lO Tijr—

J

D b0 Tiv1 g Cip = D kg Xim1,jrj, and dig = xi 1 j, where x;, Vj and xo;50, Vi, Vj' are
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understood to be 0. Let a1 ; = bry1j = cry1 = drv1; = 0, V5{0,1,...,J + 1}, and
aigi1 =bigy1 = Cigr1 = d; g1 =0, Vi{1,2,..., 1 + 1}. Then, CBP3f is equivalent to

the following CBP3a:

1 J I J
CBP3a : - £\4ax 0 Z Z(Uij —Cj — fj)Cij + Z Z(UU — Cj)dij
Hagnciantis Ty i i=1 j=0
S.1. Q5 + bij — bi’jJrl — Cit1,5 = 0 VZ, VJ (318)
—Q4 541 + Cij + dij - di+1,j =0 VZ, Vj (319)
a[J+b]J+C]J+d[J:1\V/i, \V/.] (320)
Qi > O; bij > O;Cij > O;dij >0 \V/Z, \V/j (321)

Theorem 3.3.3 CBP3d is the dual of CBP3a and can be solved within O(I.J) time.

CBP3d: Min =z

L2,
st >0 i=0,... 1 j=1,....J (3.22)
Iy >0 i=0,....1;j=1,...,J (3.23)
B>l +vg—c—fii=1,...,1; j=0,....J (324
B> vy —ci=1,...,1; j=0,...,J (3.25)
2> (3.26)
z> 1, (3.27)
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3.4 Submodular Cost Function

In this section, we go back to assume there are no fixed costs and focus on another
extension on bundle costs. In [9], the authors solve CB problems with both the discrete
bundle sizes and the continuous bundle sizes. For both cases, the authors assume a separa-
ble cost structure, i.e., the cost of goods sold to a consumer depends only on the bundle size
she buys. As mentioned before, this cost structure was studied earlier by [1] and [2]. Ob-
serve also that the shortest-path algorithm applies even if the costs are consumer-specific,
i.e., c; are replaced with c;;. Nevertheless, cost structures, such as scale economies, cannot
be accommodated even with consumer-specific costs. For example, these models cannot
capture a cost-component that is concave in the sum of the bundle sizes sold to the con-
sumers. This is because the cost of selling an additional unit to a consumer depends on
what other consumers purchase. In this section, we extend our analyses to a more general
cost structure. We remark that although we express these changes in terms of costs, they
can also be used to model additional value generated for the vendor by sale of extra goods
to consumers. For example, these ideas can be used to model a convex value function that
depends on the total sales, which may capture benefits due to externalities or larger market

presence.

3.4.1 Discrete Case

In this section, we consider the discrete case where Bundles 0, . . ., J are offered by

the vendor, and a cost function C’(j1, ..., j;) — where, for each 4, j; represents the bundle
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size allocated to Consumer 7 — is submodular in {jy,...,j;}. We define z;; = 3.7,

j'=j Tis-

Then, observe that x;; = z;; — 241, where z;;,1 1s understood to be zero. Also, observe

that the bundle j; that Consumer ¢ purchases is:

J J J J J J
j=0 j'=1

j=1 j'=1 §'=1j=5"

If we define C'(z) = C' (ijl Zijy e Z;.Izl z[j) , then the vendor’s decision problem is:

1 J
CBPg . Maxzij Z Z vij(zij — Zij—‘rl) - C(Z)

i=1 j=0
s.t. zip=1 Vi (3.29)
s> g VB Vi< J—1 (3.30)
s < ziny  Vi<I—1 Y 3.31)
zi; €4{0,1}  Vi; Vj. (3.32)

Given the definition of z;;, Constraint (3.29), Constraint (3.31), and Constraint (3.30) are
equivalent to Constraint (3.2), Constraint (3.7), and the non-negativity of x;; variables re-

spectively. Therefore:

Proposition 3.4.1 The feasible region of CBPg (resp., relaxation of CBPg with no inte-

J

grality constraints on z) is obtained via a one-to-one linear transformation z;; = =i

Lij
from the feasible region of CBP2 (resp., relaxation of CBPg with no integrality constraints

on ).
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We next show that the feasible region of CBPg forms a lattice family [10]. A family
C of sets is called a lattice family if for all A, B € C, itholdsthat AU B, AN B € C. A
set A can be mapped into binary values using its incidence vector, i.e., a vector y whose
entries are labeled with the elements of the universal set and Y = 1 < i € A, otherwise
x = 0. We claim that the binary solutions feasible to CBPg are incidence vectors of a
lattice family. In order to show this, consider two feasible solutions z! and 22 and construct
2’ (resp., 2”) such that zj; = max{zj;, z;} (resp., z; = min{z};, 27 }). We verify that 2’
and z” are feasible to CBPg. First consider z’. Constraints (3.29) and (3.32) are obviously
satisfied. The following shows that 2’ satisfies Constraint (3.30): 2j; = max{z}j, zfj} >
1 2

1 2 ! : 4 1
ziib > max{z;, 25,1} = 2,1, Where the inequalities follow because z

max{zzjﬂ, &

and 22 satisfy Constraint (3.30). Similarly, it follows that 2’ satisfies Constraint (3.31). The
arguments for showing feasibility of z” are similar. We refer to 2’ (respectively, z”) as the

join (respectively, the meet) of 2! and 2?2 and denote it as 2! \V 22 (respectively, z! A 22).

Proposition 3.4.2 For any = in the feasible region of CBPg and i € {1,...,1}, let j; be

as given in (3.28). Then, C(z) is submodular over the feasible region of CBPg.

We remark that Proposition 3.4.2 only shows the submodularity of C'(z) for points
feasible to CBPg.> We now show that CBPg can be solved in strongly polynomial time,

which thereby yields an efficient algorithm for the vendor to price the bundles.

2Consider, for example, allocations x! and 22 such that, for some 4, z}; = 0.5, z}; = 0.5, and 27, = 1. Let
2! and 22 be the corresponding solutions in the z-space and define 2’ = z' Vv 22 and 2" = z' A 22. Then, it
follows that 2} = (1,1,0.5,0.5) and 22 = (1,1, 1,0). Using (3.28), the first solution corresponds to j} = 2,
and the second solution also corresponds to j2 = 2. But, 2/ = (1,1,1,0.5) and 2! = (1,1,0.5,0) and the

corresponding j; = 2.5 whereas j/’ = 1.5. Therefore, for general z, the submodularity does not follow.
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Theorem 3.4.1 If C(z) is submodular over the feasible region of CBPg, and for a given
z, C(z) can be evaluated in strongly polynomial time, then CBPg can be solved in strongly

polynomial time.

We remark that the algorithm that is used in Theorem 3.4.1 to solve CBPg in poly-
nomial time is based on extending C'(z) from the lattice family to a submodular function

Ix(J+1) which still attains the same maximum. Then, the new function can be

over [0, 1]
maximized in polynomial time using the algorithm of [11] or [12]. Exposing the structure
of this problem brings many tools from supermodular optimization that can be used to bear
on the cardinality bundling problem. For example, one can readily say that the optimal
solutions of CBPg forms a non-empty subcomplete lattice of its feasible set [?, Corollary
2.7.1 in]]t98.

We now consider a more interesting application. Assume that C'(z) = C"(m, z)
where m are some parameters of the cost function. Assume C”(m, z) is submodular in
(—m, z) space. Then, it follows from Theorem 2.7.6 in [13] that the optimal solution is a

supermodular function of m. In the setting of Section 3.2, this can be interpreted by letting

m denote the marginal cost vector, i.e., m; = ¢; — ¢j_1. Assume now two settings, with

1 2 2

marginal costs m! and m? and assume m' > m?. Then, the reduction in profit for an
increase in m! by some A is no more than the reduction in profit for an increase in m? by
the same A.

In this setting, we can also extend the result of Corollary 11 in [9]. According to
this corrollary, if the marginal cost decreases, then every consumer will shift to purchase

weakly larger sized bundles. First, we provide a standard definition of set ordering. Given
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two sets of allocations X’ and X" we say that a set X’ T X", or that X' is smaller than X",

if for every allocation 2’ € X" and z” € X", itholds that 2’ A 2” € X" and 2’ V 2" € X"

Corollary 3.4.2 If C"(m, z) is submodular in (m, z) then the set of optimal solutions of
CBPg are increasing in m, i.e., consumers buy non-increasing bundle sizes with increase
inm. Let m' > m? and assume that C"(m, z) has strictly increasing differences in (m, z).

If 2/ (resp. 2") is an optimal solution to CBPg with m! (resp. m?) then ' > 2".

3.4.2 Continuous Case

In this section, we explore the extension of the continuous case to allow for sub-
modular cost functions. The continuous case with separable costs are discussed in [9].
Here we first briefly review the model. The model is similar to CBP1 except that we use
a continuous variable y € R to represent the bundle sizes, instead of using an index j to
denote discrete sizes. Then all the other variables z;; and p;, and parameters w;; that are
previously indexed with j ,now become a function of y: x;(y), p(y), and w;(y). Thus the

continuous problem can be modeled as:

CBPcl: Max (p(y:) — c(yi))

vir(y)

st wi(yi) — plys) > wi(y) — ply) Vi Vy. (3.33)

Next, based on CBPc1, we discuss the continuous case with submodular cost func-
tion. As before, we define v;(y) = w;(y) — (I —1) (w1 (y) —w;(y)) for all 4, where w1 (y)

is assumed to be w;(y). Then, , we reformulate the cardinality bundling problem as:
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1

CBPgcy : Max,, sz(yz) —C'(y1,- -, y1)

=1
0<y, <Y Vi (3.35)

where we assume that C’(y) is submodular in y. Let k(-) : {0,...,J} — [0,Y] be such
that 0 = k£(0) < --- < k(J) = Y. We assume that for all 7, w;(y) are piecewise-linear with
breakpoints that belong to {k(0),...,k(J)}. In [9], we also assumed piecewise-linearity
for the cost. We extend this assumption to the current setting. Observe that this requires
some detail since C’(-) is now a multi-dimensional function.

Consider ay € R that is feasible to CBPgcy. For each i, let a(y;) = arg min;{y; —

k(7) | k(j) < wyi}. Ifk(a(y;)) = Y define g(y;) = 0, otherwise define g(y;) = k(a(gz);kl()“ff()i(yi)).
Assume that 7 = (7(1),...,7([)) is a permutation of {1,..., I} that sorts g(y;) such
that g(y-y) > -+ > 9(Yxu)). If g(y;) = g(ys) for some i < 7', we assume that
7 1(#') < 7 1(7). Let €' be a unit vector such that ¢! = 1 and e}, = 0 for ¢ # 4’. For
r = 0,...,1, define a” = (a(y1),...,a(yr)) + d.;_, e™@. Let y" be defined so that
yl = k(a}) if a] < J and y] = Y otherwise. It is clear that, for all i, y} € {ko,...,ks}.
Therefore, y" satisfies Constraint (3.35). We now argue that aj < a;,, for: < I — 1. Ob-

serve that this implies that y" satisfies Constraint (3.34) and is feasible to CBPgcy because

k(j) < k(j") for j < J'.

Lemma 3.4.3 a; < aj , fori < I — 1. Consequently, y" is feasible to CBPgcy.
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For notational convenience, define 7(0) = 0, 7(I +1) = I + 1, g(yo) = 1, and
9(yrs1) = 0. We now assume that C"(y) > 37 (9(Yxr) — 9Yn(rr1))) C'(y"). For ex-
ample, we discuss later that this property is satisfied by piecewise linear or concave cost

functions. Observe that, for all r, ¢(yx(-)) —9(Yr(r+1)) > 0 and 27{:0 (9(Ynr) = 9(Yrira1))) =

9(yo) — g(yr+1) = 1. Furthermore

> (9Wr)) = 9Wneesn)) Ui

r=0
i) —1

=k(aw)) Y (9Wrw) — 9Wners) + Rlaly) +1) ) | (9W=()) = 9WYr(r11)))

r=0 r=m—1(i)
= k(a(y))(1 — g(vi) + k(a(y:) + 1)g(y:)
= Yi-

(3.36)

Therefore, y can be expressed as a convex combination of feasible points y", r = 0,...,[
and we have assumed that the convex combination underestimates the cost. This hypothesis
is sufficient to show that the solution of the continuous cardinality bundling problem can

be restricted to lie on the breakpoints.

Theorem 3.4.4 Assume w;(-) are piecewise linear with breakpoints in {k(0),..., k(J)}.

Further, assume that C'(y) is submodular and C'(y) > S2!_, (9(Yrr) = 9(Yrr1))) C'(Y7).
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Then, there exists an optimal solution y* to CBPgcy that is such that, for all i, y; €

{k(0),...,k(J)}. Let z* be optimal to

J
CBPgcz : Max,,, {Z > iz — zi41) — C(2) | (3.29),(3.30), (3.31), (3.32)} 7
where, C(z) = C" (ijl(k(j) — k(= 1)) 215y 00 (R(G) — k(G — 1))zfj). Then,

y* may be chosen such that y} = Z}]:1 (k(j) — k(j — 1))z;‘]

Since, by Theorem 3.4.1, CBPgcz can be solved in strongly polynomial time, we

have the following:

Corollary 3.4.5 Assume w;(-) are piecewise linear with breakpoints in {k(0),..., k(J)}.
Further, assume that C'(y) is submodular and C'(y) > Zf«:o (9(Yrr) = 9(Yrrs1))) C'(Y7).
Then, CBPgcy can be solved in strongly polynomial time (assuming k(0), ..., k(J) are

part of the input).

We remark that Theorem 3.4.4 generalizes Theorem 16 and Corollary 17 in [9]. This is be-
cause the cost functions treated in [9] are additively separable, i.e., sum of one-dimensional
functions, which are always submodular. Further, piecewise-linearity assumed in [9] is
a special case of the requirement C'(y) > Y7 (9(Yr(r)) — 9(Ynr+1))) C'(y") in Theo-
rem 3.4.4. In fact, in the case of one-dimensional functions, the right-hand side is precisely
the piecewise linear function with breakpoints at (k(0),...,k(.J)). Since the inequality
holds trivially, the generalization follows. Similarly, the following result can be easily

obtained.
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Corollary 3.4.6 Assume w;(-) are piecewise linear with breakpoints in {k(0), ..., k(J)}.
Further, assume that C'(y) is concave and submodular. Then, CBPgcy can be solved using

CBPgcz in strongly polynomial time (assuming k(0), ..., k(J) are part of the input).

Now, we consider the general case, where the WTP and cost functions are not
necessarily piecewise-linear. We assume that w;(-) and C’(-) are Liptschitz continuous with
Lipschitz constant 3, i.e., for all 4, |w;(y;) — w;(y})| < Bly; — | and |C'(y) — C'(y')| <
Blly — v'||. We show that Theorem 3.4.4 gives an approach to approximate the solution
of this more general problem. We construct piecewise-linear approximations of w;(y) and
C’(-). Assume we choose k = m and J = [X]. We let k(j) = jk for j =

0,...,J —1and k(J) = Y. Then, we define: w¥(y) = 2%, (k(5)) + 2w, (k(j +

kjp1—k; 7t kjt1—k;

1) and C*(y) = X1 (9(ss) — 9(ynrs1))) C'(y7). Observe that w(-) and C'*(-)

satisfy the hypotheses of Theorem 3.4.4. Let II¢ be the optimal value of CBPgcy and II*
denote the optimal profit when w?(-) and C"*(-) are the WTP for Consumer i and the cost

function respectively.

Theorem 3.4.7 For a given ¢, define k = m Then, TIF < T1I¢ < I1* + €. Further,
II* can be computed in time that is polynomial in I, Y, j, %, and the time taken by the

oracle call to compute C'(y).

3.5 Conclusion

In this paper, we first extend the existing CB model to allow fixed costs in adding

additional bundles. We show that CB problem with fixed costs can be solved as a shortest-
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path problem. We then extend the CB model in another way to solve CB problem with sub-
modular cost structure. Such an analysis is especially useful when there exists economies

of scale in production.
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4. CARDINALITY BUNDLES WITH CONSTRAINED PRICES

4.1 Introduction

This paper studies a bundling schemed called cardinality bundling (CB). in CB,
vendors price for the number of goods and let consumers choose with specific products
they what. Pricing for toppings of pizza is a simple example of CB. In many pizza stores,
consumers are priced for the number of toppings regardless of the specific topping types.
Similarly, Disney World uses CB to sell theme park tickets. Instead of selling tickets for
each park separately, Disney World prices consumers for the number of visits to all its
theme parks. More generally, information goods providers such as Netflix and Block-
buster, telecommunication service providers such as AT&T, and cable TV providers such
as Eastlink, are also implementing CB in selling their products or services.

We next briefly review the literature on CB. [1] develop the first cardinality bundling
model. They discover some properties for the optimal solution of cardinality bundling
problem with assuming that consumers’ willingness-to-pays follow Spence-Mirrlees Sin-
gle Crossing Property (SCP). [6] show that the profitability of CB is more than component
pricing and pure bundling, and is close to that of mixed bundling by using computational
and empirical approaches. [9] analytically studies the optimal pricing strategies for CB

problems with SCP consumer valuations. They show that the optimal prices to the prob-
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lem can be obtained, in strongly polynomial time, by solving a linear programming (LP)
problem. Based on the network structure underlying the dual of the LP formulation, they
develop an algorithm to solve the quantity-discount problem proposed by [2].

The models in [1] and [9] assume that each consumer can only purchase no more
than one bundle. This assumption is valid in some industries. For example, each home
usually has no more than one cable TV connection and therefore is only able to purchase
at most one cable TV bundle. Other examples include toppings of pizza and cellular data
pricing plans. However, in some other industries, consumers are not restricted to only pur-
chase one bundle. For example, consumers can easily purchase multiple bundles of songs
at on-line music stores. As a result, the insights obtained by these works do not necessarily
extend to situations when the consumers may purchase more than one bundle. In this paper,
we relax the one bundle per consumer assumption. We introduce sub-additive constraints
on bundle prices to ensure that the consumer incentive compatibility is not violated even if
consumers are allowed to purchase more than one bundle of goods.

In reality, three main types of sub-additive price schemes are used in different in-
dustries. (1) Marginal decreasing prices (MDP) where the marginal price of each additional
unit is weakly decreasing, which is also known as multiple-part tariff pricing [14]. (2) Unit
decreasing prices where the unit price of each bundle is weakly decreasing. Since this type
of price scheme is first introduced by [6] as bundle-size pricing (BSP), we also call it BSP
in this paper. (3) General form of sub-additive prices (CBSP) where the price of any bundle
is no less than the total price of any two other bundles which can together form the previous

one. In this paper, we study these various kinds of CB problems with different constraints
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on bundle prices. In order to get tractable and meaningful results, we additionally assume
Spence-Mirrlees Single Crossing Property (SCP) on consumers’ reservation price. We first
develop a shortest-path solution approach for MDP. Second, we propose a dynamic pro-
gramming algorithm to solve BSP. Third, we analyze the CB problem with sub-additive
prices and convert its MINLP formulation to a mixed-integer programming (MIP) one.
Finally, we provide analytical and numerical analysis on the gaps between different CB

models.

4.2 Marginal Decreasing Prices (MDP)

4.2.1 Model

In this section, we consider the cardinality bundling problem with marginal de-
creasing prices. The model is built upon that in [9] and we review it here for the sake of
completeness. In this model, a vendor implements cardinality bundling to sell his goods
and seeks a optimal price scheme for each bundle size to maximize his profit. Each con-
sumer makes her purchase decision to maximize her consumer surplus. If a consumer gets
negative surplus from all the bundle sizes, she will purchase nothing.

In this section, the vendor imposes marginal decreasing prices, or MDP, to insure
that for each additional unit, the marginal price is no more than that of the previous unit. It
is straightforward that if the marginal price for each additional unit is weakly decreasing,

than the price of any bundle will always be weakly less than the total price of any other two
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smaller-sized bundles which can form the previous one. As a result, any rational consumer
will never purchase more than one bundle.

Let i € {1,...,1} denote consumer indexes and j € {0,...,J} denote bundle
size indexes. Notice, Bundle 0 is included in the model to represent consumer’s choice of
purchasing nothing. Let p; and c; denote the price and cost of Bundle j. Let w;; > 0 be
the willingness-to-pay of Consumer 7 for Bundle j. Let z;; be a binary variable indicating
whether Consumer ¢ purchases Bundle j. Then, MDP can be formulated as follows:

1 J
MDP1: Max > > zi;(p; — ;)

Tij:Pj

i=1 j=0
J
S.t. Z(U)Z’j/ - pj’)xij’ 2 Wi — Py VZ, V] (41)
Jj'=0
po =10 4.2)
Pj—Pj-1 <DPj-1—pj2Vj>2 4.3)
J
> wy=1Vi (4.4)
§=0
z;; € {0,1} Vi, V. 4.5)

Following [1] and [9], we also assume that consumers’ WTP follows the Spence-

Mirrlees Single Crossing Property (SCP):

Wi > Wi Vi > ?:/, (46)

Wij — Wij > Wirj — Wit 5 Vi > i/, Vj > j/. (47)
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4.2.2 Properties of the Optimal Solution

First, we identify some properties of the optimal solution.! Let wii = wij —
w;j—1 Vi Vj > 1 and wij = 0 be the marginal WTP of each consumer i for each ad-
ditional unit of goods j. Let p7" be the marginal price for each unit of goods j. Similarly,

let ¢7* be the marginal cost for each unit of goods j.

Proposition 4.2.1 There exists an optimal solution to MDP1 that satisfies:

J J
> @iy =Y wmpi=1,...,I—-1 V) (4.8)
7'=j 7'=j

Proposition 4.2.2 There exists an optimal pricing scheme such that if two bundle sizes j

and j" are bought by some consumers and j' > j then py — cj > p; — c;.

Lemma 4.2.1 Among the consumers purchasing a non-zero bundle size, the lowest indexed

one is charged at her WTP in every optimal solution.

Proposition 4.2.1, 4.2.2, and Lemma 4.2.1 are proved in [9] when there is no con-
straints on bundle prices. In this paper, we show that in CB models such as MDP, BSP,
or CBSP, where the bundle prices are constrained with various kinds of conditions, Propo-
sition 4.2.1, 4.2.2, and Lemma 4.2.1 are still valid and therefore can be useful to derive
solution approaches for these problems.

In MDP1, we have an additional property that plays a critical roll to solve the

problem.

'All the proofs are omitted.
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Proposition 4.2.3 In the optimal solution, p’'"*, the optimal marginal price for any unit j,

satisfies the following condition:

p71n* € {Uﬂﬁ, o 7wﬁ}a p;n* S {wﬁa o 7wm‘ p;n—*l}v] > 27

'3

where i’ = arg Max{w]; < pj**,}. That is, the optimal marginal price for any unit j is
priced at the same marginal price as Bundle j — 1, or at some consumer’s marginal WTP

on Bundle j that is no more than p7™,.

By Proposition 4.2.3, we know that pi** € {w{j,--- ,w}}}, or, the marginal price
of the first unit is priced at one consumer’s marginal WTP for the first unit. Next, we
can easily get pb* € {wl}, -, wi, wii, -, wjs}, or, the marginal price of the first unit

is priced at one consumer’s marginal WTP for the first two units. Recursively, we have

T % m m m m
pj € {wlla"' y Wrp, Wy, =+, Wy,
m m
. ’wljj..‘ ,w[]}-

Proposition 4.2.4 Let vj;y = (I — i’ + 1)(w, — ') where i' = arg Min{wj;; > wi}}.
vjij capture how the total profit will change if the marginal price of Bundle j is priced at

the marginal WTP of Consumer i for Bundle j'.

Next, we convert MDP1 to a shortest path problem. Let z;;;/, j/ < j be a binary
variable to indicate whether the marginal price of Bundle j is priced at the marginal WTP
of Consumer 7 for Bundle j'. Let chz'?;.,, j/ < j,7" < j — 1 be a binary variable to indicate
whether the marginal price of Bundle j is priced at w;}, while that of Bundle j — 1 is priced

at w%?,. Let v%/,j' < j,7' < j — 1 captures how the total profit will change if X;JZ;, = 1.
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0 if W, = wi

i’

i7

Vi =4 0 if w < w? and j = j (4.9)

1 .
- Zizl w;y otherwise.
\

Then we can reformulate MDP1 to the following shortest-path problem:

Theorem 4.2.2 MDP1 is equivalent to the following shortest path problem on a graph

which has (I + 1)I(J + 1) + 2 nodes and no more than I3(J + 1)?/2 edges:

J I ] J I ]71 J 7’7/ ’:".',
T R 3) ) SITIVED 30 3 B 99 O 12
gt X0 J=0 =1 j'=1 J=0 =1 ji=1 =1 j'=1
I
st Y mp =1 (4.10)
=1
J I
DD sy =1 (4.11)
§'=1 i=1
] j_l ey
SN X =g, ViV < (4.12)
i=1 j/=1
! ] <7
i = 3N VIV VI <=1 @
i=1 j'=1
X7, e {01} ViV < ViV <j—1. (4.14)

4.3 Unit Decreasing Prices (BSP)

Instead of imposing the marginal decreasing prices, another way to solving the

problem without the single bundle restriction on the consumer is to impose a non-increasing
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unit price constraint on the prices set by the vendor. In such a case, naturally, no consumer

will have an incentive to buy more than one bundle to form the bundle of her desired

Pj+1
(G+1)

size. [6] considers such a restriction, % > Vj < J — 1, in their cardinality bundling
formulation and refer to it as the Bundle-Size Pricing (BSP). The vendor’s decision problem

is then

I J
BSP1: Max ZZ%j@j‘%‘)

KA "

st (4.1),(4.2), (4.4), (4.5),

pi/i > pi/G+1)Vi< T -1 (4.15)

The non-increasing unit price constraint is specified in Equation (4.15). Because of this
constraint, the problem does not retain the structure of the shortest-path problem for MDP1.
Notice, Proposition 4.2.1, 4.2.2, and Lemma 4.2.1 are still valid under BSP1 but Propo-
sition 4.2.3 is not valid anymore. We next develop some new properties for BSP1. From

now on, we relax the concavity assumption on consumers’ WTP.

Proposition 4.3.1 For a given price scheme, assume that Bundle j is purchased by some
consumer(s). Also assume that pj1,pjyo,- -+ ,py are all high enough so that no consumer
purchase any bundle size greater than j. If we reduce p;, to a certain level such that some
consumer change to purchase p;1, then this consumer purchases Bundle j before p;, is

changed.
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Next, we develop a unit-price based dynamic programming algorithm for solving
BS P, when the costs are separable in bundle sizes. In this algorithm, the unit prices can
only take discrete values. The feasible set of unit prices correspond to a grid of length e.
There are total & points on the grid. K is determined by K = W, /e, where W is last
consumer’s willingness-to-pay for the largest bundle size. We use the variable £ = 1 to
denote the individual grid points and u; as the corresponding unit price. largest bundle
size. Weuse k = 0,1, ..., K for grid step index and w, for unit price on grid step k.

According to the definition of BSP, all bundle sizes are available in the market and
the unit price of each bundle is no more than a smaller-sized bundle. Our algorithm start
with finding out the maximum total profit when the unit price of Bundle 1 is priced at uy
and the unit price of any other larger-sized bundle is also priced at u;. This situation is
same as providing all bundles with the same unit price u;. For each grid index &, we can
easily find out which consumer ¢ is the lowest type consumer starting to purchase and how
many units she want to purchase according to her WTP. Similarly, we can also find out how
many units each other higher type consumer purchases and then get the total profit by the
vendor. We denote this profit value as II;;;. More generally, let 11,;;, be the maximum total
profit if bundle size j is the first one to be provided at unit price wuy (i.e., the unit price of any
smaller-sized bundle is greater than u;) and consumer ¢ is the first one to start purchasing
this bundle.

We have already show how to calculate Il;;;, Vi, Vk. We can then calculate
9 Vi, VE, based on Il results. We use a function A(7, 2, k,7', 1, k") to calculate the

change in total profit for a reducing in unit price. It basically calculates which consumers
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will switch from purchasing Bundle 1 to Bundle 2 because of the availability of Bundle 2
and how many units each of these consumers purchase with the new unit price. Therefore,
we have Il;op = max Il + A(4,2,k,7,1,k"). By using the same recursive logic, we
can continue to calculate II;;;, for any larger bundle size j as well and can finally find the
optimal solution for the BSP problem.

The pseudo-code for the algorithm is shown as follows:

fori,7;1<=1,7 <= Jdo
Uy = wi;/J;
T K = H(iaj);
foril,jl,kl;i S le S [,j S]l S J,k’l S KdO
for is, jo, koj 1o < 11,52 < J1, ko < Ky do
Wiemp = iy joks + Alla, 2, Koy 41, J1, k1)
if Htemp Z Hiljlkl then
Hi1j1k1 = Htemp
end if
end for
end for
if maxy{Il;;x} > 11,4, then
Wae = maxk{HIJk};
end if

end for
Algorithm 1: A Dynamic Programming Algorithm for BSP

Theorem 4.3.1 When the costs are separable in bundle sizes, for any given total error €,
let the grid step length parameter be ¢ = 2¢,/(J + 1)JI. Then the proposed algorithm
guarantees that the gap between the optimal profit and the solution generated by the al-
gorithm is no more than ¢, Moreover, the computation complexity is O(I*J*K?), where

K:W[J/E.
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4.4 Sub-Additive Price (CBSP)

In the previous section, we remove consumers’ incentives to purchase more than
one bundle by imposing the non-decreasing unit price constraint. However, in some cases
it may be a more strict constraint than necessary. The following example illustrates that the

non-decreasing unit price constraint may reduce vendor’s profits.

Example 4.4.1 A music store can offer a single song for $4 each, and a bundle size 10 for
$10. If someone wants 11 songs, she needs to pay $14 to get a bundle and a single song,
which has a higher unit price than that of bundle size 10. Imposing the non-decreasing unit

price constraint in this scenario will reduce vendor’s profits.

To overcome this issue, we propose a CBSP model, cardinality bundling problems
with sub-additive prices, in this section. Formulating the CBSP problem is similar to BSP1,
except replacing the non-increasing unit price Constraints (4.15) with the following price
sub-additivity constraints:

. 1. .
pj <oy +pi—p Vi V5 < 5(9 +1)

Proposition 4.4.1 Solutions to CBP and BSP are respectively the lower and upper bounds

for CBSP.

CBP is the CB problem without any constraints on bundle prices. It is easy to understand
the rationale behind this result. On one hand, CBP is the same problem as CBSP except

that the price sub-additivity constraints are relaxed. One the other hand, price constraints
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in BSP are stricter constraints than sub-additivity constraints in CBSP, leading to an under-
estimation of CBSP.

When the costs are separable, it is possible to create an MIP formulation. Notice
that the nonlinearity of the objective function in CBSP comes from x;;p;. Therefore, we
introduce ¢;; = x;;p; to replace all the nonlinear items. By adding Constraints (4.20) -

(4.23), we can reformulate CBSP as an MIP:

I J
CBSP1: Max Z Z qij — T45Cj

Pt ST o0
J
st Y wy=1Vi (4.16)
=0
J
Z(wz‘jfﬂcijf — Qij') > wij — p; Vi, Vj (4.17)
i'=0
N
p; <pj+pi—y ViVy < 5(] +1) (4.18)
pi<pnVj<J-—1 (4.19)
qij > xijp]L vy (4.20)
¢ij < xijpﬁ-] Vj (4.21)
G > vy +p; —p; Vi (4.22)
L Ly
¢ij < xiypj +pj — p; V7. (4.23)

Here, pJL and ij are upper and lower bound for each p;. Constraints (4.20) - (4.23) ensure
that if z;; = 0, then ¢;; = 0, and if x;; = 1, then ¢;; = p;. Therefore, MIP formulation

C BS P, always has the same solution as the MINLP CBSP problem.
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Table 4.1.: Comparison of CBP, CBSP, and BSP
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Optimal profit Gap
Problem No. Problem size(I,J)  CBP CBSP BSP CBP BSP
1 20,20 152.384 149.884 148.679 1.67% -0.80%
2 20,20 0.8 0.78 0.775  2.56% -0.64%
3 20,20 16.199 16.123  16.119 047% -0.02%
4 20,20 22.536  22.536 22.504 0.00% -0.14%
5 20,20 39.435 39.014 38902 1.08% -0.29%
Average 46.271 45.667 45396 1.16% -0.38%

We also numerically evaluated how well the three mechanisms compare when the

costs are zero. Table 4.1 shows five numerical examples with 20 consumers and 20 bundles

sizes. All consumers’ WTP is randomly generated according to SCP. In Column three to

five, optimal profits for CBP, CBSP, and BSP are shown. We can see that for all the prob-

lems, CBP optimal value is (weakly) greater than that of CBSP which is (weakly) greater

than that of BSP. We observe that the gaps can be large when using CBP compared to BSP.

To investigate this issue further, we have also theoretically analyzed the gap between CBP

and CBSP, and that between BSP and CBSP when the costs are separable in bundle sizes.

Let IIf. 5 p, II59p, and II7. 5o p be the optimal profits if the vendor implements CBP, BSP,

or CBSP respectively.

Proposition 4.5.1 When the costs are separable in bundle sizes:

o The gap between the optimal profits of CBP and CBSP can be infinity.

max {

lepp } — 0.

*
HCBSP
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o The gap between the optimal profits of CBSP and BSP is smaller than a factor of 8.

H*
max {w} <s
HBSP

4.6 Conclusion

In this study, we first study the CB problem with marginal decreasing prices and
prove that it is a shortest-path problem. Second, we propose a dynamic programming
algorithm to solve the CB problem with unit decreasing prices. Third, we analyze the CB
problem with sub-additive prices and convert its MINLP formulation to a mixed-integer
programming (MIP) one. Finally, we provide analytical and numerical analysis on the
gaps between different CB models. We reconcile the differences in the optimal solutions
obtained via different formulations of cardinality bundling in the literature.

There are several ways to extend the current study. First, there is still room to im-
prove the performance of proposed dynamic programming algorithm for the BSP problem
by combining it with LP cuttings. Second, CBSP problem has only been converted to an
MIP, which is still N-P hard. Third, the gap analysis between MDP to BSP is still miss-
ing. Last but not least, analyzing cardinality bundling problems without Spence-Mirrlees

condition can provide a wider application of these pricing schemes in reality.
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A. Proof of Proposition 2.2.1

Proof Assume p’ is an optimal price vector that is not non-decreasing and k, the smallest
index for which pj, > pj.,,, is the largest among all optimal price vectors. We claim that
for every feasible solution to CBP1 and for all 7, z;; = 0. Otherwise, Constraint (3.2)
implies that x;; = 0 for all £’ # k. Since wy, < Wipy1, Wi — Pf < Wik+1 — Pyyq Which
violates Constraint (3.1). Therefore, x;; = 0. Consider now a price vector p such that
pj = pj forall j # k and pp = pgy1. Let (z,p') be feasible to CBP1. Since zy = 0,
the objective value for z is the same for both p’ and p. We claim that (x, p) is also feasible
to CBP1 and therefore the optimal value with price p does not decrease. This is because
Z}']':o(wij’ — pjr)Tijr > Z}]f:o(wz‘j' — Py )Tijr 2> Wik1 — Plyq = Wik — Pr, Where the first
inequality follows since p’ > p, the second because (z, p’) is feasible, and the last because
Wik4+1 > Wi, and p, = p),_ . Further, existence of &’ > k such that pys > py1; contradicts

the choice of p’. Therefore, p must be non-decreasing. [ |
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B. Proof of Proposition 2.2.2

Proof We show the result for a fixed price vector. Then, the first part follows by applying
the argument to an optimal price vector. Observe that there are finitely many solutions to
CBP1 in the x-space for a given p. We consider the allocations that yield the most profit
and order them arbitrarily. Let j;,(i') denote the bundle Consumer i’ buys in the k"™ such
solution to CBP1. Then, let k¥’ = arg max, ming {7’ | jx(i"”) > jr(:" + 1)}. This means
that £ is the optimal solution where the first consumer that buys a larger sized bundle than
her immediate successor is of the highest type. Leti € arg ming»{i" | jy (¢") > ji (/" +1)}.
Now, construct the solution j(-) where j(i') = ji/(i') wheni’ # i+ 1 and j(i+ 1) = jr (7).
We show that j(-) is a feasible assignment of bundles to consumers which achieves at least
the same objective function value, thus deriving a contradiction to the choice of £’. Since
we do not change the assignment for any ¢’ # i+ 1, we only need to verify that j(-) satisfies

Wig1j(i+1) —Pj(i+1) = Wit1;—p; forall 7. Now, consider the following chain of inequalities:

0 > Wiy, 6) = Pig (i) — Witlj, (i+1) T Pj(i+1)

Y

Wijy (i) — P (i) — Wigiyy (i41) T Pjpor(i41)

IV

0,
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where the first inequality follows because i + 1 chooses j;/ (i + 1), the second inequality
because jkl (Z) > jk:’ (Z—l— 1) 1mphes by SCP that ’wi+1jk/(i) —’wi+1jk, (i+1) Z wijk,(i) —wijk/(iﬂ)
and the last inequality because i chooses jj/(i). Therefore, equality holds throughout.

Then, for any 7, it follows that

Wit 1j(i+1) — Pji+1) = Witlg, () — Phps(s) = Witlg, (i+1) — Py (i+1) > Wit1j — Pjs

where the first equality follows because j(i + 1) = jx(i), the second equality follows
from the argument above, and the first inequality because i + 1 chooses ji/(i + 1) under
the feasible solution jj/(-). Therefore, we have shown that j(-) is a feasible assignment
of bundles to consumers. Now, we show that the corresponding objective value does not

decrease. This follows since

> (wiey — i) = D, (Pin) = Ciu@) F Pip) — o) = D ip@) — Gu@)) »

it A+l it

where the first equality follows by the definition of j(-). The first inequality follows because
Pjr (i) = Cjpr (i) = Pjp(i41) — Cjyo (1) 18 Implied by wij,, i) = Pj, (i) — Wigi (i41) + Pjpo (i+1) = 0
and optimality of jj/(-) for p. Otherwise, ji/ (i 4+ 1) yields the same surplus to ¢’ as jj (),
which means j'(i') = ji(i') for i’ # i and j'(i) = ji (¢ + 1) is feasible, yielding a strictly

higher objective value than jz/(-). [ |
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C. Proof of Proposition 2.2.3

Proof Consider an optimal solution such that no other optimal solution allocates a subset
of the bundle sizes to the consumers. Assume that the bundle sizes sold are {ji,...,71}
where j, < --- < j; and the corresponding price vector is p'. If J & {ji,...,j1}, we
assume without loss of generality that p’; = w;; + € for some ¢ > 0. Similarly, we assume
that for j & {ji,..., 71} U {J}, the price is min{p; | 35' > 4,7 € {jk,.... 71} U{J}}.
So, by optimality of j’, no consumer purchases any bundles not in {j, ..., 1}

We assume that £ > 2 since there is nothing to show otherwise. We show by
induction on r that p; . —¢;,,, < pj — ¢;, forall 7 < k. Consider r = 1. By Proposi-
tion 2.2.2, Consumers i, . . . , I purchase Bundle j; for some ¢ < /. Construct a price vector
p" where p! = p’; for j < j; and p} = wyj, + €. Any consumer that does not purchase j;
does not alter her decision since the surplus of non-preferred bundles only decreased with
p”. Since Consumer i — 1 continues to buy Bundle j,, by Proposition 2.2.2, Consumers
i,..., I only consider bundles j, or higher. Since j; does not offer any surplus, all these
consumers will purchase Bundle j,. Observe that p’ — ¢;, < pj, — c¢;,. Otherwise, the
optimal solution with p” attains a strictly higher profit. If p/,, — ¢;, = p; — ¢;,, the optimal
profit attained with p” is the same as that with p’. However, this contradicts the selection of

the optimal solution with minimal number of bundles allocated to consumers. Therefore,

/ / : : / /
P}, — Cjy < Dy, — ¢j,. Now, for the induction step, we assume that p; —¢;, <p; | —¢j._,
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and show that pj; . — ¢, < pj — ¢j.. Let {i1,...,i:} be the consumers that purchase
Bundle j,.. Then, consider the price vector p” such that p} = p/; for j # j, and p} =p .
Observe that any consumer who does not purchase j, does not change their decision since,
by Proposition 2.2.1, the surplus of non-preferred items only reduced with the price change.
It follows from Proposition 2.2.2 that any consumer in {1, ...,%;} now purchases one of
the bundles {j, 11, jr, jr—1}- We first show that with p”, no consumer strictly prefers j,.. Let
/

. : "
i € {i1, ..., i} Then, wy;, —pj = wij, — pj

/ _ . _ _
Jr—1 S wij'r_l _pjv‘fl - wZJT_l pj'rfl. There

fore, Consumer ¢ weakly prefers Bundle j,._; over j,. under price p”. Since we assumed
that consumers purchase bundle sizes that offer most profit to the vendor (among the sizes
that offer maximum surplus), it follows from the induction hypothesis that each consumer
prefers Bundle j,_; over j,.. Now, assume that p, = —c¢;.,, > p; — ¢j,, i.e., Bundle j, 1
offers more profit to the vendor as compared to j,. Since all the consumers in {i1, ..., %}
now purchase either Bundle j,_; or j,.1, both of which offer either same or more profit to
the vendor compared to p’; — c;,, the profit under p” must be optimal, and thus contradicts
the minimality of the bundles allocated to consumers. Therefore, p; | —¢;,., <pj —cj,.
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D. Proof of Proposition 2.2.4

Proof Let 7; be the lowest indexed consumer who purchases a bundle of non-zero size,
say j1 > 0. Let p* be the optimal price vector. Clearly, p;, < w;,j,. Now, assume that
p;, < wij,. Consider p" = p* + A, where A = wy,;, — pj > 0 and a consumer ¢’ that
purchased a bundle, j/ > 0. Then, w;;; — p;?, > Wirj, — p;l > Wij, — pj»l = A, where the
first inequality is because i’ prefers 7’ over j; and the second inequality follows from SCP
and 7" > 4;. Therefore, w;j — p;-, = Wiy — pj — A > 0. This shows that any consumer
that purchases j’ with p* still prefers j’ to not purchasing anything. For any consumer,
the relative preference between bundles of non-zero size does not change. Therefore, all
consumers that purchased any product still purchase the same product. The consumers that
did not purchase a product with p* do not have incentive to purchase a product with p’
because the surpluses have reduced. Therefore, the consumer purchasing decisions do not
change. If I’ is the set of consumers that purchase a bundle of non-zero size, the vendor
makes an additional |I'|A profit due to the increase in price. Since i; € I’, it follows that
|I'| > 1. However, this yields a contradiction to the optimality of p* since p’ yields a strictly

higher profit. u
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E. Proof of Proposition 2.2.5

Proof For a given z that satisfies (3.2), (3.4), and (3.7), we obtain the optimal prices. Let
J' be the set of bundles of non-zero size that some consumers buy. We will derive the prices
for the bundles in J’ by solving an optimization model. Given the prices of the bundles in
J', we show how to price the remaining bundles. If J ¢ .J’, the price for Bundle J is
assigned to be w;; + €. The price of Bundle 0 is fixed at 0. Now consider a remaining
bundle, 7 € {1,...,J}\(J"U{J}). The vendor does not want any consumer to purchase
this bundle. Therefore, he may price j at the price of Bundle j* = min{;" | j” > j,j" €
J'U{J}}. Since j < J, it follows that the minimum in the definition of j’ is attained.
Now, we compute prices for the bundles in J’ by solving CBP1 with z variables
fixed to the values given. To emphasize that optimization is in the space of the p variables,
we refer to this formulation as CBP,. We will show that CBP, can be reformulated into
a model that is much simpler. We replace the consumers that do not purchase any bundle
with the highest type consumer that does not purchase any bundle. (Clearly, if this con-
sumer does not have an incentive to purchase a bundle, the lower-type consumers will not
either.) If every consumer purchases some bundle, we create a consumer whose WTP for

all bundles is 0 and therefore does not buy any bundle. Then, we reindex the consumers to
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1,...,I'. We denote the reindexed WTP as w’ and w,,,; = w},;. We denote by j(i) the

bundle that is assigned to Consumer :. We reformulate CBP,, as:

Il

CBPla: Max > i) — i) (E.1)
T =1

po =0 (E.3)

It can be verified easily that CBP1a and CBP, are equivalent. We assume without loss of
generality, by re-indexing the bundles, that the bundles sizes are {0, 1,...,|J'|}.

Let {ig,41,...,i,} be the lowest-type consumers who buy Bundle j, where by
definition, iy = 1. Now, we rewrite Constraint (E.2) as w, i) — Pit) 2 w;; — p; for all 4

and j € {0,...,|J'|}. Since the constraint for j = j(¢) holds trivially, we decompose this

constraint for a Consumer ¢ as follows:

Wi — iy = wi; —p; Vi < (i) (E4)

Wiy — Piy = wi; —p; Vi > 5(0). (E.5)

We show that all constraints in (E.4) are redundant except those corresponding to some
i € {i1,...,4} and j = j(i) — 1. Note that there is no constraint of the type (E.4) for
1 = 1. Observe that:

J@)—1 J(@)-1 j(i)-1

w;j(i)_ng = Z (ng’-i-l_w;j) 2 Z (wéjfﬂj’ﬂ—w;j,m’) 2 Z (pj+1—Dj) = Pit)y—Pj»

g o i

J'=J Jj'=J Jj'=7
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where the first inequality is because of SCP and ¢;; < i for all j* < j(i), and the second
inequality uses (E.4) for some i € {i1,...,4} and where j = j(i) — 1. Therefore, we

replace (E.4) by the following:
ngj _pj 2 ngjfl —pj,1 1 Sj S |Jl| (E6)

We will now show that in every optimal solution the inequalities in (E.6) are binding. We
consider a feasible p to CBP1a where at least one of the (E.6) is not binding. Then, we
show that p is not optimal by constructing p" which is feasible, has at least one more (E.6)

binding, and has a higher objective function value than p. Let ;' = arg min{; | w;j ;TP >

/

/
ijj—1 i

w — pj—1}, the index of the first inequality that is not binding, and A = w/ L~ Djr >
J

/

Wi 11

—pj—1. Then, consider the price vector p', where p; = p; for j < j'and p; = p;+A
otherwise. Then, it is easy to see that for j # j’, the left hand side of (E.6) changes by the
same amount as the right hand side. Therefore, if the inequality was binding for p then it
remains binding for p’. Further, the adjustment of p;-, guarantees that (E.6) is binding for
j = j'. Now, we show that p’ is also feasible to (E.5). If j(i) < j’ the inequality follows
since the surplus of bundles that the consumer does not buy only increases. If j(i) > j’,

then both sides of the inequality decrease by the same amount. Therefore, the constraint

holds. Now,

zj/fl

I I
> i) — i) < Y Wy — ) + D Wy — Sy
=1

=1 1=t

where the inequality follows because i;; < I’ and p] > p; fori > ij.
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Constraint (E.5) is redundant since:

IA
-
—~
S
<
<.
<
|
kS
<
Q\'
L
~—

Here, the first inequality follows from SCP and that i;; > i whenever j° > j(i) + 1, the
second equality because (E.6) is tight at an optimal solution.

For any j € J', we give a closed-form formula for p;. Since p;) = 0 and Con-
straint (E.6) is binding,

J

pj = Z (wgrj(u) - wérj(irfl)) :

r=1
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It is easy to verify that the above formula is equivalent to (2.10). We define ;1 = I’ +1

and let wy, , ,; = wj,;. We now evaluate the objective function value for CBP1a.

r [J] 5411 I J
D (pioy i) =2 D pi= DD euay
i=1 j=1 i=i; =1 j=1
|J'] dj1—1 g
- Z Z Z ZT] (ir) 747‘] ir—1) Z Z CijLij
j=1 i=i; r=1 =1 j 1

7] 1] a1

- Z Z Z w (ir) — w ir1) Z Z CijLij

r=1 j=r i=i; i=1 j=1
'] I J
= E ((] — i, + Dw} Wy i) — (I' —ipy1 + Dw zr+1y i) E g CijTij
r=1 =1 j 1
|[J| dpg1—1 I J
— / .
=D D (=it Dl = (I = 0 ye) = 22D it
r=1 i=i, i=1 j=1
I
=3 ) (v — i) iy
i=1 j=1

Here, the forth equality uses wy, = 0 and wj,,,; = w}y,;. By Proposition 2.2.2, every
consumer i’, who purchases a bundle of non-zero size, is reindexed to some consumer in
{1,...,I'}. Let this index be 7 and observe that I — ¢’ = I’ — i. Therefore, the last equality

follows. u
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F. Proof of Proposition 2.2.6

Proof Consider any subset, 7" of the allocation variables, z;;. By Theorem III.1.2.7 in
[15], the constraint matrix of CBP2 is totally unimodular if and only if 7" can be partitioned

into two subsets 7 and 75 such that for every constraint, Zle Z}]:1 dijzi; < do, in CBP2:

o odi— Y dy| <1 (E1)

We construct such a partition. For Consumer ¢, let 7" contain {xijl ey T, }. If k; is odd,
we include {z;;,, xij,, ..., 2, } in T1. Otherwise, we include {z;;,, Zij,, . . ., Tij, }. The

remaining variables are in 7;. We do the same for every consumer. Now, consider the
variables in 7' that have a non-zero coefficient in Constraint (3.7). Among these, let the
number of variables for Consumer : that belong to 77 (resp. 7%) be a; (resp. b;). Clearly,
b; € {a; — 1, a;} and the same conclusion holds for Consumer i + 1’s allocation. Then, for
Constraint (3.7), the sum of the coefficients for variables in 77 minus the sum of coefficients

for variables in 75 equals a; — b; — a;+1 + b;+1. Then,

1< —ajp1 +biy1 < a; — by — a1 + by <a; —0; < L
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We have thus verified (F.1) for Constraint (3.7). Verification for Constraint (3.2) is easy

=

since [%7 — | %] < 1. Further, (F.1) holds trivially for bound constraints since they have

only one variable with non-zero coefficient. [ ]
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G. Proof of Proposition 2.2.7

Proof We first show that CBP2 can be reformulated to the following problem:

CBP2b: Max

v <1 (G.1)

First, observe that z;; < Zj/:o x;; = 1. Therefore, x;; < 1 can be dropped from CBP2.
Obviously, (G.1) is implied by (3.2). Therefore, CBP2b is a relaxation of CBP2. We now
show the reverse inclusion. We next prove that (3.2) is also implied by (G.1) and (3.7).

Clearly, for any ¢,

The first inequality follows from (3.7) and the second from (G.1). Since x;y does not
appears in the objective function of CBP2, if ijo x;; < 1 for some 7, we can set z;) =
1-— Z}]:o x;; and make Z}]:o x;; = 1 without affecting the objective value or any other

constraints. Therefore, CBP2b is equivalent to CBP2.
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Next, we prove that CBP2a is equivalent to CBP2b. Given a solution x feasible
to CBP2b. We show that we can construct (a, z) that is feasible to CBP2a that has the
J

.. J .
same objective. Let a;; = Zj,:j Tiy1j — Zj’:j z;. Here, x741 ;7 is assumed to be 1 and

Zr41,5, Vj # Jis 0. Observe that (2.11) is satisfied by definition:

Aij — Qi j11 + Tij — Tigy

J J J J
= Y mipg = Y wip— (Y Ty — Y Tip) Ty — Ty
=i =i =i+l j=i+1

= Tiy1j — Tij + Tij — Tig1j

Further, (2.12) is satisfied because of a;; + x5y = 1 — x;5 + x5 = 1. (2.14) follows from
(3.7) and (G.2).

Let (a,x) be a feasible solution to CBP2a. Observe that 0 < a;; = a;; — a;; =
Z‘j],: i Tig1j —Z;.],: ; @ijr. The firstinequality is by (2.14), first equality is by (2.13), second

equality is by summing (2.11) for j’ from j to J. Therefore, x satisfies (3.7). Now, consider

J-1
0<ap=ap—a;+ar;=0— g xrp+1 =2y,
7'=0

where the first inequality is by (2.14), second equality is by summing (2.11) for j’ from j
to J — 1 with (2.12). Therefore, x satisfies (G.1). Clearly, z;; > 0 by (2.14). Since the
objective depends only on =, we have shown that z is feasible to CBP2b with the same

objective value as (a, x) in CBP2a. Therefore, we have shown the converse. [ ]
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H. Proof of Theorem 2.2.3

Proof Let/;;, (i,7) # (IJ) be the multiplier for each constraint in (2.11) with correspond-
ing (7, 7) and Iy for (2.12). Then we can easily get that CBP2d is the dual of CBP2a.

We next show that there exists an optimal solution to CBP2d such that for each
(4,7), li; = max{l;;_1,l;_1; + vi; — ¢; }, where y; is understood to be zero. Clearly, in any
feasible solution, we have [;; > max{l;;_1,l;i_1;+v;; —c;} Vi; Vj because otherwise either
(2.15) or (2.16) cannot hold. Assume [* is an optimal solution containing some l values
such that I; > max{l}; |, [} ,; + vij — ¢;}. Let j = argmin{;j | I > max{l}; 17 4; +
vij — ¢;}} and i = argmin{i | I > max{l;‘j_l, lF s+ — c;}1}. Clearly, (1,7) # (I,.J)
because otherwise we can get a better solution I3, = max{l}, ,,l5 ,, +vis —cs} < i,
without violating any of the constraints. If we create a new solution [ such that Zij =
l5; V(i j) # (i, j)andl —max{lm " 17 TU5 6 }_max{l] ol 1 +u =k we

argue that [ is also feasible. Changing l% to [;; only affects four constraints: (1) ;5 > l%_l,

and 4) Iz . > l + v;

(2) l%j Z l’iL'kflj + U - (3) l* +1] Z+1j -

B = Lz ¢;. Clearly, the

first two inequalities still hold because of the definition of l}j.. The last two inequalities
also hold because the left-hand-side values of both are not changed and the right-hand-
side values are reduced. Since the objective value [;; is not affected, [ is also an optimal
solution. By using the same procedure, we can sequentially update all [}; values such that

* * * P * * . . s
l;; > max{l¥; ,,17 1; + vy — ¢;} to I = max{l}; |l |, + vy — ¢;} while maintaining
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the optimality of the solution. Finally, we can obtain an optimal solution in which for each
(¢, 4), lij = max{lij_1, li—1; + vij — ¢;}.

Now we illustrate how to use ;; = max{l;;_1, ;_1;+v;; —c; } to quickly find out the
optimal solution. we start with ¢ = 0: lo; = max{lpj_1,0} = max{max{ly;_2,0},0} =
... = 0. Next, we have /0 = max{0,lopo + vi90 — co} = 0. If l;;_; is known, then we
can calculate [;; = max{ly;_1,lo; + v1; — ¢;}. Thus, we can calculate {1; Vj in J + 1
step. Sequentially, we can calculate lyj, . . ., [;; and finally reach [;; in (/ +1)(J + 1) steps.

Therefore, the computational complexity for CBP2d is O(1.J). [ |
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I. Proof of Corollary 2.2.4

Proof Let ¢’ and ¢” be two (non-decreasing) cost vectors such that, for any j > 1, c;. —
ci_y < ¢ — . Let 2’ be optimal with ¢’. For ¢”, we construct an optimal allocation,
s, where consumers purchase bundles of weakly decreasing size compared to z’. Assume,
x” is optimal with cost ¢ and some consumer purchases a bundle smaller than in 2’. Since
co =0,

J

I j roJ J
(cj—co)zy; = Z Z Tij Z(Cj/—cj’*l) - Z Z(cj/—ch) Z Tij-

1 i=1 j=1  j'=1 i=1 j/'=1 j=j

E I E

i=1 j=1 =1

Now, consider

and let
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Both s;; and ¢;; are feasible and s;; + ¢;; = x 4 x .. Then:

I I J
ZZU” s”%—t” ZZ c—c th st

i=1 j=1 i=1 j=1 J=j =
I J I J
/

§E E vwx +x E E c—c E :c —|—c—c 1 E a: (1.2)
=1 j=1 =1 j=1 ’—] ’—j
I J I J

/!

§§ Vij (S + i) — E E (cf—c_ E tig 4 (¢ =) E sij |

i=1 j=1 i=1 j=1 J=j =

where the first inequality is by optimality of 2’ with cost ¢’ and the optimality of x” with
cost ¢ and the second inequality follows s;; +1;; = w7, + 27, and rearrangement inequality
because ¢ —c;_; < cj—cf 4, Z‘J,,j S;j» = min {Z;},,J Ty, Z‘J,,J } and Z

max {Z]J,: T ZJJ/_ _; T } Therefore, equality holds throughout. Since 2’ and z” are

optimal with ¢’ and ¢” respectively, s is a feasible allocation which yields optimal profit to

the vendor when the cost is ¢”. Since

J

J J
: / iz
E Si7 = 1 — min E T E Ty o > 1— E x,—g xw,

§'=0 J=il =i J'=j+1

it follows that s allocates smaller bundle sizes to all consumers compared to z’. Similarly,
for every optimal allocation z” with ¢”, there exists an optimal allocation ¢ with ¢ where
each consumer buys a bundle of size at least as large as in x”.

Moreover, if ¢; —c_; < ¢/ —c_, and there is a consumer i such that Z =0

=i ¥ J
and Z ' = 1, then the second inequality in (I.2) is strict and yields a contradiction.

Therefore, if the marginal cost of selling an additional unit (from j — 1 to j) with ¢ is

strictly smaller than that with ¢”, then no consumer purchases a bundle size less than j



86

with ¢’ but at least 7 with ¢’. If, forall y > 1, . — c._, < ' — '_,, then with ¢ no
th ¢ but at least j with ¢”. If, for all j > 1, ¢ — ¢;_, =]y, th th ¢

consumer purchases a bundle size smaller than with ¢’. Or, in every optimal solution with

¢’ consumers purchase a bundle size smaller than in any optimal solution with ¢”. [ ]
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J. Proof of Proposition 2.2.8

Proof Letw be an arbitrary set of WTPs satisfying SCP and v be a set of the corresponding
v;; values. Consider w' = W(i', I, w), wherein WTPs of consumers indexed i’ through [

are homogenized. Then, the corresponding v;; values of w’ can be written as:

.

(%] leéZ/—Q

= . I cp
Yij (I -1+ Q)U)z‘/—u — Zi//:i/ wyrj  1f 1= =1

1 I ey
o Do Wiy ifi >’
\

Call the CBP problem with WTPs w as C' BP(w) and that with w’ as CBP(w'). Let
j(i) denote the bundle size that Consumer ¢ purchases in an optimal solution of C'BP(w).
Consider an allocation j'(7) such that j'(i) = j(i) when ¢ < ¢ and j'(i) = J when ¢ > i’

Obviously, j'() is a feasible bundle allocation for C BP(w'). We next show that j'(7) in
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CBP(w') leads to a profit 37 ;) that is weakly higher than S 1 Vij(i)> the optimal

112]

profit of C BP(w).

I
ngj’(i) = ZUU + +Uz’—1 J@'—1) + va’(
=1

— I
= Z vijey + (I =7 + 2wy jw-1) + > _(wig — wijr-1))
=1 =i
i =2
> 3 vy + =+ Qwp_g ooy + (Wi — wii-1))
i=1 =1
i =2 I i
= D vy + (L= + 2wy + YD (Wijary — wijan—1))
=1 i=i! =i
i —2 I 7
Z Z Uij(i) + ([ — Z" + 2)wi/_1’j(i,_1) + Z Z (wiuj(i//) — wiuj(iu_l))
=1 =1 =4/
I
= Y v+ I =7+ 2Qwpy -y + > (I — i+ 1) (wia) — wioj)
1 —
= Z Vij(i)»
=1

wherein the equalities are because of either reorganization or by invoking the definitions;

the first inequality is because w;; > w;;(;) Vi; and the second inequality is due to SCP. W
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K. Proof of Proposition 2.2.9

Proof From Equation (2.17), wy; = >,

=i

vy ;. We only need to fix vy; for all j to define
the WTPs, w;; for all < and 7. We will show that for large enough v;;, the corresponding

WTPs are non-decreasing in j and satisfy SCP. Observe that:

1

1
Wij41 — Wij = T_it1 Z(Ui’j+1 — Virj).

=i

Therefore, wyj11 — wy; > 0 is equivalent to vy — vy > — Zf,_:ll (Virjs1 — virj). We
define vj41 = Zf,;ll(vi/jﬂ — vyj). Further, in order that w satisfy SCP, we require that

(wi+1j+1 — lej) — (win — wij) > 0. This simpliﬁes to:

I I I
0 S (I-Z—{—l) Z (Ui’j+1_vi’j)_<[_i) Z(Ui/jJrl_U’i'j) = Z (Ui/j+1—vi/j)—([—i)(/Uij+1—Uij).
i'=i+1 =i i'=i+1

In other words,

I-1

vrjr1 —vry 2 (I — i) (Vi1 — vig) — Z (virj41 — virj)-
i'=i+1

We define v},, = max; {(I — 1) (Vijr1 — vij) — Zf,;;l(vi,jﬂ — vilj)}. Then, we may

define v;; = Z§/:1 max{v;,v;} to ensure that WTPs satisfy SCP and are non-decreasing

in j. [ ]
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L. Proof of Lemma 2.3.2

Proof To show that S’ = conv(S), we show that vert(S’) C S C S, where vert(S’) are
the vertices of S’. Then, the result follows because S’ is bounded, conv(S’) = conv(vert(S")) C
conv(S) C conv(S") = S, and conv(S’) = S’. We first show that S C S’. Let (¢, 2’) € S.
Then, y' satisfies (2.22) and 2’ is as defined in (2.26). We show that (v, 2") € S’. For that,
we need to show that 37 =i Tij < Z;.]/_j x;,; for all j. Let j; be such that kj, < y; <
kj, 1. Because of (2.26), for 0 < j < j;, 3.7 e Ty =12 S i Ty For j > g1+ 1,

Z;},: ;2 =0< Z J—i T i11,- Therefore, we only need to consider j = j; + 1. Then,

J J
kjl + (kj1+1 ZJH-l Z kj xZJ < Z kj xl+1j kjl + Z (kj - kj_l) in+1j/
J=j+1 J'=J

< kjl + J1+1 J1 E Tit1j1+1
Jj=j+1

Since kj 11 — kj, > 0, it follows that
J J
r_
E Tij = Tijip1 S E Lit1j1+1-
J=ji+l J=ji+l

Now, we show that vert(S’) C S. Let (¢, ') € vert(S’). Obviously, 2’ € vert(proj,(S’)).

However, by Proposition 2.2.6, the constraint matrix defining proj,(S’) is totally unimod-
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ular. Therefore, 2’ is binary-valued. Then, it follows from Z}']:o x;; = 1 that z;;x;0 = 0

for all 7 # j'. Finally,

J J J
ZI{?]‘ZE” ZZ 3 -1 xzy = Z 3 kj’—l ZI < Z 3 kj’—l le-‘rl]
=0

Jj=1j=1 Jj'=1 Jj=j’

J J
= E E - ]’—1 ml-‘rl] E kxl+l]7

Jj=1j'=1

where the inequality follows because k;; > k;_; and Zj: i Tij < Zj:j, Tiy1j

We now show that proj, (S’) = proj,(S) = A. Towards this end, we prove that
proj,(S) € A. Let (y,x) € S. It follows that 0 < y; < Y because 0 = kg Z] 0 Tij <
Zj okixi; < ky Z] 0Zij = Y. Also, y; < y;41 follows directly from ZJ o kjziy <
Z}']:o kjwiy15. Since A C proj, (S) follows directly from (2.26), it follows that proj, (S) =

A. Then, proj, (S") = A follows from

proj, (S’) = proj,(conv(S)) = conv(proj,(S)) = conv(A) = A,

where the second equality because a linear transformation commutes with convexification,
the third equality because projy(S ) = A and the last equality because A is convex. The
last statement in the lemma follows from conv(proj,(S)) = proj,(conv(S)) = proj,(S’).
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M. Proof of Theorem 2.3.5

Proof We first show that IT" < II°. Define w;; = wf(k;), ¢; = c*(k;), and v;; = wy; —
(I — i)(wiy1; — wi;). Then, we solve CBP2 to find I1* and the optimal solution z;; for
all 4, j. The prices p; are assumed to satisfy Proposition 2.2.3. Now, for any 3’ € [0, Y],
define p'(y') = min{p(k;) | k; > v',j = 0,...,J}. Observe that since y < Y = kj,
the minimum in the formula is attained. Let y; = ijo kjx;;. We claim that (y,p') is
feasible to CBPcl and has an objective value of IT*. Consider Constraints (3.33). Let

kj_1 <y < k; for some j'. Then, since (z,p) is feasible to CBP1, it follows that

J

wiy;) — (i) = Z(wu — pj)ri; > wiy — pyr = wilky) — p'(ky) > wily) —p'(y).

The objective function value of (y, p’) is then

1 1

Z(p/(yi) —c(y)) = Z (pj — ¢j)wi; = I~

i=1 =1 3

Since (y,p') is feasible to CBPcl and has an objective value of II¥, it follows that the
optimal value I1¢ to CBPcl is at least IT*.

Now, we show that I1¢ < IT¥ + €. Let (3, p’) be the optimal assignment and price
for CBPcl. Now consider CBPcl where the w;(-) and ¢(-) functions are replaced with

wk(-) and ¢*(-) and call this problem Q. Since w

7

k

)

(-) and c*(-) are piecewise-linear with
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breakpoints in {k1, ..., k;}, it follows from Theorem 2.3.3 that the optimal value of Q is
IT*. Now, we define p”(y) = min{p(y}) —i6 | y; > y,i =0,...,1+ 1}, where ) and y,
are assumed to be 0 and Y respectively and ¢ will be fixed later. Assume p”(+) is the price
in Q. We show that there is a feasible solution (y”, p”) to Q, where v € {y},...,y}} for

each 7. Instead, let y; be an allocation to Consumer ¢ such that y;, _, < y; < y.,. However,

wi (i) — 0" () < wi(yh) — 0" (),
where the inequality follows since y; < v/}, implies that wf(y;) < w’(y},) and the definition
of p”(-) implies that p”(y;) = p”(yl). Therefore, the consumer may substitute v/, for
y; without loss of surplus. Now, observe that the choice set of each consumer is finite,
therefore there exists a bundle size that provides maximum surplus to the consumer. Now,
we show that, by suitably choosing §, we can ensure that there exists a feasible solution
/

that satisfies ;' > v/ for all i. Assume otherwise and consider a Consumer 7 who purchases

y! =y, < y.. First, observe that Lipschitz continuity of w;(-) and ¢(-) guarantees that for

any y,

[wily) — wi(y)| < max{w] (kj41) — wi(y), wily) — wi'(k;)}
(M.1)

= max{w;(k;41) — wi(y), wi(y) — wi(k;)} < kB
le(y) — F ()| < max{le(y) — ()], " (kj1) — c(y) [}
(M.2)
= max{[c(y) — c(k;)|, (k1) — c(y)|} < kB,
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k

where j is chosen such that k; < y < k;1. The first inequality follows since w" is non-

decreasing and the first equality because w;(+) (resp. ¢(-)) match w*(-) (resp. ¢*(+)) at all

y € {ki1,...,ks}. Then, choosing 6 = 2k it follows that:

wi () =" (W) = wilyy) — (plyy) —'6) < wilyy) + kB — (p(yi) — i'6)
< wi(y;) + kB — (p(y;) —i'6) < w(yi) + 2k8 — (p(y;) — i'9)

< wi'(y;) +2kB — (i =)0 — (p(y) — 16) < wi(y;) — p"(y))-
Therefore, no consumer purchases a smaller sized bundle and so, for any 7' > i:

P (i) = (i) = pyiy)—c(ylh)—i'6—kB > p(ys)—c(y:)—i'6—kB > p(ys) —c(ys)— (2I+1)kB,

where the first inequality follows from the definition of p” and (M.2) and the second in-
equality from Proposition 2.2.3 and ¢/ > ¢, and the third inequality because § = 2k[.
Therefore,

% > T1° — I(21 + kB =T° —e.

Because J = [X] and CBP2 can be solved in O(I.J) time, CBPcl can be approximated

within ¢ in O (222 4 1) dime. n
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N. Proof of Theorem 3.2.1

Proof According to Proposition 7 in [9], we prove that we can reformulate the MINLP

CBP1 into the following 0-1 IP problem CBP2:

J

CBP2: Maxmij {Z (Uij - Cj)xij
0

i=1 j=

(3.2), (3.4), (3.7)} .

We add the following y variables to CBP2 and reformulate the problem into CBP3:

Xooj = 1Y), Xiji = TijTivpl < i< IVjV5 > g, and Xy =2V
(N.1)
We show that constraints of CBP3 are implied by CBP2 and (N.1). Constraints
(3.10), (3.12), and (3.15) follow from (N.1) and (3.4). Constraint (3.9) holds since Z}]:o X00j =
Z}]:o x1; = 1, where the equalities are due to (N.1) and (3.2) respectively. Constraint
(3.11) holds since Z}]:O X1jJ = Zj:o x7; = 1, where the equalities are due to (N.1) and

(3.2) respectively. Constraint (3.13) and (3.14) hold because:

J J J J J
Tij = Tij E Tij < Ty E Tip1y = E Xijj! = Tij E Tiy1j < T E Tigp1j = Tij
J'=j i'=i i'=i i'=i =0
J J J J J
Tij = Ty E Tijr < Ty E Ti_15 = g Xi—15'5 = Lij E Ti1y < T E Ti—15/ = Tyj,
]/:0 ]’:0 j/:() JIZO J/:(]
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imply that equality holds throughout. In both cases, the first equality holds because (3.4)
and (3.2) imply that x?j = x;; and ;2,5 = 0if j/ # j. The first inequality follows from
(3.7) (and (3.2) in the second case), the second and third equalities from (N.1), the second
inequality from (3.4) and the last equality from (3.2).

Now, we show that Constraints (3.9)-(3.15) imply constraints of CBP2. We use
induction on ¢ to show (3.2). The base case follows since ijo Tij = Z}']:o Zoo; = 1. For

: : J J
the induction step, we assume » .7, x;; = 1 and show > 5, x;11; = 1. Then,

J J J J J J
> Ty =) N =) Y Xigi = ) Ty =1,
j=0 3'=0

=0 j'=0 §'=0 j=j’

where the first equality follows from (3.14), the third equality by (3.13), and the last equal-
ity by induction. Constraint (3.7) follows because Zjl _j Tijy = Zjl: ’ ?;:0 Xi—1jaji >
Z}‘lej ;;:j Xieljsjs = Zi:j Zi:jg Xieljsjs = Z;']Q:j T;_1j,, Where the first equality
follows from (3.14), the first inequality since some terms are dropped, and the last equal-

ity from (3.13). Constraint (3.4) follows since z;; is non-negative and integer-valued by

Constraints (3.15) and (3.13) and it cannot take a value larger than one by (3.2). |
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O. Proof of Proposition 3.4.2

Proof Define f;(z) = Zj,zl zijoand f(z) = (fi(2),..., fi(z)). For 2’ and 2" feasible to

CBPg,

CZY+C(") = C(fZ)+C'(f(Z")
> Cmax{fi(), fi(z")}, ... max{ fi(), fo(")})
+C(min{ (), fi(2")}, .., min{ f1 (=), f1(2")})

= C('VZ)V+C(=' N, (0.1)

since C’ is submodular. [
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P. Proof of Theorem 3.4.1

Proof It follows from (49.25) in [10] that a supermodular function can be maximized over
a lattice family in strongly polynomial time if the following two conditions hold. First, there
is an oracle to compute the supermodular function in strongly polynomial time. This is true
by assumption. Second, the lattice family C'is described using the smallest set, the largest
set and a pre-order < such thatif u < v < each U € C containing v also contains u. For
us, the smallest element corresponds to the case when all consumers purchase nothing, i.e.,
zi; = 0 for all j > 1. The largest element is when all consumers purchase bundle size J,
i.e., z;j = 1forall j < J. For the pre-order =<, observe that if z;; = 1, then zy; = 1 for
all ' > ¢ and j' < j and for all ¢’ if ;* = 0. In other words, (¢, j') = (4, ) if and only if
either ¢/ > 7 and j' < jor j' = 0. If z;; = 1 then 25 = 1 using Constraints (3.29), (3.30),
and (3.31). Now, consider (7', j') A (7, j). Then, we show that there is a feasible allocation
that sets z;; = 0 but z;; = 1. From the definition of the pre-order, we know that j* > 0
and either /' < ¢ or 7/ > j. In either case, the sought solution is one where Consumers

1,...,7 — 1 purchase nothing and Consumers ¢, . . ., I purchase Bundle ;. [ |
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Q. Proof of Corollary 3.4.2

Proof The two results follow from Lemma 2.8.1 and Theorem 2.8.4 in [13] respectively.
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R. Proof of Lemma 3.4.3

Proof We prove by induction on r. Consider y°. Since y; < --- < yj, it follows that
a(y;) < --- < a(yr). Now, assume that y" ! is feasible to CBPgcy. We show that
aj < al,, fori < I — 1. The inequality holds by induction whenever ¢ ¢ {7 (r), 7(r) — 1}
because aj, = a, ! for all i’ # 7(r). Fori = n(r) — 1, it follows because Wripyq =
aryy < any < al,, where the first inequality follows from induction. Now, consider
i =m(r). Assume 7 (i + 1) < 7 '(¢) = r. Then, a],; = a),; +1 > a) +1 = af,
where the inequality follows by the base case. Now, assume that 771 (i + 1) > 7 1(i) = r.
Then, a < a,, because y; < y;41. If a) < af,;, the result follows since a},; = a,, and
al = a) + 1. We show that a) cannot equal a) . Otherwise, a(y;+1) = a(y;) and y; 41 > y;
yield g(y;+1) > g(y;) and thus a contradiction to 7= (i + 1) > 7 '(4) using the definition

of 7. [ ]
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S. Proof of Theorem 3.4.4

Proof We describe the architecture of the proof. We construct a relaxation of CBPgcy,
which we call CBPgcyR. Then, we relax CBPgcyR to CBPgczR which has the same
objective value as CBPgcz. This shows that the objective value of CBPgcy is no more
than that of CBPgcz. Finally, we show the converse and recover the optimal solution y* of

CBPgcy from the optimal solution z* of CBPgcz. Let

C"(y) = Z (9(Yrry) = 9(Yrir41))) C'(Y). (S.1)

r=0

Let Feas(Q) be the feasible region for any problem (). Consider the following optimization

problem:

CBPgcyR : Max,, {Z vi(y;) — C"(y) | (3.34), (3.35)} :

i=1
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Observe that CBPgcyR is a relaxation of CBPgcy, because C”(y) < C’(y) and, therefore,
the objective function value is overestimated. For any y € Feas(CBPgcy), define z;; as
follows

1 if j < a(y:)

“i = Y g(y) ifj=aly)+1 (52)

0 otherwise,
\

and observe that Z;le (k(j) — k(j — 1))z = y;. Since w; is piecewise-linear, w;(y;) =

wi(k(a(y:)))+9(y:) (wi(k(a(ya) +1) —wi(k(a(y:))) = 35 (wilk() —wi(k(j—1))) 25
For all j, define w;; = w;(k(j)) and, as before, v;; = w;; — (I — 4)(w;4+1; — w;;), Where
wr41; is assumed to be wy;. Then, v;(y;) = Z;‘]:o Vi (2i5 — Zij+1)-

Now, consider CBPgcz, where we replace (3.32) with 0 < z;; < 1, call the re-
sulting feasible region R, and extend C'(z) over all of R. Observe that, as in the proof of
Proposition 3.4.2, C'(-) restricted to binary vertices is submodular.

To extend C'(2) to R, we construct the convex envelope of C'(z) restricted to Feas(CBPgcz)
over R. Forany z € R, let v,(-,-) : {1,..., I} x{1,...,J} — {1,...,IJ} be a one-
to-one mapping such that v,(i,5) > ~.(¢, j') whenever z; ; < z; . In addition, we re-
quire that ties such as z; ; = 2, are resolved in the following manner. If ' > 4 then
v.(%,7) > 7.(7, 7). Otherwise, if // = i and 7 < j then ~,(7,j) > 7.(7, 7). Observe that
this definition guarantees that v,(: + 1,7) < 7.(4,7) and 7,(i,5 — 1) < 7.(4,7). Let 2°

be defined such that z;o = 1 for all ¢, and z;; = 0 otherwise. For r = 1,...,1J, define
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Zr=2043" e '(s). Observe that, for all r, 2" is feasible to CBPgcz, because of the

definition of . Then, using the insight from Corollary 2.3 in [16], we extend

v

Cl)=Cc)+Y [zwgl(r) (C(z) - cw—l))] . (S.3)

When z is binary, it is a vertex of R and C'(z) = C(z). So, C(2) is a valid extension for

C(z) and

I J
CBPgCZR . Maxzij Z Z Vij (Zij — Zij+1> — é(Z)

i=1 j=0

st (3.29),(3.30), (3.31)

0<z; <1 Vi;Vj (S.4)

is a relaxation of CBPgcz. We now show that CBPgczR is also a relaxation of CBPgcyR.
We begin by showing that for each y € Feas(CBPgcy), if z is defined as in (S.2), then
C(z) = C"(y). The result is clear if y € {k(0),...,k(J)} since in this case, C'(z) =
C(z) = C'(y) = C'(y°) = C"(y), where the first equality follows since z is a vertex of
R, the second equality because of the definition of C'(z), and the third equality because
Yy’ = y. Since g(yo) = 1 and g(y;) = 0, for 1 < ¢ < I, the last equality follows.
When, y & {k(0),...,k(J)}, we define z;; as in (S.2). Let I’ C {1,...,I} be the set
of consumers for which g(y;) & {0,1}, i.e., y; & {k(0),...,k(J)}. It follows from the
definition of -~ that for any i,7" € I', v.(i,a(y;) + 1) > ~.(¢,a(ys) + 1) if and only

if 1) g(v;) < g(yw), or (ii) g(y;) = g(yr) and ¢ < i'. However, this implies that for
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i € I, the relative ordering of 7, (i,a(y;) + 1) for 1 < i < I is consistent with 7=*(3).
Let ¢ be the smallest value such that 2,1y € {0,1}. Then, it follows that for i € I’,
vy(i,a(y;) +1) = 771(i) + ¢ — 1. Since, for r = 0,...,|'|, y= € {k(0),...,k(J)},
it follows from the discussion above that C'(z"*1) = C'(y") for r = 0,...,|I'|. Let

Z,=1(141) = 0 and observe that

t+|I'|—-1
Clz)=CE"N+ D 2o, (CE)-CET)
r=t
t+[I'|—1
= (1= 200)CE 4 2 (2000~ 2t O
r=t
|7']

=(1- 9(%(1))0'(?/0) + Z (g(yﬂ(r)) - g(yfr(r-i-l))) C'(y")

~
N

I
(]

(g(yw(r)) - g<y7f(r+1)>) Cl<yT)

r=0

~

(9(Y=r) = 9(Wr(r11))) C'(y") = C"(y),

r=0

where the first equality is from (S.3) and that 21, = O forr > t+|I’
quality v ()

; the second follows
by rearranging terms and because the definition of I’ implies that Zy =144 ) = 0 the third
is by realizing that 2. -1,y = g(Yn(r—t41)) forr =t,... . t+|I'|=1and C(2") = C'(y" ")
forr =t —1,...,t + [I'| — 1; the fourth is because g(yr©)) = 1 and g(y(14+1)) = 0; the
fifth is because the terms in the summation with > |I’| are zero; and the final is by (S.1).
Thus, we have shown that, for any y € Feas(CBPgcy), if z is defined as in (S.2), then

C(z) = C"(y) < C'(y). Finally, observe that we already showed that piecewise-linearity

of w;(-) implies that v;(y;) = Z}]:o Vij(Zij — Zij41)-



105

We have thus shown CBPgczR is a relaxation of CBPgcy. Now, we show that
there exists an optimal solution in CBPgczR where each z;; is binary. Assume that this
is not the case. Now, take an optimal solution z, compute the corresponding v;(4, j) map-
ping and z°, ..., z"/. We show that z; + P [ngl(r) (z; - 2;._1)} = Zz;. First ob-
serve that all terms in the summation, except when r = (4, 7), are zero since Z[j =
ij_l otherwise. When r = ~:(i, j), the term yields zj; because zj; = 1 and Z:j_l =
0. We have shown binary z°, ..., 2" that are feasible to CBPgcz such that (z,C(z)) €
conv ((2°,C(2%),..., (217,C(2!7))). Then, let F(2) = Y1, 37 vz — 2ij41) —
C (z) be the objective function of CBPgczR and note that we have shown that there exist
Ao, - - - » A7, €ach non-negative, such that Ziio Ary=land (2, F(2)) = Ziio A (27, F(Z7)).
In particular, \g = (1 — Z,.(1)); Av = (Zpo(r) — Zyarg)) forr =1,...,1J —1;and A\jy =
Z..(5)- Therefore, FI(2) = .17 N F(z7) < 3217 N max, F(Z") = max, F(z"), ie.,
there exists one of 2°,..., 2!/, say 2", that achieves the same objective function value as
Z. Since 2" is feasible to CBPgcz with the same objective value as in CBPgczR, it follows
that the optimal value of CBPgcz matches that of CBPgczR.

We showed that the optimal value of CBPgcy is no more than that of CBPgcz.
We now show the converse. Consider 2’ feasible to CBPgcz and let y; = ijl(k‘( j) —
k(j—1))z;. By definition of C'(-) and piecewise-linearity of w;(-), y has the same objective
function value in CBPgcy as does z in CBPgcz. Further, y is feasible to CBPgcy. Observe
that, y satisfies (3.34) because y; = ijl(k(j) —k(j — 1))z < Z;I:l(k:(j) —k(j —

1))zit1; = Yiy1, because k(j) > k(j — 1) and 2,41, > z;;. Also, y satisfies (3.35) because

0< 3 (k) — k(= 1)z < 37 (k(J) — k(j — 1)) = k(J) — k(0) =Y. m
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T. Proof of Corollary 3.4.6

Proof If C'(y) >3\, (9(Yr(r)) — 9(Wn(r+1))) C'(y") then the result follows from Theo-
rem 3.4.1 and Corollary 3.4.5. Observe that g(¥(r)) > g(Yr(-+1)) and S (9(Yn(r)) = 9 Wr(r1))) =
1. Therefore, it follows from (3.36) that y € conv(y°,...,y’). By Lemma 3.4.3, %, ... 4/
are feasible to CBPgcy. Then, C'(y) > ZLO (9(Yr(r)) — 9(Yn(r+1))) C'(y"), because

C’(+) is concave. [
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U. Proof of Theorem 3.4.7

Proof Assume ¢’ is the optimal solution to CBPgcy. Let {iy, ..., i} be the lowest-type
consumers that purchase a bundle of a certain size. The pricing p then follows from Propo-

sition 7 in [9]:
' (5)
Pj = Wigj(io) T Z (wz‘rj(ir) - wirj(z'r_l)) : (U.1)
r=1
More formally, for any s such that 0 < s <Y, define r'(s) = argmin, {4, | y; > ys}, i.e.,
the lowest-type consumer who purchases a bundle of larger size. If there is no consumer

that purchases a bundle of size s or larger, we define its price to be wyy + ¢ for some 6 > 0.

Otherwise, we define p, = Z’“'(s) ((wu (i ) — w;, (yl’-r_l)).

r=1

We denote CBPgcy with WTPs replaced with w*(-) and cost replaced with C* (i)
as Problem T. We now construct a feasible solution to T by providing a pricing strategy such

that, for all ¢, Consumer i still purchases ;. For this we again utilize (U.1). For bundle

r'(s)

size s, we set the price to p* = >

((wk (y ) —wk (y; ). It follows from Proposition

7 in [9] that Consumer ¢ continues to purchase bundle size y; in Problem T. For any s
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satisfying 0 < s <Y, let s = max{k(j) | k(j) < s} and s} = min{k(j) | k(j) > s}.

Then, for any ¢:

wh(s) = wils)| = Jwl(s) — wh(se) +wilsi) — wils)
< max{ut(s) — w(si), wi(s) — wilsi)}
< max{uh(sh) —w(s). wils) — wilse)) (U2)
= wi(sh) — wi(s)

< kp,

where the first equality follows because w¥(s,) = w;(s); the first inequality because

wrF(s) — wkF(sg) > 0 and w;(sg) — w;(s) < 0; the second inequality because w?(s},) >
wr(s) > wk(sy); the second equality because w’(s,) = w;(s},), wF(sy) = w;(s;) and

w;(s)) > wi(s) > w;(sk); and the last inequality because of Lipschitz continuity of w.

Observe that

r'(s)

pe— 0k =Y (wi, (y),) —wh () —wi, (y;, ) +wh(y, )
r=1
v(s)

< (lw (y),) = wf ()| + |wi, (4, ) = w (v, _)1)
r=1

< 2kKIp,
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where the last inequality follows from (U.2). Consider a vector y feasible to CBPgcy
and construct ¢°, ...y as described before Lemma 3.4.3. Let t! = argmin{C'(t) | t €

{0, ...,y } and 2 = argmax{C’(t) | t € {¢°,...,y'}}. Then:

C"(y) = C'(y)| = 10" (y) = C(t") + C'i(t") = C'(s)]
< |C™M(y) = CMEH + ') = C'(y)|
< |CM(@) = ¢ + 10 () = C'(w) U3)
< |C'(#) = C' |+ [t = C'y)|

< 2VIkp

where the second inequality follows from (3.36) and since C’ *is linear in conv{y® ..., y'},
the second equality follows since C'*(-) matches C'(-) at each of {¢°,...,%'}, and the
last inequality follows because |[t? — t'|| < +/Ik and |jy — t'|| < +/Ik. Therefore,
% > TI¢ — 2kB(1% + V). Since k = m, II* > TI¢ + ¢. Since the optimal so-
lution of T occurs at the breakpoints, it is also feasible to CBPgcy, as long as the price
of the intermediate sizes is set high enough (to that of the next breakpoint). Therefore,
I~ < 11°

Finally, observe that, by Theorem 3.4.1, CBPgcz can be solved in time polynomial

in / and J and the oracle time to compute C’(y). Then, the algorithm is polynomial in /,

Y, B, L because J = [ ] implies that J < M + 1. u
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