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Report on the work performed during the period March 1, 1983 - January

31, 1984 for the Grant

An Investigation of the Interaction Between Turbulence and Propagating

Internal Gravity Waves in the Planetary Boundary Layer

The work performed during this time can be divided in three
parts: installation of additional microbarographs at the Boulder
Atmospheric Observatory (BAO) and development of related software;
identification of atmospheric events which may be suitable for
detailed analysis; theoretical analysis of the turbulence-gravity wave
systems. A brief summary of the work performed in each of these areas
follows.

a) Work performed at the BAO

The cables and sensors have been installed to provide three
additional microbarograph stations at the BAO. The new system has
been in operation since about October, 1983. The new data have been
integrated into the existing data collection system.

Software is being developed to combine the data from the
microbarograph stations at the BAO with those of he microbarograph
stations in the Boulder Wind Network (BWN). This arrangement should
increase substantially our capability to produce a climatology of

gravity waves for this area.



b) Identification of atmospheric events

The following atmospheric events have been identified through a

very preliminary screening.

is as follows:

The meaning of one, two and three stars

¥Clear wave event with continuous wave train; a complete analysis

is precluded by rapid frequency variation or incomplete data

set.

¥¥Good data for complete analysis. All instruments are working.

¥*¥¥Possible examples of propagating solitary waves.

Date of event

10/14/83

10/18/83
10/23/83
10/31/83
11/05/83
11/08/83
11/16 and 17/83

12/12/83

12/13/83
12/16/83
12/17/83
12718 and 16/83

12/20/83

Comments
substantial K-H activity with 3 hours

record

* % %

* % %

large transient wave

#*

wave-turbulence event

good event, but no temperature data
large clear wave but with frequency

change

¥* 3% *

wave-turbulence event

* %

large amplitude nonlinear wave

™




12/22 and 23/83 substantial wave with changing frequency

and amplitude

01/04/8Y4 AR
01/15/84 * %
01718 and 19/84 wave and turbulence event

The analysis of some of the double 3tarred events is just starting.

c) Theoretical analysis

We have made progress in two directions. We have completed an
analytical numerical analysis of the interaction between a gravity wave and
turbulence in the presence of a critical level using a "1-1/2th order"
scheme. The paper "Gravity wave turbulehce interaction in the presence of
a critical level" by F. Einaudi, J.J. Finnigan and D. Fua has been accepted
in the Journal of Atmospheric Scilences.

We have also made progress in our attempt to extent the rapid
distortion theory of turbulence behavior to the case in which the
atmosphere is statically stable and the background velocity profile is

arbitrary.
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Report on the-work perfqgged durigg'the perigg March 1, 1983 -

February 28, 1985, for the Grant No. ATM-821378U

An Investigation of the Interaction Between Turbulence and Propagating

Internal Gravity Waves in the Planetary Boundary Layer.

A brief summary of the work done during this time follows along the
lines of the three main objectives of the proposal: A) To establish a
climatology of gravity waves at the Boulder Atmospheric Observatory (BAO)
site; B) To study the detailed dynamics of wave-turbulence interactions;
C) To develop a numerical program to study the stability of a system which
includes a height dependent eddy viscosity and conductivity and to extend
rapid distortion models to include the treatment of an internal gravity

wave,

A) On the climatology of gravity waves.

The cables have been installed to provide three additional
microbarographs stations at the BAO. This was done during the first year
of the grant and the new system has been in operation since about October,
1983. The software has been developed with the following objectives:

a) To transfer the gravity wave data on disk for archiving

and plotting.

b) To develop a scheme able to combine a beamstearing program
for the identification of the wave parameters with a program
designed to compute various parameters along the tower. The
capabilities of this combined program can be summarised as

follows:



i) It calculates the rms values for the atmospheric pressure
and the associated peaks, for a given pass band.

ii) It calculates the cross-correlation coefficient, azimuth
and speed of the wave motion.

iii) It calculates the kinetic energy, Richardson number,
Brunt-Vaisala frequency, wind gradient, etc. at the
various instrumented heights along the tower.

The program has been applied for the detailed analysis of the entire
period from March 15, 1984 to April 15, 1984. This analysis is almost
complete and we hope to have a manuscript ready in the next few months, by
Bedard, Einaudi and Finnigan. It will provide a climatology of gravity
waves in the range 1-20 minutes and their relationship to minimum
Richardson number, Brunt-Vaisala frequency and kinetic energy along the

tower. I include a sample of the calculations performed, as Appendix A.

B) On the dynamics of wave-turbulence systems.

The paper "The Interaction Between an Internal Gravity Wave and
Turbulence in the Stably-Stratified Nocturnal Boundary Layer" by Finnigan,
Einaudi and Fua was completed in the early part of the grant and has now
appeared in the Journal for the Atmospherie Sciences, 1984, 41, 2409.

We have made progress in our understanding of a wave—turbulence system
in the earth boundary layer, by studying 6 new events which took place at

the following times:

December 18, 1983: 2030 - 2110 MST
December 18, 1983: 2120 - 2200 MST
December 19, 1983: 2300 - 2350 MST
February 5, 1984: 0720 - 0810 MST



March 2, 1984: 0310 - 0400 MST

March 2, 1984: 0520 - 0550 MST
These events correspond to different values of stratification.

It is found that in the neutral and least stably stratified cases the
transfer of energy from wave to turbulence is limited by an approximate
quadrature relationship between the periodic¢ part of the turbulent stresses
and the wave rate of strain. In addition, in these cases, the temperature
fluctuations are very small.

In the remaining cases, the phase difference between the periodic part
of the turbulent stresses and the wave rate of strain is about =/4 and
there is significant energy transfer with substantial reenforcement of the
turbulent kinetic energy from the wave field. 1In all the latter cases, the
distinguishing feature is the presence of a substantial fluctuating
componént of the temperature field.

The analysis suggests that the departure from quadrature is the result
of periodicity in the stratification.

The above results are described in a very rough draft of the paper
"Kinetic Energy Transfer Between Internal Gravity Waves and Turbulence" by

J.J. Finnigan, which is enclosed as Appendix B.

C) Theoretical analysis.

We have completed the analytical-numerical analysis of the interaction
between a gravity wave and turbulence in the presence of a critical level
using a "11/2th order" scheme. The paper "Gravity Wave Turbulence
Interaction in the Presence of a Critical Level" by F. Einaudi, J.J.
Finnigan and D. Fua has appeared in the Journal of the Atmospheric

Sciences, 1984, 41, 661.



The analytical-numerical analysis of the stability of a an
horizontally homogeneous system in the presence of height dependent eddy
diffusion coefficients for temperature and momentum has been completed.
The paper "On the Effect of Dissipation on Shear Instabilities in the
Atmospheric Boundary Layer" by D. Fua and F. Einaudi has appeared in the
Journal of the Atmospheric Sciences, 1984, 41, 888.

We have also made progress in our attempt to extend the rapid
distortion theory of turbulence to the case in which the atmosphere is
statically stable and the background velocity profile is arbitrary. In
fact we have obtained a final formal solution which involves the
calculation of the Green function for the system and the numerical
evaluation of a number of integrals. We are studying the feasibility of
the numerical evaluation of these integrals which might require the use of

the GRAY computer.

Brief outline of the work to be performed during the third year

of the grant.

1) Besides completing the present analysis of the period March 15-April
15, 1984, we are planning a second observational period involving a
larger network of absolute microbarographs. Five will be along an
East-West line and are part of the Boulder wind network, one
is at the tower and one will be added so as to have a distribution
of sensors forming triangles of about 10 km in size. This network
will allow us to extend our climatological study to much longer
horizontal wavelengths and longer pericds.

2) In addition to the completion of the analysis of the cases discussed

in Appendix B, we intend to continue to assemble more properly



3)

analyzed cases of wave-turbulence interactions.

Work will continue on the time interval of over 35 hours from
at least 1500 MST on 18 December to past 0500 MST on 20 December,
1983, when waves appear to form a continuous train of non-linearly
interacting Kelvin-Helmholtz.

A major effort will be made to complete the extension of the rapid
distortion theory to the case of a stratified fluid in the presence

of an arbitrary velocity profile.
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Appendix A: Samples of the climatological study carried out
during the time interval March 15 - April 15, 1984,

Fig. A1: Three dimensional plot with the frequency of occurrence
on the vertical (height of towers), vs. cross-correlation
coefficient and time of day. The analysis is carried out
over U4 separate ranges of wave periods (which we call
STOUTS); STOUT 1, 2, 3 and 4 refer to the period ranges
1-3 minutes, 3-5 minutes, 5-10 minutes, 10-20 minutes,
respectively.

Fig. A2: Histogram for cross-correlation, i.e., frequency of
occurrence of events with a given value of the cross-
correlation coefficient.

Fig. A3. Three-dimensional plots for rms power vs. time, for
STOUT 1 and for ranges of the correlation coefficient of
0o-1, .5-1, 0-.5, and .7-1, respectively.

Fig. A4: Three-dimensional plot of the frequency of occurrence of the
minimum value of the Richardson number along the tower vs.
time of day for STOUT 1. The values of the corresponding
ranges of correlation coefficients of the waves are 0-1,
.5-1, 0-.5, respectively.

Fig. A5: Histogram for the minimum value of the Richardson number
along the tower, for STOUT 1.

Fig. A6: Histogram for the Brunt-Vaisala frequency squared calculated
where the Richardson number reaches its minimum value along

the tower, for STOUT 1.
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e An Investigation of the Interaction Between Turbulence and Propagating
Internal Gravity Waves in the Planetary Boundary Layer

PART II—SUMMARY OF COMPLETED PROJECT (FOR PUBLIC USE)

main objectives of the proposal were:

To establish a climatology of gravity waves at the Boulder Atmospheric Observatory (BAO) site,
To study the detailed dynamics of wave-turbulence interactions,

To study the effect of eddy viscosity and conductivity on the generation of gravity waves by sheer,
To extend rapid distortion models to include an arbitrary stratification and wind structure.

-esults obtained on each item are briefly summarized below:
limatol f gravity wav

activities in this area have resulted in two publications. The main one (Einaudi, Bedard, and

igan, 1989) represents the most comprehensive climatological study to date of gravity waves in the

> of periods from 1 to 20 min, using BAO data. The study demonstrated that at these periods the

sphere displays a highly coherent structure most of the time. During the interval from 0800 to 1800
coherent motions with cross-correlation coefficients larger than 0.5 are present about 25% of the
for periods between 1 and 5 min and more than 80% of the time for periods between 10 and 20 min.

: remaining hours of the day, the percentages rise to more than 40% and 95% of the time,

ctively. The results have important implications on the behavior of the atmospheric boundary layer

ts parameterization.

>ond paper (Canavero and Einaudi, 1987) analyzes the temporal and spatial behavior of atmospheric
ure data using a 60-day record obtained during the Alpine Experiment (ALPEX) which took place in
. The study reveals that pressure records are intrinsically nonstationary and that the concept of
:rsality for atmospheric spectra may be a valid one, but that it must be recognized that averages over
temporal or spatial data sets may produce results that mask the underlying physical processes. The

» also describes quantitatively the substantial effect of topography, particularly for periods below 40
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Four papers were written on the interaction between waves and turbulence in the
atmosphere. A theoretical one (Einaudi, Finnigan, and Fua, 1984) which analyzes the
interactions between an interval gravity wave and the wave-induced turbulence, in the
presence of a critical level. Using << 1 1/2 th order>> scheme, we show that a positive
feedback can be established between the wave and the wave-induced turbulence, resulting
in the wave growing at a faster rate than the one predicted by linear theory.

A second paper describes an aircraft turbulence-atmospheric gravity wave event which
occurred over the Continental Divide. We show that the observed waves correspond to the
unstable modes of the jet stream and that the position of the aircraft-reported turbulence
coincides with the critical levels of the waves. This paper provides further evidence for the
close relationship between waves and turbulence.

The following two papers complete a series of studies by the P.I. of the grant on
wave-turbulence interactions using the BAO data. Finnigan (1988) analyzes eight-wave-
turbulence events of different stability and shows that the only mechanism transferring
energy between wave and turbulent fields is the work done by the periodic part of the
turbulent stress against the wave rate of strain. When these components are /2 out of
phase, the net energy transfer is zero. Periodicity in the stratification changes the phase
angle and leads to strong energy transfer from wave to turbulence.

Two events in the presence of strong stratification were analyzed by Einaudi and
Finnigan (1991). Analysis of the budgets of wave heat flux and temperature variance
revealed the essential role of wave-turbulence interaction in maintaining a large amplitude
temperature wave and countergradient wave heat flux. A comparison with earlier near-
neutral and stable cases analyzed in comparable detail by the P.L's suggests that the
countergradient heat fluxes maintained by non-linear wave-turbulence interaction and the
destabilization of the boundary layer by the wave so that both wave and turbulence may
extract kinetic energy from the background state may be generic features of the boundary
layer. This hypothesis provides a general mechanism for maintenance of turbulence by
waves in strongly stratified boundary layers.

C) On the effect of eddy viscosity and conductivity on atmospheric stability

An analytical-numerical analysis of the stability of an horizontally homogeneous system in
the presence of height dependent eddy diffusion coefficients for temperature and
momentum was presented in a paper by Fua and Einaudi (1984). We show that vertical
gradients of the eddy coefficients substantially affect the phase velocities, growth rates, and
vertical structure of the gravity wave and are responsible for the appearance of some
counter-gradient heat fluxes and Reynolds stresses.

D) On the extension of rapid distortion theory

The analytical formulation of the extension of rapid distortion to the case of the
arbitrary wind and temperature profiles was completed for a horizontally homogeneous
system. However, the numerical model needed to deal with actual cases and to derive
quantitative results was not completed. The P.L's are disappointed on the progress on this
topic and are planning to complete this area of research at a future date.
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E) Additional publicai

Two additional research papers were in part supported by this grant. ‘The papers by
Einaudi et al., 1987, and Ferretti et al., 1988, to deal with cases of interactions of gravity
waves and convection. While marginal with respect to the original objective of the grant,
they contribute to our understanding of the role of gravity waves on mesoscale dynamics.
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ABSTRACT

New data obtained at the Boulder atmospheric observatory (BAJ) has been
compared with a linear stabilicy analysis of the background atmospheric
state as measured by rawinsonde ascents. Reasonable agreement was obtained
between the linear eigensolutions scaled by measured pressure at the base
of the BAO tower and good agreement between the gross wave parameters such
as wave length, period and vector phase velocity.

An investigation of the wave kinetic energy budget revealed that buoyant
production of wave energy was a significant gain despite the strong
stabilicy (Rjy > 5). Further analysis of the budgets of wave heat flux and
temperature variance revealed the essential role of wave-turbulence
interaction in maintaining a large amplitude temperzture wave and

countergradient wav: heat flux. A consideration of the turbulent kinetic



energy budget showed many of the features of the wave budget including
buoyant production through the countergradient heat flux.

A comparison with earlier near-neutral and stable cases analyzed in
comparable detail suggests that these features - countergradient heat
fluxes maintained by non-linear wave-turbulence interaction and the
destabilization of the boundary layer by the wave so that both ‘wave and
turbulence may extract kinetic energy from the background state - may be
generic features of such situations. This hypothesis provides & general
mechanism for maintenance cf turbulence by waves in strongly stratified
boundary layers and emphasizes that the time-mean Richardson number is an

irrelevant parameter at such times.



1. Introduction

Over the last one and a half decades, many experimental studies of the
behaviour of gravity waves in the boundary layer have appeared in the
literature. As representative examples we may cite Kjelaas et al., 1974;
Caughey and Readings, 1975; Lalas and Einaudi, 1976; Nai-Ping et al.,
1983; Hunt et al., 1983; Rees and Mobbs, 1988. However, very few of
these have included the explicit separation of wave, turbulence, and mean
field necessary for a complete treatment of wave-turbulence interaction
This paper is the latest in a series using data gathered at the Boulder
Atmospheric Observatory (BAO), whose wunique facilities ©permit cthis
essential decomposition.

Einaudi end Finnigan (1981) and Finnigan and Eiﬁaudi (1981) carried out a
stability analysis &nd made a detailed study of the various wave and
turbulence budgets for one, marginally stable, event in an atmospheric
boundary layer (ABL). Finnigan et al. (1984) produced a similar analysis
for two more cases in a stable ABL. These, however, were characterized bv
substantial time variability and wave-wave interaction. ) Finnigan (1988)
analyzed six more events of varying degrees of stability with the main
objective of studying the phase relations between the periodic, wave
induced component of the turbulent Reynolds stresses and the wave strain
rates. This did not reguire the analysis of the linear stability of the
system or of all the wave and turbulence budgets. In the ﬁresent paper,
two further events are analvzed in the same detail as the earlier cases
making a total of eleven, spanning a stability range from near neutral to
strongly stratified.

A prerequisite of the triple decomposition (mean-wave-turbulent fields)
is the presence of a well defined wave of fixed frequency for a significant
period of time. Typically, ten wave periods are required to perform a
surccessful phase average, the technii-ie wused to separate wave and

tvrbulence. Such events forn a small s “set of the total number of wave




events that occur. The unique advantage of the BAO is that continuous
records of acoustic sounder facsimile and microbarograph oucht are
available, extending over more than ten years. This allows events that
permit this detailed analysis to be distinguished from the much larger
number that, while we have no reason to believe differ in their dynamics,
cannot be analyzed in this way.

The similarities in various mechanisms governing energy exchange that
have emerged {rom these eleven events allow us now to draw some general
conclusions about the role played by externally generated internal gravicy
waves 1n the stable bpundary layer. By "externally generated” we mean
waves whose critical levels reside on low level jets or shear layers above
the turbulent region, although such critical levels can indeed be very
close to the boundary layer and there is no reason to believe in principle
that they are exclucded from the turbulent layer. However, the theoretical
work of Einaudi et al. (1984) suggests that waves with critical levels
within the turbulent layer are likely to have very large growth or decay
rates, which would disqualify them from the kind of analysis we conducct.

A particularly important conclusion that was first advanced in Finnigan

(1984), but which we now affirm with more confidence is that on flat
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ground with an essentially steady background state, gravity waves are
necessary for the initiation and maintenance of turbulence during times of
light winds and large, time-mean Richardson Number. The particular
mechanisms involved include a periodic destabilizing of portions of the
boundary layer by the wave and a specific nonlinear behaviour of the wave
itself, that requires the presence of some turbulence. The behavior of the
wave, therefore, departs considerably from that predicted b& linear theory,

even though the latter explains some of the wave's characteristics quite
well.
(ur belief in the universality of those r-.:chanisms is strengthened by two

fu ner pileces cof evidence. The first - the ubiquitous occurrence of




large scale coherent motions (waves) in the boundary layer during nighttime
stable conditions. This is immediately apparent in an inspection of
microbarograph records from the BAO and was quantified in the study of one
months contiguous data by Einaudi et al. (1989). They found short period
waves (1-5 min.) during 40% of the night during mid-March to mid-April,
while longer periods (10-20 min.) were present 95% of the time. Basing his
comments on European data, Bull (personal communication) suggests that

these estimates might represent lower limits. Waves in the shorter period
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range &are par&icularly well suited to interact with boundary
turbulence since their frequencies and those of the energy containing range
of curbulent eddies overlap. Clearly the events that we suggest trigger
nocturnal stable layer turbulence are present in sufficient quantity to
account for the observations of this phenomenon.

The second piece of evidence 1is the widespread observation of
counter-gradient heat fluxes iIn nocturnal stable boundary layers (Finnigan
et al. 1684; Li et al. 1983, Hunt et zl. 1983). Tgis, we intend to show,
is a diagnostic of wave-generated stable layer turbulence. Other general
features of high Richardson Number turbulent boundary layers such as their
intermittency and the wunique character of their velocity spectraz are
reviewed in Finnigan et al. (1984).

This paper begins by presenting a detailed analysis of one new case and a
more cursory treatment of a second. Although the features of
wave-turbulence dynamics revealed are not new, they offer valuable
confirmation of earlier studies and indeed increase the number of events
studied in this degree of detail from 3 to 5. Furthermore, the two new
cases presented here are the first to combine strong strétification and
near stationarity in the wave dynamics. The other stable cases studied in
the same detail (Finnigan et al. 1984) are strongly nonstationary.

The #nalysis will be divided into two parts: firstly, a comparison

betwce: BAO data and a linear stability anzlysis of the wvhole troposphere



(up to 13 km) using data obtained from rawinsonde ascents at nearby Denver
Airport; secondly, a discussion of the coupled kinetic energy budgets of
wave and turbulence, which will include, necessarily, the budgets of wave
heat flux and temperature variance. In each section, after presenting the
new data, a comparison with previousvresults will be essayed. Finally,
some general conclusions will be drawn. Throughout this paper, we refrain,
in the interest of brevity, from detailed discussions of the technical
points that arise when phase averaging is applied to real data. These are

treated at length in Finnigan et al. (1984) and Finnigan (1988).
2. Instrumentation

.The data used in chis paper were obtained &t the Boulder Atmospheric
Observatory (BAO) in Erie, Colorado. The facility is fully described in
Kzimal and Caynor (1983) and we mention here only essential information.
The instruments that provided data for this study were:

1. Fast response instruments-sonic anemometers and Platinum resistance
thermometers-located at eight levels (10 m, 22 m, 50 m, 100 m, 200 r,
250 m, 300 m) along the 200 m high tower. They were sampled zt 10 Hz
§fter low-pass filtering at 5 Hz to avoid aliasing in spectra
computations.

2. Slow response instruments — quartz thermometers, dew point hygrometers,
and three-component Gill anemometers - located at the same levels along
the tower and sampled at 1 Hz.

3. Eight sensitive microbarographs Aeployed arognd the tower (see Fig. 1).
They too were sampled at 1 Hz.

4. A monostatic single beam acoustic sounder located near microbarograph

number 70 at the bottom of the tower.

Further discus.ion of the characteristics of the data -nd their storage can




be found in Finnigan et al. (1984) and Finnigan (1988).

3. The equations of motion and the method of analysis

The velocity wuj, the density p, the temperature T, and the potential
temperature 0 satisfy the equations of conservation of momentum, mass, and

energy which can be written as follows:

du; op o?u:
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° where g 1is the acceleration of gravity; R = cp — ¢y and ¥y = cp/cv the
ratio of specific heats at constant pressure and volume, respectivelyv;
and «k the coefficients of viscosity and heat conduction; 5ij is the

Kronecker delta and the summation convention over repeated indices is

assumed. We take x, in the direction of wave propagation, x, 1is the
vertical coordinate with the ground at X, = 0; X,, X, and xg, form the
usual right-handed triplet and u,, wu,, and u, are the corresponding

velocity components. The Coriolis force has been neglected.

We now decompose each -rariable b(xj,t) into the sum of a mear component

B(xj), a periodic compen -t B(xi,t), and a turbulent component t (xj,t):



b(xji,t) = B(xj) + S(xi,t) + b'(x5,t) . (5)

The period 7 of the periodic part of the disturbance 1is determined
experimentally through spectral analysis of the time series of the pressure
at the ground. When a large amplitude gravity wave 1is present, a large
peak in the spectrum fixes 7 unequivocally. The time Independent part of
the ‘'signal is obtained by applying the time average operator, denoted

hereafter by an overbar:

T
B(x;) = E(Xi) = lim % J b(x;,t)dt (6)
Toxe 0
with T in practice chosen much larger than 7. To determine b and b' we

introduce the phase averaging operation < >

N
<b> =B + b = lim = S b(t + n7) , (7)
Nox n

which extracts the mean and wave componsnt from the signal by averaging
over & large ensemble of points having the same phase with respect to the
gravity wave. The wave, therefore, acts as a reference oscillator (Hussain
and Reynolds, 1972; Einaudi and Finnigan, 1981). It shouid be noted that
the periodic component b obtained by phase averaging will not, in general,
be monochromatic and the harmonic content of the disturbance is fully
retained by the phase averaging operation. The wavelike and the turbulent

parts of the field variable b will then be given by
b = <b>-B , (8)

b' = b -- <b> . (%



I1f we now write
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p~"P+p+p’ (10)

and ‘substitute (l10) into (1)-(3) we <can derive equations for the
instantaneous values and moments of the wavelike and turbulent quantities.
In what follows we denote the mean value of the temperature by T, . The
derivation is carried out in the Boussinesq approximation. Substitution of

(10) into (1) &and subtraction of its time average from 1its phase average

gives the momentum eqguation for the periodic disturbance:
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with r the Kinematic viscosity and
Tij = <u'ju’y> - utjuy o (12)
In the Boussinesq limit., time and phase averaging (2) gives
Uy _ oty _ ou'y _ o . (13)
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~here



Tjﬂ = <u'jﬁ' > — u'jﬁ' . (15)
The ;ij and fjﬁ terms can be viewed as the wavelike fluctuations in the
turbulent Reynolds stress and heat flux, respectively, due to the pfesence
of the wave. Equations equivalent to (ll1) and (14) can be derived for the
turbulent components.

Following Reynolds and HKussein (1972), Finnigan and Einaudi (19€1), and
Finnigan et al. (1984), we derive the conservation equations £for the
average kinetic energy density of wa&e and turbulent components, both for

the average heat flux associated with the wave and for the variance of the

[}

wave temperature fluctuations:

d (a;0; d Uiug ——=—0U; ~  Ju;

|2l = - =G| D —1_1 st A Sk ¥

| 2 ] oXj{“J[P T2 ]} AR =P S P

S (Trri1) + Ehugey, + vi ter | 16

- 5;; Ujryj gfuidis iscous terms , (1ie)

d fu';u’ [ u'su'; au; -~ &u;

|11 = - —lu ' —1- 1 — u' vL.221 i

OE[ ] oxs LY J[p * 2 ]} B Sl pe v R Py

J J J
~ 0 (T E——7+ . .
- Uja?f[ 3 ] + éu j#'6i, + € + viscous transport (17)
%3
d == = ® ~—3U: ~ 0 -~
—&ﬂul - UlUJw—I HUja? - Ul‘a-x—jr-]e
-0 =~ 0 === ~0p 8= : . .

- Psggrij - a;gﬂuiuj - 06;; + §07613 + viscous and conductive Le1m5<18)

d =3 == 09 8 == -0

Ry . - .92 _ X i

dto OUJ3§3 B;EUJG BBEETJH + conductive terms. (19)
¢ is the viscous di sipation of turbulent kinetic energy. in all the other

equations the viscc - and conductive effects ar~ negligabl



Equations equivalent to (18) and (19) can be derived for the turbulent
budgets.

Equations (1l1) through (l4) will be discussed in the next section where
the data will be compared with a linear solution. Equations (16) through

(19) will be analvzed in Section 5.
4. The Linear Solution and its Limitations

In this section we present the data for two similar events which cccurred
on December 20, 1984, (event I) and on January 2, 1985 (event I1I). Event I
will be discussed in detail while event II will be invoked only to provide
corrobarating evidence for what we consider 'to be some of the most
important conclusions concerning the behavior of event 1. 1In this we make
a virtue of necessity since during event II the fast response temperature
sensors were not working zand the budgets involving temperature information
could not be completed.

The pressure traces for the eight microbarographs are plotted as a
function of time in Fig. 2a for event I, and in Fig. 3a, for event II.
Figure 2a covers a 60 min interval starting at 1040 MST while Fig. 3a aso
starts at 1040 MST but continues for 100 min. All traces, while not as
monochromatic as those cdescribed by Einaudi and Finnigan k1981), reveal a
periodic behaviour confirmed by the power spectral plots of microbarograph
70 at the bottom of the tower. These are displayed in Fig. 2b and Fig. 3b.
Time series of the three velocity components uj for I are given in Figs. 4,
S, and 6, respectively, for each instrumented level. The <temperature
traces from the fast response sensors are plotted in Figl 7. Figures
equivalent to &4 through 7 are omitted for event II, but have the same
general behavior. Time averages have been removed from each of the plots

so that the signals in Figs. 2 through 7 are the sum of the periodic and

the turbulent compo- znts only. The time series are cor-leted by the




monostatic acoustic sounder records displayed in Fig. 8a and Fig. 8b for
events 1 and 1I, respectively. The traces of the velocity components and
of the temperature, although much noisier than those of the pressure,
reveal the same periodic behavior, a fact confirmed by their spectra, not
shown here. When a substantial gravity wave is present the pressure traces
are invariably smoother than the vellcity and temperature signals for two
reasons. First of all the contribution of the wave pressure to the total
signal, a contribution of larger scale and greater apparent smoothness than
the turbulent pressure, exceeds the turbulent contribution, whose amplituce
is of order 2.5pui, uy being the usual friction velocity, by at least an
order of magnitude. Secondly, the contribution of velocity and temperature
fluctuations over all space to the local pressure signal (a circumstance
cheracterized by the Poisson equation for static pressure) biases the
pressure signal towards lower frequencies.

The regularity of the records varies with height and the apparently
nonlinear nature of some of the signals also varies with height.
Particularly interesting in this regard is the highly nonlinear nature of
the temperature trace at 100 m, a point to which we will return. The
acoustic sounder records reveal height dependent reflections modulated by
large oscillations. The reflections are proportional to the intensity of
temperature fluctuations (Brown and Hall, 1978) which can be taken as some
measure of the turbulence intensity.

We now determine the harmonic content of the wavelike disturbances and

the speed with which they travel horizontally, that is, the horizontal

i1

vhase speed. The spectral content is determined through an FFT routine
spanning either a 2560 s or a 5120 s interval. Time series were tapered
with a Hanning window to reduce side band leakage. Let 7 be the dominant

period, f = 1/7r and w, = 2xf be the circular and radian frequencies,
respectively. The horizontal speed of p:pagation 3ph is determined in

¢-plitude and direction by cross-correlz-ng the pressure signals from all




eight microbarographs. No direct information is available on the
horizontal scales N of these disturbances since they are much larger than
the size of the microbarograph network. The quantity X is derived from the

relation

-
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(20)
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where k = 2z/A is the amplitude of the wave number vector and «y-/k 1s the
arplitude of horizontal phase velocity.

The periods 7, horizontal phase speeds, wavelengths and peak to pesak
amplitudes of the disturbances for both events are summarized in Table 1.
The values of these quantities and the nature of the data displayed in
Figs.2 through 8 are consistent with those observed in other case sctudies
carried out by the present authors, where an explanation of the
observations was given in terms of an internal gravity wave generated by
shear. Here too, therefore, we <calculate the periods, horizoncal
wvavelengths, and the corresponding verctical structure of .all the
thermodynamic variables for the range of internal gravity waves that the
atmosphere can support and compare them with observations. Assuming that
the amplituce of the disturbance is small compared with the mean fields, we
linearize (10) and (13) and we use for the components U, and U, of rthe
horizontal wind and the background temperature T,, the smoothed values
obtained from the rawinsonde launch from Denver airport that was closest to
the time of the event. For event I, we used the launch at 2310 GMT
December 20, 1984, which took place about 5 hours after the end of the
event. This time difference together with the ;patial separation (Denver
is 25 miles south of the BAO)”imply that our knowledge of the atmospheric
state is approximate, a point to be kept in mind in judging the agreement
between observations and model .alues.

Tre solution of the lineariz . equations of motion is th:n sought i -he
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form

B(x1,x3,t) = B(x3) exp [i(wt - kx‘)] + c.c. (21
where c.c. stands for complex conjugate, i = ,~ 1 and w = w, + iw; will in
general be complex. The x, axis has been chosen in the direction from west
to east, which is the direction of the propagation of the disturbance in
event 1. For a horizontally homogeneous background state, which we assume
here, the svstem can be described by the component of the béckground wind
in the direction of wave propagation and by a solution which is independent
of x,. In fact, w and k are the eigenvalues of a second order differential

£

equation in x,, the Taylor-Goldstein equation, .to which the linearized

'stem of original equations can be reduced by straightforward elimination
of all variables but one. In terms of a variable § which is essentially
the amplitude of the vertical displacement, the Taylor-Goldstein equation

tzkes the particularly simple form

d r? d . , )
ax. {[1 _ QZ/(k2C2)] g;; q} + k?r(n? - Q2)§ = 0 (22)

Q=0w-kU, (23)
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dz’
¢ = exp [g J BT (26)



q - % (27)

p, is the background density and c¢ is the speed of sound. The quantity (2
is the Doppler-shifted frequency, n? is the square of the Brunt-Vaisdla
frequency, 1r 1is proportional to the background density and q 1is
proportional to the vertical displacement.

To obtain equation (22) the Boussinesq approximation is not required.
The latter was only used to derive the budget. equations. .The original
problem is now recduced to determining the eigenvalues w and k of (22) such
that the corresponding eigenfunctions q satisfy the boundary conditions of
zero vertical displacement at the -earth's surface and the radiation
condition at z = + ». The values of w and k are determined by numerically
integrating (22), following the approach of Lalas and Einaudi (1976). The
background values of U, and T,, discussed earlier and used to calculats tre
R

coefficients of (22) are plotted in Fig.9a,b. The Richardson number, is

S
defined by,
Ri = n2/(dU, /dx,)? (28)
In Figure 9c, Ri is given as a function of height. Of significance hare

is the fact that the values of the Richardson number derived from the raw
data by linear interpolation have a minimum of about 0.38 in the 400-700 m
range. Changes in background wind and, above all, 1in background
temperature well within the experimental error of the rawinsonces can
easily bring such values of Rj beloy 0.25. Exéerience indicates that such
low values of Rj are a clear indication of region of dynamic instability in
the atmosphere leading to unstable solutions of the kind given by (21).
The analytical profile of R;, obtained by mean square fitting U, and T,

using hyperbolic tangent and Gaussia:. functions, reveals a dip nelow 0.2°7
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The measured phase speed of 10.7 suggests that indeed the observed
disturbance has a critical level there, where such a speed matches the mean
wind, and where Rj; has a minimum. Other minima in the Ry profile are not
of interest here because they occur at levels where the mean winds and
hence the phase velocity of any associated disturbances are much higher

than the observed phase speed.

Having chosen 7 = 427 s and, therefore, having w, = 2%x/7 fixed, the
values of w,/k and wj were determined numerically. The value of wj- was
wj = 4.9 107#s™' corresponding to an e-folding time of 3% min. Tre
remaining values are given in Table I. Aside from «j, which is small as in

mzny other case studies, and for which we do not have experimentally
determined values, the remaining eigenvalues 7 and X\ agree quite well wich
the measured ones. This suggests that, even though the individual signals
at the wvarious levels along the tower may display significant
nonlinearities, the "bulk parameters of the disturban;e, such as period and
horizontal wavelength, appear to remain those of the 1linear soluticn
although this, in principle, is ;glid only for an infinitesimal amplitude.
We will come back to this point later.

The comparison between observations and model results for the various
variables is given in Figs. 10 and 11. In Fig. 10 the amplitudes of uj,
i =1,2,3, and 6 are plotted as functions of height. The data points are
the amplitudes of the fundamental Fourier components of the phase averaged
variables. The linear model solutions, which are only given within a
constant multiple, have been scaled so that the model pressure at the
ground matches the measured pressure at the base of the tower. As
discussed earlier, the pressure is the measured variable least affected by
local boundary-layer influences. Although the agreement for the vertical
velocities is quite good, the agreement for the other variables is less

satisfactory, at least at some levels. This disagreement can dcvend on a

number of factors, th~ =ain one, we believe, being the s “stantial




differences in Uj and T, between Denver and the BAO due either to the
geographical separation or the difference in time between the event and the
rawinsonde launch. The difference in the micro climates of the two sites
is likely to affect the measurements within the tower height more than
higher up where the wave,”if generated by shear, draws its energy. The
agreement between the phases of data and model values in Fig. 11 is

~

generally poor, except at a few levels. Similar considerations apply to
case I1.

The differences between data and model output for the amplitudes are well
within the range observed in the three cases analyzed by Einaudi and
Finnigan (1981) and Finnigan et al. (1984). The differences in the phases
are much larger. We suggest two possible reasons for this. One is that
indeed the differences in the background state between Denver and the BAO
are larger in the present cases, especially for the background wind. che
second reason is the neglect of nonlinear wave and turbulent terms in the
"equations. These terms will be discussed in the next section. Here it
suffices to point out that such terms may influence the phase relations of
the model output rather more than the amplitudes.

In discussing the wave budget, we will show that some success is obtained
in closing the measured wave budget by using the model solution for the
pressure with the measured G;,‘a confirmation of the validity of the linear
model .

All in all, we feel that the linear solutions provide, in general, a good
estimate of the period and wavelength of the observed disturbances even
though their amplitudes have reached some sort of steady state level,
beyond the validity of linear theory. This is so probably.because these
quantities depend more on the wind and temperature structure near the
critical level above the tower than on the structure lower down within the

boundary layer. The actual amplitudes and pheses for the thermodynamic

variable , on the other hand, are much more c¢r tically dependent not only




on an accurate knowledge of the mean state, but also on nonlinear and

turbulent terms.
5. Higher Moments of the Wave and Turbulence

Two kinds of "stress" divergence term appear in the momentum equations of

individual wave components, ;. Equation (1ll) illustrastes this. The
first of these, the non-linear wave shear stresses uiﬁa and Gzﬁ, are
plotted in Fig. 12. Information about the magnitude of the normal

components of Giﬁj (i = j) is already contained in Fig. 10. Ve note that

G,QE is significantly positive below 100 m implying upward momentunm

trenspoert, while E:E; is slightly positive at ZSO-m.

This emphases that the behavior of the wave, a disturbance with vertical
length scales of the same order or greater than the vertical scale over
which the background wind varies, cannot be expected to behave as gradient
diffusion theory conditions us to expect.

The second class of stress divergence terms is the Eij's, the wave period
fluctuations in turbulent stresses. These terms &re of crucial importance
in coupling the wave and turbulence fields as we shall see in Section 6.
In general, they play a significant role in the momentum budgets also. An
order of magnitude comparison between 538U1/8x3 (taken as characteristic of
the size of terms retained in the linear solution),
a%ij/axj and aiiﬁj/axj gives, when averaged over the tower height,
IG égllzlaf--/ax-l:l 0 G-G-I = 1:0.4:0.1. Furthermore we have already

0%, 1] J _3;3 17]
alluded to the possibility that Eij terms in the momentum budgets affect
the phases of the waves more than their amplitudes. Evidence for this
viewpoint comes from the work of Hussein and Reynolds ( ), who modelled
experimental measurements of wave disturbances in a turbulent channel flow

in various ways. They were unable to reproduce the observeci phase

relationships between wsve components without reproducing the act: ! phase



relationships between ;ij and the velocity wave, although the velocity wave

a&p}itudes could be recovere§ without reproducing the ;ij - Y3 phase
relationship. Fua et al. ( ) have also commented on the large departures
from 1linear model phase differences that can develop between wave
components when ;ij is modelled realistically. As we shall see in Section
6 the ;ij's also play an essential role in inducing nonlinear behavior in
the wave.

n Fig. 13a, we plot the height variation of r r. and r, the
9 ‘20 &
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funiamental Fourier components of r T,

Ty

, and r,, (all che plots of rij's

and }jﬁ's will be of the amplitude of this fundamental component). Note
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vanishingly small value of ;110 at 150 m and that r . is typically

0

W

two orders of magnitude smaller than 5,, . This does not mean, however,
0

the. either of these terms is insignificant, rather that they are composed

almost entirely of higher harmonic contributions. The wvariation of the

wave period fluctuations in turbulent shear stress, r,. and r,, appear
s 0

¢}

in Fig.13b. 1In fact, all of these fundamental components except r,, and
0

have & minimum at - 150 m height. This we recall 1is where the

“ -0

temperature wave 6 also displays clear nonlineavity (see Fig.7) and where

the local stratification pezks.

urbulent normal stresses u'?, u'?, and u'? are displayed in Fig. lés.
1 2 3

o~
1

Note the small near constant value of u'?, a feature not inconsistent with
3
strong stratification, and the fact that u'? > u'?, which 1is also
2 1
consistent with the differences in JU,/dx, and 3U,/dx,. Turbulent shear

stresses plotted in Fig. 14b display no surprises.

Let us turn now to the heat fluxes; first the vertical wave heat flux
035 shown in Fig. 15. The interesting point about this is that it is
upwards, or counter-gradient between 75 m and 225 m. This important point

will be treated at length in Section 6. The amplitude of the fundamental
componert of wave period variations in turbule::t flux },0 is displayed
- C

in Fig. 16 and is almost an order of magnituce “arger than the wave flux.




ak

rjg's too play a central role in the energetics of the system. The
turbulent heat flux depicted in Fig. 17 is countergradient over roughly the

same height range and with the same magnitude as 635. In this, 1t is
distinctly different from the case discussed in Finnigan et al. (1984),

where, although the wave heat flux was counter—-gradient, the turbulent flux

was cogradient, summing in the end to a small cogradient flux.
6. The Energetics of the Wave-Turbulence-Background System

;n this section we discuss the kinetic energy budgets of the wave and
turbulent velocitiés, ‘the wave heat flux and <the variance of che
temperature fluctuations corresponding to eq's (3.16), (3.17), (3.18) and
(3.19), respectively. Wherever possible, each discussion of Event I 1is
foliowed by a comparison with the corresponding budgets for Event II arnd

the other cases examined by the authors and mentioned above.

a. Wave kinetic energy budget

SUs

The budget of wave kinetic energy f&l i

although different in cdetail
from others we have studied, displays features which we suggest are
generic. We begin by displaying in Fig. 15 the various terms of equation
(16) as functions of height. -.Gain terms are positive; they act to
increase the wave kinetic energy in time, while loss terms are negative and
act to decrease it. In the pericd under consideration, the wave amplitudes

are essentially constant in time (see for example Fig. 2) so we expect the

gain and loss terms to sum to zero at all heights.

. . . ) == dU; -
The principal gain term is "shear production”, - “i”jg;% , the work done
J
by the wave stresses against the mean rates of strain. The main
tributi t hi f 5 a.0Y d i We have no
contribution to this term comes from — u,u3a§j and — “2“35§§ . e ha

way of calculating the normal stress-horizontal gradient terms (i = j), but

on general scaling ground we ex-.act them to be much smaller than the s:icar

R




The next largest gain term 1is buoyant production. In fact, this
constitutes a gain between about 70 and 220 m and a loss outside this
region. The presence of positive values of kinematic wave heat flux S:?
despite tﬂe strong stable stratification throughout the tower height (see
Fig. 9c) obviously calls for explanation and we will return to consider
this feature in detail below.

. . - 3y ‘ .
The third production term rijag% represents a physical prccess playing a
J

crucial role in the exchange of kinetic energy between the wave and
turbulent fields. It describes <the net work done by cthe wavelike
fluctuations in turbulent stress, ;ij' against the fluctuating rates cf
strein, aﬁi/axj. The same term appears with opposite sign in the equation
(17) for rturbulent kinetic energy so that it fepresents direct kinetic
energy transfer between wave and turbulence. When either ;ij or aai/axj
are dominated by their fundamental spectrzl component, then the mean
product of any element of the term can be .closely epproximated by
lfoel-IGGO/axﬁl-cos¢ (no sum over Greek 1indices), where » is the phase
angle between ch; two periodic signals. When ¢ = (2n - 1)x/2, then the net
work done 1is zero. In a nearly neutrally stratified boundary layer,
Finnigan and Einaudi (1981) observed this phase angle to be close to =x/2,
the quadreture relationship predicted by rapid distortion theory in the
limit of very leng waves (Hunt and Maxey, 197€). A quadrature relationship
of this kind permits the coexistence of large amplitude fij's and wave
strains with no net energy transfer. In a stably stratified boundary
layer, in contrast, Finnigan et al. (1984) observed the phase angle ¢ to
move to about x/4 with a consequent transfer of kinetic energy from wave to
turbulence.

A more extensive survey of the dependence of ¢ on stratification was
published by Finnigan (1988) who compared nine different events with
stratification varying between near neutral and strongly st »le. He found

that, if a significant tempersture wave were present, - circumstance



requiring, but not automatically following from stable stratification, the
quadrature relationship of neutral stability disappeared and the wave lost

kinetic energy to the turbulence.

The principal components of rijaui/axj are r, 0u,/ox, and r,,du,/dx, and
in the present case, the second of these makes the dominant contribution.

If we write the Fundamentsl Fourier components of ;ij and Bﬁi/axj as ris;

ijo

and (BGi/axj)o then ¢,, and ¢,,, are the phase angle differences between

;130 and_(aﬁi/axe)c and ;230 and (aay/axa)o, respectively. These anglés

are plotted against x, in Fig. 19. In the height range 75-275 m, was

V23
~ x/3, implying transfer of energy from wave to cturbulence and overriding
the contribution {

A 8 i} & ~
rom r,.ou,/ox,; which had ¢,

~ 3r/4 below 200 m, implying
that this term was transferring energy from turbulence to wave. Below

75 m, both components indicate transfer of energy from turbulence to wave

as the profile of the total term (Fig. 19), which includes contributions

from all Fourier components, confirms. Above - 200 m both phase angles
indicate a transfer of energy from wave to turbulence. One note of caution
should be soundeg; when the rij's have sigrnificent higher harmonic

content, which is particularly true near the ground, the quadrant of ( may
give a misleading indication of the sign of the total interaction.

We have estizsted the magnitude of the normal contributions r,,0u,/d%q,.
c<a = 1, o =2 using the hypothesis: du,/dx = iku,, and du,/ox, = iku,.

and Ir,,1 are comparable to Ir, 1 and Ir,.1, iku, and iku,

Alcthough |§11|
are an order of magnitude smaller than the fluctuating vertical gradients
because of the long wavelength (- 4 km) of the wave. ;?3 ot,/dx; could be

calculated directly and was negligible.

The transport terms, —a/axjﬁiﬁiﬁj and —B{ijﬁifij are small except below

75 m where the second of these is the major loss term. This close to the
ground the turbulence is generally stronger than at higher levels. There
is also much more harmonic content in the pha-. averaged velocity wave

forms, (Figs. 4, 5, and 6), and in the ;ij's- (Tig. 13). Indeed, in the



near-ground region the oscillations (with X;) of most of the terms in the
Budget suggest the possible existence of transient growing or decaying
modes coupled to the ground based "viscosity wave”, the extra eigenfunction
that must be added to the inviscid solution to satisfy a boundary condition
of no slip at the ground (Jones and Hooke, ).

The imbalance in the budget is plotted as the "loss" term that satisfies
the equation. Into this term are consigned all of the quantities we are
unable to measure but estimate to be small, such as horizontal advection,
the time derivative, and terms involving instantaneous horizontal
gredients. However, we expect the largest contribution to the imbalance

term tC come‘from the "pressure transport” — pe o T the divergence of the
2.

classical wave energy flux. Unlike the znalogous term in the turbulent

bucget, the pressure term in the wave budget cannot be regarded as a

transport term in the sense of rearranging energy within the boundary

layer. Rather, it provides a connection with the source of wave energy at

the critical 1level; within the compess of linear theorv, §G3 is the only
component of the flux of wave energy in the vertical.
Finnigan and Einaudi (1981) and Finnigan et al. (1984) had some success

in closing the wave budget with the help of the linear model solution. The

method used was to combine the linear model solution for ﬁ(xa,t) with

measured Gz(xz,t) to obtain the desired cterm. This worked surprisingly
well 1in mneutral stratification (Finnigan and Einaudi 1981), but not
particularly well in the strongly stable case (Finnigan et al. 1984). The

result of the same procedure is compared with the imbalance term in Fig.

20. The quality of the agreement falls somewhere between the two earlier
studies. The vertical variation of the term is reproduced rather well, but
the agreement in absolute magnitude is not good. Nevertheless, Fig. 20

does offer independent and encouraging confirmation of the validity of both
the linear model calculation and th- computed budget.

The essential distinguishing feai::res of this event as characterized




the kinetic energy may be noted. The wave field extracts energy from the
background wind and temperature fields within the boundary layer via shear
and buoyant production. Some of this wave energy 1is converted to
turbulent kinetic venergy through the interaction term, ;ijaﬁi/axj; The
rest 1is available to be transported out of the boundary layer by wave
pressure transport — sg—ﬁﬁa. This state of affairs is not what we expect
3

from c¢lassical linear wave theory, where the budget would have been a
balance between pressuyre transport, a gain, and buoyant production, & loss.
It 1is, however. consonant 1in 1its essential features with the other,
essentially nonlinear ones that we shall now review.

we turn first to the budget of wave kinetic energy for the second new
case presented here, Event II. The distributi;n of &all the terms with
height is different from the case we have just discussed, but it has two
essential points of qualicative—similarity, see Fig. 21. Firstly, over
the middle range of heights; the coupling term Eijaﬁi/axj represents & loss
of wave energy to turbulence, although it changes sign at higher levels and
near the grodnd. Secondly, and more significantly, buovant production is a
gain, denoting, in this  stably stratified case, countergradient heat flux.

We turn next to the first of the two events described in Finnigan et al.
(1984). Once agein, although differing in detail, the general features of
the budget are similar. The wave-turbulence interaction term fijaﬁi/axj
comprised a loss of wave energy at most heights. Buoyant production was

the dominant gain term, implying a strongly countergrsdient wave heat

flux Other terms such as transport,— o Uju;u; + uir;;| were a loss at
: P ' 5;3 i%iYj Uiryj a
most heights as was shear production below 175 m. Like the present case,

the wave gained energy from the mean field in the boundary layer and

exported it to higher levels via the pressure term, - agfpaj, the presumed
J
main component of the budget imbalance.

The budget described by Finnigan and Einsudi (1981) in a '.oundary layer

only slightly stably stratified, while differing again in de-ail, displays




a loss of energy to turbulence and a gain through buoyant production
implying, once more, countergradient heat flux. The main difference
between this near neutral case and the more stable cases we have presented
is that above 100 m the wave loses energy to both the mean field through
shear production and to the turbulence, requiring a net supply of

energy fFom above through the pressure transport term, — aggﬁaj.

A distinctive feature of all these budgets is a countergradient heat

flux. In the more stable cases, this provides the dominant production

e
=]

Countergradient heat fluxes have been Identified in many other

cr
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stable events where waves are present, but budgets are not presented. See,
for example,‘finnigan (1988), Li et al. (1983),'and Hunt et al. (1983).
This means that when stratification is strong, the wave obtains energy from
the background temperature field, within the boundary layer, although this
behavior contracts to the lowest levels in our one near-neutral case

(Firnigan and Einaudi 1981).
b. Wave heat flux

These considerations lead naturally to an investigation of the wave heat
flux budget, equation (18). The question we pose is "how is an upwards
heat flux msintained despite a positive temperature gradient 1in the
essentially one-dimensional, stationary circumstances of the present cases
and that studied by Finnigan and Einaudi (1981) and in the one-dimensional
but nonstationary events discussed by Finnigan et al. (1984)"?

The wave heat flux budget for event I is plotted in Fig. 22. It is

essentially a simple- balance between a gain through buoyant production,

%—57 and a loss to pressure destruction (as it 1is wusually termed),

0

- Eaﬁ/ax3. This we assume is the main component of the imbalance term. We
have not had any success in matching the residual imbalance using the

pressure _radient obtained from the Yinear mode . This is in contractr ta



the cas “he energy Hudget, t. : essential . : 1t of diiferzwnce being
that, whi : the amplitude of the mocel derived picssure is roughly correct,
its gradient is substantially smaller than what is required to close the
heat flux budget. At this juncture, it is worth making a further point
about the nature of the wave heat flux. The contribution of the

oscillations in u, and 6 at the fundamental frequency to the total flux

553 can be written as f u, = IBDHU3 l cos p, where subscript o denotes
0 0

here too the fundamental Fourier component and p is the difference in phase

angle. The phase of 50 and u relative to the pressure at the base of

30

the tower 1is shown 1in Fig. 1llb. Over most of the height range, y takes

on a value which makes § u, opposite in sign to the total measured

gu, , which is plotted in Fig. 15. Hence, 5063 cos ¢y is co-gradient and
2 0

the dominant contribution to 533 must come from non-linear interaction
between the wave velocity and temperature fields. We should not be
surprised at this as we have already identified the domaint term

mzintaining heat flux as %—@7.

0

The lack of significant transport terms in the heat flux budget, as is
cleerly apparent in Fig. 22, simply rephrases our original question to one
of "how 1is a large amplitude temperature wave maintained in the stable

bourdary layer where the 1local Richardson Number has a large positive

value"?
c. Variance of wave temperature

We turn, therefore, to the #2? budget, equation (19), which is plotted in
Fig. 23. Here we see that the most significant loss term is

i . il oy
If we define the wave potential energy as 55/T0[g§_] 62,
3

— ub3T,/3x,.
which we may think of as the potential energy stored in parcels of fluid
displaced from their mean position in the temperature gradient 08/0x, by

wave motion (Finnigan et al. 1984), then we may interpret the term




P

-u,008/0» a3 a loss >f wav- porrential energy to the mean porential erergy

field.

The two principal gain terms both represent - non-linear processes. The
first 1is the divergence of the triple moment, 3233357, while the other
involves the turbulence; it is the product of the temperature wave and the

gradient of wavelike fluctuations in turbulent heat flux, 5ag—§j9. The
‘ J

time evolution gg: is difficult to assess, but amounts in total to a small
loss while the residual imbalance 1is at least smaller than any of the
directly measured components. In this, the only budget that contains no
pressure terms and where the residual is a combination of measurement error
ancd those terms containing wunmeasurable horizontal gradients, the
relatively small imbalance is reassuring.

The crucial point to be stressed is that the maintenance of the
temperature wave, and in turn the countergradient heat flux and wave
kinetic energy in the face of strong stable stratification, is the result
of wave nonlinearity in which the presence of turbulence plays an essential
role.

Practically the same story can be read in the wave heat flux, and the
temperature variance budgets reported in the strongly nonstationary case of
Finnigan et al. (1984). Although on that occasion, gradient production,
=08 . =
uiuj6§3 played a greater role in the heat flux budget, the p7 budget was
practically identical and about the same quality of closure was obtained.

The second case presented for the first time in this paper, Event II, had
similar features, although we have not presented the budgets since the

absence of fast temperature data made it impossible to calculate the

crucial turbulence interaction term.
d. Turbulent kinetic energy budget

Before attempting to summarize the dynamics, let us turn to the turbulent



kinetic energy budget, Equation (17). This is presented in Fig. 24. The
largest gain term is shear production, — GT;Gngg§ and the same problems
‘occur here as in the wave budget when we come to consider mean horizontal
gradients.’ The case of instantaneous horizontal gradients 1is more
difficult than for the wave budget since we cannot make the convenient
assumption that turbulent fluctuations behave like propagating waves.

The next most important gain term is buoyant production, at least over
mid-tower height, denoting, as for the wave, coun;erg;adient flux. In this
the present budget differs from the strongly stable case of Finnigan et al.
(1984), where turbulent heat flux was towards the ground, although the wave
flux was positive. In the near neutral case of Finnigan and Einaudi (1981)
turbulent buovant production was negligible.

The largest explicitly calculated loss term is viscous dissipation. This

using normal inertial

was calculated from the frequency spectra of u',

sublayer formula and assuming a Kolmogorov constant of 0.5.

The salient features of the stably stratified turbulence budgets, both
the present case I, case II, which we have not pre%ented, and those
discussed by Finnigan and Einaudi (1986), bear similarities 'to the
corresponding wave budgets in that, although there is significant direct

transfer of kinetic energy from wave to turbulence via the coupling term

o

L oYy . . . . .
- rija;%, most of the turbulence gain relies on interactions with the mean
J
field eirher through shear production or, in the latest case, shear and

buoyant production.
7. Discussion and Conclusions

Let us, therefore, attempt to summarize the wave-turbulence energetics and
clarify the questions that it raises about the behavior of the system as a
whole. First of all, and most irportant in terms of the essential role »>f

the wave, is -he value of tke g adient FLichirdson !umber, Ri, withis K




tower height. In the stably stratified cases, it is very large at all
levels, rarely dropping below 5. With Richardson numbers in this range, we
do not expect to observe turbulence except possibly remnant "“fossil"
turbulence "generated earlier and elsewhere that has evolved to a quasi
permanent, two-dimensional structure. This kind of turbulence, while
possibly relevant in some larger scale geophysical and oceanographic
contexts, is not what we observe in the boundary layer. On the other hand
we do observe continuous turbulence in the presence of internal gravicy
waves genefaced above the boundary layer.  Large positive Richardson
nunbers deny the possibility of steady, local generation of the turbulence
and we must seek for explanations in the unsteadiness &nd non-locaiity
endered by the wave.

The problem falls naturally into parts: We ask firstly, "can the arrivel
of a wave conjure turbulence from an initially laminar boundary-laver?”
and secondly, "what are the mechanisms that govérn the steady state, which
may eventually emerge?"” The first of these questions has been addressed bv
Jones and Hooke ( ). They pointed out that the viscosity wave that linear
theory requires to be added to the inviscid eigensolutions of the svstem in
order to satisfy a no-slip condition at the surface, is attenuated in the
vertical over a distance rhat scales with the viscosityv. If only molecﬁlar
viscosity is availabe tc transfer shearing stress, the wave attenuates in a
few tens of centimeters, but if a realistic eddy viscosity is admitted, the
depth of influence of the viscosity wave increases by one or two orders of
matnigude. Furthermore, Jones and Hooke showed that the presence of an
initial viscosity wave with a small eddy viscosity caused by a thin layer
of weak turbulence near the ground, would lead within a few wave cycles to
rapid growth of both wave and turbulence, at least as parameterized by eddy
viscosity. All that 1is initially required in their paradigm {s weak
turbulence near the surface.

Ve know that ir quasi steady state, a real viscosit> 2 ways cous:itures a




sink for kinetic energy, but when waves are present, the viscosity should

be treated as a complex quantity with a definite, nonzero phase

relationship between ;ij and g;%. We have already pointed out that this
J

phase relationship is ~ x/2 in neutral stratification and takes a range of

values in stable times. Fua et al. (1982) took account of this implicit

relaxation in the eddy viscosity in their one-and-a-half order closure
model of wave turbulence interaction. They showed that in the initial
growth stages of the wave, the rglative phases of ;ij and SGi/GXj were such
as to facilitate energy transfer from the background.to the wave via the
turbulence. This led in some cases to explosive wave growth.

The assumptions implicit in both these treatments of wave-turbulence
interacticn are that the turbulence is of small 'scale relative to the
vertical wave gradients (use of an eddy viscosity) and that the turbulence
adjusts rapidly to the changing background state (use of a time varying
"Richards Number to characterize turbulence production). Neiche; of these
assumptions can be sustained in the steady state condition to which the
syvstem evolves &and "indeed may not be truly valid at any stage of the
turbulence growth.

For example, in the case studied by Finnigan et al. (1984) the pezsks in
turbulence power spectra for each component at each height cgrrespond to
periods of éround 300 s, which is similar to the wave period of 320 s. A
similar situation obtains in the present case with a wave period of 427 s
and spectral peaks around 350 s.

In the steady state case to which the system eventually evolves, the
presence of the wave effectively destabilizes the system so that both wave
and turbulence can gein energy from the background wind and temperature
fields in the boundary layer. Hence, the presént authors must abandon
their earlier, somewhat naive view that the flow of kinetic energy was from
the background state at the «critical l=vel into the wave, and thence by

‘ressure transport, ~5x—PY:- i-to the . "undary laver where the wa’e lost
3




energy to the turbulence and the background wind and temperature fields.
The turbulence in turn would lose energy to dissipation, but was maintained
by the flow of energy from the wave (Finnigan and Einaudi 1981). This
picture, which was a reasonable description of the near neutral case they
presented then, is obviously not in agreement with the more extensive body
of data on stable boundary layers we now have and in the following
paragraphs we shall attempt to replace it with a different, heuristic
model. Much of what we shall say is based upon the detailed examination of
the evolution of velocity component variance budgets through a wave cycle,
which is contained in Finnigan et al. (1984).

In all of the cases we have studied, including the present one, the

component r,,0u,/dx,, that represents the direct flow of wave kinetic

energy into u'z, is negligible. This means that almost all of the wave
energyv lost to turbulence through the ;ijaai/axj interaction term goes into
horizontal turbulence fluctuations, ;T? and 537. This horizontal turbulent
kinetic energy (tke) 1is then transformed to GTE by pressure-strain

interaction, —p’'ou';/dx:. In steady state, simple shear flows this energy
p'ou’ §/0x; y P £y

conversion process is continuous, but in the presence of a wave causing

~

periodic changes in stratification, significant transfer of energy to wu

w

only occurs when the stratification is at a minimum. Ve can explain this
by noting that pressure-strain transfer is an essentiallv three-dimensional

interaction. In a stratified fluid we can place an upper limit, L., on the

scale of vertical motion defined as L,(t) = <;Zz>§/<n>, <n> being the phase
average of the instantaneous Brunt-Vdisdld frequency (Finnigan et al.
1984) . The smaller <n> is, the greater the range of eddies that can be
three-dimensional and acquire vertical kinetic energy at the expense of
horizontal.

Altough we have not calculated the pressure-strain term directly,
theoretical support for tliis picture is provided by the rapid- istortion

calculations of a stra:i “od shea  flow by Hunt et al. ( and th




direct numerical simulations of Riley and Metcalf ( ), while éxperimental
support can be found in Finnigan et al. (1984).

The vertical flux of ‘heat, which is caused locally by turbulent mixing
across the ‘local temperature gradient, therefore, oscillates through a wave
cycle, reaching a maximum when n?2(t) is a minimum and <u32> at a maximum.
In other words, the redistribution or smocthing out of <the locel
temperature gradient is maximal at a particular phase of the wave.

This has immediate consequences of interest to our argument: firstly, an
initial distribution of sinusoidal ctemperature waves rapidly acquires
higher harmonic or "nonlinear" content; secondly, 236, the leading
component of ;jﬂ the wave period fluctuation in turbulent heat flux, is
well correlated with the distorted 6. Thirdly, ghe onset of nonlinearity

in 6 produces attendant nonlinearity in u, because of the presence of the

3
buoyant scceleration term gg/T0 in the vertical component of the momentum
equation (11).

» The end result is to produce significant nonlinear interaction between 63
and 6 with the consequences we have already noted, particularly the
countergradient heat flux and positive buoyant production of wave and
turbulence kinetic energy. The essential role of the coupling between
oscillating turbulent heat flux and nonlinear temperature wave can be ceen
in the vital contribution that the term directly representing this,
észf;ja, makes both in the Z; budget of the present case- and 1in the

J

nonstationary case of Finnigan et al. (1984). The initial production of
horizontal tke from the shear is equally important since without this there
is no vertical turbulence, hence our interest in the phase relationships of

the elements of the ;i'ggi terms considered as a whole.
J X
The energetics we have described rely on two essential ingredients, both
provided by the gravity wave:
1. Nonstationarity - This allows the production of u'? and u'? to decouple
1 2

from and allows nonlinearity to grow in ( ' cause of ;raferred verticel




~mixing of temperature at one phase of the wave.

2. Nonlocality - The final u, and 6 wave forms are a combination of the

3
linear solution, a function of the state of the whole boundary layer and
the troposphere above, and the local modifying effects of turbulence.

The data we have presented in this and previous paper differ
substantially from what is observed in stable boundary layers when waves
are not present, but the boundary layer is stationary and horizontally
homogeneous. One of the best documented set of such data is that published
by Nieuwstadt (1984). In order to allow continuoug generation of
turbulence, the gradient Richardson number must be less than 0.25 according
to the classical inviscid treatment of Miles and Howard (1961) sltnough
various theoretical turbulence closure models reviewed by Nieuwstadt
suggest Ri < 0.22 as a limiting value. Nieuwstadt's data also lack the
extreme variability with height that is often observed in high Richardson
number, wave perturbed cases. See for example the acoustic sounder
facsimiles reported by Gossard et al. (1984), the data of Li et al. ( )
and the cases by the present authors discussed sbove. ’

In these cases, the spacing of the layers of strong zcoustic return or
the vertical "periodicity"™ of turbulence moments and budgets 1is usually
similar to the vertical wavelength of the "eddy viscosity wave" that is
needed to satisfy the hb—slip condition at the surface, Jones and Hooke (
). Of course we know that such a model is vastly oversimplified, but its
length scale, a few tens of meters, is indicative of the scale of vertical
variability we may expect.

An important consequence of this difference is that, while Nieuwstadt was
able to propose and verify 1local similarity scaling for his stable
turbulent layer based upon a local analogue of the Monin-Obukhov length,
the prospects for finding an equivalent scaling for wave driven turbulence

are more remote. The minimum that would be required is knowledge of a f.:/

critical w..e parameters as well :s the kind of 1:;cal information us~c -



Nieuwstadt's scheme. These wave parameters might include the height of the
critical level, the amplitude of wave and temperature fluctuations there
and ché wave period. The horizontal wavelength of the disturbance is
probably less important because it is usually so much larger than the depth
of the boundary layer that the wave may be considered as providing a
periodic shear and n?. Of more value, but not usually available, would be
the vertical wavelength of the eddy viscosity wave. We hope to consider

these points.at appropriate length in another publication.
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TABLE 1

Event 1
1040-1140 MST 20 Dec. 1984

Event 11
1040-1140 MST 2 Jan. 1985

Measured Calculated Measured Calculated
Period 7 427 + 10 427 427 + 10 427
(s) (assumed) (assumed)
Growth rate wj - 4.9 1074 - 4.2 1074
(s™")
Phase speed 10.7 9.5 7 5.7
(m/s)
Azimuth 270 270 330 330
(degrees from (assumed) (assumed)
North)
Horizontal 4.6 4.1 3 4.6
wavelength (km)
Pesk to Pezk 88 88 180 180

(pb)

(assumed)

(assumed)




Figure Captions

1 (a) Location map for the BAO
(b) Microbarograph deployment at the BAO.

2 (a) Time series of pressure from the eight microbarographg for the
period 10.40 — 11.40 MST on December 20, 1984 (Event I). The
identification number of the microbarograph (refer to Fig. 1) is
given at the left.

(b) Spectrum of microbarograph 70 plotted in area preserving form.
The vertical scale is arbitrary. The spéctral peak corresponding
to the wave we are studying is identified by an arrow. Note that
these spectra have not been corrected for the high pass filter
built into the microbarograph so the relative magnitude of the
spectral peaks is misleading; most of the variance is associated
with the marked peak of 427 s period.

3 (a) As in Fig. 2a but for event II (Jan 2, 1985). Note the longer
record length.

(b) As in Fig. 2b but for event II.

4. Time series of (G, + u' ) from each level of the tower during event I.

The traces are identified by instrument height in metres on the left.

5. As in Fig. 4 but for (G, + u',).

6. As in Fig. 4 but for (Q, + u',).



10.

11.

As in Fig. 4 but for (8 + 6').

(a) Monostatic Acoustic sounder facsimile record for Event I.

(b) As in Fig. 8a but for event 1I.

(a) Measured and fitted profiles of background wind vs (x,); Main
figure: Rawinsonde data .; fitted profile used for stability
analysis —————. Inset: subscript  refers to wvalues measured
on BAO tower. Fitted profile ——e—.

(b) As in (&) but for background temperature T,.

(c) As in (a) but for Richardson Number.

Comparison of linear solution and the amplitude of the funcamental

Fourier component of the phase averaged data. , linear solution;

_— data.

Comparison of the linear solution and the phase of the fundamental
Fourier component of the phase averaged data. The phase angles are

plotted relative to the pressure at the ground, i.e. Ip is 0°.

(a) 17O , L?, analytic solution; 4, 137 analytic solution; —_— L?‘

measurement; -——— | Lﬁz measurement.

(b) ‘L?’ analytic solution; @O, LE analytic solution,; — L?a

measurement; -——-— Lg measurement.

tIca)l nraf<stace AfF moaaciyirs 4 T — o - — -



13.

14 .

15.

16.

17.

18.

19.

(a)

(b)

(a)

(b)

Vertical profiles of the amplitudes ‘of the fundamental Fourier

components of r,,, r,, and r,,

As for 13a but for r . and r
Vertical profiles of turbulent normal stress.

Vertical profiles of turbulent shear stress.

Vertical profile of wave heat flux.

Vertical profile of the amplitude of the fundamental Fourier component

ry

(e]

1.‘38.

Vertical profile of the turbulent heat flux.

The terms of the wave kinetic energy budget for I (Equ. 16) plotted as
a function of height. Gain terms are positive, loss terms negative.
—— oU; ot P
e oDl ek ;o Fid b ;o B Bgh
J ox; ) ox; I 3

J ] 0

T 8 ==
_—  —, - —/— Q:;G;0: ; -———, - Q;%:: | — — -—, resid

) Cry 1010y 3§§ 03Ty residual

(a)

(b)

Polar plot of ¢,,, the phase difference between ?‘30 and
(31,/0x,),. Data points represent averages over the first 40 mins

and second 40 mins of the 1 hour period. The plotted line is the

average of these values.

As in (a) but for .




20. Comparison of the residual term in the wave energy budget (Fig. 18) and
the pressure transport term — ag— pPl, computed by combining p from the

3

linear solution with measured a,.
21. Wave kinetic énergy budget for event II: legend as in Fig. 18. The

residual is not plotted.

22. Wave heat flux budget (equation 18).

=% OO o _ O
T— = A —_— _— —, = g— 3j T m oy = U:“—,ljﬂ
2 Ox, X ] TOX;
g 73 . o~ af) 5 .
——— = 62: , residual; - — —, =8 > (calculated using
0 X,

linear model P zand measured 6.)

23. The budget of wave temperature variance g; (equ. 19).

= 08 -~ 0 d =
— = Ol o e e P i ——., — — 0,82 :

2€ oxy’ » ¥ 5x3 36 ! Ox, Y3
——=—, residual.

24. The turbulent kinetic energy budget (eqn. 17) for case I.

ou T oa-
a

—, —ulu! L1 —— i P = B f'u’

i ox J Ox; T 3

J ] 0

3 —— .
—————— T oSz uLucul o — o viscous dissipation :

oxj 1717]

— — — , residual.
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