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Estimating subsurface thermal properties is required in many research
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fields and applications. To this end, borehole experiments such as the ther-
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mal response test (TRT) and active-line-source (ALS) method are of signifi-
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cant interest because they allow us to determine thermal property estimates
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in situ. With these methods, the subsurface thermal conductivity and diffu-
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sivity are typically estimated using asymptotic analytical expressions, whose
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simplifying assumptions have an impact on the accuracy of the values ob-
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tained. In this paper, we develop new analytical tools for interpreting bore-
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hole thermal experiments, and we use these tools to assess the impact of such
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assumptions on thermal property estimates. Quite importantly, our results
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show that the simplifying assumptions of currently used analytical models
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can result in errors in the estimated thermal conductivity and diffusivity of
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up to 60% and 40%, respectively. We also show that these errors are more
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important for short-term analysis and can be reduced with an appropriate
choice of experimental duration. Our results demonstrate the need for cau-
tious interpretation of the data collected during TRT and ALS experiments
as well as for improvement of the existing in-situ experimental methods.
Keywords: analytical solution, borehole experiments, thermal properties,

in-situ estimation

1. Introduction

Accurate characterization and monitoring of heat transport in the sub-
surface is critically important in a wide variety of research fields and ap-
plications. In enhanced oil recovery and in the development of geothermal
systems, for example, the transfer of heat between injected pore fluids and
the host rock governs the effectiveness of the extraction procedures (e.g.,
(Al-Hadhrami and Blunt, 2001; Gelet et al., 2012)). The presence of heat
can also represent a significant risk for the environment as it can create
or reopen microfractures (e.g., (Lin, 2002; Wang et al., 1989)), which may
have dramatic consequences such as seismic activity during geothermal ex-
ploitations (e.g., (Chen and Shearer, 2011; Gunasekera et al., 2003)) and
the leakage of nuclear waste (e.g., (Wang et al., 1981; Xiang and Zhang,
2012)). Recently, heat transport has also gained significant interest for char-
acterizing subsurface hydraulic properties and processes, since heat may be
used as an effective groundwater tracer (Anderson, 2005; Saar, 2011; Wagner
et al., 2014). At the aquifer scale, temperature monitoring can help to quan-
tify groundwater/surface-water interactions (e.g., (Conant, 2004; Constantz,

2008)) as well as to study groundwater discharge (e.g., (Lowry et al., 2007)).
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At the cross-borehole and borehole scales, heat has been used to determine
subsurface structural heterogeneity, most notably the presence of fractures
and their hydraulic characteristics (e.g., Pehme et al. (2013, 2014); Coleman
et al. (2015)), and to quantify borehole vertical flows related to hydraulic ex-
periments (e.g., Klepikova et al. (2011, 2014); Read et al. (2013)). Finally, at
the lysimeter scale, examining temperature variations under forced thermal
conditions can be used to estimate soil-moisture profiles (e.g., (Ciocca et al.,
2012; Weiss, 2003)).

For all of the above-mentioned applications, proper quantification of the
subsurface thermal conductivity, as well as the thermal diffusivity when tran-
sient behavior is being considered, are of paramount importance because
these material properties control the flow of heat in natural environments.
Although property values for various rocks and soils may clearly be found in
reference tables (e.g., (Eppelbaum, 2014)) or estimated from laboratory anal-
yses of field samples (e.g., (Jorand et al., 2013; Popov et al., 1999)), there is no
substitute for in-situ measurements when we require accurate estimates that
are truly representative of natural conditions. To this end, two important
borehole experiments that may be used to estimate subsurface thermal prop-
erties in situ are the thermal response test (TRT) and the active line source
(ALS) method (Figure 1). With the standard TRT approach, heated water
flows in a U-tube located in a borehole and the temperature is monitored at
the inlet and outlet of the system over the course of heating, and commonly
after heating has stopped. This method is widely used in geothermal studies
in which thermal property estimates are required to evaluate the cost and

efficiency of ground heat exchanger systems (e.g., Lamarche et al. (2010);
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Rainieri et al. (2011); Raymond et al. (2011a)). With the ALS method, a
heating cable is used to warm the water in the borehole and the temperature
is recorded as a function of time at one or a variety of locations along the
borehole. The latter can be done via borehole logging using a dedicated tem-
perature probe (e.g., Pehme et al. (2007)) or using distributed temperature
sensing (DTS) technology (e.g., Coleman et al. (2015)). Here, applications to
date have been in hydrogeology where the primary aim has been to identify
hydraulically-active fractures by studying the variation of thermal properties
along the borehole using, in most cases, a flexible fabric liner in order to
avoid hydraulic connections through the borehole (e.g., Pehme et al. (2013);
Coleman et al. (2015)). Note that recent work with TRT experiments has
also involved active heating without the use of flowing water (Raymond and

Lamarche, 2014; Raymond et al., 2015).

Heating

Cable —u FLLiTe Liner

<+— U-pipe

(a) Thermal response test (b) Active line source method

Figure 1: Borehole thermal experiments considered in this study to evaluate subsurface

thermal properties in situ.
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Typically, the estimation of subsurface thermal properties from TRT and
ALS measurements has relied upon asymptotic analytical expressions de-
scribing the temperature variation at the borehole wall in response to a line
heat source (e.g., Esen and Inalli (2009); Hu et al. (2012); Pehme et al.
(2013); Raymond et al. (2011a)). For ALS measurements, these expressions
are used directly with the measured data, whereas TRT measurements re-
quire the addition of an equivalent resistance model in order to relate the
borehole-wall and monitored temperatures (e.g., Raymond et al. (2011a)).
The strong advantage of asymptotic solutions in this context is that they pro-
vide relatively simple time-domain analytical expressions that permit easy
and rapid interpretation of the acquired temperature data. Indeed, the slope
of these solutions is proportional to the inverse of the matrix thermal con-
ductivity, whereas the y-intercept can be related to the matrix thermal dif-
fusivity. A key drawback of the asymptotic expressions considered to date,
however, is that they are based upon assumptions that, although greatly fa-
cilitating the mathematical development, cannot be considered as realistic
for a wide range of practical scenarios. Most notably, currently used asymp-
totic solutions for interpreting TRT and ALS experiments are derived from
analytical solutions that either (i) consider the borehole thermal properties
to be the same as those of the matrix, meaning that the heat source is as-
sumed to be embedded within the host rock (e.g., (Eskilson, 1987)); or (ii)
assume that the heat source is located exactly at the borehole center (e.g.,
(Beck et al., 1971; Shen and Beck, 1986)). Clearly, violation of these as-
sumptions may have an effect on the thermal property estimates obtained

from TRT and ALS data. Related to this, the time after heating for which
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the asymptotic solutions are valid, commonly referred to as the “asymptotic
time” and assumed to occur after only a few hours, depends upon these
assumptions being upheld, which implies that significant errors could be ex-
pected when interpreting short-term experiments. Note that, although some
work has been done to develop better full solutions for the borehole temper-
ature that take into account the presence of the borehole (e.g., (Lamarche
and Beauchamp, 2007a; Hu et al., 2012; Bozzoli et al., 2011; Raymond et al.,
2011)), the assumption of the heat source located directly at the borehole
center is always made.

In this paper, in an attempt to address the above issues, we present new
analytical solutions for interpreting TRT and ALS experiments that account
for the borehole thermal properties and are completely flexible with respect
to the location of the heat source in the borehole. These analytical expres-
sions are derived in the Laplace domain and fully describe the short- and
long-term variation of temperature anywhere in the borehole. From these
solutions, we also derive simplified asymptotic analytical expressions in the
time domain that can be used for accurate and easy interpretation of TRT
and ALS experimental data. We choose an analytical rather than numerical
approach for this work because analytical solutions help to improve our un-
derstanding of the problem, most notably for identifying what experimental
parameters and model properties have the largest impact on the measured
temperature data, as well as determining what experimental configurations
will offer the most accurate estimates of thermal properties. Further, the low
computational cost of analytical solutions is ideal for performing detailed pa-

rameter sensitivity analyses and stochastic uncertainty assessment, both of
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which can require hundreds if not thousands of model computations.

We begin by formulating an expression for the spatial and temporal dis-
tribution of temperature in a general borehole-matrix system subject to a
line-source heat injection in the borehole (Section 2). Next, we use this re-
sult to derive specific expressions for interpreting ALS and TRT experiments,
which are validated against numerical and existing analytical solutions (Sec-
tion 3). Finally, the developed expressions are used to assess (i) the range
of validity of standard asymptotic solutions; (ii) the potential for errors in
subsurface thermal property estimates resulting from the use of these solu-
tions; and (iii) what experimental configurations can reduce the impact of the
assumptions related to these solutions on the accuracy of thermal property

estimates (Section 4).

2. General solution for temperature in a borehole-matrix system

subject to a line heat source

We develop below new analytical expressions for temperature in a borehole-
matrix system considering a line-source heat injection located somewhere
within the borehole. As is the case with all previous work in this domain
(e.g., (Lamarche et al., 2010; Raymond et al., 2011a)), vertical flow in the
borehole and convection in the formation are not considered in our analysis
as they are expected to be minimal for the case of lined or cased boreholes.
The results, presented in the Laplace domain and in terms of dimensionless
quantities, are then used in Section 3 to develop full and asymptotic analyti-
cal expressions, in the Laplace and time domains respectively, for interpreting

ALS and TRT experiments.
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2.1. Problem formulation

Figure 2 shows a general borehole-matrix system in cross-section where
R [m] is the borehole radius, K [W/(m-°C)]| is the thermal conductivity, d
[kg/m3] is the density, and ¢ [J/(kg-°C)] is the specific heat capacity. Sub-
scripts 1 and 2 refer to the borehole and matrix domains, respectively, which
are defined in polar coordinates by €, = {(r,0) : 0 <r < R,0° < 6 < 360°}
and Q,, = {(,0) : R < r < 00,0° <6 < 360°}. Considering the presence
of a line heat source q(r,0,t) [W/m3] somewhere within €2, the temperature

Ti(r,0,t) [°C| in the borehole satisfies the heat equation

8T1 82T1 (03] 8T1 (03] 82T1 q
—_— - — —— — — = — (1a)
ot or? r Or r2 002 dicy

(7", 9) S Qb-

Similarly, the temperature T5(r, 0,t) in the matrix satisfies

@ — 82T2 (0D)] (9T2 (6] 82T2
ot > or2 r or r2 002

=0, (r,0)€ Q. (1b)

where the thermal diffusivity o; = K;/(d;c;). For a heat injection of @ [W/m]
at position (r*,0%) from time ¢ = 0 to t*, the source term ¢ in equation (1a)

is defined as
a(r,0,1) = Quit* — £)5(r — 1,0 — 6°) . (2)

where u(.) is the Heaviside step function and 4(.) is the Dirac delta function.

Equations (1) are subject to (i) the initial conditions

Ti(r,0,0) = T%r,0), Ty(r,0,0)=T°(r,0), (3a)
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Borehole
Kl, dy, €1

Figure 2: Cross section of a general borehole-matrix system in polar coordinates. A line

heat source is located at position (r*,0*) inside the borehole.

where T°(r,0) is the initial temperature in the system; (ii) the boundary

conditions

Ti(r —0,0,t) < oo, To(r — 00,0,t) =T°r — oco,0);

(3b)

and (iii) the continuity conditions at the borehole-matrix interface where

r=R

0Ty oT,
Th=T,, K —=Ky,—.
1 2, 15, 273,
Defining the dimensionless parameters 7; (i = 1,2), 7, p, K, and a as
T; t
P N T = ) =r R7
Q/Kl Rz/al P /
k=Ky/K1, a=am/ay,
expressions (1) can be rewritten as
0 0? 10 1 9 ~
7;_ 7—1__71__ 7—1:)‘7 (P;e)EQh
or  0p*> pdp p? 0602
9

(3¢)

(4)

(5a)
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with A =d(p — p*,0 — 0" )u(t* — 7)/p, and
0T T, adTy  a O*T;

ar ¢ dp>  pOdp  p? 00?

=0, (p,0) € Qp, (5b)

where the borehole and matrix domains in terms of the dimensionless pa-
rameters are now defined by Q, = {(p,0) : 0 < p < 1,0° < 6 < 360°} and
Q= {(p,0) : 1 < p < 00,0° < < 360°}, respectively. Conditions (3) can

then be rewritten as

ﬂ(p>970) = Tﬁ(ﬂ, 9)7 75(07970) = 7-0(07 9)7 (6&)

Ti(p—0,0,7) <00, Talp—00,0,7)=T"p— c,0), (6b)

oT 0T,
= _— = _— = —= 1
Ti =T, 9 "o, =9 =1 (6¢)

where TV is the initial dimensionless temperature defined as 7% = T K, /Q,
and ¢(f, 7) is the (unknown) dimensionless thermal flux between the borehole
and matrix domains.

In order to simplify the mathematical development, note that evaluating
71 and T with initial condition (6a) is equivalent to evaluating 7; — 7°
and 75 — 7° with the initial dimensionless temperature set to zero. In the
following, we thus consider 7° = 0 with 77 and 7T; representing the difference

between the current and initial dimensionless temperatures.

2.2. Laplace-domain analytical expressions

To determine general Laplace-domain analytical expressions for the di-
mensionless temperature in the borehole and matrix domains satisfying equa-
tions (5) and (6), we consider a two-step coupling approach involving domain-

specific Green’s functions (e.g., (Roubinet et al., 2012; Ruiz Martinez et al.,

10
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2014)). In the first step of this approach, initial conditions (6a), boundary
conditions (6b), and only the second continuity condition (6¢) are used to
formulate integral expressions for 77 and 75 in terms of the Green’s functions
T (p, 0, 0,0 7,7') and T35 (p, p', 0,0, 7, 7'). Derivation of the latter functions
can be found in Appendices A.1 and A.2, respectively, whereas details of the

integral formulation are presented in Appendix B.1. The result is
Ti(p,0,7) = /0 u(r* — T')ﬂ*lp,:p*ﬁ,:g*dT' (7a)

T 2
+ / / g0 )Ty d0dr’
0 0

and
a [T [T
To(p.6,7) = 2 /0 /0 90,75y 0 (7h)
In the second step, we determine the Laplace transforms of 71 (p, ¢, 7) and
Ta(p, 0, T) by considering the first continuity condition (6¢). The correspond-
ing details can be found in Appendix B.2, yielding

_ A(s)wi + 2A(s)Sq, < p*,
Tipos) = A, o< (3a)
A(S)wa + 2A(8)S2,  p > p,

and
Talp, 0, 5) = A(s)ws + 24(s) S5, (8b)
where
wi = lo(q1p)Ho(p"), (9a)
wo = Io(q1p") Ho(p), (9b)
11
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. o Kolq2p)
ws = Io(qip )m7 (9¢)
S1 = In(q1p) Hm(p") cos [m(6 — 67)] , (9d)
Sy =Y In(q1p") Hun(p) cos [m(6 — 6%)], (9e)
and
S =% Im(qlp*)%(q;p))hm cos [m(0 — 0] . (9f)

Here, A(s) = (1—e=7")/(2ns), quantities I,,(.), Kmn(.), ¢1, and gy are defined

in Appendix A, and quantities H,,(.) and h,, are defined in Appendix B.2.

3. Temperature expressions for borehole thermal experiments

We now show how the general Laplace-domain expression for tempera-
ture in the borehole given by equation (8a) can be directly utilized to fully
model ALS experiments, and as a starting point in the development of a full
temperature solution for TRT experiments. Again, this represents a sub-
stantial improvement compared to previous work in that (i) we allow for the
heat source to be located anywhere within the borehole; and (ii) the bore-
hole thermal properties are taken into account. Corresponding asymptotic
time-domain analytical expressions are also derived for convenient and rapid

interpretation of borehole temperature data.

12
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3.1. Active line source (ALS) experiments

For ALS experiments, expression (8a) represents an exact solution in the
Laplace domain for the dimensionless temperature monitored at position
(p,0) in the borehole corresponding to a heat source at position (p*, 6*) from
time 7 = 0 to 7*. The expression is valid for all times after heating begins
and therefore describes fully the ALS experiment, but it cannot be inverted
analytically for a corresponding time-domain formulation. Indeed, in order
to use expression (8a) for the interpretation of ALS data, a numerical inverse
Laplace transform is required. However, it is possible to derive a time-domain
analytical expression for the asymptotic behavior of equation (8a) by (i)
rewriting the full solution 7; in terms of a reduced solution corresponding to
a heat source from 7 = 0 to oco; and (ii) deriving a time-domain asymptotic
expression for this reduced solution through an analytical inverse Laplace
transform. The corresponding derivation can be found in Appendix C.1,

with the following result:
7~1<>o = 1h7oo(p7077_) _U(T_T*),Tlhp()(p?e?T_T*% (1())
where Tlh7°° is the reduced solution
T (0,0, 7) = 1 [In(r) + In(da) — (1)
7) = — |[In(7 n(4a) —
1 p7 ’ 471_/{ 7

- o) - S D (=) (- )

Here, 7 is the EulerMascheroni constant and D = /p*2 — 2pp* cos(f — 6*) + p?
is the dimensionless distance between the temperature sensor and the heat
source. Note that when p =1, 8 = 0°, p* = 0, and a = 1, expression (11)

reduces to the standard line-source model developed by Carslaw and Jaeger

13
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(1986) where the distance between the observed temperature and heat source
is equal to the borehole radius and the borehole properties are ignored.

To validate the full and asymptotic solutions (8a) and (10), respectively,
we consider an ALS measurement configuration where the temperature is
monitored at the borehole wall and the heat source is located at an off-center
position inside the borehole (Figure 3). Table 1 shows the borehole and ma-
trix properties that were assumed, which correspond to water and granite,
respectively (Carslaw and Jaeger, 1986). Figure 4 shows the temperature
results computed with these solutions, along with those obtained using the
COMSOL Multiphysics finite-element software package. Note that the Ste-
hfest algorithm (Stehfest, 1970) was used to transform the Laplace-domain
results of equation (8a) into the time domain, which makes our implemen-
tation of this equation semi-analytical. The good agreement observed in
Figure 4a between our results and the finite-element calculation validates
the developed analytical solutions. As expected, we see that our asymptotic
solution (10) has limited ability to model the temperature behavior during

the early phases of heating and cooling (Figure 4b and 4c).

14
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Borehole

Figure 3: Configuration used to validate expressions (8a) and (10) for the monitored
temperature during ALS experiments. The temperature sensor coordinates are defined
as ps = 1 and 0, = 0° (green cross), and the heat source coordinates as p* = 0.3 and

0* = —45° (black cross). The borehole center is indicated with a black circle.

Table 1: Borehole and matrix properties used for validating temperature expressions (8a)

and (10) for ALS experiments.

Borehole Matrix
(i=1) (i =2)
Radius, R [m] 0.05 -
Thermal conductivity,
K; [W/(m-°C)] 0.61 2.51
Thermal diffusivity,
a; [m?/s] 1.46 x 1077 | 1.2 x 1076
Heat source, Q [W/m] 15 -
15
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0.14r
0.12}
0.1}
< 0.08

0.06

Ti(pss

0.04,

X Full semi—analytical solution
o Asymptotic analytical solution
= Numerical solution

0.024

0.141 0.14¢
X Full semi—analytical solution X Full semi—analytical solution

o Asymptotic analytical solution o Asymptotic analytical solution

0.12¢ = Numerical solution = Numerical solution

Figure 4: Dimensionless temperature at the sensor position for the configuration illustrated
in Figure 3. The temperature is plotted as a function of (a) dimensionless time 7 for the
entire experiment; (b) dimensionless time 7 for the heating period (7 < 7*); and (c)
dimensionless time 7 — 7* for the cooling period (7 > 7*). The dimensionless times are
represented using (a) a linear scale, and (b-c) a logarithmic scale. Shown are the results
of our full solution (8a) (blue crosses), our asymptotic solution (10) (red squares), and a

reference finite-element numerical solution (black line).
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3.2. Thermal response test (TRT) method

As mentioned previously, standard TRT experiments involve the flow
of heated water through a U-pipe located in a borehole. The temperature
of the water is monitored at the two extremities of the pipe and typically
the average of these two temperatures is used to estimate the subsurface
thermal properties (e.g., (Lamarche et al., 2010; Raymond et al., 2011a)).
Below, we use T} (i = 1,2) to denote the water temperature monitored
at extremity ¢ of the U-pipe and Trgrr to denote the average temperature.
Normally, an analytical expression for Trrr is obtained by considering the
cross-section of the U-pipe in the borehole and representing it as a two-
pipe system (Figure 5a). For each segment i of the pipe, an expression
for T} can be derived by: (i) writing T} as a function of the temperature
averaged over the external surface of the pipe, T pi, using an equivalent pipe
thermal resistance model (Figure 5b-c); and (ii) writing 7;, as a function of
the borehole-wall temperature using a line-source model associated with an
equivalent borehole resistance model (e.g., (Lamarche et al., 2010; Raymond
et al., 2011a)). This borehole resistance model permits taking into account
the borehole thermal properties that are not considered in standard line-
source models, and it relies on an effective representation of these properties
through a resistance parameter that is evaluated from the data collected
during the TRT experiment.

In the present study, we wish to derive an expression for Trry using
the results of Section 2. To this end, we develop a new solution for the
temperature T; on the external surface of pipe i considering the presence of

heated water in the two pipes of the system. As our work explicitly takes
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Figure 5: (a) Cross-sectional view of a U-pipe inside a borehole of radius R having thermal
properties K1 and ;. (b) Zoom showing the details of the pipe where K, is its thermal
conductivity, and r;, and 7., are its inner and outer radii, respectively. (c) Equivalent

pipe thermal resistance model using resistance R, and heat flux Q;.
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into account the borehole thermal properties, Tzf can be expressed without
the need for an equivalent borehole resistance model as described above. In
particular, it can be obtained by superposing temperatures T."' and T2,
which are defined as the temperatures averaged over the external surface of
pipe 7 considering a source term at pipe 1 and pipe 2, respectively. Appendix
C.2 contains the corresponding derivation, as well as the derivation of the
full solution for Trrr and its dimensionless equivalent 7rrr. The latter is

valid for any position of the U-pipe in the borehole, and given by

Trrr :(Qlﬁav’l + Q27;w’2)/(@1 +Q2) + RyK1 /2, (12)

where Q); is the heat flux from the fluid to the external surface of pipe i, and
7,0 is the average of dimensionless temperatures 7, and 777, given by
7;i’j = KlTIf’j/Qj (1=1,2).

Equation (12) requires the numerical computation of an integral and an
inverse Laplace transform in order to express Trgr in the time domain, and
thus its implementation is semi-analytical. As before, we therefore derive
a corresponding asymptotic analytical time-domain expression 775, which
assumes that the U-pipe is located at the borehole center. The corresponding

derivation can be found in Appendix C.2, with the following result:

Fir = 7 [In(r) + In(da) — 5] (13)

1 k—1 1 Pout
—_— —1 D ou 1 D _1 ’
+ o n (Dip t)+ﬁ+1n( 2)+lipn(pm)}

where k, = K,/K;, D; = s/R with s the distance between the two pipes,
Dy = 1 — D*/16, and p;, and p,,; are the dimensionless inner and outer

radii of the pipes, respectively.
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To validate expressions (12) and (13), we consider two configurations
where the U-pipe is located at different positions within the borehole. As il-
lustrated in Figure 5a, its position is defined by the coordinates (p,, 0.) of its
center, and the angle 6y of pipe 2 with respect to the horizontal line passing
through the center of the U-pipe, where pipe 2 is the pipe with the warmest
monitored temperature (i.e., T]? > T}) Tables 2 and 3 show the borehole,
matrix, and U-pipe properties that were assumed for the validation where the
borehole is considered to be filled with grout (Raymond et al., 2011b). In the
first configuration (Figure 6a), the U-pipe is located at an off-center position
inside the borehole. Figure 7a shows the corresponding data computed using
our full solution (12) and the COMSOL Multiphysics finite-element soft-
ware. The good agreement observed between these two curves demonstrates
the validity of the full solution. In the second configuration (Figure 6b), the
U-pipe is centered in the borehole. Figure 7b shows the corresponding data
computed using our asymptotic solution (13), COMSOL, and the borehole
resistance model developed by Raymond et al. (2011b). As before, the finite-
element solution is used for validation, whereas the borehole resistance model
is used for comparison with existing models that are often used for interpret-
ing TRT experiments. Figure 7b shows an acceptable agreement between
all three curves with some small discrepancies observed at the beginning of
the heating (7 ~ 0) and cooling (7 ~ 11) periods. These differences result
from the limited ability of our asymptotic solution and the borehole resis-
tance model to accurately reproduce short-term temperature measurements.
However, in comparison with the borehole resistance model, the explicit rep-

resentation of the borehole thermal properties used in our solutions avoids
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the need for an extra parameter, usually referred to as the borehole thermal

resistance, that must be estimated from in-situ experimental data.

Table 2: Properties of the borehole-matrix system used for validating temperature expres-

sions (12) and (13) for TRT experiments.

Borehole Matrix
=1 | (=2

Radius, R [m] 0.076 -
Thermal conductivity,
K; [W/(m-°C)] 1.2 2.51
Thermal diffusivity,
a; [m?/s] 353 x 1077 | 1.02 x 107°
Initial temperature, T° [°C] 10 10

Table 3: Properties of the U-pipe system used for validating temperature expressions (12)

and (13) for TRT experiments.

Inner radius, r;, [m]

0.017

Outer radius, 7,y [m]

0.021

Pipe spacing, s [m]

0.07

Thermal conductivity, K, [W/(m-°C)]

0.4

Heat source, Q1 [W/m]

30

Heat source, Q2 [W/m]

20

Heating time, t* [h]

21

50



O Joy U W

OO OO U U OO BB BB DWWWWWWWWWWNDNDMNDNDNDNDNDNNDNNNNRERERRRRRRERERERRE
GO WNREFPOWOWO-JOHUPDd WNEFEFOWOW-TOHOUPd WNREFPOWOJIOHUDdWNREPEOWOWOJOUDdWNE OWOWTO U D WNEFE O W

(b)

Figure 6: Configurations used to validate expressions (12) and (13) for the monitored tem-
perature during TRT experiments. The U-pipe center is located at (a) the dimensionless
distance p. = 0.3 from the borehole center, and (b) the borehole center. In each case,

6. = 90° and 6y = 0°.
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= Numerical solution
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8 Asymptotic analytical solution
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Borehole resistance model
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Figure 7: Dimensionless temperature for TRT experiments as a function of dimensionless
time 7. (a) Full solution (12) (blue crosses) and finite-element numerical solution (black
line) for the configuration in Figure 6a. (b) Asymptotic solution (13) (red squares), finite-
element numerical solution (black line), and results obtained using the borehole resistance

model of Raymond et al. (2011b) (dashed green line) for the configuration in Figure 6b.

23



O J o U W

AN TTUIUTUITUTUTUTUTOTOTE BB DD B DDASEDNWWWWWWWWWWNNNNNNONNNONNNNR R RRR PR PP
O™ WNFROWOJdNT D WNRPOW®O-JIAAUTDRWNR,OW®OW-JdNTIBRWNRFROWO®OW-JNU ™ WNROWOW-10U & WN R O WO

368

369

370

371

372

373

374
375

376

377

378

379

380

381
382

383

384

385

386

387

388

389

390

391

392

3.8. Comments on the heating and cooling periods

ALS and TRT experiments are characterized by heating and cooling pe-
riods that can both be used to evaluate subsurface thermal properties. To
understand if one of these periods is more suitable than the other for this
purpose, we write expression (C.1) in the time domain, which leads to the

following expression for 7;:
Tilp,0,7) = T"(p, 0, 7) — u(r = )T (p, 0,7 — 7°) (14)

where 7" is the temperature solution corresponding to a heat source from

7 =0 to co. Expression 14 can be rewritten as

T p,0,7), T<T%,
Tipo.r) =4 10T (15)
TE(p,0,7), T>7%,

where T,¢ is the temperature during the cooling period given by
Te(p0,7) = T (p, 0,7) = T{"(p, 0,7 — 7°). (16)

Equation (16) demonstrates that there is a symmetric behavior of the tem-
perature during the heating and cooling periods, which is seen in Figures 4b
and 4c for the case where 7 = 30. This means that the asymptotic solu-
tion will have the same limited ability to model the temperature behavior
at early times during both heating and cooling. Consequently, the error in
the estimated thermal properties related to the use of asymptotic solutions
is assumed to be similar for the heating and cooling periods, and we consider
that these periods are equally suitable to evaluate the thermal properties.
For this reason, the following section on the error analysis of temperature

curve used to estimate thermal properties only focuses on the heating period
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of the experiments, and similar results are assumed when using temperatures

measured during the cooling period.

4. Error analysis

We next use the full and asymptotic expressions developed in Section 3
to investigate (i) the time ranges over which the asymptotic expressions are
valid; (ii) the effect of erroneous assumptions regarding the borehole thermal
properties and position of the heat source on estimates of the subsurface ther-
mal conductivity and diffusivity; and (iii) which TRT and ALS measurement

configurations will result in the most reliable estimates of these properties.

4.1. Determination of the asymptotic time

For times greater than the asymptotic time, there will be good agreement
between the asymptotic and full temperature solutions and therefore the
asymptotic solution can be considered to be a valid approximation. With

standard line-source models, the asymptotic time is usually defined as
5 = 5R?/ay, (17)

which is based on a maximum relative error between the exact and asymptotic
solutions of 2% (e.g., (Eskilson, 1987; Lamarche and Beauchamp, 2007b; Ray-
mond et al., 2011a)). For typical borehole diameters, this corresponds to a
time period between 2 and 6 hours, implying that temperature measurements
acquired after this amount of time should be interpretable with asymptotic
solutions. Note, however, that the above simple formula relies upon the as-

sumptions of standard line-source models, which are not realized in many
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practical situations. Consequently, we examine here using our developed so-
lutions the impact of the borehole thermal properties (Section 4.1.1) as well
as the heat source position (Section 4.1.2) on the dimensionless asymptotic
time 7y, and we compare these results to those obtained using the standard
assumptions. In particular, we evaluate 7, at the borehole wall considering a
single heat source term using equation (8a), as expressions derived for both

ALS and TRT experiments usually rely upon this temperature.

4.1.1. Impact of the borehole thermal properties
The relative error E; between the exact and asymptotic temperature
solutions derived in Sections 2.2 and 3.1, respectively, can be defined as

T =T

7| (18)

Bi(r) =

where the exact solution 7; corresponds to the inverse Laplace transform
of expression (8a), and 7> denotes the asymptotic solution given by ex-
pression (10). As in previous work (e.g., (Eskilson, 1987; Lamarche and
Beauchamp, 2007b; Raymond et al., 2011a)), we define the asymptotic time
t; such that F; is smaller than 2% for ¢ > ¢;. The dimensionless asymptotic
time is then given by 7 = t;a /R

To study the impact of the borehole thermal properties on 71, consider
the case where the temperature is monitored at the borehole wall and the
heat source is located at the borehole center. For this configuration, Figure 8
shows 71 as a function of the inverses of the relative thermal conductivity x
and diffusivity a. Two general tendencies can be observed for 7; depending
on the relation between 1/a and 1/k: (i) when 1/a < 1/k, 71 decreases when

1/a increases; and (ii) when 1/a > 1/k, 71 increases when 1/a increases.
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To understand the meaning of these two regimes, consider the borehole and
matrix volumetric heat capacities denoted dic; and dycs, respectively. The
relations 1/a < 1/k and 1/a > 1/k are equivalent to dic; > dacy and dicy <
docs, respectively, and the transition between the two regimes occurs when
dicy = dyce. Consequently, the first regime (1/a < 1/k) is characterized
by larger values of the volumetric heat capacity in the borehole than in the
matrix, which implies that the transient thermal properties of the borehole
are dominant factors determining when the standard asymptotic behavior
is reached. Increasing 1/a until it equals 1/k is equivalent to decreasing
dicy until it equals dycy. Consequently, increasing 1/a reduces the impact
of the borehole transient thermal properties on when asymptotic behavior
is reached, and results in a decrease of 7;. Conversely, in the second regime
(1/a > 1/k), the transient thermal properties of the matrix are the dominant
factors controlling when asymptotic behavior is reached. As an increase of
1/a is equivalent to an increase of these matrix properties, it implies that
asymptotic behavior is reached later and results in an increase of 7.

As standard line-source models consider the heat source to be embedded
in the host rock and ignore the presence of the borehole, their correspond-
ing relative thermal conductivity and diffusivity are equal to 1. Considering
expression (17) for the standard asymptotic time ¢, this means that the
dimensionless asymptotic time 75* = 5. Figure 8 shows that our analysis
reproduces well this result in that 7 = 5 when x = 1 and @ = 1. Note, how-
ever, that we also have 7 = 5 for the set of borehole and matrix properties
presented in Table 1, which corresponds to a large difference between the

true and standard asymptotic times as t; = 23 hours and t§' = 2.9 hours.
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Figure 8: Dimensionless asymptotic time 7; as a function of the inverses of the relative
thermal conductivity x and diffusivity a. The black and red crosses represent the values
of 7 for the sets of parameters presented in Table 1 and Table 2, respectively. The green

cross represents the value of 75! defined for a homogeneous domain.

For the set of properties in Table 2, we have 7, = 6.6 corresponding to
t1 = 30 hours, whereas #' = 7.9 hours. These results show that the borehole
thermal properties have a strong impact on the definition of the minimum
time required for reaching asymptotic behavior. For the sets of parameters
presented in Tables 1 and 2, which have been considered in previous studies,
the true asymptotic time is almost 8 and 4 times larger than the asymptotic
time evaluated using the standard solution, respectively. Quite importantly,
this implies that the duration of borehole thermal experiments must be much
longer than the duration usually considered in order to interpret the collected
data using asymptotic solutions. If these long-term experiments cannot be
conducted, the collected data should be interpreted with exact solutions such

as those presented in Section 3.
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4.1.2. Impact of the heat source position

We now examine the impact of the position of the line heat source on the
dimensionless asymptotic time 77. To this end, we consider an experimental
configuration where the temperature is again monitored at the borehole wall
(as illustrated in Figure 3) assuming the borehole and matrix properties in
Table 1. Figure 9 shows the distribution of 7 as a function of the heat source
position inside the borehole, where a symmetry about the dashed black line is
observed. Whereas a radial symmetry would be expected if the temperature
sensor were located at the borehole center, its location at the borehole wall

results in a different behavior. In particular, we see that (i) 71 is minimized

when the heat source is at position (p,;,, 0%,,,), which is the closest location
to both the temperature sensor and the borehole-matrix interface; (ii) moving
the heat source away from both the temperature sensor and the borehole-

matrix interface results in an increase of 71, which is observed when the heat

source position varies from (pf,,., 0" ,.) to the borehole center; (iii) moving
the heat source further away from the temperature sensor but closer to the
borehole-matrix interface implies a smaller increase of 77, which is observed
when the heat source position varies from the borehole center to (o, .., 010z);
and (iv) as the distance between the heat source and the borehole-matrix
interface decreases, 7 decreases as seen when the heat source is moved from

0%...) to the left extremity of the dashed black line.

the position (0., 0 ax

The above observations show that the value of 7, depends on the position
of the line heat source with respect to the positions of the borehole-matrix
interface and the temperature sensor. For dimensionless times larger than 7,

the monitored temperature can be well described by an asymptotic expres-
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Figure 9: Dimensionless asymptotic time 7 plotted as a function of the heat source
position inside the borehole, where this position is defined by polar coordinates (p*,0*)
with 0 < p* < 0.9 and 0° < #* < 360°. The minimum and maximum values of 7|

are observed when the heat source is located at positions ( 0 ) (red cross) and

p:nin’
(Prrams Omaz) (White cross), respectively. These coordinates are defined as pJ,,.. = 0.9,

0 .in = 0° =0.22 and 6},

*
min ’ pmaw max

= 180°. The black circle indicates the borehole center.

sion that only considers the matrix thermal properties. This implies that
71 is minimized in configurations where the matrix thermal properties are
dominant. This is the case when the heat source is close to the borehole-
matrix interface because heat propagates through both the matrix and the
borehole from the very beginning of the experiment. Conversely, when the
heat source is located far from the borehole-matrix interface, heat propagates
only through the borehole at the beginning of the experiment and the time
required to propagate to the matrix results in an increase of 7. This is also
the case when the heat source is far from the temperature sensor, as heat
propagation from the heat source to the sensor is (mostly) done through the

borehole. Consequently, increasing the distance between the heat source and
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the temperature sensor also results in an increase of 7y.

The results presented in Figure 9 also demonstrate that 7, varies between
1.8 and 5.6 for different positions of the heat source in the borehole, which
corresponds to a range of variation for ¢; between 8.4 and 26.9 hours. For
the case where the heat source is located at the borehole center, m = 5
and t; = 23 hours. As a result, in most practical situations, making the
assumption that the heat source is located at the borehole center will tend
to overestimate the time required to reach asymptotic behavior, which in
turn will not pose a danger for corresponding interpretations based on these
estimates. In other words, the standard assumption regarding the heat source
position will be acceptable for evaluating the temperature at the borehole
wall with an asymptotic solution. However, this is only true if the borehole
thermal properties are taken into account, which again is not the case with
the standard evaluation of the asymptotic time given by equation (17). As
seen in Figure 8, assuming identical matrix and borehole thermal properties

results in an important underestimation of ;.

4.2. Error in the estimated matriz thermal conductivity

Asymptotic expressions (11) and (13) for ALS and TRT experiments show
that the long-term behavior of the temperature inside a borehole subject to

a line heat source can be expressed as

T =mln(r) + n, (19)
where
1
= — 20
m=— (20)
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and, for ALS experiments,

1 1 9
n=g— [In(4a) — ~] — Eln (D) (21)
k—1
= D2 1 — *2 1 — 2
+47T(ﬁ_|_1)n[ +< p)( p)}’
whereas for TRT experiments,
1
= — [In(4a) — 22
n= 1 [In(4a) — ] (22)
1 k—1 1 Pout
— | = 1In (D1 pg, In (D —1 )
+47r[ n(Dip t)+/€—|—1n< 2)+/ipn<pm>]

As a result, for times greater than the asymptotic time, the slope of the
measured temperature versus In(7) curve for both experiments can be used

to estimate the relative thermal conductivity as follows:

S {af—ﬁ} (23)

Standard line-source asymptotic solutions based on the assumption that the
heat source is at the borehole center and ignoring the borehole thermal prop-
erties (e.g., (Eskilson, 1987)) yield a similar result, except that in this case
we have n = m [In(4a) — ~].

We see from the above equations that a major advantage of considering
asymptotic solutions is that their slope, and thus the estimation of the matrix
thermal conductivity, is not explicitly dependent upon the borehole thermal
properties or the position of the heat source in the borehole. However, as
observed previously, asymptotic times based on standard solutions may be
significantly smaller than those evaluated when the borehole properties are
taken into account (Figure 8), meaning that determination of the “correct
asymptotic slope” may be significantly in error when these standard asymp-

totic times are used. To explore this issue, we evaluate the relative error F,
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in the determination of the slope m of the asymptotic solution based on a

particular determination of the asymptotic time 77, which is quantified by

| 0T
EQ(T) - ’m - aT(T)|T:T1

where m = 1/(47k) is the slope of the asymptotic solution and 977 /9 In(7)|,;=r,

J/m, (24)

is the slope determined at 7 = 7 from the full temperature solution at the
borehole wall (equation (8a)), the latter of which we need in order to correctly
estimate k for both ALS and TRT experiments.

We consider the same configuration as before where the temperature is
monitored at the borehole wall and the borehole and matrix properties are
given by Table 1. For this configuration, Figure 10 shows the distribution
of E, calculated as a function of the heat source position for two values
of the dimensionless asymptotic time 7;. In Figure 10a, we consider 7 =
7" where 71" is the maximum value of 71 when the position of the heat
source is unknown and when the borehole properties are taken into account.
From Figure 9 we see that 7{"** = 5.6, which corresponds to the safest
choice of 71 when taking into account the borehole thermal properties and
the unknown heat source position. Figure 10a shows that F, ranges from
5.5% to 13.3% and that the distribution of E5 as a function of the heat
source position is related to the distribution of 77 presented in Figure 9. In
other words, the time required to obtain a good agreement between the full
and asymptotic temperature expressions depends on the heat source position
(Figure 9), and a similar dependency is observed for the time required to
obtain a good agreement between the slopes of these expressions (Figure 10a).
In contrast, Figure 10b shows the results obtained for 7, = 75, where 77"

is the dimensionless asymptotic time considered from standard line-source
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s models and set to 5/a. In this case, the overall distribution of E, is different

s2 from the results presented in Figure 10a with a maximum value equal to 60%.
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Figure 10: Relative error Eo defined in expression (24) and plotted as a function of the

heat source position inside the borehole, where this position is defined by polar coordinates
(p*,0%) with 0 < p* < 0.9 and 0° < #* < 360°. The dimensionless asymptotic time 7 is
defined as (a) 71 = 5.6 and (b) 71 = 5/a. The blue, black and red crosses represent the
positions (pf, 07), (p5,05) and (p5,05) of the heat source, respectively, defined as p; = 0.5,
p5 =103, p5 =0.8, 07 =0°, and 65 = 65 = 180°.
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For a deeper understanding of the results presented in Figure 10, consider
the three positions of the heat source represented by the blue, black, and red
crosses in Figure 10. The corresponding temperatures and their derivatives
are shown in Figure 11 where we see that the asymptotic behavior of the
temperature is not reached for 7 = 75, whereas this behavior is reached for

max

7 = 7" (Figure 11a). This implies a large error in the estimated value

of m at 7 = 7" whereas the error is acceptable at 7 = 7" (Figure 11b).
Figure 11b also shows that, at 7 = 7§, this error is larger when the heat
source is located at position (pj,07) and smaller when the heat source is
located at position (p3, 63).

Considering that the temperature inside a borehole can be described by
full and asymptotic solutions, the above results show that a good agreement
of the slope of these two solutions versus In(7) can only be obtained for times
much larger than traditionally assumed. As the evaluation of the standard
asymptotic time is based on line-source models that do not take into account
the borehole thermal properties, the value of this time is usually underesti-
mated, as well as the required duration of in-situ experiments for obtaining
accurate estimates of the thermal conductivity. As shown in the previous
section for the set of parameters presented in Table 1, this corresponds to a
minimum time around 20 hours, whereas the standard minimum time usually
assumed is approximately 3 hours. The results presented in Figure 10 show
the importance of a “safe” choice of the asymptotic time as its standard defi-
nition can result in an error of 60% in the slope of the temperature expression

that is used to obtain in-situ matrix thermal conductivity estimate.
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Figure 11: (a) Dimensionless temperature, and (b) derivative of this temperature with
respect to In(7), plotted as a function of In(7). The results are obtained with the exact
(solid lines) and asymptotic (dashed lines) solutions for three positions of the heat source
(p*,0%). The vertical dashed and solid green lines represent the standard and maximum
dimensionless asymptotic time 75 and 7{"%, respectively. Note that, for the asymptotic

solution, 97;/01n(7) is represented by a unique horizontal dashed black line as this ex-

pression does not depend on the heat source position (equation (20)).
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4.8. Error in the estimated matriz thermal diffusivity

The thermal diffusivity of the matrix is required for studying the transient
behavior of heat propagation and its estimation from in-situ experiments has
been considered in a number of previous studies based on either numerical
models or standard line-source models (e.g., Bozzoli et al. (2011); Hu et al.
(2012); Raymond et al. (2011); Sharqawy et al. (2009); Wagner and Clauser
(2005); Zheng et al. (2013)). Here, for both ALS and TRT experiments, we
examine the error in estimates of the relative thermal diffusivity a resulting
from incomplete knowledge of the position of the line heat source in the
borehole. To this end, we define the relative error E3 as

By = M’ (25)

Atrue
where ay... is the true relative thermal diffusivity and a., the relative thermal
diffusivity estimated assuming some value for the heat source position. We

assume that the asymptotic time has been evaluated correctly.

4.8.1. ALS experiments
Expressions (19) through (21) show that the relative thermal diffusivity
can be determined from the slope and y-intercept of the asymptotic solution

for ALS experiments as follows:

a= exp(5), (26)
where
n 1
B = - + py— In (D2) (27)
-1
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and (p, 0) and (p*, 0*) are the temperature sensor and heat source positions,
respectively. To examine the errors in the estimated relative diffusivity corre-
sponding to incorrect knowledge of the heat source position, we consider two
configurations having borehole and matrix properties presented in Table 1
and with the temperature sensor located at the borehole wall. In the first

configuration (Figure 12a), the heat source is assumed to be at the borehole

ALS1

center and the corresponding relative thermal diffusivity is denoted by a’;

This estimate can be deduced from expressions (26) and (27) with p = 1,
6 = 0°, and p* = 0, and the result is

1
aéj‘ql =1 exp (% + 7) ) (28)

To evaluate the error in a related to the uncertainty in the heat source po-
sition, we use the relative error Ej3 defined in expression (25) with @y

the true relative thermal diffusivity and a.s the relative thermal diffusivity

ALS1

aest

. Figure 12b shows Fj3 as a function of the true heat source position
which varies over the domain ; = {(p,0) : 0 < p < 0.1,0° < 0 < 360°}. We
see that the error in the relative thermal diffusivity can reach 40% and that
the maximum value is obtained when p* = 0.1 and 6* = 0°.

In the second configuration (Figure 12¢), the heat source is assumed to be

at the maximum distance from the temperature sensor and the corresponding

ALS2

relative thermal diffusivity is denoted by a’y;

. Again, this estimate can be
deduced from expressions (26) and (27) with p = 1, § = 0°, p* = 1, and

0* = 180°. This yields

1 n
ALS?2 4k /(K+1)
= - + vl 2 . 29
@est 4 oXp [(m) ﬂ (29)

As before, we use the relative error E3 with a., defined here as the relative
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ALS2

L”°. Figure 12d shows this error as a function of the

thermal diffusivity a
true heat source position which varies over the domain Q5 = {(p,0) : 0.8 <
p < 1,135° < 0 < 225°}. In this case, the relative error in the relative
thermal diffusivity estimate can reach a maximum value of 80% for the heat
source positions (pf,07) and (p3, 05) with pi = 0.8, 07 = 135°, p5 = 0.8, and
05 = 225°. Note that this maximum error is related to a larger area than
before as the domain €2, is characterized by a larger area than the domain
Q1. When (), is reduced to a domain with the same area as {21, the range of
variation of Ej3 is similar for the two configurations and its maximal value is
around 40%.

The results presented in Figure 12 show that the relative thermal diffu-
sivity estimated with ALS experiments is sensitive to small variations of the
line heat source position. This implies that an accurate in-situ evaluation of
the thermal diffusivity requires reducing the uncertainty on the position of
the heating cable used in these experiments. When this cable is assumed to
be at the borehole center, the uncertainty in its position may be reduced by
using some form of centralizer (e.g., Read et al. (2014)). On the other hand,
when the heat source is assumed to be at the maximum distance from the
temperature sensor, the heating cable might be located between the bore-
hole wall and a liner used to seal the borehole. The latter corresponds to
the extension of a recently conducted experiment where co-located heater
and temperature measurements have been achieved with recent DTS tech-
nologies (e.g., Coleman et al. (2015)). Although in-situ experiments should
be conducted in future work to confirm this conclusion, the second studied

configuration seems to be the most adapted to reduce the uncertainty on
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Figure 12: (a) and (c) Studied borehole configurations for ALS experiments. The small
black circle represents the borehole center, the green cross the temperature sensor, and the
black cross the assumed heat source position. (b) and (d) The corresponding relative error
F5 in the relative thermal diffusivity plotted as a function of the true heat source position

which varies about its assumed position over the domains 1 and €5, respectively.
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the heat source position and its impact on the subsurface thermal diffusivity

estimated from borehole thermal experiments using ALS method.

4.3.2. TRT experiments

We now evaluate the errors in the estimated relative thermal diffusivity
from incorrect knowledge of the heat source position for TRT experiments.
To this end, we consider a configuration with the borehole-matrix and U-
pipe properties presented in Tables 2 and 3, respectively, and we assume
that the U-pipe is centered in the borehole. Expressions (19), (20), and (22)
demonstrate that the relative thermal diffusivity can be determined from

the slope and y-intercept of the asymptotic solution for TRT experiments as

follows:
JTRT _ lexp <ﬁ 4 7) (30)
est 4 m
—1 1 ou
X exp {n {ln (D1pout) — :+ . In(Dy) — H—ln (/; t)} } )
D in

As with ALS experiments, we use the error F3 defined in equation (25)
to evaluate the error on the relative thermal diffusivity when the assump-
tion concerning the heat source position is incorrect. Here, @y is the true
value of a and a.q is the value estimated from expression (30) assuming
that the U-pipe is centered in the borehole. We consider a first experiment
corresponding to the configuration in Figure 6a with a variation of the di-
mensionless distance p. between the borehole center and the U-pipe center.
In this case, the value of p. ranges from 0 to 0.56, where the maximum value
corresponds to a configuration with the pipes in contact with the borehole-

matrix interface. Figure 13a shows that increasing p. implies an increase
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in the error because the U-pipe is further from its assumed position. This
figure also shows that E3 reaches the maximum value of 38% when p, reaches
its maximal value 0.56. In a second configuration, we consider several val-
ues of both p. and 6y, which correspond to moving the U-pipe away from
the borehole center and rotating the U-pipe around its center, respectively.
In this case, and considering a full rotation of the U-pipe, the maximum
value of p. is 0.26, which corresponds to having pipe 2 in contact with the
borehole-matrix interface when 6, = 90°. As before, Figure 13b shows that
E3 increases when p,. increases. This figure also shows that the U-pipe angle
impacts the relative error in a, which ranges, for example, from 8% to 18.6%
for p. = 0.26.

For ALS experiments (Section 4.3.1), we saw that a small variation of
the heat source position from its assumed position can result in an error
of 40% in the relative thermal diffusivity. This means that large errors are
expected for larger differences between the true and assumed heat source
positions. Improving the accuracy of the thermal diffusivity estimated with
these experiments requires a better control of the heating cable position.
Conversely, for TRT experiments, 40% corresponds to the maximum error
obtained when considering all of the possible positions of the U-pipe in the
borehole. For the set of parameters considered in this study, these results
show that TRT experiments are more suitable than ALS experiments for
estimating the subsurface thermal diffusivity, which is largely due to the
small degree of variability of the U-pipe position in TRT experiments in
comparison with the heating cable position in ALS experiments. However,

larger errors could be expected if a U-pipe having a small size in comparison
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2 with the borehole radius were considered, thus leading to greater uncertainty

73 regarding its true position in the borehole.
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Figure 13: Relative error F3 in the estimated relative thermal diffusivity for TRT experi-

ments assuming that the U-pipe is centered in the borehole. This is plotted as a function
of the true position of the U-pipe with (a) 0 < p. < 0.56, . = 90°, and 6y = 0°, and (b)
0 < pe <0.26, . = 90°, and 0° < 0y < 360°.
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5. Discussion and conclusions

We have developed in this paper new Laplace- and time-domain analyt-
ical expressions for interpreting borehole thermal experiments. Using these
expressions, we showed that the typical practice of ignoring the borehole
thermal properties, through the consideration of simplified asymptotic solu-
tions, can result in a significant underestimation of the time required to reach
asymptotic behavior. Quite importantly, this means that the borehole exper-
iments should be conducted for times much larger than traditionally assumed
when using such simplified solutions, or that they should be interpreted with
exact solutions like the Laplace-domain ones developed in this work. We also
showed that the uncertainty related to the position of the heat source in the
borehole does not significantly impact the value of the asymptotic time when
the borehole thermal properties are properly taken into account. However,
the combined effects of ignoring the borehole properties and not knowing the
heat source position result in an error of up to 60% in the estimate of the
slope of the measured temperature curve, which is used to evaluate the sub-
surface thermal conductivity. Using asymptotic time values that take into
account the borehole thermal properties and heat-source-position uncertainty
enables us to reduce this error to only 10%. Concerning the subsurface ther-
mal diffusivity, we saw a significant impact of the heat source position on
the estimation of this parameter from ALS experiments, in that sense that
errors of 40% were obtained in our simulations. Conversely, 40% corresponds
to the maximum error in the relative thermal diffusivity estimated with TRT
experiments for any position of the U-pipe.

The results presented in this work considered the interpretation of the
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heating period during borehole thermal experiments. Based on the relatively
rapid homogenization of the borehole temperature after heating has stopped
(Raymond et al., 2011b), some researchers have suggested that the cooling
period may be better adapted for analyzing temperature measurements for
the estimation of subsurface thermal properties (e.g., (Raymond et al., 2011b;
Pehme et al., 2013)). The corresponding justification is that, during cooling,
errors related to movement of the temperature sensor over the course of
measurements will be reduced because the variation of temperature inside
the borehole is smaller than during the heating period. As we considered a
fixed position of the temperature sensor in our study, these aspects were not
considered. That is, when studying the effects of the heat source position,
we evaluated the impact of a wrongly assumed position that was fixed during
the entire experiment. However, analyzing the consequences of displacement
of the sensor should be conducted as future work.

As additional extensions of this research, we plan to develop solutions
that account for the presence of advective flow in the formation, which is
important for interpreting borehole thermal experiments in fractured rocks
where hydraulically-active fractures intersect the borehole. We also plan to
focus further on the interpretation of data collected during both ALS and
TRT experiments, in the context of using the proposed solutions to develop
a systematic strategy to invert for subsurface thermal properties. Finally, a
long-term goal of our work is to investigate how analytical solutions may be
developed for cross-borehole thermal experiments in fractured rock in order
to evaluate characteristics of the fracture network. Here, existing models for

hydraulic experiments between boreholes (e.g., (Roubinet et al., 2015)) and
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heat transport in fracture-matrix systems (e.g., (Ruiz Martinez et al., 2014))

could be employed.
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Appendix A. Green’s functions

Appendiz A.1. Borehole domain

We wish to derive the Green’s function 7;*(p, p/, 0,0’ 7, ') associated with

equation (5a), and subject to the initial conditions
T (r=0)=0, T (r=7)=0,

and the boundary conditions

o7

Tilp—0) <00, !

Defining the Laplace transform of a function f(t¢) as

F(s) = / " Ftyet,

the Laplace transform of 7;* satisfies
. PT 10T 19Ty
ST — - = - =

op*>  p dp  p* 06?
=d(p—p,0—0)e"" /p,

and is subject to the boundary conditions

_* oT;
Tilp=0) <00, 5!

47
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Based on the derivation method used in Regenstreif (1977) for steady-

. —
state equation, we assume that 7; can be expressed as

o0

Z (p, 0, s,7") cosim(0 — 0")]. (A.5)

This expression is introduced in equation (A.3) which is then multiplied

by cos[n(6 —6’)] and integrated over 6 from 0 to 27r. This leads to, for m = 0,

aZf(Z) 1 af(Z] 5(/) - pl) —st!

i _ 2o AW P A.6
SfO 8p2 . ap 27Tp e ( a)
and, for m > 1,
1 o O0PfL 1aft dp—p)
<s—|— ?m > fo — 02 " op = ( - >e , (A.6Db)

where the latter equations are subject to the boundary conditions

0o

folp = 0) < o0 3—,0(/): 1) =0, (A.7a)
and
fr(p—0) < oo %(,0 =1)=0, m>1 (A.7h)

For p # p/, considering equations (A.6) associated with boundary condi-

tions (A.7), we obtain the following expressions for f3 and f}:

Aol : </,
gl o(q1p) p<p (A 80)
Do [Ko(qip) + Gola) Io(aup)],  p> 1,
and
Al , </,
o (¢1p) p<p (A.8b)

Dy [Kin(q1p) + Gl @) In(@1p)],  p> 7,
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848

849
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851
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853

854

with ¢; = /s. Here the functions I,,(.) and K,,(.) are the modified Bessel
functions of the first and second kind, respectively, and the function G,,(¢;)
(i = 1,2) is defined as Gy, (¢:) = G (¢;)/G%(¢;) with the functions G (¢;)

and G2 (q;) expressed as

Gr(@) = Koyr (@) — mEon(a:) /¢, (A.9a)

and

ng((b') = Lns1(q) + mIy(4:)/qi- (A.9Db)

Finally, continuity conditions for p = p’ are enforced and the final expres-

sions for fj and f, are

T Ilap)FL(),  p<p,

—ST/

fo=
S—Io(qp)Fy(p),  p>7,

(A.10a)
and

ﬂlm FL(p, <y,
p=d (@p)Enp), P <p (A.10D)
S In(a ) E(p), p> 0,

where the function F}}(p) is defined as F, = K,,(¢1p) + Gun(q1)Ln(q1p). By

using these expressions in (A.5), we obtain the following final expression for

T
—s7’

2T

/00

> Inlqip) Fp(p) cos[m(6 = 0)],  p < g,

m=1

T = S—I(ap) F (9 (A.11a)

—S8T

e
+

and

—s7’

. €
7—1_27r

e—ST/ >
> Lu(@p))Ep(p)cos[m(0 —0)], p>p.
m=1

Io(q19')Fy (p) (A.11D)

_|_
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Appendiz A.2. Matriz domain

We consider now the Green’s function 75" (p, p, 0,0, 7, 7") associated with

equation (5b), and subject to the initial conditions
T (r=0)=0, T (r=71")=0, (A.12a)

and the boundary conditions

oty
dp

(p=1)=0, TS (p—00,0,7)=0. (A.12D)

The Laplace transform of 7" satisfies

- O*Ty  adTy  a O*Ty
- - - - = A.13
*T: Yok T pop 2o (A.13)
0p—p0-0)
p
and is subject to the boundary conditions
Ty .
85 (p=1)=0, TS (p—00)=0. (A.14)

Applying the same methodology as in Appendix A.1, 7, is expressed as

- 6—87" ) )

Ty = 5rg Kol ) Fy (p) (A.15a)
6787’( 00 /

t Z_le(qw/)F’i(p)COS[m(@—9)], p<yp,

and

_ 6—57"
= g Kolap) By (0 Al

7, Ira 0(q20)F5 (p') (A.15b)
6787" o] / / /

F S Kalwp) FA ) coslm(@ — 0], p> 7,

m=1

with g, and F2,(p) defined as g = \/s/a and F7,(p) = L (q20)+Kim(q2p) /G (42)-
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Appendix B. General Laplace-domain temperature expressions

Appendix B.1. Temperature integral expressions

It is possible to derive an analytical expression for the dimensionless tem-
perature 77 by (i) rewriting equation (5a) in terms of the variables p/, 8" and
7" with a source term at position (p*,6*) at time 7*; (ii) multiplying this
equation by the elementary solution 7;* defined in Appendix A.1; and (iii)
integrating over the domain €2, and until time 7. Integrating by parts each
term, and using the initial and boundary conditions related to 7; and T;*

and the second continuity condition (6¢), 77 is expressed as

Tip0.7) = [ e =Ty (B.1a)

2w
/ / | /_ 1d9 d'T

Applying the same methodology for the dimensionless temperature 7Ty
with its related Green’s function 75", their related initial and boundary con-
ditions, and the second continuity condition (6¢), we obtain the following

expression:

Ta(p, 6,1 ———/ / )5 | y=ndO'dr’. (B.1Db)

Appendiz B.2. Temperature final expressions

From expressions (B.1), the Laplace transform of 7; and T3 are expressed

as
1— 6—57* _

7_-1(p797 8) —71*|P/_,0 0 =0* /= (B2a>

/ T o (0, 7)A0
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903 and

904 T p,@ S % 7; ' =1,7= Og( )dQ’ (B2b)

905 0
and the first continuity condition (6¢) can be expressed as

_ —sT*
1 L—e" =
1 |p=1,p'=p*,0/=0*,7'=

/ 71p 1,p/=17"= Og( )de,

Kk Jo
When substituting 7;* and 7, in (B.3) with their expressions (A.11) and
(A.15), (B.3) is rewritten as

{IO(Ql)+ Ko(fh))} /O%gde’

[1(611) UKl(Qz
— [ In(q1) Kim(g2) o o] a0
+2;[G%(ql)+a%(%)}/ﬂ cos [m(6 — 0')] gdf
C1-eT ()
s 11(611)
2 (1-e Z G;hp cos[m(0 — 0")], (B.4)

S

s where o is defined as 0 = k/+/a, and the functions G} (¢;) and G2 (q;) are
o7 defined in (A.9).

908 (B.4) is then integrated over 6, yielding

o 1—e oK1 (q)Io(q1p")
gdd = — B.5a
3(1)2 /0 g S UKI(Q2>IO(Q1) + Ko(Qz)h((h) ( )

911 and
27 1— 6787—*
912 / COS(m(Q — 0/))gd8/ S —
0 S
oL, (qip*)GL (q2) cos[m (6 — 6*)]
013 X m . B.5b
0L (41) G (42) + Kon(42)G2, (1) (B-5b)
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930

931

932

933

Finally, expressions (B.5) can be used to obtain the following final ex-
pressions for 7; and 7Ts:

— 1—e 57
T = 27s

1— e_ST* * * *
e > Ln(qup) Hi(p") cos [m(0 — 6%)],  p < p*,
m=1

Io(q1p)Ho(p") (B.6a)

o0

B 1— 6757'*
1= TIO(%P*)HO(P) (B.6b)
1- e*ST* . * * *
— > Ln(qup*) Hin(p) cos [m(6 — 6%)],  p > p*,
m=1
and
_ 1l—e Ko(g2p)
— I ) ———=2Lh, B.6
Tz o s of ) K0<q2) 0 (B.6c)
1—e " & Km(‘]ZP)
. — L, ) ———Lh,,, cos [m(0 — 6")].

In expressions (B.6), the function H,,(p) is defined as

Hm(p) = Km(le) + 5mIm(Q1p) (B.7)
with

—0 Ko (q1)G, (q2) + Ki(q2)G (1)
Kin(q2) Gy (@1) + 01in(q1) G, (2)

and h,, is a particular value of the function H,,(p) defined as h,, = H,,(1).

6m:

Appendix C. Temperature expressions for borehole thermal ex-

periments

Appendiz C.1. Asymptotic expression for ALS experiments
In this section, we wish to derive 7,°, the time-domain analytical expres-

sion that describes the asymptotic behavior of the temperature monitored
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during ALS experiments. For deriving this expression, we use the exact
Laplace-domain solution (8a) corresponding to a heat source from 7 = 0 to

7*. This solution can be rewritten as
Ti(p.0,s) = (1—e) T (p,0,s), (C.1)

with 7;* the Laplace-domain solution corresponding to a heat source from

7 =0 to co and defined as

Th(p.0.5) = wy/ (2ms) + 81/ (ws), p<p*, (©2)
wa/ (2ms) + S/ (ws), p > p*.

From expression (C.1), 7,° can be expressed as

T (p, 0,7) =T"%(p,0,7) (C.3)

—u (T - T*) 7’1h,00(p76)’7_ - T*),

where Tlh’oo describes the asymptotic behavior of 7*, which is the inverse
Laplace transform of T/,

For deriving an analytical expression of 7,°°, we need to derive an analyti-
cal expression of Tlh’oo. To this end, we consider the following approximations
of the Bessel functions I,,(z) and K,,(x) for small values of x (Abramowitz

and Stegun, 1972):

I (@) ~ % (g)m (C.4a)
and
Ko () ~ w (g)_m (C.4b)
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Laplace transform of the asymptotic solution ’Eh’oo is expressed as
Th,00 1 *
T(p, 0, s) ==—— [Ko(q1p") — Ko(a) + Ko(g2) /K]

sk cos [m(6 — 6%)],

T (0,0, 5) = [Ko(q1p) — Kolar) + Ko(ga)/A]
s2 cos [m(6 — 6%)],

where the terms s and s?, are defined as

From (C.5), 77> can be derived analytically as follows:

(p.0.7) = [r (o,

Using these approximations for small values of the Laplace variable s, the

(C.5a)

(C.5b)

(C.6b)

—~

C.7a)

(C.7h)
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As our solution is developed for large times, we consider that the gamma
function I' (0, z) can be approximated as I' (0, z) = —In (z) — v (Abramowitz
and Stegun, 1972). Considering, in addition, the following relationship

oo m 1
Z a” cos(me) = ——In[l — 2acos(¢) + a°], (C.8)

2
m=1 m

expression (C.7) is rewritten as

T(0.0,7) = o () 4 14a) 7~k (DY) (C9)
b

where D, the distance between the sensor and heat source, is expressed as
D = \/p*? — 2pp* cos(0 — 0%) + p2.

Using expression (C.9) in (C.3) enables us to obtain an analytical expres-

sion of the time-domain asymptotic solution 7;>.

Appendiz C.2. Temperature expressions for TRT methods

Typically, the temperature Trrr monitored during TRT experiments is
defined as the average of the water temperature T} (¢ = 1,2) monitored
at the two extremities of the U-pipe. For each pipe i, this temperature is
usually expressed through a pipe resistance model as a function of T;, the
temperature averaged over the external surface of pipe ¢ (Figure 5¢). This

yields
T; =T, + QiRy, (C.10)

where (; is the heat flux from the fluid to the external surface of pipe i, and

R, is the pipe thermal resistance that can be defined as R, = [In (7ut/7:n)]/ (27 K})

(e.g., (Lamarche et al., 2010)).
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Using the temperature expression developed in Section 2, we wish to
derive a new analytical expression for Tlf. As the heat equations (5) are
linear, the presence of several source terms can be considered by superposing

the solution for each source term as follows:
N
T =) T, (C.11)
j=1

with N the number of source terms (here, N = 2), and Tg’j the mean tem-
perature on the external surface of pipe ¢ subject to a heat source at pipe j.
Considering the dimensionless temperature 7,7 = K T7/Q; and the aver-
age temperature 7;“”’j = (7;171 + 7;2’j ) /2, the temperature measured during

TRTs can be expressed as

Trrr :(Qlﬁ(w’l + Q2’7;‘“”2)/K1 (C.12)
+ (@1 + Q2)R,/2,

and its dimensionless formulation is defined as Trrr = TrrrK1/Q with Q =
Q1+ Q2.

As T} is the dimensionless temperature averaged over the external sur-
face of pipe ¢ subject to a heat source at pipe j, it can be expressed as
T4 = 1 [, Ti;dl; where L is the circumference of the outer external sur-
face, dl; the integral variable around the external surface of pipe 7, and 7 ;
the dimensionless temperature in a borehole-matrix system subject to a heat
source at pipe j. Considering that the heat sources can be represented as
point-heat-injections localized at the center of the pipes, 7;; is equal to 7T;
defined in Section 2.2 with (p*, 6*) = (p;, 0;) where (p;, 6;) is the position of
the center of pipe j.
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In a general manner, the latter integral can be evaluated numerically using
expression (8a) to describe 7y ;. A simplified expression can be deduced an-
alytically by (i) describing 77 ; with the asymptotic expression (10); and (ii)
considering a U-pipe localized at the borehole center. Considering the dimen-
sionless asymptotic TRT temperature T35, defined as Ty = T%r K1 /Q
with 7%, the asymptotic expression of (C.12), the resulting analytical ex-

pression is

- 1
TRT = g [In(7) + In(4a) — 7] (1
1 k—1 1 Pout
~ |—m(D In (D) + =1
+47T H( lpout)—i_/i_*_]_ H( 2>—|—l{pn(pin):|7

where k, = K,/K;, D; = s/R with s the distance between the two pipes,
Dy = 1 — D*/16, and p;, and p,, are the dimensionless inner and outer

radius of the pipes, respectively.
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