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We show that highly twisted minimal strips can undergo a nonsingular transition, unlike the singular
transitions seen in the Möbius strip and the catenoid. If the strip is nonorientable, this transition is
topologically frustrated, and the resulting surface contains a helicoidal defect. Through a controlled
analytic approximation, the system can be mapped onto a scalar ϕ4 theory on a nonorientable line bundle
over the circle, where the defect becomes a topologically protected kink soliton or domain wall, thus
establishing their existence in minimal surfaces. Demonstrations with soap films confirm these results and
show how the position of the defect can be controlled through boundary deformation.
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Minimal surfaces, critical points of the area functional,
are geometric motifs that appear throughout physics. From
their early identification in soap films [1], they have since
been observed in a great variety of areas ranging from
condensed matter [2] and biological physics to field theory.
These involve the structure of boundaries in bicontinuous
phases [3,4], smectic liquid crystals [5,6], membranes and
tissues [7,8], and monopoles and twistor theory [9,10]. The
simplest minimal surface is the plane, which is also the only
stable complete minimal surface [11], and thus any other
soap film surface must become unstable if the boundary is
deformed beyond a critical conformation. Studies of these
instabilities in soap film annuli have typically focused on
the catenoid [12,13] and, more recently, the Möbius strip
[14–16]. In both of these cases, as the boundary wire is
varied, one sees an instability that leads to a singularity and
subsequent topological change in the surface—to two discs
in the case of the catenoid and a single disc in the case of
the Möbius strip. More generally, these instabilities illus-
trate how surface tension serves to control morphology, and
morphological changes, in a simple but generic system.
Here, we discuss instabilities in highly twisted minimal

strips. We demonstrate that the collapsing instabilities
observed for the catenoid and Möbius strip do not extend
to an arbitrary number of twists. Instead, what is observed
are buckling instabilities that lead to nonsingular transitions
in the surface—similar in nature to the nonsingular “head-
phone” transitions studied by Courant [17]—and to the
creation of ribbonlike structures analogous to those seen in
the helicoid [18]. In geometric terms, the change in the
morphology of the strip is from twist to writhe. We show

that if the strip is nonorientable, the instability is topologi-
cally frustrated, and the resulting ribbon contains a topo-
logical defect or domain wall; this is visualized in a series
of demonstrations with soap films. The simplest examples
of domain walls are found in one-dimensional systems with
two ground states such as polyacetylene [19–21] and its
mechanical analogues [22,23], where the continuum limit
is a ϕ4 field theory [24,25]. By mapping the structure of the
nonorientable strip onto such a theory, we show that these
domain walls can be described as Z2 kink solitons,
topologically protected by the nonorientability of the sur-
face. The problem of how different minimal surfaces
dynamically interconvert is currently poorly understood.
The present work establishes perhaps the simplest observ-
able example of this, and by mapping it onto a well-known
field theory, a range of questions about the dynamics of
such processes will become accessible.
The instabilities of a soap film are found by studying the

second variation of area, since the energy derives entirely
from surface tension. This leads to a Schrödinger operator
with Dirichlet boundary conditions [26]

−∇2 þ 2K; ð1Þ

where K is the Gaussian curvature of the surface. The
eigenfunctions of this operator correspond to the normal
modes of a soap film realizing the particular surface, with
the squared frequency, ω2, given by the eigenvalues as
λi ¼ dhω2

i =σ where h, d, and σ are the thickness, density,
and surface tension of the soap film, respectively [18].
For a physical soap film spanning a wire frame, any motion
of the frame that pushes the lowest eigenvalue of (1) below
zero will create an instability. It follows that an observed
instability of a soap film must be both a solution of
ð−∇2 þ 2KÞψ ¼ 0, known as a Jacobi field, and the
ground state of (1).
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The eigenfunction ψ represents an infinitesimal
deformation of the surface in the normal direction:
the mode of deformation at the point of instability. Its
nature depends upon the topological type of the minimal
strip, determined by an integer, q, equal to the number
of half twists in the strip; the catenoid corresponds to
q ¼ 0 and the Möbius strip to q ¼ �1. Examples of
surfaces with arbitrary q are given by the bent helicoids
[27,28], shown in Fig. 2(c), which are determined by their
Weierstrass data, gðwÞ ¼ −wðwq=2 þ iÞ=ðiwq=2 þ 1Þ and
df ¼ ð2wÞ−1ðwq=2 þ w−q=2Þdw, and contain the unit circle
in the x-y plane. If q is odd the surface is nonorientable and
orientable if q is even. They have q-fold rotational
symmetry about their axial direction, and the geometry
of the surfaces is pure twist with no writhe. From Bloch’s
theorem we know that, in terms of coordinates (u, v) with
w ¼ 2ðuþ ivÞ=q, where u ∈ ½0; qπÞ runs along the strip, ψ
is of the form ψðu; vÞ ¼ ψqðu; vÞ for an orientable strip,
where ψqðu; vÞ ¼ ψqðuþ π; vÞ. If the surface is nonor-
ientable, then the surface normal, n, reverses sign upon
traversal of the strip, meaning that ψ necessarily contains a
nodal line which marks the position of the soliton.
Equivalently, one requires antisymmetric boundary con-
ditions and so ψ must be of the form ψðu; vÞ ¼
sinðu=qÞχqðu; vÞ, where χq is a q-fold periodic function
as in the orientable case.
While the functions ψq and χq have q-fold symmetry,

because of the twisted nature of the circular helicoids, n has
only q=2-fold rotational symmetry and reverses sign under
a rotation of 2π=q, that is

nðu; vÞ ¼ −nðuþ π; vÞ: ð2Þ
Consequently, for jqj > 1, the instability pushes adjacent
segments of the surface in opposite directions, as shown in
Fig. 2(c), which leads to a buckling of the surface to form a
ribbon, illustrated in Fig. 2, rather than the collapse that
characterizes both the catenoid (q ¼ 0) and Möbius strip
(jqj ¼ 1). In the nonorientable case, the nodal line in ψ
means that the instability is frustrated. As such, when the
nonorientable strip undergoes its instability, there is a
helicoidal defect created in the ribbon surface, which
one can think of as a local interpolation between two
ribbon surfaces. This defect marks the location of a
topological soliton in the soap film. The topological nature
of the phenomenon means that it is robust to perturbations
and deformations of the surface, or indeed the exact shape
of the bounding frame: it is a generic feature of non-
orientable minimal strips with multiple half twists
(jqj > 1). We have realized examples with soap films on
frames with circular axes, shown in Fig. 2(b), and also on
the straight portion of frames resembling a hippodrome,
shown in Fig. 1. The latter allows the defect to be studied in
the straight region of the frame where the boundary is an
ordinary straight double helix. This setting simplifies some
of the analysis without sacrificing any features.

On the straight helical frame, the initial surface is the heli-
coid,whose instabilities have been studied byBoudaoud et al.
[18]. The surface is given by Σðu; vÞ ¼ ðsinhv cosu;
sinhv sin u; uÞ, where u ∈ R and sinh v ∈ ½−ρ; ρ�. As ρ
grows beyond a critical threshold, ρ� ≈ 1.509, this helicoid
undergoes the aforementioned buckling instability to form a
ribbon, shown in Fig. 2(a). This can result in one of two
separate ribbons, depending on the sign of the initial
instability [18],which are related to eachother by a translation
of half a period in the vertical direction. The transition
changes the symmetries of the surfaces, whereas the helicoid
has a translation symmetry of π in the vertical direction, the
ribbon surfaces have the reduced translational symmetry of
2π, a consequence of the symmetries of the normal vector (2)
and the formof the instability. Ifwe take avertical interval ofπ
as an initial unit cell, then the instability in the helicoid can be
thought of as a case of spatial period doubling, as in Peierls
dimerization. The helical soliton we describe is then directly
analogous to the solitons found in the Su-Schrieffer-Heeger
(SSH) model [19–21] and is topologically protected if q, the
number of unit cells, is odd.
The helicoid is simple enough that the Jacobi field can be

found in both the orientable and nonorientable cases
(see Supplemental Material [29]). For a helicoid in a
periodic domain, ðx; y; zÞ ∼ ðx; y; zþ qπÞ the Jacobi field
in the orientable case is ψðu; vÞ ¼ 1 − v tanh v [18] (see
Supplemental Material [29] also), and in the nonorientable
case, where q is odd, it is sinðu=qÞχqðvÞ, where
χqðvÞ ¼ Q1=q

2 ð0ÞP1=q
1 ðtanh vÞ − P1=q

2 ð0ÞQ1=q
1 ðtanh vÞ; ð3Þ

FIG. 1. Topological soliton on a soap film bound by a helical
frame. Top: Photograph of the soliton on a soap film, marked with
a red line, with helical boundary curves. Note that to the left of the
soliton d2n > d2n�1, whereas to the right d2n < d2n�1, indicating
a deformation of the boundary localizing the soliton. Middle:
Plot of the ruled surface approximation with similar ρ to the
photograph, with ϕ ¼ m tanhð ffiffiffiffiffi

2λ
p

mzÞ. Bottom: Graph of the
associated tanh solution for ϕ.
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and Pm
n ðxÞ and Qm

n ðxÞ are the Legendre functions of the
first and second kind, respectively. In the orientable case,
the critical threshold ρ� ≈ 1.509 is determined by the zeros
of 1 − v tanh v and does not depend on q. In the non-
orientable case, the critical value ρ�q depends on q and
forms a decreasing sequence with limiting value ρ�. Hence,
for any finite q, ρ�q > ρ�, and the corresponding non-
orientable helicoid enjoys a slightly greater degree of
stability than its orientable brethren.
We now turn to the shape of the soliton. In the orientable

case, exact forms exist for the resulting ribbon surfaces [18],
including thosewith a circular axis [27–29]. However, to find
the form of the ribbon surface containing the topological
defect,we turn to an approximation.Aside from the plane, the
helicoid is well-known to be the only ruled minimal surface,
and for ρ just above the critical value, the resulting ribbon is
close in form to the helicoid. We therefore approximate the
system by a set of ruled surfaces given by the formula

Σðz; rÞ ¼ rc1(z − ϕðzÞ)þ ð1 − rÞc2(zþ ϕðzÞ); ð4Þ

where r∈ ½0;1�, z∈½0;qπÞ, and the boundary curves are given
by c1ðzÞ¼ðρcosz;ρsinz;zÞ and c2ðzÞ¼ð−ρcosz;−ρsinz;zÞ.

The surface (4) connects points ononehelical boundary to the
other by straight lines, offset by a phase of 2ϕðzÞ, as
illustrated by Fig. 3, where ϕ ¼ 0 corresponds (exactly) to
the helicoid, and a constant value ofϕ ≠ 0 yields a ribbonlike
surface. To test the validity of this approximation, we find the
value of ϕ that minimizes the area functional

A ¼
Z

qπ

0

Z
1

0

j∂zΣ × ∂rΣjdrdz; ð5Þ

for a given boundary radius ρ (see Supplemental Material
[29]). For small ρ, ϕ ¼ 0 gives the minimal solution as a
helicoid. As in the general case, there is a pitchfork
bifurcation at a finite value, ρ̄, above which there are two
nonzero equilibrium values �ϕ̄ðρÞ. As ρ grows large
ϕ̄ → π=2, corresponding to a ribbon surface lying on the
surface of a cylinder of radius ρ. The transition radius ρ̄ ≈
1.511 is close to the value for the instability of the helicoid of
ρ� ≈ 1.509 though necessarily slightly greater.
To study the shape of the soliton on the periodic helicoid,

we must allow ϕ to vary. Just above the transition radius, ρ̄,
the equilibrium values �ϕ̄ are close to zero, allowing us to
expand to low order in ϕ. Performing the r integration
in (5), we find

A ≈
Z

αþ βϕ2 þ γϕ4 þ δðϕ0Þ2dz; ð6Þ

where the values of α, β, γ, and δ depend on ρ (see
Supplemental Material [29]), and we have temporarily
suppressed the limits on the integral. Equation (6) gives
the spatial part of the Lagrangian for a scalar ϕ4 theory on
the circle [24,25], and ϕ may be thought of as analogous
to the field u in the SSH model [19–21]. The helical defect,
shown in Figs. 1 and 2, therefore corresponds to a kink
soliton in the ϕ4 theory in (6). In the periodic domain with q
even, one has regular periodic boundary conditions,
ϕðzþ qπÞ ¼ ϕðzÞ and (6) has two ground state solutions,
ϕ ¼ �ϕ̄. Kink solitons in the orientable case are then
excitations of this ground state and must come in kink
antikink pairs. In the nonorientable case, we have
ϕðzþ qπÞ ¼ −ϕðzÞ, and the existence of at least one kink
soliton is topologically protected and in general, there must
always be an odd number. Equation (6) can be solved
exactly to give a solution in terms of elliptic functions as

FIG. 2. (a): The instability in the helicoid. For ρ < ρ� ≈ 1.509,
the helicoid is stable, but above this critical value there is an
instability which leads to the formation of a ribbon, shown on the
right. (b): Photograph of a soap film on a circular helix frame
containing a kink soliton, indicated by a red line. The radius of the
helix is sufficiently large that the buckling transition occurs and the
ribbon is preferred over a circular helicoid. The boundary curve
has an odd number half twists making the surface nonorientable
and leading to the presence of the defect. At the defect the surface is
locally helicoidal and can be thought of as interpolating between
two ribbons that are π out of phase with each other. (c) Bent
helicoids with q ¼ 0, 1, 2, and 3 half twists. The arrows indicate
the nature of the instability. For jqj > 1, the instability leads to a
buckling transformation, rather than the collapse that occurs for
q ¼ 0, 1. If q is odd, then this buckling transition is frustrated,
leading to the creation of a defect [shown in (b)].

FIG. 3. The ruled approximation used to find the shape of the
kink soliton. The surface consists of straight lines connecting
points on one boundary helix to those with a phase difference of
2ϕ on the opposite boundary helix. The surface is only minimal
for ϕ ¼ 0, which gives the helicoid, increasing jϕj decreases the
quality of the approximation.
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ϕ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2λ − b2

2λ

r
sn
�
bðz − aÞ; 4m

2λ

b2
− 1

�
; ð7Þ

where m2 ¼ −β=ð2λÞ, λ ¼ γ=ð2δÞ and a, b are constants.
For a n (n odd) kink solution, the value of the constant
b is found by satisfying the boundary conditions ϕðzÞ ¼
−ϕðzþ qπÞ, which can be written as

qπ
n

¼ 2

b
K

�
4m2λ

b2
− 1

�
; ð8Þ

whereKðxÞ is the complete elliptic integral of the first kind.
Focusing on the lowest area n ¼ 1 solution, note that
motion of the soliton along the strip that keeps the
boundary fixed can be generated by varying a and is a
zero energy deformation of the surface. A full circuit of the
strip, corresponding to a translation of the soliton by qπ,
sends ϕ → −ϕ and illustrates the kink and antikink
equivalence in the nonorientable case. Indeed, the ground
state manifold in the nonorientable case is a circle, a double
cover of the original domain in (6).
The system given by (7) has two length scales: the

length of the circle, qπ, and the preferred width of
the soliton, 1=

ffiffiffiffiffi
2λ

p
m. If qπ

ffiffiffiffiffi
2λ

p
m ≫ 1, which can be

satisfied by having a large number of twists in the helical
boundary (q large), then the solutions on the circle are well-
approximated by the standard kink solution

ϕðzÞ ¼ �m tanhð
ffiffiffiffiffi
2λ

p
mzÞ: ð9Þ

Note that in the vicinity of ρ̄,
ffiffiffiffiffi
2λ

p
m ∼ ðρ − ρ̄Þ1=2 and so this

approximation requires, for finite q, that ρ is sufficiently
above the critical value. As seen in Fig. 1, this approximate
solution shows a close correspondence to the experimental
structure.
As ρ → ∞, the width of the soliton has a limit of

ffiffiffi
2

p
.

While this limit is outside the range of applicability of our
approximations, from a topological perspective, one can
show that a finite limiting width must exist. The existence
of the defect implies that the curve x ¼ y ¼ 0, and any
isotopic curve lying in the interior of the helical frame, must
intersect the surface once. As such, when projected onto the
z ¼ 0 plane, the soliton must span a disc of radius ρ. The
smallest z interval within which the boundary of this disc
can be mapped onto the boundary of the helicoid is π,
giving a lower bound for soliton width. Using surface
evolver [30], surfaces attaining close to this limit can be
found for ρ⪆3. We note that a fuller discussion of the
equilibrium shape of the physical system would be to
consider a competition between the surface tension of the
film and the elastic energy of the boundary wire, the so-
called Euler-Plateau problem [31].
The Lagrangian (6) has a continuous translational

symmetry, corresponding to the continuous screw sym-
metry of the helicoidal frame. This leads to the presence of
a Goldstone mode [25], localized to the defect, and

ultimately allows it to move. In physical realizations of
these systems, the boundary curve typically does not
possess this symmetry, and the location and motion of
the soliton is driven by the inhomogeneities in the boun-
dary. An example of this is shown in Fig. 2(b), and more
generally, the bent helicoids, where the axis is circular. In
this case, the continuous screw symmetry is broken to a
discrete q-fold rotational symmetry, leading to q preferred
locations for the defect. Experimental, numerical, and
theoretical [32] results all indicate that on a circular frame
the defect is located in such a way that the line in the center
of the defect points towards the center of the circle, as
shown in Fig. 2(b).
Making the axis circular allows us to specify where the

defect will be up to the q-fold degeneracy, but does not
allow for easy manipulation of its position. To control the
defect’s location, and induce motion, we can construct
simple deformations of a straight helicoid. Moving the
helicoid along its local axis in the periodic domain can be
achieved by setting the boundary curves to (ρ cos z; ρ sin z;
zþ gðzÞ þ hðzÞ) and (−ρ cos z;−ρ sin z; zþ gðzÞ − hðzÞ),
where z ∈ ½0; qπÞ and the shifts are determined by the
functions g and h, where gðzÞ controls the local pitch of the
helicoid, given by 1þ g0, and hðzÞ the local phase differ-
ence between points on boundary curves of equal height. In
the nonorientable case (q odd) continuity demands that
gðzþ qπÞ ¼ gðzÞ and hðzþ qπÞ ¼ −hðzÞ. A deformation
with hðzÞ constant and gðzÞ ¼ 0 does not distort the
boundary curves, and thus costs no elastic energy locally.
For an orientable helicoid, hðzÞ controls which of the two
possible ribbons are energetically favorable; in the ruled
approximation, setting h leads to linear and cubic terms
in (6) such that ϕ is favored to have the opposite sign from
h. In the nonorientable case, h must satisfy hðzÞ ¼
−hðzþ qπÞ, so cannot be constant everywhere and must
contain an odd number of zeros. These zeros represent
places where the preferred ribbon type changes from
one to another and are consequently favored places for
defects to be located. Figure 1 shows a photograph of a
defect in a soap film on a straight helical frame. If di
denotes the distance between two points on the boundary
curves of the same phase, as indicated in Fig. 1 then di ¼
π � ½hð~zÞ þ hð~zþ πÞ� with the sign alternating between
plus and minus on consecutive intervals and where ~z is the
value of z on the first measuring point. From the image, we
can see that to the left of the soliton d2n > d2n�1, whereas
to the right d2n < d2n�1, indicating that the sign of h has
changed and the defect is located at a zero of the function h.
In this way, by controlling the shape of the boundary
through the function h, one can control the location of the
defect. In the Supplemental Material [29], we show videos
of boundary deformations creating motion of the soliton
through this mechanism. This type of soliton, or kink,
motion offers a potential prototype for further study of
minimal surface dynamics and interconversion.
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