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Chapter 1. Introduction 

1.1. Previous work 

Owing to increasing costs of planting in forestry, the control of planting 
success has become very important. Such control is generally carried out by 
means of sample surveys, \\hich consist of inventories of the  number of 
seedlings in sample plots of a certain size. The object of the present investiga- 
tion is to compare this control method with tha t  of using distance measure- 
ments for the estimation of seedling number and open space frequency. 

The principle of estimating the number of individuals in a plant population 
by distance measurements is simple. If the population is dense, the distances 
between neighbouring individuals must, on an average, be short and con- 
versely long if the number of individuals is small. The same conditions apply 
to the  distance from a sample point to the nearest plant. These questions 
mere discussed by  BAUERSACHS (1942). I11 this paper BAUERSACHS deals with 
the  distances tha t  are often called "plant-to-plant distances". Other work 
on these problems has been done by foresters. Thus STOFFELS (1955) treated 
both the  case of BAUERSACHS and the case of distances between sample 
points and plants. In the  English literature the  latter distances are generally 
called "point-to-plant distances". STOF~ELS discussed comprehensivly the  
computation of standard errors of the estimates made in his work, 
but  he studied only briefly the matter of bias. The importance of the popu- 
lation structure for obtaining unbiased estimates has, however, been discussed 
by ESSED (1957). In the  work by BAUER~ACHS empirical adjustments were 
made by comparing the estimates with known values. These adjustments 
indicate tha t  the  populations studied had a structure slightly more uniform 
than random. The word random is here used for a special random population 
and will be explained below. ESSED (1954) also used an empirical adjustment 
of the  BAUERSACHS estimate. This adjustment seemed to inclicate a slightly 
more even structure than the random one in the populations he used as a 
basis for his adjustment. MATERN (1959) computed the exact value of the  
adjustment to the  BAUCRSACHS estimate on the assumption of randomly 
distributed plants. 

Parallel to the work of the foresters, ecologic literature in this field has 
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developed. The problems studied by ecologists have often been slightly 
different from those of foresters. The central question has been whether a 
plant population can be considered grouped or random. To make clear what 
is meant by a random distribution, the author would like to quote CLARK & 
EVA% (1954): "In a random distribution of a set of points on a given area 
i t  is assumed tha t  any point has had the same chance of occurring on any 
sub-area as any other point, tha t  any sub-area of specified size has had the 
same chance of receiving a point as any other sub-area of tha t  size, and tha t  
the placement of each point has not been influenced by tha t  of any other 
point". This description agrees with the mathematical-statistical definition 
of a two-dimensional Poisson process; cf. FELLER (1957). Assuming tha t  the 
population is generated by such a Poisson process of given density ( =given 
mean number of individuals per unit area), we can easily compute the distribu- 
tions and characteristics of the distances for both the "point-to-plant" 
and the "plant-to-plant" case, if the sample points are located uniformly. 
SICELLAM (1952) made this computation for the  nearest plant in the  "point- 
to-plant" case. He  indicated tha t  the hypothesis of the population being 
random can be tested by this distance distribution. THOMPSOS (1956) treated 
the same problem more generally by considering plants of arbitrary order 
from the sample point. The order of a plant is the position i t  occupies when 
all plants are arranged according to their distances from the sample point. 
The same distributions were also computed by MORISITA (1954). Means and 
standard deviations are found in the work by THOMPSON. The distributions 
have been tabulated by E S ~ E D  (1937). He also computed the medians. 'The 
mean distances to the ls t ,  2nd, 3rd, and 4th plant in the "plant-to-plant" 
case, still under the assumption of a Poisson process, have been computed by 
MATERN (1959). He  also mentioned another type of estimate tha t  is based 
on the harmonic mean of the squares of the distances. Such an expression 
has also been studied by NORISITA (1957). ESSED (1957) treated efficiency, 
taking into account the  work required. Several of the results found in the  
mathematical work5 have previously been observed by sampling experi- 
mentally produced realisations of Poisson processes. Thus, COTTARI, C U R ~ I S  
Si HALE (1953) found the mean distance to the nearest plant in the "point- 

to-plant" case. X complete description of these investigations are found in 
COTTAM & CURTIS (1956). In addition to the works now mentioned concerning 
the Poisson case, still another may be mentioned, ~7iz. CLARK & EVANS (1955), 
where the proportion of pairs of plants that are mutually closest neighbours 
is studied. Under the  assumption of a Poisson process this proportion is 
independent of the density. I t  can therefore be used as a basis for testing the 
hypothesis tha t  the plants are randomly distributed. 

Another may of using distance measurelneuts from sample points to plauts 
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has been suggested by STRAXD (1954). He pointed out tha t  the distribution 
of the distance from sample point to the nearest plant gives information on 
the proportion of circles of various sizes where plants are lacking. I t  is of 
econonlic importance to detect how the area is distributed according to open 
spaces of differeni sizes by seedling inventory in forestry. Inventories based 
on sample plots of fixed size and shape give information on open spaces of 
one type only. Investigations of the latter kind have been made for forest 
management purposes by ENEROTH (1945) and T I R ~ N  (1950). BRAATHE (1953) 
studied the importance of open spaces for the stand development. For further 
works on statistical methods in plant ecology, see GOODALL (1962). 

1.2. Symbols and concepts 

Some terms 

random variable: real valued function defined on a set of outcomes of a 
random experiment 

randon1 seedling seedlings are distributed according to a Poisson process, 
distribution: cf. 1.1 

randomly located the sample point is located uniformly 
sample point: 

seedling no. i: the seedling standing in order i from the sample point 

confidence interval: an interval with end points which are functions of the 

saniple values only and with a predetermined probal~ili- 
t y  fall on either side of a parameter under estimate. 

Some symbols 

F(x): the distribution function of a random variable. If the random 
variable is denoted X ,  F(z )  is the probability tha t  X takes on a 
value smaller than or equal to x, or using P to denote probability: 
F (x) = P(X x) 

( x ) :  the frequency function of X; J(x) = t h e  derivative of F(.x) if existing, 
else the steps of F(x) 

E(X): the mean value of the random variable X ;  also denoted by m 

E(X1H): the mean value of X on the condition tha t  H has occurred 

D(X): standard deviation of X ;  also denoted by o; the  variance of X = o2 

z: the median of X, obtained from the equation F(z )  = 

n 
- 

x : sample mean; .Z = 2 xJn, where x,, . . . , x,, are observed values of 
i =  1 

the random variable X 



DISTANCE METHODS 

S: sample standard deviation; s2 = C (xi - .?)*/(I? - 1)  
i = l  

z*: sample median. 

1.3. Survey of contents 

The distributions of the distances between the sample point and the 
seedling no. 1, no. 2, and no. 3 in a population where the individuals are 
distributed in a square lattice, respectively randomly, are derived in chapter 
2. In this chapter values of means, standard deviations and medians of the 
distributions are also given. These values are partly quoted from the 
literature. Tables showing the distributions are also given. 

Chapter 3 treats of the distribution of the distance between seedling no. 1 
and its nearest neighhour under the assumption tha t  the seedlings are rand- 
omly distributed. The distribution has been tabulated for various numbers of 
seedlings per hectare. From the distribution the truncated distribution is 
computed for this distance. In the tables the point of truncation has been 
chosen as 0.8 metres. The means of both the original distribution and the 
truncated one have been tabulated for various numbers of seedlings. In this 
table the means of the distributions treated in chapter 2 have also been com- 
puted for the corresponding number of seedlings. 

Chapter 4 is concerned with the standard deviation of the number of 
seedlings in a circular sa~nple  plot tha t  has been randomly located both on 
a square lattice, and on a random population. The standard deviation has 
been tabulated for various numbers of seedlings per hectare and for the t x o  
sample plot sizes 5 sq.m. and 10 sq.m., respectively. 

In chapter 5 .the results arrived a t  in chapters 2, 3, and 4 are applied to 
data obtained by sampling 30 planta-tions in the South of Sweden. The data 
are based on observations of the number of seedlings in sample plots and of 
distances to seedlings nos. 1-3, and the distance from seedling no. 1 to its 
nearest neighbour. In addition to the estimates of the  number of seedlings 
per hectare tha t  can be obtained by means of the characteristics described in 
the chapters 2 and 3, some further estimates based on -the distances to seed- 
lings and mentioned in literature have been studied. The sample plot data 
are utilized for a comparison between various methods of estimating the 
number of seedlings. To show the occurrence and extent of open spaces, 
some of the fields have been treated as one group and a histogram has been 
drawn for the distances to seedling no. 1. Theoretical frequency functions 
have been fitted to the histogram. 

Chapter 6 treats of an application of a computer programme for construc- 
ting and sampling models of uneven plantations designed for the Swedish 
conlputer FACIT EBB. Ten plantations of this kind have been constructed 
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Some of the estimates investigated in chapter 5 have been tested by sampling 
these models in the  computer. The results largely agree with those obtained 
in chapter 5. In addition to the  number of seedlings, the distributions of the 
distances to seedling no. 1 have also been estimated. These distributions 
show the occurrence of open spaces and they have been presented in figures 
for purposes of comparison with those of plantations with no seedlings lacking. 



Chapter 2. Distributions of distances to seedlings from a 
randomly located point 

2.1. Introduction 

This chapter deals n i t h  distributions of distances from sample points to  
seedlings. Both square lattice and random seedling distributions are studied. 
Tables have heen computed for the distribution functions and their charac- 
teristics. These tables are valid for a seedling number of 2,500 per hectare. 
If tables are wanted for other numbers of seedlings, such tables are easily 
obtained by a simple transformation of those given. An example of the proce- 
dure is given in connection with table 1. The distribution functions are to  
be found in fig. 3. Distribution functions for the random seedling distri- 
bution are also tabulated by ESSED (1957) .  

Means, medians and standard deviations of the distance distributions of 
both population structures are also presented by ESSED (1957) .  For the 
random distribution the characteristics are presented by THOMPSON (1956). 
Estimates of the number of seedlings per hectare can be constructed from 
these characteristics. Some additional proposals to  such estimates are made 
under the assumption of random distribution by  AT AT ERN (1959) .  The 
properties of the estimates which are also discussed by ESSED (1957)  and 
RIATERN (1959)  will be treated in chapter 5, where the results of a practical 
application of the theories are given. 

2.2. Square lattice, frequency functions 

Let P be a randomly located sample point in a plane and suppose tha t  the 
seedlings are distributed there in a square lattice with meshes of size 2a x 2a. 
A,, A,, and A,, respectively, are the seedlings nearest, second nearest and 
third nearest to  the  sample point. The distances Pd,, PA,, and Pd, are 
random variables and are denoted by R,, R,, and R,. A special outconle with 
the values r.,, r,, and r, is shown in fig. 1. Fig. 2a-c is the basis of a coinputa- 
tion of the frequency functions, denoted by f,(x), f,(x), and f,(z), respectively. 
Owing to  reasons of symmetry i t  is sufficient to  study only one of the meshes 
of the lattice. The area allowed for P, such tha t  A, is the nearest seedling, is 
the square A,BCD in fig. 2a. For P in connection with A, the alloxed area is 
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Fig. 1. Square lattice. P is a sample point and A,, A,, and A, are t h e  seedlings no. 1, 
no. 2, and no. 3, respectively. 

the triangle A,BC in fig. 2b and in connection nit11 '4, the triangle d,BC in 
fig. 2c. On account of the uniform distribution of P,  the probability of P 
being located in a narrow strip of the midth d.r: around the respective circle 
arcs EF and DE in the figures will be the ratio betxeen the area of the strip 
and the  area allowed. Such a probability is the probability element f,(z)dz. 
The frequency functions are thus obtained directly from these surface ratios. 
As shown in the figures, the frequency functions in all three cases will have 
two different branches. Simple calculations lead to 

22 a 
- arccos - 

.c 
2.2.2 f,(z) = 

(arcsin 2 - 4 2 )  
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Fig. 2. Basic figures for computation of the  dislributions of the distances lielneen sainplc 
point and  seedlings: square lattice. 
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a 
- + arcsin - - arcsin -- a \ 2 < z 1 2 a  

x x 
a - 

arcsin - - arccos - 2 a i z . 1 ~ 1 ' 5  
1 x 

2.3. Square lattice, distribution functions 

From the definition the distribution functions of R,, H z ,  and R,, below 
denoted by  F,(x), F,(z), and I;,(%), are those proportions of the allowed 
areas which meet the respective conditions R, < x,  R ,  I z ,  and R, x. They 
may be obtained either geometrically by computating the areas, or by inte- 
grating the frequency functions. For branch no. 1 of F,(z) is obtained e.g. 
directly from fig. 2a 

If instead the frequency function 2.2.1 is used for the computation of the 
same branch, we have 

This latter type of computation is easier in more complicated cases. The 
integrals tha t  occur are easily coniputed by means of methods found in 
textbooks of integral calculus or by  special integral tables, e.g. RYSHIK & 
GRADSTEIN (1957). F2(x) and F,(x) are computed by means of calculations 
of this latter type. Since the calculations are rather spacious and uninteresting 
for the continued presentation, only the results are presented. 
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Table 1 has been computed from these expressions. 

2.4. Square lattice, means, medians, and standard deviations 

The means of the distributions can be computed in different ways either 
by aid of the frequency functions in 2.2 or by the uniform distribution of P. 
The latter procedure has been applied by ESSED (1957). E(R1) is the mean 
distance from a randomly located point within a square with the side a to 
a given corner of the square. B y  integration over the square the following 
expression is obtained 

and after some calculations 
a -  - 

E(R,)=$ ~ \ / 2 + 1 n  ( \?+ I ) ] .  

The mean of R, can also be obtained by means of simple probability 
reasoning and by employing the expression for E(R,). Using the more com- 
plete designation E(Ri a) for the mean value of Ri ,  when the mesh side of 
the square lattice is 20, we obtain 

By  introducing the values of E(R, a) and E(R,  a @) 

E(R,) can be computed in a similar n a y  if n e  use the mean distance to  a 
given corner of a rectangle. For the  purpose of further requireinents we 
give both means and standard deviations which are easily obtained after 
computation of E(R:), E(lii), and E(Ri); cf, further ESSED (1957). The 
values presented by ESSED correspond to a = with denotations nsed here. 
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The medians are obtained from Lhe equations F,(z,) = k, I;,(z2) = i ,  and 
F,(z,) = 1,. The expressions in 2.3 have been used for the numerical solution 
of the equations. The various characteristics are found in table 2; cf. further 
ESED (1957). For later use me also calculate E(1IR;). Using the same sym- 
bols as before, we obtain (cf. fig. 2c) 

After some calculations we have 

where p, = arctg $ 
B y  expanding the integrarld in series (see e.g. DWIGHT (1947)) we obtain 

E (a,) - =- 0.:31 

2.5. Randomly distributed seedlings, frequency functions 

Assume t h a t  seedlings are distributed according to  a Poisson process in 
the  plane with a density of (1/2a)2 seedlings per unit area; cf. chapter 1.1. 
\Ye use the same symbols as above. The frequency function of the distance 
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Xi can then he obtained in the following way; cf. further KENDALL (1963). 
The probability tha t  the distance to seedling no. i is located in the  interval 
(x, x +dx) is fi(z)dx. This event occurs if i - 1 seedlings arc located within 
a circle with centre in P and radius x and if a t  least one seedling is located 
within the boundary ring of width dz. The nuinber of seedlings within the 
circle has a Poisson distribution x i t h  the parameter ( 1 / 2 ~ ) ~  nz2 and the 
nuinber of seedlings occurring within the boundary ring has a Poisson 
distribution with the parameter 2 ( 1 / 2 ~ ) ~  n x  dz. Neglecting terms of higher 
order than dx we find 

i.e. the frequency function becomes 

2.6. Randomly distributed seedlings, distribution functions 

These functions are obtained by integrating the frequency functions. A 
partial integration gives the following recursion formula 

with the initial function 

From this is obtained 

Table 3 has been computed from these expressions by means of MOLIFA'S 
(1947) table of the Poisson distribution. Alternatively, vie might have inter- 
polated in existing tables of the x2-distribution or the incomplete r- 
function, since nR:/2a2 is distributed as x2 with 2i degrees of freedom as is 
clear from the expression 2.5.1. 
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F, (x1,seedlinQ no. 1 

2.7. Randomly distributed seedlings, means, medians, and standard 
deviations 

F3 (x),seedL~rg no 3 

As in the case of a square lattice we list here the means, the medians and 
the standard deviations. These characteristics are easily obtained from the 
functions 2.3.1 and 2.6.1. Since the parameters are found in THO~IPSON (1956) 

10- 

3 8 -  

3 6 -  

0 '+- 

5 2 -  

dtstr:buted 

o c - ~ ~ ~ l ~ ~ > ~ l t l ~ 3 ~ ! ~ ~ ~ ~  

G 2  06 '0 1 4  'la 2 2  2 6  30 31 3 8 x ( ~ e r r e s )  

Fig. 3 .  Distribution functions of the  distances betneen sample point and seedlings (2,500 
seedlings/ha). 
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and ESSED (1957), we restrict ourselves to  presenting the characteristics 
adapted to a number of seedlings of 2,500 per hectare, ( a  = 1).  

+s above a must be put  equal Lo t to  make the results comparable with 
those of ESSED (1957) and ~ I A T E K N  (1959). 

The medians are computed as before by solving numerically the equations 
F,(z , )  = r .  They are given in table 4. We also report the means E(1IR;)  and 
E(11R:) for later use 



Chapter 3. Distribution of the distance between seedling 
no. 1 and its nearest neighbour 

3.1. Introduction 

In a square lattice, the distance between seedling no. 1 and its nearest 
neighbour is constantly equal to 2 a .  For this reason the distribution of the 
distance between seedling no. 1 and its nearest neighbour is derived under 
the assumption of a Poisson process only; cf. further KENDALL (1963). 
Tables of the distributions corresponding to  various assumptions on lhe 
numbers of seedlings per hectare have been prepared by means of the coin- 
puter MERCURY a t  the Royal Institute of Technology. The results are given 
in table 5 .  The table has been checked by computing the means of the clistribu- 
tions by numerical integration. The values agree with those given by ~ I A ~ E R X  
(1959). They are found in table 7, ivhere the mean distances according to the 
distributions derived in chapter 2 have also been presented. 

The seedlings recorded in the inventory of a regeneration stand are subjecl 
to certain conditions, one of which is tha t  they must be located a t  a certain 
minimum distance from each other. For this reason the distance distribution 
corresponding to a random distribution of seedlings has been truncated. 
Distances < k have been omitted. The distribution thus obtained does not 
correspond to  the process of selecting those seedlings which were recorded. 
I t  will, however, be investigated for estimating the number of seedlings per 
hectare. In chapter 5 the estimates obtained by means of this truncated 
distribution are examined in greater detail. The point of truncation has been 
put  equal to  0.8 metres for this purpose, a requirement set forthe inventories; 
cf. chapter 5. The truncated distance distribution has been computed nurneri- 
cally from table 5 and is found in table 6. The mean of the truncated distance, 
too, has heen computed and is shown graphically in fig. 5 for the same num- 
bers of seedlings as in the tables. Values for seedling numbers not tabulated 
have been taken from the figure. These mean distances, too, have been entered 
in table 7 and are printed in italics. 

The distance between seedling no. 1 and its nearest neighbour also shoms 
the evenness of the population. In a population with the individuals in 
clusters, these distances become shorter than those in a randomly distrihutrtl 
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population of equal density. If the number of individuals is known, the empi- 
rical mean distance can be compared wit11 the mean distance of a randomly 
distributed population of the same size. This has been proposed by CLAHK 
& E v ~ s s  (1954) and i t  has also been studied Isy COOPER (1961) nlio found 
that  young stands n ere more or less randomly distributed v l ~ i l e  tlie seedlings 
of young natural regeneration stands were grouped in clusters. 

3.2. The original distribution 

Assume that  P is a randomly located point in the plane and tha t  the 
seedlings are randomly distributed with a density of A seedlings per unit 
area. According to 2.5.1 the frequency function of the distance from P lo 
A, is 

fl(x) = e- i75 '  2IL7cx. 

If we initially let A, be located in a circular ring with breadth dr and tlie 
fixed radius y, cf. fig. 4, then no other seedling can be located nitliin tlie 
dashed region in the figure if the distance R,, to the nearest neighbour G, is to  
be greater than x (two cases). According to  the assumption of a Poisson 
process the number of seedlings within tlie dashed region has a Poisson 
distribution \\it11 the  parameter ;llr (x, y) where P (x, y) is the area of the 
region. From the definition the distribution function Fll(xy) for the distance 
R,, conditioned by fixed y thus becomes 

After weighing wit11 the distribution of y, the distribution function of K,, 
thus becomes 

"3 

Fll (x) = J [I  - e  - i Y  (l, g) e  iTYL 2 )my dy. 
0 

I - 

\\'hen determining tlie area Y(x, y) there are two cases, fig. 4a and b. 
If 2y  1 2 ,  we immediately obtain, cf. fig. 4a 

By  eleinent,ary evaluations of the areas of triangles and sectors of circles 
for the case 2y  2 x, cf. fig. 4b, we obtain 



l'ig. 4. Basic figures for compulation of the distribution of the  distance between sceclling 
no. I and its ncarcst neighbour; randomly distributed seedlings. 

x 
Now, if y \ % = u and - = 11 and we utilize bo tll the  expressions of I7(z, y), 

2 y 
llie integral can he written 

r\3 

where f ( u )  = 2zn2 - 2 arcsiri 11 + 4u2 arcsin u + 2u \I 1 - u2.  
The integral has been computed for /i = 1,500, 2,000, . . . 5,000 seedlings 

per hectare and is tabulated for z =0,  0.1, . . . 4.0 metres. The results are to  
be found in table 3. 

3.3. The truncated distribution 

The distribution function is 

I t  is found in table 6 for various numbers of seedlings. 
Finally, we show how the means have been computed. From the definition 

Oi, 

The integral J.c ll1(.c) r1.z can lse approximated in the following way 
0.8 
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l.eol Mean distanco (metres) 

1 l o +  
L,, Number o f  s e e d L ~ f l Q s / h ~  , I 

1 6 0  2000 2500 3000 3500 4000 4500 50M) 5500 

Fig. 5. Mean values of the  truncated distance betwcen seedling no. 1 and its nearest 
neighbour. Point of truncation 1,. = 0.8 metres. 

The computations have been carried out according to  this approximate 
expression by means of the differences in table 5. As mentioned in the intro- 
duction to the chapter, the values have been drawn and connected to  a 
curve in fig. 5 from which the values in table 7 have been obtained. 



Chapter 4<. Characteristics of the number of seedlings in 
a randomly located circular plot 

4.1. Introduction 

In  this chapter standard deviations of the  number of seedlings in a rancl- 
omly located circular sainple plot \\-ill be treated. As in chapter 2, we t rea t  
t he  t\vo cases square lattice and random distribution. I t  i5 a well-known fact 
tha t  a n  unbiased estimate of the  t rue  mean is obtained by  the  sample plot 
mean if t he  plots are located randomly. For t h a t  reason the average number 
of seedlings per hectare of the sample plot will be used in chapter 5 for 
comparing the  estimates based on distance measurements. For the  square 
lattice there is an  exact formula for the  standard deviation of the number of 
seedlings of the circular sample plot; cf. KENDALL (1948). If the  seedlings are 
randoinly distributed, the  uumber of seedlings in the  sample plot nil1 have a 
Poisson distribution. I t  is then possible to find the  moments of every order. 

Tables 8 and 9 she\.\- the slandard deviations for plots of 3 and 10 sc1.m. 
and various values of the t rue  numbers of seedlings per hectare. The values 
are slion n graphically in fig. 7. 

4.2. Square lattice, standard deviations 

As in the previous chapter5, v e  eas5uine tha t  the  lattice has square meshes 
oi the Gze 2 a  x :!a, and t h a t  P is t he  centre of a randomly locatecl circular 
sample plot nit11 the  radius I .  The n ~ u n h e r  of seedlings in the  sample plot 
will depend on i and a. TVhen a is larger than r ,  only 0 or 1 seedling 
occurs, and n h e n  a is small in comparison n i t h  r the number of seedlings 
may  be large. If the  clistancc n and the  size of the plot are fixed, the areas 
within n hich P is to be locatecl for dlfferen t numbers of seedlings in the  sample 
plot are also fixed. V7hen the  ratio between n and I varies, t he  appearance 
and size of these areas will vary. Fig. 6 shons  the  types of configurations that  
concern a circular sample plot of 10 sq. in. and numbers of seedlings up  to  
3,927 per hectare. For higher numlsers of seedlings and this plot size the  
figures l~ecome more con~plicated. In  the areas the  nuinber of seedlings in the  
sample plot has been entered. The  standard deviations can be con~putccl 
from the  distributions of the number of seedling5 nhich are obtained )sy 
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Fig. 6. Various types of configurations for the centre of a circular sainpleplot correspond- 
ing to  different numbers of seedlings in the plot. In the respective areas thenum- 
ber of scccllings in the sample plot has been entered. 

calculatioils of the areas. O n  account of the mechanism of location, i t  follows 
tha t  the probabilities of respective numbers of seedlings occurring in the  
sample plot are determined by the ratio between the total area of figures 
allowed for the sample plot centre and the area of the lattice square. If the  
probability of i seedlings occurring in the  sainple plot is denoted by pi and 
if 4Yi is the area of the  space allowed for the  sainple plot centre, we obtain 
for a 10 sq. in. sample plot from fig. Ga and b e.g. 
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786-1,571 seedlings per hectare 

By  computation of pi for various numbers of seedlings per hectare, the 
standard deviations have been obtained directly from the definition. The 
calculations become very tedious even for a figure of the  type 6d. By means 
of quite different, mathematically more advanced methods, KENDALL (1948) 
computed the exact expression of the standard deviation sought; cf. also 
MATERN (1960) and KENDALL (1963). By means of the methods described 
by KENDALL (1948) the standard deviations computed according to the  
first of the procedures mentioned above have been checked. -1 standard 
deviation for 4,000 seedlings per hectare has also been computed with this 
methocl. For the  purpose of completeness the expression is quoted from 
KEXDALL (1948) as adapted to the symbols used in the present context. 

where 97 = arccos (+) and 1=1,  (2, 2,  ( 5 ,  . 

The sumination is carried out over those points of a lattice with meshes 
1 x 1 which are situated in a circle with Lhe radius r / a  and centre in a point 
of the lattice. The centre point, is however not included in the total. For 
points of the lattice a t  a distance of 1 from the centre f = 1 and for a distance 

of \/2, t = \i12 etc. The results are found in table 8. 

4.3. Randomly distributed seedlings, standard deviations 

From the assumptions stated in 2.5 i t  folloxs tha t  the number of seedlings 
in the  sample plot is distributed according to the  Poisson law. If the area of 
the  sample plot is A sq.m. and the density of seedlings is A per sq.m., the mean 
value ( = t h e  parameter) of the Poisson distribution is AA, i.e. the mean num- 
ber of seedlings per sq.m. of the sample plot is an unbiased estimate of A. 
Since the  variance of a Poisson distribution equals the mean, we thus obtain 
directly the standard deviations of the numbers of seedlings in plot.; 5 and 10 
sq.n1. 

0 = (3& plots 5 sq.m. 
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Standard d e v ~ a t m i  
nuirber of s e e d i ~ r q s / h a  

I 

Fig. 7. Standard devialions of the number of seedlings in the circular sample plot. 

These standard deviations have been Labdated for the  same number of 
seedlings as in section 4.2 and they are s h o ~ n  in table 9. The standard 
deviations have been drawn in fig. 7. 



Chapter 5. Estimation of the number of seedlings per 
hectare and a brief discussion of the occurrence 

of open spaces 

5.1. Introduction 

In this chapter i t  will first be shown how the observations of distances 
described previously can be used for estimating the number of seedlings per 
hectare. We shall also discuss the use of ineasurenients of the distance to 
seedling no. 1 in order to illustrate the occurrence of open spaces. The data 
have been supplied by tlie Boxholni Company Ltd. and consiqt of results 
from ordinary sample plot inventories of 30 plantations in the South of 
Sweden. They have been supplemented with distance measurements from 
the sample plot centre to seedlings nos. 1-3, and from seedling no. 1 to its 
nearest neighbour. The seedlings recorded are so-called main seedlings and 
they meet the requirement tliat the distance between them should be > 
0.8 metres. This requirement has been established by the Company chief fores- 
ter. Requirements of this type are connected with the problems of the opti- 
mum forest management and they should reasonably depend on local condi- 
tions. These problems will not be dealt with here. The circular plots arc 10 
sq.m. in size and have been distributed systematically. Their number has been 
chosen in such a n a y  tliat, according to previous experiency the mean number 
of seedlings is estimated with a standard error of 10 per cent. As sl1on.n in 
column 6 of table 11, the standard error is considerably smaller in several 
cases in the present investigation. This is probably due to the fact that tlie 
sa~nple plots are larger than those used in previous works and that  the earlier 
empirical figures are partly obtained from natural regeneration stands; cf. 
further fig. 7 and tlie investigation in chapter 4. In addition to the estimates 
based on mean and median distances, some other estimates based on the 
squares of the distances have also been studied. These estimates are described 
by MATERN (1959). E ~ ~ E D  (1957) studied the efficiency of estinlates of the  
number of trees per hectare based on means and medians of tlie distances 
concerned. His investigation is concerned with old stands. In discussing tlie 
efficiency of various measureinents he also considered the labour involved 
in determining which tree is no. 3, no. 4 etc., counted from the sample point. 
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According to  E s s m  the median distance from the sample point to tree no. 
4 gives a practically acceptable estimate of the number of trees per hectare in 
the  interval "systematic forests" to  "random forests". \Ye shall return to 
this matter in the following presentation. I11 the  work by M ~ r k ~ s  the 
Fisherian efficiency (cf. CKA~IBH (1945)), has been investigated also for the  
estimates based on the squares of the distances. I t  is there pointed out tha t  
an estimate should be "robust", i.e. i t  should have the property of giving 
reasonable results even for great deviations from the Poisson case. An expres- 
sion based on the  harmonic mean of the squares of the distances is surmised 
to possess this property. In 5.3 we shall discuss this expression further. 

Another factor worthy of consideration is the technique of computation. 
I t  should be possible t o  calculate the estimate of tlle number of seedlings 
speedily, preferably in the field. For this reason two simple types of estinlates 
utilizing the average distance to  either seedling no. 1, no. 2, or no. 3 have 
been investigated. 'l'he two types are based on the assumptions that the 
seedlings are distributed a t  random and in square lattice, respectively. A 
discussion of the possibility of bias follows. The true population average is 
not known for any field. Therefore tlle eslirnate based on the average number 
of seedlings in the sample plots has been used as a substitute, with which the 
other estimates are compared. As inentionecl in chapter 4, this average gives 
unbiased estimates if the sample plots are a t  random. The standard devia- 
tions of the sanlple plot means have been con~puted according to  the formulas 
of simple random sampling. According to  investigations by  COCHKAN (cf. 
M A T ~ R N  (1960) and COCHKAN (1963)) this procedure will probably over- 
estimate the standard deviation of estimates from samples of the kind studied 
here. The risk tha t  the method used for locating the sample plots will cause 
bias, is negligible since the net of sample plots is never entirely regular. If a 
distance of e.g. 20 metres between the plots is required and a boundary 
occurs after, say, 7 metres, the sample plot in the next line will have to  be 
placed 13 metres from this boundary. If the population is periodic, which is 
the case if all the  seedlings of a square lattice still exist, bias can occur if a 
completely regular net of sample plots happen to  concur with the population; 
cf. COCHKAX (1963). 

In addition to  the works mentioned in chapter 1 concerning procedures 
for testing the hypothesis of random distribution of individuals, the following 
ones may be mentioned: PIELOU (1959) and GREIG-SMITH (1937). These 
works apply to  ecological investigations, and are chiefly concerned with 
contagious distributions. Contagious distributions are those where the  
individuals of a population h a w  a tendency to  form clusters. Models of this 
kind have bcen used for descriptions of natural plant populations and animal 
populations. A comprehensive treatment of some contagious distributions is 
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given by YEYMAX (1939), FELLER (1943), and \ ~ A R R E S  (1962). In this presen- 
tation we shall not examine in detail the methods of testing hypotheses on 
the population structure but  only compare the field data by  nieans of the 
results arrived a t  in chapters 2-4. I t  will then appear tha t  the structure of 
many of the plantations investigated a t  the time of estimation roughly 
equalled the random distribution; cf. the results of COOPER (1961) cited in the 
introduction to  chapter 3. SKELLAAI (1952) also gave some examples of changes 
of the same type in plant populations which were originally regular; cf. e.g. 
the  discussioii of Carex arenaria (L) in SKELLAXI'S work. See also TIRES 
(1950). 

5.2. Some estimates for the number of seedlings per hectare 

I11 2.4.1 we found E(R,) =0.7652a. If the sample mean F, is assumed to  be 
sufficiently close to  this value, we can use the ratio F,/0.7652 to  estimate a. 
The total number of seedlings per hectare which is 2,500/aQan then be 

In a similar way estimates can he obtained from h e  other expressions of 
chapter 2. \T7e now give a list of these estimates and also report the other ones 
mentioned in 3.1. These latter expressions are based on the  means G, of the 
squares of the ohservecl distances to  seedling no. i, and of the mean h3 of the 
reciprocals of the squares of the distances to  seedling no. 3. The sample 
median of R, mill in the list be denoted by  2; .  The standard errors of the 
estimates are also given in the lirt. They are coniputed by methods described 
in 5.3 below. 

Estimates  of the number of seedlings per hectare based on  the assumpt ion  of 
a square lattice of serdlings: 

Estimate based on standard error: 
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randomly distributed seedlings: 

Estimate based on standard error: 

1.0000 2.500 2,614 
I., (metres): ? , j 0 0 ( ~ )  = .  i: ' - - 

a2 \I; 

- 1,815 
1'2 

- 
a2 \/I7 

1.8750 8,789 1,470 - 

1'3 2300 (_) = --; I.; a21 n 

?* 1,899 
- 

-3 
a2\ n 

- 20,000 6.366 -- -- - 
1,768 

zv, (sq. in.) : - - 
fi2 w 2  lli 

- 30,000 9,549 =- - '  
1,443 

w3 
- - - 

Z I U j  w3 a2 \In 
- - 20,000 - 2,300 

h3 113 = 6,366h3; -- 
Z ~ 2 4 6 '  

5.3. The properties of the estimates 

Firstly i t  should be noted tha t  the estimates 5.2.1-5.2.10 arc all asymplo- 
tically unbiased. The meaning of this slateinent is tha t  \vhen the number of 
sample values n is large, the bias of an estimate is sinall. For proving this 
property we use the expression of a function g(x) in a Taylor series 

If X is a positive random variable with the  meau m and the standard clevia- 
tion a, we can apply this Tayloriau formula and get 

We no\\- use the formula 5.3.1 on the estimate 5.2.1. 
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Here the function g(x) = 1/x2.  By putting the values E(?J =0.7652a and 
0.2849 a 

D(7J = --- , cf. table 2,  in 5.3.1 me get 
V'n 

The approximate mean of the estimate thus becomes 

In the same way we can show the asymptotical unbiasedness of all the  
other estimates. B y  evaluating the means of the exprersions 5.2.4 and 5.2.8 
we use the fact tha t  t h e  median z* of a sample of n values from a population 
with a median z and the frequency function f(x) has the asymptotical mean 
z arid asyliiplotical standard deviation 1/(2f (z )  4;); cf. CRAMER (1945). 
Also i t  should be noted t h a t  E(Ei )  =E(R:) and D(EJ =D(K:)/\/- n. Further 
R: = (2a2/m) y ,  where y is x2-distributed with 2i degrees of freedom under the 
assumption of a Poisson process. According to these properties we thus have 
E(GJ = (2 a2/n)  2i and D(G,) = 4 a2 d?/(ndn). For computing the mean of 
5.2.11 we can use the  exact expression for E(1IR;) =,z/8a2 (cf. 2.7.4), so 
this estimate is unbiased also for a finite sample. The idea of 5.2.11 is the 
following: If a population is composed of a number of regions, each of which 
is random but  with different densities, this type of estimate is still unbiased. 

Now n e will give some examples of how the standard errors of the estirnates 
have been computed. By  applying the expression 5.3.2 on 5.2.1 i t  follows 
t h a t  

'I'he standard error of 5.2.11 is oblained exactly by  means of 2.7.4 and 2.7.5. 
We get 

I t  may he of some interest to  study the bias ~vhich would be obtained 
according t o  .5.2.5 - 5.2.11 if the seedlings are distributed in a square lattice. 
By applying the formulas 5.3.1 and 2.4.1 - 2.4.3 we obtain, after neglecting 
Lhe second term, the following 



DISTANCE METHODS 

Using the result 2.4.4 we obtain the mean of 5.2.11 

From these expressions i t  follows that we can expect large bias by some of 
the estimates if the assumption on population structure is wrong. As was 
noted before, the true population mean is 2,500/a2 in all cases. 

For later use we now also calculate a confidence interval for the number of 
seedlings per hectare based on the sample median z,* and on the assumption of 
randomly distributed seedlings. I t  was mentioned above tha t  zj has the 
asy~nptotical mean z3 and the asyrnptotical standard deviation 1 /(2f3(z) qn). 
Moreover the distribution of 2," is asymptotically normal; cf. C R A M I ~ R  (1945). 
By applying the frequency function of R, according to 2.5.1 

and the median z, = 1.8459 a according to table 4, we get the  standard clevia- 
tion of 2," 

The asyrnptotical normality of ii gives the following approximate relation 
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7000 Number of seedLings/ha 1 accord~ng t o  P3 
Number of see$L~ngs/ha 
accordlnq t o  z3 

assumption: m L A /  

Fig. 8. Xuinber of seedlings/ha according to  different estimates; sample survey mad 
by the Boxholm Company Ltd. 

After some transformations we have the approximate 95 corifidence 
interval for the number of seedlings per hectare 
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7000 Number of seedllnqs/ha 1 .scco~dm+ to i, c 

5005- 
assumption 
randomly 
dlstr~bukd 

h300- s~edLin4s 

7300 Number of seedLtnqs/ha 1 accordtnQ to F3 

J assumption 
randomly 
d~strlbuted 

4000 seedhgs 

7000 Number of seedimgs/ha 1 a c c o r j n q  to  r2 

7000 Number of seedLings/ha 1 according t o  z*j 

Fig. 8e-11. 

5.4. Results of estimating the number of seedlings per hectare by using 
observed distances between sample points and seedlings 

Now some results of the  investigations of the  data from the inventories 
described a t  the  beginning of 5.1 will be given. In table 10 the mean distances 
to seedlings nos. 1-3 from the sample plot centre in each field are given. 
The table also gives the means EL of the  squares of the observed distances, 
and the median z," of the distance from the sample plot centre to seedling no. 3. 
The median has been interpolated graphically in a diagram sho~sing the cumu- 
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7000 Number af seedlings/ha 1 according t o  iY2 
7000 Number of seedLings/ha 1 according to i.ii 

7000 

600C 

500C 

4000 

3000 

2000 

1 COO 

Number of seedlings/ha 
acco rd ing  t o  h j  

Number of seedLtnQs/ha a c c o r d ~ n Q  t o  sample plot survey 

Fig. 8i-1. 

lated frequencies of 10 crn classes. The column number 2 from the far right of 
the  table contains the mean h, of the reciprocals of the squares 01 the distances 
from the sample plot centre to seedling no. 3. From these data estimates of the 
number of seedlings per hectare have been obtained according to the expres- 
sions in 5.2. The results of applying the various estimates to the present data 
are found in table 11. The columns 4, 5, and 6 contain the numbers of seed- 
lings and their estimated standard errors according to the sample plot 
inventory. A11 the cases investigated are shown graphically in fig. 8 a-lc, 
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25C0 I 
Standard d e v ~ a t i o n  
nunber  of s e e d i t n ~ s / h a  

GL, 8 I 

1000 15130 2000 2500 3000 3500 4000 11500 500C 
n u m b e r  o :seedL~n~s /h~  of t h e  f~eLd 

Fig. 9. Standard cleviations of the number of seedlings of a 10 sq. 111. circular sainple plot; 
sample survey made by the Boxholrn Company Ltd. 

where Llle numbers of seedlings according to  the sample plot survey have 
been used as abscissas. The outer lines in the figures demarcate a region 
obtained in the following way. About twice the average standard error of 
the sample plot mean is added to, respectively subtracted from the bisectris 
of the axes of the coordinate system. In fig. 9 the sample standard deviations 
of the numbers of seedlings of the individual sample plots have been presented 
together with the hypothetical ones according to  the calculations carried out 
in chapter -1. 

5.5. Discussion of the results of estimation 

l y e  proceed to  a discussion of the results of the application of the various 
estimates; cf. table 11. Provided tha t  the  sample plot survey produced a 
correct result, the estimates based on the assumption of square lattice and on 
the mean distances have apparently underestimated the number of seedlings. 
The underestimalion is greatest in the case with the nearest seedling. 

'The result obtained from an estimate based on the median of X, and 
uuder the assumption of square lattice seems to  be almost unbiased. As 
shon 11 by a coniparison betneen the expressions 5.2.4 a i d  5.2.8, the difference 
between the estiinatecl numbers of seedlings per hectare according to the 
assumptions of square lattice and rando~n  distribution is not great if the 
median is used; cf. also E s s c ~  (1957). Since the  median can be easilyestimated 
and since the estimated number of seedlings can then be rapidly obtained 
in the field, i t  is appropriate to study more closely the  estimates based on the 
median. \Ye shall therefore use the confidence interval 5.3.3 for the number 
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1000 2000 3000 4000 5000 6000 7000 
number of seedLmQs/ha 

Fig. 10. Confidence intervals for the number ol seedlings/ha; sample survey m:<clc 11y the 
Boxholm Company Ltd. 
- - - according to  sample plot survey. 

according t o  median distance betvieen sample point and seedling 
no. 3 and I.hc assumption of randomly distributed seedlings. 
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of seedlings per hectare. Table 12 sho\vs such confidence intervals for the  
various fields and the corresponding ones according to the sample plot survey, 
.c A 2 s/\ii. They have also been drawn graphically in fig. 10 which sho\vs 
that the ones based on the sample plots are about half as long as those based 
on the median. 

Even in the  cases with estimates based on the assunlption of random clistri- 
bution, the mean distance t o  the nearest seedling has given a rather erratic 
result although the bias is not as large as under the assuinption of square 
lattice. In most cases the distances to seedlings nos. 2 - 3  give acceptable 
results. Deviations exceeding 1,000 seedlings relative to the sample plot 
survey do occur; cf. the  standard errors in 5.2. The estimates 5.2.9 and 5.2.10 
which are based on the maximum likelihood method (cf. C R A ~ I E R  (1945)) have 
produced re~narlcably meagre results. A deviation from the assumption of a 
Poisson process results in over or underestimations. The estimate 5.2.11 has 
given the better result. As \\-as mentioned a t  the beginning of the chapter, 
thi5 estimate \\as surmised to  lse "robust". The investigation also corro- 
borates this assumption; cf, fig. 8k. t i  weak tendency to  underestirnate the 
number of seedlings can however he discerned; cf. the bias of 5.2.11 computed 
in 5.3 under the assumption of a square lattice. Some of the estimates will be 
further discussed in chapter 6. 

5.6. Results of estimating the number of seedlings per hectare by using 
the mean distance between seedling no. 1 and its nearest neighbour 

Chapter 3 treated the  truncated distribution of the distance between 
seedling no. 1 and its nearest neighhour. JVe shall now study the estimates 
of the nund~er  of seedlings according to the mean distance of this distribution. 
In soine way we should utilize the  knonledge of the seecllings not growing 
closer than 0.8 metres. Table 13 shows the  estimated mean distances 
I.,, of E(R,,) as well as the number of seedlings to  be expected if the truncated 
distribution according to chapter 3 were to  be applied. The numbers of 
seedlings have been taken from the curve in fig. 5. For purposes of comparison 
the results obtained in the sample plot survey have also been entered. 
Finally, the results are presented as above in fig. 8 1. According to this 
method the estimation of the number of seedlings is obviously uncertain. 

5.7. Extent of open spaces 

I11 chapter 1 i t  was inentioned tha t  the distribution of the distance from 
sample point to  seedling no. 1 describes the proportion of blank circles of 
various sizes. To get an idea of this in the material investigated, soine of the 
fields inventoried (85, 114, 180 b, 183, and 214) have been treated as one 
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Fig. 11. Distribution of the distance Between sample point and secdliilg no. 1 in a group 
of five fields; sample survey made by the  Boxholm Company Lttl. Thc fitted 
frequency functions are theoretical ones according to the assumption of square 
lattice and of randomly distributed seedlings, respectively. 

group. These fields are about equally large in area, ranging from I.,? Lo 2.3 
hectares and ~ i t h  numbers of seedlings estimated to range from 3,230 to 
3,750 per hectare. R y  pooling thenl together a more accurate estimate of Lhe 
distribution has heen obtained. In  table 14 the  distances have been grouped 

into 20-cm classes and t h e  relative irequencies have heen conlputecl. The 
theoretical frequencies according t o  the  hypotheses of square lattice and 
random seedling distribution have also been presented for 3,500 seedlings 
per 1~ectare.Histograni and theoretical distributions are to be found in fig. 11. 
As shown by  both Lable and figure, t he  extent of open spaces better agrees 
with tha t  found in a population of randomly distributed sceclli~lgs than 
in a square lattice. 



Chapter 6. Some additional models of plantations 

6.1. Introduction 

In order to study how some of the  estimates described in chapter 5 are 
affected by seedling mortality in a plantation with initially complete square 
lattice, a programme has been designed for the computer FACIT EDB. This 
programme vill now be briefly described before the results of the application 
are presented. 

In the investigation by STRAND (1954) mentioned above p.8 maps have heen 
used to  exemplify tests of randomness. There is also the possibility of gene- 
rating map figures corresponding to some model niechanism for the distribu- 
tion of the  seedlings and subsequently on these maps to apply manually 
the methods of sampling to be studied. This procedure will be very tedious. 
Such maps have been used by many of the ecologists; cf. e.g. C O T T . ~ ,  
CURTIS 8: HALE (1953), and PIELOU (1960). 

Thanks to -the modern electronic computers with large stores, entirely new 
possibilities are made available. In these stores the entire population can be 
placed, and the sampling is done very quickly. This technique was applied 
in a work by P A L L E ~ ~  & O'REGAN (1961) for coinparison between point sam- 
pling and line sampling. Their investigation dealt with characteristics of 
growing timber. Various properties of the  trees were stored in an IBJI 701 
computer where the computations were then carried out. 

6.2. Model construction and programming 

The approximate appearance of the seedling mortality has been studied 
on some maps of plantations tha t  have been regularly observed by the 
Department of Regeneration a t  the College of Forestry. I t  has then l ~ e n  
considered feasible to  make possible both individual mortality in the lattice 
and a combinalion of individual and group mortality. Groups comprising 
three seedlings in a row or five seedlings crosswise have been chosen. The 
individual mortality has been obtained by uniform allotment one by one of 
the seedlings lost and the group mortality by a corresponding allotment of Lhe 
clusters. The groups of three seedlings should cause inore elongated open 
spaces than do the groups of five seedlings crosswise. The elongated open 
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spaces correspond to  situations where planting has failed for some reason. 
Rather more round open spaces, may however be thought of as representing 
damages caused by animals, diseases or other agents. In the combination of 
individual and grouped mortality one half of tlie seedlings lost have been 
removed one by one. The total seedling mortality percentage may be chosen 
arbitrarily. I11 the cases with group mortality, the individual seedlings have 
been allotted first, and then tlie groups. If a group happens to  cover seedlings 
already dead, new groups have been allotted until the total morlality desired 
is obtained. Large calamity open spaces are of minor interest from the point 
of sampling methodology since they are detected without sampling, but 
they can be studied by a choice of high seeclling mortality. 

The programme has been constructed after entering the undisturbed plan- 
tation into a system of coordinates with the lattice mesh side as a unlt. By a 
choice of this unit lattices of varying denslty up to  900 seedlings can be 
obtained corresponding to  various numbers of seedlings per hectare. Each 
seedling in the lattice has its fixed place in the machine store. By  letting e.g. 
a store cell be empty or contain a figure, a dead or alive seedling respectively 
may be indicated. By  means of a standard progranilne for producing random 
numbers, tlie places of the dead seedlings have been determined. In tlie groups 
the choice concerned the centre seedling. A map of the rnodel can be written 
by the typenriter of the computer. By  producing a new set of random num- 
bers, sampling points have then heen locatecl a t  a number of rnaxirnunl 200. 
On tlie same model maximum 15 samples can be obtained. Circular plots of 
various sizes can be located around tlie sampling points, the largest one deter- 
mining the area of locating the random numbers; cf. 6.3 (below). For these 
sample plots the  machine then records the number of seedlings and conlputes 
their mean and variance. Furtherrnore the distances to  seedling nos. 1-3 are 
computed. ,4lso the mean of these distances as well as their variances are com- 
puted. 'l'he distances to  seedling no. 1 are finally grouped into 10-cm classes 
and the observed distribution function is printed. To test the programme 
samples have been taken on an undisturbed lattice of 2 x 2 sq.m. by mean5 
of 25, 50, 100, and 200 points. The result sl io\~s good agreement with pre- 
vious, theoretically computed values and is presented in table 15. Fig. 12 
shows the observed distribution function as well as the theoretical one ob- 
tained from chapter 2. 

6.3. Border effect on the result of estimation 

On account of the linlitecl capacity of tlie machine only plantations with a 
rnaxinluin of 900 planted seedlings have been studied. If the lattice isdense, 
the planted area will be small in relation t o  tlie circular plots. certain 
influence of the border zone can then be expected. One way of avoiding 
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Fig. 12. Sample distribution function F,(z) for the  distance betveen sample point and 

seedling no. 1 (the polygon line) and the corresponding theoretical one, F,(s) ,  
according to  chapter 2 (the smooth curve). Result from testing the programme for 
artificial sampling in the  computer FACIT EDB (2,500 seedlings/ha). 

hias i11 the sample plot surveys on account of this influence of the border is 
to  choose a large area around the area of investigation and allot the sample 
points uniformly over this larger area; cf. e.g. MASUYA\IA iY: SENGUPT.~ (1955). 
To avoid a special investigation of the marginal zone plots, we have chosen 
to  locate the sampling points randon1ly inside a zone with a breadth of the 
radius of the 10 sq.m. plot. Bias caused by this procedure of allotment in thc 
cases investigated below has been found to  underestimate the numher of 
seedlings by  less than 200 seedlings per hectare, probably considerably less. 

No theoretical investigations have been made in this paper concerning the  
influence of the border zone on the mean distance to  the seedlings frorn the 
sampling points. Bias (if any) in the results obtained in estimating the number 
of seedlings per hectare according to  these distances may thus be influenced 
by the border zone. 

6.4. Results of the model sampling 

As already mentioned, ten different models have been constructed. All 
the populations consist of 900 seedlings in square lattice before mortality. 
The first four populations have meshes of the square lattice of 2 x 2 sq.m. 
and in the other six the seedlings grow in a lattice with meshes of 1.6734 x 
1.6734 sq.m. In all the  models about 30 per cent of the  seedlings have been 
"killed", vchich results in about 1,750 seedlings per hectare in the first four 
models and about 2,500 seedlings per hectare in the  other six. X summary of 



a.rnodel no. 1 

+ 0 + 0 + 0 0 + + + + + + + + + + 0 0 + 0 + 0 + 0 + + 0 +  
+ + + 0 + + + 0 + + 0 + + + 0 0 + + + 0 + + + 0 + + + + 0  
+ o + o + + + + o o o + + + o + + + + + + + + + o + + + +  
+ o o + + + + + + o + + + + + + + + o + + + + + + + + + +  
+ + 0 0 + + 0 + + 0 + + + + + 0 0 0 0 + + 0 0 + 0 + 0 + +  
+ 0 + + 0 0 0 0 0 + + 0 + 0 + + + + + + + + + 0 + + 0 + +  
+ 0 + + 0 0 + 0 0 + + + + + + + 0 + 0 + + + + + + + 0 + +  
0 0 + 0 + + + 0 0 0 + + 0 + + + + + + + + + 0 + + + 0 + +  
+ 0 0 0 + + 0 0 0 0 0 + + 0 0 0 + 0 + 0 + + 0 + + + + 0 +  
+ + + + + + + + + + + 0 + + 0 + + 0 0 0 0 + 0 + + + + + 0  
+ + O + + O + + + O O + + + + + + + + + + + + + + + + O +  
+ 0 0 + + 0 + + + 0 0 + + + 0 0 0 + + 0 + + + 0 + + + + 0  
+ 0 + 0 0 + + + 0 + 0 0 0 + 0 + 0 0 + + + 0 + + 0 + 0 0 +  
+ + + + + 0 + + + + + + + + 0 + + 0 0 0 + + + + + + + + 0  
+ + + O + + + + O + + + + O O + O + + + + 0 + 0 + + + + +  
+ + + 0 0 + 0 0 0 + 0 + + + + 0 0 + + 0 + + + 0 0 0 + + 0  
+ 0 + + 0 + 0 + 0 + 0 + 0 + + + 0 + + + + + + + + + 0 + +  
+ + + 0 + + + + 0 0 + 0 + + + 0 + + + 0 + + + + 0 0 + + 0  
+ + O + + + O + + O T + + + O + + + O + + + + O + O + + +  
+ + + 0 + 0 0 0 + + + + T + + 0 + O T + + + + + + + + + O  
+ + 0 + + O + T + + O + O + O O + O T O + + 0 0 + + + + 0  
+ o o o + + o + o o + + + o + + o o + + + + + o + + + + +  
+ 0 0 0 + + + + + + + + 0 0 + + + 0 + + + + 0 + 0 0 + + 0  
0 + + + + 0 + + + + 0 + 0 0 + 0 0 + + + + + + + + + + 0 +  
+ 0 0 + + + + + + + 0 0 0 + + + + 0 + + + + + + + + + + +  
0 + + + + 0 + + + + + 0 0 0 + + 0 0 0 + + + 0 0 0 + 0 + +  
+ + 0 + 0 + + + 0 + 0 + + + 0 + 0 + 0 + + + + + + + + + +  
+ + + 0 + 0 + + + + + + 0 0 0 + 0 0 + + + + 0 + + + + 0 +  
+ + + 0 0 + + + 0 + + 0 + 0 + + 0 + 0 0 + + + 0 + + + + 0  
+ + + + + + + + O + + + + + O + + + O + + + + O + + + + +  

b model no 2 

A + + + + O + + + + + + + + + + + + + + + + + + + + + + + +  
+ + + 0 0 0 + + 0 + + + + + + 0 + + + 0 0 + + 0 + + + 0 + +  
+ + 0 + 0 0 0 + 0 + 0 0 0 0 + + + + 0 + 0 + + 0 + + + 0 + +  
0 + + + 0 ~ 0 0 0 + + + 0 + + + 0 + 0 + 0 1 + 0 + 0 + 0 + 0 0 +  
+ + + + + + 0 + + + 0 + + + + 0 0 0 0 + 0 0 + - + 0 + 0 + +  
+ + + + + 0 + + + + + + + 0 + + 0 + + ~ + + + 0 + 0 0 + + +  
L + + + + 0 + + 0 + + 0 + 0 * 0 0 + ~ + + + O T + + 0 + O +  
0 + + 0 + 0 + 0 + + + + + 0 + 0 + + + + + + + 0 0 + 0 + + +  
+ + O + + U + r + T - + T + O O + + O + + + O + O + ~ + + +  
+ + 0 0 U + + * + + + + + + + 0 0 + + + + + 0 + 0 0 + + 0 +  
0 + + + + + + + + + + 0 + 0 0 + 0 + + + + + 0 + + + + + 0 +  
0 ~ + 0 0 + + + ~ + + + + + 0 + 0 0 + + + + 0 0 + + 0 + 0 +  
0 + + + 0 + + + 0 + + + + 0 * 0 + ~ 0 + 0 0 0 + + + 0 + + 0  
+ + + + 0 0 + + + + + + 0 0 0 0 + 0 + + + 0 0 0 + + 0 + 0 0  
+ + + + + 0 + + + + + + 0 0 + 0 + + + + 0 0 + 0 + + + 0 0 +  
+ + + + + 0 + 0 0 + 0 + 0 + + + 0 0 + + 0 + 0 + 0 0 + + + +  
+ o + + + + o o o + o + o + + + + o + + o + o + o o + o + +  
+ + + + + + + + 0 + 0 + 0 + 0 + + 0 + 0 + + 0 + 0 0 + + + +  
+ 0 + + + + + + 0 + + 0 + + 0 0 0 + + 0 + + + + + + 0 0 + +  
+ 0 + + + + 0 + + + + + + 0 0 0 + 0 + 0 + + + + + + 0 0 + +  
+ 0 + + + + 0 ~ * + + + 0 + + 0 + + + + + 0 + + + + 0 0 0 0  
+ 0 + + + + 0 + + + + 0 + + + + + + 0 + 0 0 + + + + + + 0 0  
+ + 0 + + + + + 0 0 + + 0 + + + + + 0 + + 0 + + 0 + + + 0 0  
+ + + + + + + + + + + + + + + 0 + 0 + + 0 0 0 0 + + + + 0 +  
+ + + + + + + + + + + o * o + + + + o + + + + + + + + + o +  
+ + 0 + 0 + + + + 0 + + 0 + + 0 0 + 0 0 0 0 + 0 + + 0 + 0 +  
0 + 0 + + + + + 0 0 + + + + + 0 0 0 + + 0 + + + + 0 + + + +  
+ + 0 0 0 + + + 0 0 0 0 + 0 + 0 0 + + + 0 + + 0 + 0 + + + +  
+ + 0 0 0 + + + 0 + 0 0 + + + 0 + + 0 + + + + + + 0 + + + +  
+ + + o o + + + + + o + + + + + + + o + + + + + + + + + + +  

c model no. 3 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

+ + + + 0 0 + 0 + 0 + + + + u + + + o + + 0 + + + + + + +  
+ + + 0 + 0 + + o 0 0 + 0 + + 0 + 0 0 0 0 0 u + o + + + +  
+ + + + + + G + + 0 + + + ~ + + T + 0 + + 0 0 0 0 0 + 0 +  
+ + + + + + + 0 + o + ~ + + u + D + U + + + 0 + 0 0 0 0 +  
+ + + + + + O + + + O - J - + O + + O u U + + + + + 0 0 0 0  
+ + + + O + + + + 0 0 d + u O 0 0 + 0 + D + + + + + 0 0 +  
+ + + + o o + + U 0 o O + + U 0 0 J ~ U + + + + + + 0 + +  
+ O O + O + + + r O + + T U + O O + + + + + + + + + + O +  
+ 0 + u + + + + + ~ + + 0 0 0 + + + + 0 + + + + + + 0 0 u  
+ + O O + + + + 0 + + + + 0 + + + + + + + U + + + 0 0 0 +  
O O O O + T O o ~ L + + + o + T U + O + O + O + + + o + +  
+ + 0 + 0 + + + 0 + + 0 + 0 + + + + + + + 0 + + + + + + +  
+ + ~ + ~ + + + + + 0 0 0 + + " + + + + 0 + 0 + 0 + 0 0 +  
+ 0 0 0 + + + + + + + 0 + + + + + + 0 + 0 + + + + + + + +  
+ 0 0 + 0 0 + 0 ~ + + + 0 + u ~ + + + + + 0 + + + 0 0 + +  
+ + + + + + + + 0 + + 0 0 0 0 0 + ~ + + + + + + + + + + +  
+ U + U + r ~ + + + O O u O O O O + + + + + + G G + + + +  
0 0 0 + + + + + + 0 + + 0 + + 0 0 0 + + + + + 0 0 0 + 0 +  
+ 0 + + 0 + 0 G + + + + + + + + 0 0 + + + + + + 0 0 + + +  
+ + o + + o o + + + + + + + + + + + + + + + + + + o + + o  
+ + + 0 0 0 0 + + + + 0 + + + 0 + + + + + + + + + + + 0 0  
+ + + + + 0 + + 0 0 + + 0 + + + + + + + + 0 0 + + 0 0 0 0  
+ + + + + + + + 0 0 0 0 0 0 + + + 0 0 0 0 0 0 0 0 + + 0 0  
+ 0 + + + 0 + + + 0 + 0 0 + 0 + + 0 0 + + 0 + + + + + + 0  
0 0 0 + + 0 + + + + + + 0 + + + c 0 0 0 + + + + + + + + +  
+ u + T + 0 0 0 0 0 + + + 0 + 0 + + 0 + 0 + + + + + + + +  
+ O + + + O o + + + + + + + L l o O + o A + o + +  
o 0 0 + + + + + + + + + + + + 0 0 + + + + + + + + i + . L +  
+ 0 + + A + + + + + + + o + + + + + + + 0 + + + + L 3 T +  

d model no. 4 

+ + 0 + + + 0 0 + + 0 0 + + + + + + + + + + + + + + 0 + + 0  
+ O + + O + + O + + O O O O O + O + + + 0 + + + + + + O O +  
+ + + + + 0 0 0 + 0 + + 0 + + + + 0 0 + + + 0 + + 0 + + + +  
+ 0 + + + + + 0 0 0 0 0 + + + + 0 + 0 + + 0 + 0 0 0 + + 0 +  
+ + 0 + + 0 + ~ + + + + 0 + + + + + + + + + 0 + + 0 + 0 + +  
+ + O + O + O O O + + + 0 0 + O O O O + O + + + + + O O + +  
+ 0 + 0 + * + + + 0 + + + + + + + + + 0 0 0 + + 0 + 0 0 + +  
T + + + O + O + + O + O 0 0 O + + O + + + + + + + O + + + +  
+ + + + + + + 0 + 0 0 0 + + 0 + + + + 0 + 0 0 0 + + + + + +  
+ 0 + + + 0 + + 0 0 0 + 0 0 + + + 0 + + + + ~ ~ + + + ~ 0 +  
+ + + + 0 + + 0 + + + + 0 + 0 + + + + + + + + 0 + + 0 + + +  
+ + + + + 0 + + 0 0 + + + + 0 + 0 + 0 0 + + + + 0 0 0 0 + +  
+ + + + + 0 + 0 0 + + + 0 0 + 0 + + + 0 + + + + + 0 + + + +  
+ + + + + 0 + + + + 0 + + 0 0 + 0 + + + 0 0 + + + + 0 + + +  
+ 0 + 0 + 0 + + + + 0 + + + + + 0 0 0 + 0 + + + 0 0 + O + +  
+ 0 + + 0 0 - ~ + + + + + 0 0 0 + + + + + + + 0 + 0 + + + +  
O + + + + + + + O + + + + + + + O O + + O O + + O O ~ + + +  
0 0 + + + + 0 + + + 0 + + 0 0 + + + 0 L + + + 0 + + + + + +  
+ + + + + 0 + + + 0 + + + + 0 + 0 + + + + + 0 + + + + 0 0 +  
+ + + O + O + T + + O + O O + + + + + + O + + + + 0 0 O O +  
+ + + + + + + + + + + + + 0 + + + 0 + + + + 0 + 0 + 0 0 + +  
+ + + + 0 + + + 0 + 0 + + 0 + 0 + + + + 0 + + + + 0 + 0 + +  
+ 0 + 0 + + + + + 0 0 + + 0 + + 0 0 + + + + + + + + + + + +  
+ O O O + + + + + O O + + + O O + O O O + + O 0 + + + O + O  
+ + 0 + + + + 0 + + + + 0 + + 0 + + + 0 0 0 + + + 0 + + + +  
0 ~ 0 + + 0 0 + 0 + + + + 0 0 + 0 + + + + + + + + 0 0 0 0 0  
+ + + O + + + T + O O T i + + + + + O O O + + O + O + + + O  
+ O O + + T + + + O + O + + + O + O + O + + + O + + + + O +  
O + + O + + + + + + O - + O O + + + + + O + O + + + O + + O  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

e.modeL no. 5 

+ + + + + + o + + + + o + + + + + o + + + + + + o + + + +  
0 + + + 0 + + 0 + 0 0 + 0 0 + 0 0 - + + O + + + + + O + +  
+ + + 0 0 + 0 + + + + + + + + + + + + 0 + + + 0 0 + + + 0  
0 0 0 + + + 0 0 + + 0 0 + 0 + + + + + + 0 0 0 + 0 + + 0 +  
+ + 0 ~ 0 + 0 + + + 0 + + + + + 0 0 + + + + + + 0 + + + 0  
+ + + + ' O i + O + + - + O + O + O + + + + O + O O + + +  
+ + + o + + - " + 0 + + + + 0 + + + 0 0 + + + + 0 + + + 0  
O + O O + - + O + + + O + + + + + + + + O + + O + + + O +  
+ + + 0 0 0 + + + 0 0 + 0 + + + + + 0 + + 0 + + + + 0 0 +  
+ 0 + + + 0 + + 0 0 + ~ + + 0 + + + 0 0 0 + 0 + + 0 0 + 0  
+ + + 0 + + + 0 + + + + + + + 0 + + + 0 + 0 0 0 + 0 + + 0  
+ 0 0 0 + + 0 + + + + + 0 0 0 0 + 0 + + 0 + + + + + 0 0 +  
+ 0 0 + + + 0 + + + 0 + + + 0 + + 0 0 + + 0 + + + 0 + + +  
+ 0 + + + 0 + 0 0 + 0 + + + + + 0 + + + + + 0 + + 0 0 0 +  
O O + + + + + + O + + + + + + + + + 0 0 + O O O + + + O O  
+ 0 0 0 + + + + + 0 + 0 + + + + + + 0 + + 0 + + 0 + + + 0  
+ O + + O + O + + + + + + + + + + O O O + 0 + + O + O + +  
0 + + + + + + + 0 + + + + + + + 0 + + + 0 + 0 0 0 0 + 0 0  
+ + 0 + 0 0 0 + + 0 0 + 0 + + + 0 0 + + 0 + + 0 0 + + + +  
+ 0 + + 0 0 + 0 + 0 + + + + 0 0 + + + + + + 0 + 0 0 + + +  
+ 0 + + 0 + + + + 0 + + + + + + + + 0 0 + 0 + 0 + 0 + 0 0  
+ 0 + 0 + + 0 + + 0 + + + 0 + + + 0 + 0 + 0 + + + + + 0 +  
+ + 0 + + + + + + 0 0 + + + + + + + + + + 0 + + + + + 0 +  
0 0 0 0 + + 0 + 0 + + + 0 + 0 + + + + + + + 0 + + + + + +  
+ 0 + + + + 0 + + + + + + 0 + + 0 + + + 0 0 0 + 0 + + + +  
0 0 + + + + + + + + + 0 + + + + + 0 + 0 + + 0 0 0 0 + + +  
+ + O + + + + + O + O + + + + O + + + O O O + + + + + + +  
O O + O + + O + O + + + O + O + 0 + + + + + + + 0 0 0 0 +  
+ + O + + + + O + + O O O + + + O + O O + + + + + O + + +  
+ + + + + + + + + + + + + + + + o + + + + o + + + + + + t  
f. model no. 6 

Fig. 13. Maps printed by thc computer FACIT EDB (artificial sampling). 



?.model no. 7 I h.modal no. 8 

rnodd no. 9 

Fig. 13. g-j. 

the models and a presentation of the  seedling inoriality are given in table 16. 
The maps printed 11y the  machine are found in fig. 13 a-j (0 means dead 
seedling). 

The inodels nos. 1, 3, 4, 5, 7, and 9 have been studied by 13 sampleseach 
coniprising 23 randomly selected sampling points. The selection was made as 
described in section 6.3. The purpose is still to study the  mean number of 
seedlings per hectare obtained according to  a sample plot survey and accor- 
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ding to  the mean distances to the seedlings nos. 1-3 under t11c assunlptio~is 
of square lattice and random distribution. In table 17 these assun~ptions are 
called 1 and 2, respectively. The models nos. 2, 6, 8, and 10 have been studied 
by 10 samples comprising 25 sampling points and 5 samples of 200 points. 
The large samples have been used in order to  give a picture of how the 
distribution function for the distance to  seedling no. 1 is changed by the 
open spaces in the plantation. This distribution function has also been esti- 
mated for the small samples. Tlie estimated numbers of seedlings are fourid 
in table 17. Only group means and ranges of tlie sample means of the models 
have been presented. The distribution functions of the large samples are 
given in table 18 and they are drawn in fig. 14 a-d, as me11 as the correspon- 
ding theoretical ones for a square lattice of 2 x 2 sq.in. \~.itllout open spaces. 
Only the means of the five samples are shown. X 93 per cent confidence 
region for the distribution function of the distance t o  seedling no. 1 for 200 
sample points has also been drawn for model no. 2. This presentation has 
been made by tlernarcating twice the standard deviation 

both upward and downward from Lhe mean curve observed. Table 19 shows 
observed ~ a l u e s  of percentages of open spaces. They are obtained from samples 
of 25 points. 

6.5. Discussion of the results of estimation 

\Ye now proceed to a brief suminary of tlie inforination given in tables 
17 - 19. \Tit11 respect t o  the  number of seedlings, the  sample plot surveys 
have produced nearly unbiased estimates. The dispersion of the means has 
been estimated by  means of the range, a division into small samples being 
made. Such a calculation reveals tha t  the standard deviation of the mean 
values varies from about 200 seedlings to about 400 seedlings per hectare. 
For sample plots of 10 sq.111. size, the standard deviation is more uniforin- 
about 200 seedlings per hectare. There is no evidence that dispersion would be 
essentially greater in cases where half of the seedling mortality was in groups. 
Tlie estimates based on the distance to  the  seedlings nos. 1-3, largely confirm 
the  results of the investigations in chapter 5, underestiniations by use of 
seedling no. 1 and the assumption of square lattice, overestimations 
under the assumption of ranclom distribution. Seedling no. 3 has pro- 
duced a slight bias and the standard deviations are remarkably small i.e. 
about 200 seedlings per hectare. As far as can be judged hy these sampling 
experiments, the mean distance to seedling no. 3 and some of the assumptions 





I S  DISTANCE LIETHOIIS 

studied should be advantageously used as a hasis for estimating the number 
of seedlings per hectare if the seedling mortality is not more uneven lhan 
tha t  in the  present models. The distribution functions largely sho\i- what ~i-as 
expected, viz. the distances increase when there are open spaces. The observed 
relative frequencies of open spaces in table 19 show tha t  in order to  obtain 
dependable estimates of the frequency of open spaces we are in iieccl of large 
samples; cf. also fig. l l a .  



Sanimanfattning 

Principen for uppskattning av individantalet i en vaxtpopulatiou genoin 
avstandsmatning ar  enkel. Om populationen ar  individrik bor avstanden 
mellan narstaende individer bli korta, Atminstone i genomsnitt, ar  indivicl- 
antalet litet bor de bli langa. Samma sak galler avstanden f r in  sampelpunkter 
till narstaende plantor. For a t t  undersoka inojligheterna a t t  tillainpa dessa 
principer vid kontroll a v  plailteringar har denna undersokning utforts. 

I liapitel 1 redogores for e t t  antal arbeten som bellandlar frigor rorandc 
avst5ndsmatning i vaxtpopulationer. I cle skogligt orienterade arbetena har 
den centrala fragan varit a t t  uppskatta antalet plantor eller trad per areal- 
enhet. E n  annan grupp a v  arbeten, med ekologisk inriktning, har daremot 
behandlat fragor om hur plantorna s t i r  fordelade, gruppstalldhet kontra s. k. 
slumpmassig plantfordelning. 

Till grund for cle studier som gjorts i detta arbete ligger tvA olika antagan 
den om plantornas fordelning i rurnmet. I det ena antages a t t  plantorna star i 
e t t  kvadratgitter, den fordelning man efterstravat vid planteringen, i de-t 
nndra a t t  de ar  fordelade enligt en s. k. Poissonprocess. Denna senare fordel- 
ning overensstammer mecl den soin brukar kallas slumpmassig. I bl. a. 
:kologiska arbeten finns beskrivet hur frAn borjan regelbundet fordelade 
vaxtpopulationer efter konkurrens och annan pAverkan overgar i mer eller 
mindre slumpmassiga populationer. Det ar  bl. a. av detta skal den slump- 
massiga plantfordelningen studerats. E t t  annat ar  a t t  den leder till enlila 
rakningar. 

I kapitel 2 behandlas forclelningarna for avstanden frail en slumpmassigt 
vald sampelpunkt till narmaste, nast narmaste och tredje planta i ordning 
frAn sampelpnnkten. Dessa plantor kallas i fortsattningen planta 1, 2 resp. 3. 
I kvadratgitterfallet har karakteristikor till dessa fordelningar beraknats av 
ESSED (1957). Under antagandet om slumpmassig plantfordelning har bade 
fordelningar och karakteristikor till de olika avstanden behandlats av bl. a. 
SKELLAM (1952), MORISITA (1954) och THOMPSON (1956). De i kapitlet liar- 
ledda fordelningarna och nagra a v  deras liarakteristikor har tabellerats och 
uppritats for e t t  plantantal av 2 500jha. Se tabell 1, 2, 3 och 4 samt figur 3. 

Kapitel 3 hehandlar fordelningen for avstandet mellan planta 1 och dess 



narmaste grannplan-ta under antagandet om slumpmassig plantfordelning. 
Enligt denna fordelning har -tabell 5 uppgjorts med hjalp a v  datamaskin. 
L r  tabellen har den stympade fordelningen for detta avstind beraknats och 
sainrnanstallts i tabell 6. I tabell 7 har aven medelavstanden for sival den 
ursprungliga som stympade fordelningen saminanstallts. Medelavstind for 
den ursprungliga fordelningen har beraknats tidigare av  MATEKN (1959). 

I kapitel 4 behandlas standardavvikelsen till plantantalet p i  en slump- 
massigt utplacerad cirkular provyta. Darvid utnyttjas bl. a. e t t  resultat av  
KEXDALL (1948). Standardavvikelserna under de bada antagandena om 
populationsstrukturen och olika plantantallha har samn~anstallts i tabell 8 
och 9 samt figur 7. 

Kapitel 5 behandlar en tillampning av  resultaten fran kapitel 2, 3 och 4 
vid uppskattningen av  plantantalet/ha i nagra planteringar. Materialet utgiir 
resultaten f r i n  samplingundersokningar a v  30 planteringar vid Boxholms 
hruk. Vid samplingen har plantrakning pa provytor utforts. Dessutorn har 
avstanden mellan provytecentrum och plaxta 1, 2 resp. 3 samt mellan planta 
1 och dess narmaste grannplanta matts. Utover de uppskattningar som kan 
erhallas genom utnyttjande av  medelavstind har ytterligare nagra pa av- 
standens kvadrater grundade provats. Dessa finns beskrivna i tidigare litte- 
ratur. Vid bearbetningen har provyteresultaten anvants for jamforelsen 
av  de olika uppskattningarna. I tabell 11 och figur 8 a - 1 a r  resultaten sam- 
manstallda. 

I-Iar skall nu nigra  resultat a v  undersokningarna i kapitel 5 anges. P a  
avstanden till planta 1 grundade uppskattningar a r  mycket osakra. Ett 
felaktigt antagande om populationsstruktur kan ge en ))bias)) pa over 40 %. 
Om daremot avstinden till planta 3 anvands, finns goda mojligheter till 
praktiskt taget medelvardesriktiga uppskattningar av  tatheten i popula- 
tioner av  det slag som studera-ts i detta arbete. Detta bekraftar tidigare 
undersokningsresultat av  ESSED (1957). Speciellt lampliga tycks uppskatt- 
ningar grundade p i  inedianavstandet till planta 3 vara. Dessa uppskatt- 
ningar uppvisar emellertid en stor variation. Se tabell 12 och figur 10. E n  
okning a\. antalet sampelpunkter till det fyrdubbla a v  det vid anvandande av  
10 m2 provytor torde vara nodvandigt om samnla noggrannhet som i provyte- 
q~psliattningarna skall erhillas. Uppskattningar grundade p i  inedeltalet av  
avstindens inverterade kvadrater har gett mycket goda resultat. Denna typ 
av uppskattning har foreslagits a v  MORISITA (1957) och ;CIATERN (1959). 
Till sist har uppsliattningar grundade p i  den styinpade fordelningen for 
avstandet mellan planta 1 och dess narmaste grannplanta gjorts. Dessa ar ,  
liksorn de p i  avstanden mellan sampelpunkt och planta 1 grundade, osakra. 
Som avslutning pa kapitel 5 ingar e t t  stuclium av  luckornas utbredning. 
Darvid har avstindet mellan sarnpelpunkten och planta 1 anvtints. F e n  
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likartade planteringar har sammanslagits och histogram over aostAndsfor- 
delningen uppritats. Till detta har anpassats frekvensfunktioner grundade 
p i  antagandet om dels kvadratgitter, dels slumpmassig plantfordelning. 
Resultaten finns sammanstallda i tabell 14 och figur 11. Som framgir over- 
ensstammer den observerade fordelningen bast med den sorn skulle vantas i 
en population med slumpmassig plantfordelning. 

Kapitel 6 behandlar en tillampning av e t t  program soin uppgjorts for 
datarnaskinen FACIT EDB. hled hjalp av  detta kan modeller av  luckiga 
planteringar konstrueras. Genom artificiell sampling p i  nigra sBdana model- 
ler i maskinen har nigra av de i liapitel5 undersokta uppskatt~liilgsuttrycken 
provats. Resultaten overensstammer i stort sett  med dem fran kapitel 5. Se 
tabell 17. Utover plantantalen har aven fordelningarna for a v s t h d e n  till 
planta 1 uppskattats genom frekvenslwoter. Se tahell 18 och figur 14. 
Osakerheten i en sadan uppskattning har isk5dliggjorts i figur 14 a. For 
sakra uppsliattningar av  lucliornas utbredning kravs e t t  ansenligt antal  
sainpelpunkter. Osakerheten vid sm5 stickprov framgar dessutom av  -tabell 
19. 

R E F E R E N C E S  

BAUERS.ICHS, E., 1912: Bestandesrnassenaufnalnne nach den1 1\IittelsLammverfaliren dcs 
zweitltleinsten Starnmabstandes. - Forstw. Centralblatt 64, p. 182-1813, 

BRAATHE, P., 1953: Undersokelser oVer utviltlingen av  glissen gjenvekst av  gran. - Medd. 
fra (let norslte skogsforsmlisvesen 12, p. 208-301. 

CLARK, P. J. & EVANS, F. C., 1954: Distance to nearest neighbor as a measure of spatial 
relationships in populations. - Ecology 35, p. 445-453. 

- 1955: On some aspects of spatial pattern in biological populations. - Science 121, p. 
397-395. 

COCHRAN, W,  G., 1963: Sampling techniques. - New Yorli. 
COOPER, C. F. ,  1961: Pattern in ponderosa pine forests. - Ecology 42, p. 493-499. 
COTTAX, G., CURTIS, J. T. 6: HALE, B. \V., 1953: Some sampling characteristics of a 

pop~ilation of randomly dispersed individuals. - Ecology 31, p. 741-757. 
COTTAJI, G. & CURTIS, J. T., 1956: The use of distance measures in phytosociological 

sampling. - Ecology 37, p. 451-160. 
C R A J I ~ R ,  H., 1945: hIathematica1 methods of statistics. - rppsala .  
D ~ I G I I T ,  H. B., 1947: Tables of integrals and other mathematical data. - S e w  Yorli. 
EXEROTH, O., 1945: Om fromanyden vid flacks&dd samt sambandet mellan plantantal 

per ha och slutenhetsgrad vid sjalvsBdd. - Norrlands sliogsvArdsforbunds ticlskrift 11, 
p. 161-222. 

ESSED, F. E., 1954: X quick, simple and a1 the same time accurate niethocl for estin~ating 
the total volume and the  increment percenl of evenaged stands. - Paper for the IV 
\Vorld Forestry Congress 1954, and in: Indian Forester 82, p. 260-263 (1956). 

- 1957: Estimation of standing timber. - Medelingen van de Landbou~~l~ogescliool te  
Wageningen, Scderland. 57 (5), p. 1-60. 

FELLER, \T., 1943: On a gencral class of "contagious" distributions. -- Ann, math.  stat. 
Yol. 14, p. 359-400. 

- 1957: An introduction to probability theory and its applications, I. - S e w  Torli. 
GOODALL, D. \Y., 1962: Bibliography of statistical plant ecology. - Escerpta Botanica, 

Sectio B, Band 4. 
G R E I G - S ~ T F I ,  P., 1957: Quantitative plant ecology. - 1,ondon. 



52 OLLE PERSSOK 

I<EXD.\LI,, D. G., 1948: On the  number of lattice points inside a random oral .  - Quaterly 
Journal of JIathematics XIX,  p. 1-26. 

KENDALL, 31. G. sl MORAN, P. A. P . ,  1963: Geometrical probability. - London. 
h l a s u ~ . a ~ a ,  BI., & SENGUPTA, J. l l . ,  1955: On a bias in a crop-cutting experiment (applica- 

tion of integral geometry to  areal sampling problems - part  Y). -- Sanlrhya Vol. 15, 
p. 373-376. 

~ I A T ~ R S ,  B., 1959: NBgra tilliimpningar av  teorien for geometrislta sannolikheter. - 
Svcnska slrogsv&rdsforeningens tidsltrift nr 3, 11. 453-458. 

.- 1960: Spatial Variation. - RIedd. fr&n statens skogsforskilingsi~~stitut, 49: 5. 
h l o ~ r s a ,  E .  C., 1947: Poisson's exponential binomial limit. - Nev  York. 
MORISITA, hl.,  1954: Estimation of population density by spacing method. -1Iem. fac. x i .  

ICyuschu univ., ser. E, Yol. 1,  no. 4, p. 187-197. 
- 1957: A new method for the estimation of density by the spacing ~nethocl applicable 

to non-randomly distributed populations. - Physiology 9: Ecology, \-01. 7, no. 2, 
p. 134-144. 

S E Y ~ I A X ,  J., 1939: On a neTv class of "contagious" distributions, applicable in entomo1og~- 
and bacteriology. -- Ann. math. stat. 10, p. 35-57. 

PALLEY, RI. N., & O ' R E G . ~ ,  \T. G., 1961: A computer technique for the study of forest 
sampling methods. - Forest Science 7, p. 282-294. 

PIELOU, E. C., 1959: The use of point-to-plant distances in the  study of pattern of plant 
populations. -- J. Ecology 47, p. 603-613. 

- 1960: A single mechanism to account for regular, random and aggregated populatio~ls. 
- J. Ecology 48, p. 575-581. 

RYSHIK, I. hf. & GRADSTEIS, I. S., 1957: Tafeln. - Berlin. 
SICELLAX, J. G., 1952: Studies in statistical ecology I, Spatial pattern. - Biometrika 39, 

p. 346-362. 
STOFFELS, A,, 19,55: Die Genauigkeit dcr Bestimmung der Stammzahl pro Hektar durch 

Messung ron  Sta~nmahstanden. - Forstn7. Centralblatt 74, p. 211-218. 
STRASD, L., 1954: Rl&l for fordelingen av individer over e t t  o~nr&de.  - Bledd. fra del 

norske skogsforsoksvesen 12, p. 191-207. 
TIIOMPSON, H. R., 1956: Distribution of distance to  n:th neighbour in a population of 

randomly distributed individuals. - Ecology 37, p. 391-394. 
TIREX, L., 1950: Om den naturliga foryngringen pa  obranda hyggen i norrlandsk granskog. 
- Bfedd. f r h  statens skogsforslrningsinstitut 38: 9. 

\TARREN, IT. G., 1962: Contributions to  the study of spatial point processes. - University 
of North Carolina, Institute of Statistics, hlimeo Series S o .  337. 



TABLES 



DISTANCE METHODS 5 5 

Tab. 1. Distribution functions of the distances between sample point and seedlings; square 
lattice (2,500 seedlingslha). 

Xote: If the  table is used for other numbers of seedlings/ha, the  argument J: must be 
changed. E.g. for 3,600 seedlings/ha cr = +11/0,36 = 0.8333 and all the  z-values must be 

multiplied by 0.8333. 

Tab. 2. Characteristics of the distances between sample point and seedlings; square lattice. 

z (metres) 

0.0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 
1.1 
1.2 
1.3 
1.4 
1.5 
1.6 
1.7 
1.8 
1.9 
2.0 
2.1 
2.2 

Fdx)  

0.0503 
0.1544 
0.2884 
0.4467 
0.6266 
0.8264 
0.9496 
0.9967 

0.0000 
0.0079 
0.0314 
0.0707 
0.1257 
0.1963 
0.2827 
0.3848 
0.5027 
0.6362 
0.7854 
0.8886 
0.9509 
0.9865 
0.9998 

0.0000 
0.0617 
0.1801 
0.3408 
0.5396 
0.7096 
0.8230 
0.9038 
0.9584 
0.9898 
1.0000 

1 
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Tab. 3. Distribution functions of the distances between sample point and seedlings; randomly 
distributed seedlings. 

s (metres) 1 

Tab. 4. Characteristics of the distances between sample point and seedlings; randomly 
distributed seedlings. 
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Tab. 5. Distribution function of the distance between seedling no. 1 and its nearest 
neighbour; randomly distributed seedlings. 

(metres) I Fll(z) at various numbers of seedlings/ha 
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Tab. 6. Truncated distribution function of the distance between seedline no. 1 and its nearest - 
neighbour. 

x 
(metres) 

r i l l >  0.8) at various numbers of secdlings/ha 
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Number 
of seed- 
lingslha 

Tab. 7. Mean distances (metres) at various numbers of seedlings/ha. 

Square lattice Randomly distributed seedlings 
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Tab. 8. Standard deviations of the number of seedlings of a circular sample plot; square 
lattice. 

Number 
of seed- 
lings/ha 

n: (number of seecllings / sample 
plot) 

o: (number of seecllings/ha) 

5 sq. 111. plot 10  sq. In. plot 
-- 
10 sq. m. plot 

0.426 
0.476 
0.503 
0.497 
0.569 
0.653 
0.720 
0.764 
0.784 
0.776 
0.737 
0.666 
0.622 
0.572 
0.494 
0.404 

Tab. 9. Standard deviations of the number of seedlings of a circular sample plot; randomly 
distributed seedlings. 

5 sq. m. plot 

1,000 
980 
91 7 
808 
806 
851 
905 
953 
987 

1,006 
1,004 

994 
1,055 
1,138 
1,224 
1,306 

10  sq. m. plot 

1.0000 
1.0054 
1.1832 
1.2649 
1.3416 
1.4142 
1.4832 
1.5492 
1.6125 
1.6733 
1.5321 
1.7889 
1.8439 
1.8973 
1.9494 
2.0000 
2.0494 
2.0976 
2.1448 
2.1909 

P\'urnber 
of seecl- 
lingsjha 

IT: (number of seedlings/ha) IT: (number of seedlinqs/sample 
plot) 

5 sq. m. plot / 5 sq.  m. plot 

1,414 
1,549 
1,673 
1,789 
1,897 
2,000 
2,098 
2,101 
2,280 
2,366 
2,449 
2,530 
2,608 
2,683 
2,757 
2,828 
2,898 
2,966 
3,033 
3,098 

1 0  sq. 111. plot 

1,000 
1,095 
1,183 
1,265 
1,342 
1,411 
1,483 
1,549 
1,612 
1,673 
1,732 
1,589 
1,844 
1,897 
1,949 
2,000 
2,049 
2,098 
2,143 
2,191 
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Tab. 10. Mean distances, means of squares of distances as well as of reciprocals of squares 
of distances; sample survey made by the Boxholm Company Ltd. 

Nean of 
Mean distance Meal1 of squares of recipro- 

(metres) distances (sq.111.) cals of 
squares o 

I I I I distance$ 
Field no. 

Median 
listance 
of seed- 
ling no. 

3 

1.57 
1.43 
1.67 
1.38 
2.05 
1.47 
1.38 
1.59 
1.67 
1.37 
1.54 
1.48 
1.43 
2.55 
1.60 
1.48 
1.71 
1.61 
1.44 
1.89 
1.90 
1.56 
1.38 
1.50 
1.32 
1.34 
1.47 
1.42 
1.89 
2.13 

Kumber 
of sample 

points 
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Tab. 11. Numbers of seedlingslha accordine to differnt estimates; sample survey made by the Boxholm - 
Company Ltd. 

Field 
no. 

ires 
hec- 
tare 

Number of seed- 
lingsiha accor- - 

Cum- ding to  sample 
plot survey 

of standard 
jam- error of 

,lots 

plot 

Number of seedlings! 
ha  according t o  the  

assumption of square 
lattice and 

Number of seedlingslha according to  the 
assumption of randomly distributed 

seedlings, using 

max. lik. 
method and 
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Tab. 12. Confidence intervals for the number of seedlingslha; sample survey made by the 
Boxholm Company Ltd. 

95 % confidence interval for 
the  number of seedlingsjha 

according to  

95 % confidence interval for 
the  number of seedlings/ha 

Field 1 according to  

median dis- 1 ta;;g:;e;cl- 

no. 
sample plot 1 1  1 ts2z ::;- 1 survey ling no. 3 

sample plot 
survey 

Tab. 13. Mean distances between seedling no. 1 and its nearest neighbour and numbers of 
seedlingslha estimated thereof; sample survey made by the Boxholm Company Lad. 

Field no. 

Sumber  of 
seedlings/ha 
according to 

Number of 
seedlings/ha 
according to  >lean 

clis- 
tance 

(metres) 

Fielcl no. 

Mean 
dis- 

tance 
(metres) 

- 

mean 
distancc 

mean 
distance 

sample 
plot 

survey 
"Ze 1 1  
survey 
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Tab. 14. Distribution of the distance between sample point and seedling no. 1 in a group 
of five fields; sample survey made by the Boxholm Company Ltd. 

Class 
(centirnetre) 

absolute 

Sample frequencies 

ratio 
(%I square lattice 

Theoretical frequencies 
(%I 

according to  the assumption of 
-- 
,andornly distri- 
buted seedlings 
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Tab. 15. Results from testing the programme for artificial sampling in the computer FACIT 
EDB (2,500 seedlingslha). 

I / Sample value a t  a number of sample 

retical points of 

no. 2 . . . . . . . . . . . . . . . . . . . . . . . .  .:I 0.043 1 0.029 1 0.034 1 0.036 1 0.047 

Mean distance to  seedling no. 
(me t r e s ) .  . . . . . . . . . . . . . . . . . . .  11 1.8'2 1.84 / 1.86 1 1.13 1 1.83 

Variance of the  distance t o  seedline: 

Mean number of seedlings of a 5 sq.m. 
sample plot. . . . . . . . . . . . . . . . . . . . .  

Variance of the number of seedlings 
of the sample plot . . . . . . . . . . . . . . .  

hlean number of seedlings of a 10sq.m. 
sample plot. . . . . . . . . . . . . . . . . . . . .  

Yariance of the number of seedlings 
of the sample plot . . . . . . . . . . . . . . . .  

Rlean distance t o  seedling no. 1 
(metres). . . . . . . . . . . . . . . . . . . . . . . .  

Variance of the  distance to  seedling 
no 1 . . . . . . . . . . . . . . . . . . . . . . . . . .  

no. 3 . . . . . . . . . . . . . . . . . . . . . . . .  .1/ 0.034 / 0.035 1 0.028 1 0.037 / 0.033 

Distribution function of the  distance to  seedling no. 1 

Mean distance t o  seedling no. 
(metres). . . . . . . . . . . . . . . . . . .  1.33 1 1.41 1 1.40 1 1.11 

Variance of the  distance to  

1.25 

0.24 

2.50 

0.60 

0.77 

0.081 

Tab. 16. Summary of the models for artificial sampling in the computer FACIT EDB. 

hIodel 
no. 

1.36 

0.31 

2.68 

0.54 

0.83 

0.065 

Original 
number of 

seedlings/ha 

Number of 
seedlings/ha 
~f the n~oclel 

1.18 

0.15 

The seedlings are "lrilled" 

0.25 0.25 I 

30 O/b one by one 
30 0/, one by one 
15 % one by one, 15 O/, in groups of 3 in a row 
15 Yo one by one, 15 % in groups of 5 crosswise 
30 % one by one 
30 ?/, one bl- one 
15 ?/, one by one, 15 % in groups of 3 in a row 
15 '3; one by one, 15 0/6 in groups of 3 in a ron  
I 5  % one by one, 15 % in groups of 5 crosswise 
15 Ojo one by one, 15  O/, in groups of 5 crosswise 

2.48 

0.60 

0.74 

0.090 

2.34 

0.38 

0.70 

0.051 

2.52 

0.65 

0.77 

0.082 
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Tab. 17. Results from artificial sampling in the computer FACIT EDB; assumption no. 1 
= square lattice, assumption no. 2 = randomly distributed seedlings. 

Mean number of seedlings/ha 

Number of 
iamples betwee 

parentheses; 
number of 

sample points 
= 25 

according to  
sample plot 
survey and 

plot size 

- aceordi 

seedling no. 
1 and 

nce to  

seedling no. 
3 and 

J to  mean dis 

seedling no. 
2 and Iodel no. 
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Tab. 17. Continuation. 

hIem number of seecllinps, ha 

Kumbei of 
anlples betn eel 
parcn Lhescs, 
number of 

samplc p o ~ n t s  
= 200 

according to  
sample 11101 
survey and 

1110 L size 

according to  mean distance to 

sccdling no. 1 
and 

seedling no. 2 
and 

scctlling no. : 
and \lode1 no. 

I Lion - 

2 

assumption I 

- 

- 

niaximum 
mean (5) 
minimum 

(5) 

15) 

(5) 

Tab. 18. Sample distribution functions of the distance between sample point and seedling 
no. 1; artificial sampling in the computer FACIT EDB (1000 sample points). 

* 
F,(z), model no. x 

(metres) 



68 DISTANCE METHODS 

Tab. 19. Estimated numbers of circular open spaces; artificial sampling in the computer 
FACIT EDB (25 sample points). 

'ercentages of circular open spaces with a radius of 1.5 metres: sampling 
of model no. Sample no. 

Percentages of circular open spaces with a raclins of 2.0 metres.; sampling 
of model no Sample no. 

1 
2 
3 
4 
5 
6 
m 
I 

8 
9 

10 
11 
12 
13  
14  
1 5  

mean 
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