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ABSTRACT

Pham, Huan Le M.S.M.E., Purdue University, December 2013. Health Diagnosis of
Lithium-ion Battery Cell Using Vibration-based Test and Analysis. Major Professor:
Dr. Douglas E. Adams, School of Mechanical Engineering.

With their superior advantages of high capacity and low percentage of self-discharge,

lithium-ion batteries, which are most commonly used as power sources for hand-held

electronic devices, have become the most popular choice for power storage in elec-

tric vehicles. Due to the increased potential for long life of lithium-ion batteries in

vehicle applications, manufacturers are pursuing methodologies to increase the relia-

bility of their batteries. Methods are now being developed to monitor the health of

lithium-ion batteries throughout their life cycle. The work in this thesis is focused

on utilizing non-destructive vibration diagnostic testing methods to monitor changes

in the physical properties of the lithium-ion battery electrodes, which dictate the

states of charge (SOCs) and states of health (SOHs) of the battery cell. Inside a

lithium-ion battery cell, lithium ions travel from cathodes to anodes during charge

and reverse during discharge; these processes transfer matter from one electrode to

another causing mechanical properties such as thickness, mass, and stiffness of the

electrodes inside a battery cell to change at different states of charge; therefore, the

detection of these changes will serve to determine the state of charge of the battery

cell. As mass and stiffness of the electrodes change during charge and discharge, they

will respond to the excitation input differently. An automated vibration diagnostic

test is developed to characterize the state of charge of a lithium-ion battery cell by

measuring the amplitude and phase of the kinematic response as a function of exci-

tation frequency at different states of charge of the battery cell and at different times

in the life of the cell. Also, the mechanical properties of the electrodes are obtained

by direct measurements to estimate the thickness change at different SOCs and to
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develop a first-principles frequency response model for the battery cell. The correla-

tion between the vibration test results and the model will be used to determine the

exact SOC of the battery cell.
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1. INTRODUCTION

1.1 Motivation

Lithium-ion batteries (LIBs) have been increasingly used for power storage in a

wide range of applications since they were first commercialized by Sony in 1991. LIBs

were accepted immediately after they were introduced to the market because they

possess performance attributes that other battery types lack [1]. LIBs have quickly

assumed a dominant position in the market. In 2009, the sales of LIBs were estimated

to be over 4 billion units; and sales are expected to be doubled by 2015 [2]. With

their high energy density, LIBs can hold much more energy and possess less overall

weight compared to other battery types; therefore, LIBs have met the demand for

high capacity and lightweight batteries for use in compact electronic devices. More-

over, with excellent life cycle and no memory effect, LIBs have become the best choice

in energy storage used in transportation applications. LIBs used in electric vehicles

and commercial aircrafts can be constantly cycled without having the risk of losing

capacity due to not being fully charged or discharged. Although there is tremendous

potential for LIB technologies to gain even more market share in the future, there

are some disadvantages that concern battery manufacturers and users, regarding re-

liability and cost. To addressed these concerns, the processes for developing and

manufacturing LIBs are being rapidly improved to increase the battery capability

and efficiency. However, the technologies for inspecting and monitoring the quality

and health of LIBs have not been developed at the same pace. The health of a LIB

can be characterized by its states of charge (SOCs) and total capacity throughout

its life cycle. Currently, there are several methods that are used to estimate the

SOCs of LIBs including measuring terminal voltage, impedance during discharge, or

by Coulomb counting [3; 4]; however, as discussed in [4], there are drawbacks with
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those methods as errors often occur in measurements when the relationship between

SOC and terminal voltage is assumed to be a linear relationship, and the losses in

current measurements are not taken into account. Also, current technologies do not

have a reliable method to determine the states of health (SOH) of LIBs which is

crucial in power management system (PMS) in transportation applications. There

are many factors that affect the performance and health of LIBs in service such as

manufacturing defects, environmental factors, users’ habits, etc. Moreover, the cost

to produce LIBs is high due to the complicated manufacturing and quality control

processes of the battery cells. The processes require high precision in manufacturing

and assembling the electrodes inside a battery cell because small variations of elec-

trodes will affect the overall performance and health of a battery cell [5]. A recent

study sound that the total costs of producing LIBs for electric vehicles are estimated

at $17,000 per unit [6]. This high cost of the battery units will drive up the overall

costs of an electric vehicle. Therefore, it is essential to develop a low cost and effec-

tive testing method to monitor the SOC and SOH of the batteries through changes

in physical properties of electrodes to reduce the manufacturing cost, improve the

battery performance, and detect any problem that might occur during service in the

future.

1.2 Review of Past Work

There are several factors can cause degradation in the performance and health of

a LIB cell ranging from manufacturing defects to working environments, and users’

habits. The major components inside the battery cell are directly affected by those

factors. Defects and damage change the compositions of the materials and physical

conditions of those components which will ultimately result in the degradation of the

performance and health of the battery cell. As the LIB industries and consumers

become more aware of the fact that chemical and physical properties of the LIB cell

components such as electrodes and electrolytes are the keys to detect damage and to
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monitor the health of a LIB cell, there are new technologies being developed to provide

the LIBs industries the useful tools which can be used for testing and monitoring the

LIBs to improve the quality and lower the cost of the batteries. Nondestructive

testing (NDT) methods have been used in many structural health monitoring (SHM)

systems to detect changes or damage of a structure. Those methods have the potential

to become the perfect solution in LIB health monitoring because they are designed

to obtain accurate measurements of the samples without destroying or introducing

additional changes to the original structures.

Sharp (2012) [7] developed a technique to detect faults and defects in compos-

ite electrodes of LIBs using flash thermography technology. In order to examine the

quality of an electrode, an electrode sample is placed between a high energy flash bulb

and an infrared thermal camera. As the heat pulse from the flash energy penetrates

the electrodes materials, the infrared camera will pick up the thermal signature from

the electrode’s surface. Thus, any defect and damage can be revealed by analyzing

the differences in amplitudes of the thermal response measured from the electrode.

This technology is very effective in detecting the electrode’s defects by analyzing the

non-uniformity in thermal signatures of an electrode. However, it is limited to the

electrodes’ manufacturing stage because the measurement can only be performed on

the opened electrodes and not the ones which have already been assembled inside a

LIB cell. Therefore, it lacks the capability of real-time examining the electrodes’ prop-

erties changes as well as monitoring the health of a LIB cell throughout its life cycle.

In a study by Smith et al (2009) [8], a numerical model is developed to simulate the

effects of randomness of shape, morphology, and packaging of LIB electrode’s cross-

section on the electrochemical behavior which affects the overall charge capacity of a

LIB cell. The results from the model show that electrodes’ particle-size distribution,

clustering, surface roughness affect Li-ions concentrations on the anode surfaces and

induce polarized losses which decrease capacity of the LIB cell. The findings from this

study provide useful information about how manufacturing processes of electrodes’

materials and the battery cell’s assembly can affect the total charge capacity of a LIB
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cell; however, this study does not provide a practical method to examine the quality

of a battery cell before and during service so that the SOH of a LIB can be evaluated.

Also, there are several efforts to examine the physical conditions of components

inside a LIB cell during service because the changes in physical conditions of battery

cell’s components are directly related to its SOCs and SOHs. It is very difficult to

obtain the exact measurements of the internal components of a battery cell because

they are inaccessible inside an active LIB cell, and most of their properties changes

are often too small to be able to detect using conventional measuring techniques. The

most explorable parameter of a battery cell is the change in its volume during charge

and discharge processes. In a study by Wang et al (2004) [9], in-situ methods using

both load cells measurement and X-ray observation are used to investigate the volume

change in LIB cells during charge and discharge. To measure the volume change of

a whole battery cell, the cell is clamped between 2 spacers, strain gages are attached

between the interfaces of the spacers and both sides of the battery cell. As the battery

cell is cycled, any change in its volume will reflect by the change of the strain gages.

Also, an X-ray inspection system was used to examine the volume change of electrodes

during cycle. The study found that the volume change of a LIB cell correlates with

the number of cycles as the volume change is increased with cycling in the life cycle

test; thus, there are irreversible changes in electrodes properties as the number of

cycles increases leading to the degradation of the battery cell. The results from this

study clearly show the relationship between volume change and life cycle of a LIB

cell, and it might help to determine the SOHs of a LIB cell based on the amount of

permanently increased volume. However, the experiments set up are complicated and

costly make it difficult to efficiently utilize in practical applications. In another work

by Fu et al (2012) [10], a model of mechanical stress in the electrodes is developed

based on electrodes’ thickness changes during charge and discharge. This model can

be used to monitor mechanical stresses on the electrodes inside a LIB cell as the total

thickness of the cell is measured using two linear voltage displacement transducers

(LVDT) during charge and discharge. Results from this study found “the magnitude
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of stress depends upon locations and Crate, while the thickness of a single cell is mainly

affected by the state of charge (SOC),but not Crate”. The work in this study provides

very useful information to estimate thickness change and stress on the electrodes as

the battery cell is cycled. However, using LVDT on a soft and uneven surface of a

LIB cell may not be adequate to describe the thickness change of the whole battery

cell because LVDT is a single point measurement; thus, the stress estimated using

LVDT only represents the stress at that point and not the whole battery cell.

1.3 Approach

Vibration-based testing techniques are one type of NDT methods which have

been used in many SHM systems to detect changes or damage to a structure by first

diagnosing the damage of the system, and developing a prognosis for the system to

predict the conditions or problems of the system in the future [11]. In SHM systems,

damage of a structure can be identified by measuring and analyzing its changes in

the kinematic response [12]. If a structure or object can be visualized as a system of

masses, springs, and dampers, then the system will vibrate due to a forced excitation;

therefore, the magnitude and phase of the frequency response function (FRF) can be

measured from the kinematic response of the system. By using this technique, a LIB

cell can be treated as a mechanical system with its mass, spring, and damper. Thus,

when the battery cell is charged or discharged, there is a change in the system, it is

assumed that the change will result in changes of the FRF of the system. Therefore,

the FRF reflects the condition of the system as the FRFs of the LIB cell are related

to the physical properties of the electrodes and other components inside the cell. The

changes of the FRF magnitude and phase of the system will help to determine the

SOC and SOH of the LIB cell.

Also, the actual physical properties of electrodes are obtained by direct measure-

ments of each electrode at different SOCs to learn about the relationship between the

cell SOC and its electrodes’ physical properties changes. The measured electrodes’
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properties are used for developing a physics-based frequency response model of the

cell. The model and the results from vibration tests will be used to form the FRF

pattern of the battery cell with different conditions based on the changes in electrodes’

properties, and the results will be used to determine and predict the performance and

problems of LIB cells in the future.

1.4 Thesis Statement

This thesis will develop a new vibration based method utilizing vibration diag-

nostics testing and finite element modeling to use as a low cost and effective way to

monitor the SOCs and SOHs of a LIB cell.

The hypothesis is that the electrodes’ thickness will change during a battery cell’s

cycle. The thickness will be decreased in the cathode and increased in the anode

during charge and reserved during discharge. The changes in the electrodes’ thickness

will result in the change in the whole structure of a LIB cell. Therefore, the battery cell

will respond to an excitation input differently at different change. By characterizing

the changes of a LIB cell during its cycle using vibration test, the SOCs and SOHs

of a LIB cell will be obtained.

The advantage of this method is it can characterize the SOCs and SOHs of a LIB

cell with very small variation of its components properties by analyzing the structural

changes of the materials. Different defects or damage will introduce distinct changes

in the structure of a system causing it to vibrate differently when an excitation is

applied. Therefore, capturing the FRFs of a LIB cell from vibration tests will provide

information which will be used to adjust the parameters in the dynamics model to

produce FRFs which correlate to the ones from test results; thus, the source of change

can be identified. By implementing vary parameters, this method can be used as a

prognosis tool to predict the health of a LIB cell during service.
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2. LITHIUM-ION BATTERY CELL STRUCTURE AND OPERATION

A LIB cell is a complicated system; the structure of a single cell contains several

different components with different material compositions. Inside a LIB cell, chemical

compositions and physical properties of its components are constantly changed with

different rates due to chemical reactions between active materials; the rate of change

of components’ properties is very low as the battery cell is in idle state and high during

cycle; the rate of change increases when the rate of charge/discharge (Crate) increases.

For a rechargeable LIB cell, the changes in its components’ properties during cycle

have to be reversible; in other words, the materials properties of electrodes, which

are changed after the cell is charged, are able to restore to their previous conditions

after it is discharged and vice versa. Permanent changes to the cell’s components

properties will result in irreversible capacity loss and even failure of the cell.

Figure 2.1: A LIB Cell.

A fully assembled and functional LIB cell is shown in Figure 2.1. This is the

high capacity prismatic LIB cell commonly used as power sources in transportation

applications, especially electric vehicles. There are multiple LIB packs are used to
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provide power for an electric vehicle, and each pack consists of 24 to 48 battery

cells to provide enough voltage to power the vehicle. A battery power system in

an electric vehicle is a very sensitive system because everything in the system has

to work consistently all together; if one component is damaged or fails, it will lead

to the failure of the whole system. As a LIB pack is cycled, every cell in the pack

receives the same charge/discharge conditions. Therefore, if one cell loses its capacity

or gets damaged, it will be destroyed from being excessively charged/discharged, and

the whole system will be severely damaged. Thus, to be able to detect LIB cell SOCs

and SOHs will help to determine the health conditions of the battery cell’s internal

components and will help to prevent catastrophic failure of the whole system. It is

important to understand the construction and operation of a LIB cell in order to

investigate the effects of its components’ material properties to its performance and

health.

2.1 Structure and Components of a Lithium-ion Battery Cell.

There are three functional components inside a LIBs cell: they are the cathode,

anode, and electrolyte. Figure 2.2 shows the internal structure of a LIB cell and the

order of its electrode layers. Inside a LIB cell, layers of cathodes and anodes are

alternatively stacked on top of each other to increase the surface area to maximize

the capacity of the cell. Micro-porous polymer separators are inserted between the

electrodes to allow Lithium-ions to move between them. The battery cell operates

through the interactions between the electrodes as electrochemical reactions occur

between active materials and the electrolyte on the electrodes’ surfaces. Therefore,

the charge and life cycle of the battery cell are dependent on the conditions of the

interfaces between the electrodes [13].
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(a) (b)

Figure 2.2: (a) Electrodes Stacking Order in a LIB Cell; (b)Components Inside a LIB
Cell.

2.1.1 Cathode

The cathode is the positive electrode inside the battery cell which contains positive

materials, typically a metal oxide with layered structure, or a material with tunneled

structure and are coated on an aluminum film current collector. In most commercial

LIB cell, positive electrode materials are coated on both sides of the aluminum current

collector to increase the surface area which will improve the efficiency of the LIB cell

when the electrodes are stacked inside the battery cell.

Because the majority of Li-ions are concentrated in the positive electrode mate-

rials, cathodes play a critical part in the overall performance and health of a LIB

cell. Because their materials properties go through intensive structural changes dur-

ing cycle, positive electrode materials must satisfy a set of requirements which are

summarized in Table 2.1 [2]. Figure 2.3 shows the structure of a cathode after coated

with active electrode materials.

For years, LIB researchers and manufacturers have faced tough challenges to come

up with positive electrode materials that satisfy most of the requirements in Table 2.1

and yet still be safe for applications because they are often contradicting one another.
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(a) (b)

Figure 2.3: (a) Double-side Coated Cathode. (b)Positive Electrode Materials Coating
Layer of Cathode.

Table 2.1: Positive Electrode Materials Requirements. [2]

High free energy of reaction with lithium
Can incorporate large quantities of lithium
Reversibly incorporates lithium without structural change
High lithium ion diffusivity
Good electronic conductivity
Insoluble in the elctrolyte
Prepared from inexpensive materials
Low-cost synthesis

There are many ways to increase the capacity of a LIB cell. One of the most efficient

ways is to increase the specific energy of the positive electrode materials. In order to

increase their specific energy, larger amount of Li-ions are inserted into the positive

electrode materials. As a result, the systhesis cost will increase because it is difficult

to insert more Li-ions into a high density structure. Moreover, Lithium is a highly

reactive metal. Lithium will react intensively with water or moister to form metal

hydroxide solution. The reaction will generate heat and Hydrogen gas. Therefore,

higher capacity positive electrode materials might have higer risk of rupture and fire

than that with lower capacity in case of active materials are exposed to the open
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air due to defect or damage occurs. Thus, there are different types of the positive

electrode materials for different purposes. The characteristics of common positive

electrode materials are described in Table 2.2 [2]; the positive electrode materials are

selected based on the applications and working environments of the battery cells.

Table 2.2: Characteristics of Common Positive Electrode Materials. [2]

Material Composition Specific
Capacity
mAh/g

Midpoint V
v.s. Li at
C/20

Comments

LiCoO2 155 3.9 Still the most common, but Co is
expensive.

LiNi1−x−yMnxCoyO2(NMC) 140-180 ˜3.8 Safer and less expensive than
LiCoO2,Capacity depends on upper
voltage cutoff.

LiNi0.8Co0.15Al0.05O2 200 3.73 About as safe as LiCoO2, high capacity
LiMn2O4 100-120 4.05 Inexpensive, safer than LiCoO2, but poor

temperature stability.
LiFePO4 160 3.45 Synthesis in inert gas leads to process

cost. Very safe, low volumetric energy.
Li[Li 1

9
Ni 1

3
Mn 5

9
]O2 275 3.8 High specific capacity.

LiNi0.5Mn1.5O4 130 4.6 Requires an electrolyte that is stable at a
high voltage

2.1.2 Anode

The anode is the negative electrode inside a battery cell. The typical material

used in the anode is a graphitic carbon which is coated on a thin copper foil current

collector, Figure 2.4. Similar to the cathode, the anode materials are coated on both

sides of copper current collector to increase the efficiency when the electrodes are

stacked inside the battery cell. The anode materials are designed so that they can

receive the maximum amount of the Li-ions removed from cathodes during charging;

therefore, any defect or damage on the anode surfaces will affect the performance and

health of a battery cell as Li-ions are unevenly or overly distributed.
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(a) (b)

Figure 2.4: (a) Double-size Coated Anode. (b) Negative Electrode Structure.

2.1.3 Electrolyte

The electrolyte is the chemical compound which bridges the electrodes providing

pathways for Li-ions to travel as the cell is cycled. There are two main types of

electrolytes in common LIB cell: liquid and gel electrolytes. Liquid electrolytes are

solutions of a lithium salt in organic solvents such as carbonates, and they are most

commonly used in commercialized LIBs because they are very practical and efficient

in LIBs manufacturing as battery electrodes are wetted with the exact amount of

electrolyte before they are packaged inside the cell.

Table 2.3 [2] lists common Lithium salts currently used in Li-ion electrolytes in

most of commercial LIBs today. Electrolyte plays an important role in a LIB cell

because it serves as connection to link electrodes together. Therefore, degradation in

electrolyte will result in capacity loss and even failure of the battery cell. The most

common defects and degradation caused by electrolyte in a LIB cell occur when there

are present of impurities such as water or HF inside a battery cell. These impurities

will cause electrolyte oxidation at the positive electrodes and degrade the electrode

materials. This oxidation will result in irreversible capacity loss. Also, those oxidation

reactions can produce gases that will increase the pressure inside the pouch and lead

to severe damage, especially for the prismatic battery cells.
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Table 2.3: Common Salts Used in Li-ion Electrolytes of LIB Cells. [2]

Name Formula Mol.Weight
(g/mol)

Typical
Impurities

Comments

Lithium
hexafluorophosphate

LiPF6 151.9 H2O,HF Most Common

Lithium
tetrafluoroborate

LiBF4 93.74 H2O,HF Less hygroscopic
than LiPF6

Lithium
bisoxalatoborate

LiB(C2O4)2 193.7 H2O Good for solid
electrolyte interface

(SEI)
Lithium
bistrifluoromethane
sulfonimide

LiN(CF3SO2)2 286.9 H2O Help reduce gassing
and improve high
temperature life

cycle

2.2 Operation of a Lithium-ion Battery Cell

2.2.1 Intercalation Processes

Figure 2.5: Intercalation Process between Cathode and Anode.
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A LIB cell operates based on the intercalation processes which is demonstrated in

Figure 2.5. As a LIB cell is charged, current flows from positive to negative electrodes

which causes Li-ions to travel from cathodes to anodes and reverse when the battery

cell is discharged. Therefore, the electrodes’ structures are designed to sustain the

intercalation process so that when Li-ions are removed from and inserted to the host

materials, they will not cause any significant change in the host structure. If there

is any irreversible change in the host materials, there will be loss in charge capacity

and failure of the battery cell.

2.2.2 Lithium-ion Battery States of Charge

The state of charge (SOC) of a LIB battery is defined as the percentage of the

total capacity a battery cell can hold [14]; As the LIB cell is cycled, Li-ions travel

from one electrode to another; the amount of ions transported between the electrodes

determines the charge of a LIB cell. At the end of each cycle, there is a maximum

amount of Li-ions that can be transported from one electrode to another; this is

referred to as the total capacity of a LIB cell (Q). Therefore, the SOC is an indication

of the amount of Li-ions presents in both cathodes and anodes; and the changes

between the SOCs represent the amount of Li-ions transported from one electrode

to another. Also, the physical properties of electrodes’ materials can be determined

from the amount of Li-ions transported between electrodes; as a result, to be able

to measure the exact SOCs of a LIB cell will also measuring the physical properties

changes of the electrodes inside the cell.

The exact SOC of a battery cell can be calculated as [14];

For charging:

SOCk+1 = SOCk +

´ tk+1

tk
I(t)dt

Q
× 100. (2.1)

For discharging:
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SOCk+1 = SOCk −
´ tk+1

tk
I(t)dt

Q
× 100. (2.2)

I(t) from equations (2.1) & (2.2) is the electric current as a function of time, and

k is an integer as the percentage of the SOC (k = 0, 1, ..., 99). So, when the electric

current is a constant value, equations (2.1) & (2.2) can be simplified as:

SOCk+1 = SOCk ±
I × t
Q
× 100. (2.3)

Thus, the exact SOCs of a LIB cell can only be measured when the battery cell

is charged or discharged with constant current. However, in practical applications

using batteries, the current is always changed with time; therefore, it is very difficult

to measure the exact SOCs of the battery because it requires a measure of the exact

current values at different times.

The information in this chapter will provide a basic understanding about the

fundamental of LIB, and this information will be used to develop a technique to

investigate the SOCs and SOHs of the LIB.
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3. EXPERIMENTAL METHODS

At each SOC, there is some amount of Li-ions that are transported from one electrode

to another. As a result, there are changes in physical properties of the electrodes such

as mass, stiffness, thickness, and density. If a LIB cell is considered as a mass-spring-

damper system, the changes in the system will reflect through changes in the FRF

of the system. The vibration test is designed to obtain the FRF of the LIB cell

at different SOCs. By applying an excitation force to the LIB cell at each SOC,

the accelerometer will pick up the acceleration response from the battery cell as it

vibrates. The information obtained from the force input and the acceleration output

is used to estimate the FRF of the battery cell at that SOC. Thus, the FRF obtained

from the vibration test can be used as an indicator to determine the changes in the

structure of the LIB cell.

3.1 Apparatus

Testing equipment are shown in Figure 3.1 and Table 3.1. This vibration test is

designed to be used as a practical and low cost diagnosis tool to examine the SOCs

and SOHs of a LIB cell. Thus, all testing equipment are standard off-the-shelves

equipment which are currently used in most industrial and academic work. Also,

testing equipment are very compact and portable so that they could fit in a small

size suitcase or a backpack for convenient transportation if needed.

The LIB cells used in this experiment are prismatic LIB cells manufactured by

EnerDel. These are high capacity LIB cells which are mostly used as power sources

in electric vehicles. The battery cell’s dimension is 25× 17× 5 cm, and its capacity is

rated at 17.5 Ah which represents 1 Crate. The Crate represents how long a LIB can be

completely charged or discharged, and the Crate is determined by the total capacity of
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Figure 3.1: List of Vibration Test Equipment.

the LIB cell. At 1 Crate, a LIB cell will be completely charged/discharged in 1 hour at

a constant current of 17.5 A. However, it is recommended by the battery manufacturer

to cycle the battery at 1/3 Crate which is 5.8 A to obtain good measurement and to

prolong the life of the battery cell.

3.1.1 Piezoelectric Actuator

For most active vibration-based testing, either acoustic or direct vibration excita-

tion is used as a source to provide excitation input to the test object. The acoustic

excitation is typically a speaker which can excite the test object by producing and

transferring sound waves into the object. Most of the vibration excitation sources

are based on piezoelectric technology. A piezoelectric actuator consists of a metal

case and a core made of piezoelectric materials which is contained inside the case and

attached to the bottom of the case; 2 exact same masses are attached on both sides

of the core. The piezoelectric material is subjected to expand and contract under
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Table 3.1: List of Testing Equipment.

Number Name Type Comments

1 LIB Cells EnerDel 17.5Ah All cells have the same conditions
2 Piezoelectric Disk

Actuator
PCB-712A02 Inertial Mass Actuator

3 Impedance Head PCB-288D01 Combination of load cell and
accelerometer

4 Mass Stainless Steel, 200g Provide stablility to the actuator and
sensors

5 Wax Petro Wax Use as removable adhesive for
accelerometer

6 Foam Block High Density Absorb excitation to eliminate the effect
from the bottom surface.

7 Labview DAQ
Output Module

NI-9263 Provide voltage to trigger actuator

8 Labview DAQ Input
Module

NI-cRIO-9233 Receive load and acceleration signals from
sensors

9 DAQ Chassis NI-cDAQ-9128 Connect DAQ units to computer
10 DC Power Supply MASTECH

HY5020EX
Provide constant current charging of the

battery cell

an applied voltage, and its amplitude correlates with the amplitude of voltage input.

Vibration is generated as the attached masses moves with high velocity.

In this experiment, a piezoelectric disk actuator is used as an excitation input,

Figures 3.2 and 3.3. A piezoelectric disk actuator operates on the same principle;

however, the piezoelectric material in this case is a membrane whose outer diameter

is attached to the inner diameter of the metal disk, and a small mass is attached

at the center of the membrane to generate vibration as the tension and compression

force occur on the membrane when a voltage is applied.

For most active vibration-based tests using piezoelectric actuators, the actuators

are often attached on the objects by strong adhesive compound to provide stability

to the test setup. However, that approach does not benefit the practical applications

in battery testing because it will increase the setup time to attach and remove the

actuator and sensors. Moreover, removing an adhered actuator and sensors from

the surface of the battery cell may damage the cell. Therefore, the disk actuator
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Figure 3.2: PCB-712A02 Piezoelectric Disk Actuator.

Figure 3.3: Operation of a Piezoelectric Disk Actuator.

brings several advantages to this battery testing technique when it can be applied

without using strong adhesive. With an undisturbed testing environment, a mass can

be attached on top of the disk actuator to provide stability to the test setup. Also,

the weight of the mass can be changed to adjust the amplification of the excitation

source. Also, an impedance head can be attached on the bottom of the disk actuator

to create a solid structure which will provide efficient measurement. The PCB-712A02
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disk actuator is used in this experiment, and its parameters are described in Table

3.2 below [15].

Table 3.2: PCB-712A02 Disk Actuator Characteristics.

Parameters PCB-712A02

Voltage Input (Volts) 0 - 10
Effective Mass (grams) 12.14
Inertial Mass (grams) 200
Stiffness (kN/m) 401.5
Damping (Ns/m) 11.48

3.1.2 Impedance Head

Figure 3.4: PCB-288D01 Impedance Head.

The impedance head PCB-288D01 is shown in Figure 3.4 is used in this experi-

ment. This is a mechanical impedance head which contains an accelerometer to obtain
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the acceleration response from the test object as well as a load cell to measure the

dynamic tension and compression force input. This impedance head is attached to

the bottom of the disk actuator and mounted directly on the battery cell to maximize

the efficiency in measuring the FRFs of the battery cell through the driving point

measurements.

Table 3.3: PCB-288D01 Characteristics.

Performance Units

Sensitivity (Acceleration) (±10%) 10.2 mV/(m/s2)
Sensitivity (Force) (±10%) 22.4 mV/N
Measurement Range (Acceleration) ±490.5 m/s2pk
Measurement Range (Force) ±222.4 N pk
Maximum Force 2224 N

3.2 Experimental Setup

Figure 3.5 shows the experimental setup for the vibration test of a LIB cell. An

EnerDel LIB cell is placed on top of a high density foam block to minimize any

interference response from the table. Two poles of the battery cell are connected to

the Mastech DC power supply to charge the battery cell with constant current; the

poles are also connected to the data acquisition (DAQ) unit to monitor actual battery

cell’s voltage. An impedance head which contains both a collocated accelerometer and

a load cell is attached to the piezoelectric disk actuator and directly applied on the top

surface of the LIB cell. The location of the driving point directly affects the FRFs

of the battery cell because it determines how the structure will vibrate; therefore,

driving point location is kept at the same spot, at 7.5× 7.5cm from the corner of the

cell, on every battery cell to maintain the consistent measurements. A thin layer of

wax is applied on the interface between the impedance head and the battery cell’s top

surface to maintain surface contact and to maximize the input excitation by filling
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Figure 3.5: Vibration Test Setup.

the air gap caused by uneven surfaces. Also, a 200g mass is attached on top of the

disk actuator to provide stability for the disk actuator and to provide amplification

for the excitation input.

The test setup is contained inside a polycarbonate box, shows in Figure 3.6, to

keep the testing environment from disturbance and to serve as hazardous containment

in case of rupture or fire occurs when the battery cell fails or being overcharged during

the experiment.

3.3 Experimental Procedure

The tests are designed to estimate the FRF of the battery at each 10% increment

in the charge state. In order to measure the FRF at the exact SOC, the battery

cell is put under constant current charge with 1/3 Crate, and the charging time is

determined by the total capacity of the cell (17.5 Ah), which is provided by the

battery manufacturer. Based on the total capacity of this LIB cell, it will take 1 hour

to completely charge the battery cell at 17.5A. Thus, at 1/3 Crate, which is 5.8A, the
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Figure 3.6: Vibration Test Setup in Controlled Environment.

total charging time will be 3 hours (180 minutes). It will take 18 minutes to charge

the battery cell to each 10% SOC increment.

Figure 3.7 illustrates the testing sequence for a LIB cell. The SOCs of 100% and

0% are defined based on the maximum and cut-off voltages of the cell which are at

4.1V and 2.5V, respectively. The values of maximum and cut-off voltages are also

provided by the battery manufacturer based on the design and configurations of this

particular battery cell. Irreversible capacity losses, damage, or even total failure of

the battery cell will occur when it is operated outside those limits.

In order to acquire an accurate measurement in the vibration test, the battery cell

is required to reach steady state before any excitation can be applied because there is

a certain time period after being charged or discharged during which Li-ions inside the

cell are still in an excited state. This causes drift in charge and voltage. Therefore,

the cell is permitted to relax for at least 6 hours before the FRF measurement can

be taken to ensure there is minimum drifting effect so that it does not affect the

test results. There are two types of variables which affect the SOCs and SOHs of a

LIB cell; they are internal variables such as physical and material properties of the
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components inside the cell, and external variables such as rate of charge/discharge,

temperature, and storage time. In order to measure the SOC of a battery cell through

changes in physical properties of electrodes, the other variables need to keep constant

to maintain the consistency of the measurements. Therefore, the external variables

are kept the same at 22°C and 1/3 Crate for every battery test.

Figure 3.7: Vibration Testing Sequence.

The LIB cell is discharged to 2.5V at which it is considered at 0% SOC. After the

relaxation period of 6 hours, the LIB cell at 0% SOC has reached the steady state.

A vibration test is applied to obtain FRF at 0% SOC. Then, the LIB cell is charged

for 18 minutes at 5.8A to reach 10% SOC. Another vibration test is applied to obtain

FRF at 10% SOC after the LIB cell is let to relax for 6 hours. This sequence is



25

repeated until the LIB cell is charged to 180 minutes; at this state, it is considered

at 100% SOC.

Figure 3.8: Vibration Test Schematic.

A vibration test is described in Figure 3.8. An algorithm is generated using Matlab

to start the driving point measurement at every 10% SOC increment. A conversion

library, which is an application package provided by Matlab, is used to communicate

between Matlab algorithm and LabVIEW DAQ units. The test parameters are put

in Matlab algorithm. As the test starts, Matlab program sends testing information to

DAQ units through conversion library. Input and output DAQ units receive informa-

tion from the program and send signals to trigger the actuator to apply an excitation

to the LIB cell. The load cell and accelerometer then measure the force input and
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acceleration response from the LIB, respectively. The measurement data is sent to

Matlab to be analyzed and saved into files.

Table 3.4: Parameters for estimating FRF of the LIB cell.

Parameters Value/Type

Sweep Frequency 0-5000 Hz
Sampling Frequency 50000 samples/sec
Duration 4 sec
Signal Filter Anti-aliasing
Window Tukey

A sine sweep with the frequency from 0 to 5000 Hz and with the duration of

4 seconds is used as an excitation on the LIB cell. The data obtained from the

test is the force input and the acceleration output in the time domain. To estimate

the FRF of the LIB cell, a Matlab program is generated to analyze the experiment

data. The program processes the data by passing them through an anti-aliasing

filter to eliminate overlapped signal; then, a Tukey window is applied to the data

to minimize spectral leakage before it is converted to frequency domain using Fast

Fourier Transform (FFT) function in Matlab. Finally, FRF from the data is produced

using H1 estimator to minimize the noise output. The parameters used for estimating

the FRFs are summarized in Table 3.4.

3.4 Experimental Results

The FRF magnitude of the LIB cell at 10% SOC is shown in Figure 3.9. The

highly damped resonances observed from the FRF correlate with the components’

properties within the battery cell. The electrolyte inside the battery cell is either

liquid or gel which can result in a highly damped structure. This FRF can serve

as the SOC and SOH signature of the LIB cell at 10% SOC because it reflects the
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conditions of the LIB cell’s structure at this state. Therefore, this FRF can be used

as a reference in determining the SOC at 10%.

The coherence is also shown in Figure 3.9. The coherence represents the causality

of the system; as the coherence value reaches 1, the system is causal. It means the

total response output measured is linearly correlated with the input power. The

coherence value in this measurement is equal to 1 after approximately 250 Hz. This

result suggests that in the frequency range from 250 to 5000 Hz; thus, there is a good

signal to noise ratio. Therefore, the measurement is good and reliable.

The FRFs obtained from each 10% increment SOC are shown together on one plot,

Figure 3.10 & 3.11, to illustrate how the FRF changes when the LIB cell increases in

SOC. As the LIB cell is charged, the FRF of later SOC slightly shifts to the right of

the previous one. This indicates that the LIB cell responds at higher frequencies as

it reaches a higher SOC. Except the last two SOCs at 90 and 100%, all other FRFs

have similar spacing between them, which correlates with the increment changes in

the LIB SOC. During the test, the cell was charged with constant current and the

same time for every SOC. There is nearly equal amount of Li-ions was transported

from one electrode to another at every SOC. It causes the properties of electrodes to

change at the same rate. In other words, there is a nearly linear relationship between

the cell SOC and the physical properties of the electrodes inside the LIB cell.

3.5 Experimental Verification

3.5.1 Sensitivity Verification

The driving point measurements are used in this experiment to obtain the FRFs

of the LIB cells. However, the driving point measurement is dependent on the applied

location of the test object and the amplitude of the input excitations. The response

from the location on the test object, which is farther away from the driving point,

will be less than the one that is closer to the driving point. Therefore, the sensitivity



28

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
0

10

20

30

40

50

60

70

80

90

Frequency [Hz]

F
R

F
−

M
ag

ni
tu

de
 [m

/N
s2 ]

Magnitude of FRF of LIB Cell at 10% SOC

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Frequency [Hz]

C
oh

er
en

ce

Coherence of LIB Cell at 10% SOC

Figure 3.9: FRF Magnitude and Coherence of a LIB Cell at 10% SOC.
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Figure 3.10: FRFs Magnitude and Coherence of A LIB Cell at Different SOCs.

verification is performed to ensure the driving point measurement in this experiment

is able to reflect the condition of the whole LIB cell.
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Figure 3.11: Magnification of FRFs at Different SOCs.

Figure 3.12: A Polycarbonate Plate Used For Sensitivity Verification.

Figure 3.12 shows a polycarbonate plate, which has the same dimension as the

LIB cell, is used in this study. The driving point measurements are applied to the
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undamaged polycarbonate plate to obtain its FRF. Then, a small change is created

at the farthest corner from the driving point on the plate to introduce a change to the

plate’s structure. The FRF obtained from the damaged plate will be used to compare

with the undamaged plate to verify the sensitivity of the experiment.

Figure 3.13: Driving Point Measurement on Polycarbonate Plate.

The setup of the sensitivity test is demonstrated in Figure 3.13. The sensitivity

verification setup is identical to the vibration test stup of the LIB cell. The driving

point measurement is taken twice on the same polycarbonate plate at different time

to compare the FRFs of the unchanged polycarbonate plate.

The FRFs obtained from 2 different driving point measurements of the same

polycarbonate plate are shown in Figure 3.14. The result shows that the FRFs are

identical as the polycarbonate plate is unchanged in its structure.

A small change in the polycarbonate plate’s structure is created by drilling a hole

with the dimension of 1/8 inches in diameter and 1/16 inches in depth on the poly-

carbonate plate. The drilling on the polycarbonate plate is done without disturbing

the test setup to ensure it is the only change in this experiment. Another driving

point measurement is taken to obtain the FRF of the damaged polycarbonate plate.
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Figure 3.14: FRFs From Driving Point Measurement for Polycarbonate Plate.

Figure 3.15: A Damage Introduced on Polycarbonate Plate.

The FRF obtained from the damaged plate will be used to compare with the FRF of

the undamaged one.
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The FRFs of the polycarbonate plate before and after it is drilled are shown in

Figure 3.16. The arrows indicate the differences in the FRFs of the polycarbonate

plate before and after the plate is changed in its structure.

The results from this sensitivity study verify that this testing technique can mea-

sure the differences in FRFs of the undamaged and damaged polycarbonate plate at

the farthest point from the driving point. Thus, the vibration test can reflect the

structural change of the whole battery cell.

3.5.2 Repeatability Verification

In order to verify the results from the vibration tests, a different LIB cell is

discharged to 0% SOC. Then, it is charged for 90 minutes with constant current

at 1/3 Crate. After the battery cell has relaxed for 6 hours, a vibration test is taken

to measure the FRF and estimate its current SOC. Also, the true SOC is calculated

using the known charging current and the time used to charge the battery cell. The

true SOC will be compare with the SOC measured from the vibration test.

Equation (2.3) is used to calculate the true SOC of the battery cell.

SOC =
I × t
Q
× 100 =

5.8A× 1.5h

17.5Ah
× 100 = 50%. (3.1)

In Figure 3.17, the FRF of the new LIB cell is plotted on the same plot with the

previous FRFs plot to examine if the vibration test can be repeated on other LIB

cells which have similar specifications. The dashed red curve shown on the plot is

the FRF of the new LIB cell which is charged to 50% SOC. The result from Figure

3.17 indicates that the FRF of new LIB cell is nearly matching the previous battery

cell’s FRF at 50%. There are differences in amplitude of the resonant frequencies of

the 2 battery cells. The small differences in the FRFs are caused when the actuator

and sensors are removed from one battery cell and applied to another. The small

changes in the initial conditions of the measurement such as location, wax layer, and

the compression force used to attach the actuator onto the battery cell’s surface will
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Figure 3.17: Compare FRFs of 2 Different LIB Cells at 50% SOC.

affect the measurement. However, the differences are small, and there is no shifting

in resonant frequencies of the 2 battery cells. Therefore, the vibration test is reliable

and repeatable.
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4. ELECTRODES MECHANICAL PROPERTIES MEASUREMENT AND

THICKNESS CHANGE ESTIMATION

It is essential to develop a dynamics model for a LIB cell to confirm the vibration test

results. The model is also used to investigate the effect of an electrode’s properties

changes to the SOCs and SOHs of a battery cell. The development of a LIB cell’s

dynamics model requires to obtain the mechanical properties of the electrodes inside

the battery cell to provide initial values for the model’s parameters. However, it is

very difficult to measure the mechanical properties of the electrodes inside an active

LIB cell. Because active electrode materials are very reactive after they are activated,

it is required a sophisticated controlled environment to be able to perform the direct

measurements of the electrodes inside an active cell. Once an active battery cell is

open, the electrodes will react to the moister in the open air and form oxidation

on their surfaces. That oxidation will result in the degradation and failure of the

electrodes’ materials. Also, the electrodes inside the battery cell are soaked with

electrolytes; and the electrolytes will evaporate quickly once it is released. Thus,

measuring the mechanical properties of the active electrodes is not practical. The

alternative for this problem is measuring the mechanical properties of the non-active

electrodes; then, a mathematical model is used to estimate the properties changes of

the active electrodes at different SOCs using the non-active electrodes’ mechanical

properties. The only difference between a non-active and an active electrode is the

swelling effect when an electrode goes through the wetting process. When a non-active

electrode is activated by wetting it with electrolyte, its thickness will increase as it

absorbs electrolyte. Thus, the properties of the active electrodes inside the LIB cell

can be obtained by incorporating the swelling factor into the measure properties of the

non-active electrodes. The non-active electrodes are measured using the Dynamics
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Mechanical Analyzer (DMA), and a mathematical model will be used to estimate the

changes in thickness of an electrode at different SOCs.

4.1 Electrodes’ Mechanical Properties Measurement using Dynamics Me-

chanical Analyzer

Figure 4.1: Dynamics Mechanical Analyzer.

The DMA is an automatic measuring device used to measure the mechanical

properties of a wide range of materials including viscoelastic materials. A DMA

system includes a sample chamber which is capable of precise temperature control, a

heated vapor-transfer line to maintain chamber temperature, and a control system to

monitor and control humidity and temperature of the sample chamber. One of the

advantages of the DMA is the ability to measure samples using non-contact linear

drive technology to maximize precision control of stress. Also, air bearings reduce

friction support. Optical encoder technology is used to measure strain to obtain high

accuracy and resolution. Some relevant specifications of the DMA are summarized in

Table 4.1.
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Table 4.1: Dynamics Mechanical Analyzer Specifications.

Modes of Deformation Dual/Single Cantilever, 3-Point
Bend, Shear Sandwich,
Compression, Tension,
Submersible Clamps

Modes of Operation Multi-Frequency,
Multi-Stress/Strain, Creep/Stress

Relaxation, Controlled
Force/Strain, Isostrain

Max/Min Force 18/0.0001 N
Temperature Range -150 - 600oC
Frequency Range 0.01 - 200 Hz
Modulus Range 103- 3× 1012 Pa

The components are required to measure are the cover layer, single-side cathode,

double-side cathode, and double-size anode. To measure the mechanical properties of

those components, they are disassebled from the battery cell and cut into small spec-

imens with a dimension of 1× 5cm. A micrometer is used to measure the thickness

of the electrodes and cover layer. Each specimen is weighted to calculate its density.

Then, the DMA is used to measure the mechanical properties of each specimen. The

measured dimension and thickness of each sample is entered to the DMA system to

calculate the stress and strain of the sample.

Tension test with controlled force is used to measure the properties of the com-

ponents’ samples. Figure 4.2 shows a cathode sample is put on the clamp in the

testing chamber. The preload force is set at 4 Newtons. The preload force is held

until the temperature inside the chamber reaches29oC. The preload time provides the

steady state condition inside the DMA chamber and ensures the sample is in tension

before the measurement starts. An increment of 2 N is applied to the sample every 5

minutes until it reaches maximum load of 18N. The DMA measures the strain of the

sample and calculate its stress based on the force input and the dimensions of the
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sample. Therefore, a stress/strain curve of the sample can be constructed from the

measurement.

(a) (b)

Figure 4.2: (a) Electrode Samples. (b) DMA Testing Setup.

Stress vs Strain plots of different samples are shown in Figure 4.3. The Elastic

modulus of a sample can be obtained by contructing a slope on the linear region of the

stress vs strain curve. The measured mechanical properties of different components

of a non-active LIB cell are summarized in Table 4.2.

Table 4.2: Measured Properties of an Inactive LIB Cell Components.

Components Dimension (cm) Electrode
Material

Thickness
(cm)

Density
(g/cm3)

Elastic
Modulus
(MPa)

Cover Layer 14.5× 23.5× 0.016 NA 1.6875 4151
Single-side Cathode 14.5× 23.5× 0.010 7× 10−3 2.7900 8342
Double-side Cathode 14.5× 23.5× 0.015 14× 10−3 1.8846 3137
Double-side Anode 14.5× 23.5× 0.013 12× 10−3 2.8293 3442
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4.2 Electrodes’ Thickness Change Estimation

The electrodes’ thickness is changed during charging and discharging cycle. The

changes occur when Li-ions are removed from and inserted in the electrodes’ struc-

tures. The thickness changes will create contraction and expansion in the electrodes

materials. Therefore, cycling a battery cell will create cyclic loads on its electrodes,

and it can cause fatigue on the electrodes and destroy the battery cell. Also, the

electrochemical intercalation process on the electrodes occurs during cycle creates

ion concentration in the electrodes’ materials; thus, the concentration of Li-ions will

induce mechanical stress on the electrodes. When the stress exceeds the limits of

electrodes’ materials, permanent deformation or fractures will occur in the electrodes’

materials which lead to irreversible capacity loss or failure of a LIB cell. Thus, to

be able to estimate the changes of electrodes’ thickness inside the battery cell during

charge or discharge will help to determine the stress on the electrodes inside the bat-

tery cell at different SOCs. Moreover, the estimated thickness changes can be used

as inputs for a dynamics model to diagnose health of a LIB cell.

A mathematical model is developed by Fu et al [10] to estimate the thickness

change in cathode and anode as a function of ion concentration and the SOC of

the LIB cell. By using the mechanical properties of the electrodes obtained from

DMA measurements in the previous section, the thickness changes of the electrodes

at different SOCs can be estimated by the dynamics model of the battery cell.

Table 4.3 lists the mechanical properties of the lectrodes measured from the DMA

measurement, and the parameters of electrodes’ thickness changes obtained from

electrochemical properties of the similar type LIB by Smith and Wang [16].

The change in radius of electrode particle can be expressed as

4Rs =
1

3
c̄s · Ω ·Rs0. (4.1)

The relationship between the change in volume of an electrode and the one of an

electrode particle can be expressed as
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Table 4.3: Estimation Parameters. [16]

Parameter Anode Cathode Units

Initial Thickness ho 6× 10−3 7× 10−3 cm
Particle Radius, Rs0 10−4 10−4 cm
Active Material Volume Faction, εs 0.58 0.50
Elastic Modulus, E 3442 3137 MPa
Poisson’s Ration, υ 0.3 0.3
Fractional Expansivity, ω 0.08 0.065
Stoichiometry at 0%,x0%, y0% 0.126 0.936
Stoichiometry at 100%, x100%, y100% 0.676 0.442

V

V0
=

(
Vs
Vs0

)
,g (4.2)

where V and V0 are the volumes of the electrodes with and without expansion by

lithiation, respectively. Vsand Vs0are volumes of electrode particles with and without

expansion by lithiation, respectively. And g is the swelling coefficient; in this case,

assume the total volume changes of the electrodes are from the volume changes of

electrode particles; so, g is equal to 1. Therefore, Equation (4.2) can be linearized as

4V = 3V0
4Rs

Rs0

. (4.3)

Because the area of an electrode is a constant as the material cannot expand

beyong the coated area, the volume change occurs through the thickness change. The

Equation (4.3) can be rewritten as:

4h = 3h0
4Rs

Rs0

, (4.4)

where h0 is the initial thickness of electrode without expansion by lithiation,

and 4h is the thickness change caused by lithiation. Subtitute Equation(4.1) into
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Equation(4.4) will give the thickness change of electrode as a function of average ion

concentration.

4h = Ω · h0·c̄s. (4.5)

The average ion concentration can be obtained from the SOC of the battery cell

and Stoichiometric numbers of negative and positive electrodes. So, there is difference

in the average ion concentration of the cathode and the anode. They can be expressed

as:

c̄−s = (x0% + (x100% − x0%) · SOC) · c−s,max. (4.6)

c̄+s = (y0% + (y100% − y0%) · SOC) · c+s,max, (4.7)

where - and + represent anode and cathode, respectively. Also, x and y are

Stoichiometric number of anode and cathode, respectively.

Substitute Equation(4.6) & (4.7) into Equation(4.5), the thickness change becomes

4h− =
(
Ω− · h−0 · c−s,max · x0%

)
+
(
Ω− · h−0 · c−s,max · (x100% − x0%)

)
· SOC. (4.8)

4h+ =
(
Ω+ · h+0 · c+s,max · y0%

)
+
(
Ω+ · h+0 · c+s,max · (y100% − y0%)

)
· SOC. (4.9)

Equation(4.8) & (4.9) clearly indicate how the thickness of the anode and the

cathode will change at different SOCs. The Stoichiometric number of anode at fully

charged is greater than the one at fully discharge. So, the quantity of (x100% − x0%)

is positive. On the other hand, Stoichiometric number of cathode at fully charged is

less than the one at fully discharged; so, y100% − y0% is a negative number. Therefore,
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as the SOC increases, thickness of the anode will increase, and thickness of cathode

will decrease. This correlates with the actual operation of the LIB cell because dur-

ing charging cycle, Li-ions are removed from cathode and inserted to anode. Thus,

cathode’ thickness will decreases, and anode’s thickness will increase.

The maximum ion concentration of an electrode can be obtained when the thick-

ness of an electrode reaches maximum value. Therefore, maximum ion concentration

of anode and cathode can be calculated as

c−s,max =
Q

(x100% − x0%) · h−max · ε−s · A · F ·N
. (4.10)

c+s,max =
Q

(y0% − y100%) · h+max · ε+s · A · F ·N
, (4.11)

where Q is the total capacity of the battery cell, hmax is the maximum thickness of

an electrode after being lithiated, εs is the active material volume fraction which can

be obtained from Table4.3, A is the area of an electrode, F is the Faraday constant,

and N is the number of single electrode material layers.

When the electrode is fully lithiated, the volume change is maximum, and it can

be expressed as

Vs,max

Vs0
=

(
Rs,max

Rs0

)3

= 1 + ω, (4.12)

where ωis the factional expansivity of electrode material. Therefore, the maximum

thickness change can be obtained as

hmax = (1 + ω) · h0. (4.13)

Also, the change of electrode particles radius will become maximum when the

average ion concentration is at its maximum value.

4Rs,max =
1

3
c̄s,max · Ω ·Rs0. (4.14)
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Therefore, the theoretical partial molar volume of anode and cathode can be

obtained by substituting Equation(4.14) into Equation(4.12)

Ω− =
3

c−s,max

[(
1 + ω−) 1

3 − 1
]
. (4.15)

Ω+ =
3

c+s,max

[(
1 + ω+

) 1
3 − 1

]
. (4.16)

Substitute Equation (4.10), (4.13), (4.15) into Equation(4.8); and substitute Equa-

tion (4.11), (4.13), (4.16) into Equation(4.9), thickness change an electrode becomes

a function of the SOC only. Thus, the thickness of each electrode can be obtained at

different SOC.

The mechanical properties and the thickness changes of the electrodes obtained

from this section will be used as variables in the analytical model of the battery

cell. This model is very helpful in studying the effect of mechanical properties and

thickness changes in electrodes to the changes of the FRFs. Comparing the FRF

results from the model and the ones from the vibration tests, the information about

the effect of physical properties changes in the electrodes to the SOCs and SOHs of

the LIB cell will be revealed.
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5. ANALYTICAL MODEL OF A LITHIUM-ION BATTERY CELL

There are many factors that affect the components’ material properties inside a LIB

cell which directly affect the SOCs and SOHs of the battery cell. A vibration test

can reveal the differences in FRF of a LIB cell when a change occurs within the

battery cell’s structure. However, results from vibration tests alone do not provide

enough information to identify the source which causes changes in FRFs. By using

the battery cell’s structure and operation to construct the analytical model of the LIB

cell, the relationship between the changes in components’ properties inside a LIB cell

and the battery cell’s SOCs and SOHs can be obtained. Moreover, the combination

of the vibration test results and the analytical model of the battery cell can be used

as a diagnostic tool to identify the sources of changes in the components’ properties

of a battery cell. This diagnostic tool can also identify the souces which cause the

degradation in SOCs and SOHs of a LIB cell.

A LIB cell can be treated as a dynamics system with mass, stiffness, and damping.

In order to model the battery cell as a dynamics system, it is required to obtain the

mass and stiffness of the battery cell. Therefore, finite element method will be used

to obtain the mass and stiffness of the battery cell using the physical properties of

the battery cell’s components.

5.1 Finite Element Method

A LIB cell is broken into a system of several layers of cover, anode, and cathode.

Each layer is splitted into several elements which are connected together by nodes.

Every node in one layer is connected to the one in the other layer by springs. Each

element is considered as a Bernoulli’s beam. Thus, mass and stiffness matrices of

each element can be obtained by applying Bernoulli’s Beam equations.
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Figure 5.1: Finite Element Structure of a LIB Cell.

Figure 5.1 shows the structure of a LIB cell as a system of elements which are

connected together by nodes and springs.

Figure 5.2: Free Body Diagram of a Beam Element.

The free body diagram (FBD) of an element is shown in Figure5.2. The defor-

mation of this 4 degree of freedom beam can be described as a function of the end

displacements



48

u(x, t) =
4∑

n=1

ψn(x)vn(t), (5.1)

Where u(x, t)is the deformation function of the beam, νn(t) are the end displace-

ment functions, andψn(x) are the shape functions and they are expressed as follow:

ψ1(x) = 1− 3
(x
L

)2
+ 2

(
2

L

)3

. (5.2)

ψ2(x) = x− 2
x

L

2

+
x3

L2
. (5.3)

ψ1(x) = 3
(x
L

)2
− 2

(
2

L

)3

. (5.4)

ψ1(x) =
x

L2

3

− x

L

2

. (5.5)

For bending, the strain energy relates to the curvature κ, where it is expressed as:

κ =
∂2u(x, t)

∂x2
=

4∑
n=1

∂2

∂x2
ψn(x) · vn(t) =

4∑
n=1

ψ
′′

n(x) · vn(t). (5.6)

The strain energy for pure bending can be obtained from the expression below:

V =
1

2

ˆ L

0

EI(κ)2dx. (5.7)

Substitute the curvature from Equation(5.6) into Equation(5.7)

V =
1

2

ˆ L

0

EI

(
4∑

n=1

ψ
′′

n(x) · vn(t)

)2

dx. (5.8)

The stiffness coefficients can be expressed as:

Kij =
∂

∂vi

∂

∂vj

1

2

ˆ L

0

EI

(
4∑

n=1

ψ
′′

n(x) · vn(t)

)2

dx. (5.9)
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Kij =

ˆ L

0

E · I · ψ′′

i (x) · ψ′′

j (x)dx. (5.10)

Take the second derivative of the shape functions, it will yield the components of

the element’s stiffness matrix

[Ke] =
EeIe
L3
e


12 6Le −12 6Le

6Le 4L2
e −6Le 2L2

e

−12 −6Le 12 −6Le

6Le 2L2
e −6Le 4L2

e

 . (5.11)

To find the element’s mass matrix, start with velocity equation

u̇(x) =
4∑

n=1

ψn(x) ˙·vn. (5.12)

The kinetic energy of the neutral axis can be expressed as:

T =
1

2

ˆ L

0

ρ · A · (u̇(x))2 dx. (5.13)

T =
1

2

ˆ L

0

ρ · A ·

(
4∑

n=1

ψn(x) ˙·vn

)2

dx. (5.14)

So, the mass matrix coefficients can be obtained by

Mij =
∂

∂v̇i

∂

∂v̇j

1

2

ˆ L

0

ρ · A ·

(
4∑

n=1

ψn(x) ˙·vn

)2

dx. (5.15)

Mij =

ˆ L

0

ρ · A · ψi(x) · ψj(x)dx. (5.16)

Then, the mass matrix can be constructed as
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[Me] =
ρeLe

420


156 22Le 54 −13Le

22Le 4L2
e 13Le −3L2

e

54 13Le 156 −22Le

−13Le −3L2
e −22Le 4L2

e

 . (5.17)

.

The mass and stiffness matrices obtained above are the mass and stiffness matrices

for one element. In order to obtain the mass and stiffness matrices for the whole

layer, mass and stiffness matrices of each element are assembled by adding the matrix

components at the node which connects the two elements.

[K1+2] =
EeIe
L3
e



12 6Le −12 6Le 0 0

6Le 4L2
e −6Le 2L2

e 0 0

−12 −6Le 12 + 12 −6Le + 6Le −12 6Le

6Le 2L2
e −6Le + 6Le 4L2

e + 4L2
e −6Le 2L2

e

0 0 −12 −6Le 12 −6Le

0 0 6Le 2L2
e −6Le 4L2

e


. (5.18)

[M1+2] =
ρeLe

420



156 22Le 54 −13Le 0 0

22Le 4L2
e 13Le −3L2

e 0 0

54 13Le 156 + 156 −22Le + 22Le 54 −13Le

−13Le −3L2
e −22Le + 22Le 4L2

e + 4L2
e 13Le −3L2

e

0 0 54 13Le 156 −22Le

0 0 −13Le −3L2
e −22Le 4L2

e


.

(5.19)

A Matlab program is generated to construct global mass and stiffness matrices for

the whole battery cell by assembling stiffness and mass matrices of all elements.
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5.2 Dynamics Model of a Lithium-ion Battery Cell

The dynamics model of a LIB cell can be constructed by applying the equation of

motion.

[M ] ẍ(t) + [C] ẋ(t) + [K]x(t) = f(t), (5.20)

where f is the input force vector, [M]and [K]are the global mass and stiffness

matrices of the battery cell, and[C] is the damping matrix of the battery cell. The

damping matrix of the whole battery cell can be obtained by using proportional

damping equation which can express as:

[C] = α [M ] + β [K] , (5.21)

where α & β are the damping coefficients.

In order to estimate the FRF of the model, Equation(5.20) is converted into the

frequency domain using Laplace Transformation. Then, Equation(5.20) becomes:

[M ] s2X(s) + [C] sX(s) + [K]X(s) = F (s). (5.22)

The transfer function of the system can be obtained as follow:

H(s) =
X(s)

F (s)
=

1

[M ] s2 + [C] s+ [K]
. (5.23)

The FRF of the system is the transfer function evaluated at s = jω. Thus,

Equation(5.23) becomes:

H(jω) =
1

[M ] (jω)2 + [C] (jω) + [K]
. (5.24)

H(jω) =
1

− [M ]ω2 + [C] (jω) + [K]
. (5.25)

The H(jω) in Equation(5.25) represents the FRF of the system.
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Figure 5.3: Dynamics Model of FRF with Constant Thickness Change.

5.3 Results

Figure 5.3 shows the FRFs from the analytical model of the LIB cell. The FRFs in

this plot represent the simulation of the LIB during the charging cycle. The simulation
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in this model is generated by changing the thickness of the electrodes. The model

starts with the non-active electrodes’ properties which is considered at 0% SOC. To

bring the SOC in the model to 10% SOC, the original thickness of anode and cathode

are ajusted with the estimated thickness change at 10% SOC. For charging cycle, the

estimated value of ∆h− at 10% is added to the anode’s thickness, and the estimated

value of ∆h+ at 10% is subtracted from cathode thickness. Because of the losing ions

in the cathode and the gaining ions in the anode during the charging cycle, thickness

of the cathode decreases and thickness of the anode increases.

The results from the model show that the FRF shifts to a higher frequency as the

SOC increases. The spaces between the FRFs are the same . This results confirm the

hypothesis that electrodes’ thickness will change during charge and discharge. When

the battery cell is charged with constant current, there is constant change in thickness

of every electrode. Also, when the battery cell is charged, anode’s thickness increases

while cathode’s thickness decreases with constant values at different SOCs.

The FRFs plots from the vibration test and the analytical model are shown in

Figure 5.4. The FRFs in both vibration test and model shift with the same spacing

to the higher frequency as the SOC increases. However, the results from the test and

model are not fully correlated. The FRFs from the model shows that the FRFs shift

with the same spacing from 10% to 100%. The result from the test shows that the

shifting in FRF at 90% and 100% is decreased. The spacing from 80% to 90% SOC

is just around 40% of the previous one. The spacing from 90% to 100% is just half of

the one from 80% to 90% SOC. It is assumed that the decrease in spacing between

FRFs after 80% SOC is caused by the ions saturation in anode’s material. When

the anode material is saturated with Li-ions, it cannot absorb anymore ions from the

cathode. Therefore, the increase in anode’ thickness when the LIB cell reaches 90%

and 100% SOCs will be less than the previous ones.

The model is used to verify the assumption of the ions saturation in the anode by

reducing the thickness change of the anode at 90% and 100% SOCs. The thickness

change of the electrodes are adjusted at 90% and 100% so that the increase in anode
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Figure 5.5: Dynamics Model with Adjusted Thickness Changes at 90% and 100%
SOCs to Match the Vibration Test Results.

thickness from 80% to 90% is equal to 40% of ∆h−, and the increase in thickness

from 90% to 100% is equal to 20% of ∆h−. The result of these adjustments is plotted

in Figure 5.5.



56

The results from the adjusted FRF model show that the spacing between FRF

at 90% and 100% decrease proportionally with the decreased thickness input. The

results from the adjusted model are fully correlated with the results from the vibration

test. The model has confirmed with the results from experiment that thickness of the

electrodes increase with the same rate during charging process until the SOC reaches

to 80%. After 80% SOC, electrodes’ thickness will change with a smaller amount.

This information indicates that the anode’s material will be saturated with Li-ions

when the LIB cell reaches 80% SOC. The same amount of Li-ions transport from

cathode to anode after 80% SOC will result in an increase in anode’s density, rather

than in its volume. This information explains the fact that overcharging the battery

cell will cause severe damage or destroy the cell when the increase in density will lead

to the increase in stress. As a result, crack and rupture on the anode will occur.
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6. CONCLUSIONS AND LIMITATIONS

6.1 Conclusions

Current technology cannot estimate the exact SOCs and SOHs of a LIB cell. The

only way to obtain the exact SOCs of a LIB cell is measuring the constant current

and time a LIB cell is charged or discharged. However, it is very difficult to track the

current and time during service because the current always changes its value due to

the types of applications and the working environment. SOCs estimation using other

parameters such as voltage vs time, or voltage vs internal resistance are not reliable

when they are dependent on the total capacity of the LIB cell. As the capacity of a

LIB cell is degraded due to aging or damage, more error will occur. As a result, those

estimation will be incorrect.

It is important to develop a method which can measure the exact SOCs of the

battery cell. Such method can also be used to determine the SOHs of the cell because

the SOC represents the capacity of the LIB cell. As a LIB cell loses its capacity, it

cannot hold as much charge as it should be; thus, the capacity loss will reflect through

the highest SOC of a LIB cell. In other words, the highest SOC of a bad LIB cell will

be less than the highest SOC of a good one.

The goal of this thesis is to develop and demonstrate a method to diagnose the

SOCs and SOHs of a LIB cell using vibration-based testing and modeling. The

advantage of the vibration test is the ability to link the structural changes in a LIB

cell to its SOCs. As the LIB cell changes its SOC, there are also changes in the cell’s

structure due to the changes in properties of the individual electrode inside the LIB

cell. By capturing the FRFs of the battery cell’s structure, the SOCs of the battery

cell are obtained. Therefore, the SOHs of the LIB cell can be determined. The results

from vibration test show that the test can describe the changes in electrodes’ thickness
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through changes in the LIB cell’s FRFs. As the LIB cell increases in its SOC, the

FRF of the battery cell is shifted to higher frequencies. Moreover, the amount of

FRF shifting is directly related to the amount of thickness change in the anode. This

information is very useful in determining when the anode is saturated with Li-ions.

The saturation in the anode can be used to determine the maximum SOC of a LIB

cell. When the spacing between FRFs starts to reduce in size, it indicates that the

saturation occurs in the anode as the thickness of anode increase less than the ones

from previous SOCs. The health of a LIB cell, which is under diagnosis, can be

obtained by comparing the spacing of its FRFs to the one of the reference LIB cell.

The reduce in spacing indicates the battery cell has lost it capacity. The difference

in size of the FRFs spacing compare to the reference FRFs indicates that there is

damage in the electrodes.
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Figure 6.1: Simulation of LIB Cell Has It Anode Saturated at 70% SOC.

Figure 6.1 shows the simulation of a LIB cell which has its anode saturated at

70% SOC. The spacing in FRFs starts to decrease after the LIB cell reaches 70%
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SOC. Therefore, this battery cell has lost around 10% of it total capacity since the

healthy LIB cell’s saturation is at 80% SOC.
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Figure 6.2: Simulation of LIB Cell Has the Anode Saturated at 50% SOC.

Figure 6.2 shows another simulation of a degraded LIB cell. In this case, the

spacing in FRFs starts to decrease after the cell reaches 50% SOC. The result indicates

this battery cell has lost 30% of its total capacity.

The analytical model of the LIB cell plays a critical role in determining the SOH

of a LIB cell. First, results from the model are used to verify the results from the

vibration test. The model proves that the shifting in FRFs is caused by the change

in thickness of the anode. As the thickness of the anode is decreased in the model,

the shifting in FRFs of the model is also decreased. Therefore, by changing the

parameters in the model to obtain the similar results from the vibration test, the

source of changes can be identified. Thus, this model can be used as a diagnosis

tool to identify the problems of the LIB cell. Also, by introducing other degradation

factors into the model, the model can also be used as a prognosis tool to predict the

FRFs of the LIB cell in which those degradation factors present.
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6.2 Limitations

There are limitations that need to be considered in order to improve the work in

this study. First, FRFs of the LIB cell are obtained by applying the driving point

measurement to the battery cell’s structure. However, the driving point measurement

is strictly dependent on the initial conditions of the location and the input excitation.

As any one of those initial conditions is slightly changed, the results will be different.

Therefore, in order to obtain similar results from different test objects, it is required

the exact same excitation is applied on the exact same location on different test

objects. Thus, it is difficult to eliminate the changes in the FRFs caused by the

initial conditions.

Also, in order to investigate the effect of mechanical properties changes of the

electrodes to the performance and health of the LIB cell, all other degradation factors

such as temperature, age, damage, etc. are constrained. The testing environment is

kept under ideal condition which all other factors are constants or eliminated. In

practical applications, any of those factors can affect the test results which makes

it difficult to distinguish the source of changes in FRFs. It is essential to introduce

those degradation factors into the test setup to investigate the effect from each of

them to the changes in FRFs of the LIB cell.

Finally, the analytical model has not included other factors that can cause degra-

dation to the LIB cell other than the properties of the electrodes. By introducing

each factor into the model, the differences in FRFs obtained can be used to identify

and predict the actual problems of the battery which are obtained from the vibration

tests.
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APPENDIX: MATLAB CODES

% Huan Pham

% Finite element model for Non−Active cell (Zero charged)

clear a l l ;

clc ;

close a l l ;

n=4; % number of elements

m=4+(n-1) *2; % matrix size of each layer

Kgap =3900; % separator spring stiffness

Kair =0.001; % bottom boundary stiffness/air compressibility

alpha=10e6; % constant 1 for proportional damping

beta=10e-3; % constant 2 for proportional damping

L=23.5e-3; % length of electrode in m

t2=0.1e-3; % thickness of single−sided cathode in m

E2 =8.342 e9; % Young’s modulus of single−sided cathode in Pa

t4=0.13e-3; % thickness of double−sided anode in m

% t4=(0.13e−3)+(0.13e−3)*.1; %This is used for simulation when change the

% thickness of the anode

E4 =3.442 e9; % Young’s modulus of double−sided anode in Pa

t5=0.15e-3; % thickness area of double−sided cathode in m

% t5=(0.15e−3)−(0.15e−3)*.1; %This is used for simulation when change the

% thickness of the cathode

E5 =3.172 e9; % Young’s modulus of double−sided cathode in Pa

%FEA for cover layer

E1 =4.151 e9; Ie1 =(14.5e -3*0.0009^3) /12; rho1 =585; Le1=L/n;

Ke1=E1*Ie1/Le1 ^3*[12 6*Le1 -12 6*Le1 ;6*Le1 4*Le1^2 -6*Le1 2*Le1^2;-12 -6*Le1 12 -6*

Le1; 6*Le1 2*Le1^2 -6*Le1 4*Le1 ^2];

Me1=rho1*Le1 /420*[156 22* Le1 54 -13*Le1 ;22* Le1 4*Le1^2 13*Le1 -3*Le1 ^2;54 13* Le1 156

-22*Le1; -13*Le1 -3*Le1^2 -22*Le1 4*Le1 ^2];

Kg1=zeros(m,m);

Mg1=Kg1;

for i=0:n-1

Kg1 (1+2*i:4+2*i,1+2*i:4+2*i)=Kg1 (1+2*i:4+2*i,1+2*i:4+2*i)+Ke1;
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Mg1 (1+2*i:4+2*i,1+2*i:4+2*i)=Mg1 (1+2*i:4+2*i,1+2*i:4+2*i)+Me1;

end;

%add Kgap to the diagonal in the stiffness matrix

for i=0:n

Kg1 (2*i+1,2*i+1)=Kg1(2*i+1,2*i+1)+Kgap;

end;

%−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

%FEA for bottom cover

% for i=0:n−1

% Kg3(1+2*i:4+2*i,1+2*i:4+2*i)=Kg3(1+2*i:4+2*i,1+2*i:4+2*i)+Ke1;

% Mg3(1+2*i:4+2*i,1+2*i:4+2*i)=Mg3(1+2*i:4+2*i,1+2*i:4+2*i)+Me1;

% end;

Kg3=Kg1;

Mg3=Mg1;

%add boundary stiffness to the bottom layer as air stiffness

for i=0:n

Kg3 (2*i+1,2*i+1)=Kg3(2*i+1,2*i+1)+Kair;

end;

%−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

%FEA for single−sided cathode

Ie2 =(14.5e-3*t2^3) /12; rho2 =2780; Le2=L/n; % Density unit kg/m^3

Ke2=E2*Ie2/Le2 ^3*[12 6*Le2 -12 6*Le2 ;6*Le2 4*Le2^2 -6*Le2 2*Le2^2;-12 -6*Le2 12 -6*

Le2; 6*Le2 2*Le2^2 -6*Le2 4*Le2 ^2];

Me2=rho2*Le2 /420*[156 22* Le2 54 -13*Le2 ;22* Le2 4*Le2^2 13*Le2 -3*Le2 ^2;54 13* Le2 156

-22*Le2; -13*Le2 -3*Le2^2 -22*Le2 4*Le2 ^2];

Kg2=zeros(m,m);

Mg2=Kg2;

for i=0:n-1

Kg2 (1+2*i:4+2*i,1+2*i:4+2*i)=Kg2 (1+2*i:4+2*i,1+2*i:4+2*i)+Ke2;

Mg2 (1+2*i:4+2*i,1+2*i:4+2*i)=Mg2 (1+2*i:4+2*i,1+2*i:4+2*i)+Me2;

end;

%add 2Kgap to diagonal in the stiffness matrix of cathode

for i=0:n

Kg2 (2*i+1,2*i+1)=Kg2(2*i+1,2*i+1)+2* Kgap;

end;

%−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

%FEA for double−sided anode
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Ie4 =(14.5e-3*t4^3) /12; rho4 =1885; Le4=L/n;

Ke4=E4*Ie4/Le4 ^3*[12 6*Le4 -12 6*Le4 ;6*Le4 4*Le4^2 -6*Le4 2*Le4^2;-12 -6*Le4 12 -6*

Le4; 6*Le4 2*Le4^2 -6*Le4 4*Le4 ^2];

Me4=rho4*Le4 /420*[156 22* Le4 54 -13*Le4 ;22* Le4 4*Le4^2 13*Le4 -3*Le4 ^2;54 13* Le4 156

-22*Le4; -13*Le4 -3*Le4^2 -22*Le4 4*Le4 ^2];

Kg4=zeros (4+(n-1)*2,4+(n-1) *2);

Mg4=Kg4;

for i=0:n-1

Kg4 (1+2*i:4+2*i,1+2*i:4+2*i)=Kg4 (1+2*i:4+2*i,1+2*i:4+2*i)+Ke4;

Mg4 (1+2*i:4+2*i,1+2*i:4+2*i)=Mg4 (1+2*i:4+2*i,1+2*i:4+2*i)+Me4;

end;

%add 2Kgap to each node in the stiffness matrix of anode

for i=0:n

Kg4 (2*i+1,2*i+1)=Kg4(2*i+1,2*i+1)+2* Kgap;

end;

%−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

%FEA for double−sided cathode

Ie5 =(14.5e-3*t5^3) /12; rho5 =2813; Le5=L/n;

Ke5=E5*Ie5/Le5 ^3*[12 6*Le5 -12 6*Le5 ;6*Le5 4*Le5^2 -6*Le5 2*Le5^2;-12 -6*Le5 12 -6*

Le5; 6*Le5 2*Le5^2 -6*Le5 4*Le5 ^2];

Me5=rho5*Le5 /420*[156 22* Le5 54 -13*Le5 ;22* Le5 4*Le5^2 13*Le5 -3*Le5 ^2;54 13* Le5 156

-22*Le5; -13*Le5 -3*Le5^2 -22*Le5 4*Le5 ^2];

Kg5=zeros (4+(n-1)*2,4+(n-1) *2);

Mg5=Kg5;

for i=0:n-1

Kg5 (1+2*i:4+2*i,1+2*i:4+2*i)=Kg5 (1+2*i:4+2*i,1+2*i:4+2*i)+Ke5;

Mg5 (1+2*i:4+2*i,1+2*i:4+2*i)=Mg5 (1+2*i:4+2*i,1+2*i:4+2*i)+Me5;

end;

%add 2Kgap to each node in the stiffness matrix of double−side cathode

for i=0:n

Kg5 (2*i+1,2*i+1)=Kg5(2*i+1,2*i+1)+2* Kgap;

end;

%−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

%Construct stiffness matrix for sequence layers with 11 anodes and 11 cathodes

%total of 22 layers (11 cathodes, 11 anodes)
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K1=zeros(m*2,m*2);

K1(1:m,1:m)=K1(1:m,1:m)+Kg4;

K1(m+1:2*m,m+1:2*m)=K1(m+1:2*m,m+1:2*m)+Kg5;

K2=zeros(m*22,m*22);

for i=0:10

K2((2*m*i+1:2*m*(i+1)) ,(2*m*i+1:2*m*(i+1)))=K2((2*m*i+1:2*m*(i+1)) ,(2*m*i+1:2*m*(

i+1)))+K1;

end;

%Construct stiffness matrix for whole battery (27 layers)

global K3;

K3=zeros(m*27,m*27);

K3(1:m,1:m)=K3(1:m,1:m)+Kg1; %top cover layer

K3(m+1:2*m,m+1:2*m)=K3(m+1:2*m,m+1:2*m)+Kg2; %single_sided cathode

K3(2*m+1:24*m,2*m+1:24*m)=K3(2*m+1:24*m,2*m+1:24*m)+K2; %22 layers of double_sided

anodes and double_sided cathodes

K3(24*m+1:m*25 ,24*m+1:m*25)=K3(24*m+1:m*25 ,24*m+1:m*25)+Kg4; %double_sided anode

K3(25*m+1:26*m,25*m+1:26*m)=K3(25*m+1:26*m,25*m+1:26*m)+Kg2; %single_sided cathode

K3(26*m+1:27*m,26*m+1:27*m)=K3(26*m+1:27*m,26*m+1:27*m)+Kg3; %bottom cover layer

%add −Kgap to the connected nodes in the matrix

for i=0:(m/2)*26-1

K3(m+(2*i+1) ,(2*i+1))=K3(m+(2*i+1) ,1+(2*i+1))-Kgap;

K3((2*i+1),m+(2*i+1))=K3 (1+(2*i+1),m+(2*i+1))-Kgap;

end

%−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

%−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

% Construct mass matrix for sequence layers with 11 anodes and 11 cathodes

% total of 44 layers (11 cathodes, 11 anodes, 22 separators)

M1=zeros(m*2,m*2);

M1(1:m,1:m)=M1(1:m,1:m)+Mg4;

M1(m+1:2*m,m+1:2*m)=M1(m+1:2*m,m+1:2*m)+Mg5;

M2=zeros(m*22,m*22);

for i=0:10

M2((2*m*i+1:2*m*(i+1)) ,(2*m*i+1:2*m*(i+1)))=M2((2*m*i+1:2*m*(i+1)) ,(2*m*i+1:2*m*(

i+1)))+M1;

end;

%Construct mass matrix for whole battery (27 layers)
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global M3;

M3=zeros(m*27,m*27);

M3(1:m,1:m)=M3(1:m,1:m)+Mg1; %top cover layer

M3(m+1:2*m,m+1:2*m)=M3(m+1:2*m,m+1:2*m)+Mg2; %single_sided cathode

M3(2*m+1:24*m,2*m+1:24*m)=M3(2*m+1:24*m,2*m+1:24*m)+M2; %22 layers of double_sided

anodes and double_sided cathodes

M3(24*m+1:m*25 ,24*m+1:m*25)=M3(24*m+1:m*25 ,24*m+1:m*25)+Mg4; %double_sided anode

M3(25*m+1:26*m,25*m+1:26*m)=M3(25*m+1:26*m,25*m+1:26*m)+Mg2; %single_sided cathode

M3(26*m+1:27*m,26*m+1:27*m)=M3(26*m+1:27*m,26*m+1:27*m)+Mg1; %bottom cover layer

%−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

%Damping Matrix

C=0.000005* M3 +0.00005* K3;

w=0:0.15:500;

for ii=1:max( s ize (w))

HH(:,:,ii)= inv(-w(ii)^2*M3+1j*w(ii)*C+K3);

end

%Plot the FRF

figure ;

plot(w/2/pi ,abs(squeeze(HH(1,1,:))),’k-’);

xlabel(’Frequency [Hz]’);

ylabel(’|H_{11}| [m/N]’);
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