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Abstract: In the seminal contribution [7] the joint weak convergence of maxima and minima of weakly
dependent stationary sequences is derived under some mild asymptotic conditions. In this paper we ad-
dress additionally the case of incomplete samples assuming that the average proportion of incompleteness
converges in probability to some random variable P. We show the joint weak convergence of the maxima
and the minima of both complete and incomplete samples. It turns out that the maxima and the minima

are asymptotically independent when P is a deterministic constant.
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1 Introduction

The asymptotic behaviour of extremes of random samples is a topic of interest in many theoretical and
applied research fields. As for the case of sample mean, under certain assumptions the limit distribution of
maxima of random samples can be shown to converge weakly after a linear transformation to a random
variable (rv) which is either Gumbel, Fréchet or Weibull, see the classical monographs [8, 9, 16, 22].
In many cases, for instance if we consider an independent random sample Xi,..., X, with underlying
N(0,1) distribution, both maxima M,, = maxi<;<p X; and minima m,, = min;<;<, X; converge weakly
to a Gumbel rv, see below for technical details. For any fixed n both m, and M, are dependent rvs,
however, maxima and minima are asymptotically independent. Surprisingly, as shown in [7, 19, 24]
under mild conditions this is the case also if {X,,n > 1} is a strictly stationary random sequence. The
asymptotic independence of minima and maxima is crucial in statistical application, see for instance
[4, 17].

When dealing with real data, missing or censored observations are very common. Results for the joint
asymptotic behaviour of maxima of complete and incomplete samples were initially derived in [14] and
[18]; several authors followed these contributions see e.g., [6, 12, 20, 21, 23].

In our context the random sample Xi,..., X, becomes incomplete if observations are missing. The
probabilistic model governing the missing of the observations studied in this paper is that of [18], i.e., we
shall consider independent Bernoulli rvs £,,n > 1 independent of X;’s so that ¢; is the indicator of the
event that X; is observed. Thus S, = Y., & is just the number of observed rvs from {X1,...,X,}.

The main restriction on ¢;’s imposed in this paper is that

Sn L 2= p e o)1) (1.1)
n n



holds in probability as n — co. For the incomplete sample define the maxima M, (g) as

M, (o) max{X;,e; =1,i<n}, if >0 & >1,
n(&) =
inf{x|F(z) > 0}, otherwise,

where F' shall denote the common distribution of X;’s and define similarly the minima m.,(€).

The seminal article [18] derived the joint asymptotic behaviour of M,, and M, (e) considering P to be
non-random, see (2.2) below for details. The more general case that P is random is established in [14].
Based on the latter contribution, in this paper we consider additionally the sample minima deriving the
joint asymptotic behaviour of (my,m,(€), My, M, (€)) when (1.1) holds with some random P imposing
some mild conditions on the strictly stationary random sequence {X,,,n > 1}.

Our main result shows that (M, (e), M,) and (m,(g), m,) are asymptotically independent if P is a
deterministic constant. This fact is interesting and somewhat expected since the incompleteness of the
data influences both maxima and minima, and therefore the asymptotic independence is not always
possible.

Brief organisation of the paper. In the next section we present our main result and then apply it to some
interesting cases of stationary sequences in Section 3. Proofs together with auxiliary results are displayed

in Section 4.

2 Main Result

We shall consider below a strictly stationary random sequence {X,,n > 1} with marginal distribu-
tion F, i.e., all X;’s have the same distribution F, and (Xy41,...,X,4;) has the same distribution as
(Xntk+1, -+ > Xntkyj) for any j, k,n € IN. Suppose that there exist sequences a,, > 0, ¢, >0, by, d,, €IR
and non-degenerate distributions G and H such that (write next F =1— F,H =1— H)

lim F"(un(z)) = G(2), lim (F(vy(y)" = H(y), (2.1)

n—roo n—roo

where u, () = apx + b, and v, (y) = cpy + dn, x,y € IR. Under the well-known asymptotic conditions
D(up,vy,) and D’ (uy,) in [18] it was shown that (2.1) implies
lim P{M,(e) < un(x), My < un(y)} = Flz,y; P) = GF ()G (y) (2.2)

n— o0

for any = < y, provided that (1.1) holds with P a deterministic constant. In [14] it was shown that
(2.2) still holds if P is a rv with F(z,y;P) = E{G”(#)G*~"(y)}. Since we shall consider also the
minima, both dependence conditions D(uy,, vy,) and D’(u,) assumed in the aforementioned references are
not sufficient for our investigation. Therefore, we shall impose below the stronger dependence conditions
introduced by Davis [7]. Throughout in the sequel z,(x,y) := (un(z1), tn(x2),vn(y1), vn(y2)) are given
constants.

Definition: Condition D(z,(x,y)) is satisfied, if for any n and all Ay, Ay, By, Bs C {1,...,n}, such
that AN Ay =0, BiNBy =0 and b—a >1,, where a € A; U Ay and b € B; U By we have that

PS () {on@) <Xj<un(@)}n () {wall) < X; < un(@)}
jEAUB, jEA2UB>

-P _ﬂA {on(92) < Xj < up(@2)} N _ﬂA {vn(91) < Xj < un(T1)}



x PS8 () {on(@2) < Xj < un(@)}0 () {on() < X <un(@)} p| < an,s
JjE€EB1 JEB>2
where lim,,—, o0 @ g, = 0 for some sequence I,, — co with I,,/n — 0 and z; = x; + [ - 00,3, = —(1 = I)J -
oo +yi,t=1,21,J€{0,1} (set 0-00:=0).
Definition: Condition D'(uy(x),v,(y)) is satisfied for a real sequence {u,(x),v,(y),n > 1} if

[n/K]
limsupn Z {]P’{Xl > un (), Xjt1 > un (@)} + P{X1 > up(x), Xj41 < vn(y)}

+P{X1 S vn(y), Xjr1 > un(@)} + P{X1 S 0y (y), Xj1 S vnly)} | = o(1)

as k — oo.

We state next our main result.

Theorem 2.1 Let {X,,n > 1} be a strictly stationary random sequence with underlying distribution
F. Suppose that (2.1) holds for un(z),vn(y), x,y € IR. Assume further that both D'(un(z),vn(y))
and D(un (1), vn(y1), un(x2), va(y2)) hold for xo < 1, y1 < ya. If the indicator random sequence
e = {en,n > 1} is independent of {X,,n > 1} and further (1.1) is satisfied, then

Jim P {on(y2) < mn(e) < My(e) < un(w2),va(y1) < mn < My < un(21)}
=E{G” (22)(H(y2))" G P (1) (H(y1))' 7"} .

Remarks: a) Under the conditions of Theorem 2.1 for y; < y2 we have

lim P {my(€) > va(y2), mn > va(y1)} = E{(H(y2))” (H(y1))' "}

n—oo

Further,

lim P{M,(€) < un(22), M, < up(z1)} =E{G” (22)G* 7 (21)}

n—oo

holds with xo < 7.
b) Theorem 2.1 implies for any z,y € IR

lim P {v,(y) < mn(e) < My(e) < up(w)} = E{G”(z)(H(y))"} .

n—oo

Hence, if P is a constant, then the maxima and the minima are asymptotically independent.
¢) Our result shows in particular the joint asymptotic convergence of (my,(€), my) (and similarly for
(M, (e), M)). We have thus

(’""("') M= d”) 4 (MLM), oo

Cn

and consequently,

Cn C’IL

<m"(€) — Mo M _d"> L (M= M, M), n— oo

A similar result is given in [15] for the case that P is a deterministic constant.



3 Examples

In this section we present four illustrating examples.

Example 1. (Gaussian sequence) We consider the case that {X,,n > 1} is a centered stationary
Gaussian sequence with correlations p, = E{X1X,,11} < 1,n > 1 such that E{X%} = 1. With the

choice of constants

1 Inlnn + Indnr
=c, = , bp=d,=V2lnn - ———— 3.1
fn = n vV2Inn " ' nr 2v/2Inn (3:-1)

condition (2.1) holds where u,(z) = a,z + by, vo(y) = —cpy — dp, and H(z) = G(z) = exp(— exp(—x))

if further the Berman condition

lim p,lnn =20 (3.2)

n—oo
is valid, see e.g., [2, 3]. Note in passing that (2.1) also holds if
> lpal? < o0 (3.3)
n>1
for some p > 1, see [7]. In view of [16], both D(z,(x,vy)) and D’(u,(x),v,(y)) are satisfied under (3.2)

or (3.3), and hence the claim of Theorem 2.1 holds for such stationary Gaussian sequences.

Example 2. (Gaussian linear processes) An important class of stationary sequences is that of the linear

processes (see e.g., [, 8]), which have an infinite moving average representation

Xn = Z YjZn—j,

j=—o0
where {Z,,n > 1} is an iid sequence and Y3 < co. We also assume that {Z,,n > 1} have mean zero
and finite variance o%. If {Z,,n > 1} is Gaussian, so is {X,,,n > 1}. In particular, for autoregressive-
moving average (ARMA) processes, the coefficients 1; decrease to zero at an exponential rate. As a
consequence, for such sequences the Berman condition (3.2) holds. Therefore we conclude that Theorem

2.1 is applicable to Gaussian ARMA processes.

Example 3. (Scaled Gaussian sequence) Define rvs X* = T, X,,n > 1 where X,, is as in Example
1 or Example 2; here T,, is a positive rv which scales X,,. Our assumption is that 7,7T;,,,n > 1 are
independent rvs with a common distribution @ being further independent of the stationary Gaussian
sequence {X,,n > 1}. Suppose that the distribution @ has upper endpoint equal to 1 and for any
u € (v,1) with v € (0,1)

P{T; > u} > P{T > u} > P{T, > u}

holds with 75, 7; two non-negative rvs. Let Q;l be the generalised inverse of the distribution (1 of
T, X:. With the choice of constants

_ 1 1
bn:dn:Q11<1_>a Ap = Cn = 7
n bn,
if further 7, and 7, have regularly varying tails at 1 with non-negative indexes v and 7, respectively and

the modified Berman condition

lim p,(Inn)'*2 =0 (3.4)

n— oo



holds for some A > 2(y — 7), then in view of Theorem 1.2 in [13] the assumptions of Theorem 2.1 hold

for such scaled Gaussian sequence. We note in passing that if for some «, ¢ positive
P{T >1-1/u} ~cu™

as u — 0o, then instead of (3.4) we can assume the Berman condition (which is weaker).
Similarly, if T has a Weibullian-type tail as defined in [1], according to Theorem 2.1 in [11] the claim of

Theorem 2.1 holds under the Berman condition.

Example 4. (FGM random sequence) A stationary Farlie-Gumbel-Morgenstern (FGM) random sequence
is defined by the common univariate marginal F, and a symmetric function a(j,!) which depends on j, !

only through their difference, i.e., a(j,1) =: a(]j—!|), for all j # [, such that the joint distribution H;,

of X;,,...,X;, is given by the FGM distribution
Hi, .. i, (71, H o) [ 1+ > alli; — i) Fa;) F(a)
h=1 1<5<l<n
The function «(-) is admissible if for every n > 1 and indices {i1,...,4,} the inequalities

1+ Y ssialli;—il) >0

1<j<I<n
hold for all ¢;; taking values +1.
If we assume that for the normalizations u,(x) and v,(y) the condition (2.1) is satisfied, then it follows

that the condition D'(uy (), v,(y)) is valid. If further

lim sup|a(l)] =0, (3.5)

n—o0 I>n

then the condition D(z,(x,y)) is also satisfied (for a detailed proof see Appendix). Hence the claim of

Theorem 2.1 holds for such stationary FGM random sequence.

4 Further Results and Proofs

In order to prove the main theorem, we need some auxiliary results. Let 3 = {8,,n > 1} be a non-random

sequence taking values in {0,1}. Given an index set I C {1,...,n} we shall define

max{Xi,ﬁi =1,7¢€ I}, if Zie] 57, >1;

M(I =
(£.5) { inf{z|F(x) > 0}, otherwise

and similarly for m(I,3) where we consider instead of the maximum, the minimum of X;’s. If J is
another index set we shall put d(I,J) := miner jes|i — j|. Let k be a fixed positive integer, t = [n/k]
and define

Ke={j:(s—1t+1<j<st}

for 1 < s <k. For arv P € [0,1] write we shall write

[Ov%L r =0,
B =<w:Pw) e
* { ) {(T,. Bl 0<r<2i—1

2k 9k

and then set
Br,k,ﬁ,n = {w : 61‘(&1) =08;,1<i< Tl} N Br,k:-



Lemma 4.1 If condition D(un (1), vn(y1), un(x2), v, (y2)) holds for xo < x1, y1 < ya, then for Ir,... I

non-empty subsets of {1,...,n} we have

k

P { m vn(y2) < m(ls, B) < M(Is, B) < un(x2), vn(y1) < m(ls) < M(IS) < un(xl)}
k

- HP{Un(ZQ) <m(Ils, B) < M(I,B8) < up(x2),vn(yr) < m(ly) < M(I,) < un(zl)}|

s=1

< (k=1Dan, (4.1)

provided that min;<;<;<g J(Ii,lj) >1,.

PROOF OF LEMMA 4.1 For k = 2, the inequality (4.1) is just the condition D(u, (z1), vn (Y1), tn(22), vu(y2)).
Suppose that (4.1) holds for arbitrary index sets I,...,I;_1 such that the distance between any two

index sets is not less then [,,. Define
A(I) = {vn(y2) <m(I,B) < M(I, B) < up(x2),vn(y1) < m(I) < M(I) < up(z1)}

for any interval I € {1,...,n}. By induction and the condition D (un (z1), vn(y1), un(x2), vn(y2)) we have
that

k k k k—1
P { N A(Is)} ~TIeeacyy < |p { N A(Is)} P { N A(@)} P{A(L)}
s=1 s=1 s=1 s=1
k-1 k-1
+|P { N A(Is)} - [T P LA} PLA()}
s=1 s=1
S An 1, + (k - Q)Qn,ln
= (]{7 — 1)()47111",
establishing the proof. O
Lemma 4.2 Under the assumptions of Lemma 4.1 we have
|P{Un(y2) <My (B) < My (B) < un(22),va(y1) < mp < My < up(21)}
k
- H P{Un(yQ) < m(KsaIB) < M(Ksa/g) < Un($2)7vn(yl) < m(Ks) < M(Ks) < un(xl)} |
s=1
< (k= Dang, + 4k + 2)ln (F(un(22)) + F(va(y2)))-
PROOF OF LEMMA 4.2 Define N,, = {1,...,n} for any positive integer n. For large n we can choose a

positive integer [,, such that k < [,, < t. Let

k
Ny = U K, and K,=1I,UJ,,
s=1

where Iy = {(s— 1)t +1,...,st —l,} and Js ={st — 1, +1,...,st} for s=1,... k.
Since th < n < (t + 1)k < tk + l,,, we get |N,\N| < k < I,,. Define sets Iy11 and Jgy;1 as

Inv1 = {thk—t+1l,+1,... th—1tk},
Jer1 = {tk+1,.. . tk+1, — 1, tk+1,}.



Then |Ixy1] =t — 1, and |Jg41| = L. The set 41 is a subset of Ny and the set Jxy1 contains the set

Np\Ni,. The maxima (minima) on the sets Iy, I, ..., I are weakly dependent, and the small intervals
Ji,Ja, ..., Jk, Jp+1 can be essentially neglected.
Let

k k
—p { N A(Is)} “P{AN.)}, Ap=P { N A(@} -l tAc)

s=1

and

k k
A = [TP{AT)} - [ PLAK)}
s=1 s=1

where A(I) is defined as in Lemma 4.1. The first term A; is non-negative and further

k+1

A < Y (P{m(Js, B) < vnly)} + P {un(ws) < M(J,, B)})

s=1

(k+ V(P {m(1) < vn(y2)} + P {un(r) < M()})
20k + Dl (F(on(92)) + Flun(w2))).

IN

By Lemma 4.1 we have
Ao < (k= Do,

Next since |Hl::1 as — H’;Zl bs| < Z’;Zl |as — bs| holds for all |as| <1, |bs| <1, s =1,...,k we obtain

S

0<A; < Z (P{m(Js; B) < vn(y2)} + P {un(zs) < M(J5, 8)})

FRE Un(1) < 0} + P (1) < MO
2k (F (vn(y2)) + F (1 (22)) )

IN

and thus the claim follows. O

PROOF OF THEOREM 2.1 Define in the following ¥, (21, 22) = F(un(21)) + F(va(22)),
P(K,e) =P{u,(y2) < m(Ks,e) < M(Ks,€) < up(z2),vn(y1) < m(Ks) < M(K;) < un(z1)}
for 1 <s<kand
P(n,e) =P{u,(y2) < mn(e) < Myu(e) < up(z),vn(y1) < my < M, < up(zr)}.

We have the following upper bound

k
P(n,e)~ E {H [1 R H
s=1
2k 1 k
PnU, (z2,y2) + (1 — P)nVU,(z1,y1)
DD E{ -11 { T | [(Brkan)
r=0 Be{0,1}" s=1
S El +E2 +E37

where

E12k21 > E{

r=0 Be{0,1}~

k
P(naﬁ) - HP(Kmﬁ)

H(Br,kﬁ,n)} ,



2k _1 k
9% \I/n ) 1-9% \I/n )
-3, 3 B - [ 1 Bt e )
r=0 [36{0 1}n s=1 s=1
and
221 Z E H 1- #nq’n(x%yﬂ +(1— F)nqln(xlayl)
k
r=0 Be{0,1}" s=1
k
Pn¥, (x2,y2) + (1 — P)nVU,(z1,y1)
- H [1 o k H(Br’k,,ﬂ,n) :
s=1
Since by the assumptions
nh_)rrgo n¥, (2, y2) = —InG(x2) — In H(yz),
and
lim ap;, =0, lim I,/n=0,
n— oo n—oo
then Lemma 4.2 implies
ln
E, < (k—1)an,, + 4k + Q)En\lln(xg, y2) — 0 (4.2)
as m — o0o. Next, for 0 <r <28 -1
rt r Z'GKS B T
[1 - 21‘1171(332,92) +1 <1 - 27) an(xlvyl):l + []t ok tF(x, y)
< P(KpB)
rt r
< {1 - 27\I’n($27y2) +i (1 - 27) \I’n($1,y1)}
t Z 6
€K, Pi
+tZP{A51,Asj}+ {Jt - Qk} th,(z,y),
j=2
where
Fo(z,y) = F(un(22)) = F(un(1)) = F(vn(y2)) + F(va(y1))
and

Agj = {X(s=1)t45 > Un(@2)} U{X(s—1ye45 Swnlye)}, Je{L,...,t}

Hence, Lemma 3 in [14] implies

B < 22‘1 5 ZE {‘ (K. ) - [1_;wn<x2,y2>+<;—>w (xl,yu”H(BnW)}

r=0 ,Be{() 1}” s=1

2k _1 t
< Z Z Z]E { Z - T aF n(m y) ]I(Br,kﬁ,n)} + nZP{AllvAlj}
r=0 Be{0,1}» s=1 JjEK j=2
2F—1 k 3, , n t
< DD ESID T | UBk) ¢ g Fal@y) ) P {An, Ayl
r=0 s=1 JEK j=2
k t
Sts St(s 1) 1|n
© e 0 (a() a (S )« ] e 3P A

s=1 j=2

where d(X,Y) = inf{e,P{|X — Y| > €} < e}. Since limy_o d (5t=,P) = 0 and

ts ?

lim nF,(z,y) =InG(z2) — InG(z1) +In H(y2) — In H(y;)

n—oo



taking the limit as n — oo and then as t — 0o, we get

limsup Fo < —In

n—o0

S InG(e)

Further, as n — oo

2k_1

Sy e

r=0 Be{0,1}" s=1

ZE{‘% _P‘

Fun(22)) + F(on(y2)) =

Es

IN

-7e

1

IN

= o [~InG(ws) ~nG(x) — InH(yo)

il
which together with (4.2) and (4.3) imply

limsup P(n,e) —

Glan) + W F () ~ ()] + kol 7). (4.3)

— F(un(x2)) + F(vn(y2)) = F(un(21)) + F(vn(y1))) H(Br,k,ﬁ,n)}

} (2 = F(un(2)) + F(vn(y2)) — Fun(21)) + F(vn(y1)))

Fun(21)) + F(vn(y1)))

- lnﬁ(yl)L

—In Gl_p(l‘g)

n—oo

)

g (1~ T C7len) i)

ok—1

< ko (;) + —InGlm

The proof is then established by letting & — oo.

5 Appendix

— In(H ()P \"
: )

— n(H ()

We show below that the stationary FGM random sequence in Example 4 satisfies both conditions

D(

zn (@, y)) and D' (un(2), va(y))-

Since for the normalization u,(z) and v, (y) the condition (2.

1) holds, we have

le nF(u,(r)) = —InG(z), 1Lm nF(v,(y)) = —In H(y) (5.1)
and further
nhﬁngo F(up(z)) =0, nhﬁngo F(vn(y)) = 0. (5.2)
For any I C {1,...,n} with m elements
P{X; <wup(z),i €I} =F"(u,(x 1+Z l—]? (un(x)) |,
Jj<lerl
P{X;>v.(y),icl}=F" 1+ Y all—§)F*(ua(y)) | - (5.3)
Jj<lel
By some tedious (but straightforward calculations) we establish also the following
P{on(y) < Xi < un(@),i € I} = (Flun(e) = Flon @)™ {1+ 32 al=)(Anz,y)* |, (5:4)
j<lel
with A, (z,y) = F(un(z)) — F(v,(y). By Lemma 1 in [10] for any I, J C {1,...,n} we obtain
IP{X; <up(z),i € TUJ} —P{X; <up(z),i € I} P{X; <up(z),i€J|—0 (5.5)



as n — 0o. Using similar arguments as Lemma 1 in [10], since (3.5) holds, for any ¢ > 0 and with suitable
lo such that |a(l — j)| < e for I — j > Iy, the absolute value of the double sum in (5.3) can be bounded by

Yoo lal=DIFeay) + D e (ualy)

j<lel,l—5<lo J<lel,l—j5>lo

= O (lonF?(vn(y))) + O (en®F?(v,(y))) -
Using (5.1) and (5.2) this double sum converges to 0 as n — oo. Thus
IP{X; > vn(y),i € IUJ} —P{X; > vn(y),i € I}P{X; > v,(y),i € J}|
< I Fou@)+o0(1) - (1 +0(1))2) -0 (5.6)
ieIug
as n — oo. Similarly, the absolute value of the double sum in (5.4) can be bounded by

S el =D Aa@ )’ + Y dAn(ay)?

j<lell—j<lo J<IEll—§>lo
= O (lon(An(,9))?) + O (en®*(An(z,y))?) -

Using (5.1) and (5.2) again, we have

IP{vn(y) < Xi <up(x),i € ITUJ} —P{o,(y) < X; <wup(z),i € ITP{o,(y) < X; < wup(z),i € T}

< I Flunl@) = Foa(y)) (1 +o(1) = (1 +0(1))%) = 0 (5.7)

i€Iug
as n — oo. Consequently, (5.5)-(5.7) establish condition D(z,(x,y)).
Next we need to prove that for such stationary FGM random sequence the condition D' (uy (), v (y))

holds. We only prove the first sum in the condition D’(u,(z),v,(y)) tending to 0, the proof of the other
sums tending to 0 are the same. By (5.1)

[n/k]
limsup n Z P{X: > uy(z), Xj11 > un(2)}
K
= limsupn Z F™ (un(2))(1 + a(5) F*(un(z)))

< limsup %FQ(un(x))(l + & F?(up(2)))

n—oo

1 *
= %(IHG(I))z(l +a*),

where a* = max;>1 a(j). Letting k& — oo, this limit tends to 0. Hence, the condition D’(uy(z), v, (y))
holds.
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