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Abstract

One of the phenomena associated with quantum integrable systems is the possibility of
persistent currents, 7.e. currents which do not decay away entirely, but have some portion
that continues to flow undiminished and indefinitely. These residual currents are shown
to be the conserved part of the current operator, and calculable from the conservation
laws of the system.

In a particular system, previous attempts to calculate a known residual current from
the conservation laws have failed. A numerical investigation is undertaken, and this
disparity with the formal results is resolved by the inclusion of a previously overlooked
conservation law. An important corollary to these results is that requiring the mutual
commutativity of the conservation laws of a quantum integrable system, previously as-
sumed by analogy with the classical case, is an unnecessary and potentially disastrous
restriction.

Methods of generating the local conservation laws of a quantum integrable system are
investigated, and the current method of using a Boost operator is shown to be subtly
flawed. The method is discovered to implicitly require additional knowledge in the form
of Hamiltonian identities in order to avoid otherwise unphysical terms.

A new method is proposed based on the idea that the logarithm of the Transfer matrix
of a system generates these local conservation laws. The method is applicable to a wide
class of systems whose Lax operator obeys a certain condition, and the majority of the
work required to generate the local conservation laws is entirely general and thus only
needs to be done once.

This new method is then applied to two quite different spin-chain Hamiltonians, the
XXZ and Hubbard models, and shown to successfully generate all of the known local
conservation laws of these models and some new ones.
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Chapter 1

Introduction

Generally when a current is started in a system it is expected to decay away with time and
eventually vanish. There is a class of systems however, described as being as integrable,
where this is not necessarily the case. In systems such as these it has been shown [1] that
some portion of the current may continue flowing indefinitely, even at finite temperatures.

It has been shown formally that this long-time residual should be calculable from, and
indeed interpreted as one of, the conservation laws of the system [2]. For one particular
system however, a certain current has a known, non-vanishing residual [3], but it can
be shown by symmetry arguments that none of the conservation laws can contribute
anything towards this residual [1].

Spurred on by a desire to resolve the above inconsistency, this thesis starts as an
investigation into the concept of quantum integrability as it relates to the conservation
laws of a system; calculating residual currents from conservation laws (using the ideas of
Suzuki [2]); and Mazur’s inequality [4], which is a crucial part of Suzuki’s arguments.

Following the resolution of this conundrum, the focus of the thesis shifts entirely to
the conservation laws of a quantum integrable system. Specifically, the idea of generating
the local conservation laws, used previously to calculate the residual current via Mazur’s
inequality, is investigated. The current method of generating these conservation laws

using a Boost operator [5] is found wanting, and a new method is developed and tested



1.1. CLASSICAL INTEGRABILITY

on some well known integrable systems.

Firstly however, the introduction will consist of a brief tour of the ideas and methods
of solving integrable systems.

Investigations into quantum integrable systems have only really taken off in the last
thirty or so years. The ideas of the famous Bethe Ansatz and the classical Inverse Scatter-
ing method were combined and adapted to create the Quantum Inverse Scattering method
and the Algebraic Bethe Ansatz. When introducing and explaining these methods, it is
necessary to decide where should one start and what level of detail is appropriate. Given
that none of these methods are actually used, this chapter gives only a brief account of
them to provide some context, pausing where necessary to give extra details on the major

ideas which serve as the starting point for the work that follows.

1.1 Classical Integrability

The first and most widely used definition of integrability for a classical system was pro-
vided by Liouville in the nineteenth century, as one where the equations of motion are
“solvable by quadrature” [6]. It is pretty much standard now that when a system is de-
scribed as integrable, what is actually meant is Liouville-integrable, as defined fully below,
and henceforth the same meaning will be implied here.

A system with a 2n-dimensional phase space is integrable in the Liouville sense if
it has n independent integrals of motion (implying a conserved quantity, or constant of
motion) all in involution. A constant of motion is a quantity whose Poisson bracket with
the Hamiltonian vanishes, and to be in involution means that the Poisson brackets of the
other n — 1! constants with each other also vanish. More formally, there are a set of n

quantities {C4(g;, p;)} such that

Co = {H,C,} =0 and {C,,Cs} = 0, (1.1.1)

1Since the Hamiltonian automatically qualifies as a constant of motion.
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in terms of the standard Poisson bracket

OF 0G  OF 9G
{F,G} = Za—piaqi ~ 0 (1.1.2)

(2

Note that it is not necessary to know the form of these constants, integrability requires
only that they exist. Furthermore, the problem need not be fully separable, but it should
be possible to reduce the equation down to quadratures (i.e. integrals).

Each of these constants of motion reduces the dimension of phase space, down to an
n-dimensional subspace in the integrable case. Assuming periodic motion, this subspace
has the topology of an n-torus?, with the possible trajectories cycling around the handles.

If one were to perform a canonical transformation from the original physical variables
of the system, p; and ¢;, to a new set, I; and 1;, such that the Hamiltonian becomes
independent of the canonical coordinates (i.e. H = H(v;), a function of the conjugate
momenta only), then the momenta I; are constants of motion. These new variables I; and
Y; are known as the action-angle variables, and it should be clear that the momenta I;
will be linear combinations of the conserved quantities {C,} above. The constant action
variables can be found in terms of the original variables p; and ¢; (or indeed any canonical

set of variables) as

I, = ]{Z pi dgi, (1'1~3)
L

where the integral is over a single period of the motion [7]>. In terms of these variables,
the time evolution becomes very simple: the coordinate variable 1); just increases linearly
with time, i.e. 1;(t) = 1;(0) + a t, for some constant a; = t;. Having a time evolution
of this form, which does not exhibit chaotic features [8], can be used as an alternate (but
equivalent) definition of integrability.

Although integrability can be demonstrated by showing the existence of these n con-

2This is due to the wonderfully named “hairy ball” theorem [7].
3or equivalently, around the handle of the torus.
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stants of motion, there still remains the (generally highly non-trivial) task of determining
the explicit forms of these action-angle variables (or equivalently solving the original

equations of motion).

1.1.1 The Inverse Scattering Method

A general method for solving linear partial differential equations (PDEs) given the initial
condition is to use Fourier transforms. This is a three stage process of transforming the
initial condition into Fourier space; finding the time evolution and then using the inverse
transform to return to the (real) space of the original equations. For example, using the

standard inverse and Fourier transform

1 o0 , 1 o ;
u(z,t) = \/—2_7r/ a(k,t)e**dk, and a(k,t) = \/—2_7r/ u(z, t)e *dz, (1.1.4)

the linear PDE O,u = —c0,u with the initial condition u(x,0) becomes (in Fourier

space) the linear ordinary differential equation (ODE)

di
d—;‘ = —ikca. (1.1.5)
This of course has the general solution
1 > ,
(k) = alk, 0) exp (—iket), where a(k,0) — —— / w(w, 0= dz, (1.1.6)
V2T J o

and putting this back into the inverse transform gives

u(z,t) = % /00 /00 u(z,0)e”*dx exp (ik[x — ct]) dk. (1.1.7)

Unfortunately, there are many physical problems which are modelled by nonlinear
PDEs, and the Fourier transform method is no longer of any use. In 1967 however,

Gardner, Greene, Kruskal and Miura [9] developed a method of solving one particular
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nonlinear PDE, the well known Korteweg-de Vries equation

Opu + 6udyu + Pu = 0, (1.1.8)

by relating it to the time-independent Schrodinger scattering problem

Lv = Pv+u(r,thy = . (1.1.9)

The idea is that the field u(z,t) of equation (1.1.8) plays the role of the potential in
equation (1.1.9), and ¢ is just treated as a parameter. Usually, the scattering data S(\,t),
which depends on the potential u(x,t), can be determined from the eigenvalues and eigen-
functions of equation (1.1.9). This mapping of the potential into the scattering data is
known as the direct scattering problem. The inverse scattering problem therefore is to
obtain the potential given the scattering data.

This Inverse Scattering Method is essentially analogous to the above use of Fourier
transforms on linear PDEs [10]: a nonlinear PDE of u(x,t) is rewritten in the form of a
scattering problem, where u becomes the potential. The direct scattering problem is solved
(the scattering data being the equivalent to the Fourier transform in this analogy), and
then given S(A,0) (the scattering data at initial time, from u(x,0)) the time evolution can
be determined to obtain S(A, t). This is where the analogy ends as (unlike simply applying
the inverse Fourier transform) the final step, solving the inverse scattering problem by
reconstructing u(z,t) from S(A,t), is extremely difficult.

The crucial idea of the Inverse Scattering method is that the nonlinear evolution
equations that it solves are integrable Hamiltonian systems* [10] (the Hamiltonian form
of equation (1.1.8), for example, can be found in [11], among others). In this form, the
process of inverse scattering can be thought of as a canonical transform from the original

physical variables, ¢;, p;, to the action-angle variables of the system.

4with infinite dimension.
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1.1.2 The Lax Formalism

Shortly after the work of Gardner et al, Lax [12] produced a general method of associating
nonlinear evolution equations with a pair of linear operators in such a manner that the
eigenvalues of these linear operators are constants of motion of the nonlinear equation.
To do this, Lax formulated the problem in the following manner [10]: first define two
matrices L and M, which have some dependence (to be defined shortly) on the canonical
coordinates of the system (the ¢; and p; of the Hamiltonian form). The matrix M is
assumed to govern the time evolution of the eigenfunctions of the eigenvalue problem

involving L, like so

Lv = v, (1.1.10a)
dv

— = Mouo. 1.1.10b
7 v ( )

Differentiating equation (1.1.10a) with respect to time and then substituting in equation

(1.1.10b) gives °

LtU+LUt = At‘}‘)\’Ut
L+ LMv = XN+ AMv

= )\t+MLU,

and requiring that the eigenvalues be independent of time, i.e. A\; = 0, means that (for

nontrivial eigenfunctions v), L and M must satisfy

dL

L=, (1.1.11)

the Lax evolution equation. To link these matrices to the desired system, the ¢;, p; depen-
dence of the matrices L and M must be such that the above equation for L recreates the

equations of motion of said system (or alternatively, L and M are differential operators

Swhere the subscript t denotes differentiation with respect to time.

6



1.1. CLASSICAL INTEGRABILITY

such that equation (1.1.11) is the original nonlinear evolution equation).

A set of matrices which satisfy all the above conditions for a given system are known as
a Laz pair. Note that this pair is not unique; a new matrix L = ULU !, for an arbitrary
invertible U and appropriately chosen M, will also satisfy equation (1.1.11) and recreate
the same equations of motion® [8]. Trrespective of which L is used, the eigenvalues will be
functions of the canonical variables g;, p;, and (by definition) are independent of time, and
are therefore equivalent to the constants of motion of the original system. This hugely
important result means that any system whose equations of motion can be written in this
Lax form is therefore necessarily an integrable system. The downside however, is that
there is no general way of showing if a system has a Lax representation, or if it is known
to be integrable, what the explicit form of L and M might be.

In addition to using the eigenvalues, there are two other methods which can be used
to generate alternate (but equivalent) sets of constants of motion from L [8]. The first
is to take the traces of increasing powers of L, the results of which can be shown to be
conserved as follows: from equation (1.1.11), it can be proved by induction that, for any

power k

dLF

= [M,L*], (1.1.12)

and it is then simple to show that the trace of any power of L is a conserved quantity [13]

d . dL*
%tr (L) = tir (%)
= tr([M,LF])
= tr (ML*) —tr (L*M)

= 0, (1.1.13)

since tr(XY') = tr(Y X) for two arbitrary n x n matrices X and Y. This result is briefly

revisited in Chapter 6, where it is seen that the conserved quantities generated in this

6This is shown in detail for the case where U is a unitary transform in Chapter 6.

7



1.2. QUANTUM INTEGRABLE SYSTEMS

fashion from the classical Lax matrix of the Toda lattice are also the local conservation
laws of the quantum system. The second method involves evaluating the following deter-
minant, which generates a polynomial in the eigenvalue A, the coefficients of which are

another equivalent set of constants of motion
N
det[\—L] = M+ A, (1.1.14)
n=1

This determinant will also be seen again in Chapter 6, when it is used to link the classical
and quantum Toda lattices, and its logarithm is seen to provide the local conservation

laws of that system.

1.2 Quantum Integrable Systems

Unlike the classical case, the definition of a Quantum integrable system is much less clear
cut. When making the transition from a classical to a quantum system, the standard idea
is that Poisson brackets become commutators. The equivalent of the classical integral of
motion whose Poisson bracket with the Hamiltonian vanishes therefore, is the (quantum

mechanical) conserved quantity which commutes with the Hamiltonian, i.e.

~ N A N A

{H.C,} =0 — [HC) =HC,-C,H =0 (1.2.1)

Similarly the requirement that the Poisson bracket between two integrals of motion van-
ishes would become the restriction that any two of the conserved quantities C., must
commute. The quantum analogue of Liouville’s definition of classical integrability would
therefore be a system with n mutually commuting conserved quantities (which includes
the Hamiltonian), where n is now the number of states of the system.

This is the most generally accepted description of quantum integrability, but it is by no
means ideal. The reduction of phase space by the constants of motion does not have any

equivalent in the above definition of quantum integrability. Furthermore, as is discussed
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in detail in Chapter 2, any power of a conserved quantity (including the Hamiltonian) is
also a (distinct) conserved quantity, and so the entire required set of mutually commuting
operators could in theory be generated from a single conservation law, or indeed just from
the Hamiltonian. Obviously, just having the Hamiltonian and its powers is not enough, or
every system would be integrable! The solution to this, again described fully in Chapter
2, is to use the projection operator equivalent to a conserved quantity, since a projection
operator to any power just returns the same operator.

The idea of using projection operators, which are a restriction to a particular eigenvalue
subspace of the system in question, suggests an analogous idea to that of the reduced phase
space in classical integrable systems. Consider the matrix representing the Hamiltonian:
when attempting to diagonalise, the result is in general a series of blocks along the leading
diagonal, each representing a different eigenvalue subspace. Since a conservation law
commutes with the Hamiltonian, it is simultaneously diagonalisable and can potentially
be used to reduce the degeneracy in a given subspace. The analogue to reducing classical
phase space down to an N-torus is therefore to use conservation laws to fully diagonalise
the Hamiltonian. Note that unlike the classical case this does not necessarily require all
of the conservation laws of the system, nor does it mean the conservation laws themselves

will be fully diagonalised: it all depends on the degeneracies of the system.

1.2.1 The Bethe Ansatz

In 1931, Hans Bethe [14] submitted a paper in which he determined the energy eigenstates
of the one-dimensional Heisenberg model. It outlines a method (nowadays referred to as
the “Coordinate Bethe Ansatz”, to avoid confusion with the variants developed later), for
constructing the many-particle wavefunction which diagonalises the Hamiltonian [15].
The German word “ansatz” roughly translates as “beginning”, which is appropriate
as the method used by Bethe marks the starting point for the solutions to quantum
integrable systems. In the mathematical sense that it is used here however, it describes

the proposal of (the form of) a solution, which is then proved to be correct. In this case,
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Bethe posited that the wavefunctions of the model were superpositions of plane waves
[16], as is described below, and then used linear combinations of these wavefunctions as
the eigenstates of the system. Using these states in the eigenvalue equation H|¢) = E|¢))
provides a series of equations (the “Bethe Ansatz equations”), each solution of which
represents an eigenvector of the Hamiltonian (with the originally chosen form) and it’s
associated eigen-energy [17].

The one-dimensional Heisenberg magnet Bethe considered consists of an array of quan-
tum mechanical spin—% particles at fixed, equidistant points on a chain (1D lattice) [16].

The Hamiltonian for this model can be written as [18]

7j=1
= J) (f}f&m + 05670 + 50767, + 5) , (1.2.2)
7j=1

where a; = (67,67,67) are the Pauli pin matrices at site j, and &]i = 07 + i67, with
the periodic boundary condition j + N = j. The constant J can be used to control the
style of magnetism: when J is negative (positive) the model is (anti)ferromagnetic, i.e.
(anti)parallel spins are energetically preferred [16].

The above Hamiltonian remains unchanged under a rotation about the z-axis, which
implies that the total spin S7,,,, = z évj o7 is conserved [17]. This suggest the grouping
of basis states by their (increasing) z—g;rlnponent of spin, which will block diagonalise the
Hamiltonian matrix. The first block will then consist solely of the state with all spins
pointing up, the ground state of the ferromagnetic model consider by Bethe [17].

The remaining blocks consist of C¥ states, r being the number of down spins which
defines the group of states in that block. Each block can then be fully diagonalised by

writing the eigenstates as a linear combination of its basis states

) = > alwy, - z)|T, ), (1.2.3)

10



1.2. QUANTUM INTEGRABLE SYSTEMS

where |z1,---,x,) is the state where the r spins z; > --- > z, are pointing down, and
the sum is over all C states in the block. Bethe’s ansatz was to assume the coefficients

in the above linear combination took the form

a(xy, -, x,) = ZAP exp (Z ikijg) ; (1.2.4)
P

J=1

where the P being summed over are the ! permutations of the labels {1,2,--- 7} [16, 17,
18]. Substituting these hypothesised eigenvectors into the eigenvalue equation H|i,) =
E|1,), Bethe was able to calculate the final part of the above coefficients, Ap, in terms

of a two-body interaction

AP = €p H Spip]., where Sij = 1-2 exp (Zk]) + exp (Z]Q + Zkfj) s (125)
1<i<j<n
and ep is the signature of the permutation. The wavenumbers k; must also satisfy the r

conditions

exp (ik;N) = (1) '[[Z for j = 1+, (1.2.6)

i#]

which are known as the Bethe Ansatz equations. The final task is then to solve these
equations for the wavenumbers k;, which (from the eigenvalue equation) give the energy

eigenvalues in the form

E, = JN+J)Y (2cosk;—2). (1.2.7)

j=1
with the associated eigenstates (1.2.3), whose coefficients come from substituting the k;
back into (1.2.4). There are N + 1 classes of eigenvalues F, (including the ground state)
with CN(r = 0,---, N) associated eigenvalues, which gives a total of 2V eigenstates’.

Since 2V is the total number of eigenstates of the N-site Heisenberg chain, this represents

N N
7As, from the binomial expansion, Y CN = Y ﬁ = (1+1)N.
r=0 r=0

11
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the complete eigenspectrum of the problem [16].

1.2.2 Quantum Inverse Scattering

To completely solve any given quantum-mechanical problem, two things are needed.
Firstly, it is necessary to solve the eigenvalue problem Hl|y)) = E|¢)) and obtain the
complete eigenspectrum of the Hamiltonian. The second requirement is the ability to cal-
culate the correlation functions of the various operators O, corresponding to the physical
observables of the problem, i.e. to be able to (numerically or analytically) compute the
thermal average
R tr (Oe_ﬁﬁ )
0y — —— (1.2.8)

tre—PH

In the years following Bethe’s publication, his ansatz for the Heisenberg chain was
adapted and used to obtain the eigenspectrum of several (1+1)-dimensional® models,
such as the one-dimensional Bose gas and the massive Thirring and Hubbard models
[19]. The method was not generally applicable however, and not much use for calculating
correlation functions due to the complicated form of the eigenvectors it produced [20].

After the introduction of the Classical Inverse Scattering Method however, investiga-
tions began into a quantum equivalent. At the same time, the Bethe Ansatz was also
being used on 2D classical statistical models such as the six-vertex, or ice model. The
discovery of a relationship between the 2D classical models and 1D quantum spin chains
[21, 22] was used in conjunction with the classical methods and the Bethe Ansatz, and
the ideas of Quantum Inverse Scattering theory were born [23].

While continuous models can also be considered [19], the following ideas were devel-
oped from quantum Heisenberg-like and classical vertex models, and are in a way tailor
made for discrete systems [15]. Since all systems considered later on will be lattice models,

the methods that follow will relate purely to models defined on a periodic chain of sites.

84.e. one spatial dimension and time.

12



1.2. QUANTUM INTEGRABLE SYSTEMS

The construction of the main tools of the quantum inverse problem begins with the
quantisation of the classical L matrix to obtain the quantum Lax operator ﬁ, whose
elements are naturally now quantum mechanical operators, which do not necessarily com-
mute. The classical L matrix comes from a more generalised (and discrete) version of

equation (1.1.10a) [10, 23]
U1 = Lo(N)T,, (1.2.9)

where n is a site index signifying position on the lattice and A is known as the spectral
parameter. Following suit, the equivalent Lax operator L can therefore be thought of as
representing transport along the lattice, suggesting the introduction of an operator which

describes transport along the entire length of the lattice” [24]

M) = (In()-- L)L)

= [[Z.. (1.2.10)

This is known as the Monodromy matrix, and from it one can construct the Transfer

matrix, which is defined as its trace

~

T(\) = tr M()\). (1.2.11)

This matrix will later be seen to be the generator of the conservation laws of a system, and
in Chapter 3 its construction from the Lax operator will be central to the development of
a new method for calculating a set of these conservation laws.

These objects form the core of Quantum Inverse Scattering theory, alongside one
final operator and the identity it is required to satisfy: the R-matrix and the celebrated
Yang-Baxter equations, which are used to define the commutation relations of the above

operators.

90r equivalently given the periodic boundary conditions, once around the chain.

13



1.2. QUANTUM INTEGRABLE SYSTEMS

The Yang-Baxter Equation

The Transfer matrices just defined are of course the same as those used in calculating
the partition functions of the two-dimensional classical statistical models. These matrices
have been shown to generate, and commute with, the Hamiltonians of quantum one-
dimensional lattice systems [21, 22, 25].

Since it commutes with the Hamiltonian, T must represent a conservation law of the
associated system. The Transfer matrix is, in fact, a generator of the conserved quantities
of the related Hamiltonian [26]. Furthermore it can be shown that Transfer matrices with
different values of A commute, as will now be demonstrated.

The Fundamental Commutation Relations [24] below define the commutation relations

between the various (operator) elements of the Lax operator Ly

ROV ) (BN @ L)) = (L) @ L)) RO\ p), (1.2.12)

where R is some invertible complex matrix. If the Lax operators for different sites com-

mute, a similar relation can be constructed for the Monodromy matrix

RO\ ) (]\Z/()\) ® M(u)) - (M(u) ® M(A)) RO\ ). (1.2.13)
Alternatively, this can be written as
Ris(A, ) My(\)Ma(pt) = Mo () My (N) Ria (A, ), (1.2.14)
where the subscripts denote the subspaces the operators act in, with

Mi(\) = M(AN)® Iy, and My(p) = Iy ® M(p), (1.2.15)

Iy being the N x N identity matrix. Taking the trace of both sides of equation (1.2.13),

it is then easy to show that relations of the above form for the Lax operators and Mon-
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1.2. QUANTUM INTEGRABLE SYSTEMS

odromy matrix imply that any two Transfer matrices with different values of the spectral

parameter commute, i.e.
[T(A),T(A’)] —0. (1.2.16)

For this commutation to hold however, an appropriate R-matrix is required. It was shown
by Baxter [27] that, for equation (1.2.12) to be satisfied, the R-matrix must also satisfy

the relation

Rua (1) Ras(M) Ros(A 1) = Ras(A, 1) Bas(A) Raa (1), (1.2.17)

the famous Yang-Baxter equation.

This equation is central to the inverse scattering problem, and indeed to integrable
systems as a whole. For any given Hamiltonian, an R-matrix which satisfies the Yang-
Baxter equation can be used to generate a Lax pair, and is sufficient proof of integrability
of the associated system [26]. It also leads to equation (1.2.16), which proves that the
Transfer matrix gives a mutually commuting set of conserved quantities. Moreover, any
of those conserved quantities could be considered a Hamiltonian, and so in fact one has
an entire family of quantum integrable systems.

The solution to the Quantum Inverse Scattering problem however, revolves around
the Transfer matrix. As well as using it to generate the commuting conserved quantities,
it is also needed to find the eigenvectors of the Hamiltonian (related to its own since
commuting matrices are simultaneously diagonalisable). These conserved quantities and
eigenvectors can be considered as the quantum analogues of the action and angle variables

respectively [23].

Algebraic Bethe Ansatz

Often used synonymously with the Quantum Inverse Scattering Method, the Algebraic

Bethe Anstaz is a generalisation of the original (coordinate) version, centered around the
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1.2. QUANTUM INTEGRABLE SYSTEMS

idea of creating the eigenfunctions of the Hamiltonian using creation and annihilation
operators on a pseudovacuum [19]. These operators stem from the matrix elements of
the Monodromy matrix, while the eigenfunctions of the Transfer matrix determine the
eigenfunctions of the Hamiltonian, since the two commute!®.

These ideas will be briefly described by once again considering the one-dimensional
Heisenberg magnet. The Monodromy matrix for this system can be written as the 2 x 2
matrix [15, 19, 20, 23, 24, 2§]

. A(N) B\
M) = R R . (1.2.18)

C(A) D)
The four elements of the above matrix are the operators that will be used to construct
the eigenfunctions of the Hamiltonian. The pseudovacuum (also known as the generating
vector) |0) in this case is the same as the reference state used for the Coordinate Bethe
Ansatz, i.e. the ferromagnetic state with all spins pointing up!'. It is an important

requirement that |0) obeys the relations

AN0) = a(N)]0); (1.2.19a)
DN)[0) = d(N)]0); (1.2.19b)
CN0) = 0. (1.2.19¢)

Here C'()\) acts like an annihilation operator (B(\) will later be used as a kind of creation
operator), while the pseudovacuum is an eigenvector of /1()\) and D(A) with “vacuum
eigenvalues” a(\) and d(\) respectively. With the Monodromy matrix in the above form,

the Transfer matrix becomes the sum of the two operators on the diagonal

A

T(\) = A\ + D), (1.2.20)

10Not just the Hamiltonian, of course, but all the mutually commuting conservation laws too.
. 11Although the state with all spins pointing down could also be used [19], in which case the operators
B()\) and C(X) swap roles.
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1.2. QUANTUM INTEGRABLE SYSTEMS

and so |0) is clearly also an eigenvector of T'()), and therefore also of the Hamiltonian.
The commutation relations for the four operator elements of M (M) are of course given by

equation (1.2.13) where the R-matrix in this particular case takes the form

(A, 1) 0 0 0
. 0 S(A, 1 0
RO p) = () , (1.2.21)
0 1 s(A, 1) 0
0 0 0 r(A, 1)

where the diagonal elements are

ic ic

r(Ap) = L+ — and  s(A p) =

. 1.2.22

Y ( )

Without going into the full details (see e.g. [19, 23]), the sixteen sets of commutation

relations provided by the Yang-Baxter equation (1.2.13) are used to find the effect of the

operators A(y) and D(p) on the state |¥y,) = I1 B(\)[0). Taking the resulting equations
A(A

and requiring that |¥,,) be an eigenvector of A(\) and D()), leads to the set of equations

=1, n=1-, M (1.2.23)

If these equations are satisfied then the |¥,,) must be eigenvectors of the Transfer matrix
T(\), and so from the eigenvalue equation 7'(1)|¥p,) = E(p, {\;})| W), their correspond-

ing eigenvalues are

E(u, {\}) H +d(u) [ Tr(e ). (1.2.24)

Finally, the vacuum eigenvalues of the one-dimensional Heisenberg model are

a(A\,) = <)\—z’§)M, and  d(\,) = <)\+ig)M, (1.2.25)
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and substituting these into equation (1.2.23) and using the reparameterisation

2)\]' + 1C

— 1.2.26
2Aj — Z'C7 ( )

expik; =

one finds that these equations are in fact the original Bethe Ansatz equations (1.2.6).
There are many subtleties, even in this simple example, which will not be covered
here'?. The aim of this section was only to show roughly how the new formulation
of quantum inverse scattering was used, as it will not appear or be mentioned again.
Hopefully this whistle-stop tour of quantum integrability will provide a suitable context, as
we now consider the key ideas which form the starting point from which the investigations

of the following chapters began.

1.3 Local Conservation Laws and Correlation Func-
tions

Earlier it was shown how different values of the spectral parameter could be used in the
Transfer matrix to provide a set of conserved quantities. In practise however, actually
using this method to generate conservation laws is a subtle issue as there is not a one-
to-one correspondence between values of the spectral parameter and conservation laws.
Furthermore, the conserved quantities produced in this way are in the form of matrices
which commute with the Hamiltonian, and are generally analytically intractable. It would
be highly preferable therefore, to have a method of analytically generating the conserved
quantities of the system.

Fortunately such a method exists, although it has it’s own subtleties which will be
considered in detail in Chapter 3. It was shown by Tetelman [29] that the conservation

laws of a one-dimensional (integrable) spin system could be constructed iteratively by

12The actual eigenvectors of the Hamiltonian, for example, still need to be found. This is achieved by
using trace identities which can be found in [19], among others.
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using the relation

~

Cropr = [B,(Z‘n] . (1.3.1)

The series starts with the Hamiltonian of the system, i.e. Co=H , and then commutation
with the Boost operator!? B generates the first conserved quantity, which is commuted
with the Boost operator to provide the second conserved quantity, and so on. These
conservation laws form a mutually commuting set, and a Boost operator for any integrable
system can be derived from the Yang-Baxter equation (1.2.17) [5, 30]. As an example, for
fundamental models (i.e. models whose R-matrix and Lax operator coincide [19]) such

as the Heisenberg chain, this Boost operator has the form

B = nhnr, where H =3 b (13.2)

An important feature of the conservation laws generated by the Boost operator is their
locality: an interaction involving some number of sites vanishes as the distance between
them increases [5]. In the case of the conservation laws produced above, Chn represents
an interaction which spans no more than m + 2 sites.

It should also be noted that the above example uses a nearest-neighbour Hamiltonian,
i.e. one that operates only on two sites, which are next to each other on the lattice. This
property is necessary for the functioning of the Boost operator method [31], and for the
new method detailed in Chapter 3, and so henceforth only Hamiltonians of this type will
be considered.

Given their aforementioned role as generators of the conserved quantities of the associ-
ated Hamiltonian, one might hope to more directly link the Transfer matrix to these local
conservation laws. As well as using different values of the spectral parameter, one could
also expand out the Transfer matrix as a power series in the spectral parameter. The

coefficients of each power of lambda in this series form a family of mutually commuting

13 Also known as a ladder operator.
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operators [20]. These are conservation laws of the system since the second (the coefficient
of the A term) is related to the Hamiltonian via [32]

]

H = —T(0)™" oy TN . (1.3.3)

A=0

The Hamiltonian is a local conservation law, but the other coefficients are in general not.
Up to a sign, the left hand side of equation (1.3.3) corresponds to the first derivative of
the logarithm of the Transfer matrix (with A then set to 0) [32]. It can then be shown
that the higher derivatives of this logarithm all commute, and so form a set of conserved
quantities [5, 32]. These quantities are the same local conservation laws described above,

formally generated via

In <T()\)T(O)*1> - Zl %énl. (1.3.4)
It is not at all obvious why taking the logarithm should return local conservation laws,
but the locality of these C,, has been shown [33], and since Cy is again the Hamiltonian,
the coefficients of the above expansion form a mutually commuting set of conservation
laws.

This idea of taking the logarithm of the Transfer matrix forms the basis of the method
developed in Chapter 3. A new representation of the Lax operator will be used to al-

low for a straightforward evaluation of this logarithm which iteratively returns the local

conservation laws.

1.3.1 Persistent Currents

One of the more actively studied properties of integrable systems is the non-standard
decay of current operators: once started, a current will usually decay away with time
and eventually vanish, but in integrable systems this is not necessarily the case. In these
systems a current will decay some extent, but it is possible to have a non-trivial long-time
residual current, i.e. a portion of the current which will continue to flow undiminished

and indefinitely [3].
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1.3. LocAL CONSERVATION LAwS AND CORRELATION FUNCTIONS

The time average of a correlation function has been shown to be expressible in terms
of canonical averages involving the conserved quantities of the system [2]. As described
in Chapter 2, the long-time residual current is calculable in this manner, and there is
an implied suggestion that it should be thought of as the conserved part of the current
operator.

An important corollary to the work by Suzuki [2] is the rederivation of Mazur’s inequal-
ity [4], which can be used to obtain a lower bound for the time average of a correlation
function of hermitian operators

Lt (X(0)C. ) (CX(0))
lim - <X(t)X(O)> dt .

t—oo t 0

v

(1.3.5)

The important point, as Mazur himself notes, is that this lower bound may be found
without solving the dynamics of the system. In the case of the long-time residual current,
the above inequality can be used as a test: if any one conservation law (C’a) returns a
non-trivial value, that is sufficient to prove the existence of a persistent current (although
obviously if it does return a vanishing contribution, this is not enough to show the residual
current does not exist).

In combining Suzuki’s idea with Mazur’s inequality one arrives at the following rela-
tionship between conservation laws and persistent currents: given all of the conservation
laws of an integrable system, the sum of the result of using each one in the above in-
equality should be equal to the long-time residual current. This should be obviously and
trivially true since this residual current can be shown to be one of these conservation laws,

and yet in the following example this result appears to fail.

A Residual Current in the XXZ Model

In the process of showing the relationship between correlation functions and the conserved
quantities of a system, it was assumed by Suzuki [2] that these conservation laws should

form a complete mutually commuting set. This obviously matches nicely with the ideas of
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quantum integrability made in analogy to the classical case earlier. However, this idea of
mutual commutativity of the conserved quantities has been the cause of some confusion:
the XXZ, or anisotropic Heisenberg, model has a known and non-vanishing long-time
residual current [3]. It can also be shown however, that all of the conservation laws must
contribute nothing when used in Mazur’s inequality [1].

This lack of agreement between the formal results and a particular example needs to
be resolved: is the restriction to a complete mutually commuting set of conservation laws
an unnecessary extra condition which causes some, and in this case the vital, conservation
laws to be missed? Has a mistake been made in the treatment of the XX7 model, whereby
the crucial conservation laws have somehow been missed out, or is there some other more

subtle effect at work?

1.4 Overview of Thesis

This thesis is an attempt to investigate the nature of conservation laws in quantum inte-
grable systems, and is split into two distinct projects.

In Chapter 2 the ideas of persistent currents and how they relate to conservation
laws are considered. This starts with a general (i.e. independent of model and current)
analysis of the conserved part of the current operator, showing that it must itself be a
conservation law, and how thinking of it as a sum of an arbitrary set of conservation laws
lead to Mazur’s inequality. Projection operators are then introduced as a natural way to
represent conservation laws in a quantum system, and their use with Mazur’s inequality
to obtain estimates for the residual current in terms of the (still general) current operator
is described. This section concludes with a short discussion of the ideas of Suzuki, the
Mazur inequality and calculating a persistent current given a set of conservation laws. The
chapter is then completed by a numerical investigation of a specific example. The system
considered is the XXZ model, where the long-time residual of a particular current has

been calculated, but all Mazur based estimates of this residual vanish as it can be shown
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that none of the local conservation laws contribute anything to the conserved current.

The final four chapters then cover the main focus of the thesis: generating the local
conservation laws of an integrable system. Chapter 3 starts with a discussion and critique
of the Boost operator method of generating the local conservation laws of a system, using
the XXZ model as an example to show how detailed knowledge of the model in question
is necessary for the method to work. Following on from the construction of the Transfer
matrix just presented, a new and far more general approach is described. An alternate
representation of the quantum Lax operator leads to the logarithm of the Transfer matrix
taking the form of a well known mathematical formula, that of Campbell, Baker and
Hausdorff. Use of the Campbell-Baker-Hausdorff expansion is then described and general
expressions for the local conservation laws in terms of commutators of the (model specific)
operator Vij are obtained.

Chapters 4 and 5 are then used to demonstrate the new method of Chapter 3 for the
XXZ and Hubbard models respectively. In each case, a material is first introduced and
shown to be described by the model in question, to provide a physical context for its
study. The Lax operator is rewritten into its preferred form, and then the operator \A/Z»j
calculated for the model concerned. This is then substituted into the expressions at the
end of Chapter3 to obtain the local conservation laws of the model, which are in both
cases seen to coincide with their previous calculation. Chapter 4 then concludes with a
discussion of Reshetikhin’s condition, which is vital when using the Boost method, and is
shown to be a natural consequence of the Yang-Baxter equation, with the Lax operator
written in the preferred form. Chapter 5 meanwhile, finishes with an attempt to extract
the local conservation laws of the Heisenberg model from those of the Hubbard model,
but finds it to be more calculationally taxing than just using the method of Chapter 3.

As a continuation of Chapter 4, Appendix B contains what is believed to be the first
attempt to write down the explicit form of the sixth local conservation law of the XXZ
model.

Chapter 6 then looks at a markedly different system: the Toda Lattice. Despite
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the approach of Chapter 3 being inapplicable, due to the nature of the quantum Lax
operator, a set of conservation laws are found which match those of the classical system.
Investigating the classical system via the Lax pair formalism, a new classical Lax matrix
is constructed which has a simple relation to the trace of the Monodromy matrix in the
quantum problem. This matrix is then used to generate the local conservation laws of the
(quantum and classical) system as the trace of it to increasing powers, as seen earlier.
Finally, Chapter 7 summarises and briefly discusses the conclusions and important
ideas that should be taken should be taken from this work, and suggests avenues of

further study.
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Chapter 2

Residual Current in the XXZ Model

In this chapter the relationship between persistent currents and the conservation laws of a
system are investigated. This starts with the derivation of an expression for the residual
current in terms of the elements of the matrix representing the current operator. The
conserved part of a general operator is then considered, and correlation functions of an
operator split into conserved and non-conserved parts are compared with the expression
for the long-time residual current. By considering the conserved part of the current oper-
ator as a linear combination of conservation laws and some non-conserved part, Mazur’s
inequality [4] is rederived. This inequality is then used to generate expressions for the
contribution to the residual current from the Hamiltonian, and from some unspecified set
of conservation laws. These quantities and the idea that a quantum integrable systems
conservation laws should form a mutually commuting set are considered and discussed,
and the mutual commutativity requirement shown to be unnecessary and potentially
catastrophic.

The final section then highlights these issues by considering the specific example where
the formal ideas appear to fail. The anisotropic Heisenberg or XXZ model has already
received a lot of attention [1, 3, 34, 35, 36, 37], and has been the source of some confusion.
At half-filling the long-time residual of the standard current is a known, non-trivial quan-

tity, but the contribution to this residual from the conserved quantities has been shown
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to vanish.

Utilising Mazur’s identity [4] as a test here fails since all of the conservation laws
have been shown to contribute nothing to the conserved current, however Suzuki’s ideas
[2] imply that the conservation laws should be sufficient to calculate the entire long-time
residual. This section looks at this model in terms of the ideas of the first part of the
chapter, and then resolves the issue with a numerical investigation into whether or not the
conserved quantities are indeed sufficient to calculate the residual, or if there is something

more subtle going on.

2.1 Calculating the Long-time Residual

As described in the previous chapter, these persistent or residual currents are a feature
associated with integrable systems. One would normally expect a current to decay over
time and eventually vanish, but in integrable systems this is not necessarily the case, and
some residual part of the current may continue flowing indefinitely. The long-time limit of
a (decaying) current in an integrable system can be calculated using the following thermal

average

(2.1.1)
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Note that this quantity is trivially related to the charge stiffness (also known as the
Drude weight) by an additional coefficient of (%), and if non-zero it implies an ideally
conducting system [1]. Writing the current operator in the Heisenberg representation,

and working in a basis which diagonalises the Hamiltonian, 7.e.

H |n,m) = e, |n,m), (2.1.2)
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where m is an arbitrary degeneracy label, the integrand of equation (2.1.1) becomes

o tr (e#75(1)3(0))
(3() 3(0) ) = . <e—ﬂﬁ>

= 23S (] j0)3(0) )

m

1 —Be iHt» —iHt A
— EZ@ ﬁ"Z(n,m\thje At51n, m)
n

m

1 . -
= - Ze‘ﬁe" Z et (n,m| je 0’ m/y (n',m/| j|n, m)
nm

n'm/’

1 ,
= Y e S e | ) (| ), (2.1.3)
nm

n'm/

where Z is the partition function

7 = Z M, e P, (2.1.4)

and M, is the degeneracy in n. First setting t = 0 to find an expression for what will
be referred to throughout as the initial current ! (though current susceptibility would be

more accurate)
1
b= 7 2 3 ml i) (o (2.15)

and then looking at just the time dependent part of equation (2.1.3) in equation (2.1.1)
finds

T
%/ 6i(6n76n/)tdt — i : 1 (6i(6n76n/)T o 1)
0

— 0 as T — oo,

n equilibrium of course, one would not generally expect there to be a current flowing (i.e. (j) = 0).
The quantities considered here are the response to some impulse which has started a current flowing in
the system, Iy being the initial response of the system and I, the response the system relaxes to a long
time later.
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except in the case where €, = ¢,/ , in which case the time dependent exponent vanishes,

leaving

1
_ —Ben ~ ’ 7oA
le = Z;‘f > (noml jln,m') (n,m!| jln,m). (2.1.6)

m/

Clearly for there to be a long-time residual the current operator must have a non zero
part which is diagonal in energy. This diagonal part of the current operator must also
be large in comparison to the rest of the operator, since this component only represents
N out of the N? elements (where N itself scales up as 2", n being the number of sites),
i.e. it is expected to be one N of the total operator, which clearly vanishes in the

thermodynamic limit.

2.2 Conservation Laws

In this section the infinite-time correlation functions of an operator split into its conserved
and non-conserved parts are considered. The conserved part is then thought of in terms
of a sum of conservation laws, and projection operators are introduced as the natural
way to represent those conservation laws. The amount of the long-time residual current
calculable from various sets of conservation laws is considered, and the idea of the mutual

commutativity of a set of conservation laws is discussed.

2.2.1 The Conserved Part of a General Operator

Conservation laws stem from the symmetries of a system, and have the defining property

that the operator representing a conserved quantity commutes with the Hamiltonian, i.e.
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A general operator can be represented as

O=> ") |n,myom (n',m|, (2.2.1)

nn’ mm/

in which form the Hamiltonian becomes

H= Z |n, m) €, (n,m|. (2.2.2)

nm

The commutator of the two is then

o] -

Ol - 110

Z Z Z In, m) O™ (7, i, |n', m') e, (n, m|

nm n'm’ nm

— Z Z Z In, m) e, (n,m |2, 7m) OT™" (n' m|

nm n'm’ nm

S5 (I m) O3 e () — ) e O (|

nm n'm’

DD Inm) 05 (e — e) (0 ] (2.2.3)

nm n'm’

and so for the operator O to commute with the Hamiltonian we (again) have the condition

that €, = ¢,. This suggests the splitting of an operator into conserved and non-conserved

parts, like so

O = O.

+ O,

= > > lnm)opr (n,m| + Z > |, m) Op (n!,m|. (2.2.4)

n  mm/ nn’ mm’

n'#n

Splitting the current operator in the original thermal average (equation (2.1.1)) in this

manner
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using the idea that j.(c0) = j.(0) = J.(t) = 7, since the conserved part of the operator is
independent of time. The second and third terms will vanish, because they involve taking

the trace of something that is off diagonal, i.e.

(Gead0) = 2SS et mr G = o

n mm/

(Je(00) je) = —ZZe*ﬁen Tl (Jm™ =0,

n  mm/

since all the diagonal elements of jz are zero by definition. The fourth term is

<j6(t ¢ = = ZZ@ Ben Zten € /]Jmm Jg@nm’

n#n mm/

and since n’ # n, this vanishes in the long-time limit, as was shown previously. This

leaves just the first term

1 ! !
= Z 2 I
n mm/

which is the same as the previous result for the long-time residual, equation (2.1.6), being
diagonal in energy and therefore due to the conserved part of the current operator. It is
clear therefore that, as suggested by Suzuki, the long-time residual is a conservation law,
and that conservation law can be represented as the above operator j..

One should note at this point that, thus far, everything has been kept entirely general,
i.e. no knowledge of model, current or basis has been used or assumed. Since Mazur’s
inequality [4] involves finding the overlap between some observable operator and the
conserved quantities of the system, it would seems sensible to try to describe that operator
in terms of some set of those conserved quantities.

With this in mind, the conserved part of the operator is represented in terms of some

arbitrary, linearly independent collection of conservation laws, {C’a}, in the following
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manner

Je = Y aCat Al (2.2.5)

where Aj, is a catch-all term containing all of j. that cannot be written as a linear combi-
nation of the conservation laws considered, and the coefficients «, need to be determined.

Then, by considering the C,s to be an orthogonal set of conservation laws, i.e.
< A;C*a/> — b < A;C*a> , (2.2.6)

and since (by definition) there is no overlap between these conservation laws and Aj., we

have

(Ciaj) =0 = (Cli.) = AJ(Z%/@/+A§C)>

Alternatively, considering the quantity
(AJAL) = () — 3 al (Gl = 3 (GG e+ Y al (GG ), (228)
a b ab
and minimising the right hand side with respect to o or «a, gives

<é;jc> - Z<Aléb>ab, (2.2.92)
or <j1(§b> - Zag<jéb>, (2.2.9D)

31



2.2. CONSERVATION LAws

respectively. These are consistent and find the coefficients of equation (2.2.5) to be

= > [<CTC> ]dl <OU> (2.2.10)

1

where [ |7" signifies a matriz inverse. Note that this second method does not require

mutual commutativity of the Cls. Using this expression for the coefficients yields

~ Ay A -1/,
(Ajiag) = (Gde) =Y (ilCa) [ (Gl | (Clic). (2:2.11)
ab
As one might expect, the coefficients (2.2.10) are the same as those from equation (2.2.7)
if the conservation laws under consideration are indeed orthogonal. In this case the above
equation leads to the form of Mazur’s inequality [4] used by Suzuki [2], namely

~ A A—'-A
G > 3 <‘7(0)?;>T§C>“‘7(0)>, (2.2.12)

a

where the right hand side is the total contribution to the residual current from a linear

combination of the set of conservation laws {C’a}, with the two sides being equal when

(J0)A)) = (AJiAj) = 0. (2.2.13)

Since the above is positive definite, this requires Aj. = 0, and so the two sides of equation
(2.2.12) are equal when the conserved part of the current operator can be written entirely
as a linear combination of the conservation laws (though in general this is not something
we should expect). This quantity Aj. is the crux of the entire matter: if it is indeed zero
then Suzuki is correct and the Mazur estimate will generate the full long-time residual,
but if Aj. is non-trivial then the set of conservation laws will only partially describe the
conserved part of the current, if at all.

As was mentioned previously, Suzuki required the set of conservation laws, which
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include the Hamiltonian, to be mutually commuting, ¢.e.
[(ja, C’b} = 0 where C°=H,

but we have not yet given thought as to how these conservation laws will be generated.
It is advisable, therefore, to proceed with the assumption that we will only have a limited
set of the available laws, and see what effect this has on our calculation of the long-time

residual.

2.2.2 Conservation from the Hamiltonian

The first step is to consider the set of conservation laws consisting of the Hamiltonian and
its powers (since powers of the Hamiltonian clearly commute with the Hamiltonian and
each other, and are also distinct conservation laws). The best way to examine conservation

laws of this form is via projection operators, mathematically defined as

A A

PP =P s P(P—1) = 0, (2.2.14)

which have the eigenvalues one or zero. From this, 1 — P can also be shown to be a
projection operator, with the same eigenvalues. The operator P will project onto the
states for which its eigenvalue is one, while 1 — P will project away from these states.

These ideas can be extended to a complete, orthogonal set of projection operators, i.e.
PP, = 6Py with Y P, = L (2.2.15)

These projection operators can then be used to enforce a restriction to a certain subset

of states. For example, the operator

A

b, I1 A = ew] (2.2.16)

n'#n [En - En’]7
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will project states onto the subspace for which H has the eigenvalue €,. Writing this in

the notation previously used for operators, B, becomes

Z |n, m) (n,m|, (2.2.17)

and so equation (2.2.2) can be rewritten as

H = Z e, P.. (2.2.18)

As the projection operators can be created from the Hamiltonian and vice versa, the two
are essentially equivalent, and since any power of a particular projection operator will
clearly just return the same projection operator again, these operators give all of the
conservation due to the Hamiltonian.

If these projection operators are now used as the set of conservation laws C,in equation

(2.2.12), then the numerator and denominator respectively become

<}3njc> = —Z e (n! m'|2\nm nm\zzmm ) Jm (i |n!,m/)

n mm
~ Z Z:/ o Z Z OrnOrmmOniOrmm i Oram Orivm
nm nn mm
— 2 6_18677. Z] J:”,llm ’
m

< Anff’n> = <}3n> = %Ze‘ﬁen’ (n',m| Z In,m’) (n,m" |n', m)

/

= — Z 67ﬁ6 ! Z 671 ngmm/gnn/gm m

mm/
— e Pen Z 1

e P M,,.

N|H N

Substituting these results back into equation (2.2.12), the contribution to the long-time
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residual due to the conservation laws generated from the Hamiltonian is

At this stage the importance of degeneracy to the problem is clear: in the completely
non-degenerate case (i.e. ignoring degeneracy labels) the above quantity is equal to the
long-time residual current, i.e. Iy = I, and only the Hamiltonian is required to find
the long-time residual. Not only is the conserved part of the current related solely to the
Hamiltonian, but in fact all conservation laws can be generated by it, and as described
in the previous chapter, the system should not be thought of as integrable in the classical

sense.

2.2.3 A General Set of Conservation Laws

Next consider some general set of mutually commuting conservation laws which, as with
any group of commuting Hermitian operators, may be simultaneously diagonalised. This

prompts us to use the basis |n, [, m), in which case

C, In,l,m) =€ |n,l,m), with & = e,

and for every pair of basis states with the same n but different [s there is an a such that
er, # €ty i.e. given n, for any two values of [ there is a conservation law where the states

are non-degenerate. Writing the conservation laws in terms of projection operators, as
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with the purely Hamiltonian case, gives

al CA’a - a/ / A
= H %, with C* = Z\n,l,m> et (n,l,m|, (2.2.19)
n I [Gnl - 6n’l’] nlm
ez/l/¢62l

and so the following operator projects onto the subspace with eigenvalues €,

1125 = > Int,m)(n,1,m]. (2.2.20)

These can be used as a set of conservation laws, in exactly the same way as before, in the

elements of the left hand side of equation (2.2.12)

<pnljc> = %Z@ﬁen/z n,l,m]2|n l/ nl/m|
Xzz}n’l’m> alal <n’l7m’nal>m>

TLl mim

— _Z —ﬁefzzz O 011 Oy Oraia Opr 10ty TS O3y O

Il mm/ mm

= 7
- . b
<Pannl> = <Pnl> =7 Zl@[k"’ Z ; (n', 1, m n,1",m')
X (n,l',m/| Z }ﬁ, Lm'y (A, L,m' |n',1,m)
= % Z e SOt O S St s O O
ml m'm

— ¢ Pen Z 1

7/8677, Mnl .

N|>—‘ N

Once again, substituting these into equation (2.2.12) leads to the following equation for

the contribution to the long-time residual due to a general set of commuting conservation
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laws

Iy -
nl <Pnl
1 1 ’
_ = —Pen m'm/’
Z e ﬁean <Z€ Z ninl )
nl m/
1 _ Lo !
= 2D e Z i i
nl mm’

Comparing these two Mazur contributions (I, and /) with the expressions for the
initial and residual current (grouped together in equation (2.2.21) for reference), we see
that they involve only the diagonal elements of the current operator. The contribution
from many conservation laws, I, involves the average over the degeneracy label m, while
the Hamiltonian based Mazur estimate, Iy, is a sum of the averages of all the elements in
each energy subspace. These two quantities have lost the detailed information provided
by the degeneracy, and so can only be equal to the residual current I if the current
operator is proportional to the identity in each energy subspace(n), or a basis can be

found in which it has this proportionality..

2.2.4 Discussion

Thus far the following four quantities have been calculated, corresponding respectively to
the initial current, the residual current (after infinite time), and the Mazur (general set

of conservation law) and Hamiltonian contributions to this residual

Iy = _Zefﬁen ZZ i Tt (2.2.21a)

n'm’ I’
]OO = _Z _ﬂenzz nlnl’ nl’nl? (2221b)
mm/ 174
Iy = Eze—ﬁen Z Jmm jmim’ (2.2.21c)
mm’
Iy = —Zefﬁen ZZJ;;;Q; mm (2.2.21d)
mm/ 1
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Using the following identity for degenerate Hermitian matrices

SI LTRSS

xx!

> HywHyw — Y H”;Vﬂ > 0, (2.2.22)

xx!

the difference between, for example, equations (2.2.21b) and (2.2.21¢) can be found

_ _ _,8677. mm gm’m’
Io — Iy = E § § (nlnl’ il 5ll’ ninl Ininl

mm/ 1l
Joo 0 o
_ - 7ﬁen —4 nknk m'm Simd nknk
- nlnl/ i mm/ M nl'nl W Omm/ M
’ ’ nl nl
mm’ ok ok
> 0,

and it can therefore be shown that the above four quantities are ordered as follows

Iy > Io > Iy > Iy (2.2.23)

Clearly the initial current, Iy, will be the largest of these quantities, with the others
being equal to it only if the current does not decay away at all. Comparing Iy and I, it is
obvious that, for the two to be equal it is necessary for the current operator to be diagonal
in energy, which is the same as saying that j = j., 7.e. the current operator has only a
conserved part. The real issue however, is how much of I, can be found from calculating
Iy;: are Suzuki’s ideas correct, and a complete mutually commuting set of conservation
laws used in Mazur’s inequality will give the full residual current, i.e. Iy, = I, or is it
possible to have such a set of conservation laws and still not be able to obtain the full
residual (Ipy < I)?

I, is different to the other three quantities in that it depends upon the basis be-
ing used, which in turn depends upon the particular conservation laws in our mutually
commuting set (since the basis which simultaneously diagonalises all these laws is being

used), whereas I, depends only on the current, while I, and Iy are purely Hamiltonian
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dependent. The most interesting cases for this quantity are those where both the contri-
bution from the Hamiltonian is zero, and some (but not all) of the current decays away,
e I > I > Iy = 0.

As mentioned above, I, depends entirely on the set of conservation laws used to
calculate it. If, for example, the set contains j. itself, then it will clearly be possible to
obtain the full residual. The other extreme, of course, is the possibility that there could
be a set of mutually commuting conservation laws (including the Hamiltonian) which are
all orthogonal to j.. In this instance it should be clear that it will not be possible to find
any of the long-time residual, as our conservation laws contain none of the conserved part
of the current operator. Therefore, given some set of mutually commuting conservation
laws, it is not possible to say what fraction of the long-time residual can be obtained from
Iy without knowing what those conservation laws are, even if the set of conservation laws
is complete (that is, there are no more conservation laws we could add and still have a
mutually commuting set).

This ties in with our understanding of a quantum integrable system. In the classical
case there are 2N degrees of freedom, and each conservation law removes a degree of
freedom. An integrable system therefore being one where there are N conservation laws
which reduce the problem down to N independent degrees of freedom (an N-torus in phase
space, with trajectories cycling around the handles). The quantum analogue to this is a
set of eigenstates with degenerate eigenvalue subspaces, where the degeneracy represents
the residual freedom of the system. Having fixed the eigenvalue and restricted the system
to its associated subspace, additional conservation laws can be used to further reduce the
subspace we've restricted ourselves to. The equivalent of a classical integrable system is
then one where it is possible to simultaneously diagonalise all of the conservation laws to
obtain a single, unique basis. Clearly it is this unique basis which would ideally be used
when calculating [,;, though any basis which diagonalises the set of conservation laws
provided will be sufficient.

It is important to consider the possibility that the conserved part of the current op-
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erator consists solely of terms off-diagonal in the basis which diagonalises the available
conservation laws. Since the Hamiltonian is diagonal in an eigenvalue subspace, and all
elements have the same value (the eigenvalue for that subspace), it acts much like the
identity. The conservation laws must also be given as the diagonal elements, in which case
they will contribute nothing to the long-time residual. Here it is the requirement that the
conservation laws are mutually commuting that has denied access to the conserved part of
the current; with the full set of conservation laws there would be no problem calculating
the long-time residual. This can be shown with a simple example of just four conservation

laws

Here the first two form a ‘complete’ mutually commuting set, but they will miss any
contribution from the other two conservation laws. Being a complete mutually commuting
set is not necessarily enough to give the full contribution to the long-time residual from all
conservation laws; here it is imposing the condition of mutual commutativity that causes
the problem, as simply including all the conservation laws would give everything. If the
current operator were to connect states at the same energy but with different values of
the other conservation laws, then using a mutually commuting set of conservation laws
could cause us to miss some of this contribution to the long-time residual.

These ideas are now investigated in the context of the XXZ model, where all of the
conservation laws are known (and are mutually commuting), but have been shown to
generate none of the (non-trivial) residual current, i.e. I, > Iy = 0. The dangers of
restricting to a mutually commuting set are seen when considering their compatibility
with the current operator, but this is shown not to be the problem in this case: a single,
vital conservation law had been overlooked, and its inclusion resolves the issue and leads

to a Mazur estimate equal to the full long-time residual.
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2.3 The XXZ Model

Having looked at this problem formally, the specific example of the XXZ model is now

considered. The Hamiltonian for this model can be written as
Ho= 73 S8, + 8080, + A58, (23.1)

where A is some measure of anisotropy. Using the following (spinless) Jordan-Wigner
transformation to write the spin operators in terms of fermionic creation and annihilation

operators

. . . ) A , . A o R 1
St o= filexp (man>; S, = exp (—mzn]) fis S =y Y (2.3.2)

Jg<i Jg<i

with 7, = f;*f, the usual number operator; the Hamiltonian (2.3.1) becomes

=ty <ﬁ+ﬁ-+1 + f;lfi) VY (f;fi _ %) (f;H - %) . (23.3)

where ¢t = % and V = JA. This is the fermionic form of the one-dimensional Heisenberg
model, known as the ‘¢ —V model’ [1]. The Heisenberg states of spin up or down are now
the presence or absence of a fermion, of which there can of course only be one per site.
In this context the meaning of the previously used phrase ‘half-filling” becomes clear: the
system has half as many fermions as there are sites. The equivalent Heisenberg subspace

is then clearly that of St = 0, 7.e. an equal number of up and down spins, which

otal

includes the antiferromagnetic groundstate.

The aforementioned ‘standard’ current operator of the Heisenberg model is

J = Zsysﬁﬂ n n+1

= (—Z)ZS;S; — 8,8k, (2.3.4)

n
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which represents the spin current due to the conservation of 572 Using the Jordan-Wigner

transformation, the equivalent current for the ¢ — V' model is

jo= Y | F e = fraf] (2:35)

n

which then clearly corresponds to the current produced by electrons hopping one site
along the chain. Using the matrix form of this current operator the initial and residual
current can be calculated using the expressions for Iy and I, from equations (2.2.21a)
and (2.2.21b), and the target inconsistency can now be investigated.

For small, finite systems, it is possible to generate all of the conservation laws, using
which it should be possible to calculate the full long-time residual. Indeed, any one giving
a non-zero Mazur estimate of this residual would be enough to show its existence. For
this particular model however, it can be shown that none of the conservation laws give a
non-zero contribution to the long-time residual.

Consider a simple rotation of 7 about the x-axis, causing S¥ and S* to become —S¥
and —S7 respectively. Under this rotation, the Hamiltonian (2.3.1) remains unchanged,
while the current operator (2.3.4) has the opposite sign. This rotation is equivalent to

the operator
U = exp (m > S*;) : (2.3.6)
J

and in the basis where the matrices representing H and U are both diagonal, the matrix
representing j is off-diagonal, and so there can be no contribution to the residual current
from the Hamiltonian. This is true not just for the Hamiltonian, but for all of the conser-
vation laws generated using the Boost operator, so there can be no Mazur contribution
since the expectation value of the current and any combination of these conservation laws

will be zero.

2All conservation laws have an associated current, which can be found as the solution to putting that
particular conservation law into the continuity equation.
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This is all true of the XXZ model at ‘half-filling’ (again: the subspace where 5% = 0),

so an extra term is added to the Hamiltonian, relating to an external magnetic field
H=H,— BZ S (2.3.7)

Note that the extra term commutes with both the Hamiltonian and all of the conservation
laws, but not with U. The purpose of this natural extension to the model is that it grants
control over S%; by varying the value of B we can move away from half filling to get
a non-zero contribution to long-time residual from the conservation laws, and analyse
whether or not half filling is a special case. This extension may seem slightly artificial,
but under the previously described transformation to the t-V model it becomes clear that
this addition corresponds to a term in the chemical potential, and that varying B allows
one to change the doping of the system (and so move away from half filling).

Before continuing we should first address the issue of the operator U and its effect
on the compatibility of the current operator j with our conservation laws. As long as
the Hamiltonian and conservation laws commute with U , they will remain diagonal and
have zero overlap with the off-diagonal current operator. This means that if, for exam-
ple, we had chosen to study the XXX model (A = 1) and added on a term involving
the z-component of spin instead of the z-component, U would still commute with the
conservation laws, which would therefore contribute nothing to the Mazur estimate of the
long-time residual. This is an extreme version of the example at the end of the previous
section. There is a ‘complete’ mutually commuting set of conservation laws, which misses
the contribution to the long-time residual (all of it!) from other conservation laws, which
do not form part of the ‘complete’ set. The current operator is not compatible with our
‘complete’ set of mutually commuting conservation laws. As noted above, U does not
commute with S7 and the current operator is compatible with the conservation laws in
the case we are investigating, though the contribution from the Hamiltonian is still zero,

which can be shown using spatial inversion symmetry.
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Mentioned briefly in the Introduction, the Boost operator and Transfer matrix are
properly introduced in the following chapter as methods of generating the conservation
laws of an integrable system. The Boost operator is of no use here since finite systems
are being considered and the associated periodic boundary conditions will not allow for
its use. Instead, the Transfer matrix is used, as described in the next chapter, to generate
the necessary number of conservation laws.

For a system comprising a chain of length N sites, N linearly independent conservation
laws are generated. Unfortunately, the required number of conservation laws scales as the
number of states, and the state-space increases exponentially with system size; an N-site
system will have 2V states, a number which grows inconveniently large all too quickly.
To investigate the problem at hand, the initial N conservation laws are used to calculate
the first (henceforth: linear) Mazur estimate of the residual current. Since a product of
conservation laws is itself a conserved quantity, the N (NN 4 1)/2 possible combinations of
products of two of the original set of conservation laws are then used, combined with the
original ones, to form a new set of conserved quantities, from which a second (quadratic)
Mazur estimate is obtained. A third and final (cubic) Mazur estimate of the residual
is then found from a set of conservation laws comprising of all those created so far and
a further N(N + 1)(IN 4 2)/6 conservation laws, which are the product of any three of
the original N. For larger systems this process can be carried on to a quartic estimate
or higher as necessary, to ensure the final set has more than the 2V conservation laws
required.

The results of these calculations for two values of A (corresponding to a metal and
an insulator) are shown in figure 2.1, which demonstrate clearly the conundrum under
consideration: for a finite system all of the available conservation laws have been generated
and used, and yet the Mazur estimate of the residual current falls and smoothly vanishes
at zero field.

Fortunately the solution to this problem is trivial: not all of the conservation laws were

generated! The z-component of spin, 5'2, is clearly a conserved quantity, but was missed
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Figure 2.1: The Initial current, the long-time residual and three Mazur estimates using
the conservation laws as described, for a system with N =6, 3 =1 and A > 1 on the
left, A < 1 on the right.

out because the methods of generating conservation laws start with a two-site operator
(the Hamiltonian) and then produce more laws of increasing complexity. Furthermore,
Sz represents a very different style of conservation law to the local ones generated. As
well as being non-local, it is what should be considered a fundamental conservation law
that exists separately to the integrability of the model: if a second nearest neighbour
interaction were added, the integrability and local conservation laws would be lost, but
S7 will still be a conservation law.

This extra conservation law can easily be incorporated into the calculations, by using
the product of 5% with each of the N original conserved quantities as a new starting set
from which a linear Mazur estimate can be obtained, and then creating more conservation
laws and quadratic and cubic estimates as before. Figure 2.2 shows the Mazur estimates
for the original S=-less sets of conservation laws, and the new estimates obtained when
5% is included in the calculations. The problems at half-filling are gone and so in these

finite systems, using all the conservation laws does indeed give a Mazur estimate equal to

the long-time residual current.
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Figure 2.2: The Initial current, the long-time residual and three Mazur estimates using
the conservation laws as described, both with and without 5‘2, for a system with N = 6,
B =1and A > 1 on the left, A < 1 on the right. The second and third S* calculations
generate the full long-time residual for all values of Field.

When moving from the finite systems studied thus far to consider the thermodynamic
limit, the long-time residual is seen to behave in an odd manner [3, 36] (see figure 2.3).
In the metallic regime (A < 1) there is a non-trivial long-time residual which falls
smoothly to zero as A approaches 1. There is a transition when we reach the Heisenberg
case (A = 1) and there is then no residual in the insulating case (A > 1).

The non-analytic nature of the residual is a problem, as one of the local conserva-
tion laws will struggle to show this kind of behaviour. Some combination / function of
conservation laws is required whose Taylor expansion exists for 0 < A < 1 but vanishes
for all A > 1, a complicated dependence on the anisotropy parameter that will require

conservation laws which are non-analytic in nature.

2.4 Summary

The idea that integrable systems allow for currents which do not decay away entirely but

have a finite residual which continues to flow indefinitely has been investigated. Specifi-
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' A

Figure 2.3: Behaviour of the residual current against the anisotropy of the XXZ model,
in the thermodynamic limit.

cally, the relationship between these undiminishing currents and subsets of the conserva-
tion laws of the system are considered. It has been shown that this residual current is the
conserved part of the current operator, and that it is possible to calculate it given all the
conservation laws of a system by summing their contributions from Mazur’s inequality.
As a part of this result, it has also been shown that restricting the set of conservation
laws to only those which mutually commute can cause some of these Mazur contributions
to be missed, and in extreme cases generate none of the residual current.

With these ideas in mind, attention was turned to the XXZ model where the resid-
ual current had a known non-trivial value, but a complete set of mutually commuting
conservation laws gave nothing. The problem with the mutual commutativity of the
conservation laws was demonstrated by considering their compatibility with the current
operator. This was seen not to be the cause of the issues with this model however, as
there was a previously overlooked conservation law, the product of which with the already
known mutually commuting operators were used with Mazur’s inequality, and shown to
generate the full residual current.

Finally, thought was briefly given to the thermodynamic limit, where the residual
current displays some rather exotic behaviour as the anisotropy parameter is varied. It is
apparent that the local operators used in the finite calculations will not suffice and that
more complicated, non-local conservation laws are required. The combination of S with

the local conservation laws, which resolved the problems at half-filling on the finite chain,
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are non-local however. Further investigation is required to see if these combinations will
have the structure required to provide a Mazur contribution in the thermodynamic limit
and prove the existence of a long-time residual there.

In the following chapter, the methods of generating the analytic forms of the local
conservation laws of a system are considered. The Boost operator method is analysed in
detail, using the XXZ model to demonstrate how it works and show that there are hidden
requirements, making it more subtle than it might first appear. A second method is then
proposed which allows for a relatively simple evaluation of the logarithm of the Transfer

matrix, and the iterative generation of the local conservation laws.
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Chapter 3

Analytic Generation of Local

Conservation Laws

In this chapter methods of deriving the exact form of the local conservation laws are
investigated. The first method, involving the Boost operator introduced in Chapter 1,
is used to generate the first three non-trivial local conservation laws of the XXZ model.
During the course of these calculations, this Boost operator method is shown to have
hidden requirements of knowledge about the structure of the Hamiltonian of the system
being considered. Without this knowledge the unphysical terms produced by the Boost
method cannot be shown to cancel, and so the local conservation laws cannot be found.
Having detailed the failings of the Boost operator method, we return to the idea of
generating the local conservation laws by taking the logarithm of the Transfer matrix.
As described in the first chapter, the result of taking this logarithm can be expressed as
an infinite polynomial in the spectral parameter, the coefficients of which are the local
conservation laws of the system. First removing the permutation part, and noting how
this relates to the statistics of a model, the Lax operator is then written as an exponential.
Following the definitions of the Monodromy and Transfer matrices, the problem becomes
that of taking the logarithm of a product of exponentials, a well known mathematical

problem solved in terms of a Campbell-Baker-Hausdorff expansion. This results in a
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series of recurrence relations, which are increasing long-winded and arduous to solve. Once
solved however, they can be applied to any system whose Lax operator can be written
in the permutationless form which initiated the method. The Lax operators can then be
written as the exponential of a second operator, which is substituted into the solutions
to the recurrence relations and the local conservation laws obtained. This process will be
described in detail in Chapters 4 and 5 for the XXZ and Hubbard models respectively,
but the XXZ results are included at the end of this chapter for comparison with the Boost

result.

3.1 The Boost Operator Method

In the previous chapters the use of a ladder or ‘Boost” operator was described as a way
of iteratively generating the local conservation laws of the XXZ model. This appears to
be the only viable method for generating the analytic form of these local conservation
laws, but it is an increasingly cumbersome process: after relatively few iterations the
calculation by its very nature becomes impossibly lengthy, even with the aid of algebraic
manipulation software [5]. This Boost method and the reason for the growing difficulty in
the calculation of each term is easily demonstrated. The Hamiltonian (equation (2.3.1))

is written in the form

H = ) Sppa+(A=DPni = > hwas, (3.1.1)

where

A

2n,n—|—1 -

A A

+2 n-~n+1, (312)

N —

is the permutation operator, switching the spins on two neighbouring sites, and

A 1 A
Punet = 5+2880,, (3.1.3)
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is the spin-projection operator, projecting onto the basis for Sz,

The Boost operator
can be derived from the Yang-Baxter equation (equation (1.2.17)) [30] and, assuming
periodic boundary conditions, the Boost operator corresponding to models such as this

has been found to be [5, 30]

B = ) mhymi. (3.1.4)

A series of conservation laws can be constructed by repeatedly commuting each new

conservation law with the above operator, i.e.

~

Coor = [B, én] , (3.1.5)

and each new conservation laws range of interaction is increased by one site (with the
choice of Cj below, Cin represents the interactions of up to m + 2 neighbouring sites).

Starting with Co = H, the first conservation law can now be calculated trivially

& - [Z o 3 zaW]
= Zn< |:i7fn,n+17 iln—l,n] + [iln,m—l, iln+1,n+2] )

D D) LT IEN T (3.1.6)

where the first step relies upon the fact that operators at long range (i.e. which do
not share a site index) commute, and the second involves shifting the summation index
n — n + 1 for the first term, and then cancelling terms with an n-dependent coefficient.

Adopting the notation izn = fzmnﬂ for the sake of brevity, the second conservation law
requires only a little more effort than the first

C - [Z I [zan,zanHu

n

= -Xn ([, [ ] ]+ [ [ons o
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f ] i ]
= S i o] 0 fo o] o ] 529

However, it has now become clear that the Boost operator is creating terms whose co-

pw
pw

efficients depend on the site index being summed over. This is highly unphysical as it
leads to terms which increase with distance along the chain and therefore fail to satisfy
the (periodic) boundary conditions. Since it can be shown [5] that the Boost operator
does indeed create a series of conservation laws we would expect that (as in the first
case) these terms can be expanded, the summations shifted and the n-dependent parts
will cancel. This is indeed possible, and in fact necessary for every conservation law, but
the process of cancelling these terms and gathering up the remainder becomes extremely
time-consuming after just a few iterations.

In the case of this second conservation law, the final step requires that the following

reduction identities be used

[An, [ﬁn, i}m” = (14 Ay + A1 = APyt s — 285,40, (3.1.82)
h

. i}nﬂ} , i}nﬂ} = (14 Ay + A= APyt — 2A8, 0. (3.1.8D)

Shifting the summation index on the second term of equation (3.1.7) and substituting in
the above identities, the terms with n-dependent coefficients cancel trivially, leaving the

second local conservation law
Gy = 2) [ﬁn, Boits hngo | + (1 4+ A2hy + A1 = AP, i1 — AS e, (3.1.9)

Note that for the first term of this new conservation law a new notation has been
adopted. A set of N operators written as such implies an (N-1)-tuple nested commutator
of those operators (in the written order), where all non-trivial orderings (i.e. orderings

where the commutator vanishes) of the internal commutators lead to the same result, in
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this case

]Alna hn-{—la hn+2i| = [ilna [iln—kla ]Aln+2:|i| = |:|:]Aln7 hn-{—l] ’ ]Aln+2:| . (3110)

As is shown at the end of the next chapter, the difference of the identities (3.1.8a)
and (3.1.8b) yields the Reshetikhin condition for this model [30, 31, 38], which in turn
stems from the Yang-Baxter equation. They could of course just be calculated directly
given the Hamiltonian, but either way the Boost operator alone is not enough to find the
conservation laws, as this additional knowledge of the Hamiltonian is also required for
cancelling the n in the coefficients.

Calculating the third conservation law, for example, is already much more challenging

+2(1+ A?)

03 = 2 [Z mizm, Z |:]Aln, hn—l—l, ]Aln_|_2:|

S i, 3 ;;n]
S i ™ P zmam,zzn,n+2]

~ ~ ~ ~

= 2 Z { - 3 [BTU ]Aln-i-la hn+27 hn+2] +n |:hn, |:]A71n, iln+1, hn+2i|i|

+2A(1 — A?) —2A

~ ~

Hn+1) [hn+1, [ﬁn, P, hn+2ﬂ +(n+2) [hn+2, [ﬁn, P, hn+2ﬂ
Al — A2)< [ﬁn, PW,M] + [ﬁn, Pn_l,n] ) FA [inw, hnﬂ}

~ A

([ Bsanss] + [ Buia] )} 4201+ 2%

To remove the factors of n from the coefficients of the above terms it is necessary to first
reorder the triple commutators, so that the reduction identities (3.1.8a) and (3.1.8b) can
be used to rewrite them as several single commutators, which then cancel with the other

n-dependent terms, leaving

éS = 2 Z { -3 |:;Ln> iLnJrla ;Ln+2> }Aln+3:| +A [in,nJrQa iLn+1:|

—2A(1 — A2)< [;Ln,pn+17n+2:| + |:pn+1,n+2a ;Ln+2:| >

+3A< [ﬁn, zA3n+1,n+3] + [Zn,nw, hn+2} >} +8(1 + AQ)CH
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= —62{ [hn,hnH, n+2,hn+3:| - A [in,nﬂjlnﬂ}

~

—A< [hn, zn%m] n [EWH, ilm} )} (8 +4AY)Cy,  (3.1.11)

where the final step employs the relation

Y- A2)< [ﬁn,ﬁn%w} n [ﬁn7n+1,ﬁn+1} ) n [in,m,ﬁnﬂ] —AC,. (3.1.12)
n
The calculation of € involves quadruple commutators, and though the identities
(3.1.8a) and (3.1.8b) can be used to reduce them down to double commutators, these
then involve not just the Hamiltonian but also the permutation and spin-projection op-
erators, and so further identities and relations are required (see Appendix B), and the
effort required to eradicate site dependency from the coefficients is quite considerable.
Clearly using the method of the Boost operator to generate the local conservation
laws of a system entails a lot more work than one might initially suspect. Worse still,
the same level of work will be needed again and again, for each new system considered.
Consider, for example, the most productive (in terms of conservation laws produced)
investigation into integrable spin chains [5]. Rather than repetitive commutation with the
Boost operator, the XYZ Hamiltonian is studied to determine the structure of the terms
that result from such a commutation. The unphysical coefficients are then circumvented
as the Hamiltonian structure is used to detemine the terms that make up each successive
conservation law, and recurrence relations found that will generate the correct coefficients.
While this does eventually provide the conservation laws of the system!, it proves to be
of little use when a new model (the Hubbard model) is investigated.
In the following sections a more general method will be formulated which gives the
local conservation laws as the coefficients of a power expansion. These coefficients are
commutators of an operator which, for a given Hamiltonian, can be found with relative

ease. Unlike the Boost method therefore, the majority of the work is done once in gen-

TAnd in fairness, some useful insight into the structure of the higher order conservation laws of the
XYZ and related models.
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3.2. LAX, MONODROMY AND TRANSFER MATRICES

erating general expressions for the coefficients / conservation laws, and then finding the
specific expressions given a particular system requires only a little further work.
The development of this new method starts with a reintroduction to some of the main

ideas and operators of quantum inverse scattering.

3.2 Lax, Monodromy and Transfer Matrices

The Lax operator comes from an early method of proving integrability, based on the ideas
of classical integrable systems, as described in Chapter 1. Restating the formulation in
terms of a quantum spin chain: if S;isa spin-like variable defined at site ¢ on the quantum

chain, then the Lax operators f/ij and K; define the linear system

A

. . dS; N

i.€. f/ij controls transport along the chain and K; governs the time evolution of the
system. Differentiating the first equation with respect to time and substituting in the
second generates the following compatibility condition for the above system, known as

the Lax equation

dL; S
dtj = KjLij_Lini7 (322)

and a system is considered completely integrable if this equation is equivalent to the
equations of motion of that system. It has since been shown that the Lax operator can
be obtained from the Yang-Baxter equation [26], and that a models R-matrix can be

normalised such that

Ryvu=0) = Ly, (3.2.3)
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3.2. LAX, MONODROMY AND TRANSFER MATRICES

This is automatically true for fundamental models such as the Heisenberg model [19] as

their R-matrices obey the difference property

~

Rij()‘a :U) = Rz]()‘ - :u)’ (3'2'4)

and furthermore

A A ~

Riy(Ap=0) = Ri;(A) = Ly, (3.2.5)

i.e. for these models the R-matrix and Lax operator are one and the same. In either case,

the Yang-Baxter equation can be written as

A ~ ~

Lig() LN R\ ) = RigO\, 1) Ligg (A Lea (), (3.2.6)

which is equivalent to the Fundamental Commutation Relations (1.2.12).
If the system is extended to include a zeroth site with a dummy spin, S‘O, the Mon-
odromy matrix is constructed by taking the product of the Lax matrices of this zeroth

site with each of the other sites in sequence, like so

M) = (EOl(A)iOQ(A) . -EON(A))

— HEOn(A), (3.2.7)

and the Transfer matrix, T is just the trace of the Monodromy matrix, over the zeroth
site [5], i.e.

~

T(A) = trg M(N). (3.2.8)

This zeroth site is a mysterious addition, and the reasons for its inclusion have never
been made entirely clear. It will be shown later in this chapter however, that its function
is purely to maintain the periodic boundary conditions imposed upon the system. As

described in Chapter 1, this Transfer matrix is central to the generation of the conservation
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laws of a system. Following on from an alteration to the above Lax operator, it will be
the dominant object of the method develpoed in the next section.
It can be inferred from equation (3.2.6) that any two of these Transfer matrices with

different values of the spectral parameter A will commute [27], i.e
[T[A],T[A']] —0. (3.2.9)

It is this result which tells us that operators generated by this matrix will be linearly
independent, and so using a variety of values will give a mutually commuting set of con-
served quantities (indeed, this is how the conservation laws were created for the previous
chapter’s numerical work). These conserved quantities are rather intractable however,
due to their non-locality, and a more useful set of operators to consider are the local con-
servation laws of the system, which as per Chapter 1 can be found as the coefficients of

the expansion

1n<T( A)T(0) ) ii— o (3.2.10)

and as with the Boost operator method Cy = H. Taking the logarithm ensures locality
33] as C, does not involve interactions between spins more than (n + 1) sites apart.
Why this logarithm should create purely local operators is not clear, but the fact it does
allows for the following method of generating the above expansion and calculating the

local conservation laws.

3.3 An Alternative Approach

In this section the major result of the thesis is derived: a new and potentially much simpler
method of calculating the local conservation laws of a wide range of integrable systems.
The permutation operator is separated out from the Lax operator, and therefore from
the Monodromy and Transfer matrices, and eventually shown to vanish from the problem

entirely, along with the associated issue of statistics. The Lax operator meanwhile, is
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3.3. AN ALTERNATIVE APPROACH

rewritten as the exponential of a new operator, f/ij . Taking the logarithm of the resultant
Transfer matrix leads to a series of recurrence relations which need to be solved order by
order to generate expressions for the local conservation laws in terms of \A/Z»j . Finding this
operator for a specific system and substituting it into these expressions will then return

the local conservation laws for that system.

3.3.1 Rewriting the Lax Operator

An important feature of the Lax operator is that, when a value of zero is used for the
spectral parameter, it becomes the permutation operator for whichever model is being

considered, i.e.
Li[0] = %y, (3.3.1)
with
LNy = Lal). (3.3.2)

Another property which will be useful later is that, if one has the permutation operator
between the zeroth site and any other, the trace of this operator over the site-zero subspace

is unity
tro (im) = 1 (3.3.3)

The first step towards evaluating the logarithm in equation (3.2.10) is to extract out
the permutation component of the Lax operator to give a new ‘permutationless’ Lax

operator

Ly = LyNSy & LN = Ly[NSy, (3.3.4)
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3.3. AN ALTERNATIVE APPROACH

where this new operator becomes the identity when A is set to zero
L0 = 1. (3.3.5)

This separating out of the permutation aspect of the Lax operator represents a subtle
issue which needs to be addressed: that of the statistics of the models being considered.
The ‘loss’ of statistics when transforming from the (fermionic) Hubbard model (equation
(5.2.1)) to the (bosonic) coupled-spin model (equation (5.2.4)), for example, has long been
a concern [39, 40]. As the following steps show, rewriting the Lax operator in the above
manner removes almost all of the permutation from the argument of the left hand side
of equation (3.2.10), leaving only that between the ends of the lattice / chain. This final
permutation term is then seen to care only about preserving the boundary conditions (and
thus be irrelevant in the infinite lattice / chain). One might therefore suspect that the
local conservation laws are independent of the statistics, a suspicion which is confirmed
by the results of fermionic calculations matching the original bosonic ones (under the
Jordan-Wigner transformation) [41].

In terms of this new Lax operator the Transfer matrix becomes

~ A

TN = tro (im INS01 Loa[ NS - -iwmzw) . (3.3.6)

Taking the first (leftmost) permutation operator and permuting it with each other oper-

ator, all the way to the right, gives

~

TN = tro (ﬁm N L[ Ao - - -ﬁlN[A]zE;Nim) , (3.3.7)

and then repeating the process with each successive permutation operator, permuting
the leftmost one right past each other operator, but stopping after the 20(, ~ permutation

operator, marked with a x above (i.e. leaving the permutation operators in reverse order),
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leads to

A

TN = tro (ﬁm Lo Ly v NSy - 223212201) . (3.3.8)

The final (rightmost) permutation operator can now be carefully permuted back through

all the others, which can then be taken outside the trace

A A~

TN = trg (ﬁm A L[] - - .ﬁN,LN[A]zON) SN_LN - Sasdis. (3.3.9)

Using the properties (3.3.3) and (3.3.5) it is trivial to show that

A

T0] = Syoin- - Y2sd, (3.3.10)
and so the expression we are taking the logarithm of in equation (3.2.10) becomes
TINTIO]" = tro (Lo N LA - Ly-a v W0 ) (3.3.11)

The key choice, and the only (but for complicated models very) mathematically taxing

step when applying the method, is to now write this permutationless Lax operator as
Lij[A] = e Vil (3.3.12)
where p and the original spectral parameter A\ are related by some (analytic) functions

A=pf(p) & p=AFQ).

In the following chapter on the XXZ model for example, the two parameters are chosen

to be related as
1. (sind+sin?
po= sl ——5
2 sind — sin %>
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5 - 54 -
- [Qan(S]/\+ [Qan(S] [% B SH;! 6] X+ [Qan(S] [Slg! - Slg! : + % X
Note that this choice is by no means arbitrary, but is made to ensure that to first order
in p, \A/Z»j (1] is equal to the Hamiltonian of the system?. This choice ensures that the first
conservation law generated will be the Hamiltonian.
If an expansion in one parameter is written in terms of the other, the coefficients of
the new expansion will be a linear combination of the coefficients of the original one, and

so equation (3.2.10) becomes

n

§|t

o
In <T[ ) Z L1+ g(). (3.3.13)
Discarding the irrelevant g(u), this will give a transformed set of conservation laws, equiv-
alent to the originals but each containing a linear superposition of the lower order con-
servation laws. Substituting in this exponential form of the Lax operator, the Transfer

Matrix becomes
TTO ™ = tro (euVm[uleuVm[u] .. .euVN_l,N[u}jON> ' (3.3.14)

The next issues to address is that of the dummy site, which, though vital for ensuring
order with finite periodic boundary conditions, can be shown to be unimportant in the
limit of the infinite chain. When considering a conservation law whose order is n lower
than the length of the chain, any combination of n of the Lax operators may be replaced
by unity (this is the same as calculating the final conservation law of a chain with n
fewer sites). If we now employ the restriction that only ‘neighbouring’ operators do not

commute

~

Vinm+1s VWLH =0 unless |m—n|=1, (3.3.15)

2And for the isotropic case (XXX or pure Heisenberg model), Vij [1] is ezactly the Hamiltonian.
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and look for the conservation law of order one lower than that of the chain then, removing
the f/}ﬂnﬂ term from equation (3.3.14), the block of operators that were to the left of that
term can be permuted to the right of the permutation operator (maintaining the order of
the block). At this point all of the exponentials can be taken outside of the trace which

can then be performed trivially, leaving an ordered product of exponentials

T[M]T[O]il = tro <6MV01[/4 eMVuM .. .6u‘7r—1,r[u} euVr+1,r+2[M] - eHVN—LN[M]iON)

— oVrrrrs2ldl | Vo1 [ VN ] guVazlil | Voo (] (3.3.16)

It is clear at this point that the only purpose of the dummy site is to enforce the periodic
boundary conditions for the ordering of terms in the conservation laws, and can therefore
be safely ignored in the infinite system: the N conservation law can be found by con-
sidering an N site section of a longer chain with all the other 1% operators removed, and

then the trace is handled simply in the above manner, leaving just the exponential terms

~

T[M]T[O]_l — G#VH[M}G#V%[M} .. .elLVN—l,N[N}' (3.3.17)

While the above expression is sufficient for the infinite chain, it is not properly correct
for the finite periodic chain: the result must be periodised. This is necessary for the
generation of expressions which run past the end of the chain and back to the start, i.e.
which involve the term e*V~1# | as in equation (3.3.16). The dummy site therefore (in the
form of the Sox term) is absolutely necessary for the periodisation of the above result for

finite chains.

3.3.2 Expanding the Logarithm

The final step is to take the logarithm of equation (3.3.17) and write it as an expansion
in powers of p, and as in equation (3.3.13) the coefficient of each term will be a new local

conservation law plus a linear combination of the previous ones. The above product of
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exponentials can be written as

A n+1 A~
et = e, (3.3.18)
m=1
again using the simplified notation Vj, = Vi, ns1[u] and setting Xy = 0. The local

conservation laws can then be generated order by order by using the Campbell-Baker-

Hausdorff identity (see Appendix A) to iteratively solve
X =In <eXneWn+1>, (3.3.19)

to find the coefficients of the expansion

~ A

A s ,up A

X, = Z: o X Py where X®) = O(VP).

The final subtlety is that these coefficients are also functions of the parameter u, and so

each will also contribute terms to both its own and higher order conservation laws.
Employing the Campbell-Baker-Hausdorff expansion to expand the right hand side of

equation (3.3.19) in terms of commutators of X, and V,, gives

~ ~ ~ 171~ ~ T

XnJrl = Xn+ﬂvn+1+ 5 |:Xn>,uvn+1 + 31

114 . - ~ 1 - . . - ~
+E |:Xn7 |:|:Xn7 Mvn+1i| ) Mvn+1i|:| 5{ [Xna |:Xn7 |:|:Xn7 Mvn+1i| ) Mvn+1i| :|i| +

[ [t st ] ] =5 ([ [0 [ [ S]] 82

([0 [ ] [ [o ] 70])
'

3
[ ([ n] s] ] ] ) = G ([ [ [% [ o]
[ E Vs |-V |1V Vi ) 4+ (3.3.20)

Writing each instance of X, as its expansion in powers of 1 and equating the terms on

each side of this expression with the same order in V,, gives a series of recurrence relations

A = KO+ T,
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374 A 11, . N N N -
X(g) + 5 |:X(2), Vn+1:| + |:X1sl)7 |:X7g1)7 Vn+1:|:| + = |:|:X7g1)7 Vn+1:| ) Vn+1:| )

+ [ |:X1SQ)a Vn+1:| ) Vn+1:| + |:Xn1)a |:|:X7§1)7 Vn+1:| ) An+1i|:| )
) [
2

9 [ An2)> [[X(l)’ VnJrl] 9 VnJrl]}
57 A Mo~ ~ ~ N N N ~ ~
+§ X£1)7 Xr(z2)7 Vn+1i| Vn+1:| + |:an)7 |:X1sl)7 |:|: 7(11)7 Vn+1i| ) Vn+1:|i|i|
(

X0, Vo] Vo] | 90 1] -

X(l)u |:X1(7,1)7 Vn+1:| ) ‘A/n-f—l ) Vn+1i|:| -

- [ |: [X£1)7 Vn+1i| ) Vn+1:| ) Vn+1i| ) Vn+1i| .

These equations need to be solved order by order to give the terms which make up the

local conservation laws. For example the equation for the first coefficient, involving terms

O(V), can be solved trivially to give

M
Xy ="V (3.3.21)
n=0

The solution to the next equation (terms O(VQ)) requires the previous result, as well as

the previously imposed restriction on the commutation relations of V,, (equation(3.3.15))

X0, - &0 = [£0.7)
n—1
- [Vmavn} - [Vn—la n}a
m=0

which finds the second coefficient to be

X® = i [VM, Vn} . (3.3.22)
n=0
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Both of these are now needed to solve at the next order, and so on, each equation need-
ing the solutions for all previous coefficients and giving a series of increasingly lengthy

expressions in commutators of V,,

+6|: Vn737 anl] ) Vn] +3 |: [ﬁnf% Vn71:| ) Vn] +6 |:Vn737 [Unfb Vn:H
+3 [ An73a [an% Wn :| +4 |:an27 [an% An:|:| +4 |:an27 [Unfb Vn:H
V

|
[ G R S

|
[0 ] [ i 5] o [ ]2

e [
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>
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|
1

1
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>
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>
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i
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=
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>
3
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+
WIN o] =l o

:l)<>
ng>
=

]+ § Vs, [Wr, ]|

HUn, Vn] : Vn} , (3.3.25)

>

|
D= W[

1
>
3
|
—_
> >
2‘? 3
= >
3
§>-—'
| I
3
| I
| IS
|
| =

where
Go= [l 0] 0] and W= [ [t s

Thus far the steps taken have been entirely general and apply to any Lax integrable
system?, not just fundamental ones such as the Heisenberg-like models. Though the calcu-
lations are again becoming incredibly long winded (the sixth coefficient is still achievable

in a reasonable time, but higher orders will require computational aid), this generality

3where L can be written in the permutationless form.
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means that the coefficients need only be found once, and can then be used for any suitable
model.

As was said earlier, for a given model the only non-trivial task is finding the operator
V,,[1], the log of the Lax operator for the system in question (and which obeys the com-
mutations in equation (3.3.15)). Assuming this can be done, then this operator can be
substituted into the above coefficients of Xn and then terms which are the same order in
i can be grouped together and the coefficients of these groups are the local conservation
laws and can simply be read off.

The following chapter demonstrates this method in full by finding the appropriate

~

Vi lu] for the XXZ model to be

2 4

Vol = ho+AQ = APy (% + %(1 —9A?) + .- ) +O(u%), (3.3.27)

and calculating and simplifying the first few local conservation laws. For comparison

purposes the first four conservation laws generated are

Ly =Y h, = Gy, (3.3.28)
Ly = Z[i}n,iznﬂ} — _Cy, (3.3.28b)
Ly = 300 [ cns o] 42 [, [ o] 5[ [ ] o

' FA(1 = APy
= Cy— (1+ A%, (3.3.28¢)
Ly = 376 b bt g, s | +2 | [ s o] [P, s |
2 B, s se] 42 [ s o]

o i, | 458G = 82) ([, Prss o] + [ Pasr, )

= —C3+4(1+ A% 0. (3.3.284)

~

In each case the local conservation law (L) generated by the new method has also been

66



3.4. SUMMARY

written as a linear combination of those generated by using the Boost operator method
(C’), as calculated earlier in the chapter and in [5, 33, 42, 43]. Up to an irrelevant minus
sign, and the predicted additional linear combination of lower order laws, the new methods

generates exactly the same the same conservation laws as the Boost method.

3.4 Summary

This chapter started with an analysis of the Boost operator method of generating the local
conservation laws, by attempting to use it for the XXZ7 model. It has been shown that,
while the local conservation laws can be found using this method, there are subtleties.
Specifically, additional knowledge of the Hamiltonian in the form of identities such as
equations (3.1.8a) and (3.1.8b) is necessary to show the cancellation of unphysical terms.
Without this extra information the terms with the site dependent coefficients remain
and the local conservation laws cannot be found. Furthermore, this knowledge and the
cancellation process is necessary for every model one wishes to find the local conservation
laws of.

Using the idea that the local conservation laws of a system can also be generated from
the logarithm of the Transfer matrix of that system, a new method has been developed.
The starting point is to remove the permutation aspect from the Lax, Monodromy and
Transfer operators. As a side effect, this ends up showing the local conservation laws
produced to be independent of the statistics of a model. The logarithm of the Lax
operator is then taken to give the new operator f/;j (1], and the Transfer matrix can then
be written as a product of exponentials. Taking the logarithm of such a product is a well
known problem, whose iterative solution leads to a series of recurrence relations, which
in turn give the coefficients of the expansion of the logarithm as commutators in f/;j (1]
Substituting this operator into the coefficients and collecting terms of the same order in
1 then gives the local conservation laws.

This new method has two major advantages over the Boost operator. Firstly, though
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the local conservation laws produced can be simplified (increasingly so at higher orders),
there is no requirement to cancel any terms or otherwise fix something first. The second
advantage is that essentially, all of the hard work of the method has already been done.
Although, finding the \A/Z»j (1] operator for a model is not always trivial, it should not
involve any major calculations. So, for any model where this operator can be found, the
local conservation laws can be generated almost effortlessly by substituting it into the X
coefficients. The only difficulty now is to continue the method and find the higher order
coefficients, though this will require a truly Herculean effort. It would be no more work
than finding the next order conservation law of the XXZ model though, and drastically
less work if one also wished to then calculate conservation laws of the same order for the
Hubbard and other models.

This will now be demonstrated in the following two chapters, where the local conser-

vation laws of the XXZ and Hubbard models are calculated.
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Chapter 4

Local Conservation Laws of the XXZ

Model

In this chapter, the previously outlined method is demonstrated fully via the full calcula-
tion of the first five local conservation laws of the XXZ model. The preferred version of the
Lax operator is found and its logarithm calculated to give the operator Vij, as described
in the last chapter. This is then substituted into equations (3.3.21) to (3.3.25) and the
resulting terms are collected together at each order in p and used to generate the first five
local conservation laws. First, however, a well known one-dimensional antiferromagnet is

considered and shown to be described by the Heisenberg model.

4.1 KCUFg

Potassium Copper Fluoride has received a lot of attention in recent years [44, 45, 46,
47, 48] and is an excellent realisation of a one-dimensional system. The compound has
a pseudocubic perovskite structure as shown in figure 4.1, which is distorted due to a
cooperative Jahn-Teller effect [48]. The Cu ions form a simple cubic lattice with a F
ion at the midpoint of each nearest neighbour pair, forming a series of corner sharing
octahedra with a Cu ion at the centre of each octahedron. The large remaining spaces

are occupied by K ions such that they also form a simple cubic lattice with each K at the
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Figure 4.1: Atomic arrangement of KCuF3: Potassium is shown in grey, Copper in white
and Fluorine in black.

centre of a cube of F ions.

Each K donates an electron, while each F gains one, leaving both with a filled outer
shell. Since there are three F ions for each K, there is a shortfall in electrons which is
made up by the Cu, each of which donates two electrons to become Cu?*. These Cu ions
now have nine electrons in the 3d orbitals, which is one short of full. It is equivalent (and
conventional) to think of this as there being a single hole in the 3d orbitals, and the orbital
and magnetic ordering of the compound are determined by the dynamics of this hole. The
d-shell has five orbitals; the threefold ¢y, states are all filled, leaving the hole to reside
in the twofold e, group [45]. This final orbital degeneracy is broken by the Jahn-Teller
effect, leading to alternate orbital occupation of the sites on the ab plane. Along the
c-axis, planes are stacked such that they are either the same or alternate, corresponding
to the experimentally observed a and d polytypes respectively [44]. The hopping of the
hole between Cu ions is thus restricted in plane and occurs only along the c-axis, which
is why the material can be modelled as a one-dimensional system.

The archetypal model for studying strong correlations in electron systems is the Hub-
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bard model

= —t Y Y CiC,,+UY CHCyChey, (4.1.1)
<1,7> © 7
over some lattice of sites ¢, where < 7,7 > denotes a nearest neighbour pair. In this
particular case the operators represent the creation and annihilation of holes rather than
electrons, and since KCuF3 has exactly one hole for each Cu ion, it is said to be half-
filled. The cost of having a doubly occupied site is very much greater than the hopping
energy, i.e. U >> t, and so the ground state requires this penalty be avoided by only ever
having one spin (hole) per site. This leads to a highly degenerate ground state however,
as all configurations with one spin per site are equally viable. Going to second order in
perturbation theory, which represents a virtual hopping onto neighbouring sites', lifts the

degeneracy and provides an effective Hamiltonian

Hy = > <—tzU:C;;CN> < Zc;ow>

<i,j>
= _7’52 Y Gie, Gl
<i,j> oT
—¢2
= — CEC, - Cte,,
7 ZZ (0= C1C,)
— _7’52 > ( Zcm”c;(]]a).
<1,5> oT

By using the following associations to switch from creation and annihilation to spin op-

erators

L 1 ., L . . .
C;ITCZT—é_}‘ 1 OZJTFO”:S;» :Sf‘i‘lsly,
o 1 . s e s

"Where a hop takes the system out of a ground state, an energy penalty is paid for the double
occupancy, and a second hop returns the system to a ground state.
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the effective Hamiltonian becomes

iy = G & (-1 sl -9 -9 s e50s)

<1,7>
2 U
2y}

The derivation thus far has been independent of lattice or dimension. Since the problem
under consideration has been reduced to a one-dimensional chain of sites, the sum over
nearest neighbour pairs becomes the sum over the site index ¢, and j — ¢ 4+ 1. Including

a factor of two to avoid double counting, this gives

- 2t AL A A A AP 1
Heﬁ” = 7 (S;—Szdrl + Si S:H + 252‘ iz—f—l - 5)
4t Gz O oy Qy Oz Oz 1
Ignoring the constant term, this is equation (2.3.1) with exchange constant J = % and

A =1, i.e. the one-dimensional Heisenberg model, theoretical solutions of which fit very

well with experimental data [49, 50].

4.2 Rewriting the Lax Operator

Over the next few sections the method developed in the last chapter will be applied to
the XXZ model. This process starts by determining a ‘new’ Lax operator of the model,
which is the product of the original Lax operator and the Permutation operator.

As in the previous chapter the Hamiltonian can be rewritten as

. Al A A A AL A A
H = 9 Grgr o Gudy 4 AGEGE . 2
zi:(z 2+1+ ) z+1+ i ~i+1 4)
= Z 22',2'-1—1 + (A - 1)pi,i+1-
This is a fundamental model [19] and so, as stated in the previous chapter, the Lax
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4.2. REWRITING THE LAX OPERATOR

operator is the same as its R-matrix, which has been shown to be [34, 35]

Lyl = % (5“5“ sysy+0(A)SfS*;)

49
N < ) + %<S(A) - C(A)), (4.2.1)

where the functions S(A) and C()\) depend upon the anisotropy parameter A (itself

parameterised by §) as follows

14+ A A
A—coss <1 SO = M C) = #
sm§ COS§
A=1 S =1+ C(\) =1
sinh £(1 + A) cosh (1 + /\)‘

A =coshd > 1 S(\) = C(\) =
oSO = () sinh% () coshg

The following calculations will assume the trigonometric representation, although this will

eventually be irrelevant as the final result will only involve A (see equation (4.3.15)).
The first task is to take the above Lax operator and extract from it the permutation

aspect i.e. to find the operator suggested in equation (3.3.4) which, when producted with

the Permutation operator, returns the original Lax operator

L[\ = LyNZy

_ 1+<cos%(16+)\) _1)1_:)1” l<sm (1:—)\) cos 3 (1;%)\))Ezj
CoS 5 2 sin § cos 5
1+< pY) smasmﬁ 1>P +1<sm)‘—5008é s1n’\—5s1n5>
= co§S — — —=——= — — i
2 cosé 2 smé cosg J
V) sin 22 . sin 29 ,
— 1 < ALY 2 5—1)13, e 42.2
+ ( cos 5 + - (cos )) Py + s i ( )

where the idea that the Permutation operator squared is unity has been used, along with

the fact that

Py %y = By (4.2.3)
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Writing L;[\] in terms of the Hamiltonian instead of the permutation operator then gives

R sin 29 R

L[\ = 1+ —2h;+ (cos%(s - 1) Py, (4.2.4)

sin

4.3 Calculating Vij

The next step is to write this new version of the Lax operator as an exponential i.e. to

find the operator \A/Z»j such that
puVis[u] = In(Li). (4.3.1)

This can be done by writing the logarithm of f}ij as an expansion in powers of the Hamil-

tonian, and employing the identities

~

R o= 1+ (A%-1)Py, (4.3.2)

which follows directly from the definitions of the Hamiltonian (3.1.1), the projection and

permutation operators, and the property (4.2.3); and

(izl-j n 1) (ﬁij - 1) (ﬁij - A) _— (4.3.3)

which can be deduced from the characteristic polynomial of izw Equation (4.3.3) implies
that the expansion can be truncated at the ﬁfj term, as it can be rearranged to write
terms cubic in the Hamiltonian as a quadratic (and thus repeated use will reduce higher
order terms down to a quadratic as well). Using equation (4.3.2), the izfj term can instead

be written using f’ij and so the logarithm of the Lax operator can be written as

Sin

i A
sin 5 - A0 R - . N
In <1 + — 5 hz‘j + <COS 7 — 1)PZ> = a-+ ﬁhw + ’}/Pij = ,uVZ-j [,U,] (434)
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4.3. CALCULATING Vj;

The three coefficients «,  and « are functions of A which need to be found and then
rewritten in terms of u, once the relation between the two parameters has been decided

upon. Setting iz — +1 in equation (4.3.2) gives P;; = 0 and so equation (4.3.4) becomes

Sin

sin %6

and the sum and difference of these two equations give o and 3 respectively, i.e.

SRR FUNLLE & I PR LL (4.3.6
@ = sin & . sind |’ -3.6)

298 = In|1 sin In |1 sin 43.7
f =l +sm5 - © sind ) (4.3.7)

Similarly finding - requires setting hw = A, in which case P = [ and so equation (4.3.4)

becomes

A8
sin 5 A B
In <1+ SIH5A+[COS7—1}> = o+ [BA+1. (4.3.8)

Substituting in the above results for v and 3 and rearranging slightly, ~ is found to be

Y sin )‘—5 1 sin? A9 A sin § + sin 22
SN ) IS WALk ) B S LR UL S R
" cos 2 + sin & 2 n sin? § 2 i sin d — sin )‘7‘5 ( )
and putting all three coefficients back into equation (4.3.4) gives
~ 1 sin? 29 1 sind +sin 22\ .
Vii = —In(1- 2 )+ -ln | ———2% | by 4.3.10
Vil 2 ( sin? ¢ ) 2 (smé — sin % ( )

i (cos 20 4 ABREY Ly ([ SR sy
n | cos 5 s 5 n - ——+ »

The final step is to define p in terms of A\, with the obvious choice being to set it to

+
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4.3. CALCULATING Vj;

be the coefficient of the Hamiltonian, 7.e.

1 in g + sin 22
o () (aa1)

sin 0 — sin 5

This choice is convenient as it will guarantee that the first conservation law generated by
putting this f/;j [1t] into the coefficients at the end of the previous chapter will be ezactly
the Hamiltonian. The constant and coefficient of 152-]- now need to be rearranged so that

they are functions of y instead of A. From equation (4.3.11) it can be shown that

1
sin? § : sin? &4 ’
cosh p1 = , sinh p = 2 , 4.3.12
a [sin2 § — sin? ’\7‘5 a sin? § — sin? % ( )
and then the constant « trivially becomes
228 2 22\ 3
1 sin” 22 sin® § — sin” 22
— ZInl1= 2 = 1 2 = -1 hp). (4.3.13
“ 2 t < sin? § ) " ( sin? § ) n(coshp). ( )

Working from equation (4.3.9) and remembering that cosd = A, the coefficient of P; can

be rewritten as

0082%5Sin25 i sin2¥ i
7 = In [ -2)\5] +A[ 2,\5} —Ap

sin? § — sin 5 sin? § — sin 5

1 —sin? §) sin? 29

. (
= In <Asmh,u+[ Sin2(5—sin2)‘—2 _1_1] —Ap

2
= In (Asinhu+ [A2 sinh? p + 1]2) — Ap

S5

= sinh™' (Asinhp) — Ay, (4.3.14)

and the complicated § dependence has now vanished, leaving just the original anisotropy

parameter. Substituting these coefficients back into equation (4.3.11) gives

pVijlpl = —In(coshp) + uﬁij + <sinh_1 [A sinh ,u] — A,u) f’ij, (4.3.15)
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4.4. GENERATING THE LOCAL CONSERVATION LAWwWS

and writing the above as an expansion in powers of p and ignoring the irrelevant constant

2 4

Vislu) = hij+ A1 = AY)P, (% + ’;, (1—9A?) + O(u )) (4.3.16)

Note that removing the anisotropy by setting A = 1 (the pure Heisenberg model) returns
the surprisingly simple result Vij = fzij, and the coefficients of equation (3.3.2) are already
the local conservation laws.

At this stage the relative ease of this method becomes clear, since all of the necessary
calculations have already been done, and all that remains is to substitute the above form
of f/ij into the X@ from the previous chapter. The local conservation laws are then easily

read off, as is shown in the next section.

4.4 (Generating the Local Conservation Laws

Putting equation (4.3.16) into the coefficients (3.3.21) to (3.3.25) and looking at X |[u], at
each order in p a new local conservation law is found. Once again adopting hy, = fz,wﬂ,

the first coefficient is just the operator \A/ij summed over all sites
1t
XU =N hy+ Pona (A(l - N) + A1 — A?)(1 - 9AHE = ) +0(ub), (4.4.1)

whilst the next three coefficients, up to the order necessary to calculate the fourth local

conservation law, are

X@ — ] [ —1m (A(l —AYE 3 + A(1— A?)(1 9A2)/;—?> ,izn]

S E AL - AN 9A2)’;—?)}

2

10N 1—A2)“ P A1 — AN ]+0( 6), (4.4.2)

> [
+[ n—1; nn+1 (A(l_A2)3
+A

N N ~ 1 ~ ~ N 1 N ~ ~
X0 = 32 bz hucts | + 5 [, [hoos o] | 5| (s o] B | + A0 = 7).
n MQ ) A ) ) ) A A ) A
g <2 [Pan,nfla hnfla hn] + 2 |:h/n72a Pnfl,na hni| + 2 |:hn72a hnfla Pn,n+1i|
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1714 A A 174 A A 11, N R

+ 5 [Pn—l,na |:hn—17 hni|:| + 5 |:hn—17 [Pn—l,m hni|:| + 5 |:hn—17 |:hn—17 Pn,n+1:|i|
117~ A A 117 - “ 1172 N R

+ [|:Pn—1,n7 hna :| hn] + = |:[hn—lu Pn,n—i—lu :| hn] + = [[hn—17 hna :| Pn,n+1i|)
2 2 2

+0(u"), (4.4.3)

and

XW = 26[%—3,%—2,%—1,%} +2 (Hiln—miln—l], [ﬁn—l,hn” + [ﬁn—%hn—bﬁnuhn

~ ~ ~ ~ ~

+ [hn,g, . hnD + [hn,l, hont, o, ﬁn} +O(2). (4.4.4)

Using the above coefficients in equation (3.3.2), there is only one term at O(u), from

the first coefficient, and so the first local conservation law is just

Ly = ) hy, (4.4.5)

i.e. the Hamiltonian, which is not surprising given the choice of p. Similarly, there is
only one term of O(p?), stemming from the second coefficient, and so the second local

conservation law is simply

L, =Y [ﬁn,ﬁnﬂ}. (4.4.6)

n

Expanding the commutator and writing out the terms explicitly
Ly = i)y MAASIS) S8,
=i {SSS ~ 84571550
+A (st,f+1sz+2 S ST — 5SS st,ﬁlszH) } (4.4.7)

= 2 Z {S:STZHAS;J& - S;Sfbﬂs:fﬂ

n
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-0 (82 [858rn - Sraditi] + 8580 - 8080)820) b )

which matches all the previous attempts to calculate this first non-trivial conservation
law [5, 33, 42, 43]. Clearly, with almost as many different ways of representing these
conservation laws as there have been attempts to calculate them, a decision needs to be
made as to which one should be used. Whilst the final of the above forms is the clearest
in terms of the what the conservation laws actually do (to a state), and that used in [5]
looks to be the most concise, the preference here is to leave the conservation laws in the
commutator form that falls naturally from this method, since it is reasonably compact
while still giving some insight into its effects.

For the third local conservation law there are contributions from the third and first
coefficients. In fact, given that f/ij is an expansion only in even powers of u, the coefficients
will only have terms that are either odd or even in y, and will therefore only contribute
terms to the even or odd numbered conservation laws (respectively). Using the reduction

identities (3.1.8a) and (3.1.8b), this third conservation law becomes

>

A ~ A ~ 1r- ~ 1rr~ =~ A
L3 - 22 [hn7 hn+17 hn+2i| + 5 [hn7 [hn7 n+1:|i| + 5 |:|:hm hn+1i| ) hn+1i|

n

+A(1 = APy i

=) 2 [ﬁn, Pyt izm} + (14 ARy 4+ 2A(1 — AP, g — 205, 4. (4.4.9)

n

Using these reduction identities again on the contribution from the fourth coefficient to

the next local conservation law, plus the contribution from the second coefficient, yields

£4 = Z 6 |:ilna ianrl; }Aln+2a Bn+3i| +2 |:|:}A7fna iLn+1i| ) |:}A7'n+2a iLnJrSiH

~ ~

+2 |:iln7 ]Aln-i-la hn+27 hn+2] + 2 |:]th7 l;/nv ]Aln-i-la Ith+2i|
N A A ~ 1 ~ ~ ~ ~
+ |:hna hna hn—f—la hn+1] +§A(1 - AQ) < [hn7 Pn+1,n+2i| + |:Pn,n+17 hn-l—l])

= Z 6 [ilm iln+1, iln-i—?a iln+3i| + 6A [in,nw, hn+2] + 6A [ilm in+1,n+3i|

n
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A ~

+2A |:zn,n+2> hn+1:| - 4A(1 - AZ) ( |:}A7fna pn+1,n+2:| + [Pn,nJrla thrl

—4(14 A?) [iln, iznﬂ} ,

~ ~

)

(4.4.10)

and then using the relation (3.1.12) to simplify this gives

A~ ~ A A~

hn+2a hn+3i| + 6A |:zn,n+2> hn+2:| + 6A |:}A7fna zAJn+1,n+3j|

”—4@.

Calculating the fifth local conservation law requires the lowest order contribution from

Ly

= {0 [bnfinen

~ ~

+6A [ZWH, P (4.4.11)

equation (3.3.25)

~ A~

hn+2a hn+3:| + 9 |:iln> iLnJrla

A~ ~ A~

X(S) = Z 24 [ilna iLnJrl; hn+2a hn+3> hn+4] +9 [gm ]A{"JFQ}

n=0
+6 }
ilm [ilnﬂagnﬂ } +4

agn+1i|i| - [gna

A~

~ ~

sz Fonss| + 6 [ [Fnsr, P s |

oy [ s | | 4+ 4 o, [ 2] |

e [l o]
Y I [ Y Y S Y

] - ] ] -

i) ] |

i ] 2 ] 2o
[

3
- 1 Hl%na iLnJrl} } + O(,UQ)a

[ier f]n+1 ;Ln+3i| + 3 |:]%n>

+3

~

thrla hn+2

A~

B,

- -];)m ]Aln+2i| )

~

i {1, G|

3

~

) hn+1

~

=)

~

- (4.4.12)

using the simplifications

i

A~

hn+1

o — -

iznﬂ], ] and 3, [l}n, [izn,izm“, (4.4.13)
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plus the following contributions from the third and first coefficients respectively

10 PN A A A N A N A
— 2A(1 — A?) <[hn7 Pt Pn+2,n+3] + [hn7 Priint2, hn+2i| + |:Pn,n+17 Pt hn+2D

1l

n=0
1 e . . . . . .
+§A(1 - AQ) <|:hfn> [hna Pn+1,n+2i|i| + |:hfna |:Pn,n+1> hn+1:|i| + |:Pn n+1, [h h
+ |:|:iln> }Aln+1:| ) pn+1,n+2i| + |:|:}A7/na pn+1,n+1] ) }Aln+1i| + |:|:pn,n+1a n+1i| i|)
(4

+> A=A (1= 9AY)P, .

n=0

4.14)

The double commutators g, and k, are just the left hand sides of the reduction identities
(3.1.8a) and (3.1.8b), and replacing them with their corresponding right hand sides leaves

in each case another double commutator. Combining the above three contributions then

finds

Z615 = Z 24 |:iln> }Aanrla ;Ln+2> }Aln+3a iLn+4:| +20 [ﬁn’ ;LnJrl; }Aln+2:| —24A |: [in,nJrQa iLn+2:| s iLn+3:|

EA(l — A?) H nn+1, hn+1i| ; hn+2i| +15A(1 — A?) [ﬁm [ﬁnﬂv pn+2,”+3“

2 . s . - . . A .
—=A hrm [hn+1> Zn,n+2i|:| - 12A|:|:hn> Zn+1,n+3i| ; hn+3i| - 10A [hn> [hna En+1,n+3:|i|

3
24 [ (s, Brnss] | = 5 A [ Sninss] sz =28 [Snrn hura] nso]
A0 oo ]+ i e S]] - 2 o]
3 o S]] - S ] 8 [ ]
+8A(1 — A?) iln, [Pn+1,n+2, iln+2:] + 33A(1 — A2)[ nn+1s [ n+1s n+2”
+363A(1 — AQ) [izn, [izn, pn+1,n+2” +§A(1 - AZ) [ﬁn, [Pn n+1s hn+1” +2( + AQ)
+201 - 2%)[[h, ;}W] Prnes] +§A(1 8B, [, B —%(1 + A2,
Al - A?) H } n+1 n+2] + %A(l — A?) Hiln, pn+1,n+2:| ilnﬂ]
A(1 — A?) H s nﬂ] nﬂ] + AL = A%)(1 - 9AY) B, 1. (4.4.15)

Some of these new double commutators reduce further, while the rest can be rearranged
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and combined? to eventually give

Ly = 242{ (s s oz, s Bona] = A | Sz o] g

_A [hn+17 Zn+1,n+37 hn+3:| - A |:iln7 |:iln+17 zA]77J-i-2,77,—|—4:|:|

80— 88 ([[Pusst ] ] + [ e, Prva]
+ [ﬁn, [pn+1,n+2> iln+2] D + AQin,nH - A(A - 1)15n,n+3 + Agin,nJrQ
FA(A2 = 1Py is — A3A +1)8, 0 + AYA? - 1)1571,”“}

+(10 4 18A2%) Ly + (=9 — 18A% + 24A% + 3AY) ;. (4.4.16)

All of these results are in agreement with those previously calculated [5, 43], but have been
found without the aid of a computer, without major difficulty and in a reasonable time.
Calculation of the sixth local conservation law is also possible? but beyond that further
progress will require algebraic manipulation software or some other form of computational
aid, or some other means of keeping the ever growing (in both size and number of) terms
under control.

In fairness it should be stated that the identities used to simplify the form of the local
conservation laws in this section are the same as would be used to cancel the unphysical
terms from the Boost operator method. The difference of course, is that here they just
make the conservation laws produced more manageable, as opposed to being necessary
for the method to work at all. An unexpected byproduct of this method is that, for
fundamental models such as the one considered here, it can be used with the Yang-Baxter

equation to generate (at the very least) the first and most well known of these identities.

2See Appendix B for a full list of the identities and relations used.
3See Appendix B.
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4.5 The Reshetikhin Condition

Having an R-matrix which satisfies the Yang-Baxter equation implies severe constraints
on the Hamiltonian [38]. One such constraint is the previously described condition derived
by Reshetikhin. Essentially, the Yang-Baxter equation is expanded in powers of A and p,
and a power series form of the R-matrix is then used to show that double commutators
of the Hamiltonian reduce to some linear combination of two site operators. It has since
been shown that the sum of these commutators over all site indices vanishing provides a
sufficient test for the integrability of a model [31], and a generalised form of the condition
has been found which applies to non-fundamental models too [30]. The original condition
is now rederived from the Yang-Baxter equation using the ideas of the previous chapter,
including the exact form of the two-site operators, for the XXZ model.

As was stated in the previous chapter, for fundamental models such as the XXZ the
R-matrix and the Lax operator are one and the same, and so the Yang-Baxter equation

(3.2.6) becomes
Ekl(u)f,k](v)f/w(v — U) = Lij(’l) — U)Lk](U)Lkz(u), (451)
which, in terms of 'new’ Lax operators from equation (3.3.4), is

Moving each permutation operator to the right and then reordering them on one side to

match and cancel with the other leaves

A

Lii(u)Lij(0) Lii(v — u) = Lij(v — u) s (v) Lij (u), (4.5.3)

and writing these in the exponential form suggested in the previous chapter (equation
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(3.3.12)) yields

exp {uuffm(uu)} exp {uy%(uv)} exp {Mv—uvki(uv—u)}

= exp {uy_uf/ij(uv_u)} exp {Mvvki(:uv)} exp {uuffij (uu)}, (4.5.4)

where there are three styles of the new spectral parameter u, defined earlier in the chapter,
but they are no longer trivially related as u, v and v — u were.

Once again the Campbell-Baker-Hausdorff expansion can be used to write each side
as a sum of the exponents and increasingly complicated commutators of them (Appendix

A), and up to the cubic terms, this is

1 Vi () + 100 Vi () + pro—u Vi (Pro—a)

+ % (uuuv [Vm(uu) Vi (uv)]+uvuv u[%(uv) Vii(pto- u)]+uuuv u[Vm(uu) Vi (/LH)])

+ éﬂuﬂvﬂv—u <[Vki(:uu)7 [\Zj(uy),vm(uv_u)ﬂ + [[Vki(uu) Vig () } Vii (o D

+ 11—2<uuuv [sz(uu) [Vm(uu),%(uv)ﬂ + oo [Vm(uu) [sz ) Vi (fh-—u H
+ [Vij(,uu)? [\Zj(uu)%i(uv_u)ﬂ +NuN3HVki( u) Vig (i ] Vis( )]

+uuu3_u[[Vki(uu),%(uv_u)],%(uv_u)} +uvu3_uHsz(u ), Vii (o } Vi (- u)])

+ % (uvfuuv[ i (bo—u), Vi )}ﬂwu Vi (), Vi (uu)]+uv ublu [V;](uv w); V](,Uu)])
+ éuuuvuy w ([ i3 (Ho—u) [Vm i), Vs uu)H + [[‘zj(luv—u)avki(:uv)}7f/ij(:“/u)]>
gt [t Bt st [t ]

(
+ s u[ (Hou) [ (Ho—u), Vj(uu)ﬂ + oty u[[vj(,uv—u)af/ki(ﬂv)}7Vki(ﬂv)}
Vi1t

Expanding out the right hand side of equation (4.3.11) to find

R xR R R
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and substituting this and equation (4.3.16) back into equation (4.5.5), each side of the
Yang-Baxter equation can be written as an expansion in the original spectral parameters

u and v

_ .2 R in? -
<[25fn(5}u+ [Qan(Sr % B SHZ;! (S}U?)) i <[25fn(5}v + [Qan(S]g[% B SH;! (S}Ug)hij
+

* ([2 sfné] (v—u) :2 sfné]g[% N SH;(S} (v= “)3) hi
8- 805 ]
] o] o] st
sas) ([P [ %]} I RE)
+ 35 ms] ( o [ s [ + 00 = ) [ [

(v = w) [, [I hkﬂﬂw [ o] |

)? [ ] ]+ 00— 2 [y ] ] ) + O()

0 5 1311  sin?é .

([QSin(S]( “)+[ n(g} [g— T }(v U))hzj
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[ <
> >
L .
~. <

+u?(v — u) Hﬁij, HZJ] , ﬁ”} + uzv[[ﬁki, ﬁij , hij ) + O(u). (4.5.6)

The first and second order terms cancel trivially, as do the u? and v? terms, and noting

that

1 sin®d 2 (1—cos®9)
3 3!

1
3 3 } = 5[1+A2], (4.5.7)

85



4.5. THE RESHETIKHIN CONDITION

then the remaining cubic terms of equation (4.5.6) can be rearranged to give

3(u*v — uv?) <[1 + A?] (ilkz - ilij) +A(1 - A2)(-ﬁki - pi')

[ Jroshn]] + [[hosin] hu]) = 0 @59

Assuming u # o (the trivial solution to the Yang-Baxter equations), this leaves an expres-
sion that the h and P operators must satisfy: the Reshetikhin condition for this model.
Note that with the choice i = n+ 1, j = n + 2, k = n, this expression becomes the

difference of the identities (3.1.8a) and (3.1.8b) from the previous chapter.

Whilst it is useful to show how the suggested new form for the Lax operator can be
used to generate this well known identity, it is the necessity of such identities to the Boost
method that is important. Though expansion of the Yang-Baxter equations in the above
manner or knowledge of the Hamiltonian and it’s structure have been used to find iden-
tities which simplify the form of the conservation laws found in this chapter, these same
identities are essential for removing the unphysical terms in the results created using the

Boost operator.

In the following chapter a non-fundamental model, the Hubbard model, is considered.
The method of Chapter 3 is shown to generate the local conservation laws of the model in
a manner identical to the treatment of the XXZ model in this chapter. The non-abelian
nature of the terms which make up the Hamiltonian however, mean the calculations and
the final form of the conservation laws are much more complicated. Since the Heisenberg
model can be derived from the Hubbard model, one might expect that the Heisenberg
conservation laws could be obtained as a limit of the Hubbard ones. This possibility is

investigated in the final section.
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Chapter 5

Local Conservation Laws of the

Hubbard model

The work of the previous chapter is now repeated for the Hubbard model, and the first
four local conservation laws are calculated. Unlike the XXZ model the Hubbard model is
not fundamental, and although it is still possible to construct a Boost operator [30], it is
non-trivial and the subsequent calculation of the conservation laws is much more taxing
than the XXZ case. As before, an example of a material which can be described by this

model is presented and then the method of Chapter 3 is followed in an identical manner.

0.1 YBaQCu307 and YBagCu408

These materials are among the most famous and well studied high-temperature super-
conductors. It is generally agreed that superconductivity stems from the CuO, planes,
and the Hubbard model has been shown to reproduce observed properties [51, 52]. The
CuO layers meanwhile, have been shown to be highly one-dimensional [53|, and again
the Hubbard model has been shown to reproduce important features of both materials
[51, 54].

YBayCuz07(Y123) and YBayCuyOg(Y124) have the layered structures depicted in

figure 5.1 [55, 56, 57]. The two have an identical basic structure, but Y124 has a double
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5.1. YBA,Cu307; AND YBA,CuU,Og

Normal |Y 123 Structure

A
I
4

®
O
@

Normal Y 123|Structure

(a) YBayCusOr: (b) YBaCuyOg: The 1D CuO
The 1D CuO layers layers are directly above and
are at the top and below the offset.

bottom.

Figure 5.1: Layered structure of YBay,Cu3O; and YBay;CuyOg. Large white circles denote
Yttrium, grey are Barium, black are Copper and small white circles represent Oxygen.

(rather than single) layer of CuO chains. Rather than lining up with the first however,
this second layer is shifted along one site in the direction of the chain, as shown in figure
5.1b. The normal Y123 structure then continues from there until the next pair of CuO
layers, where there is another shift of one site along the chains putting layers back in phase
with the first set, and so on, with a shift at each pair of chains so that the subsequent
layers are aligned with either the first or second set.

In both materials, each Y donates five electrons and the Ba each donate two electrons
(a total of nine electrons donated), while every O gains two electrons. This means that
the average charge of the Cu ions in Y123 and Y124 is g and Z respectively. There is a
non-stochiometric aspect to these materials that was not an issue with KCuF'z, each site
has on average between one and two particles on it, i.e. a site can now be either singly or
doubly occupied (with Y124 having slightly more doubly occupied sites than Y123), and
so the Hubbard model is the appropriate model for these materials.

Measurements of the properties of the CuO chains must be taken indirectly by looking
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5.2. REWRITING THE LAX OPERATOR

at the difference between results along the a and b axes, so as to eliminate contributions
from the CuO, planes [58, 59], but even so, it should be possible to experimentally test

the transport properties of a one-dimensional Hubbard system using these materials.

5.2 Rewriting the Lax Operator

The next few sections now follow the same path as those of the last chapter, as the
method of Chapter 3 is now applied to the Hubbard model. As before the Lax operator
is written in its permutationless form, then in the next section its logarithm is taken and
the resultant operator \Zj found. This new operator is the used in the penultimate section
of this chapter to create the local conservation laws of the Hubbard model by substituting
it into the coefficients from the end of Chapter 3.

The one-dimensional Hubbard Hamiltonian can be written in the following form [60]

1

: o N iy 1
H = - Z (O:H,aoz‘,a + O;,LUCHLU) + UZ (ﬁm - 5) (ﬁm - 5) , (5.2.1)

in terms of the standard fermionic creation and annihilation, and number operators. Using

a Jordan-Wigner transformation

j—1
Cjp = exp (m Aiﬁm) S5, (5.2.2)
m=1
N j—1
C;, = exp (m Z ;CLSM) exp <m ;Tm> T7, (5.2.3)
m=1 m=1

to re-write the problem in terms of the usual spin raising and lowering operators gives

the associated coupled-spin model [40]

H o= Y Hy = S T/ +yg <U n Uj) , (5.2.4)

<i5> <i5>
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5.2. REWRITING THE LAX OPERATOR

where < 77 > are nearest neighbours; g = iU parameterises the interaction;

A A

U =2 5 TF (5.2.5)
controls it, and the kinetic / hopping term is
H _ &+ &— | &= &+ o b | grrprt
T =SSy + 8787 + T + T, T;". (5.2.6)

Note the use of two spin operators per site, one for each flavour of spin, where spin
up(down) indicates the (non)existence of that style of spin on a particular site. The Lax

operator for this model has been found to be [60]

Eij [)\] = 6)\Ui Sij Ej 6)\Ui, (527)

where the central two operators have the form

1 1+Sinh§

~ A A N 1—sinh &\ . .
O;; == 2 |070% + O0Y0Y —— 21007 . 5.2.8
/ Q[COShg}—i_ {Zj—i_ Zj+( )l]] ( )

K
cosh 5

which is very similar to the Lax operator of the Heisenberg-like models of the previous

chapter. The interaction strength can be written in the form [60]

U sinh 2\ cosh? (£)
g = 7 = 2 simb (%) (5.2.9)

and so as A — 0, this reduces to 2\ = gk, which implies that x oc A and therefore when

A =k =0, equation (5.2.7) becomes

~ 1 A A 1 IR

_ xXaxz NTT2
- Eij Eij

S3hub (5.2.10)

90



5.2. REWRITING THE LAX OPERATOR

i.e. the permutation operator for this representation of the Hubbard model.

As before, the first step is to extract this permutation operator from the Lax oper-
ator. This is a slightly more complicated process than with the XXZ7 model, where the
permutation operator already appeared explicitly in the Lax operator, but the similarities

in form suggest starting by splitting the Oij into permutation and spin projection parts

1+ sinh £
Oij - 72

A A A 1— sinhg A
— + 2 OfO;-” + OiyOé’ + | — OfO;
cosh 5 cosh 5

1 + sinh § A oA 1 —sinh § . a
—| +20,.0; +2 | ——————= —1 OfOJZ-
cosh§ cosh5
1 A 1 1 1+sinhg coshZ +sinh & —11 . .
- T 2| _9 2 2 070?
2 j) 2+2{ cosh & } { cosh & } v
S coshg+sinhg—1 1 AL A 1
— ez _ 420007 ) - =
{ cosh § 2+ L 2
1{1+sinh§} 1 {coshgjtsinhg— }

cosh g 2
K : K : K

o cosh 5+ sinh 5—1 b sinh 5
cosh § we) T cosh 5

coshf +sinh§ —17 . sinh § . .
== 2 2 TTZ 2 Nz Tz
- (1 N [ cosh § } Fijo) + @zij(o) ) ij(0)" (5.2.11)

K
cosh 5

Along with the fact that
b U, = Uy Shet (5.2.12)
this allows for a simple rewriting of the Lax operator

LAl = &% 5 Ty

R I U (5.2.13)
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5.3. CALCULATING Vj;

and so the desired operator is just
L[\ = U 8, Ty 0, (5.2.14)

in terms of the new operators Oij which, from equation (5.2.11), are

A cosh& 4+sinh& — 17 . sinh £ .
Oy = 1— 2 2 Pty + ——=2 350 5.2.15
J cosh § iio) cosh§ () ( )

5.3 Calculating Vij

Finding the exponential form of the Lax operator requires first obtaining the exponential
form of the operators OZ] This process closely mirrors that of taking the logarithm of the
Lax operator for the XX7 model, which is not surprising given their very similar forms,

with the equivalent of equation (4.3.4) being

cosh g + sinh % —1 Dz sinh g LTz DTz LTz
In{1- cosh & ij(0) T 7coshg Yo | = a+BEG)- XN (5.3.1)

The coefficients on the left hand side of the above equation can then again be found from
the three cases P*% = () , f]f“ =+ ] and P22 = | , f]ff(i) — . The first of these

ij(o) 3(0) ijlo)

reduces equation (5.3.1) down to

sinh g |
aty = In|l+ = = eT2 -
cosh § cosh 5
K
= % = d = —, 5.3.2
‘ cosh 5 and 2 ( )
and using these and the second case, equation (5.3.1) returns
1 1 K
ey = oeae = () e
Ilcoshg atf+y " cosh § +5+2
= 4= g (5.3.3)
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5.3. CALCULATING Vj;

and then putting these three coefficients into the left hand side of equation (5.3.1) gives

K STz Drxz K A+ A— A— A+
5 1 65 <Zij(o)_Pij(o)> 1 65 <0¢ 0; +0; 0] ) (5 3 4)
cosh & cosh & ’ e
2 2

Putting the exponential forms of S;; and T}; into equation (5.2.14) and combining them

so that the exponent becomes the hopping operator Tg

R s ate—1g-at & ( g et R
IA/W _ 0 1 0> <Si S5 +5; Sj> 1 I <Ti T +T; T ) AU
Y coshg coshg
1 1. K H T
= ———eiealu M, (5.3.5)
K
cosh 5

which now needs to be found as the exponent of a single operator.

Ignoring the coefficient, which merely contributes a constant, the operator Vij can
be found as a Campbell-Baker-Hausdorff expansion, specifically, by using the identity
(A.0.10) it becomes

WVigln] = melies T A
= U+ 2TH +2U; + ( AUgTﬂ + [A},AUJ-] + [gT?AUJ])
v (D0 [520 0] + [pon 52 00
g (D0 o 527]]+ o poagi] + [520. [525.00] | 39)
+ | M0 ST ST + [N AT A | + [ [ST AT ] A )+

Whilst this method is perfectly reasonable for finding the lower order coefficients (of \A/Z»j
as an expansion in p), it becomes increasingly difficult to find the higher order terms, and
further reduction identities are necessary to control the ever lengthening commutators
that appear. It is better therefore, to seek the exact solution for \A/ZJ This can be achieved
by listing all the states for a two site system and calculating the matrix that represents f)ij
in this basis, splitting it up into the subspaces of differing particle number and calculating

the logarithm of each of these subspace-matrices. Constructing the matrices represent-
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5.3. CALCULATING Vj;

ing the hopping and potential operators (Tg , U; and Uj) in the same basis and then
finding their various commutators by simple matrix multiplication, until the logarithm of
f/ij can be written as a linear combination of these operators and commutators, which

completes the calculation. The full details can be found in Appendix C, and, using the

reparameterisation
coshv = cosh A coshr, (5.3.7)
finds the operator f/;j to be

wViilp] = A <0z +Uj> Zsmh)\ ([U Tﬂ + [Tf,m]) + gcosh)\{ﬂ?—i- [UZ,TH U]}}

1 v i SHOH T
+1—6{Sinhysmh)\coshm— } }4_ [TijaTij,Uj])
1 vsinh k AH H
+Z sinh v (TZ [UZ’T”’ ])
1(kcoshry wvsinhk A R
:A(U U) TH A hA(U TH T-H,UZ»)
* 4{ cosh k + sinh v } 4sm [ ZJ] +[ ij }
1 (vsinh A cosh v N
+16{ sinh v cosh A } U’ i ZJ [ ij 'L]?U]
+1 kcoshrv vsinhk [U o (A]} (5.38)
4| coshk sinh v b i Fal -9

Rearranging this to be in terms of the Hamiltonian rather than the hopping operator finds

~ ~ 1(kcoshry wvsinhk g [ vsinh A cosh v
HVislel ! (4{ coshr | sinh }+8{ sinh v cosh \ })
A g [rcoshy wvsinhk g* [ vsinh X cosh v
U; U-) A== — = — A
+< Y ( 4{ cosh K + sinhy} 8{ sinh v cosh A
—i—gsinh)\ <[017Hz]] + [Hz]af]l}>
1 [ vsinh A cosh v A N
Y A ([0 By, ) + [, i, 0]
+16{ sinh v cosh A } [ ! J}—i_[ e ]}

+[Ui7f{ij7 UJ] (l{ﬁcoshy B V.Sinhlﬁ} B g{ysinh)\coshy B )\}) (5.3.9)

4| coshk sinh v 8 | sinh v cosh A

Once again p is chosen to be the coefficient of the Hamiltonian, and the other coef-
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5.3. CALCULATING Vj;

ficients need to be rearranged as functions of it. This is a more challenging task than
before though, as they are functions of three parameters, the relationships between which
are known and must be used in order to obtain each as a function of a single parameter,
which is then written in terms of u. Firstly, A can be found as an expansion in s using

equation (5.2.9)

Q

g:

sinh 2\ cosh® (£) %( 823) (1 %)2 _ ()\+2)\3) <1+%2)

2 sinh (g 3 (1 + g_i)

A3 gk K2 K2\ 7!
A+ — =~ —|(14+—|(14+—
- AT 2(+24>(+4
gk

_ gn (1 _ 5_“2) | (5.3.10)

and then by writing A as an expansion in powers of x, putting it into the left hand side

of the above equation and matching the coefficients

3
_ kg K (59 3 5
A= 5 12(4+g)+(9(/<¢). (5.3.11)

Equation (5.3.7) can be used to obtain v as a power expansion in £ in the same way

coshv = cosh \coshk,
2 22 (2 (2 e
1+— =~ (14— (14+= | = 1+—(14+=
147 (+2)(+2) +2(+4),
e
= 1 =~ K (HZ)’ (5.3.12)

and finally the above choice of 1 (as the coefficient of H in equation (5.3.9)) can be used

so that it too is written as an expansion in powers of k

8

1 kcoshv wvsinhk N g [ vsinh A cosh v \
o= 4 coshim sinh v sinh v cosh A
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— -2 gy _ >
4{”+12}+8{2 24 6 2
1 3.2
_ Z{2/<U-+“69 }—i—O(Ff’). (5.3.13)

Rearranging this to have x (and hence A and v) as an expansion in p

2
ko= 2u-+ 592/}’ +0>°), (5.3.14)

and then rewriting each of the coefficients in equation (5.3.9) solely in terms of u gives

v, = H—6(5+6g) <U+ )
oy mag Ot ([ ] L)
+%( [Un,Hn,Uth[ ]+[Hn,Hn,Un+1]>+O(u4), (5.3.15)

with the usual notation On = OAn,nH for H and V.

5.4 Generating the Local Conservation Laws

As before, finding the local conservation laws is merely a matter of substituting the above
operator in to equations (3.3.21) to (3.3.25), and then using those in equation (3.3.2) and
collecting together the terms at each order in p. Writing this out explicitly up to O(u?)

gives

% =32 (= 8 500 (G D) 5 ([0 ]+ [ 0]

n=0
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A ~ A A ~

+ 2 (29[ 0, B, U] + [Un,Hn,Hn}+[ﬁn,Hn,Un+1]>+-~-)
[ ]+ [ ([0 21 + [ w)) o

[ 3 ([P o]+ [ O] ]] )

et ] 3 ] 2 ]

+O(ut). (5.4.1)

Clearly there is again only one term that contributes at order u, the lowest order term

of X1, and so the first local conservation law is trivially

> A, (5.4.2)

i.e. the Hamiltonian, as would be expected. At order ;2 there is a contribution from both

X2 (it’s lowest order term) and also from the first order terms of X'

i/Q = %Z [Hn,ﬁnﬂ} + = [ } [I:]mf]nﬂ]
= > [ﬁmﬁnﬂ] +9<[U H] [Hn,UnHD (5.4.3)

Writing out the operators explicitly and performing the commutations, this second local

conservation law becomes

A

b = =23 {80808 - 80800) + B (10T~ T20) |
—i—UZ { <5‘j{5‘;+1 - gr:gf;rl) (T: + T;-I—l) (T Tn_+1 T T:+1) <SZ + gZH)}
SR SEAN G2

_%U@ﬁﬁﬁﬂ - 35435;1) (T; v T;+1) (5 o T) } (5.4.4)
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and inverting the Jordan-Wigner transformation gives the fermionic form

b - —zz{( f20Can = CioCiin)

_U<C:+1 Uén o C:UénJrl 0) <ﬁn+1,a/ + ﬁn,a/ - 1) }7 (545)

and these are consistent with the expressions obtained by Shastry [60] and others [5, 30,
41, 42].
There are contributions at order p® from each of the first three X™’s, which combine

to give

- 1 PSRN - 17~ ~ - 17~ ~ -
L3 = ? ZQ[HmHnJrla Hn+2:| + 5 [HmHna HnJrl] 5 [H HnJrla HnJrl]
1 g ; 2
+§ B ([Hn, [Um-l;Hn—l—l] + [Hn-l—lvUn-f'Q” +

i ( [
= o[ s, Fago) 4 5 [ ﬁnH] b5 [ B, o
P2 ([t [Brns o]+ [ [ o] [ [0 6] ]
- [Hn Unﬂ},ﬁlnﬂ]) +g <[UanHn] - [Han U”“D

+g2 |:Un, f{ ns Un+1i| — g (5 + 692) <Un + Un+1> s (546)
and using the relations

> ([Fln_l, H, i, Hn} +g° [Un H,, UnH] A g<U + U +1))
=g ([ O | [ B, |+ [ [ O 1| 11 ). (5.4.7)
S ([, Hos 1) + 62 [0, By, O | = Hois + (00 + Ui )

- g<[ﬁn,1,Un,H] [Un,Hn,H}jL[Hn,l[Hn,UnH]), (5.4.8)



5.4. GENERATING THE LOCAL CONSERVATION LAWS

S ([ s ]|~ [ O] i]) = 3 [ [, 1] = 0, 5.09)

n n

and

[Hn, [Hn,UnH” - HUan}Hn} 4T, + 4T, (5.4.10)

= Z ([Una f{nu f{ni| - |:Hn7 Hnu (A]n+li|> - 07
equation (5.4.6) reduces to

L3 - Zz[ﬁnaﬁn—i—laﬁn—i—Q] +2|:-Hn7ﬁn7ﬁn+l] +2|:-Hn7f{n+17f{n+l

n

—2g [Un, i, Hn} + 42 [Un, i, Unﬂ} — 3H, — 29(2 + 6¢2)U,. (5.4.11)

At order pu* there are significantly many more terms to deal with. This is due to
more complicated nature of Vij, which means that, unlike the XXZ model, there are
contributions to the n'* conservation law from all of the coefficients up to and including
X", Not only that, but the first n — 1 coefficients contribute more terms than in the
previous case too, and so the effort required in calculating these conservation laws is
increasing much more quickly than with the XXZ7 model. Thus collecting together the

contributions to the fourth local conservation law gives the somewhat ponderous

Ba = 5y ST 6[ A Fr, o, Fss)| 2 [Fr B, [Frain, B
2| Hy s, Hoz, o] + 2| Hos Bl By, o
+ ]:[m H,, Hyi, f{n-f—l} + % ZQ<HU”’ f{n} ; [ﬁn—l—la -Hn+2:|:|
oy || O, Hoga | oo |
o O] [Fugr, o |
e [, [ 0] ]
|

[ ] ] ¢

L, | Ho, [Umﬁfmm
o ([ 0] 2]
A([[on ] [0 5]
L))

+
+

H,,

+ o+ 4+

99



5.4. GENERATING THE LOCAL CONSERVATION LAWS

Using the previous identities and those listed at the end of Appendix C, these terms can be

reduced and recombined to give the following expression for the fourth local conservation

law

Ly

[ B [ ] 1 [ ] )
[ [ ]+ [

AN
Hrw [ﬁn+l>Hn+1i|]>Hn+l + |:Hn>Hn+1i| |: n+1aﬁn+1i|i|
[ﬁna Un+1i| ) ﬁn+1] ) HnJrl + [ [ n+1, n+2i|i| Hn+1i|

Hn; Hn+1] ) [ﬁnJrla ﬁn+2i| ) Z 5 + 69

—<H>>ﬁmmﬂ]ﬂn4 - [ [ )
([0 ] ) [ O o ]

([ A F, O], o] + (B[, B, U] ])

> 6 [0 ] [0

Z 6 |:1T:[n> HnJrl; Hn+2> Hn+3:| + 6|:|:[:[na [:[n+1:| ) |:[:[n+1a ﬁn+2i|j|

n

+6 |:Hn> HnJrla ﬁn+2a ﬁn+2:| + 6 |:Hn> Hna f{nJrla ﬁn+2i|

+3 |:-Hn7 -Hnu -Hn-i-la f{n-‘,—l] + 692 < [ |:Un7 -[A{nu Un+1i| 3 -Hn+1i|

—6g(1 + 6¢?) ([Hn Unﬂ} + [Un, Hn]) . (5.4.12)

The above form of the conservation law was initially chosen since it was the most

compact, but it might be more interesting to consider the form below i.e. to have the

conservation law written like an expansion in the interaction parameter, making it much

easier to see what happens to the conservation law when various limits of this parameter
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are taken

[:4 = Z6|:f{n7f{n+l7f{n+27f{n+3:|+6g |:|:|:U f{n:|7f{n+1i|7f{n+2i|

(

o e [ ] [t ]

it [t ] i 1 0] ]

1G]] ] 3 (e G ]
) ]

[ﬁ ,Unﬂ} n [UanD . (5.4.13)

N
[0 [ O], ]| + [

+(4+11¢%) Ly — (309 + 9¢°)

1 |
VRS v L

As in the previous chapter, all of the conservation laws calculated here are in agreement,
with those found by others [5, 42]. Note that this includes those found using a purely
fermionic formulation [41], which, in line with the expectations in Chapter 3, are the same
as the above bosonic versions converted back to fermionic form via the Jordan-Wigner

transformation.

5.5 Heisenberg Conservation Laws as a Limit of Hub-

bard Ones

In the previous chapter, the Heisenberg model was derived as a limit of the Hubbard
model. Following on from this, it should therefore be possible to generate the local
conservation laws of the Heisenberg model (i.e. those found in the previous chapter, with
A =1) as a limit of the Hubbard ones found above.

Starting as before with the Hubbard model at half-filling and U >> ¢, so that there
is exactly one particle per site, it is clear that all terms which do not conserve particle
number on each site must be discarded. Unfortunately this covers all of the terms in the

first two local conservation laws, and it is only at the level of the third conservation law
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(rewritten here in terms of the hopping operator rather than the Hamiltonian)

Ly = 23 [T 50 T| + (|10, [, O || + 2| [T T2, ], O
2O, T B |+ 2[ B [ O, T || ) + 46| O T U

+aly + U, (5.5.1)

that suitable terms appear. The terms in question stem from the second commutator, the
only quantity thus far to involve the hopping operator for the same site twice, which is
necessary to maintain the one particle per site restriction. Expanding out this commutator

gives
B 5, 00n]| = 4 (T2 (S50 = 52) + 82 (T - )
= +<TTTT7:+1 - T;T;H) (S‘:S‘;—I—l - S;gr—l_—f—l)) - (5.5.2)

Ignoring the two terms which project away from single occupancy, and using

T2 8s = Saaly = o (85— T2) |Sin — T - S5+ T3] [ + T2 )  (5.59)

N | —

the relevant terms become

+ % ([8: = 7| |8 = Tz = [ S5+ 72 S5 + T ]) - % ) (5.5.4)

where the idea that S277% = —1 has also been used. This final identity stems from the fact
that, since the single occupancy of sites has been enforced so that there must be either
an up spin or a down spin on each site, Sjl and T ~ must have the opposite sign. The rest
of the terms in equation (5.5.4) can be considered in a similar manner.

First, a basis is needed of the possible states on the two sites (n and n + 1) on which
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the operators of equation (5.5.4) act. There are four such states

BRI (5.5.5a)
[ TLs 1T), (5.5.5b)
115 1), (5.5.5¢)
115 1), (5.5.5d)

where the first set of spins are for site n and the second for site n + 1. The first and
second spins in these sets then correspond to the flavours of spin acted upon by the S
and T operators respectively. These are equivalent to the four states that make up the

two-site basis for the Heisenberg model

[T, I by LTy Il ), (5.5.6)

where the arrows now represent the spin of the actual particle on site n, then site n + 1.
We will denote the operators which act upon these states with a tilde, 7.e. gﬁ[ , gg and gf :
Note that, in each case the actual spin on the site is identical to that of the flavour acted
upon by the S operators in the previous representation. As was noted above, Tof will have
the opposite sign to S %, and so their sum will vanish, while their difference will be twice
the value of SZ. It is clear, therefore, that S? — T2 will have the same effect on the states
of equation (5.5.5) as 257 will have on the states in (5.5.6). Finally we come to the terms
T+, S St and T, TiF S-S, .. The first turns state (5.5.5b) in to state (5.5.5¢), and
returns zero when acted upon the other three states, exactly the same relationship 5”:{
has with the states (5.5.6). Similarly the second term acted upon state (5.5.5¢) returns
(5.5.5b), and zero when it acts upon the other three, which is equivalent to 5’,: acting the

states (5.5.6).

In terms of 5';[ , 5’; and 5’5 acting on the equivalent Heisenberg states (5.5.6) therefore,
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(5.5.4) becomes
~ -~ -~ 1
(=880 - S8+ 25380 - 5). (55.7)

Summed over n, this is the Heisenberg model, i.e. the XXZ model as defined previously in
Chapters 3 and 4, with a negative coefficient and A = —1. While it may not be surprising
that the Heisenberg conservation laws can be found in this way, it is important to check
to show that the method and the conservation laws generated are consistent.

Repeating this procedure for higher order conservation laws of the Hubbard model
should yield higher order Hubbard ones. Unfortunately the only term from L, which
contains an even number of each hopping operator (i.e. doesn’t project away from single
occupancy) vanishes, and so to proceed further would first require the calculation of the
fifth Hubbard conservation law. Evidently, attempting to calculate the Heisenberg con-

servation laws in this manner is impractical and should be done as in the previous chapter.

In the next chapter the local conservation laws of a third model, the Toda chain,
are generated. The model is not like the spin chains considered so far, and the method
of Chapter 3 is shown to be incompatible with it. Instead an alternative method of
evaluating the Transfer matrix is used to generate non-local conservation laws, which are
then shown to coincide with the conserved quantities of the classical system. After a
slight reformulation of the classical Lax operator, a direct link to the quantum Transfer

matrix is established.
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Chapter 6

Local Conservation Laws of the Toda

Chain

In this chapter a very different style of Hamiltonian is considered: the one-dimensional
Toda lattice, or Toda chain [61]. The method previously applied to the XXZ and Hubbard
models cannot be used here, and attempts to use the Monodromy matrix provide only the
well known non-local conserved quantities originally found by Hénon [62]. Calculation of
the integrals of motion via the classical Lax matrix is described since it can be shown [63]
that they are equivalent to the conserved quantities of the quantum model. Furthermore,
this matrix can be used to generate the local conservation laws of the system, in a way
that naturally incorporates the awkward combinatorics of their original construction [64].
A minor simplification to this process is made, and the relationship between the classical
L-matrix and the quantum Monodromy matrix is then shown.

In stark contrast to the previous spin models, the one-dimensional Toda lattice consists
of a chain of particles (of equal masses) which interact with their nearest neighbours via
an exponential potential. The Hamiltonian for an N-site system with periodic boundary

conditions (i.e. y4+1 = ¢1) is

N N
N 1 . . .
j=1 j=1
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N g2 N
_ Z R (qj —qj+1), (6.0.2)
j=1 "% j=1
where p; is the momentum of the j* particle and g; is its displacement from its equilibrium
position. This model is somewhat of a rarity as both the classical (6.0.1) and quantum
mechanical (6.0.2) versions have been shown to be integrable [62, 65], and the conserved
quantities of each case can be shown to be the same.

Unlike the previous two models, there are no materials whose physical behaviour
suggests they can be modelled by the Toda Hamiltonian (6.0.2). This is not surprising
given the curious nature of the potential. This is more easily seen by considering a particles
absolute position (with respect to some origin, e.g. the first particle in the chain), i.e.
G = ; — 2,7, where :&Z@ is the " particles equilibrium position. The potential then
obviously vanishes for #;,1 > &;, i.e. when the j + 1% particle is far to the right of the
j™, and increases rapidly when Z; > Z;,1, i.e. when the j + 1" particle is far to the
left of the j**. The potential therefore abhors particles being positioned out of order, and
is minimised by having each particle as far to the right of the preceding one as possible.
Indeed it is only the periodic boundary conditions that keeps the particles together, not a
situation likely to be found in nature.! This has not stopped the model from being studied

extensively [67, 68] however, and so the investigation of this model begins by considering

the quantum mechanical case.

6.1 The Quantum Lax Operator

In Chapters 4 and 5 the Lax operators of the XXZ and Hubbard models were rewritten
to make taking the logarithm of the transfer matrix easier, using the approach outlined
in Chapter 3. Despite having a markedly different style of Hamiltonian, as an integrable
system the Toda chain must still have a Lax operator which satisfies the Yang-Baxter

equation, from which the conserved quantities of the system can be constructed. The Lax

L Although the classical model is another story, see e.g. [66].
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operator in this case has been found to be [65]

Lilu = u=bi o eplly) | (6.1.1)

—exp(—¢;) 0
Unlike the models dealt with in earlier chapters however, setting the spectral parameter to
zero in this case doesn’t return a permutation operator. Without this ability to re-express
the Lax operator as in the previous cases (equation (3.3.1)), it is impossible to proceed
along the same path towards writing the Monodromy matrix as a product of exponential
operators. As with the previous models, the Monodromy matrix for an N-site system is

still the product of the N Lax operators

~ A

My[u] = LiLy--- Ly, (6.1.2)

but rather than a matrix, the trace of this returns a polynomial in u, the coefficients of
which form a mutually commuting set of conserved operators. These operators are no
more or less than the original (non-local) conservation laws discovered by Hénon [62], as
will now be demonstrated.

The Lax operator (6.1.1) can be split up and rewritten in the following manner

ﬁj[u] = Q_j{pj—i—i}éj, (613)
in terms of the operators
. 1 0 A u—P; 0 . 0 1
Qij = X y P] == y and X = . (614)
0 et 0 0 1 0

Products of the operators Qij and P, can be reduced since

~ ~ ~ N

P Qu = P = Qu P, (6.1.5)
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while 3 acts much like a permutation operator when either side of another operator

5 5 = . (6.1.6)

Employing the notation QjQ,(jH) = Qj7j+1, the product of two Lax matrices for neigh-

bouring sites becomes

LifulLyia[u] = Q_j{ﬁj + Z} @j,j+1{15j+1 + E} Qi1
= QP Qi P Qi+ Q5 P Qi £ Qi

~

+ Q5 X Qg Pt Qi+ Q5 ¥ Q501 ¥ Qi (6.17)

The Q’s in the first term will cancel out, leaving PijH, and since both the P and Q are
diagonal, the second and third terms will have only off-diagonal elements, which will be
irrelevant when the trace is taken.

Now consider the trace of the Monodromy matrix

ﬁz‘ [U]
1
—1

= tr
= tr(@ {Pl‘i‘i} Ql,Q{PQ—i-i}"'qu,l{ P+ }Ql,lJrl

As with the two Lax matrices example above, any term which contains an odd number of
)y operators will be off-diagonal and therefore contribute nothing when the trace is taken.

The remaining terms can be understood by considering the sequence
ey Qj,j+1{ﬁ’j+1 + 2} Qj+1,j+2{]5j+2 + 2} Qjezg+3l5ss - (6.1.9)

Assuming the rest of the sequence includes an even number of f]’s, when expanded this

108



6.1. THE QUANTUM LAX OPERATOR

will yield two off-diagonal terms which are ignored, and the following two terms

Py Q) j12Q 41,425 Q 12 43P 3+
1 0

= (u _pj>(_eXp ((jj-i—l - (jj+2))(u —ﬁj+3) -+, (6.1.10)
0 0

and the term with no 3’s

Py Qi1 P1Qj1 j+2Pj2Qjr2 43 jrs -
10 A R R A
= (u—=p3)(uw = Pjs1)(u = Pjp2) (w — Pjgs) -+ (6.1.11)
0 0
Note that each site index only appears once, and in both cases the only non-zero element

is the first one. In fact, comparing the right hand sides of the two equations, the sequence

of terms (6.1.10) can be obtained from (6.1.11) by left multiplying by the operator

. . 0
—exp <q. _ ) - 6.1.12
j+1 Jj+2 apj+1apj+2 ( )
Using this operator the sequence (6.1.9) can be rewritten as
.- P Qj,j—i—l{pj—i—l + 2} Qj+1,j+2{pj+2 + 2} Qjs2j43ls -
. A A 92 A R
=P Q; {1 — exp <%’+1 - Qj+2> m} P 1Piyo Q_(j+3)Pjvs- -+, (6.1.13)

without affecting the trace. Due to the reduction property (6.1.5), each Q must either
have a 3 on each side or none neighbouring it, as in the above example, or the sequence
vanishes.

Going back to the Monodromy matrix and ordering the terms in (6.1.8) by increasing
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number of ¥ operators, the first term will be the product
P---Py = (u—7p1) - (u—pn). (6.1.14)

The next set of terms to contribute to the trace are the N combinations of this prod-
uct left multiplied by the operator (6.1.12); one term for each pair of neighbouring sites.
Subsequent sets of terms involve left multiplying by (6.1.12) again for each pair of neigh-
bouring sites, which did not appear in the first instance of its use, and then repeating
this process until there are one or no p terms remaining (depending on whether N is odd
or even). In terms of this operator, the trace of the Monodromy matrix can therefore be
written as
Py N
{1 —exp ( in+1> } I1 ( ) (6.1.15)

il OPi+10Dit2 ot

where the index of leftmost product increases in steps of two, up to N —2 or N — 1 for
an odd or even number of sites respectively. This can then be expanded order by order

to provide a set of conserved quantities

N
> G, (6.1.16)
m=0

the first few of which can easily be extracted

Co = 1, (6.1.17a)

c, = —ij, (6.1.17b)

Cy, = szp] Zexp —gj+1), (6.1.17¢)

1>7

C; = - Z Pipipr + Z piexp(q; — Gj+1), (6.1.17d)

i>j>k i#7,J+1
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and correspond exactly with the classical integrals of motion found by Hénon [62]. Given
that the quantum and classical conserved quantities are the same, the next logical step is

to consider a much more elegant method of generating them from the classical model.

6.2 The Classical Integrals of Motion

This section very briefly deals with Flaschka’s method of generating the integrals of motion
of the Toda chain via a Lax pair formalism [64]. The first step is to introduce a new set

of variables
PR (O ) R S S (6.2.1)

where the periodic boundary conditions are still in effect, so that ¢y = ¢n. Using the time

derivative of the Hamiltonian (6.0.1), it is then trivial to show that a, and b, satisfy the

equations
da o A db 5
d—tn = ay(bpy1 —b,), and d—; = a2 —a’ . (6.2.2)
In terms of these variables, a pair of matrices can be defined
by a0 an 0 @ O —an
a1 by s —a1 0 ay
L = 0 &2 (;3 ) B = 0 —&2 0 7(623)
an-1 : an-1
an an—1 by an an—1 0

L = [B,L]. (6.2.4)
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The above matrix relation recreates the equations (6.2.2), and so the matrices L and
B form a Lax pair for the system. As was seen in Chapter 1, this not only proves
the integrable nature of the model, but also provides several methods for generating the
conservation laws of the system.

Since the eigenvalues of the above Lax matrix L are conserved quantities (see Chapter

1), the coefficients of the characteristic polynomial
PO = MW+ AV A2 Ty (6.2.5)

are also conserved. In fact, these coefficients I,, are the integrals of motion constructed
by Hénon [62, 64]

A~ ~ A~

L= > bbb~ X5) (= Xp) - (= X;), where X; = @ (6.2.6)

The sum is performed such that each of the site indices 1 through n appears exactly once
(either explicitly or implicitly in a factor of X ) and terms which differ only in the order
of factors are considered the same, and so only one of them appears in the sum. Setting
n = 0,1, 2,3 and applying these rules for the summation, it is then simple to verify that
the first four integrals of motion are indeed the same as the conservation laws (6.1.17a)
to (6.1.17d) generated in the previous section.

When considering the infinite lattice, Hénon constructed a second set of integrals, sim-
ilar to the above I,, but with an additional sum involving some complicated combinatorics
which restrict the eventual integrals to the sum over a single site index [62]. These new
conserved quantities are the local conservation laws of the model which have a very simple

relationship with the classical L-matrix [64]

A

nd, = (=2)"tr{L"} for m <N, (6.2.7a)

Ny = (=2 tr{L"} —2N(-1)". (6.2.7b)
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Whilst the above method is very elegant and efficient at generating the quantities 7,, and
jn, it unfortunately offers no insight as to the nature of these conserved quantities, and
the above relation between the matrix L and the local conservation laws is almost as

mysterious as the conservation laws themselves.

6.3 A Minor Improvement

In this final section, the previous method is made mildly easier by the introduction of
a slightly simpler initial matrix. Related to Flaschka’s L-matrix, this new matrix Ly is
shown to generate the local conservation laws in an identical manner, and is then used to
create the trace of the Monodromy matrix (6.1.8).

Taking an identical form to L but with simpler off-diagonal terms, this new matrix is

~

proet 0 ... e
equQ ﬁ2 quQ

eQN—l

A~

edN e IN DN

and is closely related to the classical L-matrix (6.2.3). To see this one needs first to
consider the effect of changing the sign of the variable l;n, ie. b, = Pn_1. Keeping a,
the same, it then follows that the time derivatives of these variables, and by extension L,
also change sign. At this point, one should be concerned about the status of this new L
as part of a Lax pair, since L has changed sign entirely while L has only changed down
the leading diagonal. It is elementary however, to show that satisfying the Lax relation

(6.2.4) with this new definition of L requires only that B — —B [68]. The proposed new
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Lax matrix Ly is then related to this sign altered L by the transformation

0 0 0 ot 0 a, 0 0
a;’ 0 0 0 0 oy
0 az' 0 Lv |0 0 0 =L (6.3.2)
AN
0 ayt 0] o 0

where the non-zero elements of the (unitary) transformation operators are given by
N
1~ ~ 1 A ~
a = et e ¥ fori >2, o = GE‘INHe—qf. (6.3.3)
j=1

Inverting the above transformation and writing it as Ly = ULU ™!, and then taking the

time derivative of both sides finds

O, Ly = ULU '+ ULU'-ULU2U
— UU 'Ly +U{BL—LBYU ™ — LyU™'U
= [UU,Ly] +UBU 'Ly — LyUBU ™

= [0UT +UBU™', Lu], (6.3.4)

and so this new matrix Ly forms a Lax pair with By = UU! + UBU"!. Note that
this U need not be unitary, the above treatment works equally well for any invertible
matrix. Since it is also a Lax matrix for the model, Ly will generate the same (or linear
combinations of ) the conserved quantities calculated from L.

The trace of the Monodromy matrix Ty[u] (equation (6.1.8)) can be calculated using

the matrix Ly in the following manner

~

Tylu] = det [u - ZNLN} + (eBFr v g em@immaN) (6.3.5)
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where the first term should be recognisable as the final method of generating the classical
constants of motion given in Chapter 1. From this the local conservation laws of the

system can be found using the generating function

Glu] = In

= Y [Lg;] , (6.3.6)

where the logarithm has been taken to ensure locality in an analogous way to the previous
models. The coefficients of the above expansion correspond directly to Flaschka’s J, at
the end of the last section. Note the limit N — oo is not necessary as the m* conservation
law needs only N > m to be exact, i.e. there is a correction to the N** law, in a similar
manner to J ~, stemming from the second term of equation (6.3.5), which is dropped in
the infinite limit.

Having shown how the local conservation laws stem from the matrix Ly, this section is
rounded out with a proof of equation (6.3.5), which demonstrates the relationship between
the trace of the Monodromy matrix and the matrix Ly. Central to establishing this result

is the determinant of the tridiagonal (n —m + 1)-square matrix

U — P —eim

T
Dppn = det . (6.3.7)
U— Py —eP?

—e i u_ﬁn
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Expanding the first term in equation (6.3.5) in terms of this determinant finds

_€¢§2 0
det [u — IA/N} = (u — Pl)f)g,N —eh (6_(22_[)3,]\[ + (—1)N_2€éN det | o — Py —el )
—e @ g — Ds
+ (_1)N716761 (e*tiz det 0 e + (_1)N7264ND27N71)
N—-1
— (u _ Pl)D2,N _ 6‘?1—@2D3’N _ (_1)N—2€é1+é1\/ H _eﬁj
j=2
N
4 (_1)1\7*16*@1*42 H _6*qu + (_1)N71(_1>N726741+4ND2’N71
7=3
N N
= Din—e™N""Dyny g —||e¥ — H e v, (6.3.8)
j=1 j=1
and so trace of the Monodromy matrix may be written as
TN = [)LN — 6(11\77(}1[)27]\[71' (639)

Expanding the determinant ﬁmn about its top row, so that it can be written in terms of

lower order determinants, yields the recurrence relation

A A

Dm,n == (U - ﬁm) Dm—i—l,n — eﬁm—éerl ﬁm—i—?,m (6310)
which can then be reformulated as the following matrix equation

Dmn u_]am _6tim*qu+1 Dm n ~ [)m n
’ - L R L 6.3.11)

A A A

Dm—i—l,n 1 0 Dm+2,n Dm+2,n

where the resultant matrix K,, looks remarkably similar to the Lax operator L,, defined

at the start of the chapter.
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Expanding out the right-hand side of this matrix equation as a product of the K

matrices up to the final column vector, which can be thought of as

(6.3.12)

A

an n ~ u— ﬁn ~ ~ 1
' K K { }
D, 1

and remembering that ¢y.1 = @1, the recurrence relation can then be solved to find
Dpn = [1,0] ﬁ K, L (6.3.13)
’ r=m O

Substituting this product form of Dmn back into equation (6.3.9), the trace of the

Monodromy matrix becomes

Tnlu] = [1,0] ﬂK m eI =01, 0] ]i_[: . H

= tr[[ &, (6.3.14)

where rewriting the second term requires the use of the identities

u — 131 _€QI*(]2

[0,1] K, = [0,1] = [1,0], (6.3.15)
1 0
at the front, and
.o u—py —eNTh | g [0
KN{ } — N { } - —e‘IN—‘h[ } (6.3.16)
1 ] 0 1 1

at the end. It is now a trivial matter to relate the matrix K, from equation (6.3.11) to
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the original Lax operator (6.1.1)

. U — Py, €dm 1 0 . 1 0
L, =

Il
2

(6.3.17)

—e~im () 0 —eim 0 —eim+

Due to the cyclic nature of the trace, rearranging the above relation for K,, and substi-

tuting it back into equation (6.3.14) returns

Ty = tr[[ 5 = tr[] L, (6.3.18)

i.e. the trace of the Monodromy matrix as defined in the previous chapter, meaning that

equation (6.3.5) and equation (6.1.8) are equivalent.

6.4 Summary

The Toda chain presents a very different type of model from those previously considered,
not just in its style of Hamiltonian, but in the methods used to construct its conserved
quantities and the relation of the quantum and classical systems. Since the quantum Lax
operator (6.1.1) does not have the property (3.3.1), the method used in Chapters 4 and 5
is no longer applicable. Instead a different treatment is used which involves splitting the
Lax operator into the sum of its diagonal (momentum operator) and off-diagonal (position
operator) components. It is shown that for the product of many such operators, the trace
is the same as the sum of the product of the diagonal components, with from zero up to a
half-N applications of the operator (6.1.12), where each application involves different site
indices. The coefficients of the resultant polynomial are the same as the well known non-
local conservation laws of the classical model. The classical model is then considered and
the previously calculated conservation laws are found from the characteristic polynomial
of the Lax matrix L. The local conservation laws are then noted as being equivalent to

the trace of different powers of L. Finally, an alternate Lax pair is formed and a relation
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given between the new Lax matrix Ly and the trace of the Monodromy matrix which is
used to show the equivalence of the logarithm of this trace with the trace of the different
powers of Ly (and by extension, L), thus establishing the locality of the conservation

laws produced.
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Chapter 7

Summary and Conclusions

Classically, an integrable system is defined as one which has an integral of motion for
each coordinate-momentum pair of degrees of freedom, all in involution. These integrals
of motion restrict the allowed trajectories in phase space down to the handles of an N-
torus (IV being the number of integrals / half the number of degrees of freedom).

For a quantum integrable system, the analogue is to have a number of families of con-
servation laws (related by their projection operator) equal to the number of states of the
system. The analogue to the classical restriction of phase space is then to simultaneously
diagonalise enough of the conservation laws of the system, so that the Hamiltonian is fully
diagonalised.

The requirement that the conservation laws of the quantum system form a complete
mutually commuting set should not be included in the definition of integrability. This
fact was demonstrated during the investigation of persistent currents in Chapter 2. These
persistent (or long-time residual) currents are a phenomena associated with systems which
are integrable or close to integrable (e.g. could be transformed into an integrable system
by the tuning of some parameter): generally, if a current is started in a system, it would
be expected to decay over time until it eventually vanishes. In integrable systems however,
part of the current may indeed decay away, but it is possible to have a finite proportion

that will continue flowing indefinitely' [1].

In the case of systems close to integrability in parameter space, an anomalously slow decaying of
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It was shown by Suzuki [2] that the time average of a correlation function could be
expressed in terms of the canonical averages involving the conserved quantities of a system.
This implies that the long-time residual of a current can be thought of as the conserved
part of the current operator, which was shown to be true in Chapter 2. A major element
of Suzuki’s work was Mazur’s inequality [4], which provides a lower bound for the time
average of a correlation function. Since the long-time residual can be calculated in such
a manner, Mazur’s inequality can be used as a test: a single conservation law giving a
non-trivial minimum value is sufficient to prove the existence of a persistent current?.
Suzuki argues that it should be possible to calculate the long-time residual current in
terms of the conservation laws of the system. There is an assumption however, that these
conservation laws should form a complete mutually commuting set, and this assumption
has caused the conundrum considered in the second half of Chapter 2.

In the particular case of the anisotropic Heisenberg model with an external magnetic
field (or XXZh model), there is a current which has a calculable, non-trivial long-time
residual [3]. It can be shown however, that at zero field all of the conservation laws yield
a vanishing contribution to this residual current [1]. Whilst considering the ability of a
given set of conservation laws to generate the full residual current, it was discovered that it
was entirely feasible that the Hamiltonian and a set of mutually commuting conservation
laws could be simultaneously diagonalised by a basis in which the conserved part of the
current operator is off-diagonal. Essentially, it is possible for the relevant conservation
laws to be non-abelian, and thus for some portion, or indeed all, of the conserved part of
the current operator to be inaccessible to a mutually commuting set of conservation laws.

This was not the case in the system in question however, as it was then shown that
simply including the z-component of spin in combination with the existing conservation
laws was sufficient to generate the full long-time residual current. The above ideas could

be seen in action when considering the pure Heisenberg (XXX) model however, specifically

currents has been observed.
2Any one conservation law giving zero as a lower bound however, is not enough to show the residual
current does not exist.
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the compatibility of the current with the set of conservation laws. As with the anisotropic
case, including the z-component of spin will give the full conserved current, but if the
xr-component were to be used instead then it becomes impossible to generate any of the
long-time residual. In this case the current operator is not compatible with the mutually
commuting set of conservation laws and they can generate none of the residual current,
i.e. the conservation laws corresponding to the persistent current are not part of the
mutually commuting set.

Having considered the relationship between conservation laws and the definition of
integrability, and their use in evaluating the time average of correlation functions, the
natural next step was to consider how to generate the analytic forms of these conservation
laws. First, the existing method of generating the local conservation laws of an integrable
system was described and evaluated, using the XX7 model as an example.

The Boost operator method constructs the local conservation laws iteratively by com-
muting the eponymous operator with the Hamiltonian and using the result as the first
conservation law. The Boost operator is then commuted with this new conservation law
and the result used as the second conservation law, and so on, the commutator of each
new conservation law and the Boost operator providing the next conservation law [5].
This appears to be a straightforward and simple process, but it is shown in Chapter 3
that knowledge of the structure of the Hamiltonian used to initiate the process is required
for the method to work.

The problem with the method is this: when commuted with each new conservation
law, the Boost method produces terms whose coefficient is the site index. As was describe
previously, these terms are extremely unphysical and do not form part of the desired
conservation laws. For each new conservation law, it is possible to show that these un-
physical terms cancel out, but to do so it necessary either to expand out commutators in
the Hamiltonian explicitly, or to have prior knowledge of identities involving these com-
mutators (the Reshetikhin condition for the model being the major one). An attempt

to use the Boost method for some general Hamiltonian would therefore fail before even
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producing the second conservation law, since one would not have sufficient knowledge to
cancel the unphysical terms. It would therefore be necessary to investigate a particular
model to discover its commutator properties and identities, and then go through the in-
creasingly long-winded process of using these identities to cancel these terms and find
each new conservation law. This would all then need repeating should one wish to find
the conservation laws of a different model.

In response to the failings of the Boost operator, a new method of generating the local
conservation laws of integrable systems has been developed. The method centres on the
idea of the Transfer matrix, which is found as the trace of a product of the Lax operators
which are associated with these systems. The logarithm of this matrix is known to provide
the local conservation laws of a model as the coefficients of a polynomial in the spectral
parameter, and the new method essentially involves a simple way to analytically evaluate
this logarithm.

The method works by removing the permutation aspect of the Lax operator and writ-
ing the remainder as an exponential of some function of the spectral parameter (essentially
the Hamiltonian plus some corrections). A side effect of separating off the permutation
part of the operators is that it effectively removes statistics from the problem, showing
that they do not affect the local conservation laws. The problem is reduced to taking the
logarithm of a product of exponentials, which can be handled in a straightforward man-
ner with the Campbell-Baker-Hausdorff identity. Though technically simple, this step is
where the majority of the work for this method is required. Separating out and solving
the various recurrence relations seen in Chapter 3 is simple for the first few orders, but
rapidly becomes arduous in the extreme, and to tackle orders higher than those included
here will required some clever and powerful computer programming. Whilst the effort
required at this stage cannot be overstressed, neither can the upside: the work up to this
stage was entirely general and thus only needs to be done once. When considering a spe-
cific model, it is necessary only calculate the exact form of the function the Lax operator

is written as an exponential of, and then substitute this back into the coefficients already
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found by solving the recurrence relations.

This is shown for two examples in Chapters 4 and 5 for the XXZ and Hubbard models
respectively. Each time, the Lax operator is rewritten and the model specific operator
(XA/Z]) found. This operator and the coefficients from Chapter 3 are then combined to
almost trivially produce the first few conservation laws of each system, as far as (and
in agreement with) those previously calculated, but without having to deal with any
unphysical terms or worry about statistics. As a side note it is shown that with this new
exponential form of the Lax operator, the Reshetikhin condition appears as a natural
consequence of the Yang-Baxter equations (for fundamental models at least).

Finally, in an attempt to move away from spin systems and prove the methods total
generality, the Toda lattice was considered. This turned out to be a poor choice since
the form of the quantum Lax operator for model meant it was not compatible with
the treatment used in the previous chapters. This may have something to do with the
highly unusual fact that the conservation laws of the quantum system are the same as the
classical integrals of motion. This has been shown explicitly and in some sense explained
by demonstrating that the trace of the quantum Monodromy matrix can be generated
from the classical Lax matrix.

There are two natural, if somewhat uninspired, avenues for the continuation of this
investigation. Firstly, it may be of interest to continue the generating of the conservation
laws of the Heisenberg and Hubbard models. Calculation of the next two for the Hubbard
model will be a painfully long-winded process, but technically simple as the necessary
recurrence relations have already been solved and so all that is required is to substitute
in the operator Vij found in Chapter 5. Beyond this, further work (on either model)
necessitates looking into the possibility of using computer programs to generate and solve
the higher order recurrence relations, and to then deal with the multitude of commutators
which result from substituting in f/;] One would also have to consider the issue of how to
represent these new conservation laws as the number of terms involved is growing quite

rapidly, see for example the sixth conservation law of the XXZ model in Appendix B.
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The hope here is that creating more conservation laws will aid in identifying any patterns
that exist, either patterns that are common to all conservation laws or ones the emerge
later as the range of interaction of these conserved operators increases.

In a similar vein, the second logical extension is to widen the scope of the investi-
gation by considering more integrable models, and attempting to calculate their local
conservation laws with this new method. The aim here is not just to go from model to
model generating conservation laws, but to compare the models at every step: initial and
permutationless forms of their Lax operators; the form of the operator f/;j in each case,
and of course the eventual conservation laws. The most interesting cases may well end
up being those where, as with the Toda lattice, the new method cannot be applied. It
may even be possible that by studying these systems one can construct an alternative

treatment which can be used when the method of Chapter 3 fails.
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Appendix A

The Campbell-Baker-Hausdorft

Expansion

A key element of this work is how to deal with the product of exponentials when the

exponents do not commute, i.e. to find Z such that
Z = In [e“ieé] when [121, B} # 0. (A.0.1)

The solution of Z as an infinite series of terms of increasingly higher orders of commuta-
tions of A and B is known as the Campbell-Baker-Hausdorff expansion, and this section
outlines one! of the methods of generating it.

Introducing a scaling parameter, ¢ (which will eventually be set to unity), so that

GZAB) _ A B

: (A.0.2)

then the following three Lemmata are used to to write Z as an expansion in powers of ,

where the coefficients are functions of commutators of A and B.

'the second algorithm described in [69]
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Lemma 1
A 1 A A
se? = / ds 197 §7 57
0

for any non-commutative Z, and some operator 9.

Lemma 2
e“iBe_“i = e[AB,

is a well known combinatoric identity, and by right multiplying both sides of lemma 1 by

e~% and using lemma, 2

A ~ 1 ~ N ~ A A 1 ~ ~ ~ A
<5ez> P (/ ds =97 §7 esz) e % =¢? </ ds e %% 67 65Z> e %
0 0
. 1 . . -1 . 1 R .
=e? (/ ds e*l% 67 ) e? =é” —e Pz =062
0 [Z [Z

(1—e2 . 1—elZ
= 17?52 e ? :6[217? 0z,
Z

which leads to

Lemma 3

. . Zz _ .
((56Z) e? = ¢ — 0.
To generate the Campbell-Baker-Hausdorff expansion, use equation (A.0.2) and the choice
of operator 6 = d; in the left hand side of lemma 3
<3tet’4 etB’) <tA et]%)l — AptA B (etA etB)l 1 oA BetB (etA etB)l

= A+etBe ™
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and then using lemma 2 gives

A+eUB = — 52, (A.0.3)
Writing Z as an expansion in powers of the scaling parameter

i " Z,, (A.0.4)
n=1

the Z,, can be found by evaluating the coefficients of the powers of ¢t on each side of

equation (A.0.3). Writing everything in power expansion form

TS TP IR ppst ([ztzp,> Sz, (105

n=1 m= 0

which needs to be solved order by order as each new Z, will be a function of all the
previous ones. Note that solving at order " will give the Z"*'th coefficient. Writing out

each side explicitly up to the quadratic terms

A+ B+ [A B}tJr%[/l [/1 B”#
= 71+ 27yt +3Z3t* + %

th+Z2t2 ,Zl+222t+:|)

[
§'<[th+ [Z1t+-~-,Zl+~-~]>+O(t3)

1 1 1
Zy 4+t (222 +5 [Zl,Zl]) e (323 n 5([21,222] n [ZQ,ZlD + 3 [Zl,Zl,ZlD.

The first three coefficients can be read off easily and so substituting them back into

equation (A.0.4)
Z(t) = A+B+ [A, B]t+ — ([A, [A, BH + HA, B},BD 2+ 0t (A.0.6)

and then setting t = 1, these are the first few terms of the Campbell-Baker-Hausdorft

expansion. For reference, the full expansion up to and including the quintuple commutator
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terms (the highest order used here) is

e (A.0.7)

An obvious extension to the above result, which is used briefly in Chapter 5, is to

consider the product of three exponential terms; i.e. to find Z when
e = eAeBel. (A.0.8)

The solution to this can be swiftly constructed from the above result for two exponents,

by considering the problem as
e = AP with B = eBef, (A.0.9)

and then Z can be written as the standard Campbell-Baker-Hausdorff expansion, but
with every instance of B being replaced with it’s own expansion. Grouping the terms by
the total number of commutators / operators, and rewriting and combining terms where

possible, finds

A

7 = A+B+C+

N | —
/N
ES
=,
+
ES
L,
+
\'m>
9,
SN—
+

g ([A.[8.c]]+[[4.].¢])
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vz ([4.[4.8]) + [4.[a.¢]] + [3.[5.0]] + [[4.8]. 5] + [[4.6].€]
H ] o)+ gy ([4.[[48). 8] + [4 [[4.c].c]] + [5.[[5
+55 ([ [A.8].¢]]+][48].[B.c]] + ][4 [B.C]].€1) +- . (A010)

Several of the above terms will vanish in the case considered in Chapter 5, however, since

it also has the property that A and €' commute.
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Appendix B

Sixth Conservation Law of the XXZ

Model

Continuing the process of expanding equation (3.3.19) and solving the sixth order recur-

rence relation gives

)A(](S) = Z120[‘77“Vn+1a‘7n+2aVn+37‘7n+47‘7n+5}
n=0

48[ [ [0 Vi | Vo] Viss] + 48[V Vi, [V, Wi
5[ [ [V v ] o]+ 2V V] o

~

+36 Vn [Vnﬂ, [WHH, Vn+4]H 412 [Vn, [VHH, [VM,

I q N

n+4

+24[Vr, [[Woer, Viss] s Vo | + 24 [ [V0, [V, O] | Vi
15[ [ [V, W Vasa] Vo] + 6[Va, [V, [Trsa, Vi

15[ [V [V, O | Vo] + [ [ [V W], Vi Vi
+18[V,, [Vn, [Wnﬂ,vmg}'] + 3[177% [f/m [VnH, U’”‘”m

~

+18 |:Vn70R+2i|7vn+3i|7Vn+3 +3 HWnaVnH 7Vn+3 7‘771-{-3

A~

+21 -Una Wn+1i| + 24 [ |:Vm -Un+27 Vn+2i|i| ) Vn+3]
_6 |: Vnu Vn-{-l] ) Wn-{-l] ) Vn+3i| - 6 |:Vn7 |:U’n+27 |:‘A/7Z+27 Vn+3] i|i|

A~ A~

[ TS (A N

+6

—
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=3[ W, Unss] +6[ V0, [Vr, [Vrer, W |

+6 H i Vn} , Vnﬂ] , Vnﬂ} - 3[Un, Wn] (B.0.1)
26T [P, [ Vo] ] 6 [P O] Vo] Vo]
o] ] [P o o]

o [ ] e o ]
sl [ o] [ [ 2]

+6 ‘A/nu |: ‘A/n-i-la Wn+1i| ) ‘A/n+2i|i| - 2 |: |:‘A/n7 Vn-{-l] ) [Wn—l—lv Vn—f—?

A A A A~

4[|V, (O, Viia] | Vs | + 4 (Vi [ [V W] Ve
[V W2 V] Vo] + 60 [ [V Vi) U]

[ i e ] 2 [0 ] ]

3 (Vo [Vier, | Oszs Vo] || + 6| [ W [V, Vi | Vi)

=3[ | [ W Vi | Vi Vasa] = 2| Vo, [Vain, Ui | Vi

sl [5] V] [ [ 2]

|
i 1G] ] V] = [ [ Tv] o]

13

ul
_% [0 V] Vi ] Vo] % [V [V, [Vasr, O] ]
_% HA”’ [Vn’ U”“H ' V”“] - % [Vm H:Wm Vn+1i| ; Vn+1H, (B.0.2)

with U and W as defined in Chapter 3. Only the lowest order of the above coefficient is
needed, in which case V is just iz, and U and W become k and g respectively. As before,
there are also contributions from earlier coefficients, namely the second and fourth: the
latter contributing triple commutators of three hs and a single projection operator (i.e.
every possible option of replacing one of the As in equation (4.4.4) with a p), the former a

solitary single commutator of two projection operators (the final term in equation (4.4.2)).
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B.1. IDENTITIES AND RELATIONS

B.1 Identities and Relations

As well as the the reduction identities (3.1.8a) and (3.1.8b) and the relation (3.1.12), the
following were also employed in the final step of the calculation of the fifth conservation
law, and are required again here.

These identities were found whilst calculating the local conservation laws with the aim
of simplifying them as much as possible, and comparing them to previous results. Their
existence is to be expected due to the structure of the problem: any two-site operator
can be written as a linear combination of the permutation and spin-projection operators,
and since all three site operators are products of two two-site operators!, it is possible to
form a basis of three-site operators from these products of two-site ones. Multiplying by
further two-site operators will give expressions which still only span three sites, and must
thus be expressible as a linear combination of the two- and three-site operators already
obtained. Although unproven, it is believed that the identities in Chapter 3 and those
below represent all the identities that exist for three- and four-site operators.?

The first set of identities reduce double commutator terms down to a linear combina-

tion of operators

[ilnH, [ilnH, pn+2,n+3:|: = 2pn+2,n+3 - 215n,n+2> (B.1.1)
Hﬁn,nﬂ, iznﬂ} , iznﬂ: = 2P — 2Dy 0, (B.1.2)

[pn,nJrl; [ier ilnﬂ]: = Ailnﬂ - AQpn,nJrl + pn,n+2 - 2n,n+2
— |h, [Pn, Py } , (B.1.3)

Hiln, ilnﬂ] ; Pn+1,n+2: = Ailn — A2pn,n+1 + pn,n—l—? - 271,71-‘,—2

- [hn PHH,M: , ﬁnH] , (B.1.4)
[ﬁn, [ﬁn, 2n+17n+3]: = (14 A s + (1= APyt g — 2J01,(B.1.5)
Hi”’”“’ iLW] o, | = L+ ADS o+ (1= A)Pynss — 2Jps1,  (B.16)

lwhich share a common site e.g. PLQ and 2273.
2but note that the summation over the site index can cause unexpected complications.
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B.2. THE SiXxTH LOoCAL CONSERVATION LAW

where the latter two involve the four-site operator
jn+1 - Ahn,n+3 - (1 - AQ)PH,TZ+3' (B]_?)

The second group allows for rearrangement and different representations of the results

s Sumiz] = A ] — (1= 89 ([ Pusrnsa] # [Prnsr o]
= [Suniz s (B.1.8)
[[Dn,nJrla in,n+2: = — [ilm iln+1} + A([ilm pn+1,n+2] + []Sn,nJrla iLnJrl})
- :in,n+2a ISnJrl,nJrQ]; (B-1-9)
[jner iln+2: = —A° [in,nw, ;ln+2} — (1A% [pn,nw, ;Ln+2}
—A(1 - A?) [in,nJrQa pn+2,n+3]- (B.1.10)

B.2 The Sixth Local Conservation Law

Collecting together the aforementioned contributions and with repeated application of the
various commutator identities and relations mentioned above and in Chapter 3, the sixth

local conservation law may written as

£6 = 120 Z |:;Ln> }Aanrla ;Ln+2> iln+3, iLn+47 }Aln+5:|

([ ] ] = [ [ e S]]
i [l ] = [ s S]] ]
80 89([R . s ][ [ B ] o]
i o s e [ o] o]

+A? [En,m,iw,m} + [Jn,izm} [f} Tt }
29[S s e B+ ]

A1 — AQ)([PH, iLn+1i| n [ﬁn, Pn+1]>
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B.2. THE SiXxTH LOoCAL CONSERVATION LAW

+20(1 + 2A) Ly — 80(1 + 2A% 4+ 3AY) L,
65" A([[Bnsn [fsrshss] ] s
:Hn+17hn+2:|7§]n+2,n+4:|:| + [[ﬁn-l—la [in,n+27ﬁn+2]}uiln+3}

|
s s S sosa] ) = 12( [ husa] + [ Brsass]
(

~

zA:n,nJrQa hn+2:| + ﬁn; in+1,n+3:|>

F12A(1 — A2)<[15n,n+2, iw} + [?zn, Pn+1,n+3D

F128(1 = A2) ([P s | + [y Pasa] ) +16(1 +32%) Ly, (B.2.1)

There is a striking (and unexpected) difference between the form of this conservation
law and the previous ones. Until now every term of a conservation law had the same
coefficient; (n — 1)! for the n'* conservation law (ignoring linear combinations of lower
order conservation laws). This new conservation law bucks the trend and contains several
terms which do not fit this pattern, and all attempts at rearrangement into this form
have failed. This begs the question what, if anything, do these anomalous terms mean?
Whether they are significant and correspond to new effects which become important
with increasing lattice length cannot be determined and requires further study and the

calculation of higher order conservation laws.
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Appendix C

Exact form of ‘A/Z-j for the Hubbard
Model

In Chapter 5 the Campbell-Baker-Hausdorff expansion was used to find Vij, where

~ ~

pVij = In Ly

= In <e)‘Uie§Tge)‘Uj> : (C.0.1)

as an expansion in the parameters. It is desirable however, to find the exact form, which
can be obtained using the method outlined in the same chapter. Table C.1 lists the
sixteen two site states, split up by the number of (fermionic) particles in that state. It
also contains the bosonic form of these states (where the two spins on a site represent the
presence (down) or not (up) of a spin up and spin down fermion respectively), and the
effect of the hopping and potential operators defined at the beginning of Chapter 5. The
states have been grouped by (fermionic) particle number, as none of the operators (or
combinations of them) will change this and so the calculation of \A/Z»j can be broken down
and considered one particle number subspace at a time.

Tables C.2 and C.3 contain the matrix form of the hopping and potential operators and
their various commutators, again divided into the subspaces for differing particle number

(note that the subspaces with zero and four particles look exactly the same). Higher order

136



Table C.1: Two site states of the Hubbard model and the effect of the Hopping and
Potential operators on them.

State fermionic bosonic Effect of operator
sitei | site j site i site j Tl U U;
) - il 17 0 | 3 | 3D
PR : 7 i PR ERER
3) - 1 i 1 2) | 33 | —313)
4 |l - 1l il 5) | =3l | 514
5) - l i 1l 4) | 35 | =315
o [ 1 1 17 ] 0 [ =5[6) | —0)
7y | D+ (]| LA+ DD, | 28 | 3D | 317
8) | Jallids + LiTs) | S5LAD(T1; + (A0 | 27 | =3518) | —318)
19) | allals = LTl | L0115 = (TDANDT | 0 | =519) | —319)
110) | 5[(11)i = (11),] | Zl(LD:(r); = (AD)a(LL)] | 0 | 3[10) | 3[10)
11) l l 1l 1l 0 | —3l11) | —3/11)
12) [ Tl T Il It [13) | 3112) | —3[12)
13) 1 1l 1 il 12) | —3[13) | 3[13)
4) |1l l il 1l [15) | 314) | —3[14)
[15) l 1l 1l il [14) | —3[15) | 3[15)
[6) [ 11 Tl 1 1l 0 | 3]16) | —3[16)

commutators have not been included because they all either vanish or can be written as
a linear combination of those already there. It must therefore also be possible to write
the right hand side of equation (C.0.1) as a linear combination of the operators in these
tables.

Starting with the simplest subspaces, the effect of the Lax operator on the zero and

four particle states is

L1y = exp{AUi}exp{QTH}exp{ UJ}|1)

= 1), (C.0.2)
f/ij|16> = exp{AUi}exp{QTH}exp{ Uj}|16>
= eV16). (C.0.3)
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The only operators to be non-zero in these subspaces are the Ua, and so trivially

In [@A} - N = MO+ 7).

but note that this combination also contributes something to the two particle subspace.
In the subspace of states with a single particle, the Lax operator acts on each state as

follows

2
= cosh (g) 2) + e*sinh g) 13), (C.0.4)
L;;|3) = exp {)\UZ} exp {ng exp {)\Uj}|3)
K
|

2), (C.0.5)

)15). (C.0.6)
Lij|5) = exp {AUZ} exp {ng

= cosh (g) |5) 4+ e sin <g |4). (C.0.7)

Here the problem is already block diagonalised, with both blocks the same, and so it is

only necessary to calculate the logarithm of the two-by-two matrix

cosh <§> e *sinh <§> 110 ke?
e* sinh (g) cosh (g) ke 0

and noting from tables C.2 and C.3 that in this subspace, for the same two-by-two blocks,

the off-diagonal elements can be written as the following combination of commutators

0 = Al ) e [ons). o
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110 ke? 1{

— Dginna

4

ke (C.0.9) + ne*(c.o.m)}

{[0070] + [T, 05} +  cosh MTH +

(C.0.10)

Note that this combination of operators returns zero in the two particle subspace. In the

three particle subspace however, U, —

sign, as do the single commutators in equations (C.0.9) and(C.0.10).

—U,, and so the \s in equation (C.0.8) change

These changes in

sign then cancel out when constructing the final relation, and so the above combination

of commutators also gives the correct form of ,uf/;j in the three particle subspace.

This just leaves the two particle space to be dealt with. The states in table C.1 were

chosen to ensure Tg was already almost fully diagonal, so that applying ﬁij to the six

states

exp {AUZ} exp {gﬁ?} exp {x\@}|6>
e |6),

exp{ }exp{

e™*9),

Xp{)\U }|9>

exp {)\m} exp {gfg} exp {)\Uj}|10>

e [10),
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Li]11) = exp{)\Ul}exp{gfg}exp{)\ﬁj}ﬂw
= e M11), (C.0.17)
leads to the relatively simple block diagonal matrix

_e‘A 0 0 0 0 O

0 e‘coshk  sinhk 0 0 0

0 sinhk e *coshk 0 0 0
(C.0.18)

0 0 0 e 0 0

0 0 0 0 ¢ 0

0 0 0 0 0 e

After taking the logarithm, the four pure diagonal terms can be seen to stem from the
same combination as was used for the zero and four particle subspaces, which just leaves

the two-by-two block to be dealt with

e*coshk  sinhk v |sinh \cosh k sinh k

In =
sinhk e *coshk

, (C.0.19)

sinh v —sinh A cosh &

sinh K

in terms of the new parameter cosh v = cosh A cosh k. Again referring to tables C.2 and

C.3, the elements of this two-by-two block can be related by the equations

16 0 N W A
0 -—16
0 4 . N e A
- T [UZ,TZ-?,UJ], (C.0.21)
4 0

and so, including the combination from the zero particle subspace, uf/ij in this subspace
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C.1. IDENTITIES AND RELATIONS

can be written in the form

R R 1 v lvsinh x
/\<U U) 16{Sinhysmh)\cosh/<a—/\}(C.O.ZO) T (C021). (C022)

Finally, the two combinations of operators (C.0.12) and (C.0.22) give xVj; in the odd
and even particle number subspaces respectively, and so, summing the two gives the full

and exact form:

qu/”[ ] )\(UZ“‘U]) +ZSIHh)\ <[Uz,ﬂ§{] [Tle;I’UZ}) —}—gcosh)\{TH [UZ’T ’U]]}
—l—i " Sinh Acoshk — A ([U TH T+ [T T fj])
16 ( sinh v Y ij > i o Y
lvsinhk /- Ao
Tty (0 0T 0 (C.0.23)

C.1 Identities and Relations

Unlike the XX7 model where the permutation and spin-projection operators commute,
the hopping and potential operators which form the Hubbard Hamiltonian do not. This
non-abelian aspect makes life considerably more complicated, as it is the eight operators
in Tables C.2 and C.3 which form a basis for all two-site operators, as opposed to just
the two in the previous case. As before, three-site operators are constructed as products
of two-site ones, but the number of combinations has risen dramatically, and any hope
of finding all possible relations and reduction identities at higher orders is lost. Bearing
this in mind, the following complete the group of identities discovered so far, which have

been used for the simplification of the conservation laws in Chapter 5

S { [ s, B Fss] = (4 9) ([ o] = [ D)

n

o ([ [ G ) ¢ [ [ ]} =000
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IDENTITIES AND RELATIONS

C.1.

Table C.2: Hopping and Potential operators and their Commutators.
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Table C.3: Double Commutators of the Hopping and Potential operators.

Operator Particle Number subspace
0/4 1 2 3

[0 0 0 0 0 0]
-2 0 0 O] 08 0 000 2 0 0 0]
SR 0 2 0 0 00 -8 000 0 -2 0 0
HU“TZ'J']’%'} 0] 0 0 —2 0 00 0 000 0 0 2 0
0 0 0 2] 00 0 000 0 0 0 —2]

00 0 000

00 0 00O
2 0 0 0] 08 0 000 [—2 0 0 O]
s [ 0 -2 0 0 00 -8 000 0 2 0 0
[Tij’[Tij’UJH [0] 0 0 2 0 00 0 000 0 0 —2 0
0 0 0 —2 00 0 000 0 0 0 2
i 00 0 000 i i

0 0 0 0O0O
0100 0 0 -2 000 0100
N P 1 000 0 —2 0 000 1000
[U”[TZJ’UJ'H [0] 000 1 0 0 0 00O 0001
0010 0 0 0 00O 0010

0 0 0 000

S { [ s . ] = 1 4.9) ([ ] = o018

n

(] 0 A R N AR [ S

A A~

o i ] ) + [ [ O] 1+ 3 01 -

]
§>

S [[[ 0] ] ]+ [[ [ B ] Brs] — 1+ 390, 1) (019

Hna |:-Hn7 Hn+1i|i|i| + |: |:-Hn7 -Hn+1i| ) -Hn—|—1i| ) Un+2i|
Ana f{na (A]n+1i| ) -Hn—|—1i| + [-Hny |:Un+17 AHn—I—lu (A]n+2i| ])

2t ] 430 ([0 0] + [.0,0]) f =0, (c1
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Sl i v ] = o [ [ ]
(] ] [ ] ]

[ 1) = a9 ] 4. (4]0 80] 4 5[0 0]) | =0, 009

5 (o[ ] ] ] ([ ] ] ]

_[Hrm [Un+1>Hn+laﬁn+1]:| - |:Hn> [ﬁn+1aﬁn+laﬁn+2]:|

[ Bes] =g [ o] o (5[0 1] 4] 00a] ) } = 0. C.10)

o { it [ o] )+ [0 ) 1.0 5
42 ([0t ) ] +2 (8 [ i, O] }
= 2{2 [Fln,lf[n,ﬁnﬂ,ﬁnﬂ]
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