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Abstract
The massive six-dimensional (6D) superparticle with manifest (n, 0) super-
symmetry is shown to have a supertwistor formulation in which its ‘hidden’
(0, n) supersymmetry is also manifest. The mass-shell constraint is replaced by
Spin(5) spin-shell constraints which imply that the quantum superparticle has
zero superspin; for n = 1 it propagates the 6D Proca supermultiplet.

Keywords: twistors, supersymmetry, mechanics

1. Introduction

Twistors are spinors of (a cover of) the conformal group. They arise in formulations of
conformally invariant theories that make the conformal invariance manifest. For spacetime
dimensions D = 3, 4, 6 (which we abbreviate to 3D etc) there is a natural superconformal
extension of the conformal group [1] and hence a natural extension of twistors to super-
twistors [2], which can be used to construct manifestly superconformally invariant theories in
these dimensions; recent field theory examples can be found in [3, 4]. In the context of
particle mechanics, the superconformal invariance of the massless superparticle becomes
manifest in a phase-space formulation in which the phase-space coordinates are the com-
ponents of a supertwistor [5—8].

Surprisingly, twistor methods are not limited to massless particle mechanics, although a
doubling of the twistor phase space is needed to allow for a non-zero mass [9]. One way to
understand how it is that twistors can be relevant to massive particles is to consider a massive
particle as a massless particle in a higher dimension. For example, by starting with the
supertwistor form of the massless 6D superparticle action, a double-supertwistor form of the
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action for a particular 4D massive superparticle is found upon imposing appropriate
momentum constraints [10]. A review of this idea, with extensions and other applications of
it, can be found in [11].

There is no analogous way to obtain a double-supertwistor formulation of the massive 6D
superparticle. Although the standard massive 6D superparticle action can be found by
imposing momentum constraints on the massless 10D superparticle, there is no adequate
supertwistor formulation of the latter that could be used to find the supertwistor formulation
of the former; see e.g. [12, 13] for a discussion of the difficulties. Nevertheless, a direct
construction of a double-supertwistor formulation of the massive 6D superparticle is possible,
as we show here. This construction could provide further insight into the massless 10D case,
which is of relevance to superstring theory [14].

Apart from this possible link to superstrings, one may ask what advantages twistors have
when there is no conformal invariance to be made manifest. One answer to this question
emerged from the results of [11] for the simplest A= 1 massive 4D superparticle, which has
a second ‘hidden’ supersymmetry implying an equivalence to the A = 2 massive ‘BPS
superparticle’ (which is directly related to the massless 6D superparticle) [15]. This
equivalence becomes manifest when the twistor formulations of the two actions are com-
pared: they are identical!

It was further shown in [15] that this equivalence is a general feature of massive
superparticle actions (in a Minkowski vacuum background) in any spacetime dimension
because non-BPS massive superparticle actions are just versions of a BPS massive super-
particle action for which the latter’s fermionic gauge invariance (‘kappa-symmetry’) has been
(partially or fully) gauge-fixed. The gauge fixing preserves manifest Lorentz invariance but
obscures some of the supersymmetries. For example, one can gauge-fix the 6D massive BPS
superparticle action with manifest (n, n) supersymmetry to arrive at a much simpler 6D
massive superparticle action with no fermionic gauge invariance; this action still has (n, n)
supersymmetry, of course, but only the (n, 0) supersymmetry is now manifest. This result
greatly simplifies our present task because it allows to focus, without loss of generality, on
massive superparticle actions without fermionic gauge invariances.

For example, the simplest such action for a superparticle of mass m is, in phase-space
form

Szfdt{ [X'"+i(®rm@ — érm@)]Pm— %e(P2+m2)}, (1.1)

where © is a complex chiral anticommuting 6D spacetime spinor, and e(?) is the Lagrange
multiplier for the mass-shell constraint (we assume a Minkowski spacetime metric with
‘mostly plus’ signature and coordinates {X™; m = 0, 1,...,5}). This action has manifest (1, 0)
supersymmetry but also, for m = 0, a ‘hidden’ (0, 1) supersymmetry [15]. It is in canonical
Hamiltonian form when m = 0 because in this case it defines an invertible closed
(orthosymplectic) two-form on the phase superspace with coordinates (X, P, ©).

As we shall see, the full (1, 1) supersymmetry of the action (1.1) becomes manifest in its
supertwistor form. This involves a pair of 6D supertwistors, of the same chirality, on which
there is a natural action of USp (4) = Spin(5), which emerges as a gauge invariance of the
supertwistor action, with corresponding ‘spin-shell’ constraints. Coincidentally, Spin(5) is
also the 6D rotation group, which is Wigner’s ‘little group’ for massive particles in 6D. In
reality, this is no coincidence but it is not immediately obvious what the connection is
between space rotations and the ‘internal’ Spin(5) gauge group. This issue was addressed for
the massive 4D superparticle in [11], but here we present a simpler resolution of it, in the 6D
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context, by consideration of the supersymmetric extension of the Pauli-Lubanski (PL)
tensors.

PL tensors are generalizations of the 4D PL ‘spin-vector’; they are translation invariant
tensors constructed from the Poincaré Noether charges {P, [J}. In 6D the PL tensors are

Symnp — gmnpqrs‘ZIr'PS’ =m — €mnpqrsk7np‘7qrfps. (12)

In the context of classical particle mechanics, the Poincaré Noether charges are tensors on
phase space. When these charges are expressed in terms of the usual phase space coordinates
for a massve point particle, the PL tensors are identically zero. This is no longer true in the
double-twistor formulation; instead, the PL tensors are zero as a consequence of the spin-shell
constraints, so these constraints imply that the particle has zero spin. Here we show that an
analogous result holds for the 6D massive superparticle if the PL tensors are replaced by what
we shall refer to as the super-PL tensors. It turns out that all super-PL tensors are zero as a
consequence of the superparticle spin-shell constraints, which implies that the quantum
superparticle describes a massive supermultiplet of zero superspin. For n = 1 this is the 6D
Proca supermultiplet of maximum spin 1, but to realize the full BPS-saturated (1, 1)
supersymmetry it must be ‘centrally charged’, which implies a doubling of the states.

Throughout this paper, we make extensive use of the SU* (4) notation for 6D Minkowski
spinors [16—18]. We begin with a brief review of this notation as it applies to the particle and
superparticle in their standard phase-space formulations. Then we present the twistor for-
mulation of the bosonic 6D particle, followed by a generalization to the 6D massive super-
particle with manifest (n, 0) supersymmetry, confirming its BPS-saturated (n, n)
supersymmetry.

We conclude with a discussion of how the results obtained here fit into the general
pattern of twistor formulations of particle mechanics models in D = 3, 4, 6 spacetime
dimensions, and their relation to the division algebras R, C, H, and we comment on
implications for the D = 10 case in relation to the octonions Q.

2. 6D preliminaries
In SU*(4) notation, 6D vectors are anti-symmetric bi-spinors. In particular, the standard

phase space coordinates for a point particle are (X, P.p) (o, 8 =1, 2, 3, 4) and the action
for a particle of mass m is

S = fdt { X, — %e(IP’Q + m?) } (P2 = PPy). .1

As for all other Lorentz six-vectors, we raise indices using the alternating invariant tensor of
SU*(4):

/(- 1 " Y A 1 f-
Pos — Egaﬁ’yépw = PR, = Z(sg P2, (2.2)

Similarly, six-vector indices may be lowered using the inverse alternating invariant tensor of
SU*(4), defined such that

1 o " f-
S o = 2.6, 5 (2.3)

where the brackets indicate ‘unit strength’ antisymmetrization over enclosed indices. We
remark here, for future use, that if the spinor components of [P are interpreted as entries of a
matrix P, then
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16 det P = (P?)’. 2.4)
The canonical Poisson bracket relations following from the action (2.1) are
« _ ca ¢f
{ X7, Ipz,,é}PB = 51 85 (2.5)

The Poincaré Noether charges in spinor notation are

Pus = P, T’ = 2B, X — %53(1131,&3@), (2.6)
and their non-zero Poisson brackets are

{27, Ré}PB = 8Pas + 65 Pra — %6572,5,

{T0, T8}, = 6570 = 65,T,°. 2.7)

2.1. PL tensors

As remarked in the introduction, there are two 6D analogs of the 4D PL spin vector. In
SU* (4) spinor notation, the self-dual and anti-self-dual parts of the PL three-form tensor are

S = T Py S = TEP @9

In the same spinor notation, the PL vector = is?
— 1
Eas = —2PsadnJ" — 2 2( T57 ). 2.9)

To verify translation invariance of the PL tensors (i.e. that they have zero Poisson bracket
with P), one needs the identities

1 ,
Paslyys = EPZ Eapss Eneyladpl” + €apyinJe)” = 0. (2.10)

The PL tensors vanish identically when the Poincaré charges are expressed in terms of
the phase-space variables (X, IP) but not when expressed in terms of the twistor phase-space
variables to be introduced later. The PL tensors themselves satisfy the identities

P L) = Py, 10, PP =5 =0, (2.11)

and the spinor relation expressing the fact that = is a contraction of J with X is
- 1 /
Zaf = Eﬁsﬁjﬁ]& - Egaﬁwz?z)%&' (2.12)

The main reason for the importance of PL tensors, for massive particles, is that the scalars
constructed from them are proportional to Casimirs of the Poincaré group. In 6D there are two
such scalars®

o IV DU
2 =3HEY, B2 = Egad LA (2.13)

2 This corrects the expression given in [11].
3 This count excludes the Casimir 72, which is not constructed from a PL tensor.
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2.2. Massive superparticle

The minimal 6D spinor is a complex 4 of SU*(4), which can be traded for a (2, 4) of
SU(2) x SU*(4) subject to a ‘symplectic reality condition’. More generally, a set of n such
spinors of the same chirality naturally transform as the (2n, 4) of USp (2n) x SU*(4), again
subject to a ‘symplectic reality condition’ (see e.g. [16]). The » minimal anticommuting
spinors needed for a 6D superparticle with (r, 0) supersymmetry thus combine to form a
single spinor © (i = 1,...2n) which has 4n independent complex components. Using this
notation, the action for the massive 6D superparticle with manifest (n, 0) supersymmetry is

s= fad (% 1 icieroM\e, — Le(p2 4 m2) |, (2.14)
f ( L) 2

where Y is the 2nd order antisymmetric invariant tensor of USp (2n); its inverse €); will be
defined such that

Qiinj _ §/]§_ (2.15)

The orthosymplectic phase-space two-form defined by this action is invertible provided that
the mass m is non-zero, and its inverse gives us the canonical Poisson bracket relations. In
particular, one finds this way that*

2

m2

{ Xl @7 —

/ / 2i ,
Bl B — (
7 on plef,  {ep o)) = S0P, (2.16)

where the mass-shell condition has been used to simplify the right hand sides (so one should
first replace m” by —P2 before attempting to verify Jacobi identities).
The Lorentz Noether charge is now

A A 1 ( s e ' A\ [
TP = 2B, X0 — 552 PsX — Q0] 0P, (2.17)
and the (n, 0) supersymmetry charges are
Qix _ ZQl]Ew@f (2.18)

As reviewed in the introduction, the massive 6D superparticle with manifest (n, 0)
supersymmetry actually has (n, n) supersymmetry. The (0, n) non-manifest supersymmetry
Noether charges are

9 =mey. (2.19)
Using (2.16), one finds that
{ Qi Qf),, = 20Rs,
} = 2i0; P,
“ JPB

{ Qi, 0/ }PB =m§.68). (2.20)

4 We shall not need to know {X, X} pg, which is also non-zero, implying a non-commutative Minkowski spacetime
in the quantum theory.



J. Phys. A: Math. Theor. 49 (2016) 025402 A J Routh and P K Townsend

One also finds, as expected, that
. . . 1 )
B i _ sl _ LB
{75 @ ), =80 — 2802

50 —_ o0y Lo
{70 0]}, =807 + 8291 2.21)

2.3. Super-PL tensors

We are now in a position to find supersymmetric analogs of the PL tensors, but we postpone
discussion of this issue for = because it is more simply addressed in the supertwistor for-
mulation that we shall be developing later. Written as bi-spinors, the supersymmetric versions
of the PL tensors (2.8) are

0 = T Pon + 720,
of _ rapiy 4 Loiae o’
NE = TEPOT + ZQJQ,- Q. (2.22)

One may verify that these bi-spinors have zero Poisson bracket with all supersymmetry
charges provided that one makes use of the mass-shell constraint and the relation

o = —% Q; P9QJ, (2.23)

which is valid for the superparticle as a consequence of the expressions (2.18) and (2.19) for
the supercharges in terms of the phase superspace coordinates.

A clarification is in order here. The existence of the ‘hidden’ (0, n) supersymmetry
charges is a special feature of the superparticle model under study. Should it not be possible to
define super-PL tensors for (n, 0) supersymmetry that involve only the (n, 0) supercharges?
The answer is a qualified yes. If our interest is in the quadratic Casimir of the (n, 0) super-
symmetry algebra that generalizes the usual X2 invariant of the Poincaré algebra (for
example) then we may proceed by defining the new traceless bi-spinor

) / 1. o )1 .
1.0 =PrE() = 57957(72“@,‘5 + EQU- Qagg,) - gpzjad. (2.24)

This is equivalent to a 2nd-rank antisymmetric tensor, or two-form, and hence also to a four-
form (the relevance of this observation will be apparent shortly). It has zero Poisson bracket
with the Q supercharges, so its norm Y2 = Y, ’Y; is a super-Poincaré invariant. This
constructs a Casimir from X and P, valid for the (n, 0) supersymmetry algebra; this is
possible because in 6D we can decompose Y into its self-dual and anti-self-dual parts. In
other spacetime dimensions there is no analog of the strictly (n, 0) super-extension of X that
commutes with the (n, 0) supercharges (and the same is true for Z even in 6D). The standard
resolution of this problem, for the (D — 3) form X, relies on the fact that there is a super-
invariant extension of the (D — 2)-form found by taking the exterior product of a > with P;
see e.g. [19] for the 4D case, which was generalized to arbitrary spacetime dimension in [20].
In 6D this four-form is precisely our Y.

We have still to address the issue of the relation between Y2 and Y%, Recall that 2 is a
contraction of X" with ¥ _,, but the definition of the latter in (2.22) involves the hidden
(0, n) supersymmetries; moreover, one needs the superparticle mass-shell condition and the
relation (2.23) between the (n, 0) and (0, n) supercharges to show that >_ has zero Poisson
bracket with the (n, 0) supercharges. This makes it appear that >? is defined only for the

6
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superparticle. However, if we use the relation (2.23) to rewrite Y_, in terms of the (n, 0)
supercharges, then we find that

P20, = POSE) = 1.1, (2.25)

This shows that the first of the identies of (2.11) remains valid for the super-PL tensors as we
have defined them. A corollary is that

T2 = —iPzEz. (2.26)

What this shows is that the scalar 32, constructed as a Casimir for the (1, n) supersymmetry
algebra of the superparticle is valid in full generality when considered as a Casimir for
massive representations (P2 = —m? = 0) of just the (n, 0) supersymmetry algebra.

3. Twistor formulation of massive 6D particle
We can solve the mass-shell constraint P2 + m? = 0 of the action (2.1) by first setting
1
Bas = S U5 Sur, G.1)

where U is a USp(4) 4-plet (I = 1, 2, 3, 4) of SU*(4) spinors, and §2 is here the standard
invertible antisymmetric invariant tensor of USp(4). Then, viewing U as the 4 x 4 matrix
with entries U’, we impose the constraint

0= p:=detU + m>. (3.2)
To verify that this solves the mass-shell constraint one needs the identity
3 1% = €k, (3.3)

where €;x; is the USp(4) invariant alternating tensor. A corollary of (3.1) is that
(P2)2 = 16detP = (detU)? = detU = +P2, (3.4)

where the first equality is from (2.4). Choosing the upper sign for compatibility with (3.2), we
see that the constraint ¢ = 0 is just the original mass-shell constraint in spinor form! Notice
that the solution (3.1) of the original mass-shell constraint is invariant under local USp(4)
transformations, so we can anticipate that new constraints associated to a new
USp (4) = Spin(5) gauge invariance will emerge.

Substitution for P gives

X-P=UW; + %(...), W = XUy, (3.5)
Let us define

A =TUIWD, W = KW, (3.6)
where Q¥ is defined (as for 2¥) such that

QKQ = 59 3.7

In general, we use Q;; (Q¥) to lower (raise) USp(4) indices according to the convention (for
arbitrary USp(4) four-plet Z) that

7l =QVz, 7 =27/, (3.8)
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from which it follows that
Q7 = 6{ =-Qf, (3.9

Given the definition of W¢, we have AY = 0, so this must be imposed as a set of
constraints when W¢ is considered as a set of independent variables. These are the ‘spin-
shell” constraints; this terminology will be justified shortly. Imposing these constraints by
Lagrange multipliers s;; and the new mass-shell constraint by a Lagrange multiplier p, we
arrive at the following twistor form of the action for a massive 6D particle:

S = fdr{ ULW] — sy A — pp). (3.10)

The constraint functions A¥ generate the expected local USp(4) gauge transformations, via
the canonical Poisson bracket relations

{wi, v}, =66 (3.11)

Since det U is manifestly USp(4) gauge invariant, the additional constraint function has zero
Poisson bracket with A¥, and hence all constraints are first class.

As a consistency check, let us verify that the physical phase space dimension is
unchanged by the process that converts the standard massive particle action into the new
twistor action. We started with a phase space of dimension 2 x 6 = 12 subject to a single
first-class constraint, implying a physical phase space of dimension 12 — 2 = 10. We now
have a phase space of (real) dimension 2 x (4 x 4) = 32 subject to 10 4+ 1 = 11 first-class
constraints, implying a physical phase space dimension of 32 — 22 = 10.

3.1. Gauge invariances

The constraint functions A” generate the Spin(5) gauge transformations of the canonical
variables, which are

§UL = -Uly!, Wi =g W5 (V=) (3.12)

This is an invariance of the action provided that we assign the following gauge transformation
to the Lagrange multiplier

Sest? = &7 + G Ksg? — 5Kt (3.13)

This Spin(5) gauge invariance is expected because it was introduced when we solved the
mass-shell constraint P2 + m? = 0, but what is the significance of the additional gauge
invariance associated to the constraint ¢ = 07

To answer this question, we begin by observing that the additional non-zero gauge
transformations are

WS = AmVe,  p= A (3.14)

where A (¢) is the infinitesimal parameter, and
o 1 7y
V, = QEUKLAEQ‘SWﬁUéUng. (315)

This new opposite-chirality commuting spinor variable is essentially the inverse of U on the
surface ¢ = 0 since, on this surface

VU, = —mé], VU, = —méb$ (detU = det V = —m?). (3.16)
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A useful identity is

eV Uf = —eVKLVEV) (o = 0). (3.17)
This allows us to express P on the ¢ = 0 surface as

Paf = —% VevIQIT (= 0). (3.18)

Next, we observe that we may add to any gauge transformation the following ‘trivial’
gauge transformation with parameter & (¢):

o8 .1
1 _ _ vl
U =~ 5 ¢(v - '),
5wy = €25 _ ¢ (W + s W \%i 3
Wy = oo = E(Wi sy W = mpVy). (3.19)

«

This is manifestly a gauge invariance, but a ‘trivial’ one because the transformations are zero
on solutions of the equations of motion. Now consider the linear combination

5’5 = 0+ O + b, A=p¢, 47 = s7¢ (3.20)

One finds that the 52 transformations of the canonical variables are those due to a
reparametrization of the worldline time:

SUL =€,  SLWG =W, (3.21)

We conclude that the additional constraint is associated with the time reparametrization
invariance of the action, as expected from its equivalence to the original mass-shell constraint.

3.2. Poincaré invariance

In the new spinor variables, the Poincaré Noether charges are

Pur= UV, 2 = U] — 80 W), (322)
where we use the shorthand notation

(uw) = Ulwj. (3.23)
Using these expressions in (2.22), and the constraint det U = —m?, we find that

S = UL B = SVIVIAY, (3.24)
from (2.12) it then follows that

Eag = UJUSA /Ay — %IF;L@AKLALK. (3.25)
Notice that

2 = —mTZAIJAJI. (3.26)

The left-hand side is a Poincaré Casimir while the right-hand side is proportional to the
quadratic Casimir of the spin-shell group. This generalizes to 6D the observation for the
massive 4D particle in [11], but the connection between the spin-shell constraints and the

9
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particle’s spin is already evident from the expressions (3.24) and (3.25) because they show
that all PL tensors are zero on spin-shell, and this tells us that the particle has zero spin.

4. Supertwistors and the massive 6D superparticle

We now turn to the massive superparticle with action (1.1), which has manifest (n, 0)
supersymmetry, and we solve the mass-shell constraint as in (3.1). As before this leads to the
new mass-shell constraint 0 = det U 4+ m? = (. Substitution for P as before now leads to

(X‘**‘* + iQif@?@f)Rm = ULW? + %Q"J’Q,, i + %(...), @.1)
where

Wi = (XG*’U{g - %QUG?MJ.J)Q,,, 1! =Ulep. (4.2)

The definition of W leads to the identity
0= Ungx./) . %Qijuil‘ujj = AV, (4.3)

As before, to promote W to an independent variable we must impose this identity as a
constraint, so the action in the new variables is

S = fd’ { U, Wy + %Mil ' — sy A — P@}’ (4.4)
where
pp=Qu MjJQJI~ 4.5)

The phase-space variables are the components of a pair of 6D supertwistors (I = 1, 2, 3, 4
rather than 7 = 1, 2) but the 6D superconformal invariance is broken by the ¢ = 0 constraint.
The new superparticle action (4.4) is manifestly Lorentz invariant, with Noether charges

TP =Uwy — %6g(UW). (4.6)

There is no fermion bilinear term, as could have been anticipated from the fact that the
anticommuting variables /;’ are now Lorentz scalars. The action is also invariant under all (n,
n) supersymmetries, with Noether charges are

QL =Uly;, O =— Ve 4.7)

This may be verified using the Poisson bracket relation (3.11) and the new (symmetric)
Poisson bracket relations

(), ={m’ i}, = -85, (4.8)
In particular, the spin-shell constraints are (n, n) supersymmetric because
kAL _ Y AL —
{ Qo N }PB =0, { Qi A }PB =0. (4.9)

Using the supertwistor expressions for the super-Poincaré charges in the expressions
(2.22) for the super-PL three-form X, we find that

10
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50 = %UéUéAu’ = = %V?WA”- (4.10)

Formally, this is identical to the result that we found for the bosonic particle; the only
difference is that the spin-shell constraint functions, given by (4.3), now include terms
bilinear in the anticommuting variables £, ’. This result should not be a surprise because the
spinor variables U are inert under supersymmetry and, as we have just seen, the superparticle
extension of the spin-shell constraint functons are supersymmetric.

It is now obvious how to find the supersymmetric extension of the PL vector = of (2.9).
We just return to the twistor expression (3.25) and re-interpret A as the superparticle spin-
shell constraint functions. This gives us

- 1
S = UJUSA Ay — 5o AgEALK, 4.11)
where AV are now the superparticle spin-shell contraint functions.

4.1. Quantum theory

If we define a massive particle of zero superspin to be one for which all super-PL tensors are
zero, then the spin-shell constraints of the massive superparticle tell us that it has zero
superspin. The canonical anticommutation relations of the 8n fermionic phase-space variables
of the action (3.10) are

{u",, MJ.J} = 61.6]. 4.12)

This implies a supermultiplet with 2" independent polarization states. For n = 1 this gives us
a massive supermultiplet with 16 components, and zero superspin tells us that this must be the
6D Proca multiplet, for which the bosonic content is one massive vector and three scalar
fields. This is a massive supermultiplet of (1, 0) 6D supersymmetry. If we declare the
particles of this supermultiplet to carry a central charge, which can be done by allowing
superparticle wavefunction to be complex, then it is also a supermultiplet of (1, 1) 6D
supersymmetry, with a central charge saturating the BPS unitarity bound implied by
supersymmetry.

In other words, we have the choice of quantizing preserving only the manifest (1, 0) 6D
supersymmetry, in which case we can impose a reality condition on the superparticle
wavefunction, so as to get the Proca supermultiplet, or we can insist on preserving the full
(1, 1) 6D supersymmetry, in which case we get a pair of Proca supermultiplets with equal and
opposite central charges. The latter supermultiplet is exactly what one gets by keeping a
single massive level of the Kaluza—Klein tower resulting from toroidal compactification to 6D
of the 10D Maxwell supermultiplet.

5. Discussion

In the twistor formulation of particle mechanics, in D spacetime dimensions, the usual mass-
shell constraint is solved by expressing the D-momentum as a bi-spinor. The spinor variable
introduced by this solution is then viewed as a new phase-space coordinate, and its canonical
conjugate is another spinor. Taken together these canonically conjugate spinors constitute a
twistor, a spinor of the conformal group. However, for this construction to work, it must be
that the physical phase space has the same dimension as it did originally, and this is a
significant constraint.
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For D=3,4,6 we have D =2 + K, where K is the dimension (over R) of
K =R, C, H (the reals, complex numbers and quaternions), and a minimal spinor is a
doublet of SI(2; K); in addition, a set of N such spinors is an N-plet of the internal symmetry
group U (N; K) [16]. Since a twistor comprises a pair of spinors, each of which has
2NK-valued components, the total dimension over R of the vector space spanned by N
twistors is 4NVK. However, since’

2dim UN; K) = N(N + DK — 2N, (5.1)

the combined effect of U (V; K) spin-shell constraints and the associated U (N; K) gauge-
invariance is to reduce the phase space to one with dimension 2N — N (N — 3)K. On the
other hand, the physical phase dimenson is 2(D — 1) = 2(1 4+ K). This means that
2(N — 1) =N — 1)(N — 2)K, assuming the absence of any constraints other than the spin-
shell constraints; allowing for the possibility of additional constraints we thus arrive at the
inequality

N-D[2-HN-2)K]=0. (5.2)

For the twistor form of the massless point particle in dimensions D = 3, 4, 6 we need
N =1, in which case the above inequality is saturated. The massive particle requires both
N > 1 and at least one additional constraint (in order to solve the mass-shell condition) and
this is compatible with the above inequality only for N = 2, in which case (5.2) is satisfied
with the left-hand side of (5.2) equal to 2. This allows either two additional second-class
constraints or one additional first-class constraint but, as we explain below, the twistor form
of the massive particle must have one additional first-class constraint. These conditions are
indeed realized by the double-twistor formulation of the massive particle, as we have shown
here for D = 6. Our result thus complements and completes earlier work on twistor con-
structions of this general type.

One may ask why there is an additional constraint for the massive particle. Actually, one
should expect an additional constraint because of the worldline time reparametrization
invariance of the action, so what has to be explained is why no such additional constraint is
needed for the massless particle. The answer is that in the massless case, but not in the
massive case, one can combine a time-reparametrization with a spin-shell gauge transfor-
mation to arrive at a ‘trivial’ gauge transformation: one for which the transformations are all
zero for solutions of the equations of motion. As such gauge transformations have no physical
effect, time-reparametrization invariance is not independent of the spin-shell gauge invariance
for a massless particle. For a massive particle the equations of motion differ, such that the
spin-shell constraint functions no longer suffice to generate all non-trivial gauge transfor-
mations, so an additional constraint associated to time reparametrization invariance is
required.

Another way to see how the possibilities for a twistor formulation of particle mechanics
are limited is no notice that there must be a coincidence (or near coincidence) between the
spin-shell group U (V; K) and Wigner’s ‘little group’ (the subgroup of the Poincaré group
relevant to the classification of elementary particles) with N = 1 applying to massless par-
ticles and N = 2 to massive particles. The reason is that the PL spin tensors, which are
identically zero when expressed in terms of the usual phase space variables of a spinless
particle, are zero when expressed in twistor variables only as a consequence of the spin-shell
constraints. Consequently, the little-group generators become identified with the spin-shell

5 The dimension is over R, and we use the fact that U (n; K) is isomorphic to O(n), U(n), USp(2n) for
K =R, C, H, respectively.
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group generators in a standard Lorentz frame. The massive 4D particle is a mild exception to
this rule because the spin-shell group is U(2) but the rotation group is SU(2) (a ‘near coin-
cidence’); however, the U(1) factor drops out of the PL vector, which becomes identified with
the generators of space rotations. For the massive 6D particle considered here, the spin-shell
group is USp (4) = Spin(5), which has the same Lie algebra as the rotation group, and the PL
three-form is equivalent in a standard Lorentz frame to the adjoint 10 of the Spin(5) algebra,
spanned by the spin-shell constraint functions.

In addition to finding the twistor formulation of the massive 6D particle, we have
extended the construction to a supertwistor formulation of the massive superparticle. A nice
feature of this construction is that it makes manifest the full supersymmetry invariance, which
is always that of a BPS superparticle with (n, n) supersymmetry for some n. Exactly the same
action would result from a supertwistor reformulation of the ‘kappa-symmetric’ BPS
superparticle action for which the (n, n) supersymmetry is manifest from the start. This
follows from the general arguments of [15], summarized in the introduction, but it was also
verified explicitly for D = 4 in [11].

Implicit in our results is a supertwistor formulation of the massless 6D superparticle with
(n, n) supersymmetry, obtained by setting m = (0. Notice that this massless superparticle
action cannot be equivalent to the standard massless superparticle action with manifest (#, 0)
supersymmetry because (and in contrast to the massive case) the latter does not have a hidden
(0, n) supersymmetry. Also, there is no previously known supertwistor formulation of the
massless (n, n)-supersymmetric superparticle (only the (n, 0) cases are known). We suspect
that our indirect solution to this problem is not the most economical one, but we have not
investigated this.

The spin-content of any relativistic particle mechanics model is determined by the PL
tensors (which are functions on phase space in the context of classical particle mechanics). All
PL tensors are zero for a massive particle of zero spin; for the twistor form of the particle’s
action this is true as a consequence of the spin-shell constraints (hence the terminology). We
have established a similar result here for the supertwistor form of the massive 6D super-
particle: all super-PL tensors are zero as a consequence of the spin-shell constraints. In the
quantum theory this implies that the superparticle describes a 6D supermultiplet of zero
superspin. In the simplest (n = 1) case this is the 6D Proca supermultiplet for a massive vector
field, three scalar fields and their spin-1/2 superpartners, which must be centrally charged if
we insist on quantizing preserving the full (1, 1) supersymmetry.

Our construction of the super-PL tensors differs from the standard one. In fact, this
terminology is not used in the standard construction of super-Poincaré Casimirs, for good
reason. For example, for D = 4 there is no N = 1 supersymmetric extension of the usual PL
spin-vector that commutes with the supersymmetry generator. The problem is milder in 6D
because of special features of this dimension (one can use only the self-dual part of XJ) but it is
still true that not all 6D PL tensors have a strictly (n, 0) extension that commutes with the
(n, 0) supercharges. In 4D this problem is solved by the existence of a supersymmetric
extension of the antisymmetric tensor constructed by taking the exterior product of the
momentum generator with the PL spin-vector. The same construction can be used in 6D, and
higher dimensions, but the method has not yet been developed so that it applies to all super-
Poincaré Casimirs. Our superparticle approach provides an alternative route to the con-
struction of super-Poincaré Casimirs: by taking account of the ‘hidden’ supersymmetries of
the superparticle model [15], we find a super-PL tensor invariant under all supersymmetries.
We have shown for the simplest case how the scalars constructed from these super-PL tensors
become model-independent Casimirs for the manifest supersymmetry algebra. We suspect
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that this idea could lead to a simple general construction of all super-Poincaré Casimirs, but
we leave this to the future.

51.RCHO

The original suggestion of a close relationship between (Minkowski space) supersymmetry in
spacetime dimensions D = 3, 4, 6, 10 and the division algebras was based partly on the
coincidence that the double cover of the Lorentz group in these dimensions is SI(2; K) for
K =R, C, H, O [16], as confirmed by Sudbery for K = O by a suitable definition of
SI(2; O) [21]. The results reported here provide further evidence of this relationship for the
D = 6 case, as would be manifest if we had used two-component quaternionic spinors instead
of four-component complex spinors; indeed, a quaternionic formulation of the massless
D = 6 superparticle (although not its supertwistor version) was worked out in [22].

The work reported here is potentially of relevance to the massless D = 10 superparticle
because the massive 6D superparticle can be viewed as a massless 10D particle in a spacetime
that is a product of 6D Minkowski space with a four-torus, with a fixed non-zero four-
momentum on the four-torus. This is easily seen from the usual phase-space formulation of
the massive 6D superparticle but it is not at all obvious from its supertwistor phase-space
formulation. If this 10D origin could be understood in 6D twistor terms, it could provide a
clue to some novel reformulation of the 10D massless superparticle.

We should point out that there is already an octonionic formulation of the massless 10D
superparticle [23, 24], and a twistor version of it was proposed in [25]. Another D = 10 result
involving both the octonions and twistors was presented in [26]: the super-Maxwell field
equations for D = 3, 4, 6, 10 can be solved (by a twistor transform) in terms of a K-valued
worldline superfield satisfying a ‘K-chiral’ constraint.

Another obvious question is whether the results reported here for the massive 6D
superparticle could be generalized to 10D; i.e. to the massive D = 10 superparticle with
manifest (1, 0) supersymmetry. This would be of great interest because the action actually has
(1, 1) 10D supersymmetry and is just a gauge-fixed version of the DO-brane action of IIA
superstring theory [15]. However, we have nothing definite to say about this case, and so
leave it to future investigations.
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