LINEAR RESPONSE FOR INTERMITTENT MAPS

VIVIANE BALADI AND MIKE TODD

ABSTRACT. We consider the one parameter family o — T, (a € [0,1)) of Pomeau-
Manneville type interval maps To(z) = z(1 4 2%2®) for € [0,1/2) and To(z) =2z — 1
for z € [1/2,1], with the associated absolutely continuous invariant probability measure
ta. For a € (0,1), Sarig and Gouézel proved that the system mixes only polynomially
with rate nt~1/® (in particular, there is no spectral gap). We show that for any ¢ € L9,
the map a — fol 1 due is differentiable on [0,1 — 1/q), and we give a (linear response)
formula for the value of the derivative. This is the first time that a linear response formula
for the SRB measure is obtained in the setting of slowly mixing dynamics. Our argument
shows how cone techniques can be used in this context. For o > 1/2 we need the n~t/e
decorrelation obtained by Gouézel under additional conditions.

1. INTRODUCTION

Given a family of dynamical systems T, on a Riemann manifold, depending smoothly
on a real parameter «, and admitting (at least for some large subset of parameters) an
ergodic physical (e.g. absolutely continuous, or SRB) invariant measure i, it is natural
to ask how smooth is the dependence of p, on the parameter a. In particular, one would
like to know whether o — p, is differentiable and, if possible, compute a formula for the
derivative, depending on i, T, and v, = 9T,

This theme of linear response was explored in a few pioneering papers [Rull, KKPW! Rul
in the setting of smooth hyperbolic dynamics (Anosov or Axiom A), and then further
developed, following the influence of ideas of David Ruelle. In the smooth hyperbolic case,
the SRB measure p, corresponds to the fixed point of a transfer operator L, enjoying a
spectral gap on a suitable Banach space. In particular, this fixed point is a simple isolated
eigenvalue in the spectrum of L., and linear response can be viewed as an instance of
perturbation theory for simple eigenvalues. This is evident in the linear response formulas,
which all involve some avatar of the resolvent (id — £,)~1 = 3, £% applied to a suitable
vector Y, depending on the derivative of o, and on v,.

It was soon realised that existence of a spectral gap is not sufficient to guarantee linear
response when bifurcations are present (see e.g. [Mal, [BI, [BS]). In the other direction,
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[BT] and T. Persson for a conversation on L?. She is much indebted to S. Gouézel for pointing out Theorem
2.4.14 in [Goth|, which allowed us to extend our results to o € [1/2,1).
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neither the spectral gap nor structural stability is necessary for linear response, as was
shown by Dolgopyat [Do| who obtained a linear response formula for some rapidly mixing
systems (which were not all exponentially mixing or structurally stable).

The intuition that a key sufficient condition is convergence of the sum Y, £X(Y,) was
confirmed by [HM|, Remark 2.4|. This is of course related to a summable decay of correlations.
However, decay of correlation usually only holds for observables with a suitable modulus of
continuity, which Y, being a derivative, does not always enjoy. We confirm this intuition
by studying a toy-model, of Pomeau-Manneville type: E| For a € [0,1), we consider the
maps (as in [LSV]) T, : [0, 1] — [0, 1]:

) x(1+2%2%), x€]0,1/2)
Tala) = {23:—1, ze[1/2,1].

(Of course, Ty is just the angle-doubling map Ty(z) = 2z modulo 1.) It is well-known
that each such T, admits a unique absolutely continuous invariant probability measure
ta = padz. (Clearly, po(xz) = 1.) Statistical stability (continuity) of 1, when o changes
is proved in [FT]. The absolutely continuous invariant probability measure o = podx
is mixing for all @ € [0,1). For @ = 0 the mixing rate for Lipschitz observables, say, is
exponential (decaying like 1/2%). For o € (0,1) the mixing rate is only polynomial with
rate n'~1/® [Go, [Sa]. (In fact, Gouézel obtains a faster rate n=/ for [(1) o T7)¢ duq, if ¢
is bounded, ¢ is Lipschitz and vanishes in a neighbourhood of zero, and [ ¢ dus = 0, and
this property is crucial below when o > 1/2.) In particular, for any « € (0,1), the density
P cannot be the fixed point of a transfer operator with a spectral gap on a Banach space
containing all C* functions. However, we are able to prove (Theorem that for any
q € [1,00] and any ¢ € L9, the map o — [ 1 du, is continuously differentiable on [0,1—1/g),
and we give two expressions (, with a resolvent, , of susceptibility function type)
for the linear response formula, with Y, = (XaNa(pa))', where X, = v, 0 (Ta][?)’ll/m) and
N, corresponds to the first branch of the transfer operator £,. This is the first time that
a linear response formula is achieved for a slowly mixing dynamics. The fact that linear
response holds for any bounded 1 is relevant since nonsmooth observables appear naturally.
For example, if A is smooth and O is a Heaviside function, the expectation value of O(A(x))
gives the fraction of the total measure where A has positive value, and more generally such
discontinuous observables have probabilistic and physical interpretations, with the work of
Lucarini et al. [Lull, [Lu2| showing how the theory of extremes for dynamical systems (in
particular regarding climate change) can be cast in this framework.

Our proof is based on the cone techniques from [LSV], and hinges on the new observation
that the factor X, respectively X/, compensates the singularity at zero of pl,, respectively
pa. Indeed, the compensation is drastic enough so that the n=/® decorrelation results of
Gouézel |Ga, [Goth| can be used. It would apply e.g. to the more general one-dimensional
maps with finitely many neutral points described in [LSV], Section 5|. Since our goal is to

1See Remark for one possible generalisation.
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describe a new mechanism (demonstrating in particular how invariant cone techniques E| can
be implemented) for linear response in the presence of neutral fixed points in the simplest
setting, we leave such generalisations to further works.

We end this introduction with comments about bifurcations and the singularities of p,.
By [Thll, Theorem 1], for any o € (0, 1), there exists 0 < ¢1 < ¢2 so thatﬂ

(1.1) ar”® < pa(x) < cox™@.

It is easy to see (e.g. via symbolic dynamics) that the maps {T, | @ € [0,1)} belong to
the same topological class, so that bifurcations do not occur. However the conjugacy hg
between Tp and Ty, is not differentiable. Indeed, if it were, then we would have T/, (0) = T7(0)
at the fixed point 0, but this is impossible E| since T}(0) = 2, while T},(0) = 1 for a > 0.
More generally, take arbitrary o # 3. The conjugacy hg, between T;, and T maps the
invariant density p, to pg. Therefore hg, cannot be differentiable, since otherwise it would
contradict .

Another lesson of recent research [Ru2, Ru3l B3, B2, [CD| on linear response is that
understanding the singularities of the SRB measure is essential. In our application, the
density p, is smooth on (0,1]. The only “critical point” of T}, is the neutral fixed point at
0, so that the “postcritical orbit” is reduced to a single point. By , the singularity type
of po at 0 is z7%. So, heuristically, for a bounded observable 1, the contribution of the
origin to 9y [ Ydua should be [z7*logx - () dx, which is indeed well deﬁnedﬂ Indeed,
this heuristic remark sheds some light on the otherwise mysterious singularity cancellation
Xaopl, ~logx ~ X! po. Our approach should extend to give higher order derivatives of
a — [t (using invariant cones with more derivatives).

After the first version of this paper (in which our result was restricted to a € [0,1/2)
and L observables) was posted on the arXiv, Korepanov [Ko| obtained linear response
(without the formula) for all a € (0,1) and L4 observables (for ¢ > (1 — a)™!). His method
of proof (using inducing) is different from ours.

2. LINEAR RESPONSE FORMULA FOR POMEAU—-MANNEVILLE MAPS

2.1. Statement of the main result. We consider the transfer operator L, defined, e.g.
on L*(dz), by (note that inf 7/, > 1 so absolute values are not needed)

Lop(x)= ) :,Sf,(y)

7= TalY)

2Bomfim et al. [BCV] use invariant cones to obtain differentiability of some equilibrium measures
(enjoying a spectral gap) of Pomeau—Manneville maps. Their results do not apply to the SRB measure, and
thus do not include linear response in the sense of the present work.

3The upper bound also follows from [LSV, Lemma 2.3].

4Also, there are many periodic points zo for Ty such that if p is the period then (T?)'(z0) = 27, but
(T8)' (ha(wo)) # 2"

SWhile this paper was being finished, it was pointed out to us by I. Melbourne that this heuristic
argument can be made rigorous for the special family of maps studied by Thaler in [Th2, Section 2|, where
the invariant density takes an explicit form.
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(For functions depending both on « and = we denote by ’ the derivative w.r.t. x and 9, the
derivative w.r.t. a.)

We introduce some notation in order to state our main result. Let f, : [0,1/2] — [0, 1]
and g, : [0,1] — [0,1/2] be defined by

(2.1) falw) =2(1+2%%),  galy) = f' ().
Note that go(y) = y/2, while for o > 0 we have
(22) l9a(y) — y(1 = 2%y*)| < Cy' ), vy € [0,1].

For 0 <z <1/2and 0 < 8 < 1, we have vg(z) := 95T3(x) = 2°21+P log(2z). Therefore,
for0<z<land 0<g<1,

(23)  Xp:=uvg0gs = 2%, log(2gs), X (2)| < cxl*(|loga] + 1),
and

(24)  Xf=2%ghg] [(1+ B)log(2gs) + 1] , | X5(2)| < cx’([logz| + 1),
and, finally,

(25) X5 =29 [g595((1 + B)log(2g5) + 1) + (g)*((8 + B*)log(2gs) + 1 +28)],
|X’B’(x)| < cmﬁfl(\ logz|+1).
(The properties of X and its derivatives above are at the heart of the mechanism of the

proofs.) Since Ty, (x) is independent from « if z > 1/2, to state our main result, we need
the transfer operator associated to the first branch of T, by

Nop(z) = go(2) - p(galz)) -

Theorem 2.1 (Linear response formula). Let o € (0,1). Then for any ¢ > (1 — «)
any v € Li(dx)

(26)  lme ( / b dpto — / wdua+e)—— /0 96 - L) [(XaNa(pa))] di

(In particular the right-hand side of (2.6)) is well-defined.) In addition, the right-hand side
of (2.6) can be written as the following absolutely convergent sum

_2/ LK [(XaNo(p)) 2/ (Y0 T) (XaNa(pa))'da
k>0 k20

The result also holds for o = 0, taking the limit as € L 0 in (2.6). For p € [1,00), the map
a — Oopo € LP(dx) is continuous on [0,1/p).

1 and

Integration by parts allows us to rewrite the convergent sum as

(2.7) —Z/ (1 0 TF) (X oNa(pa) dx—Z/ (¢ o TFY X o Ny(pa)da

k>0 k>0

We conjecture that the above results also hold for @ < 0 in some parameter range, but the
proof will require modifications.
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Remark 2.2. It seems our proof also applies to the one-parameter family

Cula) = {(1 +t)z+ (1—t)2t21*t, z€0,1/2), fe0.d,

2r — 1, x € [1/2,1],
Remark 2.3. For the sake of comparison with previous works (e.g. [B3|), we can consider a
one-parameter family Fz obtained by perturbations in the image, i.e. so that vg = 0gFj =
Xp o Fg for some Xg. This can be achieved by perturbing the first branch (z < 1/2) in
order to have Tg = Fj3 and requiring the second branch (z > 1/2) to move “sympathetically”
with the first one. More precisely, for fixed o, consider the one-parameter family Fjg , which
satisfies

Foolz) =Ty(x), V2 €0,1], Fgo(z) =Tp(z),Vz € [0,1/2),
and, setting
X3(z) =1 vgogg(x) = 0T 0 gg(x),Vx € [0,1],
so that
Vo = 03B = XgoFg,.

(For = € [0,1/2) this is automatic, and for z € [1/2,1] it can be obtained by solving the
ODE 03F3,o = Xgo Fp, with initial condition Fy (x) = 22 — 1 on [1/2,1]. By the Picard-
Lindel6f theorem, this ODE has a unique solution since (3, y) — X3(y) is continuous in £3.)
If o is fixed, slightly abusing notation, we sometimes write Fg, vg, Xg, and Lg, instead of
Fg o, V8,0, Xg,a, and Lg o, when the meaning is clear. It is not difficult to prove that Fg has
a unique absolutely continuous invariant measure fig = pg dx satisfying the same properties
as f13, and the proof of Theorem [2.1| shows that for any o € (0,1) and any ¢ € L*(dx)

1 1 1
(2.8) gglg)e*( | v [ wdﬂa+€>=— | vt = £2)7 [(Xopa) s

The result also holds for o = 0, taking the limit as € | 0 in .

Just like , the expression can be written as an absolutely convergent sum.
Integration by parts gives [(¢/ o T%) - (TF) ()Xo (2)pa(x) dz. This is just ¥(1) where
U(z) is the susceptibility function (see e.g. [B3]). It would be interesting to analyse the
singularity type of the susceptibility function at z = 1. (See [BMS] for the corresponding
analysis for piecewise expanding maps.)

2.2. Invariant cones. Before, proving the theorem, we introduce notations and state useful
results regarding cones adapted from [LSV].
As our proof requires higher derivatives we shall use the following fact:

Proposition 2.4 (Invariant cone in C?). For fived by > o+ 1, by > by, by > 0, by > 0,
define the cone Co to be the set of ¢ € C%(0,1] so that

b by l_)g by

pla) 20, —p(r) < —¢'(z) < (), and Sp(@) < ¢"(z) < Se(), Yo e (0,1].
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Then there exists bpar < 00 so that for any 0 < o < 1 there exists a + 1 < V(@) < bmax
and b > 1/bpay so that if by > a+ 1, by > b/ («), max{by,bo} < 1/V'(a) we have

(2.9) (RS C = [,a(go) € Cy and Na(go) €Co.
The proof of Proposition [2.4] is given in Appendix [A]
For ¢ € L'(dx) we set m(yp) = fol @(z)dz. For a > 1, we denote by C, = Cy(c,a) the

cone

(2.10)

C,:= {gp c Cl(O, 1] | 0< S0($) < 2apa(x)m(90)v - 1

X

ola) <) <0, e 01
By [LSV], Lemma 2.2], we have [J

(2.11) Lo(Ci(aya)) C Cu(a,a), Ya>2%a+2).
Note also that by definition (this will be used to show (2.17))

1/2 1
(2.12) / pdr > im(go) , Vo e Cy.
0

Finally, for a > 2%(a+2) and by > a + 1, we denote by Cy1 = Cs 1(v, a,b1) the cone
b
213) Cr = {0 € C10.1110 < ¢0) < 2apa(Im(i). |¢(0)] < Pp(o). Vo € 0,11}

Note that (1.1)) implies

(2.14) pla) < 222

m(p), Vo € Cya(a), Vo e (0,1].

By definition, C.; C L!(dx), and

(215) /8 2 (64 2 0 = C*,l(aa a, bl) C C*,l <67 ?CL, bl) .
1

Also, the arguments of [LSV] give a/(«) so that

(2.16) pa € Ci(a) NCy () NCa

if the parameters satisfy a > da’(a), by > o+ 1, and by > b/'(«).

Remark 2.5 (Cones Cy and Cy.). The definition of C,; will make it easy to check that
—(Xap) 4y, for suitable ¢ € C, 1 and constant ¢, > 0, lies in a cone C, 1 (possibly for larger
a and by), via the Leibniz formula. In §2.3| this will be used to get bounds ¢(z) < Cz™¢
and |¢'(z)] < Cz~ 179 while in Appendix [B|these cones play a more important role. This
is why we use C, 1 instead of the cone C, used in [LSV]. However, the condition that ¢(x)

is decreasing will be used to get (2.17). (In [LSV] the condition that ¢(z) be decreasing is
only used in |[LSV] Lemma 2.1|, which we do not need in view of Proposition 2.4 and (B.1]).)

We will use the following result (see Appendix [A| for the proof):

6Noting that —2tlo(z) < ¢'(x) <0 if and only if ¢ is decreasing and 2" ¢ is increasing.
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Proposition 2.6 (Invariance of the cone Cy1). Fiz a € (0,1), a > 1, and by > a+1. Then
Lo(Cii(e,a,b1)) CCun(a,a,br),

1/2
(2.17) N (C*,l(a,a,bl) N {/ pdx > ;m(@}> C Cua(a,2a,by).
0

In addition, there exists C > 0, independent of o, a, and by so that we have for any ¢ € L™
and ¢ € Cy1(a) + R with [ odx =0,
< [¥llzelloll, VE=>1.

1
k
/(; 1/150(90) dz| < (1 _ a)(logk)k_2+1/a

Note that for fixed apmqe < 00 and byqp < 00, the expression (2.18) is controlled by

Cabl
2.19 <
(2.19) <t <amas (1 — o) (log k)k—2+1/a = %

2.3. Proof of Theorem We may now prove the theorem:

Proof of Theorem[2.1] Step 0: We show that the right-hand side of (2.6)) is well-defined
for bounded 1. First observe that integration by parts and X, (0) = X, (1) = 0 (because
v4(0) = 0 and v,(1/2) = 0) imply

1
/0 (XaNoy(pa)) dz = 0.

C’abl

(2.18)

Then note that
1
(220)  [[(XaNa(pa)) 1t = [ XaWNalpa)) + XoNa(pa)ll1 < C/O (|logz| +1)dx < o0.

Indeed, this is easy for o = 0 since

(291)  Xo(x) = 21082 +21°g(x/2)) LX) =1 +1°g2;10g($/2) , veel,1].
Next, poljo,1] = 1, with (Mopo)j,1) = 1/2, so that for any = € [0, 1],

X/ (x 1+ log2 4+ log(xz/2
(222) (XoNo(po)) () = X0 _ L lo2 log(@/2).

For o > 0, on the one hand, (1.1)) and Proposition imply that
|p6(@)] < acaz™ 7%, Na(pa)(@) < pa() < 2™, [(Nalpa))'(2)] < cabra™' 7.

On the other hand, the dominant term of X, (z) is a constant multiple of x!7*logz (see
(2.3)) while the dominant term of X/ (z) is a constant multiple of z%logz (see (2.4]) and

recall (2.2])). This establishes (2.20) for a > 0.
Next, write the right-hand side of (2.6 as

e’} 1 0 1
(2‘23) Z/ ¢ ’ Ei[(XaNa(pa))/] dz| < Z / 1/1 ’ ﬁjo'z[(XaNa(pa))/] dx| .
j=0"0 j=0 170
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The function f = —(XaNa(pa))'/pa is Holder, and it vanishes at zero, with [ fps dz = 0.
In addition, for any € € (0,1) we have C so that |f(z)| < Cz*1~¢/2), Since

$(1+a(1—e/2))—1>é76,

if € > 0 is small enough then [Gothl, Thm 2.4.14] applied || to f = —(XaNa(pa))'/pa gives
K, > 0 so that the jth term in the right-hand side of (2.23) is bounded by

>

Since we may take € < (1/a) — 1, this is summable.

If @« = 0, fixing 8 > 0, it is easy to see that there exists a constant C'x > 0 so that
—(X{No(po))' + Cx belongs to C.1(8,a,by), for suitable a and by (see (2.13))). We may
apply from Proposition 2.6[ to ¢ = —(XoNy(po))" € Ci1 + R in order to bound the
jth term in the right-hand side of .

Step 1: Let ¢ be a bounded function so that [¢du, = 0. We first show that g —
[ ppgdx is Lipschitz at 8 = a. Applying the bound on [LSV] p. 680] to g = ¢ and the
zero-average function f = p, —1 € Cy1 + R, we have, if a > 0,

1
(1/a)—e

/ (6 oT2) - fdpa

< UK, WHLOO a

1 1 1 k 1/a
(2.24) Yo TFdz| = / VLE (po — 1) dz SCaH@bHLOO%,
0 0 f—1+1/a
and, for any 8 > 0,
! ! log k)'/58
(225) [Fworsae [ wdus| < oot BT

If o« = 0, then the spectral gap of £y on C! e.g. gives a constant C' > 1 so that

1
(2.26) ‘/ Yo Trdr| < C||p=27".
0

Taking k large enough, depending on 8 and «, the three expressions (2.24])—(2.25))—(2.26])
are thus o(8 — a). More precisely, fixing £ > 0, there is C so that, for all

k > C(Cmax(aﬁ) (ﬁ — a)_(1+£))1/(_1+1/max(a,ﬂ))

1
/ Yo Thdr| +
0

"This theorem is a strengthening of [Gol Prop. 6.11, Cor. 7.1].

we have

(2.27)

1 1
[wotsan [ < Clullm(s - 0.
0 0
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Letting 1 be the constant function = 1, it thus suffices to bound

Bia</01¢oT§dx/olq/)oT§dx> —
(228) —Z / w(ﬁﬁ ek ) de.

uniformly in 3 — «. For this, we shall use below that for any ¢ € C?(0,1], any = # 0, and
any  # a,

K1 — L) dx

Lsp(x) = Lap(x)

S N

(2.29) P 0 Lapla) + g [ Bpla)—a)dy.
It is easy to check (see the proof of [B3l Thm 2.2]) that we have

Xa(z)
2.30 Oaga(®) = —Xo(2)Na(1/TL) (z) = -
(2.30) ga(x) (@) Na(1/T,) () T (ga(@))?
and, more generally, for any ¢ € C'(0,1] and any = # 0, we have
(2.31) daLa(p)(x) = daNa(p)(z) = Ma(p)(z),

where we set for x # 0
(2.32) Ma(9) (@) = =X Na(0) (@) = XaNa(@'/TH) (2) + XaNa(pTy /(T})?) (z)
—(Xao - Nalp)) ().
Using (2.31)) and (2.32) (twice), we also get, for = # 0 and ¢ € C%(0, 1],
02 La(#)(x) = =00 (XaNa(p))') (x)
= — ((0aXa)WNa(9))) (2) = (X4(0aNa(¥))) (2)
- (aaXa(Na(SD)),) (7) — (Xaaa(Na(So))/) ()
(2.33) == (<8aX0<)(Na(‘P)))/ () + Xg (XaNa(90)>/ (z) + Xa (XaNa(90)>” (z).
Returning to , we assume that 8 > a > 0. For k > 1, we get, using —7

Z/ wﬁj< (ﬁ‘“ i ))> dx = —g/olwﬁg ([Xa/va(,cg—j—l(1))}') dz

(2.34)

£,(£57971(1))] dady.

Consider the first term in the right-hand side of (2.34]). Observe that £,1 € Cy 1(v, a, b1)NCs,
so that, recalling Proposition we have that £57771(1) is in Ci1() N Cy and thus in
Cs1(y) N Cq for any v > « up to increasing a uniformly in j and £ > j — 1. Note that

|(Na(LET7H1))) ()| < byesz™' . Proceeding as in Step 0 (using (2.11)) to invoke (2.12)
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to get (2.17))), we obtain a constant C' > 1 so that [ XoNa(LETH @) (2)] < C(|logz|+1)
for all 1 < j <k —1 (in particular sup sup;<j<x_1 [ XaNa(LETH))]]1 < o0).

Next, if 0 < oo < § < 1, by using |[Goth, Thm 2.4.14] (as in Step 0), we get summability
of the first term of the expression in the right-hand side of as k — oo:

k—1 1 ) i1 k—1 1
7 —7— !
IS | N2 ) e < Collll - s

Finally, we consider the second term of the right-hand side of (2.34)). (This is where we
require the derivatives of order two in Ca.) Applying ([2.33) to ¢ = Lo 71 (1) € C; NCy1(a),
and using Proposition we see that for any a <y < 3,

(2.36) [02L, (L5771 (1)](2)] < C(|log x| + 1)%.

Indeed, recalling and , first note that

100 Xa(2)| < ca'™(|logz|+1)?, [0.X)| < cx®(|logz|+1)%, |0,X"] < cx® (|logz|+1)2.
In addition, for ¢ in Cs1(a) N Ca, we have

bQCg

(Nal9))"(@)] < 2 pa(@Im(Na(9) < S22m(e),  |(XeNa(o)) ()] < ©.

Labelling the three terms from the right-hand side of (2.33)) as I, I, and I1I, we expand
them via the Leibniz equality, obtaining seven functions:

—(aaXa)/(NaSD) + aaXa(NaSD), ) IT = (X;)QNa(SD) + X&Xa(/\/’a(%p)), )
(2.37) 11T = Xo[X'Na(9) 42X, (Na(©)) + XaWNa(9)"] .

By the above, since ¢ = LE771(1) € C, N Cs,1(a), we can bound |I| by
b1 2
(ea(togz] + 1) (e~®) + (e ) (logal + 122 222 m(i))
Similarly |[I1] < (cx®(|log x|+ 1)(c(|logz| + 1)) and [ITI] < (cx'*%(|logz| +1))éz~!. This

proves ([2.36)).
Applying [Goth, Thm 2.4.14] once more (as in Step 0) we thus get the bound

[9]] o
(239) Wl 7y Z 7)1 < Callvlm (8= a).
If & € (0,1), the case 8 < « can be handled similarly, substituting
ZU (Lg— Lo)LET71 = ZU o= L)Ly

in [2.28). and replacing [@:20) by =A== 95 L50(x) + L[5 O2Ly0(2) (3 - B) dy.
Flnally, if o = 0, we use Zj Lh(La—Lo) Ly ==, Lh(Lo— Lﬁ)c’“ e , with (2:29),

and exploit (2.18)) and (2.19).
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This proves that for ¢ € L the map 8 — [ ¢(x)ps(z) dx is locally Lipschitz on [0,1).
Step 2: Still assuming that ¢ is bounded, we next prove that g — [pgdz is dif-
ferentiable at § = a € [0,1) and check that the derivative takes the announced value.
To prove differentiability, recalling and setting k(8) = k(a,5,8) = C(Cs(B —
o)~/ (=141 max(a)) - for some small € > 0, it suffices to check that
(2.39)

MB) " CR
;/0 BL([XoNa (L dx—ir/ = Z / L02L ~1(1))] dady
converges, when 8 - a >0o0r 8] a=0, to
0 1 . 1 0 .
(2.40) 3 / L ([XoNa(pa)]) dz = / 53 L3 ([XaNa(po)]) de
j=0"0 0 j=o0

By , the second term in ([2.39) converges to zero as f — «a. Next, for o € [0, 1),
fixing n > 0 small, by Step 0 we may take K = K, large enough so that the K-tail of
is < n/4, while the K-tail of the first term of is < n/4 uniformly in /. It thus suffices,
for every fixed 0 < j < K, to show that the following difference tends to zero as 5 — o > 0
or 31 0:

1 3 . .
eay [ [ THEGNG(EED T W) - (b o T (XaNa(pa)])] do
0
So it is sufficient to show that there exists IV,, > 1 so that
(2.42) IXaNa(LaW)] = [XaNa(pa) |l < 572 2K Vk = Ny.
If o = 0, this is easy, since p, = 1 so that the expression ([2.42]) vanishes trivially.

If o € (0,1), setting ¢y, := LF (1), we note that the bound on [LSV] p. 680] applied to
g=1and f =1 — p, implies || — palli < Cak'~/*(logk)*/*. (This is not summable if
a > 1/2, but it does tend to zero for all a € (0,1).) Therefore,

o Uog k)M
(2.43) [Na(Dr — pa)lli < Callprs1 — palli < W .

Since X/, € L, it thus suffices to show that

IXaNa(£5(1)) = XalNalpa)) Il < 57 2K

For this, first observe that Proposition [2.4] implies that there exists by so that, for ¢ = p,
and p =1,
b1a02

Nolh(@) ()] < I;—lgo(x) chae sy e (0.1].

Since | X4 (2)| < calz'T(log z + log 2)|, it follows that there exist C,C > 0 so that for any
z € (0,1], all £ > 0, and, for ¢ = p, and ¢ = 1,

(2.44) /0 X () Nk (0)) (2)| dz < C/OI(| log 2| + 1) dz < OF(|log 7| + 1).
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We will choose T to be small and then choose k large enough that the remaining integral is
small. We decompose the remaining integral, for ¢ = p, and ¢ =1, as

/X YNk (o dz_/X J(£5H (o dz+/x >><<z+1>/z>

We focus on the first term above, the estimate for the second one being easier. We shall set
T = xy, for suitable £ > 1 to be determined below, where

(2.45) 20 = (ga)'(1) < 2V /ap=1/a

by [LSV] Lemma 3.2]. Next, for every 1 < m < k, setting ynm(z¢) = (ga)™(2¢) = Zg1m, and
¢ = Pki1-m — Pa, We have

s E2 O, < 12 O /T, + 2 TV TP
< o1, + sl ) Ty

There exist A\, = Ap(z¢) < 1 and Ay, (z¢) < oo (both depending on «) so that the first
term in the right-hand side is < A ||Xy>y,. ()19’ lll1 and the second term is < Ap,||p]l1. In
fact, we claim that there exists C, > 0 so that for all ¢

Am(z0) < Co(1 +m/e)~ 171,

Indeed, recalling that fo = Talj91/2], we have Ay () ™" = (fI")'(y) for some y > ym(z),
and bounded distortion |§| of f" on (Ym, fo(Ym)) = (Ym, Ym—1) gives

fa(ym) - yrln—&-a 1
(2.46) Mnlae) < 7T — i < Colr e

where we used the upper bound v, (2¢) = T < 2/ /%0 4 m)~1/ from ([2.45) and
the lower bound fromﬂ [BT, p. 606] (replacing their o + z!T by our z + 2%z1+%)

(2.47) x> c(2aa)*é€*1/a.
Recalling that ¢ = ¢p11_m — pa, we get, if « € (0,1),

(log(k+ 1 — m))l/a
(k41— m)l/a-1

Recall that [¢(z)] < (a/z)gr < Chiz=" so that |xysyy|étlli < Cyn® and | (z)] <
cobiz™~ 1 giving the same asymptotics, and note that (2.47) gives

[Xarsae (L8 (D1 < Am (@) [ Xy (10h11-m| + PaDIl1 + AmCa

Ym () > ca_é(m + E)_l/o‘

8See e.g. [LSV] (2) p. 678] for the bounded distortion property.

9Note that a + 1 should read o — 1 in line 7 of the proof of [BT}, Prop. 2, p 606], that +a(c+1)/(2un+1)
should be replaced by —a(a — 1)/(2un+1) in line 8, that +logn - a(a + 1)/2 should be replaced by
—log((1 + an)/(1 + @)) - (& — 1)/2 on line 10, and that logn - a(a + 1)/(2n) should be replaced by
—log(1+ an) - (a—1)/(2n) in line 12.
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uniformly in k. Hence, using (2.47) for ym,(¢) = @y re, we get

1

Xy () (D1l + P61 < C [ 5717 dy < Cyp® < Ca(m +0).
Ym

Clearly, (2.46]) implies

(2.48) Calm + O)Am(zs) < Coar— T :

< Coo——r .
(14 m/o)i+1/a = a(1+m/€)l/a

Choosing first £ > 1 to make (2.44)) small, then m > ¢ to make (2.48)) small, and finally
taking k > m large enough (i.e., 5 close enough to «) so that

AmCo(log(k +1 —m)/*(k +1 —m)' 1/

is small, proves (2.42)) in view of (2.43) and (2.44)).
This proves the result for bounded . If [|[¢|a = 1 for (1 —a)™! < ¢ < oo, we

observe that Leb({¢(x) > M}) < M™% and define 9ps(xz) = min(M,(x)), noting that
1) — ¥arllpr < M2 and more generally ||¢) — s < M9/7 for r > 1 close to 1. Since
|log(2z)| € L™/~ (dzx) for all > 1, we can generalise Steps 0 and 1 to 1 € Li(dx) the
result by taking € > 0 very small and r > 1 so that ¢ > r(1 —ea)/(1 — a — er) and choosing
n > 0 small enough so that % <n< l —e—1, taking M(j) = j", and decomposing
Y = (Y —vYar)) +¥ar() in the jth term of (2.23 - , and ([2.34] - We get two series each

time. The first one is convergent because n((q/r) — 1) > 1 while the second one converges

because 7+ 1 < 1/a — e. For Step 2, we take M (k) = k" for n € (0,1/a — 1) in (2.41).
Finally, the claim about continuity of the derivative follows from the linear response

formula and our control on the tails of the absolutely convergent series therein. O

APPENDIX A. PROOF OF PROPOSITIONS 2.4] AND 2.6

Proof of Proposition[2.4 The proof for the first derivative is similar to that of the proof of
ILSV) Lemma 2.3, Lemma 5.1]. We concentrate on the statement for N, the proof for £,
follows easily since (Lo — No)(@)(z) = p((z +1)/2)/2. Let 0 < o < 1. We have T} (z) =
1+2%a+1)z% > 1, T (x) = 2%(a+1)az® ! >0, and T (z) = 2%(a+1)a(a—1)z%2 < 0.
Throughout this proof, we set (recall (2.1)) y = ga(x).

For ¢ as in the statement of the proposition, we have (both terms are positive)

Ty 1,
@)Y @’
T4 (y) by ©(y)
<<< W) T yT W) ) Thw)

bl s Ta(y) . T(;,(y) bl
( o) (z )ye[o {)/2][ by <(T&(y))2 + yTéy(y)H .

—(Nap)'(z) =




14 VIVIANE BALADI AND MIKE TODD

Let ©;(y) be the term in square brackets, then we find if by > 1+ «

T T (y 1+ 2%~ 1 2% a+1)ay®
M (y) = “(,y) (yf“()erl)_ - ( (a ) ya+1)
biyT! (y) \ T (y) 1+2¢(1+a)ye \b 14291+ a)y
_ (4 2%ay® 1+ 1 2% a+1)ay®
B 1+ 291 + )y~ by 14 29(1 4 )y
2a (63 2a (0%
(A1) < (1 - ay > : <1 + ay ) ,
14291+ a)y> 14221+ a)y~
which is < 1 for all y € [0,1/2] (we used (a4 1)/b; < 1 in the last line). Note that
if @« = 0 then Q;(y) = %% 1. To get the reverse inequality, observe that Q;(y) =
y:,:;‘i:,l((y;) (i@,((y)) +1) > 1if by > 0 is small enough (just revisit (A.1)).
Next, writing 7" instead of Ty, for simplicity |(Nap)” ()| is bounded by (all terms below

are nonnegative)

P W) y)T" (y) +3so(y)(T”(y))2 L

)
(T"(y))* T'(y)* (T"(y))° (T"(y))?

<o (0 gy~ gy e * () o)
< oot g ( () = + S

CED Ve MO
(T"(y))? y?
The term 2(y) in square brackets can be written

T(y)? 2%ay® 2%(a +1)ay”
2Ty >r2<1 T 2e(at Dy >b2{3“(“*”*“‘0‘2)*31+2a<a+1>ya])'

(1
We can fix by > 3b1(1 + «) + 20 large enough so that Qa(y) < 1 for all y € [0,1/2] because
)

<yT’( )) (1 +12“+(jafj)y“>2 - (1 1 +2ioé3y: 1)y°‘>2 ‘

(Note that if @ = 0 then Q3(y) = 1.) For the reverse inequality, observe that

— 2%ay® 2
Q =(1-
2(y) < 1+2a(a+1)ya>
2%ay® 1
14+ -
< (1+2%a+ 1L)y) by
if by /by > 0 is large enough.

g
Proof of Proposition[2.6. Note that m(¢) = m(La(p)) and L, ( o) = pa- Also, m(p) <
2m(Nu(p)) (using our assumption) and Ny (pa) < po- By (A.1) we have L£,(Ci1(a)) C
Cia(a,a,br) and Ny (Cy 1 (@) C Cun(ev, 2a,by).

_ &l
(

_ 2%(a + 1)%ay”
b D+ 01 -a? >1
[3 1(a+1)+( O‘)+31+2a(a+1)ya >1,
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For the decay claim, use that C.(0) C C«(f) for any 8 € (0,1), and fix § = . For ¢ > 0
we set m Acp(z) = (2¢)71 fy681:|x—y\<e ©(y) dy. Then, revisiting [LSV] Proposition 3.3| for
a = 0, we see that we can take n there to be |loge|/log2. Since [LSV], Lemma 3.1] implies
1£5<(id — Ad) (@)1 < 18ab1‘32 ||90H1 if p € Cs1(B,b1), and since Cy () is invariant under Lo,
the first paragraph of the proof of [LSV|, Thm 4.1], taking € = n~ Y/ gives (2.18)). (Note

that [LSV] Lemma 2.4| is not needed when invoking [LSV| Prop 3.3] in the proof of [LSV],
Thm 4.1] for Ty, since we may obtain an easier lower bound.) 0

APPENDIX B. A CONE-ONLY PROOF FOR « € [0,1/2) AND ) € L™

We show how to modify the proof of Theorem to bypass the use of Gouézel’s results
IGal, [Goth] when o < 1/2 and ¢ € L (exploiting only [LSV]).

We first note that in the setting of Proposition there exists Cy, = Cy(a, by) > 0, with
SUDgefa, (14a),2) C8(a; b1) < 00, so that for any ¢ € L and ¢ € Cy1(a) +R with [ @ dz =0,

(log k) 1/e
-1

@

1
(B.1) /0 LR () dz < Collllz= o] o RUESY

Indeed, note that [LSV) Lemma 3.1] applies to C,, instead of C., up to replacing 10a
there by 18abicz. (In the computation, just use that [p(2) — ¢(y)| < sup,cy ) l¢'(2)]e <
2abycoex 7% if |z —y| < e with x < y. The original 10 in [LSV] is obtained as 4 x 2+2: the
definition of our cone Cy 1 incorporates an additional factor of 2, to make 4 x 2 x 2+2 =18
as well as introducing extra factor of co, as in , while the b appears since we use the
derivative of ¢, as just noted. Finally, apply the argument E in the first paragraph of ['4 the

1/«

proof of [LSV, Thm 4.1]. The proof gives C,, = 362“1’163 9(2+1/)(5=1) - ) , for some

small v > 0. In particular, C, becomes very large as a — 0. This ends the proof of (B.1]).

We need to introduce the following cone:

b3

Cg—{cp€C3(0,1] lpeCo, |"(x)] < 3g0( ), Vxe(O,l]}.

If b > by is large enough then the invariance statements of Proposition [2.4] also hold for Cs,
indeed, noting that T(w)( ) =2%a+ Da(a —1)(a — 2)z%73 > 0, we have

"y " (W), A" WT" ()| | 1" )T" (y)| &' () (T" (y))?|
(o) @) < (e Sa + 0 A e )
)T W) LT W) | Je@)T" ()T (y)] 15|90( y)(T"(y))?|
|T"(y)|> |T"(y)[6 |T"(y)[6 ("

1OIdentifying [0,1] with the circle S*.
HThere is a typo there and one should take in fact € = n="/* (22“/0‘771(% —1)logn)
12Just like for [LSV] Prop. 5.4].

l/a.
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and this is bounded by

Nat() (y?’ TWE T T

by 1 6by 1 by ([T (y)] (T"(y))?
(4\T'<y>|4“5 ()P )
N 7% (y)] LT W) s/ T W) 1T () )3\>
1T (y)[* T (y)[? 1T (y)[? IT’(y 6
b3 T(y)® 6boy " (y)|

2 i 2
Sﬁ”““”(x)[wf(y)ms (HbslT’(y)l o <4|\Tf< I “5|(Iz:'<(yy>)| |>
BT TR T 0T W) L T )
< Tl TP T mer P TP )ﬂ

The term 3(y) in square brackets is < 1 for all y € [0,1/2] if bs is large enough because

(ygsg@))g - (1 +12J(jafi)ya)3 B <1 1 +2iizy: 1>ya)3 '

It is easy to see that p, € Cs3, that L,1 € Cy 1(a, a,br) NCs, ete. In fact, each occurrence
of Co in the proof of Theorem can be replaced by Cs.

We now go over the Changes in the proof of Theorem Consider first Step 0: If
a € (0,1/2) then, using ., P, and - ), together with (| and -, and
the fact that |(Na(pa))’ | < aCszx @ it is easy to see that there ex1sts a > 0 and a
uniformly bounded constant Cx > 0 so that —(X/ N, (pa)) + Cx belongs to C1(cv, a,br),
up to increasing a and b (see ) Next applied to the zero-average function
o = —(XaNa(pa))' € Ci1 + R gives Cq > 0 so that the jth term in the right-hand side of

([2.23)) is bounded by

Cag ™" (l0g 1)1/ 4] = | (XaNa(pa)) Il -

Since av < 1/2, this is summable.

In Step 1, proceeding as in Step 0 in (using (2.11)) to invoke (2.12) in order to get
(2.17)), we find for any 1 < j <k — 1 a real constant Cjj < oo so that

(B.2) {EXING(LETTHA)) + Oy, XaNa(LE7T71 (1))} € Cru(e, 20, By)

Indeed, to show , setting o = L= 1( 1)) € C,, and noting that ¢ > 0 and ¢’ <0, so
that Nop >0 and (N ©)" <0 so that X, (Nyp)' > 0 it is enough to check that

XENA(9)] () + XA (N9 (2) < %rxg@wva(so)(x) ,
(which follows from —N, () (z) < biNu(p)(z)/z and (2.4), [2.5)), and
XLNale)) + XaNal))'l(@) < DX () Na () (@),

(which follows from N, ()" (x) < baNo () (z) /2% < —boNo () (z)/(b1z) and [2.3), (2.4)).



LINEAR RESPONSE FOR INTERMITTENT MAPS 17

Next, if 0 < oo < 8 < 1/2, by using Cy () C C14(8) and (B.1]), we get summability of
the first term of the expression in the right-hand side of (2.34) as k — oc:

k—1 1 . ' o1 | U

When we consider the second term of the right-hand side of , we require the
derivatives of order three in Cs. Applying to o = Lo 1) e csn Csi1(a), and
using Proposition [2.4] we see that for any o < v < 8, up to taking larger a and b;
(uniformly in 1 < j < k — 1) the decomposition of 83E7(£’§f] ~1(1)) gives seven
functions which, up to multiplying by —1 and adding a uniformly bounded constant, all
lie in Cy 1 (v, a,b1) C Cy1(B). We proceed as in the proof of , developing the Leibniz
inequality. We shall focus on the contribution of X2 (N, (p))”, leaving the other terms to
the reader. We need to check that

2Xa X0, (Na(9))" + X2 (Na(0)"| < %IXi(Na(sD))”I~

The above bound follows from (N ()" (z) < bsNu (@) (x)/2? < b3(Na(9))"(x)/(b2x) and
(2.3), (2.4). Since we are in a cone, we may apply (B.1)) once more, we thus get the bound

- B k—1 1 \1/8
(B3 e [ - a0s Y- SBR G b < Callvlim(5 - ).
e j=0

Step 2 does not change, and the proof of Theorem bypassing |Gol [Goth| is complete.
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