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An algorithm is used to generate new solutions of the scalar field equations in homogeneous
and isotropic universes. Solutions can be found for pure scalar fields with various potentials in
the absence and presence of spatial curvature and other perfect fluids. A series of generalisations
of the Chaplygin gas and bulk viscous cosmological solutions for inflationary universes are found.
Furthermore other closed-form solutions which provide inflationary universes are presented. We
also show how the Hubble slow-roll parameters can be calculated using the solution algorithm and
we compare these inflationary solutions with the observational data provided by the Planck 2015
collaboration in order to constraint and rule out some of these models.
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1. INTRODUCTION

Recent cosmological data indicate that the universe has undergone two acceleration phases: an early acceleration
phase called ’inflation’, prior to a radiation-dominated era, and a more recent era of accelerated expansion which
appears to continue today [1-7]. The gravitationally repulsive stress that is responsible for the current acceleration
of the universe is called ’dark energy’ and must possess sufficient negative pressure to exert gravitational repulsion.
Its specific identity is still unknown and it may result from a modification of general relativity when gravity is very
weak or the presence of a specific unknown matter field.

Whilst a range of “exotic” fluids and modifications of the gravitational action can provide cosmological acceleration,
scalar fields are the simplest candidates to explain the acceleration phases of the universe. Moreover, scalar fields also
have various applications in the inflationary phase of the universe, for instance in driving chaotic inflation [8]. While
the same scalar field might explain both of the periods of accelerated expansion, no convincing cosmological model
has been found with this as a natural feature. In a scalar field cosmology the field equations are of second-order where
the scalar field is introduced an extra degree of freedom, with a corresponding conservation equation. These equations
display unexpected complexity. Simple power-law potentials for the scalar field can create finite-time singularities
during inflation [9] and lead to chaotic dynamics [10], or singularity avoidance [11] if the universe is closed.

Very few exact scalar-field solutions in a Friedmann-Lemaitre-Robertson-Walker spacetime (FLRW) with spatial
curvature are known [12, 13]. In a spatially-flat FLRW spacetime closed-form solutions with or without sources
for different scalar field potentials, or scalar fields which mimic other fluids, such as the Chaplygin gas, can be
found in [14-30] while some other classes of integrable scalar-field models are also given [31-34]. Some solutions for
three-dimensional FLRW spacetimes are given in [35-37]. However, scalar-field cosmology is conformally equivalent to
other scalar-tensor theories, like Brans-Dicke or f (R)-gravity. [38, 39]. Hence, closed-form solutions of the conformally
equivalent theories (see [42, 43] and references therein) can be used to construct closed-form solutions or to find new
integrable systems for the non-minimally coupled scalar-field model.

Recently, with the use of nonlocal conservation laws in [44], the general analytical solution has been expressed for
an arbitrary scalar field with an arbitrary number of independent perfect fluids possessing constant equation of state
parameters in spatially flat or nonflat FLRW universes. These general results are applied in this paper to derive
precise forms of the scalar field potential for various simple time-dependent forms for the expansion scale factor, or
for particular equation of state parameters for the scalar field. Finally, the Hubble slow-roll parameters are studied
for these closed-form solutions so that we can compare the inflationary parameters with the observable constraints
provided by the Planck 2015 observations [7].

The plan of this paper is as follows. In section 2, the basic properties and definitions of scalar-field models are
introduced. The cosmological metric we consider is the four-dimensional FLRW spacetime, while the gravitational
action is that of general relativity with a minimally coupled scalar field. We review previous results in the literature and
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present the general analytical solution for the cosmological field equations for arbitrary scalar-field potential. Exact
closed-form solutions obtained by using these general results are presented in sections 3 and 4. Specific closed-form
solutions are derived for spatially-flat FLRW universes when only one scalar field and a perfect fluid with constant
equation of state parameter are present. For specific values of the barotropic parameter for the matter source, these
results give closed-form solutions in the case of a nonflat FLRW universe. In section 5, we derive the Hubble slow-roll
parameters for our models and compare them with that of the Planck 2015 data to isolate observationally allowed
parameter ranges. Finally, in section 6, we discuss our results and draw conclusions.

2. SCALAR-FIELD COSMOLOGY

We consider the gravitational action to be
S'=Spn + Sy + Sm, (1)

in which Sy = [ dz*\/—gR is the Einstein-Hilbert action, R is the Ricci Scalar of the underlying spacetime geometry
with metric tensor g, Sm = [ dz*\/=gL,, is the matter action, and S is the action for the scalar field, with

1

Sg = /dx4\/jg [29My¢;#¢;u +V(o)|, (2)

where V(¢) is the self-interaction potential of the scalar field ¢.Variation of S with respect to g,, gives the Einstein
equations,

1
R = SR =10 10 ®)

where R, is the Ricci tensor, T),, is the energy-momentum tensor of baryonic matter and radiation, and T),,(¢) is
the energy-momentum tensor associated with ¢. Furthermore, variation with respect to ¢ gives

—9" Gy + Ve =0, (4)

where we have considered that % = 0, so there is no interaction between the matter source, S,,, and the scalar
field, ¢, in the action integral (1)
Using the Bianchi identity for (3) we have that T(#mv v+ pmn . = 0, which gives
T(D)uv =0, T(m)py L, =0. (5)

s

These are the equations of motion for the matter sources S, and the field ¢. It can be seen that (5) is just equation

(4).
By assuming that the universe is spatial isotropic and homogeneous we select the four-dimensional spacetime to be
that of FLRW

dz? + dy? + dz?).

ds? = —dt* + Zt(
S a() (1_"_%)(2)2

(6)

Furthermore, we assume that ¢ inherits the symmetries of the metric (6). Therefore ¢(t) and consequently ¢.,, = $62,

where d) = %. Consider the comoving observer u, = 6}, (u*u, = —1). In the 1+3 decomposition the energy-
momentum tensor becomes
T;Sf) = (pp + Ps) uptiy + Pygpu, (7)
T/Sryn) = (pm + Pm) Uy Uy + Pm,g/un (8)
where
1. 1.
ps =38+ V() Py=50° - V(9) ©)

are the energy density and the pressure of the scalar field and p,,, p,, are the components that correspond to the
matter source S, which we have assumed to be a perfect fluid. This follows also from (6).



Therefore, the field equations (3) for the line-element (6) become

1

H? == (pm - = 10
3 (P + qu) a2 ( )

2 ' K
3H* +2H = —(P,, + P;) — pel (11)

where H(t) = £ is the Hubble function.
Equations (5) become

pon + 3H (p + P) = 0 (12)
P +3H(py + Py) =0 (13)

while the corresponding equation of state (EoS) parameters are given by w,, = P,/pm and

wy = Lo _ (022 V() (14)

Po (2/2) +V(9)

which means that wg < f% when q52 < V(¢). On the other hand, if the kinetic term of the scalar field is negligible

with respect to the potential energy, i.e., %2 < V(¢), then the equation of state parameter is wg ~ —1.
Substituting (9) into (13), we find equation (4) which for the line element (6) takes the form

b+3Hdp+V,=0. (15)

The set of equations, (10), (11) and (15), provide us with the cosmological evolution, i.e. the scale factor a (t),
where a potential V (¢) and an equation of state parameter w,, have been defined.

There is a simple recipe [14-16, 40, 41] for finding exact solutions in the flat FLRW universes containing only the
scalar field (p,, = pm = 0 = K), where the defining equations simplify to

3H = L3 4 V(9) (16)
2H = —¢? (17)

The third equation (15) is a consequence of these equations. The recipe is to pick a physically realistic function
¢(t), solve (17) to find H(t), use H(t) and ¢(t) to find V(¢) from (16) and convert this to V(¢) using the initial
¢(t).This completes the solution so long as the intermediate integrals can be performed and appropriate positivity
conditions hold (for example, H > 0 and V > 0). However, when a perfect fluid or 3-curvature (which is just another
perfect fluid) this method is not efficient and we must look to a more systematic version. To this method we now
turn.

2.1. General analytical solution

In the line element (6) we use the comoving proper time, ¢, by putting dt = N (7) dr. From the action integral (1),
we can now define

. 1 1 ..
L (N, a,a, o, ¢>) =¥ <—3ad2 + 2a3¢2> — Na®V (¢) — Npmoa 20~V + 3N Ka, (18)

where for the matter source, S,,, we have put w,, = v — 1. Hence the gravitational field equations follow from the
Euler-Lagrange equations with respect to the variables {N,a,$}. However, as it can be seen, the field equations in
the space of variables {N,a, ¢} form a singular dynamical system with constraint equation % = 0. Hence, using
[44] with the application of the results of [45], it has been shown that the gravitational field equations which follow
from (18) admit an infinite number of (nonlocal) conservation laws. Specifically, every conformal Killing vector of
the minisuperspace {a, ¢} provides a conservation law and, as the minisuperspace has dimension two, the dimension



of the conformal algebra is infinite and consequently we have an infinite number of conservation laws. Here, it is
important to note that these conservation laws are not necessarily in involution. For more details see [45].

With the use of a specific (nonlocal) conservation law, in [44] it was proved that the field equations form an
integrable system and for a specific lapse, w, such as dt = e”"(“)/2dw, where a (w) = €*/%; that is, the line element is
now

dz? + dy?* + dz?)
(1+ £x2)2

the solution is expressed in terms of the unknown function F' (w), which is directly related to the potential V (¢).
In the case of a spatially flat universe, K = 0, and without matter source, p,,o = 0, it has been found that!

(w) = i? / @) dw, (20)

d82 _ _eF(w)dw2 + ew/3(

(19)

where

V(w) = %e‘F(“) (1— F(w)) (21)

and effective fluid components for the scalar field are

1 1
po(w) = e W Pyw) = —e T 2F () - 1). (22)

Furthermore, in the case of a spatially flat universe with a perfect fluid the solution is generalised as follows

d(w) = i\éé/ KF’ (w) — 6’ypmoeF_%“)} Uzdw, (23)

where now
1
V(w) = e " (1 - F'(w) + %pmo e 3 (24)
and the fluid components become
L _ w —Tw
po =156 " = pmoe? (25)
and
1 ot
Py= 5" 2F () = 1) = (y = 1) pro e~ 3. (26)

In the latter case, the total fluid stress, T}, = T, ﬁf) + T,(LT), can be described by a new field, ®, which follows from
(20)-(22). Also in the latter, if we assume that v = 2 (to mimic a curvature term in the Friedmann equations) and
pmo = —3K, then the solution of the scalar-field model in a nonflat FLRW spacetime is recovered.

The aim of this work is to derive specific closed-form solutions of the field equations using these results by assuming
special inflationary functions for the scalar factor, or special equation of state parameters for the scalar field, which
consequently combine to define the scalar-field potential.

3. CLOSED-FORM SOLUTIONS: SPATIALLY-FLAT FLRW SPACETIME WITHOUT MATTER
SOURCE

Consider the simplest scenario for a spatially flat FLRW spacetime containing only a scalar field. If we assume that
the scalar field has a constant equation of state parameter, say wg = (—1 + 3%)7 where ¢ is a constant, then from
(22) we find that

Q=

F(w)=2In ﬂ , 27
=] &

1 Where a prime, i.e. F’, denotes derivative with respect to w.



hence we have:

o (w) = %qiéw , Viw) = ‘/06_%“}. (28)

Therefore, V (¢) = 1/067\/%5 = (ao)% q(3¢q — 1)67\/2(25 in which, if we apply the transformation dw — dt to write (19)
in the form of (6), we find the well-known power-law solution (which we can verify directly in (16)-(17):
a(t) =aopt?, ¢ =do+ /2qIn(t). (29)

However, this is only a particular solution of the exponential scalar field potential problem [47]. The general solution
can be found in [46], while some special solutions are given in [48, 49].

We continue with the determination of the closed-form solution for some specific equation of state parameters for
the scalar field.

3.1. Perfect fluid with cosmological constant

Assume that the scalar field satisfies the simple equation of state parameter

ps = (7 = 1) py — 3yAH;. (30)
Then, it follows from (22), that
2F + 36yAe’ — v = 0. (31)
We observe that, for A = 0, F' (w) is linear as above. Hence, for nonzero A and v # 0, we find that
F(w)=—In (36Qm0H§e_%” + 36QAH§) , (32)
where 36Qm0Hg is the constant of integration and Q) = 3% The Hubble function is
0
H? v
A 9) Qe 3 4 0y, (33)
Hy

which is equivalent to a cosmological model containing a perfect fluid and a cosmological constant. We can see that
for v =1, ACDM-cosmology is recovered.
Furthermore, using (32) we find

o (w) = —%arctanh W (34)
and
V(W)= %ng—%w (Qm (2—~) + QQAe%W) : (35)
where the equation of state parameter is
we (w) = —1 +7W. (36)
Finally, we find the potential
V (¢) = 3AHZ + @AH@ cosh? (\/?¢) , (37)

from which we observe that, for v = 2, the potential is constant and the perfect-fluid term is that of stiff matter as we
expect for the kinetic part of the scalar field. Furthermore, for v = 1, we have the UDM scalar field potential which
has been found before [51, 52]. The difference between this solution and that of [33] is that the free parameters have
been selected so that the stiff fluid of the kinetic part of the field is eliminated. The transformation between the two
line elements (19) and (6) is

(e (2ozamze) - S - 20 4In(2)
w-yln(Aexp(27 AHOt> 5 9yAHjt o (38)



3.2. Exponential function
Assume now that F (w) is an exponential function, F (w) = 2Fyef1, which gives that

1
H?(a) = g &P (—Fpa®™)
while for the scalar field we find that

2\/ 3FOF1 %w
= ————€

exp (—QFOeFl“’)

= V(w) = 1 —2F Fef?
¢ (w) 3 ) (w) 12 ( ol1e ) )
which gives the potential
1 _:
V(6) = gre i (2-3(1)* ).

Finally, the parameter of the equation of state for the scalar field is
wy = —1 + 4FyFyev,

and after the transformation dw — dt gives this in terms of the inverse function of the exponential integral.

3.3. Chaplygin gas

Suppose that the scalar field satisfies the barotropic equation for the Chaplygin gas [53], that is,?

— ﬁ( )*1

When we substitute from (22) and solve the first-order differential equation, we find
F(w)=—-In (\/M) )

where A; is a constant of integration. Therefore, we have

1
¢* (w) = garctanh2 ( 1-— Ale“’>
and
1 (2A0€w/2 — Alefw/2)

Ve ===

which gives

V (¢) = \/2*? sinh (\/§¢) (2 — coth (\/§¢)) .

Furthermore, for the parameter of the equation of state, we have

Aoe“’
wy (w) = A — Age”’

while the transformation dw — dt now gives this in terms of the inverse hypergeometric function.

(39)

(40)

(47)

(48)

2 Note that in a flat FLRW universe the Chaplygin gas is simply a bulk viscous stress for a pressurefree fluid with a bulk viscous coefficient

proportional to p=3/2

bulk viscous solutions that correspond to all the Chaplygin gas models can therefore be found in ref [50].

. Similarly, the generalised Chaplygin gas with p o p# is simply a bulk viscous stress proportional to p#+1/2, The



3.4. Generalized Chaplygin gas I

The first generalization of the Chaplygin gas is by a modification of the equation of state to [54, 55]
ps = 12" Ao (ps) ", (49)

where for 4 = 0 we are in the limit of a perfect fluid, and for 4 = —2 we have a Chaplygin gas (43).
For the function F (w) we find

1 By,
F(w)=n (Alez - AO) . (50)
For the scalar field it follows that
2V3 Ay .
w) = arctanh 1— —e 2¥ 51
o) =5 ( x ) (51)
and
1 m © 717%
V(OJ) = ﬁ (A162w — 2140) (A162w — Ao) . (52)

From (51) and (52) the potential V' (¢) is given by the following closed-form expression

V(¢) = (A;z;% (cosh2 (?u%) - 2) (Sinh2 (?M%)) ! : (53)

Furthermore, for the equation of state parameter

Ao

wy (W) = —F—, 54
o @)= T (54)
while the transformation dw — dt is expressed in terms of the inverse hyperbolic function.
3.5. Generalized Chaplygin gas II
In [14] a generalized Chaplygin gas was proposed with barotropic equation
Ps =103 — Pos (55)

from which we can see that for A = 1 a perfect fluid is recovered, while for A = 0 expression (55) reduces to a special
form of (30). Again, by substitution of (22) into (55) we find that the solution of the first-order differential equation
is

Fw)=- In (Jw +71), (56)

1
1-A
where 7 = 2172231=A (A — 1), and 7 is a integration constant of integration. In what follows we assume that

A#£0,1.
Hence, it follows that

¢? (W) = =~ (57)

and




This gives
1
]. 3_ I-X —92 _1 2 2
V(p)=————= =71 —1 = (3(A -1 —2). 59
0= (570-) e sy ) (59)
Also, from (22), it follows that py (w) = 15 (Jw + 'yl)ﬁ and
25 _
w, (w):71+ﬁ’yl(ﬁw+’y1) L (60)

_ 2\ 255y B
For the scale factor a () in the line element (6), we find that w = —%1 + <(32>j\__11) > 31 for A # 1

while for \ = % it follows that w = —% + %e%. Therefore, for the cosmological scale factor we have
N 1
a(t) ~exp (art") , N # 5 (61)
and

a(t) ~exp (ar1e’) , A= (62)

1
5"
3.6. Generalized Chaplygin gas III

Consider now a third modification of the Chaplygin gas in which the pressure and the energy density for the scalar
field satisfy the nonlinear relation
244 _
po = ApY + Bp?, (63)

from which, for A = —1, we have that p, = (A + B) ps. Equation (63) differs from that of [56] by a term pg. Using

(22), we find that
F(w):—li)\ln {FO <F1tanh<(lz/\)F1w> 1)] (64)

where Fy = 6" Tx1224-1 | F} = /1 — 4AB.
Hence, we have that

0= o o () e (42 ) »
x F, ((1 lel (1 — tanh (WFM)» —ﬁ) 7 (65)

where F, (w, ) is the incomplete elliptic integral.
Furthermore, for the potential we find

1 1 2 ((A+N)
F) T Fo(1+ ) 14\ ox—1 [ F} —4cosh” ( Y~ Flw
o= B (i (P ) (v (000 ) (re)
48 2 4 cosh? (%Flw)

(66)
Finally, the transformation w — t is given now in terms of hypergeometric functions. However, in the limit of large
w, expression (64) becomes constant and the solution approaches the de Sitter universe.



3.7. Generalized Chaplygin gas IV

We now consider another generalization of the basic Chaplygin gas, with equation of state:

1 A

Y2
which for A = 0, reduces to the cosmological constant, and for B = 0, to the Chaplygin gas II model, above, with

A = —1. On the other hand, for B = 0 and p, — 0, the behaviour is that of the basic Chaplygin gas (43).
From (67), we have the two solutions:

Fi(w)=—In (B + /B2 - 2Aw) . (68)

Without loss of generality we work with the F'; solution, so for the scalar field we find

) Bmln(3+2(w—3+m)>—2@(w—m

w , 69
P) 24A0 (w0 — B) (©9)
_ww-B)-A
V(w) 2G-B) (70)
where 24w = 2Bw — &2
For the equation of state parameter we have
w(w—B)—24
— /= 1
W 5G-B) (71)
and the transformation w — ¢ is the real solution of the algebraic equation, 2 (3B — @) Vi = 3At; that is:
_\1/3)\ 2
<2B + (9A2t2 — 8B% + 3\/A%Z (0422 — 1633)) )
In (a(t)) = ; (72)

/3
3 (9A2t2 — 8B3 + 3,/A2(Z (9AZ(Z — 16B3)>

for (9A%* —16B%) > 0. From which we can see that for large time a () ~ exp (¢?), which is solution of the form
(61) for the Generalized Chaplygin gas I (61). This asymptotic behaviour leads to a strong curvature singularity as
t — 00.

3.8. Generalized Chaplygin gas V

Let the expression for the equation of state parameter now be
pZApé;—i—qus, (73)

where, for B = —1, and A =+, relation (55) is recovered. For (73) and for B # —1, we find

1 (L4, e (00Be)

2
F =—1 —= — 4
@ =1l |-5+—— , (74)
where B = B — 1. Therefore, the scalar field is
A1 f
2 .o [ exp (231 Bw)
w)) = arcsinh , 75
G = o ( ~ (75)
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and the potential is

by AT (B2 e 7 Bu

24 (A - e“;“gw) e, (76)

From (75), we have that
-1 V3B(A—1
exp <)\21Bw> = sinh? (3()¢> , (77)

so the potential is

V(¢) = —BT* <2A + (B — 2) sinh? (X/ﬁg_l)aﬁ)) <sinh2 (M¢> - A) - : (78)

For the equation of state parameter we have

2 exp (%Bw)
=—14—= = .
e * B exp (%Bw) - A

The transformation linking w — ¢ is given in terms of the inverse hyperbolic function, except when A = %, which

_a,
yields w = £ In <1+6A41>, and so

a(t) = <1+Z> A= % (80)

3.8.1.  Bulk viscosity

The standard kinetic model for bulk viscosity in an isotropic an homogeneous cosmology (see for example ref. [57])
replaces the pressure p by p’ where

p'=p—3Hn (81)

and if we have a bulk viscous coefficient n with n = ap™, with a > 0 constant, then

P =p—V3ap"t/? (82)

In a spatially-flat FLRW universe the solutions are found by solving equation 3H? = p together with the conservation
equation

0=p+3H(p+p)=p+V3p"2(p+p— V3ap"+/?) (83)

Picking p = (v — 1)p we can see that there are special de Sitter solutions with H = Hy, except for the special case
n = 1/2 where the solutions for a(t) are power-law in ¢t. The exact solutions for the field equations are given in [50].
When n > 1/2 the solution starts as de Sitter at past infinity and approaches FRW a = t2/37 as t — oo. The behaviour
displaying approach to de Sitter as t - —oo does not persist when curvature, anisotropy or another non-viscous fluid
is added to the Friedmann equation. Finally, to set up the correspondence with equation 73 we have to identify Bp
with (y — 1)p and A with —/3a and X\ with n + 1/2.



3.9. Lambert function I

Suppose that F' (w) is given by a function of the Lambert function, W (w), specifically:

F(w)=2In L v (6&)

6p yyr (66%7) +1
which gives that the scale factor in the line element (6) as the simple function

alt) = (texp (1))

From (20)-(22) we find that
¢ (W) =+/2pln [W (eéip)} 1+wW (6:7),

1—3p+ 6pW (e&)

(w(e))

V(w)=3p*>+p

and

Expressions (86) and (87) give

2 2 2
V() p<3p (e_%thl) e_{‘f))
while for the ¢ (¢) we have

¢ (t) = /2p\/(1 +t?) Int.

3.10. Lambert function II

We select a universe (6) in which the scale factor is given from the following formula
a(t) =tlexp (pt),

where in general g # p, while for p = ¢ we reduce to the previous case.
We perform the transformation ¢ — w in order to write the line element in the form of (19) and find that

F(w)=2In " (56&)
6p (W (%eﬁiq) + 1)

that is,

¢ (w) = v/2In (W (S&”)) 1+ W (pee“q>,

q

11

(84)

(92)
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and

Hence, we have

b
2
p* 6gev?a 4 (3q — 1
Vv (¢) = 3p2 + q 2¢( )7 (96)
evza

where easily we observe that for ¢ = p expression (89) is recovered.

We should mention that scale factors (85) and (91) can be constructed under a rescaling transformation of scalar-
field solutions of the field equations (H — H+ constant) from the power-law solution a (t) = ¢ found in ref. [58].
This can also be special solution of a two-scalar field model [59].

3.11. Error function solution

Assume now that the pressure and the energy density for the scalar field satisfy the equation of state parameter

A
Po=—g¢€ 12800 — py, (97)
where for B > 0, when pg — 00, pp = —pe. This gives
1
F(w)=—-In <B In (ABw)> . (98)

which is a real function when Aw < 0. Therefore, for the scalar field, we find

6@) = =30 (VT (ABw)) (99

where D(..), is the Dawson integral®.
For the scalar field potential, it follows

V(W) = é <i +In (ABw)) , (100)

which has a minimum at w = 1, and B > 0. Finally the equation of state parameter is

2

wg (W) = —1— ol (ABo)” (101)

The expansion scale factor a () is given in terms of the inverse error function.

4. SPATIALLY-FLAT FLRW SPACETIME WITH MATTER SOURCE

We continue our analysis by assuming that a perfect fluid with constant equation of state parameter, p,, =
(v = 1) pm, is added to the scalar field. Now, in order to find closed-form solutions for the scalar field, equations
(23)-(26) have to be solved.

3 The Dawson integral function is D(z) = @ exp[—z?] erfi(z) = exp[—z?] [ exp[y?]dy.
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4.1. Solution I

First, we consider the special case in which the scalar field has a constant equation of state parameter equal with
that of the perfect fluid, i.e., wy = (v — 1). From (25)-(26) it follows that 2F’ — v = 0, which gives

F(w) = %w + Ry, (102)

and using (23) we have that ¢ (w) is a linear function.
For the scalar-field potentials, we derive

(103)

= €X — \/g")/
Vo) =W p( 7(1_12p06F0)¢>>

which is just the exponential potential, as expected [60]. In addition we have Vy = Vi (7, pmo, Fo) or, specifically,

1
Vo=(2—7)exp (e ™) + 37Pmo- (104)

4.2. Solution II

Let the scalar field have a constant equation of state parameter wy = 74 — 1, but in contrast to above: vy, # . This
scaling solution has been studied before in [24]. Therefore, for this ansatz we find that the unknown function, F (w),
of the line element (19) has the form

F(w) = %% + %FO —In (12me exp (7 ;W’ (Fo— w)) - 1> (105)

where we see that the linear function (102) is recovered for v = 7,.
For the scalar field, we find that

2,/3 — _
¢ (w) = — SW arctanh <\/12,0m0 exp <7 2% (Fo— w)) - 1) ; (106)
that is,
_ 2 1+ tanh? (1,/3 -
w=—Fy+ In nh (3397 (1= 79)9) | (107)
Y= 12pmo
Furthermore, for the potential of the scalar field we find that in terms of w it is expressed as
— a Yo
V(W) = Vo (7, Y Pmo, Fo) exp (—7W) (108)
or in terms of ¢ with the use (107)
L)
_ Yo B 9 1 Y=¢
V(6) = Vo (7,79, pmo; Fo) (120m0) 777 €702 { 1+ tanh® ( /3y (v = 9) & (109)

in which

_ 1 oy
Vo (7,76 Pmo, Fo) = (pmo t51 (7¢ — 2) exp (W%)) : (110)
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4.3. Solution III

We consider that the scalar provides two fluid terms: a fluid with constant equation of state parameter 7, and a
component which mimics the perfect fluid p,,. That means that we assume the Hubble function to be

H (a) = Hoy/Q1a=37 + Qpa=37, (111)
and so
F(w) = —In (360 Hie ¥ 4 360, Hie 3+ (112)

Hence, for the scalar field it follows that

Q1 — 369Qno) e T + Qo H2aq— 3%
qb(w):\/é/ (1 = 36y8mo) e *7 + 9, 0% (113)
Qnge_iw + QQHga_E“’
and
3 5 129pmo + 36 (2 — ) W HZ _»
V(w)zQ(W—Z)Qgng_iw—i— YPmo + 251 AL 0p=3w, (114)

where Q,,0 = £25. In order to specify the exact form of V' (¢), the inverse function w (¢) has to be determined from
0

the integral (113). However, for the specific case in which ¥ = 0, where the extra fluid term is that of the cosmological

constant, we find that the scalar field potential has the form

_4
5

V(¢) =Vi+ Vo (1+ Vatanh® (Vo)) (115)

where Voo = Vo35 (1, Q2, Ho, 7, pmo). This is different from the exponential term and differs from (110).
For example, if we assume that v = 1, i.e., we are in the A-cosmology, with €1 + Qo = 1, we have that

3 _w
V(¢) :3(1_91)Hg+§(91 +Pm0)€ 2 (116)
and
3 m _ _
V() =3(1— Q) HE + 3 <1 + leO> (6729 — (1 — Q) e~ 229 (117)
where A = ——3%H0  Thig is nothing other than a special case of the UDM model [51]; that is, the UDM

\/ QlH3712pm0

provides a dust component in the field equations. This property for the UDM potential has been found earlier [27]
and also for a class of scalar-field potentials of the form (115) in [29]. On the other hand, the exponential behaviour
of the potential is expected according to the results of [52] because a scaling solution is an attractor in scalar-field
models when the potentials have asymptotically exponential terms.

4.4. De Sitter Universe
As a final case consider that the line element (6) is that of the de Sitter universe, a (t) = age°!, which means that
F (w) in (19) is a constant function, F' (w) = Fy. That can be seen as a special case of the previous model that we
studied in which the scalar field eliminates the perfect fluid, i.e., 2 = 0.
Therefore, we find the potential to be

V(¢) = iefFo 1— 12(1,2 (118)
C12 3 '
We end our analysis here and we recall that, if we set v = % and p,,0 = —3K, then the solutions that have been

presented in this section hold also for the scalar field model in a nonflat FLRW universe without a matter source.
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5. INFLATIONARY SLOW-ROLL PARAMETERS

In scalar-field cosmology, the parameters

(Vs _ Vs
gy = <2V> , v = W; (119)

are called the potential slow-roll parameters (PSR) [61] and provide us with an inflationary universe when ey << 1.
The condition 7y << 1 is also important for the duration of the inflation phase.

Alternatively, more accurate parameters which describe the inflationary phase of the universe are provided by the
so-called Hubble slow-roll parameters (HSR) [62]

dinH (Hg\>
M= e <H> ’ (120)

and

dlnH7¢_H7¢¢
dlna  H

ng = (121)

The PSR parameters and HSR parameters are related exactly through the relations

ey =ep <3_"H)2 (122)

3—€H
and
VE 3 —
3—cy 3—¢€n

or approximately through ey ~ ey and ny =~ €y + ng when egy,ny are both very small. Therefore, when the
closed-form solution of the field equations is known, it is more accurate to work with the HSR parameters in order to
study the inflationary phase of the model rather than with the PSR parameters.

The analytical solution which was presented in Section 2.1 can be used to write the slow-roll parameters in terms
of the function, w, or the number of e-folds, V.. Recall that the number of e-folds is given by the formula

ty le
Ne:/ H(t)dt:lna—:f(wf—wi), (124)
t; i

where ay = a(ty) is the moment at which inflation ends, ey (t;) = 1, while a; = a(¢;) is the moment at which
inflation starts. It is assumed that N, lies in the interval N, € [50, 60].
Therefore, the HSR parameters are

(F/)2 _ "

€H:3F/,T]H:3 T y

(125)

where either from (122) and (123) or directly from with the use of (20) and (21) the PSR parameters can be derived
in terms of w. Here we comment that the PSR parameters depend always upon a higher derivative of F', in contrast
to the HSR parameters, ey = ey (F', F") and ny = nv (F', F", F").

In a similar way, the HSR expansion parameters [61] can be expressed in terms of the function F (w) and its
derivative. For example, the third-order HSR parameter is

€= H¢,H¢¢¢ 9\/6
H?
4(F")

. [(F’)4 — (3F2 +2F") F' + 2F’F”’} . (126)
2

Note that the spectral indices for the density perturbations, and for the gravitational waves in the first approxima-
tion, are given in terms of the HSR parameters by

ng = 1— 4<€H + 277H , Ng = —QEH, (127)
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while the tensor to scalar ratio is 7 = 10ey. Finally, the range of the scalar spectral index is given by
nl, = 2egny — 28y. (128)

From the Planck 2015 collaboration [7], we have that the above parameters are ny = 0.968 £ 0.006 and 7n, =
—0.003 £ 0.007, while the tensor to scalar ratio has a value smaller than 0.11, i.e., » < 0.11. From these values some
intervals for the HSR parameters can be determined. For instance from r it follows that ez < 0.01.

In what follows, we determine the HSR parameters for some of the solutions of the Section 3 and compare them
with the Planck data constraints. Specifically, we study the following models: generalized Chaplygin gases I-V; the
Lambert function II model, and the error function solution.

5.1. Generalized Chaplygin gas I

For the generalized Chaplygin gas model, (49), the HSR parameters are given by

3 1 1
== — =_(2 1 — , 12
=y = g (e () =) (129)
and
3v2
¢n =~ VeEr [(1+ ) (1+2p) Ver =33 +2u)], (130)
where, for yp = —2, the parameters reduce to those of the basic Chaplygin gas, (43). Moreover, inflation ends when
wg = f% In (7%%) , from which we find that
3

As above, the spectral indices can be expressed in terms of ey by
ng=1+2py(p—-1)—3u (132)

and

n, =201+ pu)e — 34£ (2ﬁuf1f3uf2u2)sf,f %(:ﬁm)ﬁ. (133)

From (131), we observe that in order for ey < 1, p should be positive. In Figure 1 the ny, —r and n, — n/, diagrams

are presented. They reveal that for N, = 60 we have maxng ~ 0.887 < 0.968 while at the same time r ~ 0.08 and

n’ = —0.02, which corresponds to u ~ 0.033; that is, a small deviation from a perfect fluid. Also, we mention that

for smaller values of N, the maximum of n, is smaller, n/, is smaller, although the scalar ratio has a similar value.
For N. = 55, we have maxns = 0.877, r ~ 0.09 and n/, = —0.022 for p ~ 0.032.

5.2. Generalized Chaplygin gas II

Consider now the generalized Chaplygin gas IT model, (55). For this model the HSR parameters are calculated to
be

3 -
EH =T jl Gw+y)" (134)

and

mn =i &= =LA @A 1) en)? (135)
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FIG. 1: Diagrams r = r (ns) (left figure) and n, = n/, (ns) (right figure) for the generalized Chaplygin gas I model for number
of e-folds in the range N. € [50, 60].
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FIG. 2: The left figure is the n; — r diagram for the generalized Chaplygin gas II model, while the right figure is the ns —n/
diagram for the same model. The plots are for N, € [50,60] and A € [—0.5,0.5].
where for A\ = % the parameter £y becomes zero. Furthermore, we find that
ne=1—dey +2ey , nl=2X(en)? + g)\ 2\ —1) (eg)? . (136)
and inflation ends at the point wy = Ail — 171 Therefore, we have that
er (wi) = (142N (1—=X)"", (137)

where ey < 1 and e > 0 for A < 1, while for limy_, o ex (w;) = 0. In Figure 2 we give the ny — r and ngs — n/,
diagrams for various values of the parameter A in the range A € [—0.5,0.5]. From these diagrams, we observe that for
N, = 55 (dash-dash lines), for ns = 0.968, we have r ~ 0.073 and n/, = 2 x 10~%. These are values inside the range of

values consistent with the Planck 2015 collaboration, in contrast to the situation for the Generalized Chaplygin gas
I.
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FIG. 3: Left figure is the ns — r diagram for the generalized Chaplygin gas 111 model, while the right figure is the ns — n/
diagram for the same model. The plots are for N. € [50,60] and A € [-1.03, —1.01], with F; = —1.0001.

5.3. Generalized Chaplygin gas III

For the equation of state parameter (63), that is for the solution (64), we find that

en = 3(?)2 (1 _ tanh (“ Z ) F1w>>_1 cosh™2 (O:A)Fw) (138)
and
= <2€H (1N (en)? = 3en +9 (F1)2) , (139)
& = _i‘/gf <5H (B+4r+23%) =3(1+AN>+3(1+)) \/4 (em)? — 12 + 9 (F1)2> . (140)
Therefore, we have
ne=1— 2y + (14 \)\/(en)” — 3 + 9 (F1)™. (141)

From (139), we see that ng — 0, when ey — 0, if and only if 3 (1 + A) |Fi1| — 0, while at the same time £y — 0,
that is ns — 1 and n’, — 0. Furthermore, from (138), we find that inflation ends at

2
O+,

3(F)° — 8\/9 (F1)? —8—2
F—1 ’

2
WS — 97 TFNFT

(142)

which requires (Fl)2 > %; that is, from the above, A should be very close to —1.

In Fig 3, we give the evolution of the ny — r and ns — n/, diagrams. We observe that ns reaches the observed value
0.986 when the number of e-folds N, exceeds 60.

5.4. Generalized Chaplygin gas IV

The HSR parameters for the generalized Chaplygin gas IV model (67) are found to be

34 34
£ = s = P EEE——
B B odw+ BVBE - 24w ' M T 24w - B?

(143)
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FIG. 4: Diagrams r = r (ns) (left figure) and n}, = n), (n,s) (right figure) for the generalized Chaplygin gas IV model for number
of e-folds in the range N, € [50,60], for A =1 and free parameter B in the range B € [—10,100].

3 9A% (4B + 3v/BZ — 24w
€H = - 5 ( ) 3 (144)

29(B2 — 2Aw)? (B (B + VB? — 24w) — 2Aw)”

from which we find w = B2’6Aivf2+12‘432. In Fig. 4, the ny — r and ny — n), diagrams are given for the wy , and
for various values of the parameter B; we have assumed that A = 1. From the diagrams it is easy to see that this
model can fit the Planck 2015 data quite well. Specifically, we find that for ng ~ 0.968 and for N, = 55, r ~ 0.054
and n/, ~ —1.5 1073.

(M)

5.5. Generalized Chaplygin gas V

For function (74), the HSR parameters are now calculated to be

3B 15 3 5
en = (1—Ae_ATB“))7 77H:_§B<)‘_1)+)‘€H’ (145)
and
£ = — 2 §€H ((A —1)* (6B —4ey) + (A —1) (9B — 6epr) — 26H) , (146)

from which we find that inflation ends when

~ 2(In24 -1 (2-3B))
wy = 50D : (147)

From (145) we observe that when eg — 0, 7 ~ B(A—1), hence ng — 0 when B — 0, or A — 1. Recall that
B = 0 means that we are in the case of the generalized Chaplygin gas II model. On the other hand, by replacing
w; = wy — 6N, in (145), (146) using (147), it follows that the HSR parameters are independent on the constant A,
and are functions of B, A and the number of e-folds N.. We choose B = —0.002 and for the ranges N, € [50,60] and
A € [-1,0), we present the ng — r, and ny — n/, diagrams in Fig 5. We can see this differs from that of the Chaplygin
gas IT model.

5.6. Lambert function II

For the scale factor (91) we find that the HSR parameters are

en = é (1 +W <§ee‘”q>)2 (148)
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FIG. 5: The left figure is the ns — r diagram for the model generalized Chaplygin gas V. The right figure is the n, — ny
diagram for the same model. The plots are for N. € [50,60], B = —0.002 and X € [-1,0).

and

5 3v2
nH = 7H , €g = _W\/gH; (149)

while the spectral indices become

cw ., 2 3 32
ne=1—4deg +2,/— , nl, = "= (ey)? + = /n. 150
Vo 7 )+ S Ve (150)

From (148), we find that inflation ends at wy = 61n <\/§(1p—\/5)> + 1}?. It is important to mention here that in

order for (148) to be positive we need ¢ > 0, while wy is real when # > 0. Furthermore, we find

1 (1=va) s NY))
e o (5 () -

In Fig 6 the n, — r and ng — n), diagrams are given for ¢ € [65,100], where we observe that n, — 0 as n, — 1,
while the relation r (ns) is linear. However, for N, € [50,60] we see that in the range of n, given by the Planck data
we need to have » > 0.11.

5.7. Error function solution

For the “Error function” solution for the equation of state 97, the HSR parameters are given by

3

3 3
€y = *m , MH = o r = 27\/5\/5H77H (21n (ABW) - 1)7 (152)

and so inflation ends when w reaches the value

3

“I = T (=34B)

(153)

where W is the Lambert function. We can easily see that in order for wy to be real, AB < 0. The ny —7r and ns — n.
diagrams for this model are given in Fig.7 for the range of e-folds N, € [50,60] and for AB € [-100, —0.02]. From
the plots we observe that for 7 < 0.06, we have ns € [0.957,0.981] and n/, € [3,10] x 1073. These values are compared
with the best-fit values from the Planck collaboration.
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FIG. 6: The left figure is the ns — r diagram for the model “Lambert function II”. The right figure is the ns; — n), diagram
for the same model. The plots are for N. € [50,60] and ¢ € [65, 100].
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FIG. 7: The left figure is the n; —r diagram for the model “Error Function”. The right figure is the ns — n} diagram for the
same model. The plots are for N. € [50,60] and AB € [—100, —0.02].

6. CONCLUSIONS

In this work we studied exact solutions in scalar field cosmology using a new mathematical approach, and with
emphasis on inflationary models. We have found new closed-form solutions for spatially flat FLRW universes with or
without an extra matter source. For the latter cosmological scenario, we determined exact solutions for the case in
which the scalar field mimics the perfect fluid, the scalar field has a constant equation of state parameter different
from that of the perfect fluid, and when the scalar field provides two perfect-fluid terms in the field equations. The
first solution is the well known special solution of the exponential potential, while in the other two solutions the scalar
field potentials are expressed in hyper trigonometric functions and the unified cold dark matter potential is recovered.
Furthermore, these expressions can be applied in order to construct other solutions in a FLRW spacetime with spatial
curvature.

In the cosmological scenario in which the universe is dominated by the scalar field we determined the scalar field
model in which the equivalent equation of state parameter is that of the Chaplygin gas, or some generalizations of the
Chaplygin gas which have been proposed in the literature. We also considered solutions in which the Hubble function
is expressed in terms of the Lambert function or by logarithmic function. These models provide exact inflationary
universe solutions.

We compared these solutions with the constraints on inflation from the Planck 2015 collaboration. In order to
perform this analysis we expressed the Hubble slow-roll (HSR) parameters in terms of the expansion scale factor
in the variables defined by our solution-generating functions. For every specific model and solution we calculated
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the HSR parameters and we derived the spectral indices in the first approximation. The diagrams for the density
perturbations (ns) with the scalar ratio () and the variation n/, have been derived and the subset of models which
are compatible with the Planck 2015 data set are delineated.
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