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ABSTRACT

The concept of ranking fuzzy numbers has received significant attention from the
research community due to its successful applications for decision making. It complements the
decision maker exercise their subjective judgments under situations that are vague, imprecise,
ambiguous and uncertain in nature. The literature on ranking fuzzy numbers show that
numerous ranking methods for fuzzy numbers are established where all of them aim to correctly
rank all sets of fuzzy numbers that mimic real decision situations such that the ranking results
are consistent with human intuition. Nevertheless, fuzzy numbers are not easy to rank as they
are represented by possibility distribution, which indicates that they possibly overlap with each
other, having different shapes and being distinctive in nature. Most established ranking methods
are capable to rank fuzzy numbers with correct ranking order such that the results are consistent
with human intuition but there are certain circumstances where the ranking methods are
particularly limited in ranking non — normal fuzzy numbers, non — overlapping fuzzy numbers
and fuzzy numbers of different spreads.

As overcoming these limitations is important, this study develops an intuition based
decision methodology for ranking fuzzy numbers using centroid point and spread approaches.
The methodology consists of ranking method for type — | fuzzy numbers, type — Il fuzzy
numbers and Z — numbers where all of them are theoretically and empirically validated.
Theoretical validation highlights the capability of the ranking methodology to satisfy all
established theoretical properties of ranking fuzzy quantities. On contrary, the empirical
validation examines consistency and efficiency of the ranking methodology on ranking fuzzy
numbers correctly such that the results are consistent with human intuition and can rank
more than two fuzzy numbers simultaneously. Results obtained in this study justify that the
ranking methodology not only fulfills all established theoretical properties but also ranks
consistently and efficiently the fuzzy numbers. The ranking methodology is implemented to
three related established case studies found in the literature of fuzzy sets where the
methodology produces consistent and efficient results on all case studies examined.
Therefore, based on evidence illustrated in this study, the ranking methodology serves as a
generic decision making procedure, especially when fuzzy numbers are involved in the
decision process.
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CHAPTER ONE

INTRODUCTION

1.1 OVERVIEW

Modern science is introduced in decision making environment as handling and
solving current decision making problems are crucial and necessary. It suggests
development or utilisation of computer or mathematical models to appropriately solve
various decision making problems. In the literature of decision making, utilisation of
established mathematical model to solve a decision making problem is clearly indicated
as a much easier way than developing a mathematical model because the former involves
only the application of a suitable established mathematical model while the latter requires
a novel mathematical model development to handle the problem. Although development
of a novel mathematical model is not easy, it suggests better quality in terms of describing
and observing the situation than utilising the established model.

As far as the current decision making environments are concerned, involvement
of human perception in the mathematical based decision model is pointed out as one of the
seriously considered factors in many research areas such as economic, engineering,
artificial intelligent and socio-economic. This is because of human always involves in
every investigation of the decision making conducted. Human perception is defined in a
generic way as human expressions towards a situation perceived using their subjective
judgments and preferences. Therefore, in developing an effective mathematical model
for decision making, the model is first expected to have the capability to represent
linguistic terms appropriately because human perception is often associated with natural
language. Secondly, the model is anticipated to produce correct decision results such that
the results obtained are consistent with human intuition. Nonetheless, both expectations
are not easy to achieve as solving a human based decision making problem which is
represented by linguistic terms using mathematical knowledge is impractical. This is due

to the fact that one cannot solve linguistic terms as part of natural language using numbers.



As a linguistic term is not easy to be interpreted using mathematical
knowledge, a mathematical theory named fuzzy set theory is introduced as the medium of
representation for human perception. Fuzzy set theory is a mathematical field that is
capable to effectively deal with situations that are vague, imprecise and ambiguous in
nature, like human decision making. It provides proper representation for the
mathematical model in representing human perception appropriately. Since, application
of fuzzy set theory in human decision making is relevant and suitable, this study aims
at developing a fuzzy based mathematical decision model that is capable to well
represent the linguistic terms and produces correct decision results such that the results
obtained are consistent with human intuition. The model is also expected to serve as a

generic decision model for human based decision making problems.

1.2 THESIS ORGANISATION

This section illustrates the overview in terms of organisation of the thesis.
There are altogether nine chapters presented in the thesis including this chapter where

the remaining eight chapters are described as follows.

Chapter 2 discusses the literature review of the study whereby problem
statements, objectives and significance of the study are pointed out. Chapter 3 outlines
theoretical preliminaries of the thesis such that definitions and formulations used in this
study are given. In Chapter 4, research methodology of this study is thoroughly discussed
where information provided in this chapter underpins development of the methodology in
Chapter 5, 6 and 7. Thus, all discussions in Chapter 4, 5, 6 and 7 cover on the
methodology section of the thesis. Chapter 8 focuses the implementation of the proposed
work in solving established case studies while contributions are given in Chapter 9

together with concluding remarks and recommendations for future work.



1.3 SUMMARY

In this chapter, introductory section of thesis is provided. The thesis first
mentions the overview on this study and this is later followed by the thesis organisation.

In Chapter 2, the thesis discusses the literature review of this study.



CHAPTER TWO

LITERATURE REVIEW

2.1 INTRODUCTION

This chapter illustrates details on the literature review of the thesis. It discusses
established works found in the literature which are related to this study. The chapter starts
its discussion with the description of basic notions of fuzzy sets which justify the
applicability of fuzzy sets in human decision making. Then, chronological development of
fuzzy sets tools is highlighted where overview on type — | fuzzy numbers and its
extensions namely type — Il fuzzy numbers and Z — numbers are covered. The main focus of
this study is next addressed such that comprehensive reviews on ranking fuzzy numbers are
provided. Two main areas of ranking fuzzy numbers namely ranking method based on
centroid point and ranking method based on spread are thoroughly discussed in this chapter.
Later on, more descriptions with regard to this study are underlined such as research
problems, research questions and research objectives of this study. At the end of this
chapter, research contribution is presented. Therefore, details on those aforementioned points

are extensively discussed in sections and subsections of this chapter.

2.2 NOTIONS UNDERLYING FUZZY SETS

This section discusses the suitability and reliability of fuzzy sets when dealing with

human decision making. In human decision making processes, natural language is often used

as the medium of indication towards a situation perceived. This is because subjective

perceptions expressed by humans are only appropriate when they are described using linguistic

terms as part of natural language (Yeh et al., 2010). In research works done by Kwang &

Lee (1999), Chen & Lu (2001), Lazzerini & Mkrtchyan (2009) and Chen & Chen (2009),

fuzzy sets are pointed out as a suitable tool to deal with natural language. This is due to the

fact that fuzzy sets theory underpins three basic notions namely graduality, epistemic

4



uncertainty and bipolarity factors which are capable to represent the natural language well
(Dubois & Prade, 2012). Therefore, without loss of generality on Dubois & Prade (2012)
investigation, descriptions of all the three notions of fuzzy sets are as follows.

2.2.1 Graduality

According to Zadeh (1965), the concept of natural language is often regarded
as a matter of degree, including the truth. This is because natural language used by
humans on describing a subject is distinguished by different degrees of beliefs. For
example in the case of height of a man, if height of a man is considered as ‘tall” with
1.65 meters, then 1.75 meters is not regarded as ‘tall’ but is classified as ‘very tall’,
where ‘very tall’ is another natural language used to described the height of a man.
Utilisation of both ‘tall” and ‘very tall’ in this case, implies that there is a transitional
process occurs in terms of degree of belief used when information about the subject
perceived is changed. This is expressed when degree of belief ‘tall’ decreases and
degree of belief ‘very tall’ increases as values of height approaches 1.75 meters. The
continuous but alternate pattern transition between these degrees of belief implies that
natural languages conveyed by humans are gradual and not abrupt (Zadeh, 1965; Dubois
& Prade, 2012).

2.2.2 Epistemic Uncertainty

Epistemic uncertainty of fuzzy sets is viewed as representation of incomplete
information about a situation (Dubois, 2008). This underpins the effort on gaining
better knowledge of decision processes because natural language used in human decision
making are sometimes incomplete (Lazzerini & Mktrchyan, 2009). Among examples of
the decision making situations involve in this case are forecasting and group decision
making (Chen & Chen, 2007). In representing the natural language, epistemic

uncertainty complements the capability of membership functions of fuzzy sets so that the

ill — known situations are represented appropriately (Dubois, 2008).



2.2.3 Bipolarity

Bipolarity or double — sided nature refers to a process where human tend to
follow their positive and negative attributes in decision making. This is expressed the fact
that even if enough information about a decision is collected, human sometimes relies on
their corresponding positive, negative or neutral effects on a situation. For example,
options under consideration are separated based on good or bad alternatives and a
decision is made in accordance to the strongest attribute produced by one of the
alternatives. According to Cacioppo et al. (1997), results in cognitive psychology
highlight the importance of bipolar reasoning in human cognitive activities. This is due to
the fact that in multi-agent decision analysis, doubled — sided judgment are always
applied to solve human based decision making problems (Zhang, 1994). Moreover,
bipolarity perspective complements the capability of membership functions in
representing both causal relations of positive and negative attributes of a situation
appropriately (Zhang et al., 1989; Uehara & Fujise, 1993).

Even though, it is notable that human based decision making are usually
subjective, vague and linguistically defined (natural language), basic notions of fuzzy sets
namely the graduality, epistemic uncertainty and bipolarity prove that fuzzy sets are
capable to represent human based decision making appropriately.

2.3 DEVELOPMENT OF FUZZY SETS

This section discusses the chronological development of fuzzy sets, specifically
on tools used in decision making process. In section 2.2, fuzzy sets are pointed out as a
suitable knowledge for human decision making where this is justified when basic notions
of fuzzy sets capable to represent the natural language appropriately. Even though, fuzzy

sets represent the natural language well, it is not easy to distinguish two or more natural
languages used in a decision making problem as they are all defined qualitatively. Due to

this, Zadeh (1965) suggests a quantitative definition for fuzzy sets which is well — suited

for natural language known as fuzzy numbers.



In the literature of fuzzy sets, there are three kinds of fuzzy numbers found
namely type — | fuzzy number, type — Il fuzzy number and Z — number. These fuzzy
numbers are considered in this study because they are all introduced by Zadeh. Among
those three, a type — | fuzzy number is the most utilised fuzzy number in the literature of
fuzzy sets followed by a type — Il fuzzy number and then a Z — number. This happens
because the chronological development of these fuzzy numbers, type — I is developed in
1965, type — 1l (1975) and Z — number (2011), which affect their utilisation frequency in
the literature of fuzzy sets. Even though there are three types of fuzzy numbers
considered in this study, they are not utilised simultaneously in representing the natural
language. This is because they are all different in theoretical nature, thus indicate that
only one type of fuzzy numbers is used at one time. Therefore, with respect to all
fuzzy numbers considered in this study and literature of fuzzy sets, details on type — I

fuzzy numbers, type — 1l fuzzy numbers and Z — numbers are as follows.

2.3.1 Type — | Fuzzy Numbers

Type — | fuzzy number or the classical fuzzy number is the first fuzzy numbers
introduced in the literature of fuzzy sets. In some established research studies done by
Chen & Lu (2001), Wang et al. (2006), Thorani et al. (2012) and Yu et al. (2013), the
term fuzzy number is used in their discussions as this is the original fuzzy number
established in the literature of fuzzy sets. The term fuzzy number is changed into type — |
fuzzy number only when type — 1l fuzzy numbers are introduced in the literature of fuzzy
sets. This is because both type — I fuzzy numbers and type — Il fuzzy numbers are
themselves fuzzy numbers but they are differed in nature. According to Chen & Chen
(2009), type — | fuzzy numbers consist of both membership degree and the spread
features which are later discussed in detailed in Section 3.2 and subsection 3.5.3
respectively, correspond to confidence level and opinion of decision makers
respectively. Due to this, type — | fuzzy numbers are applied in many decision making
problems such as in evaluating Taiwan’s urban public transport system performance
(Yeh et al., 2000), evaluation of engineering consultants’ performances (Chow & Ng,

2007), fuzzy risk analysis (Chen & Chen, 2009), selection of beneficial project



investment (Jiao et al., 2009) and solving air fighter selection problem (Vencheh
& Mokhtarian, 2011).

2.3.2 Type — 11 Fuzzy Numbers

Type — Il fuzzy number is introduced in literature of fuzzy sets by Zadeh
(1975) as an extension of type — | fuzzy numbers to model perceptions. This is because
the uncertainty representation of type — | fuzzy number on natural language is insufficient
to model perception (Dereli et al., 2011). Furthermore, imprecision level about a situation
increases when number is translated into word (natural language) and finally to
perceptions (John & Coupland, 2009). This implies that the representation adequacy of
type — | fuzzy numbers on uncertainty is arguable. According to Wallsten & Budescu
(1995), there are two types of uncertainties that are related with natural language namely
intra — personal uncertainty and inter — personal uncertainty where both uncertainties are
viewed as a group of type — | fuzzy numbers. Among research studies utilised type — II
fuzzy numbers in their decision making applications are Figueroa et al. (2005) in mobile
object based control tracking, Zeng & Liu (2006) in speech database classification and
recognition, Seremi & Montazer (2008) in selection of website structures, Own (2009) in
pattern recognition involving medical diagnosis reasoning problem, Bajestani & Zare
(2009) in prediction of stock market index in Taiwan and Akay et al. (2011) in selection
of appropriate adhesive tape dispenser. Although, type — Il fuzzy numbers are introduced
to enhance type — | fuzzy numbers in modelling perceptions, they are not often used for
decision making applications as type — Il fuzzy numbers are more complex than type — 1

fuzzy numbers in nature.



2.3.3 Z — Numbers

As compared to type — | fuzzy number and type — Il fuzzy number, Z — number
is the newest presented fuzzy numbers in the literature of fuzzy sets. Z — number is
introduced by Zadeh (2011) as an extension of type — | fuzzy numbers but is completely
differed from type — Il fuzzy number. Even though both Z — number and type — 1l fuzzy
number are extensions of type — | fuzzy numbers, the former is capable in measuring
the reliability of the decision made as compared to the latter. Since, fuzzy numbers are
the medium of quantitative representation for natural language, Z — number enhances
the capability of both type — | and type — Il fuzzy numbers by taking into
account the reliability of the numbers used (Zadeh, 2011). According to Kang et al.
(2012a), Z — number is represented by two embedded type — | fuzzy numbers where one
of them plays the role that is similar as in subsection 2.3.1, while the other defines the
reliability of the first one. Research on utilising Z — numbers in decision making
applications is inadequate as compared to other fuzzy numbers, as it is a new fuzzy
concept developed in the theory of fuzzy sets. As far as this study is concerned, only two
decision making applications are found in literature of fuzzy sets namely the vehicle
selection under uncertain environment (Kang et al., 2012b) and ranking of financial

institutes in India based on their financing technical aspect (Azadeh et al., 2013).

Despite all aforementioned capabilities of fuzzy sets, in particular fuzzy
numbers, when dealing with subjective human judgment and representing natural
language quantitatively, it is not easy to presume one fuzzy number is greater or smaller
than other fuzzy numbers under consideration. This is due to the fact that fuzzy numbers
are represented by possibility distributions which indicate that they may overlap among
them (Zimmerman, 2000; Kumar et al., 2010). This implies that each natural language
represented by fuzzy number is hard to differentiate or distinguish, thus evaluating the
natural language used in decision making is a difficult task. Therefore, one fundamental
concept known as ranking fuzzy numbers (Jain, 1976) is introduced in the literature of

fuzzy sets to solve this issue.



2.4 RANKING OF FUZZY NUMBERS

This section illustrates a thorough review on ranking fuzzy numbers which
stands as the basis in handling fuzzy numbers appropriately. It is worth mentioning
that descriptions made in this section consider only discussions on ranking of type — I
fuzzy numbers as discussion on ranking of type — Il fuzzy numbers and Z — numbers are
inadequate in the literature of ranking fuzzy numbers. However, this aspect can be
disregarded given that both type — Il fuzzy numbers and Z — numbers are defined as the
extensions of type — | fuzzy numbers as discussed in Section 2.3.2 and 2.3.3. This
indicates that details associated with ranking of type — I fuzzy numbers are applicable for
ranking of type — Il fuzzy numbers and Z — numbers. Thus, all discussions made on

ranking fuzzy numbers, especially ranking of type — | fuzzy numbers, are also relevant for

ranking of type — Il fuzzy numbers and Z — numbers. Hence, the phrase ranking fuzzy
numbers is used in this case as a generic phrase for ranking of type — | fuzzy
numbers, type — Il fuzzy numbers and Z — numbers. It is also worth noting here that

several crucial terms such as embedded fuzzy numbers, spread of fuzzy numbers,
singleton fuzzy numbers, trapezoidal fuzzy numbers, triangular fuzzy numbers,
overlapping fuzzy numbers, non — overlapping fuzzy numbers, normal fuzzy numbers,
non — normal fuzzy numbers, height of fuzzy numbers and a — cuts are extensively used
in this chapter but information with regard to them are given in detailed in Chapter 3 and
Chapter 4.Therefore, with no loss of generality, the literature on established existing

works of ranking fuzzy numbers are as follows.

Ranking fuzzy numbers is introduced in fuzzy sets as a concept that
determines which fuzzy number is greater when two or more fuzzy numbers are
compared. A definition by Collan (2009) refers ranking fuzzy numbers as a process of
comparing and organising fuzzy numbers in a specific ordering. This definition indicates
that each fuzzy number under consideration is assigned a value whereby this value is
used as comparing measure with other fuzzy numbers. Values obtained from each
fuzzy number under consideration are then compared accordingly. As far as
investigations on ranking fuzzy numbers are concerned, there are ranking methods that

rank fuzzy numbers simultaneously (Chen & Chen, 2009) and some utilise pairwise
10



ranking (Zhang & Yu, 2010) to rank fuzzy numbers. In ranking fuzzy numbers,
simultaneous ranking refers to the capability of ranking method to simultaneously rank
any quantity of fuzzy numbers at one time while pairwise ranking is the capability of
ranking method to rank only two fuzzy numbers at one time. In this case, the capability of
ranking methods to rank more than two fuzzy numbers determines the efficiency level of
the ranking method. Baas & Kwakernaak (1977), Jain (1978) and Dubois & Prade (1978)
are the first research groups that explore this area whereby notions underlying ranking of
fuzzy numbers are discussed. Then, numerous efforts on finding appropriate ranking
fuzzy numbers methods are demonstrated. Even though, fuzzy numbers are represented
by possibility distributions and are not easily compared (Lee et al., 1999), there are
numerous ranking methods are presented such as ranking methods based on area
such as ranking methods by Wang et al. (2005), Kumar et al. (2010), Chen &
Sanguatsan (2011), and Thorani et al. (2013), ranking using centroid approach (Cheng,
1998; Chu & Tsao, 2002; Wang & Yang (2006), Chen & Chen, 2009; Wang & Lee,
2009; Bakar et al., 2010) and ranking methods based on distance (Yao & Wu, 2000;
Asady & Zendehnam, 2007; Asady, 2009, Asady & Abbasbandy, 2009; Rao & Shankar,
2013; Wang et al., 2013). Although, all aforementioned methods are of different
perspectives, they aim to rank all types of fuzzy numbers in a correct ranking order such

that ranking results obtained are consistent with human intuition.

A comprehensive survey on ranking fuzzy numbers method is conducted by
Wang & Kerre (2001) where categorisation of ranking fuzzy numbers methods is
presented. According to Wang & Kerre (2001), there are three categories of ranking fuzzy
numbers methods in the literature of fuzzy sets namely preference relation, fuzzy mean
and spread and fuzzy scoring. Under preference relation, ranking methods presented are
those that usually map fuzzy numbers to respective real numbers where natural ordering
exist (Deng, 2009). Among them are preference weighting function expectations based
ranking method (Liu & Han, 2005), utilisation of distance minimisation to ranking
fuzzy numbers (Asady, 2011), ranking fuzzy numbers based on maximum and
minimum sets (Chou et al., 2011), ranking fuzzy numbers using left and right transfer
coefficient (Yu et a., 2013) and ranking based on integral value (Yu & Dat, 2014).
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In fuzzy mean and spread, ranking methods considered usually determine
their ranking values by computing values of mean and spread for each fuzzy numbers.
Then, using both values, a fuzzy number with greater mean value but lower spread
value is ranked higher compared to other fuzzy numbers under consideration (Lee &
Kwang, 1999). Among methods considered under this category are ranking fuzzy
numbers based on o — cut, beliefs features and ratio between signal and noise (Chen &
Wang, 2009), ranking based on deviation degree (Wang et al., 2009; Hajjari &
Abbasbandy, 2011), ranking fuzzy numbers based on epsilon deviation (Yu et al., 2013).

Under fuzzy scoring, ranking methods considered generally utilise
proportional optimal, left or right scores, centroid index and area measurement techniques
to ranking fuzzy numbers. For ranking fuzzy numbers purposes, fuzzy numbers with the
highest ranking value using one of the aforementioned techniques is ranked higher than
the rest of fuzzy numbers under consideration. Among ranking fuzzy numbers methods
that are considered under this category are ranking method using lexicographic screening
procedure (Wang et al., 2005), ranking method based radius of gyration (Wang & Lee,
2009), ranking fuzzy numbers of different heights and spreads (Chen & Chen, 2009;
2012), ranking method using deviation degree (Asady, 2010) and centroid — based
technique (Xu & Wei, 2010), ranking using area on the left and right of fuzzy numbers
(Nejad & Mashinci, 2011), ranking method based on deviation degree (Phuc et al., 2012),
ranking based on distance from largest value of a fuzzy numbers to original point
(Shureshjani & Darehmiraki, 2013), ranking fuzzy numbers based on ideal solution
(Deng, 2014) and ranking using altitudinal expected score and accuracy function (Wu &
Chiclana, 2014). The following Table 2.1 illustrates list of ranking methods with their

respective categories.

Table 2.1: Categorisation of Ranking Fuzzy Numbers

Category
Ranking Method Preference Fuzzy Mean )
Relation and Spread Fuzzy Scoring

Fortemps & Roubens (1996) \

Cross & Setnes (1998) \

Kwang & Lee (1999) N

Lee (2000) \

Kwang & Lee (2001) N
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Chen & Lu (2001) \

Facchinetti (2002) N

Chen & Lu (2002) \

Wang et al. (2005) v

Nojavan & Ghazanfari (2006) \

Asady & Zendehnam (2007)

Wang & Lee (2008)

Ramli & Mohamad (2009) \

Chen & Chen (2009) N

Chen et al. (2010)

Vencheh & Mokhtarian (2011)

Nejad & Mashinci (2011)

Phuc et al. (2012)

Shureshjani & Darehmiraki (2013)

- P P P B P P

Wu & Chiclana, 2014

‘A" denotes as ranking method falls in this category

Although, there are three main categories in term of methods in ranking fuzzy
numbers as shown in Table 2.1, many studies in the literature of ranking fuzzy numbers
combine more than one category in ranking fuzzy numbers. This is shown when Chen &
Chen (2009), Nejad & Mashinchi (2011) and Yu et al. (2013) contribute their research
works using this direction. Chen & Chen (2009) ranking method merges fuzzy scoring
and fuzzy mean and spread categories where the method utilises defuzzified value, height
and spread to ranking fuzzy numbers. Nejad & Mashinchi (2011) ranking method
combines fuzzy mean and spread category and preference relation category as this
method ranks fuzzy numbers using transfer coefficient and deviation degree. Yu et al.
(2013) ranking method on the other hand utilises fuzzy scoring and fuzzy mean and
spread categories as the method focusing on combinations of centroid and epsilon
deviation degree.

It is worth mentioning here that even if there are numerous methods for ranking
fuzzy numbers are discussed in the literature of fuzzy sets, all of them posses their own
advantages and disadvantages. In this study, the centroid point and spread are chosen as
methods for ranking fuzzy numbers as both are capable to ranking fuzzy numbers
correctly such that the ranking results are consistent with human intuition. Centroid, a
defuzzification technique that transforms a fuzzy number into a crisp value, interprets a

decision in an easy way as compared to other approaches because it provides only one
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value to represent a fuzzy number. Apart from that, centroid point enables ranking
methods to ranking fuzzy numbers simultaneously. Spread on the other hand captures
decision makers’ opinions well by viewing optimistic, pessimistic and neutral decision
makers’ viewpoints using different spreads. These justifications imply that both
centroid point and spread methods are worth considering and discussed in this study as

both are in line with human intuition.

2.4.1 Ranking Using Centroid Point Approach

Literature of ranking fuzzy numbers indicate that a centroid point is made up
by horizontal — x component and vertical — y component where both are utilised to
determine the ranking value for each fuzzy number under consideration (Wang et al.,
2005; Shieh, 2007). Values for the horizontal — x component and vertical — y component
are calculated based values cover along the x — axis and y — axis respectively. Both values
are then combined as the centroid point of a fuzzy number. However, in some

exceptional cases, only the horizontal — x component is used to ranking fuzzy numbers.

Research on utilising centroid point in ranking fuzzy numbers is first
initiated by Yager (1981) where only the horizontal — x component is considered in
the ranking formulation. In the investigation, g(x) is introduced as the weight function in
measuring the important of x values where g(x) complements the calculation for the
horizontal — x component. The value obtained from the process represents the ranking
value for each fuzzy number under consideration and is used to determine the
ordering of fuzzy numbers. According to Yager (1981) ranking method, a fuzzy
number with the greatest horizontal — x component value among other fuzzy numbers
under consideration is classified as the highest ranked fuzzy number. Although,
appropriate ranking results are obtained when this method is utilised, the method
neglects the normality (heights of fuzzy number) and convexity components of fuzzy
numbers in the ranking formulation where both components are crucial when cases

involving non — normal fuzzy numbers are considered (Ramli & Mohamad, 2009).
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Effort by Yager (1981) in ranking fuzzy numbers is then continued by
Murakami et al. (1983) where a vertical — y component is introduced for the first time
in the literature of ranking fuzzy numbers. This component is calculated by multiplying
the value of the horizontal — x component with function of fuzzy number and is later
paired up with the horizontal — x component to ranking fuzzy numbers. It has to be
noted here that the horizontal — x component is the same as in Yager (1981). According
to Murakami et al. (1983), fuzzy numbers with greater value of horizontal — x
component and (or) vertical — y component is ranked higher than other fuzzy numbers
under consideration. However, this ranking method gives unreasonable ranking results
for all cases of fuzzy numbers considered where the values obtained for the vertical
— y component are the same for all fuzzy numbers under consideration (Bortolan &
Degani, 1985).

A different perspective from Murakami et al. (1983) point of view in
ranking fuzzy numbers is proposed by Cheng (1998). If Murakami et al. (1983)
ranking method considers at least one component, either horizontal — x component or
(and) wvertical — y component, then Cheng (1998) ranking method utilises both
components in ranking fuzzy numbers. Cheng (1998) ranking method enhances
Murakami et al. (1983) ranking method by introducing a new formulation for the
vertical — y component as Murakami et al. (1983) vertical — y component is unable to
differentiate each fuzzy number under consideration effectively. Cheng (1998) defines
the vertical — y component as the inverse function of the horizontal — x component
where the horizontal — x component is equivalent as in Yager (1981) and Murakami et
al. (1983).

Even if Cheng (1998) ranking method enhances Murakami et al. (1983)
ranking method, the former produces incorrect ranking result such that the ranking result
is inconsistent with human intuition on non — overlapping cases fuzzy numbers of
different spreads but same height (Chu & Tsao, 2002). Therefore, Chu & Tsao (2002)
present a novel method for ranking fuzzy numbers where it is based on the area between
the centroid point and the point of origin. In the investigation, computational works
for both the horizontal — x component and vertical — y component utilised in this method

are the same as Murakami et al. (1983) and Cheng (1998) ranking methods where values
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for both components are in this case multiplied with each other in obtaining the

ranking values for all fuzzy numbers under consideration.

A new direction of computing the centroid point is then presented by Chen
& Chen (2003) where both formulations of horizontal — x component and vertical
— y component are calculated using the medium curve approach. Medium curve is an
approach of finding the median where the median is calculated based on the
values between infimum and supremum of a — cuts of a fuzzy number. The median is
used in this case to obtain a straight line that determines the values for both horizontal —
X component and vertical — y component. According to Chen & Chen (2003),
advantage of using this approach in ranking fuzzy numbers is the approach capable to
appropriately deal with both symmetric and asymmetric fuzzy numbers. Nonetheless,
Chen & Chen (2003) ranking method is limited to overlapping fuzzy numbers cases

while no work on non — overlapping fuzzy numbers cases is investigated.

A novel formulation of the centroid point for ranking fuzzy numbers purposes
is presented by Wang et al. (2006) in the literature of ranking fuzzy numbers where
both horizontal — x component and vertical — y component are introduced based on
analytical geometric point of views (Ramli & Mohamad, 2009). In Wang et al.
(2006) research work, Cheng (1998) and Chu & Tsao (2002) ranking methods are
pointed out as methods that are not suitable for ranking fuzzy numbers. This is
because Cheng’s (1998) ranking method neglects negative fuzzy numbers case as it
only deals with positive fuzzy numbers case while Chu & Tsao (2002) ranking
method treats mirror image cases of fuzzy numbers with equal ranking (Wang et al.,
2006). Wang et al. (2006) also proves that formulations in term of horizontal — x
component and vertical — y component by both Cheng (1998) and Chu & Tsao (2002)

dissatisfy their two properties of correct centroid formulations. The properties are
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Property 1: If 4; and 4; are fuzzy numbers with their membership functions x, (x) and

ﬂAj(x) respectively have the relation of ﬂAj(y):ﬂAi(x), where y=x+d, then

X*(Aj) =x*(Ai) +9, y*(Aj) = y*(Ai)-

Property 2: | If 4; and A4; are fuzzy numbers with their membership functions x, (x) and

#y,(0) respectively have the relation of 1y, 0) = 11,0, forally € & then x"(4;) =x"(4).

In Wang et al. (2006) centroid point formulation, horizontal — x component
is calculated by associating the height of fuzzy numbers, w. For vertical — y
component, it is computed by finding inverse function of membership function of fuzzy
numbers. Even if the centroid point method proposed by Wang et al. (2006) is justified
as correct based on the two aforementioned properties, there is no evidence that

indicates that the method is suitable for ranking fuzzy numbers.

According to Shieh (2007), Wang et al.’s (2006) centroid point method is
inappropriate for ranking fuzzy numbers as it dissatisfies the condition on computing the
value of vertical — y component. In order to compute the vertical —y component value, the
membership function of fuzzy numbers must always be the same even if x —axisand y —
axis are changed in position (Shieh, 2007). Due to this, Shieh (2007) introduces a new
vertical — y component for fuzzy numbers the where the component is computed
using distance of an « - cut of a fuzzy number. It is worth mentioning here that the
horizontal — x component by Shieh (2007) is the same as Wang et al. (2006). It is proven
by Bakar et al. (2012) that the Shieh (2007) centroid point method satisfies properties
of correct centroid point formulation by Wang et al. (2006).

Another ranking method is introduced in the literature of ranking fuzzy
numbers where Chen & Chen (2007) incorporate the centroid point in the standard
deviation formulation to replace the mean. In Chen & Chen (2007), fuzzy numbers
with greater standard deviation are ranked lower than other fuzzy numbers under
consideration. This method ranks all cases of trapezoidal fuzzy numbers appropriately but

no discussion is made on other types of fuzzy numbers.
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Further investigation on finding appropriate ranking fuzzy numbers method is
conducted by Wang & Lee (2008) where Chu & Tsao’s (2002) ranking method on area
between centroid and original point is enhanced. Using the same viewpoint as
Murakami et al. (1983), Wang & Lee (2008) also considers the horizontal — x component
as a more important component than vertical — y component in ranking fuzzy
numbers. This is because multiplication process between the horizontal — x component
and vertical — y component by Chu & Tsao (2002) reduces the importance of the

horizontal — x component when ranking fuzzy numbers.

A wide — range study on the development of ranking of fuzzy numbers based
on the centroid point method is thoroughly prepared by Ramli & Mohamad (2009) where
the study investigates the advantages and weaknesses of all centroid point based
methods in the literature of ranking fuzzy numbers. In Ramli & Mohamad (2009),
ranking methods by Yager (1981), Murakami et al. (1983), Chen & Chen (2003), Wang
et al. (2006), Shieh (2007) and Wang & Lee (2008) are explicitly discussed. Nonetheless,
no ranking method is introduced by Ramli & Mohamad (2009). In a research work done
by Chen & Chen (2009), twelve benchmarking examples of fuzzy numbers that mimic
real world situations are introduced. Using these benchmarking examples, many
drawbacks by previous established work are discovered. Among them are ranking
methods by Yager (1981) and Murakami et al. (1983) where both ranking methods treat
embedded or fully overlapped fuzzy numbers of different spreads as equal ranking and
are unable to calculate ranking value for singleton fuzzy numbers. Limitations of
Cheng (1998), Chu & Tsao (2002), Chen & Chen (2007) ranking methods are also
mentioned in Chen & Chen (2009). Another improvement of Chu & Tsao (2002) is
introduced by Xu & Wei (2010) where the ranking method ranks symmetrical
fuzzy numbers with the same centroid point appropriately and solves Cheng (1998)

problem on ranking fuzzy numbers with their images well.

Later on, Dat et al. (2012) apply Shieh (2007) centroid point formulation to
rank fuzzy numbers. In the study by Dat et al. (2012), all cases of fuzzy numbers are
correctly ranked such that the ranking results are consistent with human intuition.
However, in a research work by Bakar & Gegov (2014), drawback of Dat et al. (2012)
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work on ranking embedded fuzzy numbers is discovered. In order to rank two
embedded symmetrical fuzzy numbers of same shape but different spread, Dat et al.
(2012) ranking method gives both fuzzy numbers with equal ranking values. The result is

considered to be misleading as fuzzy numbers examined are not the same.

With respects to all ranking methods using centroid points mentioned above, it
is noticeable that every ranking method performs its own advantages and weaknesses. It
is also found that along with discussions made in this subsection, no single method
which utilises centroid point is capable to rank all cases of fuzzy numbers
appropriately. Hence, this study suggests that centroid point needs at least a
complementary approach to ranking fuzzy numbers correctly such that the ranking results
are consistent with human intuition. As far as research in ranking fuzzy numbers are
concerned, a fuzzy number is ranked higher than other fuzzy numbers under
consideration when it has the larger mean and lower spread values (Lee et al., 1999;
Chu & Tsao, 2002; Chen & Chen, 2009). This indicates that the spread is suitable in
complementing the centroid point in ranking fuzzy numbers. Therefore, in the
following subsection, discussions on the utilisation of the spread method in ranking

fuzzy numbers are reviewed.

2.4.2 Ranking Using Spread Approach

Spread in the literature of ranking fuzzy numbers is first proposed by Chen &
Lu (2001) whereby it is defined based on total dominance of a fuzzy number. In Chen &
Lu (2001) ranking method, an area dominance based approach is utilised where spreads
of fuzzy numbers are calculated in determining the total dominance of fuzzy
numbers. Total dominance of fuzzy numbers in this case reflects as the ranking value
for each fuzzy number under consideration. According to Chen & Lu (2001),
computation of the total dominance of fuzzy numbers is evaluated in accordance to
decision maker’s index of optimism which are classified into three namely
pessimistic, optimistic and neutral. Using this method, large index of optimism implies
that right area dominance is more important than area dominance on the left and vice

versa. It is worth mentioning here that Chen & Lu’s (2001) ranking method is
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capable to appropriately rank embedded fuzzy numbers and non — overlapping fuzzy
numbers cases but gives incorrect ranking results such that the results are

inconsistent with human intuition for non — normal fuzzy numbers.

Chen & Lu (2002) gives another version of spread based — ranking method
where the spread in this case is defined using both indices of quantity and quality aspects
of a fuzzy number. Quantity index refers to dominance value of a fuzzy number which is
expressed using a — cuts while quality index is signified by the ratio of signal and
noise which is represented by midpoint and spreads of each a — cuts respectively (Chen
& Lu, 202). According to Chen & Lu (2002), if a fuzzy number is described with
stronger signal but weaker noise than other fuzzy numbers under consideration, then
the fuzzy number is ranked higher than the others. Utilisation of various a — cuts in
addressing the quality aspect of fuzzy numbers by Chen & Lu (2002), complements
the ordering of fuzzy numbers where each fuzzy number is ranked by aggregating
both quantity and quality aspects of a fuzzy number. It has to be noted that the ranking
method by Chen & Lu (2002) is capable to rank many types of fuzzy numbers
appropriately but discussion on non — normal fuzzy numbers is again neglected.

A different viewpoint in terms of formulation for the spread is introduced by
Chen & Chen (2007) in ranking fuzzy numbers. According to Chen & Chen (2007),
spread is defined as a standard deviation between the mean and points along the x — axis
of a fuzzy number. Another research work by Chen & Chen (2009), same spread
formulation as Chen & Chen (2007) method is used for ranking fuzzy numbers. Chen
& Chen (2009) apply their ranking method on risk analysis problem but the ranking
method produces incorrect ranking order such that the ranking result is inconsistent
with human intuition on embedded fuzzy numbers of different spread. This is
because Chen & Chen (2009) ranking method considers the spread as a component
that is not as important as the centroid point and the height when ranking fuzzy
numbers. A different direction on utilising the spread in ranking fuzzy numbers is
prepared by Yu et al. (2013) where the ranking method also treats the spread as
unimportant factor in ranking fuzzy numbers compared to centroid point. However, in
Yu et al. (2013) investigation, the spread method is utilised when the centroid point gives
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incorrect ranking results such that the ranking results are inconsistent with intuition on

cases of fuzzy numbers observed.

Although, literature on the spread of fuzzy numbers in ranking method is not
as extensive as the centroid point, the spread is crucial whene cases of fuzzy numbers
are unsolved by the centroid point (Yu et al., 2013). Table 2.2 outlines summary of

ranking methods that utilise centroid point and spread components.

Table 2.2: Summary of Components Used In Ranking Fuzzy Numbers Methods

. Component
Ranking Method

Horizontal — x Vertical -y Spread

Yager (1981) \

Murakami et. al (1983) \ N

Cross & Setnes (1998)

Cheng (1998) \
Chen & Lu (2001) \
Chen & Lu (2002)

Chu & Tsao (2002)

Chen & Chen (2003)
Deng & Liu (2005)

Wang et. al (2006)

Shieh (2007)

Chen & Chen (2007)
Wang & Lee (2008)
Ramli & Mohamad (2009)
Chen & Chen (2009)
Bakar et al. (2010)

Xu &Wei (2010)

Bakar et al.(2012)

Dat et al. (2012)

Yuetal. (2013)

Zhang et al. (2014)

Bakar & Gegov (2014)

P P Pl P P P P

<] |2 (=2

22|22 =2 <=2
<22 <]

Note: “\’indicates component is used by given ranking method.
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2.5 RESEARCH PROBLEMS

This section discusses research problems of this study. It covers gaps and
limitations faced by established ranking methods when ranking fuzzy numbers. The
following details signify gaps and limitations of the established methods in the literature

of ranking fuzzy numbers.

The first main gap in the literature of ranking fuzzy numbers is the incapability
of ranking methods on ranking some cases of fuzzy numbers appropriately. Cheng’s
(1998) ranking method is incapable to rank singleton fuzzy numbers as the method only
takes into account fuzzy numbers with area such as triangular and trapezoidal fuzzy
numbers. Hence, there is no ranking result obtained for singleton fuzzy numbers
when Cheng (1998) ranking method is used. Another drawback by Cheng (1998)
ranking method is the method distinguishes embedded fuzzy numbers of different
spreads with incorrect result such that the ranking result is inconsistent with human
intuition because this method only considers fuzzy numbers with same spread. Apart
from Cheng (1998), Chen & Lu (2001) ranking method is found out to have limitation
on appropriately ranking fuzzy numbers of non — normal as the method considers only
fuzzy numbers which are normal. A different weakness is found in Chu & Tsao (2002)
ranking method where this method is unable to treat singleton fuzzy numbers well and
provides incorrect ranking order such that the ranking result is inconsistent with
human intuition for most cases of embedded fuzzy numbers. A crucial decision making
problem is not covered by Cheng (1998), Chu & Tsao (2002) and Wang et al. (2006)
where all of them neglect negative fuzzy numbers in their analyses. Chen & Chen
(2009), Bakar et al. (2010) and Dat et al. (2012) give incorrect ranking order such that
the ranking result is inconsistent with human intuition on embedded fuzzy numbers of

different shapes and spreads.

The second main gap in the literature of ranking fuzzy numbers is there are
some established ranking methods that are not applicable to solve decision making
problems. With regards to discussions made on the first gap in terms of ranking fuzzy

numbers, it is worth considering that some of the aforementioned ranking methods are
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capable to deal with real decision making problems appropriately while some provide
inappropriate results. This is due to the fact that every ranking method has their own
strength and weaknesses when dealing with fuzzy numbers. Thus, capabilities of each
ranking method introduced in solving real decision making problems are vary from one to

another.

Though the literature of ranking fuzzy numbers indicates that methods for
ranking fuzzy numbers is extensive, gaps and limitations faced by established
research works are still unsolved. Therefore, this study is carried out to solve these
limitations appropriately.

2.6 RESEARCH QUESTIONS

This section lists relevant research questions based on research problems

mentioned in Section 2.5 shown as follows.

a) Is there any established ranking method that integrates centroid point and
spread in their formulation which is capable to correctly rank all types of fuzzy

numbers such that the ranking results are consistent with human intuition?

b) Is there any established ranking method in literature of ranking fuzzy numbers
which is capable to produce correct ranking results such that the ranking results
are consistent with human intuition for every type of fuzzy numbers
considered in literature, and efficiently rank more than two fuzzy numbers

at one time or simultaneously?

C) Is there any established ranking method in literature of ranking fuzzy numbers
which is capable to consistently and efficiently solving real decision making

problem correctly such that the results are consistent with human intuition?
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2.7

RESEARCH OBJECTIVES

This study embarks on the following objectives which are in accordance with Section 2.6.

a)

b)

d)

2.8

To develop a methodology for ranking type — | fuzzy numbers based on
centroid point and spread.

To extend the methodology for ranking type — I fuzzy numbers based on

centroid point and spread on ranking type — Il fuzzy number and Z — numbers.

To validate the consistency and efficiency of the methodology for ranking type
— | fuzzy numbers based on centroid point and spread, its extension on ranking

type — Il fuzzy number and Z — numbers theoretically and empirically.

To develop theoretical properties and benchmark test sets for Z — numbers.

To apply the methodology for ranking type — | fuzzy numbers based on
centroid point and spread, its extension on ranking type — Il fuzzy number and
Z — numbers to established decision — making case studies in the literature of
fuzzy sets.

RESEARCH CONTRIBUTIONS

This section points out the main contribution of this study, especially in

ranking fuzzy numbers. There are three main contributions displayed by this study

where all of them are based on Section 2.7 and are described as follows.

The first main contribution of this study is that the development of

methodology for ranking fuzzy numbers based on centroid point and spread is proposed

to solve gaps and limitations by established works as mentioned in section 2.5.

Development work on the ranking method is validated using established benchmarking

examples of fuzzy numbers, namely overlapping and non — overlapping fuzzy numbers,

embedded and trivial cases of fuzzy numbers. This ensures that the ranking method
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proposed ranks fuzzy numbers correctly such that the ranking results are consistent with

human intuition.

The second contribution of this study is that the suggested ranking method in
the first highlight is extended to a methodology for ranking fuzzy numbers. This
extension points out in this study to illustrate the significant capability of the
suggested work to ranking other types of fuzzy numbers. The methodology is
examined in terms of its consistency and efficiency to ranking fuzzy numbers using

both theoretical and empirical validations.

The third contribution of this study is that the methodology suggested in
the second significant is applied to solve real decision making case studies in the
literature of fuzzy sets. These implementations are necessary as in fuzzy decision making
environment, fuzzy numbers are utilised as data representation. Thus, this indicates that
the proposed ranking method is introduced not only to rank fuzzy numbers but able to

solve decision making problems.

2.9 SUMMARY

In this chapter, a literature review with regards to this study is presented.
Notions underlying fuzzy sets are first discussed in this chapter and this is followed
by developments of fuzzy sets. Literature on ranking fuzzy numbers is then reviewed
whereby thorough reviews on centroid point based ranking method and ranking method
based on spread are explicitly illustrated. Later on, the research problem, research
objectives and research highlights are presented such that all of them are gaps, targets
and contributions by this study respectively. In Chapter 3, the thesis discusses the

theoretical preliminaries of this study.
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CHAPTER THREE
THEORETICAL PRELIMINARIES

3.1 INTRODUCTION

This chapter illustrates theoretical preliminaries of the thesis. It discusses fuzzy
concepts and terminology used throughout the thesis where some of the concepts are
defined using definitions by the experts while the remaining concepts are provided with
theoretical proves. Details on those aforementioned points are intensively discussed in
sections and subsections provided in this chapter.

3.2 BASIC UNDERSTANDING OF FUZZY SET

Many research articles in the literature of decision making indicate that
the classical set theory serves as a useful tool in solving decision making problems. It
defines the membership degree of elements in a set using binary representation of 0
and 1 to indicate whether an element is not a member and a member of a set
respectively. If weather condition for today is considered as an example, then today
weather is either ‘hot’ or ‘not hot’ when the classical sets are used. However,
consideration only to two binary terms by classical sets is inadequate as human
perceptions are vary among people, as different people employ different types of

perceptions which are vague and fuzzy (Cheng, 1998).

Due to the limitation of the classical sets, fuzzy sets theory is introduced in
decision making environment as dealing with situations that are fuzzy in nature is
important. In contrast with classical sets, fuzzy sets theory allows gradual assessments
of an element’s degree of belongingness in the interval of 0 and 1 where these values
indicate variation in terms of human perceptions about a situation perceived.

Using definition by Cheng (1998), definition of fuzzy sets is given as follows.
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Definition 3.1 (Cheng, 1998) A fuzzy set A; in a universe of discourse U is characterized
by a membership function ., (x) which maps each element x in U such that x is real

number in the interval [0, 1].
Membership function for Ai, 1, (x) isgivenas

,uAi(x): X—[0,1] (3.1

Fig 3.1: Membership function of a fuzzy set

Equation (3.1) and Figure (3.1) indicate that value of membership degree
of fuzzy set is defined within interval [0, 1]. For instance, if yhm(x) is defined as
membership function of ‘hot’ as weather condition for today and the membership value is
approaching 0, then x is closer to ‘not hot’ or ‘very hot’. In contrary, X is closer to ‘hot’
when the membership value is approaching 1. The following Table 3.1 illustrates

differences between classical set theory and fuzzy set theory.

Table 3.1: Differences between classical sets and fuzzy sets theories

Theory Representation Membership degree
Classical Binary Oand1
Fuzzy Gradual [0, 1]
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3.2.1 Basic Fuzzy Sets Operations

There are three basic operations of fuzzy sets defined in the literature of
fuzzy sets namely fuzzy union, fuzzy intersection and fuzzy complement. All of these

operations are defined in Klir (1997) by the following definitions.

Let 4; and A4; be two fuzzy subsets of the universal interval U with membership

functions for 4, and 4; are denoted by x Ai(x) and u Aj(x) respectively. Definitions of fuzzy

union, fuzzy intersection and fuzzy complement based on Klir (1997) are given as

a) Fuzzy union of 4; and 4; is denoted by 4, UA; such that the membership function is

defined as

Ky, uq,(x) = max [#Ai(x),ﬂAi(X)], forall xe U

b) Fuzzy intersection of 4; and 4; is denoted by 4; N A4; such that the membership

function is defined as

My, nq,(¥) = min [ﬂA[(X),/xAj(x)], forallxe U

c) Fuzzy complement of 4; is denoted by x (x) such that the membership function is

defined as

pg ()=1— u, (x), forall xe U
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3.3 FUZZY NUMBERS

As discussed in section 2.3, three types of fuzzy numbers are pointed out in the
literature of fuzzy sets namely type — | fuzzy numbers, type — Il fuzzy numbers and Z —

numbers where all of them are defined chronologically as follows.

331 Type — | Fuzzy Numbers

In subsection 2.3.1, type — | fuzzy number is chronologically developed as the
first fuzzy numbers are established in literature of fuzzy sets (Zadeh, 1965). As fuzzy
numbers are actually type — | fuzzy numbers, definition of fuzzy number given by
Dubois & Prade (1983) which reflects as the definition of type — | fuzzy number, is as
follows.

Definition 3.2: (Dubois & Prade, 1978) A type — | fuzzy number 4; is a fuzzy subset of

the real line R that is both convex and normal and satisfies the following properties:

I fy is a continuous mapping from R to the closed interval [0,w], 0<w<I,

ii. ,uA.(x)ZO, for all x€[-o0,a],

iii. wu, is strictly increasing on [a,b],

iv. u, (x)=w, for all x€[b,c] where w is a constant and 0<w<I,
V. u, is strictly decreasing on [c,d],
Vi. u, (x)=0, for all x€[d, ],

where a < b < c < d;a, b, c and d are components of a type — | fuzzy number and real

while w represents the height of a type — I fuzzy number.
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3.3.2 Type — Il Fuzzy Numbers

Type — Il fuzzy numbers are developed in the literature of fuzzy sets as the
extension of type — | fuzzy numbers as the capability of type — | fuzzy numbers to
represent human perception is inadequate (Walsten & Budescu, 1995). As type — Il fuzzy
sets are used in this stud, thus definition of type — Il fuzzy sets by Mendel et al. (2006) is
as follows.

Definition 3.3: (Mendel et al., 2006) A type — Il fuzzy set 4, in a universe of discourse U

is characterized by a type — 11 membership function x, (x) which maps each element x in

U a real number in the interval [0, 1].
The membership function for 4;, 4, (x) is given as

A = {((xu) Mo (x,u)}Vx eU,vueld, c[01Jo<u, (x,u)gl} (3.2)
where J, represents an interval in [0, 1].

According to Mendel et al. (2006), another representation of type — 11 fuzzy set
is given in the following equation depicted as

Ai =J.X€U .‘-UEJXIUA(X’U)/(X’U) (33)

where J. [0, 1] and || represents the union over all allowable x and u.

It has to be noted that from equation (3.3), if z(x,u)=1, then A; is known as

an interval type — llfuzzy set. It is worth mentioning that interval type — Il fuzzy set is a
special case of type — Il fuzzy set (Mendel et al., 2006) where it can be represented by the
following equation

A =Ixey fues Y (xU) (3.4)
where J, <0, 1].
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Interval type — Il fuzzy set is utilised in this study as this is the frequently used
type — 1l fuzzy set in the literature. According to Zadeh (1975), representation of interval
type — Il fuzzy set using number is called as interval type — Il fuzzy numbers. The

following Figure 3.2 illustrates interval type — Il fuzzy number.

Py

Fig 3.2: Interval type — 1l fuzzy number

It is noticeable that type — Il fuzzy number in Figure 3.2 is more complex than
than type — | in terms of representation where this indicates that type — Il fuzzy number
needs a more complicated computational technique than type — | fuzzy number.
According to Greenfield & Chiclana (2013), there are numerous defuzzification strategies
developed in the literature of fuzzy sets which plan on converting type — Il fuzzy number
into type — | fuzzy number. This strategy is intentionally introduced to reduce the
complexity of type — Il fuzzy numbers without losing information on the
computational results. Among them that consider this strategy are Karnik & Mendel
(2001), Nie & Tan (2008), Wu & Mendel (2009) and Greenfield & Chiclana (2009;
2013). Nevertheless, based on a thorough comparative analysis made by Greenfield and
Chiclana (2013) on all the aforementioned methods, Nie & Tan (2008) reduction
method outperforms other approaches on reducing type — Il fuzzy number into type —
| fuzzy number. Therefore, without loss of generality of Nie & Tan (2008), the reduction

method is as follows.
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i 063 =5 e (1, 1 (5,) @5)

where T is the resultant type — | fuzzy numbers.

3.33 Z — Number

According to Zadeh (2011), Z — numbers are the newest type of fuzzy numbers
introduced in the literature of fuzzy sets. Definition of Z — numbers given by Kang et al.
(2012) is as follows.

Definition 3.4: (Kang et al., 2012) A Z — number is an ordered pair of fuzzy number

denoted as Z = (A, B). The first component, A is known as the restriction component where

it is a real — valued uncertain on X whereas the second componentB, is a measure of

reliability for A. The following Figure 3.3 illustrates Z — number based on Kang et al.
(2012) definition.

v
x
v

A=[a,,a,,a,a,] B =[b,,b,.b,,b,1]

Fig 3.3: AZ - number, Z = (,&, §)

As mentioned in Chapter 2, Z — numbers are better in terms of their
representation as compared to type — | fuzzy number and type — Il fuzzy number
fuzzy numbers. This is due to the fact that Z — numbers (level 3) are classified as the

highest level in terms of generalised numbers than type — | fuzzy number and type — 1l
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fuzzy number which level 2 (Zadeh, 2011). Therefore, Zadeh (2011) suggests any
computational work involving Z — numbers needs first reduce the Z — numbers into
certain level without losing the informativeness of the computational results. This
suggestion is taken into account by Kang et al. (2012a) where a method of converting Z
— numbers into fuzzy numbers based on Fuzzy Expectation of a fuzzy set is proposed.
With no loss of generality of Kang et al. (2012a) work, the conversion of Z — numbers

into fuzzy numbers is as follows.

Step 1: Convert the reliability component, B into a crisp number, « using the following

equation

15 000

I 0 115 (X)clx .

Note that, « represents the weight of the reliability component of a Z — number.

Step 2: Add the weight of the reliability component B to the restriction component A. The Z

— number is now defined as weighted restriction of Z — number and can be denoted as
7 = (x50 ()25 (%) = s () x < o). (3.7)

Step 3: Convert the weighted restriction of Z — number into a fuzzy number which can be

represented as

g

In Kang et al. (2012), it is shown that the process of converting Z —

() “A(%} X e [0,1]}. (3.8)

numbers into fuzzy numbers was sensible and logical because the result obtained by the
study indicates that a Z — number is reduced into a lower level of generality which is a

fuzzy number, but the computational informativeness is unaffected. Moreover, the
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conversion of a Z — number into a fuzzy number is reasonable due to the fact that both Z¢

and Z are basically the same when the Fuzzy Expectation Theorem is applied.

3.4 FORMS OF FUZZY NUMBERS

This section covers discussions in terms of several forms of fuzzy numbers
which are found in the literature of fuzzy sets. It has to be noted that all descriptions
provided in this section focus only on type — I fuzzy numbers. As for type — Il and Z —
numbers, their discussions are similar to in type — | fuzzy numbers as both type — Il
numbers and Z — numbers are extension of type — | fuzzy numbers. Therefore, any
descriptions of type — | fuzzy numbers provide in the following subsections are
applicable to type — Il fuzzy numbers and Z — numbers as well. Therefore, a generic
term fuzzy numbers is used in this case to indicate that it covers type — | fuzzy

numbers, type — Il fuzzy numbers and Z — numbers.
34.1 Linear Fuzzy Numbers

According to Chen & Chen (2003), fuzzy numbers are divided into two types
namely linear and non — linear. Nevertheless, linear fuzzy numbers are often used in
many decision making situations as non — linear fuzzy numbers are too complex to
handle and they are normally transformed into linear type for convenience (Chen &
Linkens, 2004). In literature of fuzzy sets, there are two linear types fuzzy numbers which
are often utilised namely triangular and trapezoidal fuzzy numbers. Nonetheless, there
is another fuzzy number that is rather extensively used in the literature of decision making
which is a singleton fuzzy number. It is worth mentioning here that all of these
mentioned fuzzy numbers are used throughout the thesis. Thus, the following definition
3.5 and Figure 3.4 are definition and illustrations of triangular fuzzy number
respectively while definition (3.6) and Figure (3.5) are definition and illustration for

trapezoidal fuzzy number respectively.

34



Definition 3.5: (Laarhoven & Pedrycz, 1983) A triangular fuzzy number A; is

represented by the following membership function. Figure 3.1 illustrates triangular fuzzy
numbers.

X —a. )
L if a,<x<a,
aiZ - a|1
H (X):(a'l’a'zia'a): a,—X .
A B — = if a,<x<a,
a|3 - a|2 .
0 otherwise

Fig 3.4: A Triangular Fuzzy Number

Definition 3.6: A trapezoidal fuzzy number A; is represented by the following membership
function given by

if a, <x<a,
1 If a,<x<a,

Ha (X): (ail’ &z, &3, ai4):

o
N
|

X
=
Q

i3 SX=ay,
ia — Qi3 jf otherwise
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Fig 3.5: A Trapezoidal Fuzzy Number

It has to be noted here that for trapezoidal fuzzy numbers, if aj;= aj3, then
a fuzzy number is in the form of a triangular fuzzy number (Cheng, 1998). While, if
aj1= ajp= aj3= aj4 Or aj;= ajp= a;3 for both trapezoidal and triangular fuzzy numbers,
respectively, then both are in the form of singleton fuzzy number (Chen & Chen, 2009).

The following Figure 3.6 illustrates singleton fuzzy numbers.

1y, ()

a;

Fig 3.6: A Singleton Fuzzy Number
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3.4.2 Generalised Fuzzy Numbers

This subsection provides discussions on another form of fuzzy numbers which
is generalised fuzzy numbers. According to Chen & Chen (2003), a fuzzy number is better
represented by generalised fuzzy numbers. This is because generalised fuzzy numbers
provide a consistent representation for any fuzzy number even if any shape of fuzzy
numbers is utilised. It has to be noted here that starting from this point until the last part of
this chapter, only trapezoidal fuzzy numbers are utilised as medium of representation. This
is due to the fact that both triangular and singleton fuzzy numbers are special cases
of trapezoidal fuzzy numbers (Cheng, 1998 and Chen & Chen, 2003). Therefore, without

loss of generality, definition of generalised trapezoidal fuzzy numbers is as follows.

Definition 3.7: (Chen & Chen, 2003) Generalised Trapezoidal Fuzzy Number 4; is a
fuzzy number 4; = (a;, ap, a3, aiy; wy) where 0<a; <ap<az=<ay<1 with

height, w . €[0,1].

As consideration only on positive values by generalised fuzzy numbers limits
the capability of fuzzy numbers on decision making, Chen & Chen (2007) extend
generalised fuzzy numbers to standardised generalised fuzzy numbers so that both
positive and negative values are considered in the analysis. Based on Chen & Chen

(2007), definition of standardised generalised fuzzy numbers is given as follows.

Definition 3.8: (Chen & Chen, 2007) If fuzzy number 4, has the property such that
-1<a, <ap <an<ay <1, then 4, is called a standardised generalised trapezoidal fuzzy

number and is denoted as

A :(ail’ai21ai3’ai4;WA)

Any non — generalised fuzzy number is transformed into standardised generalised fuzzy

numbers using a normalisation process depicted in equation (3.9).
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~ a, a, a, a
Ai=(_'11_'2’_'3,ﬂ;w_j
S U

= (5i1’5i2’5i3’ai4;WA) (3.9)

where |k| = max(a;, a;,, 83, 8;,).

It is worth mentioning here that in the normalisation process, only components
of fuzzy numbers are changed where aj1, i, aj3, ais change to &,,a;,,4a;;,a;,, but this

does not apply to the height of fuzzy number (Chen & Chen, 1986).

3.5 COMPONENTS OF FUZZY NUMBERS

This section illustrates components of fuzzy numbers utilised in this study. It is
worth mentioning that many components of fuzzy numbers are discussed in the
literature of fuzzy sets but only components that are related to this study are considered in
this section. Details with regards to components of fuzzy numbers considered in this

study are described extensively as follows.

351 Centroid Point

Section 2.4 highlights some important points of centroid points in ranking
fuzzy numbers where it consists of two values namely horizontal — x value and vertical
— y value. Wang (2009) defined a centroid point, as in Figure 3.8, as a point which is
situated at the middle of a fuzzy number which reflects as a representation of a fuzzy
number using crisp value. The conversion of fuzzy numbers into one crisp value for each
horizontal — x value and vertical — y value are known as defuzzification. In the literature
of fuzzy sets, some research works used only the horizontal — x value while some
considered both horizontal — x value and vertical — y value. Nonetheless, in this study,
both values are considered and are used throughout the thesis as considering only
horizontal — x value is inadequate in representing a fuzzy number (Murakami et al.,
1983; Cheng, 1998, Chen & Chen, 2009; Dat et al., 2012). In order to obtain these
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values, formulas given by Shieh (2007) are utilised in this study. The following are
centroid point formulation by Shieh (2007) which define horizontal — x value as

* Xf(X)dx 1 apa;y — ana;
f_ I ajtaptapta, — st 140) (3.10)
f Sx) dx 3 (aytas) — (ap+ap)
and vertical —y value as
. f AlalA |dOC WA ] (3 11)
yAi fo |Ala| do 3 (al4 +az3) (all +a12) .

where |4,%| is the length of the a-cut of 4; and (xzi,y;) is the centroid point for fuzzy

numbers A4;.
It is worth mentioning here that for standardised generalised fuzzy numbers, the
centroid point for the fuzzy number 4; is denoted as (x7,y7) with x7 €[-1,1] and y7 €[0,1].

Based on Wang et al. (2006), properties of the correct centroid formula are used to

validating the centroid formula by Shieh (2007) which is shown as follows.
Property 1:

If 4; and 4; are standardised generalised fuzzy numbers with their membership functions

uy,(x) and s, (x) respectively are u, (y) =, (x), where y=x+o, then x"(4;)=x"(4)+,

v (4;)= y" ).

Proof:

When u, (v) =u, (x), y =x +4, we have u, (x +3)=pu, (x). We obtain from equation
J 1 Y i

(3.10)

(4 )‘

(a3+0) — (ay+9)
((a +0)+(a3+6)) — ((a, +6)+(a,+0))
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:K[H (a3 =a) +(0=0) l
31 (gt +2) = ((a,a2) +(29))

=K[ n (a3 — ay) ]
3 (as+az) — (a;+ay)
= y*(Ai)-
Hence,
Y (4)= y'). (3.12)
We also have,
er oy ] (ag+0)(a3+6) — (a, +0)(a,+6)
() =3 | (@t Hay oy HorHa, o) — o — e (@0 ato)
B (asaztazd+a,0+0°) — (ajay+ard+a, 0+9°%)
73 (@ agtastagyH40) - (astaz) — (a1+ay)

_ l[((a4+a3) — (a1ray))((a,taytaztas+(40)) — (a,a3) — (a,a2)+d((a,taz) — (aytay))
3 (astas) — (a;+ay)

[(a1+artastay) ((agtas) — (a1+ay)) — (a,a3 — ala2)] +l (40 — 0)(a,raz) — aryta
3] (agtas) — (a;+ay) 3| (aytas) — (artay)

[((a,+aytas+ay) ((astas) — (a1+a2))) — (a,a3 — alaz)] +l [(35)(a4+a3) — (axtay)
3] (aytaz) — (a1+ay) 3] (asta3) — (a+ay)

asas — apap

1
| +51Ga)

1
== |aytaytastay ————
3[ ! 2 3 4 a4+a3—a1+a2

=x"(4,)+o
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Thus,
x"(4;)=x"(4)+o (3.13)

Property 2:

If 4, and 4; are standardised generalised fuzzy numbers with their membership functions

ﬂAi(x) and ﬂAj(x) respectively have the relation ,uAj(y)Zw,uAi(y) for all ye R, then

x*(A]) = x*(Al').
Proof:

From equation (3.11), we obtain
* w as —
yvid)=w (— l1+
( J) 3 ((a4+a3)) - ((a1+a2))
= Wy*(Ai)-

)

Hence,
v (4)=wy') (3.14)

Then, from equation (3.10), we have

ataytaztas, —

x"(4)) = G

asay — a;a;, >
(a4+a3) - (a1+a2)

:x*(Ai)-

Therefore, we have
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WA,-

ai ap as a4

Fig 3.8: The Centroid Point, (xzi,y:) of A Trapezoidal Fuzzy Number

It is worth emphasising here that equation (3.12) until equation (3.15)
indicate that centroid point formulation by Shieh (2007) is relevant and suitable for this

study as the formulation fulfils both properties given by Wang et al. (2006).

3.5.2 Height

This subsection discusses the description of another basic component of
fuzzy numbers which is height. Height of fuzzy numbers plays a very significant role in
fuzzy decision making problems especially when confidence levels of decision makers
vary. According to Chen & Chen (2003), if the height of a fuzzy number is high,
then confidence level a decision maker is high. Based on Collan (2009), height of

fuzzy numbers is defined as follows.

Definition 3.9: (Collan, 2009) Height of fuzzy number 4; is the largest value within a

given set of u, (x) over X. The height of a fuzzy number is denoted as
wy,=supu, (x), where wy, e [04].

If the height of a fuzzy number 4,, is equal to 1, w, =1, then 4; is known as a normal

fuzzy number. Otherwise it is called as a non-normal fuzzy number. In Figure 3.9, two

fuzzy numbers with different heights are illustrated.
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Wy, ~ preessssssssssssanansy

WAi ..................

Fig 3.9: Two Fuzzy Numbers of Different Heights, w,. and Wy,

3.5.3 Spread

Spread is another component of fuzzy numbers which is important in
fuzzy decision making. Main importance of spread in the decision making process is its
capability to interpreting decision makers’ viewpoints very well. According to Kwang &
Lee (2000), different decision maker viewpoints are reflected with different spreads. This
is due to the fact that the viewpoint of a decision maker is categorised into three
namely pessimistic, normal and optimistic (Kwang & Lee, 1999). The following
Figure 3.10 illustrates the maximum spread area of a fuzzy number (Chen & Chen,
2009) while definition of spread given by Lee & Li (1998) is as follows.

Definition 3.10: (Lee & Li, 1988) Spread is defined as the measure of variability length of
the support of fuzzy numbers. In this case, it refers to the variability between points of

fuzzy number with its centroid of horizontal — x value.
Definition 3.11: (Dutta et al., 2011) Support of fuzzy number A defined in X is the crisp

set defined as

Supp(A)={x & X : 1,(A)> 0]
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Using the method given by Chen & Lu (2001), spread of fuzzy number is expressed

and calculated as

sa = dist (a4 — a1) = |a, —Xa|+|xa — ]

_ |as—ay (3.16)

4, (%)

-1 1

Fig 3.10: Maximum Spread Area of Fuzzy Number (Chen & Chen, 2009).

Lee & Li (1988) states that the spread is used in many ranking fuzzy numbers
methodologies. This is also shown in Bakar & Gegov (2014) when the spread
complements the capability of centroid point in ranking all cases of fuzzy numbers.
According to Bakar & Gegov (2014), the role played by the spread is twofold namely
complementing centroid point in ranking fuzzy numbers and supporting decision makers
in the decision making process. This is illustrated when spread provides great effect in
ranking fuzzy numbers especially when the centroid point is incapable to rank the fuzzy
numbers of different spreads and embedded fuzzy numbers of different shapes. In addition,
spread complements different types of decision makers namely pessimistic, neutral and

optimistic in decision making process.
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As mentioned earlier in this subsection, there are three types of decision makers
which are pessimistic, neutral and optimistic. This has also been shown in the literature of
decision making (Kwang & Lee, 1999 and Ramli & Mohamad, 2009). They basically
view the same situation but define the situation using different interpretations. These
variations in terms of decision makers’ interpretations allow the utilisation of different

spread when fuzzy numbers are used.

3.6 SUMMARY

In this chapter, the theoretical preliminaries of this thesis are presented. It
covers definitions, terminology and fuzzy concepts utilised throughout the thesis. In
Chapter 4, the thesis discusses the research methodology.
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CHAPTER FOUR

RESEARCH METHODOLOGY

4.1 INTRODUCTION

This chapter illustrates details on the research methodology of the thesis. Main
subject of this chapter focuses on development of the proposed novel methodology for
ranking fuzzy numbers based on centroid point and spread. In developing the ranking
methodology, a novel way of calculating the spread is proposed where this method is
incorporated with an established centroid point method as a novel ranking fuzzy numbers
approach. Since this is the first time the spread method is developed, the capability of
the spread method in complementing the centroid point method for ranking fuzzy
numbers is validated using relevant theoretical properties which are introduced in this
study. As for the novel ranking methodology developed, it is validated based on theoretical
and empirical validations which determine reliability, consistency and efficiency of the
new ranking method. Reliability, a theoretical based — validation, validates the novel
ranking methodology using several established ranking properties. The other two
criteria namely consistency and efficiency, which are two distinct empirically based —
validations, evaluate the capability of the novel ranking methodology to correctly rank
fuzzy numbers such that the ranking results are consistent with human intuition and
ranking more than two fuzzy numbers at one time respectively. Both theoretical and
empirical validations mentioned are thoroughly defined in this chapter but their
implementations are illustrated in the following three chapters of the thesis. This
indicates that this chapter underpins the next three chapters of the thesis. Details on
those aforementioned points are extensively discussed in sections and subsections of this

chapter.
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42 CENTROID POINT BASED - SPREAD METHOD

In this section, a novel formulation on calculating the spread of fuzzy numbers is
developed. The novel spread method is a distance — based approach where it employs
distance from the centroid point of a fuzzy number in obtaining the spread value. This
spread method is an extension of Chen & Lu (2001) spread method where it considers both
distances on horizontal x — axis and vertical — y axis to find the spread value of a fuzzy
number. Chen & Lu (2001) spread method utilised only distance on horizontal x — axis
to find the spread value, then involvement of both distances of the horizontal x — axis and

vertical — y axis by the novel spread formulation is illustrated as follows.

Let Z\l = (Za’l, a,, 53,54;w;&) be a standardised generalised trapezoidal fuzzy number
and (Xﬂl’yﬂl) be the centroid point for A, such that x; and y; are the horizontal x — axis

and vertical y — axis of the standardised generalised fuzzy number f&l respectively. It has to

be noted here that X3 and y; are obtained using equations (3.10) and (3.11) respectively.

Step 1: Compute the distance along the horizontal x — axis of the standardised generalised

fuzzy number ,&1 using the following distance formula.

~ &, - &) (4.1)

where i/31 is the distance along horizontal x — axis of standardised generalised fuzzy

number A .
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Step 2: Find the distance on the vertical y — axis of standardised generalised fuzzy number

A, Which is given as

= y; (4.2)

In this step, distance on vertical y — axis, ii;i is the same as the value of vertical y — axis.

The purpose of introducing this step in the spread formulation is to address fuzzy numbers
of different heights and cater limitation of Chen & Lu (2001) spread method. This is
because spread value of a fuzzy number is not the same as other fuzzy numbers under

consideration given if all of them are of different heights.

When both distances of horizontal x — axis and the vertical y — axis of a
standardised generalised fuzzy number f&l are obtained, spread value of the fuzzy number is

then computed.

Step 3: Obtain spread value of standardised generalised fuzzy number ,Kl using the following

formula given as
S(A) = iz X iig (4.3)

where i/% and ii;& are dist(a, — &, )and Y3, respectively.

s( 5\1), i/&’ ii/&’ dist(2, —&;) [0 ,1] and equation (4.3) is a scalar multiplication of i~Al and

||'&1

The following Figure 4.1 illustrates the components of spread namely the distance along the

horizontal x — axis, i/% , distance on the vertical y — axis, "2\1’ and the centroid point, (x;\1 :

y5 ) of fuzzy number A
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Fig 4.1: Component of spread, ii% and ii/Xl and the centroid point, (x;\l : y;\l) of fuzzy

number A, .

4.2.1 Illustrative Example

This subsection illustrates a numeric — based example adopted from Chen &
Chen (2009) which is used to demonstrate the utilisation of the spread method developed
in Section 4.2. Complete illustration of utilising the centroid point based spread method

on this example is as follows.

Let Zi = (0.1, 0.3, 0.3, 0.5; 1.0) be a standardised generalised fuzzy number for which to

be calculated its spread and (0.3, 0.3333) as the centroid point for f&l which is obtained
using equations (3.10) and (3.11).

Step 1: Compute the distance along the horizontal x — axis of standardised generalised

fuzzy number A, given as

iz =dist(d, -a) =(0.5-0.3+/0.3-0.
=(0.5-0.1)

=04
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Step 2: Find the distance on the vertical y — axis of standardised generalised fuzzy number
A.
Since, centroid of vertical y — value is the distance on the vertical y — axis, hence

ii; = y; =03333

Step 3:  Obtain the spread value of standardised generalised fuzzy number f&l using the

following formula given as

s(A,)=0.4x0.3333
=0.1333

Thus, spread value of fuzzy number A, is 0.1333.

s(A,), iz iz dist(d, &) <[0,1]

10 [~77"""777° 7

o.'1 0.3 0.5
A, =(0.1,0.3,03,0,5; 1.0)
Fig 4.2: Fuzzy number A, .
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422 Theoretical VValidation

This subsection validates theoretically the proposed centroid point based spread
method using several theoretical properties which are introduced in this study. These
relevant properties justify the capability of the centroid point based spread method in
complementing the centroid point in ranking fuzzy numbers. It is worth mentioning here
that this validation focuses mainly on the embedded cases of fuzzy numbers where
centroid point is incapable to rank them appropriately (Bakar & Gegov, 2014). Therefore,
capability of centroid point based spread method in ranking fuzzy numbers especially on
embedded case of fuzzy numbers is validated using the following theoretical properties.

Let f&l and ,&2 be trapezoidal and triangular standardised generalised fuzzy numbers

respectively.

Property Al: If f&l and 5\2 are embedded and having different centroid points but similar

support, then s(A,) > s(A,).
Proof:
Since Z\l and 5\2 are embedded and having similar support, hence it has to be noted that

X5 = Xi, and Y5> Vi, .Then, from equation (4.3), the following are obtained such that

iz =iz and iiz > ii; . Therefore, S(A) >s(A,).

Property A2: If Kl is a singleton fuzzy numbers, then s( ,5\1) =0.

Proof:

For any crisp (real) numbers, it has to be noted that a, =a, =a; = a, impliesthat i; =0

A
and ii; =w/3. Therefore, s( A)=0.
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Property 3: If f&l is an asymmetrical triangular fuzzy numbers then s( 5\1) = ii% X ii/&'

Proof:

For any asymmetrical triangular fuzzy numbers, it is obvious that a, =a; = X By
definition, the following are obtained where

dist(a, —a;) + dist(a, —&,) = dist(a, —a,) + dist(a, — &, ) = dist(a, — &, )= i,

Therefore, s( A,) = iz X i -

The above theoretical validation clearly signifies that the proposed centroid
point based spread method is capable to complement centroid point in ranking fuzzy
numbers. Although, the main focus of this validation is on the embedded case of
fuzzy numbers, other cases of fuzzy numbers such as overlapping and non -
overlapping cases of fuzzy numbers are well considered in this validation. This is
because embedded case of fuzzy numbers is the only case which the centroid point
method is incapable to deal with. For other cases, centroid point differentiate them
appropriately. It is worth mentioning here that details with regard to embedded,
overlapping and non — overlapping cases of fuzzy numbers are given later in Section 4.5.
In the next section, the centroid point based spread method is incorporated with the

centroid point approach to develop a novel ranking fuzzy numbers methodology.

4.3 HYBRID APPROACH FOR RANKING FUZZY NUMBERS

In this section, a novel methodology for ranking fuzzy numbers is proposed.
The methodology is developed using the established centroid point method by Shieh
(2007) and the novel spread approach presented in Section 4.2 where it is applied to
ranking fuzzy numbers. As mentioned in Section 2.2, fuzzy numbers are a generic term
for type — | fuzzy numbers, type — Il fuzzy numbers and Z — numbers, thus indicating
that the novel ranking methodology is a ranking methodology for type — | fuzzy
numbers, type — Il fuzzy numbers and Z — numbers. Therefore, illustrations of the ranking

methodology are as follows.
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4.3.1 Ranking Methodology for Type — | Fuzzy Numbers

This subsection illustrates the methodology for ranking type — | fuzzy numbers based on

centroid point and spread, CPS; which is given as follows.

Let Alz(a'l,a'z,ag,all;w;&) be a standardised generalised trapezoidal type — | fuzzy

number and ranked.

Step 1: Calculate centroid point (xAyA) of standardised generalised type — | fuzzy number
A, using Shieh (2007). The horizontal — x centroid of type — | fuzzy number A,
x}l is calculated as
J.xf (x)dx
Xy =% ———

A ®©

I f (x)dx (4.4)

—00

and the vertical — y centroid of the type — | fuzzy number f&l y;i\1 is given as

Alde

L
alA
o v

Vi = il
(A

(4.5)

where

f&i“ is length of «— cuts of type — | fuzzy number ,&1 x};l e[-1,1] and y*z\l [0 ,wa].

Note that, the centroid point by Shieh (2007) used in this step is applied to standardised

generalised type — | fuzzy numbers.
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Step 2: Obtain spread value of standardised generalised type — | fuzzy number f&lusing the

following formula given as
S(A) = iz X iig (4.6)
where i and ii- are dist(a, — &, )and y}i respectively.

A A
s(A), iz, iz dist(@, -, <[0,1].

Note that, the spread formulation in equation (4.6) is the same as equation (4.3). This
indicates that the centroid point based spread method developed in Section 4.2 is utilised

in this step.

Step 3: Compute ranking value for ,&1 using CPS ranking method which is defined as

cps, (A)=x; xy; x—s(A,)) @.7)
where

x}\l is horizontal — x centroid for standardised generalised type — | fuzzy number Zi

y}i is horizontal —y centroid for standardised generalised type — | fuzzy number Zi

s( Zi) is spread for standardised generalised type — | fuzzy number Zi

and CPs, (A )< [-1, 1].

If cPs, (A, )>CPs, (A, ), then A = A,. (i.e. A, is ranked higher than A,).
If CPS, (A )<CPs, (A, ), then A < A,. (i.e. A, is ranked lower than A,).

If CPs, (A, )=CPs, (A, ), then A ~ A,. (i.e. the ranking for A and A, is equal).

54



Notice that, (1—3(51)) is introduced in the ranking formulation to ensure that any

type — | fuzzy number with greater spread value, s(,&l), than other type — | fuzzy number

under consideration is treated as the smallest type — | fuzzy number among them.

4.3.2 Ranking Methodology for Interval Type — Il Fuzzy Numbers

This subsection signifies the methodology for ranking type — Il fuzzy numbers
based on centroid point and spread, CPS;.. As there are two distinct ways of ranking type
— Il fuzzy numbers considered in the literature of fuzzy sets namely the direct and
indirect, the CPS); ranking method developed in this study also takes into account both
ways to demonstrate its capability to ranking type — Il fuzzy numbers. It is worth
mentioning here that the interval type — 1l fuzzy numbers are utilised in this study as they
are the generalisation of type — Il fuzzy numbers (Mitchel, 2006) and are viewed as the
special case and require less computational works compared to type — Il fuzzy numbers
(Hu et al., 2013). Therefore, without loss of generality, definition of interval type — Il
fuzzy number is given as follows.

Let A= [( D85 ,45 .4, 11xalL,A2L,A3L,é4,W,\ ;W )J be an interval type — Il fuzzy

number whereby components &’ and 4" such that i = 1, 2, 3, 4, are the upper
membership function, UMF and lower membership function, LMF respectively (Wu &

Mendel, 2009). Notice that, A is transformed into standardised generalised interval
type — Il fuzzy numbers using the following normalisation steps which are proposed in
this study.

If an interval type — 11 fuzzy number A has the property such that — 1 < &° < aj’ < ay’

<al <land-1< a' < a)t < a3t < a)t <1then A’ is called as a standardised

generalised interval type — Il trapezoidal fuzzy number and is denoted as

A= ar ey e atfart,ast &t agtiw, swy )| (4.8)
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Any interval type — Il fuzzy numbers may be transformed into a standardised generalised

interval type — 11 fuzzy numbers by normalisation process as described in (3.4.2).

v oay avoa J[aL at at at H
A’: L’_21_3’_4;1;1 _1,_27_3,_4;WL,;WL,
Klkl NS m| " fm| " fm] " fm| A

= [la” 2 a5 e g 2yt ast ot swi s wi )] (4.9)

In the normalisation process, only the components of interval type — Il fuzzy numbers
where &’,&),ay,a; and 4 ,4;,ar,a;are change to av,a),a,a)’ and
a/",a),al",a;" respectively while the heights of interval type — Il fuzzy numbers remain
the same.

As there are two ways of ranking type — Il fuzzy numbers found in the literature namely
the direct and indirect ways, the capability of the CPS; ranking method in ranking type —
Il fuzzy numbers using both ways are demonstrated as the following. Note that, the type —
Il fuzzy numbers utilised in this case are in the form of standardised generalised interval
type — Il fuzzy numbers.

Let A’:[(al’u,agu,agu,agu ;J;lXal’L,a;L,a;L,a;L;w;,;w;)] be a standardised generalised

interval type — Il fuzzy number.

Step 1: Compute the centroid point for A’ by finding the horizontal — x centroid using the
following equation

]O xf (X )dx

o]

J f(x)ax (4.10)

—00

*

Xa
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and the vertical —y centroid value of A’as
Alda

N
a
* _J0

" [ |Ale

0

(4.11)

where

|A'lis length of «-cutsof A". x, e[-1,1]and y} [0 ,wa].

In this step, two centroid points are obtained for A’whereby the centroid points are

* U « U = L = L A N -
(xA, Y )and (xA, Ya )for each &’ and & respectively.

Step 2: Calculate the spread values for A’such that the distance along the x — axis from

i, = dist[(a;U ~aY ) (a —aY )]= [ }

a," - al’L‘ (4.12)

the horizontal — x is

* L lL
A al

_ |4V U
= ‘a4 -a,

While the distance along the vertical y — axis from the vertical y — value is depicted as

* U = L

Hy =Yn Ya (4.13)

Therefore, the spread of A", s(A’) is defined as
s(A") =i, xii,

:(Jagu—al'u‘xyA, )(Ja;L—al’L X Y )

where i, and ii, are dist[(a;U ~a’ ) (a;” —a’ )]and y, respectively.

S(A), iy, iy, dist|(a) —a¥ ) (a” —a )|<[0,1].
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This step also produces two values like in Step 1 but in this case, both values are the spread

for &’ and 4" which are separated by °,’.
Step 3: Determine the ranking value for A’ using the following equation

CPS, (A') =X, x V. x(1—5(A")) (4.15)

where
X is the average of the horizontal — x centroid for A’
Y, is average of the vertical —y centroid for A’

s(A")is the average of the spread for A" .
CPSy (A')G [-1,1].

If CPSy(A")>CPSy(B'), then A"~ B’. (i.e. A is greater than B).
If CPSy(A)<CPSy(B'), then A'<B’. (i.e. A is lesserthanB').
If CPSu(A")=CPSu(B'), then A’~B'.(i.e. A"and B’ are equal ranked).

Notice that, (1-S(A’)) is introduced in the ranking formulation to ensure that
any type — Il fuzzy number with greater spread value, §(A’) than other type — Il fuzzy
number under consideration is treated as the smallest type — 11 fuzzy number among them.
Computations on finding the average in Step 3 are introduced in this methodology to
ensure that CPS|| ranking method is applicable to ranking interval type — Il fuzzy
numbers. It is also worth adding that computation of average introduced in this
methodology is a generalisation of Wu & Mendel (2009) work on ranking type — 1l fuzzy
number using approximation to the end points of type — reduced interval (Greenfield &
Chiclana, 2013).
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Indirect Approach

This study defines the indirect way to ranking interval type — Il fuzzy numbers
as the involvement of additional process before the ranking procedure is carried out. In
this case, interval type — Il fuzzy numbers under consideration are reduced into other
suitable form, which is type — | fuzzy numbers, before they are ranked accordingly.
Consideration of the reduction process in this study is in line with reduction — based
methods developed by Mendel (2001), Mendel & John (2002), Nie & Tan (2008),
Greefield et al. (2009) and Greenfield & Chiclana (2012). Although, interval type — II
fuzzy numbers are directly ranked by the CPSy ranking method in the previous
subsection, the indirect way for ranking interval type — Il fuzzy numbers is also provided
in this study as this is another direction found in the literature of fuzzy sets. As the
indirect approach requires reduction of the interval type — | fuzzy numbers into type — |
fuzzy numbers, this study first extends the definition of interval type — Il fuzzy numbers
in Definition (3.12) into standardised generalised interval type — 1l fuzzy numbers shown

as follows.

Let A’Z[(a{U,a;U,a;U,a;U Lllayt,ast,alt,a, s wa s wy )] be a standardised generalised
interval type — Il fuzzy number. A’ = [(al'U ay)”,al,a)’ ;1;1Xa1'L,a;L,agL,a;L;wk,;w,k, )] is
reduced into standardised generalised type — | fuzzy numbers using Nie — Tan (2008)

reduction method shown as follows.

A aV+alt al+at al+alt al+a 1wk 1+wh
2 2 2 2 4 2 2
After the reduction process, it is noticeable that A’ is currently in the form of

standardised generalised type — | fuzzy number, A such that it is the same as A defined
in 4.3.1. Therefore, with no loss of generality, the procedure to indirectly rank interval

type — Il fuzzy numbers is as follows.
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Step 1:  Calculate centroid point (xAyA) of standardised generalised type — | fuzzy number

Zi using Shieh (2007). The horizontal — x value of type — | fuzzy number ,&1 x%l
is calculated as
Ixf (x)dx
K=t

J. f(x)dx

(4.4)
and the vertical —y value of the type — | fuzzy number Zl y%l IS given as
X 'LWZ\‘ a ;&i“ da
Yo ="~
J‘ i Aia da
0 (4.5)
where
f&i"‘ is length of «— cuts of type — | fuzzy number ,5\1 x}:.l e[-1,1] and y;l [0 ,wa].

Note that, the centroid point by Shieh (2007) used in this step is applied to standardised
generalised type — | fuzzy numbers.

Step 2: Obtain spread value of standardised generalised type — | fuzzy number Klusing the

following formula given as
s(A) = iz X iz (4.6)

where i and ii; are dist(a, — &, )and y; respectively.

s(A), i, iz, dist(d, -&)[0.1]
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Note that, the spread formulation in equation (4.6) is the same as equation (4.3). This
indicates that the centroid point based spread method developed in Section 4.2 is utilised

in this step.

Step 3: Compute ranking value for f&l using CPS ranking method which is defined as

cPs, (A )=x; = y; =x(1—s(A)) 4.7
where

x}\l is horizontal — x centroid for standardised generalised type — | fuzzy number Zi

y}i is horizontal —y centroid for standardised generalised type — | fuzzy number Zi

s( Zi) is spread for standardised generalised type — | fuzzy number Zi

and CPs, (A )< [-1, 1].

If CPS, (A, )>CPs, (A, ), then A - A,. (i.e. A, is ranked higher than A,).
If CPs, (A )<cCPs, (A, ), then A < A,. (i.e. A, is ranked lower than A,).

If CPs, (A, )=CPs, (A, ), then A ~ A,. (i.e. the ranking for A and A, is equal).
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4.3.3 Ranking of Z — Fuzzy Numbers

This section discusses the methodology for ranking Z — fuzzy numbers based
on centroid point and spread, CPSz. As there is inadequate information on dealing with Z
— fuzzy numbers, this study develops a method for ranking Z — fuzzy numbers using the
following descriptions. Thus, with no loss of generality, the following description of Z

— numbers is given.

Let ZA={(Ai = 8y, Ay, iy A5 W, ),(Aj =a;,8),, 85,845 W, )} be a Z — number where

components A and A, such that i, j=12,...,n are restriction and reliability components

for A respectively. A multi — layer decision making methodology for ranking Z — numbers
is illustrated where it consists of two layers which are listed as follows.

1. Layer One: Z— numbers conversion method (B. Kang et al., 2012a).

2. Layer Two: CPS ranking method

Full description for both layers is described as follows:

Layer One

Step Al: Convert the reliability component, B into a crisp number, o (weight of

the reliability component) using (3.6)

Step A2: Add « to restriction component, Ato form a weighted restriction of Z —
number as in (3.7).
Step A3: Convert the weighted restriction of Z — number into standardised

generalised type — | fuzzy numbers as in (3.8).

It has to be noted that Step Al until Step A3 of Layer One are the same as in Section
3.3.3. However, Step A3 of Layer One extends the fuzzy numbers used by Kang et al.
(2012) to standardised generalised type — | fuzzy numbers as defined in Section 3.4.2.
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Layer Two

Let Z, =[z,,,2,,,2,5.2,,] be standardised generalised type — | fuzzy number obtained
from Layer One known Z — fuzzy number A and description for Layer Two is as the
following. Notice that, a Z — fuzzy number, Z,, which is referred to as the standardised
generalised type — | fuzzy number after conversion from Z — number in Layer One is
equivalent to type — I fuzzy number, A defined in Chapter 4. Therefore, with no loss of
generality, the procedure to rank Z — fuzzy number is the same as ranking procedure in
Section 4.3. Thus, the complete procedure for ranking Z — fuzzy numbers using the CPSZ

ranking method is not given in this chapter as repeating the same procedure in the thesis is

redundant.
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4.4 THEORETICAL VALIDATION OF RANKING METHODOLOGY

According to Brunelli & Mezei (2013), theoretical validation of ranking fuzzy
numbers is an axiomatic based — research as it concerns a broad scope of ranking
fuzzy numbers where ranking methods are validated based on properties for ranking
fuzzy quantities. Fuzzy quantities defined by Wang & Kerre (2001) are in principle more
generic than fuzzy numbers, but they are not often used in the literature of fuzzy sets.
Since fuzzy numbers are subsets of fuzzy quantities, hence any properties that are related
to the latter are also applicable to the former. In the literature of fuzzy sets, reasonable
properties for ranking fuzzy quantities are presented by Wang & Kerre (2001; 2002)
where these properties are purposely developed for type — 1 and type — 2 fuzzy
numbers. Wu & Mendel (2009), Kumar et al. (2010), Asady (2010) and Yu et al. (2013)
are among the recently established ranking methods that utilise these properties in
validating their methods. Therefore, based on Wang & Kerre (2001, 2002), reasonable

properties for ranking fuzzy quantities which are fuzzy numbers are as follows.

Let A and A, be two standardised generalised fuzzy numbers where A, and A, are of

any type of fuzzy numbers.

Property 1: If A, > A, and A, > A, then A ~ A,
Property 2: If A, > A, and A, > A, then A, > A,
Property 3: If A, ~A, =0 and A, is on the right side of A,,then A > A,

Property 4: The order of ,Kl and ,5\2 is not affected by the other fuzzy numbers under
comparison.

If a ranking method fulfils all the aforementioned ranking properties suggested by
Wang & Kerre (2001; 2002), then the method is considered to be an effective ranking
method theoretically. Table 4.1 illustrates the applicability of the properties of

ranking fuzzy quantities towards fuzzy numbers.
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Table 4.1: Applicability of the properties of ranking fuzzy quantities towards fuzzy

numbers.
Fuzzy Numbers Properties Applicability
Type -1 Yes
Type -1l Yes
Type — Il after reduction into Type — | Yes
Z —numbers No
Z —numbers after reduction into Type — | Yes

Although the aforementioned properties are not developed for Z — numbers in the
first place, as Z — numbers are new in the literature of fuzzy sets (Zadeh, 2011), they are
all applicable whenever Z — numbers are reduced into type — | fuzzy numbers (Kang et al.,
2012).

4.5 EMPIRICAL VALIDATION OF RANKING METHODOLOGY

In this section, the empirical validation of a ranking fuzzy numbers method is
extensively discussed. Discussions of this validation are made in accordance to case
studies found in the literature for fuzzy sets. Among the case studies found are risk
analysis under uncertainty (Chen & Chen, 2009), fuzzy programming in textile
industry (Elamvazuthi et al., 2009), a fuzzy approach in torque — sensorless control of
DC motor (Liem et al., 2015), inspection planning in manufacturing problem (Mousavi
et al., 2015) and uncertain stochastic nonlinear systems with input saturation (Sui et al.,
2015). Based on these case studies, Cheng (1998), Wang et al. (2005), Asady (2009),
Chen & Chen (2007, 2009), Dat et al. (2012), Yu et al. (2013) and Bakar & Gegov
(2014; 2015) suggest several numerical examples that generically represent all of the
aforementioned case studies. All numerical examples presented in the literature are

explained and illustrated as follows.
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Trivial Case

Trivial case category covers cases of fuzzy numbers which are simple and easy to
differentiate. This is because ranking orders of all cases under this category are
determined by observing the nature of fuzzy numbers under consideration. Thus, this
category is carried out to assess the capability of ranking methods including CPS ranking
method to appropriately rank simple cases of fuzzy numbers first before more complex
fuzzy numbers cases are considered. In this study, two trivial cases of fuzzy numbers are

considered.

Embedded Case

Embedded case category involves sets of fuzzy numbers which are fully overlapped with
one another. Regardless whether the fuzzy numbers are of different heights or spreads, as
long as they are fully overlapping with each other, they are considered to represent
a embedded case. Under this category, three different kinds of embedded cases of fuzzy

numbers are investigated.

Overlapping Case

Overlapping case category is among the most important cases in ranking fuzzy
numbers area of research. If embedded fuzzy numbers cases are fuzzy numbers which
are fully overlapped with each other, this category considers fuzzy numbers that are
partially overlapping from one to another. For this category, two distinct cases of

overlapping fuzzy numbers are examined.

Non — overlapping Case

Non — overlapping case category involves cases of fuzzy numbers that are separated
from each other. This category is considered as the opposite of the overlapping case
category where two distinct non — overlapping cases of fuzzy numbers are considered in

this study.
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45.1 Evaluation of Consistency

Consistency is defined in the literature for ranking fuzzy numbers as the
capability of a ranking method to produce correct ranking order such that the ranking
result is consistent with human intuition. This evaluation is a common validation done by
many established ranking methods like Cheng (1998), Chen & Lu (2001), Wang et al.
(2006), Chen & Chen (2009), Dat et al. (2012), Bakar & Gegov (2014) where ordering
results of a ranking method is compared based on several sets of fuzzy numbers with
other ranking methods under consideration for their consistency evaluation. If a method
ranks fuzzy numbers correctly such that the ranking results are consistent with human
intuition, then the ranking result is justified as consistent, otherwise the ranking result is

inconsistent.

Let ,&, B and C be three fuzzy numbers to be ranked and Table 4.2 indicates

the possible ranking order for A, B and C with respective level of consistency.

Table 4.2: Evaluation of Consistency

Human intuition= A> B = C

Ranking order Consistency
A~B>~C 100
A-C>B 50
B~Ax-C 50
B~C»A 50
C~B>A 0
C-A>B 50
A~B>~C 50
A-B=~C 50
B~C~A 50
B~C>A 0
C~B>A 0
C-B~A 0
A~B=~C 0
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Table 4.2 clearly indicates that whenever three fuzzy numbers are used to
represent cases of fuzzy numbers, two ranking operators are used to indicate the level of
ordering consistency of a ranking fuzzy numbers method. In this case, the consistency
evaluation provided by this study are categorised into three which are explained as

follows.

1) For any ranking methods that rank any cases of fuzzy numbers using two correct
ranking operators, the ranking results obtained by these methods are classified as

correct such that the ranking results are 100% consistent with human intuition.

2) For any ranking methods that rank any cases of fuzzy numbers using one out of two
correct ranking operators, the ranking results obtained by these methods are classified
as partially correct such that the ranking results are 50% consistent with human

intuition.

3) For any ranking methods that rank any cases of fuzzy numbers using two incorrect
ranking operators, the ranking results obtained by these methods are classified as

incorrect such that the ranking results are 0% consistent with human intuition.

The consistency evaluations on the ranking order of fuzzy numbers provided in this study
indicate that the levels of consistency for any ranking fuzzy numbers methods are varied
from one to another. Since explanations in term of consistency evaluation provided in
this study are applicable for cases with three fuzzy numbers, they are relevant for any
ranking method in the literature of ranking fuzzy numbers which also take into
account three fuzzy numbers in their analysis. Therefore, this study presents a generic

consistency validation for ranking fuzzy numbers in the literature of fuzzy sets.
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45.2 Evaluation of Efficiency

This subsection describes the efficiency evaluation of ranking fuzzy numbers
methods including the CPS ranking methodology when ranking fuzzy numbers. According
to Allahviranloo et al. (2013), Fries (2014) and Jahantigh & Hajighasemi (2014),
efficiency of a ranking method is often determined in accordance to its computational
complexity when ranking fuzzy numbers. In the literature of fuzzy sets, two kinds of
ranking method are found namely simultaneous ranking and pairwise ranking.
Simultaneous ranking refers to the capability of a method to ranking any quantity of
fuzzy numbers simultaneously like Chen & Chen (2009) and Bakar & Gegov (2014;
2015) while pairwise ranking is the capability of a method to ranking only two fuzzy
numbers at one time such as Bakar et al. (2010; 2012) and Dat et al. (2012). Although
there are different capabilities in terms of ranking fuzzy numbers, these are not
empirically proven in the literature of fuzzy sets. Thus, this study provides empirical
justification in terms of validating the efficiency level of ranking methods by taking into
consideration the capability of ranking methods to rank more than two fuzzy numbers
simultaneously. The complete explanation of the efficiency evaluation developed in this

study is as follow.

As far as the literature on ranking fuzzy numbers methods is concerned, both
kinds of capability of ranking fuzzy numbers methods follow the same basic
algorithms when ranking fuzzy numbers. In accordance to aforementioned ranking
methods, basic algorithms for ranking fuzzy numbers are signified as Basic Algorithm

and are shown as follows.
Basic Algorithm for Ranking Fuzzy Numbers

1) Assign a value to each fuzzy number under consideration whereby this
value is called an assignment.
2) Make a comparison based on the assignment obtained in 1). This step is also

known as sorting stage.
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Regardless to whether a ranking method utilises simultaneous or pairwise rankings, each
ranking way underpins the same number of assignments and comparisons when fuzzy
numbers under consideration. If fuzzy numbers examined are more than two, then
number of assignments and comparisons are varied as simultaneous ranking ranks
simultaneously all fuzzy numbers under consideration while pairwise ranking requires
more steps to ranking the fuzzy numbers even if the quantity of fuzzy numbers are the
same when simultaneous ranking is used. Therefore, depending on the quantity of fuzzy
numbers considered, differences between simultaneous ranking and pairwise ranking in

terms of number of assignments and comparison are summarised in Table 4.3.

Table 4.3: Differences between simultaneous ranking and pairwise ranking in

terms of number of assignments and comparisons.

No of Simultaneous Ranking Pairwise Ranking
Fuzzy No. of No. of No. of No. of
Numbers Assignments Comparisons Assignments Comparisons
2 2 1 2 1
3 3 1 6 3
4 4 1 12 6
5 5 1 20 10
6 6 1 30 15
7 7 1 42 21
8 8 1 56 28

Even though, Table 4.3 clearly indicates that number of assignments and
comparisons for simultaneous and pairwise rankings methods are different even if the
number of fuzzy numbers under consideration is the same, both ranking ways
sometimes require additional operations to ranking fuzzy numbers appropriately. This
IS because in certain situations, a ranking method is incapable to rank fuzzy numbers
appropriately only if one approach is used. Therefore, incorporation of other approaches
as such the additional operation along with the established ranking method complements
the ranking method in ranking fuzzy numbers appropriately. Among ranking methods
found in the literature of fuzzy sets that rely on additional operations to ranking fuzzy
numbers appropriately are Cheng (1998), Kumar & Kaur (2012), Yu et al. (2013) and
Zhang et al. (2014). Thus, incorporation of additional operation by some ranking methods
creates further extension of the basic algorithm mentioned earlier, where this study lists

the extension algorithms as follows.
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Extension of Basic Algorithm used for Ranking Fuzzy Numbers

1) Assign a value to each fuzzy number under consideration whereby this
value is called an initial assignment.

2) Make a comparison based on assignment obtained in 1) where this is defined
as initial comparison.

3) Assign a value to each fuzzy number under consideration for second time
whereby this value is called the secondary assignment.

4) Make a comparison based on secondary assignment obtained in 3) which is

defined as secondary comparison.

It has to be noted that steps 1 and 2 of basic algorithm are changed to initial assignment
and initial comparison in this algorithm respectively as both steps are repeated in steps 3
and 4 respectively. The terms initial assignment and initial comparison are introduced in
this case as to avoid confusion between the steps used and to indicate that the
ranking methods require additional operations in the methodology. Therefore, regardless
if a ranking method uses simultaneous ranking or pairwise ranking, if the method
incorporates an additional approach to ranking fuzzy numbers, then an extension of the
basic algorithm is used where secondary assignment and secondary comparison are
obtained in its result. The following Table 4.4 illustrates comparisons in terms of the
algorithm used between simultaneous ranking, simultaneous ranking with additional

operation, pairwise ranking and pairwise ranking with additional operation.

Table 4.4: Algorithm comparison between simultaneous ranking, simultaneous
ranking with additional operation, pairwise ranking and pairwise ranking with
additional operation.

Simultaneous Ranking Pairwise Ranking
; Without With Without With
Algorithm Additional Additional Additional  Additional
Operation Operation Operation Operation
Initial Assignment Yes Yes Yes Yes
Initial Comparison Yes Yes Yes Yes
Secondary Assignment No Yes No Yes
Secondary Comparison No Yes No Yes
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Based on all discussions made above, a complete evaluation of efficiency for

ranking fuzzy numbers methods is suggested. There are four classes of efficiency

evaluations are introduced in this study namely very efficient, slightly efficient, slightly

inefficient and very inefficient. All of these classes are determined through examining the

capability of a method in ranking more than two fuzzy numbers simultaneously. Based on
Table 4.3 and Table 4.4, the following Table 4.5 and Figure 4.3 are developed.

Table 4.4: Evaluation of Efficiency.

Efficiency
No. of Fuzzy W_thglrtnultaneous Ranking Pairwise Ranking
numbers thou With Additional Without Additional With Additional
Additional . . .
C - Computation Computation Computation
omputatlon
2 21a 21a 21a 21a
3 3ia 3iat3ic+3sa+3sc 6iat3ic Biat3ictbsat3sc
4 414 4ip+dicHdsatidsc 12)+6c 120+ 6,c+120 + 65
S Sia Siat+5c+5a+5gc 204+ 10, 20 +10,c+2055 + 10
6 61a B1at6ic+65a+65c 30a+15,¢c 301a+15,c +305a +15¢4¢
7 7ia Tiat TicHlsa+T s 42 10+ 21 ¢ 4210 +211c+420 + 21 ¢
8 8ia 8iat8ic+8sa+8sc 564+ 28c 564+ 28 c + 5654 + 285
3 , 3
f(N)=—N“—-—=N
N f(N)=N f(N)=4N (N)=5N* -5 f(N)=3N°-3N
Efficiency Very . . . - .
Classification Efficient Slightly Efficient Slightly Inefficient Very Inefficient
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No. of ranking g N? —g N
algorithm
g 3N*-3N (Pairwise Ranking
(Pairwise Ranking  without Additional 4N
with Additional Computation) (Simultaneous Ranking
Computation) with Additional

Computation)

A

8
N
(Simultaneous Ranking without
2 Additional Computation)

No. of Fuzzy
> numbers

Fig 4.3: Evaluation of efficiency.

It is clearly indicate in Table 4.5 and Figure 4.3, a simultaneous — based
ranking method like the CPS ranking method is more efficient than methods with pairwise
ranking because it is represented by a linear function while the latter are signified by
quadratic functions. Apart from that, the CPS ranking methodology and other
simultaneous ranking methods are four times (4 times) more efficient than a simultaneous
ranking method that requires additional operation in the formulation. This is shown when
functions obtained for the CPS ranking methodology (simultaneous ranking without
additional operation) and simultaneous ranking with additional operation are f(N) = N and
f(N) = 4N respectively. For pairwise ranking, methods that require additional operation to
ranking fuzzy numbers are twice less efficient than one without additional operation where

the functions are f(N)=3N2?-3N and f(N)= g N2 —% N for a method with additional

operation and method without additional operation respectively. Therefore, based on these
discussions, CPS ranking methodology or any simultaneous ranking methods which
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requires no additional operation is classified as very efficient, simultaneous ranking with
additional operation as slightly efficient, pairwise ranking without additional operation as
slightly inefficient and pairwise ranking with additional operation as very inefficient.
Therefore, similarly as subsection 4.4.1, descriptions mentioned in this subsection are also

utilised on the following three chapters of the thesis for validation purposes.

43 SUMMARY

In this chapter, the research methodology of the thesis is thoroughly discussed.
A novel methodology for ranking fuzzy numbers is developed in this chapter which consists
of centroid point and spread method, CPS. The spread method which is proposed based on
distance from the centroid point, fulfils all relevant theoretical properties on
differentiating fuzzy numbers introduced in this study. Then, the spread method is
incorporated with an established centroid point method as a novel methodology for ranking
fuzzy numbers where the ranking method satisfies all the ordering properties under
consideration. Together with those discussions, two types of evaluation, namely the
consistency and efficiency, are introduced in this chapter as the empirical validation for
ranking fuzzy numbers methods. Descriptions on both types of evaluation in this chapter
underpin discussions on the empirical validation for the next three chapters of the thesis.
This indicates that Chapter 4 underpins Chapter 5, Chapter 6 and Chapter 7 of the thesis. In
Chapter 5, the thesis discusses the capability of CPS ranking methodology in ranking type

— | fuzzy numbers.
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CHAPTER FIVE

RANKING OF TYPE - | FUZZY NUMBERS

5.1 INTRODUCTION

This chapter discusses details on validation of the proposed new methodology for
ranking type — | fuzzy numbers based on centroid point and spread, CPS;. Theoretical
and empirical validation defined in Section 4.4 and 4.5 respectively are demonstrated in this
chapter. These validations which are associated with properties of ranking fuzzy
quantities as well as consistency and efficiency evaluation of ranking operations are
described in detail here. Therefore, without loss of generality of Section 4.4 and 4.5,
details on those aforementioned both validations are extensively discussed in sections and
subsections of this chapter.

5.1 THEORETICAL VALIDATION

This subsection validates theoretically the CPS; ranking method using
theoretical properties adopted from Wang & Kerre (2001, 2002). These properties justify
the capability of the CPS; ranking method to ranking fuzzy numbers appropriately. It is
worth mentioning that proofs provided for all of the theoretical properties considered are
applicable to CPS; ranking method. With no loss of generality, theoretical ordering
properties by Wang & Kerre (2001, 2002) which are prepared for CPS; ranking method are
presented as follows.

Let A, and A, be two standardised generalised fuzzy numbers where A, and A, are of any

types of fuzzy numbers.

Property 1: If A, > A, and A, > A, then A ~ A,

Proof:
Since, A, >=A, implies thatCPS,(A)zCPS,(,&Z), and A, >A, implies that
cPs, (A, )= cPs, (A ), hence indicates that, CPS, (A, )=CPs, (A, ), which is A, ~ A,
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Property 2: If A, > A, and A, > A;, then A, > A,

Proof:

For CPS ranking method, A, > A, implies that CPS, (A)z CPS, (Zz) and A, > As, implies

that CPS, (;&2)2 CPS, (ﬂg) This indicates that CPS, (Z&)Z CPS, (,&3) which is A, > A,.

Property 3: If A, ~A, =0 and A, is on the right side of A,,then A >A,

Proof:
Since, A nA,=0 and A, is on the right side of A,, hence, implies that
cps, (A )=CPs, (A, ), thus, A, > A,.

Property 4: The order of f&l and Kz is not affected by the other fuzzy numbers under
comparison.

Proof:

Since, the ordering of A, and A, is completely determined by CPS, (Z&) and CPS, (Zz)

respectively, hence indicates that the ordering of Zi and ,512 is not affected by the other

fuzzy numbers under comparison.

The above theoretical validation clearly indicates that the CPS, ranking method
is capable to ranking fuzzy numbers appropriately. This is signified through proof based —
properties fulfilment by the CPS,; ranking method on all theoretical validations considered
in this subsection. In the next section, a generic empirical validation for any ranking fuzzy

numbers methods is thoroughly discussed.
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5.2 EMPIRICAL VALIDATION

This section discusses empirical validation of the CPS, ranking method on
ranking type — | fuzzy numbers. The empirical validation is a comparative — based ranking
order analysis between the CPS, ranking method and established ranking methods under
consideration on their consistency and efficiency in ranking type — | fuzzy numbers. All
established ranking methods considered in this validation are methods for ranking type — |
fuzzy numbers found in literature of fuzzy sets. These methods are chosen according to
their high referencing frequency by many established ranking methods. Therefore, without
loss of generality in terms of information in Section 4.5, the consistency and efficiency
evaluations of the CPS, ranking method are given as follows.

53.1 Evaluation of Consistency

This subsection provides details on consistency evaluation of the CPS; ranking
method on ranking type — | fuzzy numbers. Nine sets of type — | fuzzy numbers adopted
from Chen & Chen (2009) with modifications are utilised as benchmarking examples in this
case where all of them are often used in validating many ranking methods such as Kumar et
al. (2010), Bakar et al. (2010), Chen & Sanguatsan (2011), Dat et al. (2012) and Zhang et
al. (2014). Therefore, with no loss of generality, all of the nine benchmarking examples

which fall under the four categories mentioned in Section 4.5 are illustrated as follows.

Trivial Case

Trivial Case 1

Trivial case 1 involves three triangular type — | fuzzy numbers of similar shapes and not

overlapped which is illustrated in Figure 5.1.
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1.0

0.1

0.3

05 0.7

0.9
A =(0.1,0.2,0.2,0.31.0) A, =(0.4,0.50.5,0.61.0) A, =(0.7,0.8,0.8,0.91.0)

Fig 5.1: Trivial Case 1

Using the CPS; ranking method, the ranking order for A, A,and As which in this case is
determined as follows.

Step 1: Calculate the centroid point (x*, y*) for Z\l such that the value of X*& is
computed using equation (4.4) as

X3

Wl

0.1+02+0.2+0.3-006-002)
(0.5-0.3)

=0.2

whereas, the value of y}\l is obtained using equation (4.5) as

yt :1 1+L
A 3|7 (05-0.3)
=0.3333

Hence, the centroid point for ,Kl is (0.2, 0.3333).
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Using the same procedure as in Step 1, the centroid point values for ,&2 and 5\3 are as

follows:
(x, Yz ) =(05,0.3333)

(v5.Y3)=(0.80.3333)

Step 2: Compute the spread values of A;, A,and Ag where the spread of A is

s(A)=0.2x0.3333

= 0.0667

and the spread values for A,and A, are

s(A,)=0.0667
s( A;)=0.0667

Step 3: Obtain the ranking values of A, A, and 5\3 such that the ranking value for Aqis

CPS, (A )=0.2x0.3333 x (1—0.0667)

=0.0662

and ranking values for A, and A; are
CPS, (A, )=0.1555

CPs, (A, )=0.2489

Since CPS, (f&g)> CPS, (,&2)> CPS, (,&1) hence the ranking order result for type — | fuzzy

numbers A, A,and A, in this case is Ag = Ay > A

It is worth mentioning here that the entire steps utilised by the CPS; ranking
method in ranking type — | fuzzy numbers are only demonstrated in Trivial Case 1. This

is because these steps are also applied to the remaining eight cases of benchmarking
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examples considered in this study, thus repeating the entire steps are redundant.
Therefore, only definition, illustration, the ranking results and discussions on each

case considered are provided.

Trivial Case 2

Trivial case 2 involves three identical triangular type — | fuzzy numbers which are
embedded with each other. The following Figure 5.2 illustrates type — | fuzzy numbers of

trivial case 2.

1.0

0.1 0.3 0.5

B, =(0.1,0.30.30.51.0) B, =(0.1,0.3,0.30.51.0) B, =(0.10.30.3,0.51.0)

Fig 5.2: Trivial Case 2

Results and Validation

Comparisons of ranking order for trivial case 1 and 2 between the CPS, ranking method

and established ranking methods considered in this study are shown in Table 5.1 and 5.2

respectively.
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Table 5.1: Ranking Results for Trivial Case 1

Fuzzy Numbers

Methods

Ranking Results

Level of

A ,&2 ,&3 Consistency
Cheng (1998) 0583 0583 0583 A ~A, ~ A 0
Kumar et al. (2010) 0300 0300 0300 A <A, <A, 100
0000/ 0300/ 0600/ 7 _ i _x
Dat et al. (2012) 6,300 oe00 Gooo | A=A <A 100
Yuetal. (2013) for ¢ =0 1.00 100 100 A <A, <A 100
Yuetal. (2013) for o = 0.5 1.00 100 100 A <A, <A 100
Yuetal. (2013) for o = 1 100 100 100 A <A, <A, 100
_ 0500/ 0500/ 0500/ 7 _ 3 _ =&
Zhang et al. (2014) for o =0 0.500 0.500 0.500 A=A <A 100
_ 0500/ 0500/ 0500/ 7 _ 3 _ =&
Zhang et al. (2014) for ¢ = 0.5 0.500 0.500 0.500 A<A <A 100
_ 0500/ 0500/ 0500/ 7 _ i _ =
Zhang et al. (2014) for ¢ =1 0.500 0.500 0.500 A=A <A 100
cPs, 0.089 0107 0119 A <A, <A, 100
Table 5.2: Ranking Results for Trivial Case 2
Fuzzy Numbers
= = = - Level of
Methods B, B, B, Ranking Results ¢ reictency
Cheng (1998) 0.583 0583  0.583 B, ~ B, ~ B, 100
Kumar et al. (2010) 0300 0300 0300 B, ~B,~B, 100
0333/ 0333/ 0333/ 7 & =&
Dat et al. (2012) 0.333 0333 0333 B, = B, = B; 100
Yuetal. (2013) for &= 0 1.00 1.00 1.00 B, ~ B, ~ B, 100
Yuetal. (2013) for &= 0.5 1.00 1.00 100 B, ~B,~B, 100
Yuetal. (2013) for &z =1 1.00 1.00 1.00 B, ~ B, ~ B, 100
_ 0500/ 0500/ 0500/ s =
Zhang et al. (2014) for ¢ =0 0.500 0500 0500 B, = B, = B, 100
_ 0500/ 0500/ 0500/ & & _=&
Zhang et al. (2014) for ¢ =0.5 0.500 0.500 0.500 B, = B, =~ B; 100
_ 0500/ 0500/ 0500/ & & _=&
Zhang et al. (2014) for o =1 0.500 0500 0500 B, B, = B, 100
cPs, 0.089 0089  0.089 B, ~B 100

w

It is worth noting here that ranking values obtained by Dat et al (2012) and
Zhang et al. (2014) are separated by separator ( /) in both Table 5.1 and Table 5.2.
This is to point out that both methods adopted pairwise ranking approach to ranking
type — | fuzzy numbers. Also indicated in both tables is Yu et al. (2013) ranking
method where this method provides equal ranking values for all type — | fuzzy
numbers under consideration but gives different ranking orders for different ¢. This

happens because Yu et al. (2013) ranking method considers different type of
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decision makers’ opinions which is reflected by « when ranking type — | fuzzy

numbers, thus different ranking orders are computed for different values of o even

if the ranking values obtained are the same at the first place. Notice that, these
conditions of Dat et al. (2012) and Zhang et al. (2014) ranking methods apply to
all cases of benchmarking examples considered in this chapter while only some cases
apply to Yu et al. (2013) ranking method.

Discussions

For trivial case 1, the correct ranking order such that the ranking result is 100%

consistent with human intuition is A < A, < A,. This is because A, is located at the

farthest right compared to A,, while A, is on the right of A. In Table 5.1, all established
ranking methods considered in this study including the CPS; ranking method except
Cheng (1998), produce correct ranking order for this case such that the ranking result is
100% consistent with human intuition. Cheng (1998) ranking method in this case,
produces equal ranking which is 0% consistent with human intuition. This indicates
that the CPS; ranking method is capable to deal with type — | fuzzy numbers of

different locations.

For trivial case 2, the correct ranking order such that the ranking result is 100%
consistent with human intuition is B, ~ B, ~ B,. This is due to the fact that all type — |
fuzzy numbers under consideration are the same in term of their shapes, spreads, heights
and centroids. Shown in Table 5.2, all ranking results obtained by all established ranking
methods considered in this study and the CPS| ranking method are the correct ranking
order such that the results are 100% consistent with human intuition. This points out that
the CPSI ranking method is capable to give same ranking value for each type — |

fuzzy numbers even if same type — | fuzzy numbers are compared.

Embedded Case
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Embedded Case 1

Embedded case 1 involves three embedded type — | fuzzy numbers where two of them are
in trapezoidal type — | fuzzy numbers while the other is a triangular type — | fuzzy
number. All of these type — I fuzzy numbers are of same height but differed in centroid

point and spread as shown in Figure 5.3.
ﬂa(x)

10 -

0.1 0.3 0.5

C, =(0.1,0.2,0.4,051.0) C,=(0.1,0.250.35,0.51.0) C, =(0.1,0.3,0.3,0.51.0)

Fig 5.3: Embedded Case 1

Embedded Case 2

Embedded case 2 involves three triangular type — | fuzzy numbers where they are
embedded with each other, same height and same centroid point but different in term of

their spread. Figure 5.4 best is the illustration for this case.

ﬂf)(x)

83



l

1.0

l

0.1 0.3 0.5
D, =(0.1,0.3,0.30.51.0) D, =(0.15,0.3,0.30.45:1.0) D, =(0.2,0.3,0.3,0.4:1.0)

Fig 5.4: Embedded Case 2

Embedded Case 3

Embedded case 3 shown in Figure 5.5 involves three triangular type — | fuzzy numbers

that are embedded with each other and having the same horizontal — x centroid but

different in spread and vertical —y centroid.

1.0

0.8
0.6

0.1 0.3 05

E, =(0.1,0.3,0.30.5:1.0) E, =(0.1,0.3,0.3,0.5,0.8) E, =(0.1,0.3,0.3,0.5,0.6)

Fig 5.5: Embedded Case 3

Results and Validation
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Comparisons of ranking order for embedded case 1, 2 and 3 between the CPS; ranking
method and established ranking methods considered in this study are illustrated in Table

5.3, 5.4 and 5.5 respectively.

Table 5.3: Ranking Results for Embedded Case 1

Fuzzy Numbers ) Level of
Methods 61 52 53 Ranking Results Consistency (%)
Cheng (1998) 0583 0583 0583 C,~C,~C, 0
Kumar et al. (2010) 0300 0300 0300 C,~C,~Cs 0
0333/ 0333/ 022/ ~ ~ =
Dat et al. (2012) 0.333 0333 0.333 C,=C, ~Cy4 50
Yuetal. (2013) for ¢ =0 1.00 100 100  C;<C,=<C, 0
Yuetal. (2013) for ¢ =0.5 1.00 100 100 C,~C,~C, 0
Yuetal. (2013) for ¢ =1 1.00 100 100 C,>~C,>C, 100
_ 0500/ 0500/ 0500/ &~ _~ _=
Zhang et al. (2014) for ¢ =0 0.500 0.500 0.500 C, <C, <Cy4 0
_ 0500/ 0500/ 0500/ ~ _~ _~
Zhang et al. (2014) for ¢ =0.5 0.500 0.500 0.500 C,=C, =C4 0
_ 0500/ 0500/ 0500/ &~ ~ =~
Zhang et al. (2014) for ¢ =1 0.500 0500 0.500 C, ~C, =C4 100
CPs, 0119 0107 0089 C,>C,>C, 100
Table 5.4: Ranking Results for Embedded Case 2
Fuzzy Numbers ) Level of
Methods 51 152 153 Ranking Results Consistency (%)
Cheng (1998) 0583 0583 0583 D, ~D,~D, 0
Kumar et al. (2010) 0300 0300 0300 D;,~D,~D, 0
0333/ 0333/ 0333/ ~ ~ =
Dat et al. (2012) 0.333 0.333 0.333 D, =D, = D4 0
Yuetal. (2013) for ¢ =0 1.00 .00 100 D;>D,>D;, 0
Yuetal. (2013) for =05 1.00 .00 1.00 D,~D,~D, 0
Yuetal. (2013) for o =1 1.00 100 100 D, ~<D,~<Ds 100
- 0500/ 0500/ 0500/ ~ =~ =
Zhang et al. (2013) for ¢ =0 0.500 0500  0.500 D, >~ D, > Ds 0
_ 0500/ 0500/ 0500/ =~ _~ _=
Zhang et al. (2013) for ¢ = 0.5 0.500 0.500 0.500 D, =D, = Dg 0
_ 0500/ 0500/ 0500/ ~ _~ =
Zhang et al. (2013) for o =1 0.500 0.500 0.500 D, <D, < Ds 100
CPS, 0089 0107 0119 D;<D,<D, 100
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Table 5.5: Ranking Results for Embedded Case 3

Fuzzy Numbers Level of

Methods El Ez Ea Ranking Results Consistency (%)
Cheng (1998) 0583 0461 0346 E,-E,»E, 100
Kumar et al. (2010) 0240 0240 0240 E, ~E,~E, 0
Dat et al. (2012) Oo0n) Qo OB/ E -E,~E, 100
Yuetal. (2013) for ¢ =0 1.00 100 100  E <E,<E, 0
Yuetal. (2013) for o= 0.5 1.00 100 100 E ~E,~E, 0
Yuetal. (2013) for ¢ =1 1.00 100 100 E>E,>E, 100
Zhang et al. (2013) for ¢ =0 X X X - N/A
Zhang et al. (2013) for ¢ = 0.5 X X X - N/A
Zhang et al. (2013) for ¢ =1 X X X - N/A
CPs, 0119 0107 008  E; »E, ~ E, 100

Note: ‘x” denotes method as unable to calculate the ranking value.
¢-> denotes no ranking order is obtained.

Discussions

For embedded case 1, the correct ranking order such that the ranking result is

100% consistent with human intuition is C, - C, = C,. This is because the vertical — y
centroid of type — | fuzzy number 61 is the largest among the three, followed by 62 and

then 63. In Table 5.3, Cheng (1998) and Kumar et al. (2010) ranking methods produce
incorrect ranking order such that the ranking result is 0% consistent with human
intuition for this case where both methods give equal ranking, C, ~ C, ~ C, as they treat

all type — | fuzzy numbers under consideration as having the same area. A partially

incorrect ranking order such that the ranking result is 50% consistent with human

intuitions is obtained by Dat et al. (2012) where this method is incapable to differentiate 51

and 52 effectively. Different ranking orders are produced by Yu et al. (2013) and Zhang
et al. (2014) as both ranking methods depend on decision maker’s opinion to raking fuzzy
numbers. The CPS; ranking method on the other hand, ranks this case with correct ranking
order such that the ranking result is 100% consistent with human intuition which

emphasises that this method is capable to deal with embedded type — | fuzzy numbers of
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different shapes.

For embedded case 2, the correct ranking order such that the ranking result is

100% consistent with human intuition is II~)l < 52 < 53. This is due to the fact that the

spread value for D, is the smallest among the three, followed by D, and then D, . Clearly

indicate in Table 5.4 is the incorrect ranking results by Cheng (1998), Kumar et al. (2010)

and Dat et al. (2012) such that the results are 0% consistent with human intuition. All of
them give equal ranking for this case, 51 ~ 52 ~ 53, because Cheng (1998) and Kumar

et al. (2010) ranking methods treat all type — | fuzzy numbers under consideration as the
same area whereas Dat et al. (2012) ranking method produces same distance for all type —
| fuzzy numbers in this case. Yu et al. (2013) and Zhang et al. (2014) ranking methods
produce many ranking results for this case since both take into account decision makers’
opinion when ranking fuzzy numbers. Only the CPS| ranking method obtains the correct
ranking order such that the ranking result is 100% consistent with human intuition for this
case which signaling that this method is capable to differentiate type — | fuzzy numbers

with different spread appropriately.

For embedded case 3, the correct ranking order such that the ranking result is

100% consistent with human intuition is E; > EZ >~ E,. E, is considered as the greatest
type — | fuzzy numbers among the three because the height of El is the largest, followed
by E2 and then ES. In Table 5.5, ranking method by Kumar et al. (2010) treats this case

with equal ranking, El ~ Ez ~ E3 as this method considers all type — | fuzzy numbers

under consideration as the same area. Yu et al. (2013) ranking method produces different
ranking order for different decision makers’ opinions while Zhang et al. (2014) ranking
method is incapable to come out with any ranking order as the method is not applicable to
non — normal fuzzy numbers. Nonetheless, correct ranking orders such that the ranking
result is 100% consistent with human intuition are obtained by Cheng (1998), Dat et al.
(2012) and the CPS, ranking method. This result implies that the CPS; ranking method

is capable to deal with type — I fuzzy numbers of different heights effectively.
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Overlapping Case

Overlapping Case 1

Overlapping case 1 illustrates in Figure 5.6 involves three overlapping identical triangular
type — | fuzzy numbers which are same in spread and height. Nevertheless, they are

differed in terms of their positions.

ﬂfv(x)
/]

R Gt

0.1 0.3 0.5 0.7 0.9

F, =(0.1,0.30.3,051.0) F, =(0.3,0.5,0.50.7:1.0) F, = (0.5,0.7,0.7,0.9:1.0)

Fig 5.6: Overlapping Case 1

Overlapping Case 2
Overlapping case 2 involves three overlapping type — | fuzzy numbers comprise two

trapezoidal type — | fuzzy numbers and a triangular type — | fuzzy numbers as illustrate in

Figure 5.7. All of them are same of height but different of centroid point and spread.
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Hg(x)

1.0

01 03 0.5 0.6 08 09
G, =(0.0,0.4,050.7:.0) G, =(0.2,0.50.5,0.9;1.0) G, =(0.1,0.6,0.7,0.8,1.0)

Fig 5.7: Overlapping Case 3

Results and Validation

Comparisons of ranking order for overlapping case 1 and 2 between the CPS; ranking
method and established ranking methods considered in this study are illustrated in Table

5.6 and 5.7 respectively.

Table 5.6: Ranking Results for Overlapping Case 1

Fuzzy Numbers Level of

Methods 'El F, |;3 Ranking Results Consistency (%)
Cheng (1998) 0583 0707 0831 F <F,<F, 100
Kumar et al. (2010) 03 05 0.8 F<F,<F 100
Dat et al. (2012) O 00r ool 000 R <F,<F 100
Yuetal. (2013) for o= 0 0300 0500 0700 F, <F,<F, 100
Yuetal. (2013) for & =05 0300 0500 0700 F,<F,<F, 100
Yuetal. (2013) for o = 1 0300 0500 0700 F,<F,<F, 100
Zhang et al. (2013) for ¢ =0 00"_57050/ 06.79259/ 06?56090/ F<F, <F, 100
Zhang et al. (2013) for ¢ = 0.5 00-f57°2°0’ 06.79259/ 06?56090/ F <F, <F 100
Zhang et al. (2013) for &= 1 000/ QT0T 08I F LF, <F 100
CPs, 0089 0107 0119 F <F,<F, 100
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Table 5.7: Ranking Results for Overlapping Case 2

Fuzzy NEmbers Level of

Methods Ranking Results

61 G, él Consistency (%)
Cheng (1998) 0.680 0726 0746 G, <G, <G, 100
Kumar et al. (2010) 0300 0500 0700 G, <G, <G, 100
Dat et al. (2012) 0000/ Q0M/ 04N G, <G, ~<Gs 100
Yuetal. (2013) for ¢ =0 0300 0500 0700 G, <G, <G, 100
Yuetal. (2013) for o= 0.5 0300 0500 0700 G, <G, <G, 100
Yuetal. (2013) for ¢ =1 0500 07200 0969 G, <G, <G, 100
Zhang et al. (2013) for ¢ = 0 0o/ o) e G, <G, <G, 100
Zhang et al. (2013) for ¢ = 0.5 Qo0 oI 09/ G, <G, <Gy 100
Zhang et al. (2013) for =1 0o/ o) e G, <G, <G, 100
CPS, 0089 0107 0119 G, <G, <G, 100

Discussions

For overlapping case 1, the correct ranking order such that the ranking results

is 100% consistent with human intuition is F, < F, < F,. This is because F, is situated

on the farthest right among the three, followed by F, and then F,. Table 5.6 indicates that
all ranking methods considered in this study including the CPS| ranking method produce

correct ranking order such that the ranking result is 100% consistent with human
intuition. All ranking methods obtain correct ranking result because this case is easy to
distinguish. The result of the CPS| ranking method obtained in this case indicates that this

method is capable to appropriately differentiate partial overlapping type — | fuzzy numbers.

For overlapping case 2, the correct ranking order such that the ranking results
Is 100% consistent with human intuition is 61 <62 <§3. This is due to the fact that
when combining both values of centroi point and spread of each type — | fuzzy number
under consideration, G, is the greatest followed by G,and then G, . Table 5.7 shows all

ranking methods under consideration including the CPS, ranking method produce the

same correct ranking order such that the ranking result is 100% consistent with human
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intuition because this case is trivial. This indicates that the CPS, ranking method is capable
to appropriately deal with overlapping case of type — | fuzzy numbers like other
established ranking methods.

Non - Overlapping Case

Non - Overlapping Case 1

Non - overlapping Case 1 involves different types of type — | fuzzy numbers namely
trapezoidal, triangular and singleton that are not overlapped as shown in Figure 5.8. In

this case, all of the type — | fuzzy numbers considered are differed in terms of the centroid

point and spread but are the same of height.

g

0.1 0.3 0.5 0.6 0.7 0.8 1.0

H, =(0.1,0.30.3,0.51.0) H, =(0.6,0.7,0.7,0.81.0) H, =(1.01.01.01.0,1.0)

Fig 5.8: Non - Overlapping Case 1

Non - Overlapping Case 2

Non — overlapping case 2 involves three identical triangular type — | fuzzy
numbers of same spread and height. The only distinction between them is their position.
One of them is situated on the negative side, one is on positive side and the other is in the
middle of positive and negative values. This case is classified as the mirror image
situation or reflection case of type — | fuzzy numbers (Asady, 2009) which is illustrated in

Figure 5.9.

91



-0.3 -0.2 -0.1 0.1 0.2 0.3
I, =(-03-02-02-0.110) 1, =(~0.1,0.0,0.0,0.1:10) I, =(0.1,0.2,0.2,0.31,0)
Fig 5.9: Non — Overlapping Case 2

Results and Validation

Comparisons of ranking order for non — overlapping Case 1 and 2 between the CPS,
ranking method and other established ranking methods considered in this study are

illustrated in Table 5.8 and 5.9 respectively.

Table 5.8: Ranking Results for Non — Overlapping Case 1

Fuzzy Numbers Level of

Methods ﬁl ﬁ ) |:'|1 Ranking Results Consistency (%)
Cheng (1998) 0.424 0.583 X - N/A
Kumar et al. (2010) 0.300 0.300 X - N/A
Dat et al. (2012) 0000/ QSW/ 0007 A, <H,<H, 100
Yu etal. (2013) for ¢ =0 0.700 0.300 X - N/A
Yu etal. (2013) for ¢ =0.5 1.000 1.000 X - N/A
Yuetal. (2013) for ¢ =1 0.300 0.7200 X - N/A
Zhang et al. (2013) for ¢ =0 1.000 1.000 X - N/A
Zhang et al. (2013) for ¢ = 0.5 1.000 1.000 X - N/A
Zhang et al. (2013) for ¢ =1 1.000 1.000 X - N/A
CPS, 0089 0107 0119 H; <H, <Hj 100
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Table 5.9: Ranking Results for Non — Overlapping Case 2

Level of

Fuzzy Numbers

Methods |~1 I, |~3 Ranking Results Consistency (%)
Cheng (1998) 0583 0583 0583 I ~l,=~I, 0
Kumar et al. (2010) 0300 0300 0300 Iy ~l,=~l, 0
Dat etal. (2012) 0000/ QSW/ 0007 <T,<T, 100
Yuetal. (2013) for ¢ =0 751 0000 0001 - Iy> 1 0
Yuetal. (2013) for ¢ =05 1.000 1000  1.000 LT, ~1, 0
Yuetal. (2013) for &= 1 0.001 0000 751 =<1l <1, 100
Zhang et al. (2013) for ¢ =0 1.000 1000 1.000 L1, g 0
Zhang et al. (2013) for o = 0.5 1.000 1000  1.000 Lrl,~ 0
Zhang et al. (2013) for o= 1 1.000 1000  1.000 I <1, <1y 100
CPs, 0089 0107 0119 I, <1, <1, 100

Discussions

For non — overlapping case 1, the correct ranking order such that the ranking

result is 100% consistent with human intuition is H, < H, < H,. This is because H, is

situated on the farthest right among the three and followed by H, and then H, . Table
5.8 clearly signifies that only Dat et al. (2012) and the CPS; ranking methods are capable

to rank this case correctly such that the ranking result is 100% consistent with
human intuition. For other ranking methods considered in this study, all of them are
incapable to rank singleton type — | fuzzy numbers appropriately, thus all of them are
not applicable for ranking fuzzy numbers. This shows that the CPS, ranking method is
capable to appropriately deal with non — overlapping type — | fuzzy numbers and

singleton type — | fuzzy numbers.

For non — overlapping case 2, the correct ranking order such that the ranking

result is 100% consistent with human intuition is T, < I, < I~3 . This is due to the fact that f3

is located on the farthest right which is on the positive side, followed by |~2 and then Tl In
Table 5.9, Cheng (1998) and Kumar et al. (2010) ranking methods produce equal ranking,
I~l ~ |~2 ~ |~3 for this case which is incorrect such that the ranking result is 0% consistent

with human intuition. Yu et al. (2013) and Zhang et al. (2014) ranking methods also come
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out with many ranking orders for this case as they depend on decision makers’ opinions
when ranking fuzzy numbers. Only Dat et al. (2012) and the CPS, ranking methods
capable to give correct ranking order for this case such that the ranking result is 100%
consistent with human intuition. This directly emphasise that the CPS, ranking method
is capable to effectively deal with negative and positive type — | fuzzy numbers

simultaneously.

Summary of Consistency Evaluation

This subsection covers the summary on the consistency evaluations for all
ranking methods considered in section 5.2.1 including the CPS, ranking method. The
summary provides clear observation in terms of number of consistent ranking result
produced by all ranking methods considered in this study and their performance
percentage. Using Section 4.4 as guideline and information obtained from Table 5.1
until Table 5.9, the following Table 5.10 summaries the consistency evaluation of all
ranking methods considered in this study including the CPS, ranking method on
ranking type — | fuzzy numbers.

Table 5.10: Summary of Consistency Evaluation

Consistency Evaluation

Methads Proportion of Result Percentage of Result
with 100% Level of with 100% Level of
Consistency Consistency
Cheng (1998) 4/9 44.44%
Kumar et al. (2010) 3/9 33.33%
Dat et al. (2012) 7/9 77.75%
Yuetal. (2013) for « =0 4/9 44.44%
Yuetal. (2013) for « =0.5 4/9 44.44%
Yuetal. (2013) for =1 4/9 44.44%
Zhang et al. (2014) for ¢ =0 4/9 55.55%
Zhang et al. (2014) for « =0.5 4/9 55.55%
Zhang et al. (2014) for =1 4/9 55.55%
CPS, 9/9 100%
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Results in Table 5.8 show that Kumar et al. (2010) ranking method obtains
the least number of consistent ranking results where the method ranks three out of nine
(33.33%) cases of benchmark examples provided in this study. Cheng (1998) and Yu et
al. (2013) with « = 0 and 0.5 share the same number of consistent ranking results with
four out of nine cases which is equivalence to 44.44%. Zhang et al. (2013) with =0
and 0.5 ranking methods successfully rank five out of nine (55.55%) benchmark
examples. Dat et al. (2012) and Zhang et al. (2014) with « = 1 ranking methods
achieve seven out nine cases while Yu et al. (2013) ranking method ranks eight out of
nine cases of benchmarking examples prepared in this study. Among all ranking methods
considered in this evaluation, only the CPS, ranking method perfectly ranks all nine
(100%) cases of benchmarking examples with correct ranking order such that all results
obtained are 100% consistent with human intuition. Therefore, this evaluation clearly
indicates that the CPS, ranking method is considered as a ranking method that correctly
ranks all type — | fuzzy numbers such that the ranking results are 100% consistent with

human intuition.
5.2.2 Evaluation of Efficiency

This subsection discusses the efficiency evaluations of all the ranking
methods considered in this study including the CPS; ranking method. It is intentionally
prepared as a separate subsection from the summary of the consistency evaluation
because all ranking methods considered in this study and the CPS, ranking method,
perform similar efficiency capability when ranking three type — I fuzzy numbers. This is
because the efficiency result of a ranking method is the same for all benchmarking
examples provided in this study even if the consistency evaluations are different.
Therefore, without loss of generality of Section 4.5, the efficiency evaluations of all
ranking methods considered in this study including the CPS; ranking method are

summarised in Table 5.11.
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Table 5.11: Summary of Efficiency Evaluation

Methods Efficiency Evaluation
Cheng (1998) Slightly Efficient
Kumar et al. (2010) Slightly Efficient
Dat et al. (2012) Slightly Inefficient
Yuetal. (2013) for ¢ =0 Slightly Efficient
Yuetal. (2013) for « =0.5 Slightly Efficient
Yuetal. (2013) for ¢ =1 Slightly Efficient
Zhang et al. (2013) for « =0 Very Inefficient
Zhang et al. (2013) for « = 0.5 Very Inefficient
Zhang et al. (2013) for ¢ =1 Very Inefficient
CPS, Very Efficient

In Table 5.11, Zhang et al. (2014) ranking method with @ = 0, 0.5 and 1, is
classified as a very inefficient ranking method as this method is a pairwise ranking
method and needs additional operation to ranking type — | fuzzy number appropriately.
Dat et al. (2012) ranking method is evaluated as a slightly inefficient ranking method
because it is a pairwise ranking method but does not need additional operation when
ranking type — | fuzzy numbers appropriately. Cheng (1998) and Yu et al. (2012) ranking
methods are considered as slightly efficient ranking methods in this evaluation as both
simultaneously rank the type — | fuzzy numbers but incorporate additional operation in
obtaining the final ranking order. In this evaluation, the CPS; ranking method is regarded
as a very efficient ranking method as this method ranks fuzzy numbers correctly such
that the ranking result is consistent with human intuition using simultaneous ranking
without incorporating any additional operation. Therefore, this evaluation signifies that
the CPS; ranking method is capable to rank three type — | fuzzy numbers
simultaneously without incorporating additional operation when ranking type — | fuzzy

numbers.
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5.3 SUMMARY

In this chapter, the capability of the CPS; ranking method to ranking type — |
fuzzy numbers is provided. Two main empirical validations namely the consistency
andefficiency of the CPS,ranking method are also highlighted in this chapter. In the
validation, the capability of the CPS; ranking method to correctly ranks all cases of type —
| fuzzy numbers such that the ranking results are consistent with human intuition is
addressed. The efficiency of the CPS; ranking method on ranking three type — | fuzzy
numbers simultaneously is also demonstrated in this chapter where the method is capable
to ranking three type — | fuzzy numbers simultaneously without incorporating additional
operation. In this respect, the CPS; ranking method is considered as a ranking method
that is capable on ranking type — I fuzzy numbers consistently and efficiently. In Chapter
6, the thesis extends the applicability of the CPS ranking methodology in ranking
type — Il fuzzy numbers.

97



CHAPTER SIX

RANKING OF TYPE - Il FUZZY NUMBERS

6.1 INTRODUCTION

This chapter discusses details on validation of the novel methodology for
ranking type — Il fuzzy numbers based on centroid point and spread, CPS,;. Theoretical
and empirical validation defined in Section 4.4 and 4.5 respectively are demonstrated in
this chapter. These validation which are associated with properties of ranking fuzzy
quantities as well as consistency and efficiency evaluation of ranking operations are
described in detail here. Therefore, without loss of generality of Section 4.4 and 4.5,
details on those aforementioned both validation are extensively discussed in sections and

subsections of this chapter.

6.2 THEORETICAL VALIDATION

This subsection validates theoretically the novel CPSy ranking method using
theoretical properties adopted from Wang & Kerre (2001, 2002). These properties justify
the capability of the CPS) ranking method to ranking interval type — Il fuzzy numbers
appropriately by proofs provided which are applicable to CPSy; ranking method. It has to
be noted that only theoretical validation for direct approach of ranking interval type — Il
fuzzy numbers is demonstrated here. This is because theoretical validation for the indirect
approach is the same as in theoretical validation for type — | fuzzy numbers. Therefore,
with no loss of generality, theoretical ordering properties by Wang & Kerre (2001, 2002)
which are prepared for CPS) ranking method are presented as follows.
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Let A’ and A, be two standardised generalised type — Il fuzzy numbers.

Property 1: If A/ >A, and A)> A/, then Al = A}

Proof:

Since, A=A, implies thatCPS, (A/)>CPS,(A;), and A>A  implies that
CPS, (A,)>CPS, (A])hence indicates that, CPS , (A]) = CPS,, (A} ), which is A/ ~ A}

Property 2: If Al > A, and A) > A;, then A = A,
Proof:
For CPS, ranking method, A/ >A; implies thatCPS,(A])>CPS, (A;), and A > A,

implies that CPS,, (A;)>CPS, (A;). This indicates that CPS, (A/)>CPS,,(A}), which is
A=A

Property 3: If AAn A, =0 and A/ ison the right side of A}, then A/ > A,

Proof:

Since, AAnA,;=0 and A is on the right side of A, hence, implies that
CPS, (A])>CPS, (A;), thus, A] =A;.

Property 4: Ordering of A/ and A, is not affected by the other type — Il fuzzy numbers
under comparison.

Proof:
Since, the order of A/ andA;, is completely determined by CPS, (A/) and CPS,,(A;})

respectively, which indicates that it has nothing to do by the other type — Il fuzzy numbers

under comparison, thus, the ordering of A’ and A, is not affected by the other type — Il

fuzzy numbers under comparison.

The above theoretical validation clearly indicates that the CPSy; ranking method
is capable to ranking fuzzy numbers appropriately. This is signified through proof based —
properties fulfilment by the CPSy; ranking method on all theoretical validations considered
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in this subsection. In next section, empirical validation for the CPSy; ranking method and
established ranking methods considered in this study is thoroughly discussed.

6.3 EMPIRICAL VALIDATION

This section discusses empirical validation of the CPS; ranking method and
established ranking methods considered in this study on ranking interval type — Il fuzzy
numbers. The empirical validation provided is a comparative — based ranking order
analysis between the CPS; ranking method and established ranking methods under
consideration on their consistency and efficiency to ranking interval type — Il fuzzy
numbers. Most of the established ranking methods considered in this validation are
methods for ranking type — | fuzzy numbers while the remaining methods are for ranking
type — Il fuzzy numbers. These methods are chosen according to their high referencing
frequency by many established ranking methods found in literature of fuzzy sets. For
those ranking methods that are developed for ranking type — | fuzzy numbers, they are
denoted with “II’ (for example: Il — Cheng (1998)) in this study to indicate that they are
applied to ranking interval type — Il fuzzy numbers for the first time. Therefore, based on
information in Section 4.5, the consistency and efficiency evaluation of the CPS; ranking

method and established ranking methods considered in this study are as follows.

6.3.1 Evaluation of Consistency

In this subsection, 9 benchmarking sets of interval type — 1l fuzzy numbers with
modification adopted from Wu & Mendel (2009) are used. Modifications are made in this
subsection as this study covers more generic and complex cases which are more important
in decision making than previous work by Wu & Mendel (2009). Among generic and
complex cases of interval type — Il fuzzy numbers that are neglected in Wu & Mendel
(2009) but considered in this study are non — overlapping, negative data value and crisp
value cases. Furthermore, three interval type — Il fuzzy numbers which are suitable for
each case considered in this study are chosen from the 32 interval type — Il fuzzy numbers

by Wu & Mendel (2009). The utilisation of selected three type — 11 fuzzy numbers in each
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case not only provides better view on cases similar as in real world problems but also give
same effect on ranking results as of the 32 interval type — Il fuzzy numbers in Wu &
Mendel (2009). Thus, the following are details on consistency evaluation based on 9
benchmark examples of all ranking methods considered in this study including both direct

and indirect ways using the CPS); ranking method.

Using direct based — CPSy ranking method, the ranking order for A/, Ajand A; in this

case is determined as follows.

Trivial Case

Trivial Case 1

Trivial case 1 involves three interval type — Il fuzzy numbers that are not overlapped as
shown in Figure 6.1.

,UAl'(X)
A A A,
1.0 R e L L ey
m
AR
I\
1,
AR
1 1 \
o
1o
1 , \
1 ! \
L X
0.1 0.3 0.5 0.7 0.9

A, =(0.000,0.000,0.014,0.197:1.000),(0.000,0.000,0.005,0.066;1.000)
Ay
A

(0.359,0.475,0.550,0.691;1.000),(0.486,0.503,0.503,0.514;1.000)

(0.598,0.775,0.860,0.952;1.000), (0.803,0.836,0.836,0.917;1.000)

Fig 6.1: Trivial Case 1
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Step 1:  Compute the centroid point for A’ by finding the horizontal — x centroid of A/
using equation (6.1) as

Xx =| 2| 0+0+0.014 +0.1971 - (0002 =0) 115 4. 005 + 0,066 — (20098 ~0)
3 (0.211-0) '3 (0.071-0)

= (0.0660,0.0221 )

Whereas, using equation (6.2), the value of vy, is
. _[Lfy, 0014 |1 0005
A (37 (0.211-0)]'3] (0.071-0)

Hence, the centroid point for A is (0.0660, 0.355) and (0.0221, 0.3568).

Utilising the same procedure as shown above, the centroid points of A, and A,

calculated accordingly and the results are as follows.

(X4, v, )=(0.5201,0.3948),(0.5201,0.3948)

(X4, v )=(0.8520,0.3333),(0.5201,0.3948 )

Step 2:  Calculate the spread values for A’ such that
s(A/)=(0.1971x0.3555),(0.0660 x 0.3568)
=(0.0700),(0.0235)
While for A, and A;, their spread values are
s(A;)=(0.1311),(0.0093)

s(A;)=(0.1408),(0.0380)
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Step 3:  Determine the ranking value for A’ using the following equation

cPs, - [0.0660 +o.0221)x(o.3555 +0.3568jx((1—0.o700)+(1—0.0235))

2 2 2
=0.0150

and ranking values for A, and A, are

CPS, (A;)=0.1728
CPS, (A})=0.2736

Since CPS,,(A;)>CPS, (A;)>CPS,(A), hence the ranking order result for interval
type — Il fuzzy numbers A/, A, and A; is A; >~ A, >~ A.

It is worth mentioning here that the entire steps utilised by the CPS), ranking
method in ranking interval type — Il fuzzy numbers are only demonstrated in Trivial
Case 1. This is because these steps are also applied to the remaining eight cases of
benchmarking examples considered in this study, thus repeating the entire steps in
the thesis are redundant. Therefore, only definition, illustration, the ranking results and
discussions on each case considered are provided.

Trivial Case 2
Trivial case 2 involves three identical interval type — Il fuzzy numbers which are
embedded with each other. The following Figure 6.2 illustrates interval type — Il fuzzy

numbers of trivial case 2.
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B! B, B}

1.0

0.3 0.5 0.7

B, =(0.359,0.475,0.550,0.691;1.000 ), (0.486,0.503,0.503,0.514;1.000)
B, =(0.359,0.475,0.550,0.691;1.000),(0.486,0.503,0.503,0.514;1.000)
B! =(0.359,0.475,0.550,0.691;1.000),(0.486,0.503,0.503,0.514:1.000)

Fig 6.2: Trivial Case 2

Results and Validation

Comparisons of ranking order for trivial case 1 and 2 between CPS; ranking method
and established ranking methods considered in this study are illustrated in Table 6.1 and
6.2 respectively.

Table 6.1: Ranking Results for Trivial Case 1

Fuzzy Numbers

Methods Al, A; Asr Ranking Results Conls_ig:r:co; %)
Mitchell (2006) 0.583 0583 0583 A=A = A 100
Wu & Mendel (2009) 0.047 0519 0812 A <A <A 100
Il — Cheng (1998) 0.583 0.583 0.583 A=A =A 0
Il - Kumar et al. (2010) 0.300 0.300 0.300 A=A =A 0
Il - Dat et al. (2012) 0000/ a2l 03I A <A <A 100
Il - Yu et al. (2013) for ¢ =0 1.00 1.00 10 A <A <A 100
Il - Yuetal. (2013) for =05 1.00 1.00 10 A <A <A 100
Il - Yuetal. (2013) for o = 1 1.00 1.00 10 A <A <A 100
I - Zhang et al. (2013) for =0 OO/ QT O A <A <A 100
Il - Zhang et al. (2013) for & =0.5 06?50000’ 06?50(?0/ %?50(?0’ A <A <A 100
I1 - Zhang et al. (2013) for o = 1 06?5080/ 06?50000’ 05:&’ A <A <A 100
CPS |, - direct 0.089 0107 0119 A <A <A 100
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CPS |, - indirect 0.089 0107 0119 A <A <A 100
Table 6.2: Ranking Results for Trivial Case 2

Methods B Rz Néjgnbers B Ranking Results ConI;iesY:r:c(); %)
Mitchell (2006) 0.583 0.583 0.583 B; = B, =~ B 100
Wu & Mendel (2009) 0.519 0.519 0.519 B; ~ B, ~ B 100
I1 - Cheng (1998) 0.583 0.583 0.583 B; = B, =~ B3 100
Il - Kumar et al. (2010) 0.300 0.300 0.300 B; = B, =~ B3 100
Il - Dat et al. (2012) 033/ 0%/ 038/ B ~By=~B 100
Il -Yuetal. (2013) for ¢ =0 1.00 1.00 1.00 B; = B, = B; 100
Il - Yuetal. (2013) for ¢ =0.5 1.00 1.00 1.00 B; = B, =~ B 100
Il -Yuetal. (2013) for ¢ =1 1.00 1.00 1.00 B; = B, = B; 100
Il — Zhang et al. (2013) for ¢ =0 06?506)0/ 065508)0/ 00'_55?(;)0/ B ~ B, ~ B; 100
II - Zhang et al. (2013) for ¢ = 0.5 06?50000/ 06?50000’ %?50(?0/ B, ~ B} ~ B} 100
Il - Zhang et al. (2013) for ¢ =1 06?505)0/ 06$50(§)0/ 06.5&%)0/ B; = B, ~ B 100
CPS |, — direct 0.1728 01728  0.1728 B ~ B, ~ B; 100
CPS |, - indirect 0.1728 0.1728  0.1728 B; = B, = B; 100

It is worth notifying here that ranking values obtained by Dat et al (2012) and
Zhang et al. (2014) ranking methods are separated by separator ( /) in both Table 6.1
and Table 6.2. This is to point out that both methods adopted pairwise ranking approach
to ranking interval type — Il fuzzy numbers. Also indicated in both tables is Yu et al.
(2013) ranking method where this method provides equal ranking values for all
interval type — Il fuzzy numbers under consideration but gives different ranking
orders for different o . This happens because Yu et al. (2013) ranking method considers
different type of decision makers’ opinions which is reflected by a when ranking interval
type — Il fuzzy numbers, thus different ranking orders are computed for different values
even if the ranking values obtained are the same at the first place. Notice that, these
conditions of Dat et al (2012) and Zhang et al. (2014) ranking methods apply to all
cases of benchmarking examples considered in this chapter while only some cases

apply to Yu et al. (2013) ranking method.

105



Discussions

For trivial case 1, the correct ranking order such that the ranking result is

100% consistent with human intuition is A; > A, = A'. This is because A, is located at

the farthest right compared to A, and A/, while A; is on the right of A . In Table 6.1, only
Il — Cheng (1998) and Il — Kumar et al. (2010) ranking methods produce incorrect
ranking result such that the ranking results are 0% consistent with human intuition.
While, other established ranking methods considered in this study including both direct
and indirect ways of the CPS; ranking method produce correct ranking order for this
case such that the ranking result is 100% consistent with human intuition. This indicates
that the CPS), ranking method is capable to directly and indirectly deal with the interval

type — Il fuzzy numbers of different locations.

For trivial case 2, the correct ranking order such that the ranking result is 100%
consistent with human intuition is B ~ B, ~ B;. This is due to the fact that all type — Il

fuzzy numbers under consideration are the same such that they are the same in term of
their shapes, spreads, heights and centroids. Shown in Table 6.2, all ranking results
obtained by all established ranking methods considered in this study and both direct and
indirect ways of the CPSy ranking method are the correct ranking order such that the
results are 100% consistent with human intuition. This points out that the CPS); ranking
method is capable to give same ranking value for each interval type — Il fuzzy numbers
even if same type — Il fuzzy numbers are compared regardless direct or indirect way is

used.
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Embedded Cases

Embedded Case 1

Embedded case 1 involves three embedded interval type — Il fuzzy numbers which is

illustrated in Figure 6.3.

,uc'(x)
1 ¢ C;C
1.0

C, =(0.038,0.150,0.250,0.462;1.000),(0.109,0.150,0.250,0.421;1.000)

C; =(0.038,0.200,0.200,0.462;1.000),(0.109,0.200,0.200,0.421;1.000)

C! =(0.038,0.250,0.250,0.462;1.000),(0.109,0.250,0.250,0.421;1.000)
Fig 6.3: Embedded Case 1

Embedded Case 2

Embedded Case 2 involves three type — Il fuzzy numbers where all of them are
embedded, normal and having same centroid point for both upper and lower

membership functions. Figure 6.4 best is the illustration for this case.
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0.5 0.7
D, =(0.359,0.475,0.550,0.691;1.000),(0.400,0.475,0.550,0.660;1.000)

D, =(0.359,0.475,0.550,0.691;1.000),(0.430,0.475,0.550,0.640;1.000)
D} =(0.359,0.475,0.550,0.691;1.000), (0.450,0.475,0.550,0.600;1.000)

Fig 6.4: Embedded Case 2

Embedded Case 3

Embedded case 3 shown in Figure 6.5 involves three trapezoidal interval type — 1l fuzzy

numbers that are embedded with each other.

E; =(0.359,0.475,0.550,0.691;1.000),(0.430,0.475,0.550,0.640;1.000)
E; =(0.359,0.475,0.550,0.691;1.000),(0.430,0.475,0.550,0.640;0.740)
E; =(0.359,0.475,0.550,0.691;1.000),(0.430,0.475,0.550,0.640;0.530)

Fig 6.5: Embedded Case 3
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Results and Validation

Comparisons of ranking order for embedded case 1, 2 and 3 between the CPSy ranking
method and established ranking methods considered in this study are illustrated in Table
6.3, 6.4 and 6.5 respectively.

Table 6.3: Ranking Results for Embedded Case 1

Fuzzy Numbers

Methods C cy Cé Ranking Results Conls-iz;/:r:ccg %)
Mitchell (2006) 0.583 0.583 0.583 Ci=C;~Cy 0
Wu & Mendel (2009) 0.583 0.583 0.583 Ci~C;,~Csy 0
I — Cheng (1998) 0.583 0.583 0.583 Ci=C;~Cy 0
Il — Kumar et al. (2010) 0.300 0.300 0.300 C; =C; > Cy 50
Il — Dat et al. (2012) 06.33353/ 06.33353/ 06.232323/ Ci=C, >C;y 100
I1-Yuetal. (2013) for ¢ =0 1.00 1.00 1.00 C; <C; <C4 0
Il - Yuetal. (2013) for ¢ =0.5 1.00 1.00 1.00 Ci=C,~Csy 0
I1-Yuetal. (2013) for ¢ =1 1.00 1.00 1.00 C;>C;,>C4 100
Il — Zhang et al. (2013) for ¢ =0 06?50(?0/ 06?5080/ Od?é)go/ Ci=C;~C;g 0
Il - Zhang et al. (2013) for o = 0.5 P 100
Il - Zhang et al. (2013) for ¢ = 1 P S o S S ot 100
CPS |, —direct 0.119 0.107 0.089 C;>C;,>~C4 100
CPS |, - indirect 0.119 0.107 0.089 C;>C;, >C4 100

Table 6.4: Ranking Results for Embedded Case 2

Fuzzy Numbers

Methods Dl/ Dé Dé Ranking Results Conls_ial:rllco; %)
Mitchell (2006) 0.583 0.583 0.583 D; ~Dj ~ D; 0
Wu & Mendel (2009) 0.519 0.519 0.519 D; ~D; ~ D; 0
Il - Cheng (1998) 0.300 0.300 0.300 D; = D, = D; 0
Il — Kumar et al. (2010) 0.300 0.300 0.300 D; = D, = D; 0
I - Dat et al. (2012) 0oz Q3% 0 D{<Dj<Dj 100
11— Yuetal. (2013) for ¢ =0 1.00 1.00 1.00 D; > D; > Dy 0
I1-Yuetal. (2013) for o =0.5 1.00 1.00 1.00 D; ~D; ~ D; 0
I1-Yuetal. (2013) for ¢ =1 1.00 1.00 1.00 D; <D; <Dg 100
II - Zhang et al. (2013) for ¢ =0 0000/ 0o/ 00/ Dj»Dj - Dy 0
Il - Zhang et al. (2013) for & = 0.5 05’505’0’ %?50(?0’ OO.'.SSO(?O/ D] ~ D} ~ D} 0
II - Zhang et al. (2013) for ¢ = 1 0o/ 0o/ 00/ D] <Dj <Dy 100
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CPS |, - direct 0.161 0.167 0.173 D; <D; <Dg 100
CPS |, - indirect 0.161 0.167 0.173 D; <D, < D3 100
Table 6.5: Ranking Results for Embedded Case 3

Methods El’ Rz NEu;nbers E} Ranking Results ConI;iesY:r:c(); %)
Mitchell (2006) 0.583 0.461 0.346 E; >~ E5 > E; 100
Wu & Mendel (2009) 0.175 0.175 0.175 Ei = E; ~ E; 0
I1 - Cheng (1998) 0.240 0.240 0.240 E{ ~Ej, ~ E; 0
Il - Kumar et al. (2010) 0.300 0.300 0.300 E{ ~Ej, ~ E; 0
Il - Dat et al. (2012) %?fgg 06.109667/ %?26} 4/ E; >~ E; > E; 100
Il - Yuetal. (2013) for ¢ =0 1.00 1.00 1.00 E; <E5 <E; 0
Il - Yuetal. (2013) for o =0.5 1.00 1.00 1.00 Ei = E; ~ E; 0
Il - Yuetal. (2013) for ¢ =1 1.00 1.00 1.00 E; >~ E5 > E; 100
Il — Zhang et al. (2013) for o =0 X X X N/A
Il — Zhang et al. (2013) for o = 0.5 X X X N/A
Il — Zhang et al. (2013) for o =1 X X X N/A
CPS |, — direct 0.051 0.045 0.040 E; -~ E; > Ej 100
CPS ,, - indirect 0.051 0.045 0.040 E;~E; >E; 100

Note: ‘x” denotes method as unable to calculate the ranking value.

‘> denotes no ranking order is obtained.

Discussions

For embedded case 1, the correct ranking order such that the ranking result is

100% consistent with human intuition is C; > C, > C; . This is because the vertical — y
centroid of interval type — Il fuzzy numbers C; is the largest among the three, followed by
C, andthenC;. In Table 6.3, Mitchel (2006), Wu & Mendel (2009), Il — Cheng (1998)
and Il — Kumar et al. (2010) ranking methods produces incorrect ranking order such that
the ranking result is 0% consistent with human intuition for this case where both methods
give equal ranking, C/ ~C, ~C; as they treat all interval type — Il fuzzy numbers
under consideration as having the same area. A partially correct ranking order such
that the ranking result is 50% consistent with human intuitions is obtained by Il — Dat et

al. (2012) where this method is incapable to differentiate C,"and C,’ effectively.
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Different ranking orders are produced by Il — Yu et al. (2013) and Il — Zhang et al.
(2014) as both ranking methods depend on decision maker’s opinion to ranking
interval type — Il fuzzy numbers. The CPSy ranking methods for both direct and indirect
ways on the other hand, rank this case with correct ranking order such that the ranking
result is 100% consistent with human intuition which emphasises that this method is

capable to deal with embedded interval type — Il fuzzy numbers of different shapes.

For embedded case 2, the correct ranking order such that the ranking result is

100% consistent with human intuition is D; < D, < D,. This is due to the fact that the
spread value for D; is considered as the smallest among the three, followed by D, and
then D,. Clearly indicated in Table 6.4, Mitchel (2006), Wu & Mendel (2009), Il —
Cheng (1998), Il — Kumar et al. (2010) and Il — Dat et al. (2012) give equal ranking for
this case, D, = D, = D, because Il — Cheng (1998) and Il — Kumar et al. (2010) ranking
methods treat all interval type — Il fuzzy numbers under consideration as the same area
whereas Il — Dat et al. (2012) ranking method produces same distance for all interval type
— Il fuzzy numbers in this case. Il — Yu et al. (2013) and Il — Zhang et al. (2014) ranking
methods produce many ranking results for this case since both take into account decision
makers’ opinion when ranking fuzzy numbers. Only the CPSy; ranking methods for both
direct and indirect ways obtain the correct ranking order such that the ranking result is
100% consistent with human intuition for this case which signalling that these methods
capable to differentiate interval type — Il fuzzy numbers with different spread

appropriately.

For embedded case 3, the correct ranking order such that the ranking result is
100% consistent with human intuition E; > E, >~ E;. E, is considered as the greatest
interval type — Il fuzzy numbers among the three because height of E, is the largest,
followed by E; and then E;. In Table 6.5, ranking methods by Wu & Mendel (2009)
and Il — Kumar et al. (2010) treat this case with equal ranking, E/ = E; = E; as this

method considers all interval type Il fuzzy numbers under consideration as the same area.
Il — Yu et al. (2013) ranking method produces different ranking order for different
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decision makers’ opinions while Il — Zhang et al. (2014) ranking method is incapable to
come out with any ranking order as the method is not applicable to non — normal interval
type — Il fuzzy numbers. Nonetheless, correct ranking orders such that the ranking result
is 100% consistent with human intuition are obtained by Il — Cheng (1998), Il — Dat et
al. (2012) and the CPSy; ranking methods for both direct and indirect ways. This result
implies that the CPS; ranking methods capable to deal with interval type — Il fuzzy

numbers of different heights effectively.

Overlapping Cases

Overlapping Case 1

Overlapping case 1 illustrates in Figure 6.6 involves three overlapping interval type — Il

fuzzy numbers which are of same height. Nonetheless, they are differed in terms of their

positions.
,UF'(X)
1.0 Fl' FZ' Fs'
) i I '-\\ '“ \
0.7
05

0.1 0.5 0.7 0.8 0.9

F, = (0.117,0.350,0.550,0.780;1.000),(0.409,0.465,0.465,0.541;1.000)
F, =(0.438,0.650,0.800,0.941;1.000),(0.679,0.738,0.738,0.821;1.000)

F. = (0.598,0.775,0.860,0.952;1.000),(0.803,0.836,0.836,0.917;1.000)
Fig 6.6: Overlapping Case 1
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Overlapping Case 2

Overlapping Case 2 involves three overlapping interval type — Il fuzzy numbers which
have different spread and centroid point. All of them are normal and asymmetric. Figure

6.7 illustrates overlapping case 1 of interval type — Il fuzzy numbers.

> X

G, =(0.117,0.350,0.550,0.780;1.000),(0.409,0.465,0.465,0.541;1.000)
G, =(0.259,0.400,0.550,0.762;1.000),(0.429,0.475,0.475,0.521;1.000)
G} =(0.217,0.425,0.600,0.741;1.000),(0.479,0.529,0.529,0.602;1.000)

Fig 6.7: Overlapping Case 2

Results and Validation

Comparisons in terms of ranking order results for Overlapping Case 1 and 2 between
the CPS); ranking method and established ranking methods considered in this study are

illustrated in Table 6.6 and 6.7 respectively.
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Table 6.6: Ranking Results for Overlapping Case 1

Fuzzy Numbers

- Level of
Methods F, F; F3' Ranking Results Consistency (%)
Mitchell (2006) 0.583 0.583 0.583 F/~F, ~F; 0
Wu & Mendel (2009) 0.456 0.716 0.812 F/<F;, <F; 100
I1 - Cheng (1998) 0.088 0.088 0.088 F~F,~F; 0
11 — Kumar et al. (2010) 0.300 0.300 0.300 Fl=F, ~F; 0
0.222/ 0333/  0.555/ = '

Il - Dat et al. (2012) 0.333 0.555 0222 F/<F; <F3 100
I1-Yuetal. (2013) for ¢ =0 0.300 0.500 0.700 F/<F, <F; 100
Il - Yuetal. (2013) for o =0.5 0.300 0.500 0.700 F/<F, <F; 100
Il-Yuetal. (2013) for ¢ =1 0.300 0.500 0.700 F/<F, <F; 100

- 0.500/ 0720/  0.969/ ' '
Il - Zhang et al. (2013) for & =0 0.720 0.969 0.500 F <F, <F; 100

- 0.500/ 0720/  0.969/ ' '
Il - Zhang et al. (2013) for ¢ = 0.5 0.720 0.969 0.500 F/<F, <F;3 100

- 0.500/ 0720/  0.969/ ' '
Il — Zhang et al. (2013) for o =1 0.720 0.969 0.500 F/<F; <F; 100
CPS |, —direct 0.144 0.235 0.274 F/<F, <F; 100
CPS |, - indirect 0.144 0.235 0.274 F/<F;, <F; 100

Table 6.7: Ranking Results for Overlapping Case 2
Fuzzy Numbers ) Level of
Methods Gll Gé Gé Ranking Results Consistency (%)
Mitchell (2006) 0.680 0.726 0.746 G| <G, <G3 100
Wu & Mendel (2009) 0.456 0.495 0.513 G| <G; <G3 100
11 - Cheng (1998) 0.240 0.240 0.240 G| <G, <Gg 100
Il — Kumar et al. (2010) 0.300 0.300 0.300 G| <G, <G3 100
0.040/ 0.140/  0.266/ ' ; .

Il - Dat et al. (2012) 0.140 0.266 0.040 G| <G, <G;3 100
I1-Yuetal. (2013) for ¢ =0 0.300 0.500 0.700 G| <G; <G3 100
Il - Yuetal. (2013) for o =0.5 0.300 0.500 0.700 G| <G; <G3 100
I1-Yuetal. (2013) for ¢ =1 0.300 0.500 0.700 G| <G; <G3 100

- 0.500/ 0720/  0.969/ , ' ,
Il — Zhang et al. (2013) for & =0 0.720 0.969 0.500 G| <G5 <Gg 100

- 0.500/ 0720/  0.969/ , ' ,
Il — Zhang et al. (2013) for ¢ = 0.5 0.720 0.960 0.500 G| <G, <G;3 100

- 0.500/ 0720/  0.969/ ' ; ,
Il — Zhang et al. (2013) for ¢ =1 0.720 0.960 0.500 Gi <G, <G;3 100
CPS |, —direct 0.144 0.159 0.168 G| <G, <Gg 100
CPS |, — indirect 0.144 0.159 0.168 G| <G, <Gg 100
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Discussions

For overlapping case 1, the correct ranking order such that the ranking result is
100% consistent with human intuition is F'<F, < F;. This is because F; is situated on
the farthest right among the three, followed by F, and then F;. Table 6.6 indicates that
only Mitchel (2006), 1l — Cheng (1998) and Il — Kumar et al. (2010) ranking methods
produce incorrect ranking order for this such that the result is 0% consistent with
human intuition where they give equal ranking, F/'~ F, ~ F; for this case. For other
ranking methods considered in this study including both direct and indirect ways of the
CPSi ranking method, all of them produce correct ranking order such that the ranking
results are consistent with human intuition. The result of the CPS; ranking method
obtains in this case indicates that this method is capable to appropriately differentiate

partial overlapping interval type — Il fuzzy numbers.

For overlapping case 2, the correct ranking order such that the ranking results is

100% consistent with human intuition is G/ < G, < G;. This is due to the fact that when

combining both values of centroid point and spread of each type — | fuzzy number under

consideration, G, is the greatest followed by G, and G, . Table 6.7 shows all ranking

methods under consideration including both direct and indirect ways of the CPSy; ranking
method produce the same correct ranking order such that the ranking result is 100%
consistent with human intuition. This signifies that the CPS; ranking method is capable to
appropriately deal with overlapping case of interval type — Il fuzzy numbers like other

established ranking methods.
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Non — Overlapping Cases
Non - Overlapping Case 1

Non - overlapping Case 1 involves different types of interval type — Il fuzzy numbers
namely trapezoidal, triangular and singleton that are not overlapped as shown in Figure
6.8. In this case, all of the interval type — Il fuzzy numbers considered are differed in

terms of the centroid point and spread but are the same of height.

0 (%)

H/ H; H
IORf-~-------- o —
\ P |
/i L}
Ui A\ :
/ W
I[I W\ I
I, W
/ v
/ II v\ I
’, v\ |
/ \ A
Vi / «\ I X
0.3 0.5 0.7 1.0

H, =(0.000,0.000,0.014,0.197;1.000),(0.000,0.000,0.005,0.150;1.000)
H, =(0.359,0.475,0.550,0.691;1.000),(0.486,0.503,0.503,0.514;1.000)
H =(1.000,1.000,1.000,1.000;1.000),(1.000,1.000,1.000,1.000;1.000)

Fig 6.8: Non — overlapping Case 1

Non - Overlapping Case 2

Non — overlapping case 2 involves three identical interval type — Il fuzzy numbers of
same spread and height. The only distinction between them is their position. One of them
is situated on the negative side, one is on positive side and the other is in the middle of
positive and negative values. This case is classified as the mirror image situation or

reflection case of interval type — Il fuzzy numbers which is illustrated in Figure 6.9.
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I/ = (~0.691,-0.550,-0.475,-0.359;1,000 ), (~ 0.514,—0.503,-0.503,—0.486;1,000)
I} = (~0.313,-0.2800,0.250,0.313;1,0000), (- 0.186,-0.150,0.230,0.186;1,0000)
1, =(0.359,0.475,0.550,0.691;1,000 ), (0.486,0.503,0.503,0.5141;1,000)

Results and Validation

Fig 6.9: Non — overlapping Case 2

Comparisons of ranking order for non — overlapping Case 1 and 2 between the CPSy

ranking method and established existing methods considered in this study are illustrated

in Table 6.8 and 6.9 respectively.

Table 6.8: Ranking Results for Non — Overlapping Case 1

Methods

Fuzzy Numbers

Ranking Results Level of

H; H) Hj Consistency (%)
Mitchell (2006) 0.424 0.583 X N/A
Wu & Mendel (2009) 0.047 0.519 X N/A
1 — Cheng (1998) 0.583 0.583 X N/A
Il — Kumar et al. (2010) 0.300 0.300 X N/A
Il - Dat et al. (2012) 0o O e H{<Hj<Hj 100
Il-Yuetal. (2013) for ¢ =0 0.700 0.300 X N/A
Il-Yuetal. (2013) for ¢ = 0.5 1.000 1.000 X N/A
Il-Yuetal. (2013) for ¢ =1 0.300 0.700 X N/A
Il - Zhang et al. (2013) for ¢ =0 1.000 1.000 X N/A
Il — Zhang et al. (2013) for o =0.5 1.000 1.000 X N/A
Il — Zhang et al. (2013) for o =1 1.000 1.000 X N/A
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CPS |, —direct 0.235 0144 01274 H{<Hj}<H} 100
CPS |, - indirect 0.235 0144 01274 H; <H} <Hj} 100

Note: ‘x” denotes method as unable to calculate the ranking value.

‘-’ denotes no ranking order is obtained.

Table 6.9: Ranking Results for Non — Overlapping Case 2

Fuzzy Numbers Level of

Consistency (%)

Methods Ranking Results

' ' '
Il IZ |3

Mitchell (2006) X X 0.583 - N/A
Wu & Mendel (2009) X X 0.519 - N/A
11 - Cheng (1998) 0.240 0.240 0.240 i =15~ 15 0
Il — Kumar et al. (2010) 0.300 0.300 0.300 I ~1; =15 0
-0.400/  0.000/ 0.400/- Y
Il - Dat et al. (2012) 0.000 0.400 0.400 I <15 <13 100
I1-Yuetal. (2013) for ¢ =0 751 0.000 0.001 =115 0
Il - Yuetal. (2013) for ¢ =0.5 1.000 1.000 1.000 I{~1; =15 0
I1-Yuetal. (2013) for o =1 0.001 0.000 751 15 <1 <13 100
- 0.500 / 0720/  0.969/ Y
Il — Zhang et al. (2013) for ¢ =0 0.720 0.969 0.500 I <15 <13 100
- 0.500/ 0.720/  0.969 / Y
Il — Zhang et al. (2013) for ¢ = 0.5 0.720 0.969 0.500 I <15 <13 100
- 0.500/ 0.720/  0.969/ Y
Il - Zhang et al. (2013) for o =1 0.720 0.969 0.500 I <15 <13 100
CPS |, — direct -0.173 0.000 0.173 I <15 <15 100
CPS |, - indirect -0.173 0.000 0.173 I <15 <15 100

Note: ‘x” denotes method as unable to calculate the ranking value.
¢-> denotes no ranking order is obtained.

Discussion

For non — overlapping case 1, the correct ranking order such that the ranking
result is 100% consistent with human intuition is H; < H, < H;. This is because H; is
situated on the farthest right among the three and followed by H; and H;. Table 6.8
clearly signifies that only Il — Dat et al. (2012) and both direct and indirect ways of the
CPS)i ranking methods are capable to rank this case correctly such that the ranking result is
100% consistent with human intuition. For other ranking methods considered in this
study, all of them are incapable to rank singleton interval type — Il fuzzy numbers
appropriately, thus all of them are not applicable for ranking interval type — Il fuzzy
numbers. This shows that the CPS; ranking method is capable to appropriately deal

with non — overlapping interval type — Il fuzzy numbers and singleton interval type — Il
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fuzzy numbers.

For non — overlapping case 2, the correct ranking order such that the ranking

result is 100% consistent with human intuition is 1; <1, <15 . This is due to the fact I,

is located on the farthest right which is on the positive side, followed by I,” and then I, .
In Table 6.9, Il — Cheng (1998) and Il — Kumar et al. (2010) ranking methods obtain equal
ranking, |, ~ 'l, = 'L, "for this case which is incorrect such that the ranking result is 0%
consistent with human intuition. Il — Yu et al. (2013) ranking method comes out with
many ranking orders for this case as they depend on decision makers’ opinions when
ranking fuzzy numbers. Only Il — Dat et al. (2012), Zhang et al. (2014) and both ways of
the CPSy ranking methods to give correct ranking order for this case such that the
ranking result is 100% consistent with human intuition. This directly emphasise that the
CPS;i ranking method is capable to effectively deal with negative and positive interval
type — Il fuzzy numbers simultaneously.

Summary of Consistency Evaluation

This subsection covers the summary on the consistency evaluations for all
ranking methods considered in section 6.2.1 including the CPSy; ranking method. The
summary provides clear observation in terms of number of consistent ranking result
produced by all ranking methods considered in this study and their performance
percentage. Using Section 4.5 as guideline and information obtained from Table 6.1
until Table 6.9, the following Table 6.10 summaries the consistency evaluation of all
ranking methods considered in this study including the CPSy ranking method on

ranking interval type — Il fuzzy numbers.
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Table 6.10: Summary of Consistency Evaluation

Consistency Evaluation

Methods Proportion of Result Percentage of Result

with 100% Level of with 100% Level of
Consistency Consistency

Mitchell (2006) 419 44.44%

Wu & Mendel (2009) 4/9 44.44%

Il — Cheng (1998) 419 44.44%

Il — Kumar et al. (2010) 3/9 33.33%

Il — Dat et al. (2012) 7/9 77.75%

Il —Yuetal. (2013) for =0 4/9 44.44%

Il — Yuetal. (2013) for & =05 4/9 44.44%

Il —Yuetal. (2013) for =1 4/9 44.44%

Il — Zhang et al. (2014) for « =0 4/9 55.55%

Il — Zhang et al. (2014) for & =0.5 4/9 55.55%

Il — Zhang et al. (2014) for =1 4/9 55.55%

CPS,, —direct 9/9 100%

CPS,, — indirect 9/9 100%

Results in Table 6.10 show that Il — Kumar et al. (2010) ranking method
obtains the least number of consistent ranking results where the method ranks three out of
nine (33.33%) cases of benchmark examples provided in this study. Il — Cheng (1998)
and Il — Yu et al. (2013) with o = 0 and 0.5 share the same number of consistent ranking
results with four out of nine cases which is equivalence to 44.44%. Il — Zhang et al.
(2014) with a = 0.5and 0.5 ranking methods successfully rank five out of nine (55.55%)
benchmark examples. Il — Dat et al. (2012) and Il — Zhang et al. (2014) with o = 1 ranking
methods achieve seven out nine cases while Il — Yu et al. (2013) ranking method ranks
eight out of nine cases of benchmarking examples prepared in this study. Among all
ranking methods considered in this evaluation, only the CPS), ranking method for both
direct and indirect ranking, perfectly rank all nine (100%) cases of benchmarking
examples with correct ranking order such that all results obtained are 100% consistent
with human intuition. Therefore, this evaluation clearly indicates that the CPS), ranking
method is considered as a ranking method that correctly ranks all interval type — 1l fuzzy
numbers such that the ranking results are 100% consistent with human intuition.
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6.3.2 Evaluation of Efficiency

This subsection discusses the efficiency evaluations of all the ranking
methods considered in this study including the CPS); ranking method. It is intentionally
prepared as a separate subsection from the summary of the consistency evaluation
because all ranking methods considered in this study and the CPSy ranking method,
perform similar efficiency capability when ranking three interval type — Il fuzzy
numbers. This is because the efficiency result of a ranking method is the same for all
benchmarking examples provided in this study even if the consistency evaluations are
different. Therefore, without loss of generality of Section 4.5, the efficiency evaluations
of all ranking methods considered in this study including the CPSy; ranking method are

summarised in Table 5.11.

Table 6.11: Summary of Efficiency Evaluation

Methods Efficiency Evaluation
Mitchell (2006) Slightly Efficient
Wu & Mendel (2009) Slightly Efficient
I1 — Cheng (1998) Slightly Efficient
Il — Kumar et al. (2010) Slightly Inefficient
Il — Dat et al. (2012) Slightly Efficient
I -Yuetal. (2013) forar =0 Slightly Efficient
Il - Yuetal. (2013) for & = 0.5 Slightly Efficient
11— Yuetal. (2013) for = 1 Very Inefficient
Il — Zhang et al. (2014) for ¢ =0 Very Inefficient
Il - Zhang et al. (2014) for & = 0.5 Very Inefficient
Il — Zhang et al. (2014) for ¢ = 1 Very Inefficient
CPS;; — direct Very Efficient
CPS;; — indirect Very Efficient

In Table 6.11, Il — Zhang et al. (2014) ranking method with « = 0, 0.5 and 1, is
classified as a very inefficient ranking method as this method is a pairwise ranking
method and needs additional operation to ranking interval type — Il fuzzy numbers
appropriately. 1l — Dat et al. (2012) ranking method is evaluated as a slightly inefficient

ranking method because it is a pairwise ranking method but does not need additional
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operation when ranking interval type — Il fuzzy numbers appropriately. Mitchel (2006),
Wu & Mendel (2009), Il — Cheng (1998) and Il — Yu et al. (2012) ranking methods
are considered as slightly efficient ranking methods in this evaluation as both
simultaneously rank the interval type — Il fuzzy numbers but incorporate additional
operation in obtaining the final ranking order. In this evaluation, the CPS; ranking
method for both direct and indirect ranking are regarded as a very efficient ranking
methods as these methods rank interval type — Il fuzzy numbers correctly such that the
ranking result is consistent with human intuition using simultaneous ranking without
incorporating any additional operation. Therefore, this evaluation signifies that the
CPSi ranking method is capable to rank three interval type — Il fuzzy numbers

simultaneously without incorporating additional operation.

6.4 SUMMARY

In this chapter, the capability of the CPS|| ranking method to ranking interval
type — Il fuzzy numbers is provided. Two main empirical validations namely the
consistency and efficiency of the CPS|I ranking method are also highlighted in this chapter.
In the validation, the capability of the CPSI| ranking method on correctly ranks all cases
of interval type — Il fuzzy numbers such that the ranking results are consistent with
human intuition is addressed. The efficiency of the CPS|| ranking method on ranking three
interval type — Il fuzzy numbers simultaneously is also demonstrated in this chapter where
the method is capable to ranking three interval type — Il fuzzy numbers simultaneously
without incorporating additional operation. In this respect, the CPSI| ranking method is
considered as a ranking method that is capable to ranking interval type — Il fuzzy numbers
consistently and efficiently when both direct and indirect ways of ranking are used. In
Chapter 7, the thesis discusses the applicability of the CPS ranking methodology in

ranking Z — fuzzy numbers.
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CHAPTER SEVEN

RANKING OF Z - UMBERS

7.1 INTRODUCTION

This chapter discusses details on validation of the novel methodology for
ranking Z — fuzzy numbers based on centroid point and spread, CPSz. Theoretical and
empirical validation defined in Section 4.4 and 4.5 respectively are demonstrated in this
chapter. These validation which are associated with properties of ranking fuzzy quantities
as well as consistency and efficiency evaluation of ranking operations are described in
detail here. Therefore, without loss of generality of Section 4.4 and 4.5, details on those
aforementioned both validation are extensively discussed in sections and subsections of

this chapter.

7.2 THEORETICAL VALIDATION

This subsection validates theoretically the novel CPSz ranking method using
theoretical properties adopted from Wang & Kerre (2001, 2002). These properties justify
the capability of the CPSz ranking method to ranking interval Z — numbers appropriately
by proofs provided which are applicable to CPSz ranking method. Therefore, with no loss
of generality, theoretical ordering properties by Wang & Kerre (2001, 2002) which are
prepared for CPSz ranking method are presented as follows.
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Let Z; and Z; be two standardised generalised Z — numbers where Z; and Z; are of any

types of Z — numbers.

Property 1: If Z& >Z;\2 and ZA2>Z;1,then Zle zz&

Proof:
Since, Z; >Z; implies thatCPS,(z; )>CPs,(z; ), and Zz; >Z; implies that

CPS, (z; )= CPs, (z; ), hence indicates that, CPS, (2 )=CPs, (z; ), whichis Z; ~Z; .

Property 2: If Z; 7Z; and Z;}Z&,then Z;7Z;

Proof:
For CPS; ranking method, Z; >Z; implies that CPS,(Z; )>CPs,(z; ) and Z; >Z;

implies that CPS, (Z, )>CPs, (z; ). This indicates that CPS, (z; )>CPS, (z; ), which is

Property 3: If lemzk =0 and Z& is on the right side of 22\2 , then ZZ\?Z/SZ

Proof:
Since, zﬂlmz&zo and Zle is on the right side of Z,, hence, implies that

CPS,(zZ; )= CPs, (z; ) thus, Z; >Z; .

Property 4: The order of ZAI and Z;Q is not affected by the other fuzzy numbers under
comparison.

Proof:
Since, the ordering of Z; and Z, , is completely determined by CPS, (z; ) and CPs, (z; )

respectively, hence indicates that the ordering of Z A and Z; is not affected by the other

fuzzy numbers under comparison.
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The above theoretical validation clearly indicates that the CPSz ranking method is capable
to ranking fuzzy numbers appropriately. This is signified through proof based — properties
fulfilment by the CPSz ranking method on all theoretical validations considered in this
subsection. In the next section, a generic empirical validation for any ranking fuzzy

numbers methods is thoroughly discussed

7.3 EMPIRICAL VALIDATION

This section discusses empirical validation of the CPSz ranking method on
ranking Z — fuzzy numbers. The empirical validation provided is a comparative — based
ranking order analysis between the CPSz ranking method and established ranking
methods under consideration on their consistency and efficiency to ranking Z — fuzzy
numbers. All of the established ranking methods considered in this validation are
methods for ranking type — | fuzzy numbers as there is no method for ranking Z — fuzzy
numbers found in the literature of fuzzy sets. Thus, it is worth mentioning here that all
established ranking methods used in this section are added ‘Z’ (e.g. Z — Cheng (1998)) to
indicate that the method is applied to ranking Z — fuzzy number for the first time.
Therefore, without loss of generality in terms of information in Section 4.4, the
consistency and efficiency evaluations of the CPSz ranking method are given as
follows.

7.3.1 Evaluation of Consistency

In this subsection, 9 benchmarking sets of Z — fuzzy numbers are
introduced for the first time in this study. This is because there is no benchmark
example for empirical validation found in literature of fuzzy sets. Since, this is the
first time CPSZ is applied to ranking Z — fuzzy numbers and the Z — fuzzy numbers are
in the form of standardised generalised type — | fuzzy numbers, hence all established
methods for ranking type — | fuzzy numbers considered in this study are also applicable

to ranking Z — fuzzy numbers.
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Trivial Case

Trivial Case 1

Trivial case 1 involves three triangular Z — fuzzy numbers of similar shapes and not

overlapped which is illustrated in Figure 7.1.

0.1 0.3 0.5 0.7 0.9

Z; =(020202031.0)(0.102,02031.0) Z; =(04,05050.61.0),(0.4,050.50.61L.0)

Ay
Z; =(07,08080.91.0),(0.7,0.80.80.91.0)
Fig 7.1: Trivial Case 1
Using the CPS; ranking method, the ranking order for ZZ\’ZAZ and Z& in this case is as

follows:

Step 1:  Compute the centroid points for Zz\l by finding the horizontal — x value for Z;& : X;;

using equation (4.4) as

X, 1 O.l+0.2+0.2+0.3—w
A3 (0.5-0.3)
~0.2
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whereas, using equation (4.5), the value of y;K is obtained as

* :1 1+L
Y2, =3 (0.5-0.3)

=0.3333

Hence, centroid point for Z; is (0.2, 0.3333).
It has to be noted here that since Z; consists of two equivalence type — | fuzzy numbers,
hence the other value of Xz is also 0.2. Thus, centroid point for ZA is expressed as

8

(Xz, Y2, ) = {(0.2,0.3333),(0.2,0.3333)}

Using same techniques as shown above, centroid points of Z; and Z; are calculated

accordingly and the results are as follows:

Xz, Yz, )= {(0.5,0.3333),(0.5,0.3333)}

(X2, + Y7, ) =1(0.8,0.3333),(0.8,0.3333)}
Step 2: Spread values of Z;:Z;, and Z; are calculated such that spread of Z; is

5(2;)=02x0.3333
— 0.0667

Similarly as in Step 1, two values of spreads are also obtained in this step.

Thus, spread of Z/xl is

s(2;)=1{(0.0667),(0.0667 )}
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while for ZKz and Z/Xs , their spread values are

s(2; )= {(0.0667),(0.0667 )}
s(z, )=1(0.0667),(0.0667 )}

Step 3: Ranking values of ZA , ZRZ and Zz\3 are computed whereby ranking value for Z/xl

is

cps, (z

)= (0.2+0.2)x(0.3333 +O.3333jx((1—0.0667)+ (1—0.0667))
2 2 2

=0.0662

and ranking values for Z and Z; are
2

CPS, (z; )=0.1555

CPS, (z; )=0.2489

Since CPSZ(Z;S)> CPSZ(ZAQ)> CPSZ(Z&), hence ranking order result for for Z —

numbersz&,zkand Z/zs is leg >Z;\2 >Z;\1.

It is worth mentioning here that the entire steps utilised by the CPSz ranking
method in ranking Z — fuzzy numbers are only demonstrated in Trivial Case 1. This
is because these steps are also applied to the remaining eight cases of benchmarking
examples considered in this study, thus repeating the entire steps in the thesis
are redundant. Therefore, only definitions, illustration, ranking results and discussions

of results on each case considered are provided.
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Trivial Case 2

Trivial case 2 involves three identical triangular Z — fuzzy numbers which are embedded

with each other. The following Figure 7.2 illustrates Z — fuzzy numbers of trivial case 2.

0.1 0.3 0.5

Z; =(0.1,0303051.0)(0.10.303051.0) Z; =(0.10.30.3051.0),(0.1,0.30.305.1.0)

B,

Z; =(0.1,0.303051.0),(0.1,0.3030.51.0)

Fig 7.2: Trivial Case 2.

Results and Validation

Comparisons of ranking order for trivial case 1 and 2 between the CPS, ranking method and

established ranking methods considered in this study are shown in Table 7.1 and 7.2 respectively.

Table 7.1: Ranking Results for Trivial Case 1

Z — Numbers

. Level of
Methods 7 A 7 A 7 i Ranking Results Consistency (%)
Z — Cheng (1998) 0680 0726 0746 Lz =Z; =2y 100
Z - Kumar et al. (2010) 0300 0500 0700 Z i Z i Z A 100
0000/ 0040/ 0400 7_ o 7_ s 7.
Z - Datetal. (2012) 0040 0400 /0000 A A, A 100
Z - Yuetal. (2013) for & =0 0300 0500 0700 Zz =<z =Zjz 100
Z - Yuetal. (2013) for o =05 0300 0500 0700 Zj =<z =Zj 100
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Z - Yuetal. (2013) for o =1 0500 07200 0969 Z; =Z; =Zj 100

Z - Zhang et al. (2013) for & =0 06?70200/ 06.792609/ 06?56(?0/ Zy =Ly =Z; 100
Z - Zhang et al. (2013) for & = 0.5 odjs?ozoo/ 06.792609/ 06?5650/ Ly =Lz =Z; 100
Z—Zhang et al. (2013) for =1 00'?70200/ 06.7592609/ 06?5630/ z A -7 A A A 100
CPS; 0066 0155 0245 Zz =Z; =Zj 100
Table 7.2: Ranking Results for Trivial Case 2
Z — Numbers _ Level of
Methods 7 ; 7 5 7 ; Ranking Results Consistency (%)
Z — Cheng (1998) 0680 0680 0680 Lz ~Zz ~Zg 100
Z — Kumar et al. (2010) 0300 0300 0300 Zz=~Zz~Zg 100
2 owea o T N N 2.2, %2,
Z-Yuetal. (2013) for & =0 0300 0300 0300 Zz=~Zz~Zg 100
Z - Yuetal. (2013) for «=0.5 0300 0300 0300 Zz=Zz ~Zg 100
Z-Yuetal. (2013) for ¢ =1 0300 0300 0300 Zg=mZg ~Zg 100
Z-Zhangetal Q013 for a=0 Qo GO DN 7. ~Z5 ~Z; 100
Z - Zhang et al. (2013) for & = 0.5 00'?5‘400/ Od?éfol /06%1% Ly =Ly =~Zg 100
Z - Zhang et al. (2013) for o =1 00'?6‘400/ Odf)(;‘fol /Od%i% Ly =Ly =Ly 100
CPS; 0.119 0119 0119 Z 5~ Z 5, ~ 25, 100
Discussions

For trivial case 1, the correct ranking order such that the ranking result is 100%

consistent with human intuition is Z;g =75 = ZA. This is because Z;Sis located at the farthest

right among them, followed by Z/:Q and then ZA' all established ranking methods considered in this

study including the CPSz ranking method produce correct ranking order for this case such that the
ranking result is consistent with human intuition. This indicates that the CPSz ranking method is

capable to deal with Z — fuzzy numbers of different locations.
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For trivial case 2, the correct ranking order such that the ranking result is 100%

consistent with human intuition is Zle ~ ZEZ ~ Z§3' This is due to the fact that all Z — fuzzy

numbers under consideration are the same in term of their shapes, spreads, heights and
centroids. Shown in Table 7.2, all ranking results obtained by all established ranking methods
considered in this study and the CPSz ranking method are the correct ranking order whereby
the results are consistent with human intuition. This points out that the CPSz ranking
method is capable to give same ranking value for each Z — fuzzy numbers even if same Z —

fuzzy numbers are compared.
Embedded Case
Embedded Case 1
Embedded case 1 involves three embedded Z —fuzzy numbers where two of them are
in trapezoidal Z — fuzzy numbers while the other is a triangular Z — fuzzy number. All of

these Z — fuzzy numbers are of same height but differed in centroid point and spread as

shown in Figure 7.3.

0.1 0.3 0.5

Z; =(0.,0.20.4,051.0),(0.10.2,0.4,0.51.0) Z; =(0.10.25,0.35,0.51.0),(0.1,0.25,0.35,0.51.0)

Z; =(0.10.3,0.3051.0)(0.10.30305.1.0)

Fig 7.3: Embedded Case 1
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Embedded Case 2

Embedded case 2 involves three triangular Z — fuzzy numbers where they are embedded with
each other, same height and same centroid point but different in term of their spread. Figure

7.4 best is the illustration for this case.

0.1 0.3 0.5

Z5 =(0.10.30.3051.0),(0.10.303051.0) Z5 =(0.15,0.30.3,0.451.0),(0.15,0.3,0.3,0.45:1.0)

B,

Z;5 =(0.2,0.303041.0),(02,030.304:1.0)

Fig 7.4: Embedded Case 2

Embedded Case 3

Embedded case 3 shown in Figure 7.5 involves three triangular Z — fuzzy numbers that are
embedded with each other and having the same centroid point and spread but different in

normality.
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01 0.3 0.5

Z; =(0.10.30.3051.0)(0.1,0.30.30.510) Z. =(0.1,0.3,0.3,0.5,0.8),(0.1,0.3,0.3,0.5,0.8)

Z; =(0.1,0.30305/0.6)(0.10.30.305,0.6)
Fig 7.5: Embedded Case 3

Results and Validation
Comparisons of ranking order for embedded case 1, 2 and 3 between the CPS; ranking
method and established ranking methods considered in this study are illustrated in Table

7.3, 7.4 and 7.5 respectively.

Table 7.3: Ranking Results for Embedded Case 1

Z — Numbers ) Level of
Methods Z G Z , Z &, Ranking Results Consistency (%)
Z - Cheng (1998) 0583 0583 0583 Zg ~Zg =Zg 0
Z — Kumar et al. (2010) 0300 0300 0300 Zg ~Zg =Zg 0
Z - Datetal. (2012) G om0z Za~%e 77 >
Z-Yuetal. (2013) for @ =0 100 100 100 Zg <Zg <Zg 0
Z—Yuetal. (2013) for ¢ =0.5 1.00 1.00 1.00 Zél ~ G, ~ é, 0
Z-Yuetal. (2013) for a =1 1.00 1.00 1.00 251 >~ 262 - 263 100
Z-Zhangetal. Q013 for a=0 G G0N OS0T 7o <Zg <Zg 0
Z — Zhang et al. (2013) for ¢ =0.5 OOI'.SSOOOO/ 06.550(?0/ OOI'.SSOOOO/ Zél FLg, FAg, 0
Z - Zhang etal. (2013) for & =1 06.550000/ 0550(?0/ Od?SOOO/ Zg =Zg =Zg 100
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CPS; 0119 0107 0089 Zg =Zg =Zg 100
Table 7.4: Ranking Results for Embedded Case 2
Methods 7 = ;u~mbers _ Ranking Results Conls_ii\t/:r:ccg %)
D, D, D,
Z — Cheng (1998) 0.583  0.583  0.583 5 ~Z 5, ~ Z 5, 0
Z — Kumar et al. (2010) 0300 0300 0300 Zg~Z5 ~Zg 0
Z -~ Datetal. (2012) S5 oo oo 2575 ~Zp 0
Z-Yuetal. (2013) for =0 1.00 1.00 1.00 Zﬁl >~ 252 - 253 0
Z - Yuetal. (2013) for 2 =05 100 100 100 Zg =I5 ~LZg 0
Z - Yuetal. (2013) for o =1 100 100 100 Zg <Zs <Zg 100
Z - Zhang et al. (2013) for o =0 06.55050/ 06?50000/ 06550000/ Zs, =25, = 5, 0
Z-Zhangetal. Q013) for a=05 o) Gl 000 7o xZ5 ~Z; 0
Z —Zhang et al. (2013) for ¢ =1 06'550(?0/ 06?5?000/ 06%)000/ Z B, <Z D, <Z D, 100
CPS; 0089 0107 0119 Zg <Zg <Zg 100
Table 7.5: Ranking Results for Embedded Case 3
Z — Numbers
Methods 7 : 7 9 7 . Ranking Results Conls_iz\t/:r:(?; %)
Z - Cheng (1998) 0583 0461 0346 Zg =Zg =Zg 100
Z — Kumar et al. (2010) 0240 0240 0240 Zz ~Z g ~ YA 3 0
Z - Datetal. (2012) Sim  ooer oo e~ Ze 7 100
Z-VYuetal. (2013) for ¢ =0 1.00 1.00 100 Z g = Z g, = Z 3 0
Z - Yuetal. (2013) for @ =05 100 100 100 Zg=Zg =Zg 0
Z-Yuetal. (2013) for a =1 100 100 100 Zg =Zg =Zg 100
Z — Zhang et al. (2013) for =0 X X X - N/A
Z—Zhang et al. (2013) for ¢ =05 X X X - N/A
Z - Zhang et al. (2013) for o =1 X X X - N/A
CPS; 0119 0107 0089 Zg =Zg =Zg 100

Note: ‘x” denotes method as unable to calculate the ranking value.

‘-> denotes no ranking order is obtained.
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Discussions

For embedded case 1, the correct ranking order such that the ranking result is 100%

consistent with human intuition is Z. ~Z. >~ Z . This is because the vertical —y centroid
of Z is the largest among the three, followed by Z. and then Z . In Table 7.3, Z — Cheng

(1998) and Z — Kumar et al. (2010) ranking methods produce incorrect ranking order such
that the ranking result is 0% consistent with human intuition for this case where both

methods give equal ranking, Z. ~Z. ~Z; as they treat all Z — fuzzy numbers under

consideration as having the same area. A partially correct ranking order such that the
ranking result is 50% consistent with human intuition is obtained by Z — Dat et al. (2012)

where this method is incapable to differentiate Z . and Ze, appropriately. Different ranking

orders are produced by Z — Yu et al. (2013) and Z — Zhang et al. (2013) as both
ranking methods depend on decision maker’s opinion to ranking fuzzy numbers. The CPS;
ranking method on the other hand, ranks this case with correct ranking order such that the
ranking result is 100% consistent with human intuition which emphasises that this method is
capable to deal with embedded Z — fuzzy numbers of different shapes.

For embedded case 2, the correct ranking order such that the ranking result is 100%

consistent with human intuition is Z|51 < Zﬁz < 253 . This is due to the fact that the spread

value for 253 is the smallest among the three, followed by Zs, and then Zs - Clearly

indicated in Table 7.4, the incorrect ranking results by Z — Cheng (1998), Z — Kumar et al.
(2010) and Z — Dat et al. (2012) such that the results are 0% consistent with human intuition.
All of them give equal ranking for this case,Zl51 ~ ZE)2 ~ 253 because Z — Cheng (1998)

and Z — Kumar et al. (2010) ranking methods treat all Z — fuzzy numbers under consideration
as the same area whereas Z — Dat et al. (2012) ranking method produces same distance
for all Z — fuzzy numbers in this case. Z — Yu et al. (2013) and Z — Zhang et al. (2013)
ranking methods produce many ranking results for this case since both take into account
decision makers’ opinion when ranking fuzzy numbers. Only the CPS, ranking method

obtains the correct ranking order such that the ranking result is 100% consistent with
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human intuition for this case which signaling that this method is capable to differentiate Z
— fuzzy numbers with different spread appropriately.

For embedded case 3, correct ranking order such that the ranking result is 100%

consistent with human intuition is Lg =Lz »Zg . Zg is considered as the greatest Z —fuzzy

number among the three because height of Ze is the largest followed by Zg and then 263 .In

Table 7.5, ranking method by Z — Kumar et al. (2010) treats this case with equal ranking,

ZEl ~ ZEZ ~ ZE3 as this method considers all Z — fuzzy numbers under consideration as the

same area. Z — Yu et al. (2013) ranking method produces different ranking order for
different decision makers’ opinions while Z — Zhang et al. (2013) ranking method is
incapable to come out with any ranking order as the method is not applicable to non —
normal Z — fuzzy numbers. Nonetheless, correct ranking orders such that the ranking result is
100% consistent with human intuition are obtained by Z — Cheng (1998), Z — Dat et al. (2012)
and the CPS, ranking method. This result implies that the CPS, ranking method is capable

to deal with Z — fuzzy numbers of different heights effectively.
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Overlapping Case

Overlapping Case 1

Overlapping case 1 illustrates in Figure 7.6 involves three overlapping identical triangular Z —

fuzzy numbers which are same in spread and height. Nevertheless, they are differed in terms of

their positions.

1.0

0.1 03 05 0.7 0.9

Z; =(0.10.30.30510),(0.10.30.30510) Z- =(0.30505,0.7,1.0),(0.305,05,0.7,1.0)

Z; =(0.50.7,0.7,09,1.0),(0.5,0.7,0.7,0.9,1.0)

Fig 7.6: Overlapping Case 1

Overlapping Case 2

Overlapping case 2 involves three overlapping Z — fuzzy numbers comprise two
trapezoidal Z — fuzzy numbers and a triangular Z — fuzzy number as illustrate in Figure 7.7.

All of them are same of height but different of centroid point and spread.
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1.0

0.1 03 0.5 0.6 0.8 0.9
Zz =(0.0,04,050.7,1.0),(0.0,04,050.71.0) Z5 =(0.2,0.50.50.91.0),(0.2,0.50.50.9.1.0)
Z; =(0.106,0.7,0.81.0),(0.10.6,0.7,0.81.0)

Fig 7.7: Overlapping Case 2

Results and Validation
Comparisons of ranking order for overlapping case 1 and 2 between the CPSz ranking
method and established ranking methods considered in this study are illustrated in Table 7.6
and 7.7 respectively.

Table 7.6: Ranking Results for Overlapping Case 1

Z — Numbers
Methods 7 : 7 : 7 : Ranking Results Consl,_ii\t/:rllcc;/f (%)

Z — Cheng (1998) 0.583 0583 0583 Z gLy = Z 3 0

Z - Kumar et al. (2010) 0088 0088 008 Zgp ~Zp ~Zg 0

2 ousta
Z - Yuetal. (2013) for a =0 0300 0500 0700 Zgp <Zg <Zg 100
Z-Yuetal. (2013) for 2 =05 0300 0500 0700 Zg <Zp <Zg 100
Z-Yuetal. (2013) for @ =1 0300 0500 0700 Zg <Zg <Zg 100
Z - Zhang et al. (2013) for @ =0 0()'?7()200/ 06.792609/ 06?56090/ Le <Lz <L 100
Z - Zhang et al. (2013) for @ =0.5 06.570200/ 06.792609/ 06?5?090/ Le <Zg <L 100
Z —Zhang et al. (2013) for o =1 06.570200/ 0(5.792609/ 06?56090/ Z,z1 <Z g = Z , 100
CPS, 0089 0107 0119 Zp <Zg <Zg 100
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Table 7.7: Ranking Results for Overlapping Case 2

Z — Numbers Level of
Methods Z é, Z , Z &, Ranking Results Consistency (%)

Z— Cheng (1998) 0746 0726 0680 Zg =Zg =Zg 100

Z — Kumar et al. (2010) 0700 0500 0300 Zg =Zg =Zg 100
0400/ 0040/ 0000/ 7_ o 7_ v 7_

Z - Datetal. (2012) 0.040 0000 04000 “6 " 76 " 76 100

Z - Yuetal. (2013) for =0 0700 0500 0300 Zg >Zg >Zg 100

Z - Yuetal. (2013) for 2 =05 0700 0500 0300 Zg >=Zg »Zg 100

Z - Yuetal. (2013) for ¢ =1 0500 07200 0969 Zg =Zg =Zg 100
_ 0969/ 0720/ 0500/ 7_ o 7_ v 7_

Z - Zhang et al. (2013) for o =0 0720 0500 0969 Z& 746 T 4g, 100
_ 0969/ 0720/ 0500/ 7_ o 7_ v 7_

Z-Zhangetal. (2013)for =05 o0 050 oog9 L6 T 46 T 4d, 100
- 0969/ 0720/ 0500/ 7_ v 7_ - 7_

Z— Zhang etal. (2013) fora=1 0.720 0.500 0.969 G, G, G, 100

CcPS, 0119 0107 0089 Zg >Zg »Zg 100

Discussions

For overlapping case 1, the correct ranking order such that the ranking results is

100% consistent with human intuition is Zﬁl < Zﬁ2 < Zﬁg. This is because Zﬁ3 is situated on
the farthest right among the three, followed by Zg and then Z . . Table 7.6, indicates that only

Z — Cheng (1998) and Z — Kumar et al. (2010) ranking methods produce incorrect
ranking order for this such that the result is 0% consistent with human intuition where they

give equal ranking, Ze~Zp ~Z¢ for this case. For other ranking methods considered in

R
this study including the CPS, ranking method, all of them produce correct ranking order
such that the ranking results are 100% consistent with human intuition. The result of the CPS,

ranking method obtained in this case indicates that this method is capable to appropriately

differentiate partial overlapping Z — fuzzy numbers.

For overlapping case 2, the correct ranking order such that the ranking results is

100% consistent with human intuition is Z; ~Z. ~Z. . This is due to the fact that
when combining both values of centroid point and spread of each Z — fuzzy number under
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consideration, z; is the greatest followed by z. and then z; . Table 7.7 shows all ranking

methods under consideration including the CPS; ranking method produce the same correct
ranking order such that the ranking result is 100% consistent with human intuition. This
signifies that the CPS, ranking method is capable to appropriately deal with overlapping

case of Z — fuzzy numbers like other established ranking methods.

Non - Overlapping Case

Non - Overlapping Case 1

Non - overlapping Case 1 involves different types of Z — fuzzy numbers namely
trapezoidal, triangular and singleton that are not overlapped as shown in Figure 7.8. In
this case, all of the Z — fuzzy numbers considered are differed in terms of the centroid

point and spread but are the same of height.

gy

0.1 0.3 0.5 0.6 0.7 0.8 1.0

Z; =(0.10303051.0)(0.1,0.30.30510) Z; =(0.60.7,0.7,0.8.1.0),(0.6,0.7,0.7,0.81.0)
Z; =(1.0101.01010)(1.01.01.0101.0)

Fig 7.8: Non - Overlapping Case 1
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Non - Overlapping Case 2

Non — overlapping case 2 considers three identical triangular Z — numbers of position.
One of them is situated on the negative side, one is on positive side and the other is on both
sides. This case is classified as the mirror image situation or reflection case of Z —numbers.
Figure 7.9 is the illustration for Z — numbers of non — overlapping case 2.

Hz. (X)

-0.3 -0.2 -0.1 0.1 0.2 0.3

Z; =(-0.3-02,-0.2-0.110),(-0.3-0.2,-0.2,-0.110)

Z; =(-0.10.0,0.0,0.11,0),(-0.1,0.0,0.0,0.1,1,0)
Z; =(0.102,0.2,0.310),(0.1,0.2,02,0.3,,0)

Fig 7.9: Non — Overlapping Case 2

Results and Validation
Comparisons of ranking order for non — overlapping Case 1 and 2 between the CPS;
ranking method and other established ranking methods considered in this study are

illustrated in Table 7.8 and 7.9 respectively.

Table 7.8: Ranking Results for Non — Overlapping Case 1.

Z - Numbers Level of
Methods 7 - 7 - 7 Ranking Results Consistency (%)
Hl H2 H3
Z — Cheng (1998) 0.424 0.583 X - N/A
Z — Kumar et al. (2010) 0.300 0.300 X - N/A
0.000/ 0.333/ 0.600 / 7. <7- <7-
£~ Datetal. (2012) 0333 0600 0000 “F " “A, T <A 100
Z—Yuetal. (2013) for 2 =0 0.700 0.300 X - N/A
Z—Yuetal. (2013) for & =0.5 1.00 1.00 X - N/A
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Z - Yuetal. (2013) for ¢ =1 0.300 0.700 X - N/A
Z —Zhang et al. (2013) for =0 1.00 1.00 X - N/A
Z - Zhang et al. (2013) for & =05 1.00 1.00 X - N/A
Z - Zhang et al. (2013) for =1 1.00 1.00 X - N/A
CPS; 0.089 0.107 0119 Ly <Z5 <Zg 100
Note: ‘x” denotes method as unable to calculate the ranking value.
‘-> denotes no ranking order is obtained.
Table 7.9: Ranking Results for Non — Overlapping Case 2
Z — Numbers Level of
Methods 7 - 7 - 7 - Ranking Results Consistency (%)
1 2 3
Z — Cheng (1998) 0583  0.583  0.583 Z,~1 ~ Z|~2 =~ Z~3 0
Z — Kumar et al. (2010) 0300 0300 0300 Z; =Z; =Zp 0
0.000/ 0.333/ 0.600/
_ - <Z- <Z-
Z - Datetal. (2012) 033 0600 0000 Zi “4i <4 100
Z-Yuetal. (2013) for =0 751 0.000  0.001 Z,~1 - Z|~3 - Z~2 0
Z-Yuetal. (2013) for =05 100 1000 100 Zy =Z; =Zp 0
Z-Yuetal. (2013) for o =1 0001 0000 751 Z; <Z; <Zp 100
_ 0.969/ 0720/ 0500/ —_ R
Z —Zhang et al. (2013) for ¢ =0 0720 0500 0969 YA e Z: - Z,3 0
_ 0.969/ 0720/ 0500/ 7_ ~ R
Z-Zhangetal. (2013)for @=05 1 7o0 00 oose i T 4R 74, 0
_ 0.969/ 0720/ 0500/ —_ ~ R
Z —Zhang et al. (2013) for ¢ =1 0720 0500 0969 e Z,Z > le 0
CPS; 0089 0107 0119 Z; <Z; <Zp 100
Discussion

For non — overlapping case 1, the correct ranking order such that the ranking

result is 100% consistent with human intuition is Zg <Zg =Zg. - This is because Zg,
is situated on the farthest right among the three, followed by ZH~2 and then Z . . Table 7.8

clearly signified that only Z — Dat et al. (2012) and the CPSz ranking methods are capable

to rank this case correctly such that the ranking result is 100% consistent with

human intuition. For other ranking methods considered in this study, all of them are

incapable to rank singleton Z — fuzzy numbers appropriately, thus all of them are not

applicable for ranking Z — fuzzy numbers. This shows that the CPSz ranking method is
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capable to appropriately deal with non — overlapping Z — fuzzy numbers and singleton

Z — fuzzy numbers.

For non — overlapping case 2, the correct ranking order such that the ranking

result is 100% consistent with human intuition is Zp =7y <Z;. This is due to the fact
that Z; is located on the farthest right which is on the positive side, followed by Z; and
then Zrl . In Table 7.9, Z — Cheng (1998) and Z — Kumar et al. (2010) ranking methods
obtain equal ranking, P ALy R for this case, which is incorrect such that the ranking

result is 0% consistent with human intuition. Z — Yu et al. (2013) and Z — Zhang et al.
(2013) ranking methods also come out with many ranking orders for this case as they
depend on decision makers’ opinions when ranking fuzzy numbers. Only Z — Dat et al.
(2012) and the CPS, ranking methods give correct ranking order for this case such that
the ranking result is 100% consistent with human intuition. This directly emphasises that
the CPS, ranking method is capable to effectively deal with negative and positive Z —

fuzzy numbers simultaneously.
Summary of Consistency Evaluation

This subsection covers the summary on the consistency evaluations for all
ranking methods considered in section 7.2.1 including the CPSz ranking method. The
summary provides clear observation in terms of number of consistent ranking result
produced by all ranking methods considered in this study and their performance
percentage. Using Section 4.4 as guideline and information obtained from Table 7.1
until Table 7.9, the following Table 7.10 summaries the consistency evaluation of all
ranking methods considered in this study including the CPSz ranking method on

ranking Z — fuzzy numbers.
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Table 7.10: Summary of Consistency Evaluation

Consistency Evaluation

Methods Proportion of Result Percentage of Result

with 100% Level of with 100% Level of
Consistency Consistency

Z — Cheng (1998) 419 44.44%

Z — Kumar et al. (2010) 3/9 33.33%

Z —Datetal. (2012) 7/9 77.75%

Z—Yuetal. (2013) for =0 4/9 44.44%

Z—Yuetal. (2013) for =05 419 44.44%

Z—Yuetal. (2013) for =1 4/9 44.44%

Z —Zhang et al. (2014) for &« =0 4/9 55.55%

Z —Zhang et al. (2014) for ¢ =0.5 4/9 55.55%

Z —Zhang et al. (2014) for =1 4/9 55.55%

CPS; 9/9 100%

Results in Table 7.10 show that Z — Kumar et al. (2010) ranking method
obtains the least number of consistent ranking results where the method ranks three out
of nine (33.33%) cases of benchmark examples provided in this study. Z — Cheng (1998)
and Z — Yu et al. (2013) with « = 0 and 0.5 share the same number of consistent
ranking results with four out of nine cases which is equivalence to 44.44%. Z — Zhang et
al. (2014) with « = 0 and 0.5 ranking methods successfully rank five out of nine
(55.55%) benchmark examples. Z — Dat et al. (2012) and Z — Zhang et al. (2014) with «
= 1 ranking methods achieve seven out nine cases while Z — Yu et al. (2013) ranking
method ranks eight out of nine cases of benchmarking examples prepared in this study.
Among all ranking methods considered in this evaluation, only the CPSz ranking
method perfectly ranks all nine (100%) cases of benchmarking examples with correct
ranking order such that all results obtained are 100% consistent with human intuition.
Therefore, this evaluation clearly indicates that the CPSz ranking method is considered
as a ranking method that correctly ranks all Z — fuzzy numbers such that the ranking

results are 100% consistent with human intuition.
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7.3.2 Evaluation of Efficiency

This subsection discusses the efficiency evaluations of all the ranking methods
considered in this study including the CPSz ranking method. It is intentionally prepared as
a separate subsection from the summary of the consistency evaluation because all ranking
methods considered in this study and the CPSz ranking method, perform similar
efficiency capability when ranking three Z — fuzzy numbers. This is because the
efficiency result of a ranking method is the same for all benchmarking examples provided
in this study even if the consistency evaluations are different. Therefore, without loss of
generality of Section 4.5, the efficiency evaluations of all ranking methods considered in
this study including the CPSz ranking method are summarised in Table 7.11.

Table 7.11: Summary of Efficiency Evaluation

Methods Efficiency Evaluation
Z — Cheng (1998) Slightly Efficient
Z — Kumar et al. (2010) Slightly Efficient
Z —Datetal. (2012) Slightly Inefficient
Z—Yuetal. (2013) for =0 Slightly Efficient
Z—Yuetal. (2013) for ¢ =05 Slightly Efficient
Z - Yuetal. (2013) for o =1 Slightly Efficient
Z - Zhang et al. (2014) for o =0 Very Inefficient
Z - Zhang et al. (2014) for & =0.5 Very Inefficient
Z — Zhang et al. (2014) for a =1 Very Inefficient
CPS; Very Efficient

In Table 7.11, Z — Zhang et al. (2014) ranking method with « =0, 0.5 and 1,
is classified as a very inefficient ranking method as this method is a pairwise
ranking method and needs additional operation to ranking Z - fuzzy numbers
appropriately. Z — Dat et al. (2012) ranking method is evaluated as a slightly
inefficient ranking method because it is a pairwise ranking method but does not need
additional operation when ranking Z — fuzzy numbers appropriately. Z — Cheng
(1998) and Z — Yu et al. (2012) ranking methods are considered as slightly efficient
ranking methods in this evaluation as both simultaneously rank the Z — fuzzy numbers
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but incorporate additional operation in obtaining the final ranking order. In this
evaluation, the CPSz ranking method is regarded as a very efficient ranking method as
this method ranks fuzzy numbers correctly such that the ranking result is consistent
with human intuition using simultaneous ranking without incorporating any additional
operation. Therefore, this evaluation signifies that the CPSz ranking method is capable
to rank three Z — fuzzy numbers simultaneously without incorporating additional

operation when ranking Z — fuzzy numbers.

7.3 SUMMARY

In this chapter, the capability of the CPSz ranking method on ranking Z — fuzzy
numbers is provided. Two main empirical validation namely the consistency and
efficiency of the CPSz ranking method are also highlighted in this chapter. In the
validation, the capability of the CPSz ranking method to correctly rank all cases of Z —
fuzzy numbers such that the ranking results are consistent with human intuition is
addressed. The efficiency of the CPSz ranking method on ranking three Z — fuzzy
numbers simultaneously is also demonstrated in this chapter where the method is capable
on ranking three Z — fuzzy numbers simultaneously without incorporating additional
operation. In this respect, the CPSz ranking method is considered as a ranking method
that is capable on ranking Z —fuzzy numbers consistently and efficiently. In Chapter
8, the thesis discusses the applicability of the CPS,, CPS; and CPSz ranking
methods in solving respective case studies in the literature of fuzzy sets.
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CHAPTER EIGHT

CASE STUDIES

8.1 INTRODUCTION

This chapter covers applications of the proposed methodology for ranking
fuzzy numbers based on centroid point and spread, CPS, on case studies found in the
literature of fuzzy sets. The CPS ranking methodology which consists of CPS; (Chapter
5), CPSi (Chapter 6) and CPSz (Chapter 7) ranking methods are applied to established
case studies on risk analysis (Chen & Chen, 2009), footprint of uncertainty (Wu &
Mendel, 2009) and vehicle selection under uncertain environment (Kang et al., 2012)
respectively. These case studies are considered and discussed in this study as they utilise
type — | fuzzy numbers, type — Il fuzzy numbers and Z — fuzzy numbers in the analysis.
Therefore, the applicability of the CPS ranking methodology in solving those
aforementioned case studies is discussed in sections and subsections of this chapter.

8.2 CASE STUDY 1: RISK ANALYSIS
8.2.1 Overview

In this investigation by Chen & Chen (2009), three manufactories which are
represented by three manufacturers, C,,C, and C, produce the same product Ai , i = 1, 2,

3 where Ais the product of C,, A, for C,and A, for C,. For every product A;jproduces

by each manufactory, each consists of sub — components AizAzand A+ where the sub —

components are evaluated based on two criteria namely the probability of

failure, S,and severity of loss, W, . In the following Figure 8.1, the structure of fuzzy

risk analysis for all manufactories under consideration is given.
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Component 4;made by manufactory, C;

Probability of failure, S,

4 \/
Sub-component A, Sub-component A, Sub-component A,
Probability of failure, S,, Probability of failure, S, Probability of failure, S,
Severity of loss, W,, Severity of loss, W, Severity of loss, Wi,
\_ AN J

Fig 8.1: Fuzzy Risk Analysis Structure (Chen & Chen, 2009)

This study by Chen & Chen (2009), defines the level of risk faced by each
manufacturer under consideration using nine distinct linguistic terms where all of
linguistic terms are represented by nine respective generalised trapezoidal type — | fuzzy
numbers as described in Table 8.1.

Table 8.1: Linguistic Terms and Their Corresponding Generalised Type — | Fuzzy
Numbers (Chen & Chen, 2009)

Linguistic terms Generalised Type - | Fuzzy Numbers
Absolutely — low (0.0, 0.0, 0.0,0.0; 1.0)

Very — low (0.0, 0.0, 0.02,0.07; 1.0)

Low (0.04, 0.10, 0.18, 0.23; 1.0)
Fairly — low (0.17,0.22, 0.36, 0.42; 1.0)
Medium (0.32, 0.41, 0.58, 0.65; 1.0)
Fairly — high (0.58, 0.63, 0.80, 0.86; 1.0)
High (0.72,0.78,0.92, 0.97; 1.0)
Very — high (0.93,0.98, 1.0, 1.0; 1.0)
Absolutely — high (1.0,1.0,1.0,1.0; 1.0
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With no loss of generality of Table 8.1, Chen & Chen (2009) gives the linguistic

evaluating values of sub — components made by manufacturers C,, C, and C, asin Table

8.2.

Table 8.2: Linguistic Evaluating Values of Sub — Components Made By Manufacturers Cy,
C,and C3 (Chen & Chen, 2009).

Sub- Linguistic value of the Linguistic values of the probability of
component severity of loss failure
A W, = low S, = fairly — low (W~ = 0.9)
C, A, W, , = fairly — high S,,= medium (Wﬁ =0. 7)
A, W, ;= very — low S, ;= fairly — high (Wﬁ = 0.8)
33
A, W,,= low S,, = very - high (w, =0.85)
c, A, W,, = fairly — high S, = fairly - high (w; =0.95)

A,, W,, = very — low S,;= medium (Wﬁz3 = 0.9)
A W, = low S, = fairly — low (Wﬁ31 = 0.95)
C, A, W, = fairly — high S,,=high (w; =0.8)

A, W, = very — low

S,,, = fairly — high (Wﬁss =1.0)

Using information provided in Table 8.2, evaluation on level of the risk for

each manufacturer C,, C, and C, are determined using the following aggregation method

(Chen & Chen, 2009).

R Z 1S,ka

| Zl'k

= (Fys Fips T M Wy )

where R, is a type — | fuzzy number for 1<i<n.
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Therefore, the aggregation value for R, is

[(0.17,0.22,0.36,0.42;0.9) ® (0.04,0.10,0.18,0.23;1.0)] +
[(0.32,0.41,0.58,0.65;0.7) ®(0.58,0.63,0.80,0.86;1.0)] +
[ ®

+

)
R _ (0.58,0.63,0.80,0.86;0.8)® (0,0,0.02,0.07;1.0)]
* | (0.04,0.10,0.18,0.23,1.0) +(0.58,0.63,0.80,0.86;1.0) +
(0,0,0.02,0.07;1.0)

=(0.1659,0.2803,0.7463,1.1545;0.7)

and aggregation values for R, and R, are

R, =(0.3221,0.4949,1.1392,1.6373;0.85)
R, =(0.3659,0.5134,1.1189,1.5984:0.8)

When the aggregation process for all type — | fuzzy numbers R,, i=12,3 completes, all
values of R, are next transformed into standardised generalised type — | fuzzy numbers R as

in Figure 8.2 using equation (3.2). Based on equation (3.2), transformation of R, into R is as

follows.

L =

5 0.1659 0.2803,0.7463 1.154 £0.7
1.6373 '1.6373 1.6373 '1.6373

=(0.1013,0.1712,0.4558,0.7051;0.7)
Similarly, the standardised generalised type — | fuzzy numbers for F~ez and §3 are

=(0.1967,0.3023,0.6958,1.0;0.85)

R,
R, =(0.2235,0.3136,0.6834,0.9762;0.8)
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0.85 |vueesssssssssnnas K
0.8 ----------------f--/

07 ---------

X

7z

0.1013 0.2235 0.4558 0.9762

Fig 8.2: Standardised Generalised Fuzzy Number for &,", 8,"and &;"

8.2.1 Application

Since, it is noted that Chen & Chen (2009) utilised type — | fuzzy numbers in
represented the level of risk faced by the manufacturers, hence the CPS; ranking method is
applied to this case as the CPS, ranking method is developed for type — | fuzzy
numbers. Therefore, levels of risk for manufacturers C,, C, and C, evaluated by the CPS,

ranking method are as follows

Step 1:  Centroid points (x", y*) for R,,R,and R, are obtained such that value of x is

calculated using formula in equation (3.10) as

X;, = %{0.1013 +0.1712 +0.4558 + 0.7051 — 23214 - 0-0173)}

(1.1609 — 0.2725)

= 0.3637
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whereas, value of y: is calculated as
1l

. 07 0.2846
Y =— |1+
r 3 (1.1609 — 0.2725)

=0.3081

Hence, centroid point for ﬁl is (0.3637, 0.3081).

While centroid points of R, and R, are calculated and shown as follows:

(X3, Yz, ) = (0.5544,0.3765)

(X3, ¥z,) =(0.5549,0.3545)
Step 2: Spread values of R, R, and §3 are calculated such that spread of R, is

s(R,)=0.6038 x 0.3081
=0.1860

While, spread values for R, and F~23 are

s(A,)=0.3024
s(A;)=0.2668

Step 3: Ranking values of ﬁl, ﬁz and F~23 are computed whereby ranking value for ﬁlis

CPS(R, )=0.3637 x 0.3081 x (1— 0.1860)

=0.0912
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and ranking values for R,and R, are

cPs(R, )= 0.1456

CPS(R, )= 0.1442

Since CPS, (§2)> CPS, (§3)> CPS, (ﬁl), hence ranking order result for R,, R, and §3 IS
ﬁz >~ ﬁs > ﬁl. Therefore, the level of risk evaluations for manufacturer from the most

risky to the least risky is C, > C, > C,.
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8.3 CASE STUDY 2: WORD CLASSIFICATION

8.3.1 Overview

In a research done by Wu & Mendel (2009), 32 words which are randomly
ordered are compiled as a dataset where some of them are changed with more commonly
used words. All of these words are classified in Table 8.3 into three groups namely small —
sounding words, (little, low amount, somewhat small, very tiny amount, none to very little,
very small, very little, teeny-weeny, small amount and tiny), medium — sounding words (fair
amount, modest amount, moderate amount, medium, good amount, a bit, some to moderate
and some), and large — sounding words (sizeable, large, quite a bit, humongous amount, very
large, extreme amount, considerable amount, a lot, very sizeable, high amount, maximum

amount, very high amount and substantial amount).

Table 8.3: 32 words and respective interval type — Il fuzzy numbers with
modification (Wu & Mendel, 2009)

T¥E§zyll Word Upper Membership Function Lower Membership Function
numbers
Al None to very little [0,0,0.14,1.97; 1] [0, 0, 0.05, 0.66; 1.00]
A Teeny — weeny [0,0,0.14, 1.97; 1] [0,0,0.01,0.13; 1.00]
Al Tiny [0,0,0.26, 2.63; 1] [0, 0, 0.05, 0.63; 1.00]
A, Very Tiny amount [0, 0,0.36, 2.63; 1] [0, 0,0.05, 0.63; 1.00]
Al Very small [0,0,0.64,2.47; 1] [0, 0,0.10, 1.16; 1.00]
Al Very little [0,0,0.64, 2.63; 1] [0, 0, 0.99, 0.99; 1.00]
Al A bit [0.59, 1.50, 2.00, 3.41; 1] [0.79, 1.68, 1.68, 2.21; 0.74]
Al Little [0.38, 1.50, 2.50, 4.62; 1] [1.09, 1.83,1.83,2.21; 0.53]
A Low amount [0.09, 1.25, 2.50, 4.62; 1] [1.67,1.92,1.92,2.21; 0.30]
0 Small [0.09, 1.50, 3.00, 4.62; 1] [1.79,2.28,2.28, 2.81; 0.40]
L Somewhat small [0.59, 2.00, 3.25, 4.41; 1] [2.29,2.70, 2.70, 3.21; 0.42]
' Some [0.38, 2.50, 5.00, 7.83; 1] [2.88, 3.61, 3.61, 4.21; 0.35]
'3 Some to moderate [1.17, 3.50, 5.50, 7.83; 1] [4.09, 4.65, 4.65, 5.41; 0.40]
" Moderate amount [2.59, 4.00, 5.50, 7.62; 1] [4.29, 4.75, 4.75,5.21; 0.38]
's Fair amount [2.17, 4.25,6.00, 7.83; 1] [4.79,5.29, 5.29, 6.02; 0.41]
6 Medium [3.59, 4.75, 5.50, 6.91; 1] [4.86,5.03, 5.03, 5.14; 0.27]
7 Modest amount [3.59, 4.00, 6.00, 7.41; 1] [4.79,5.30, 5.30, 5.71; 0.42]
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Good amount
Sizeable

Quite a bit
Considerable amount
Substantial amount
Alot

High amount

Very sizeable
Large

Very large

Very large amount
Huge amount
Very high amount
Extreme amount

Maximum amount

[3.38, 5.50, 7.50, 9.62; 1]
[4.38, 6.50, 8.00, 9.41; 1]
[4.38, 6.50, 8.00, 9.41; 1]
[4.38, 6.50, 8.25, 9.62; 1]
[5.38, 7.50, 8.75, 9.81; 1]
[5.38, 7.50, 8.75, 9.83; 1]
[5.38, 7.50, 8.75, 9.81; 1]
[5.38, 7.50, 9.00, 9.81; 1]
[5.98, 7.75, 8.60, 9.52; 1]
[7.37,9.41, 10, 10; 1]
[7.37,9.82, 10, 10; 1]
[7.37,9.59, 10, 10; 1]
[7.37,9.73, 10, 10; 1]
[7.37,9.82, 10, 10; 1]
[8.68,9.91, 10, 10; 1]

[5.79, 6.50, 6.50, 7.21; 0.41]
[6.79, 7.38, 7.38, 8.21; 0.49]
[6.79, 7.38, 7.38, 8.21: 0.49]
[7.19, 7.58, 7.58, 8.21; 0.37]
[7.79,8.22, 8.22, 8.81; 0.45]
[7.69,8.19, 8.19, 8.81: 0.47]
[7.79, 8.30, 8.30, 9.21; 0.53]
[8.29, 8.56, 8.56, 9.21; 0.38]
[8.03, 8.36, 8.36, 9.17; 0.57]
[8.72, 9.91, 10, 10; 1.00]
[9.74, 9.98, 10, 10; 1.00]
[8.95, 9.93, 10, 10; 1.00]
[9.34, 9.95, 10, 10; 1.00]
[9.37,9.95, 10, 10; 1.00]
[9.61, 9.97, 10, 10; 1.00]

In order to ensure that all 32 words in Table 8.3 and their interval type — 1l

fuzzy numbers representations are reliable in decision making, all of them are first

transformed into standardised generalised interval type — Il fuzzy numbers using

Definition (3.8). In Table 8.4, words of uncertainty with respective standardised

generalised interval type — Il fuzzy numbers are tabulated.

Table 8.4: 32 words with respective standardised generalised interval type — 1l fuzzy

numbers
Typr?u?nlblefrtézzy Upper Membership Function Lower Membership Function
Al [0, 0,0.014,0.197; 1] [0, 0, 0.005, 0.066; 1.00]
A [0, 0,0.014,0.197; 1] [0, 0, 0.001, 0.013; 1.00]
Al [0, 0, 0.026, 0.263; 1] [0, 0, 0.005, 0.063; 1.00]
A, [0, 0, 0.036, 0.263; 1] [0, 0, 0.005, 0.063; 1.00]
Al [0, 0, 0.064, 0.247; 1] [0, 0, 0.010, 0.116; 1.00]
Al [0, 0, 0.064, 0.263; 1] [0, 0, 0.099, 0.099; 1.00]
A [0.059, 0.150, 0.200, 0.341; 1] [0.079, 0.168, 0.168, 0.221; 0.74]
A [0.038, 0.150, 0.250, 0.462; 1] [0.109, 0.183, 0.183, 0.221; 0.53]
A [0.009, 0.125, 0.250, 0.462; 1] [0.167,0.192,0.192, 0.221; 0.30]
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As
Asz

[0.009, 0.150, 0.300, 0.462; 1]
[0.059, 0.200, 0.325, 0.441; 1]
[0.038,0.250, 0.500, 0.783; 1]
[0.117,0.350, 0.550, 0.783; 1]
[0.259, 0.400, 0.550, 0.762; 1]
[0.217,0.425, 0.600, 0.783; 1]
[0.359, 0.475, 0.550, 0.691; 1]
[0.359, 0.400, 0.600, 0.741; 1]
[0.338, 0.550, 0.750, 0.962; 1]
[0.438, 0.650, 0.800, 0.941; 1]
[0.438, 0.650, 0.800, 0.941; 1]
[0.438, 0.650, 0.825, 0.962; 1]
[0..538, 0.750, 0.875, 0.981; 1]
[0.538, 0.750, 0.875, 0.983; 1]
[0.538, 0.750, 0.875, 0.981; 1]
[0.538, 0.750, 0.900, 0.981; 1]
[0.598, 0.775, 0.860, 0.952; 1]
[0.737,0.941, 1.000, 1.000; 1]
[0.737,0.982, 1.000, 1.000; 1]
[0.737, 0.959, 1.000, 1.000; 1]
[0.737,0.973, 1.000, 1.000; 1]
[0.737,0.982, 1.000, 1.000; 1]
[0.868, 0.991, 1.000, 1.000; 1]

[0.179, 0.228, 0.228, 0.281; 0.40]
[0.229, 0.270, 0.270, 0.321; 0.42]
[0.288, 0.361, 0.361, 0.421; 0.35]
[0.409, 0.465, 0.465, 0.541; 0.40]
[0.429, 0.475, 0.475, 0.521; 0.38]
[0.479, 0.529, 0.529, 0.602; 0.41]
[0.486, 0.503, 0.503, 0.514; 0.27]
[0.479, 0530, 0.530, 0.571; 0.42]
[0.579, 0.650, 0.650, 0.721; 0.41]
[0.679, 0.738, 0.738, 0.821; 0.49]
[0.679, 0.738, 0.738, 0.821; 0.49]
[0.719, 0.758, 0.758, 0.821; 0.37]
[0.779, 0.822, 0.822, 0.881; 0.45]
[0.769, 0.819, 0.819, 0.881; 0.47]
[0.779, 0.830, 0.830, 0.921; 0.53]
[0.829, 0.856, 0.856, 0.921; 0.38]
[0.803, 0.836, 0.836, 0.917; 0.57]
[0.872, 0.991, 1.000, 1.000; 1.00]
[0.974, 0.998, 1.000, 1.000; 1.00]
[0.895, 0.993, 1.000, 1.000; 1.00]
[0.934, 0.995, 1.000, 1.000; 1.00]
[0.937, 0.995, 1.000, 1.000; 1.00]
[0.961, 0.997, 1.000, 1.000; 1.00]

8.3.2 Application

Main concern in this decision making problem is to come out with a

reasonable ranking order in terms of all interval type — Il fuzzy numbers defined in

Table 8.3 with their respective words based on meanings. Thus, application of the

CPSyi ranking method for ranking interval type — Il fuzzy numbers for this case is as

follows.
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Step 1:  Centroid points (x*, y*)for Al until Ay, are obtained such that value of x, is

calculated using formula in equation (6.3) given as

i, = 1 [0-+0+0.014+ 0207 - (2980 (5 5, 0,005+ 0.066 - (20003 -0)
3 (0.211-0) (0.071-0)

=(0.0660,0.0221)

Whereas, using equation (6.4), value of y*Al, is obtained as

=3l pa o [ e

= (0.3555,0.3568)
Hence, centroid point for A/ is (0.0660,0.3555) and (0.0221,0.3568).
Note that, final result of centroid point is in terms of (x*, y*). Using equations (6.3)

and (6.4), the remaining centroid points of A, until A}, are as follows:

(X, y5 )=[(0.0660,0.3555), (0.0044,0.3571)] (x;, ., y. )= [(0.6500,0.4142),(0.6500,0.1367)]
(x;,, v )=[(0.0884,0.3633),(0.0211,0.3578)] (x} , V. )=[(0.7041,0.4099),(0.7460,0.1633)]
(X, y5 )=[(0.0884,0.3633),(0.0211,0.3578)] (x, , ¥ )=[(0.7041,0.4099),(0.7460,0.1633)]
(x,,y5 )=[(0.0867,0.4019),(0.0389,0.3598)] (x;, , v} )=[(0.7156,0.4168),(0.7660,0.1233)]
(X3, v )=[(0.0918,0.2986 ), (0.0495,0.5000)] (x;, ,y;, )= [(0.7811,0.4067),(0.8277,0.1500)]
(X, y3 )=[(0.1904,0.3835),(0.1560,0.2467)] (., v, ) = [(0.7794,0.4018),(0.8230,0.1567 )]
(X33, )=[(0.2302,0.3969),(0.1710,0.1767)] (. , v}, )=[(0.7811,0.4067),(0.8433,0.1767)]
(X, v )=[(0.2160,0.4),054(0.1933,0.1000)] (x, ,y;. )=[(0.7869,0.4177),(0.8687,0.1267)]
(X3, . ¥i, )=[(0.2311,0.4163),(0.2293,0.1333)] (x;, .y}, )=[(0.7919,0.3979),(0.8520,0.1900)]
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. )=[(0.2552,0.4155),(0.2733,0.1400)] (x;, , v}, )=[(0.9087,0.3944),(0.9571,0.3552)]
. )=[(0.3957,0.4171),(0.3567,0.1167)] (x}, , v}, )=[(0.9119,0.3547),(0.9913,0.3571)]
.. )=[(0.4500,0.4103),(0.4717,0.1333)] (x;, , v}, )=[(0.9105,0.3783),(0.9649,0.3542 ]
.. )=[(0.4959,0.4099),(0.4750,0.1267)] (x;, , v} )=[(0.9115,0.3644),(0.9779,0.3568 ]
. )=[(0.5052,0.4121),(0.5367,0.1367)] (x}, , ¥, )=[(0.9119,0.3547),(0.9789,0.3578)]
. )=[(0.5201,0.3948),(0.5010,0.0900)] (x}, , v, )= [(0.9558,0.3546),(0.9869,0.3571)]
. )=[(0.5276,0.4479),(0.5267,0.1400)]

Step 2: Spread values of A’ until A;, are calculated such that spread of A/ is

s(A)=[(0.1970 x 0.3555),(0.0660 x 0.3568)]
=((0.0700),(0.0235)]

While for the remaining spread values, s of A, until A;,, all are shown as follows.

')=(0.0700),(0.0046)] s(A/;)=[(0.2585),(0.0194)]
')=1(0.0956),(0.0225)] s(A,)=][(0.2062),(0.0232)]

')=(0.0982),(0.0225)] s(A;,)=1(0.2062),(0.0232)
')=(0.0993),(0.0417)] s(A;,)=[(0.2184),(0.0126)

')=1[(0.1048),(0.0495)] s(A;,)=[(0.1802),(0.0155)]
')=(0.1082),(0.0350)] s(A;,)=[(0.1788),(0.0175)]
')=[(0.1683),(0.0198)] s(A.,)=1[(0.1802),(0.0251)]

')=[(0.1837),(0.0054)] s(A;)=1[(0.1850),(0.0117)
',)=1[(0.1886),(0.0136)] s(A;,)=[(0.1408),(0.0217)]
' )=1(0.1587),(0.0129)] s(A;,)=1[(0.1037),(0.0455)
) =1(0.3107),(0.0155)] s(A;,)=1[(0.0933),(0.0093)]
'.)=[(0.2733),(0.0176)] s(A.,)=[(0.0995),(0.0372)]
'.)=1[(0.2062),(0.0117)] s(A},)=[(0.0958),(0.0235)]
'.)=1(0.2332),(0.0168)] s(A:,)=[(0.0933),(0.0225)]
'.)=1(0.1311),(0.0025)] s(A:,)=[(0.0468),(0.0139)]
')=(0.1711),(0.0129)]
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Step 3: Ranking values of A’ until A;, are computed whereby ranking value for A/

is

CPs, (A)) = (0.0660 + 0.0211}(0.3555 + 0.3568j y [(1— 0.0700)+(1— 0.0236))

2 2 2

=0.0150

and ranking values for A, until A;, are

CPS, (A;)=0.0121 CPS, (A,)=0.1542
CPS,, (A;)=0.0186 CPS, (A, )= 0.1840
CPs,,(A;)=0.0189 CPS, (A},)=0.1840
CPs,, (A;)=0.0222 CPS, (AL, )= 0.1770
CPS,,(A;)=0.0293 CPS,, (A;,)=0.2020
CPS,, (A})=0.0507 CPS,, (A;,)=0.2018
CPS,, (A;)=0.0521 CPS, (A),)=0.2126
CPS, (A})=0.0468 CPS, (A})=0.2031
CPS, (A,) = 0.0569 CPS,, (As)=0.2220
CPS, (A/;)=0.0671 CPS,,(A;,)=0.3236
CPS,, (A},)=0.0840 CPS, (A};)=0.3213
CPS,, (A];)=0.1070 CPS, (A,)=0.3199
CPS,,(A,)=0.1161 cPs, (A, )=0.3203
CPs,, (A];)=0.1251 CPS, (A),)=0.3173
CPS,, (A;) = 0.1155 CPS, (A!,)=0.3352
CPS, (A},)=0.1407
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Since,

A, )>CPS,
¢)>CPS,,

A;1)> CPS, (Ay) > CPS, (Ay, ) > CPS, (As, ) > CPS, (Ay, ) >
AQ ﬁPSII (A;S) > C:PSII (AEZ) > C:F)SII (AQS) > CPSII (AIIQ) >
A,

)
)

AQO) > CPS 1 1) > CPSII (AI’S) > C:PSII (Al’7)> C:PSII (AIS) > C:PSII (Al'4) >
)

(A;
(A;
(
CPS, (A/;)>CPS, (A;)>CPS,(A,)>CPS, (A,)>CPS, (A,)>CPS, (A))>
CPS, (A7)>CPS, (A;)>CPS, (A;)>CPS, (A.)>CPS, (A;)> CPS, (A;) >
(A])>CPS,, (A)

CPS, (A,
CPS,,

(
(
(
(

hence ranking order result for A/ until A;, is

Aoy = Aoy = Pog = Pgg = Pog = gy = Pog = Aoy = g = gy = Pog = Al = P = gy -
Al = A = As = Ay = Al = A = A = AL - A = Ag = A = A= Ao = A = A -
A= A=A
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8.4 CASE STUDY 3: VEHICLE SELECTION

8.4.1 Overview

Based on Kang et al. (2012), there are three options of vehicles that are
available to select. They are car, taxi and train. In order to choose for an
appropriate vehicle for a journey, three main criteria are taken into consideration
namely price (P), journey time (T) and comfort, (C). In this investigation, P is classified
as the most important criterion as compared to the other two criteria, which affects on
the direction of decision made. According to Kang et al. (2012), all criteria considered

are described in terms of Z — numbers which are reflected as linguistic terms Zp =
(very high, very high), ZT = (high, very high) and Z¢c = (medium, very high) for price,
journey time and comfort respectively. All of these linguistic terms are defined using

triangular membership function in Definition (3.2) and are shown in the following Table
8.5.

Table 8.5: Linguistic terms with respective triangular linguistic values

Linguistic term Triangular linguistic value

Very low, VL (0.00, 0.00, 0.25; 1.00)
Low, L (0.00, 0.25, 0.50; 1.00)
Medium, M (0.25, 0.50, 0.75; 1.00)
High, H (0.50, 0.75, 1.00; 1.00)
Very high, VH (0.75, 1.00, 1.00; 1.00)

Based on Table 8.5, Kang et al. (2012) come out with a decision matrix with Z — numbers
based linguistic values for all vehicles with respective criteria which is illustrated in Table
8.6.
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Table 8.6: Decision matrix with Z — numbers based linguistic values for all vehicles with
respective criteria (Kang et al. (2012a).

Criteria
Vehicle P (pounds) T (minutes) C
(VH, VH) (H, VH) (M, VH)
Car [(9, 10,12), VH]  [(70, 100, 120), M] [(4,5, 6), H]
Taxi [(20, 24,25),H]  [(60, 70, 100), VH] [(7, 8, 10), H]
Train [(15, 15, 15), H] [(70, 80, 90), H] [(1,4,7), H]

Using Table 8.5 and 8.6 as guidelines, the following Table 8.7 on decision matrix with
numerical values is constructed.

Table 8.7: Decision matrix with Z — numbers based numerical values for all vehicles with

respective criteria (Kang et al. (2012a).

Criteria
] P (pounds) T (minutes) C
Vehicle
[(0.75, 1.00, 1.00), [(0.50, 0.75, 1.00), [(0.25, 0.50, 0.75),
(0.75, 1.00, 1.00)] (0.75, 1.00, 1.00)]  (0.75, 1.00, 1.00)]
c [(9, 10, 12), [(70, 100, 120), [(4,5,6),
ar
(0.75, 1.00, 1.00)] (0.25,0.50,0.75)]  (0.50, 0.75, 1.00)]
Taxi [(20, 24, 25), [(60, 70, 100), [(7, 8, 10),
™ (0.50, 0.75, 1.00)] (0.75, 1.00, 1.00)]  (0.50, 0.75, 1.00)]
) [(15, 15, 15), [(70, 80, 90), [(2,4,7),
Train

(0.50, 0.75, 1.00)]

(0.50, 0.75, 1.00)]

(0.50, 0.75, 1.00)]
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Before the CPS; ranking method is applied to solving this decision making
problem, all of those numerical values in Table 8.7 are first transformed into standardised
generalised Z — numbers for easy computation and reliable (Chen & Chen, 2007). Note that,
only numerical values which are not in the form of standardised generalised Z — numbers
are transformed, others are remained the same. The following Table 8.8 illustrates decision
matrix with standardised generalised Z — numbers using Definition (3.8).

Table 8.8: Decision matrix with standardised generalised Z — numbers.

Criteria

Vehicle P (pounds) T (minutes) C
[(0.75,1.00, 1.00), [(0.50,0.75,1.00), [(0.25, 0.50, 0.75),
(0.75, 1.00, 1.00)] (0.75, 1.00, 1.00)] (0.75, 1.00, 1.00)]
Car [(0.36,0.40,0.48), [(0.58,0.83,1.00), [(0.40,0.50, 0.60),
(0.75, 1.00, 1.00)] (0.25, 0.50, 0.75)] (0.50, 0.75, 1.00)]
Taxi [(0.80,0.96,1.00), [(0.50,0.58,0.83), [(0.70, 0.80, 1.00),
(0.50, 0.75, 1.00)] (0.75, 1.00, 1.00)] (0.50, 0.75, 1.00)]
Train [(0.60, 0.60, 0.60),  [(0.58,0.67,0.75), [(0.10, 0.40, 0.70),

(0.50, 0.75, 1.00)]

(0.50, 0.75, 1.00)]

(0.50, 0.75, 1.00)]

It is clearly noted that in Table 8.8, both vehicles and criteria components are in
Z — numbers, Z = (A, B). Next, numerical values in terms of Z — numbers for both
components are aggregated so that a single Z — number is obtained for car, taxi and train.

Aggregation process for Car is as follows.
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((0.75,1.00,1.00) ®(0.36,0.40,0.48)) +((0.50,0.75,1.00) ® (0.58,0.83,1.00)) +
((0.25,0.50,0.75)® (0.40,0.50,0.60))

(0.75,1.00,1.00)+(0.50,0.75,1.00) + (0.25,0.50,0.75)

((0.75,1.00,1.00)®(0.75,1.00,1.00)) + ((0.50,0.75,1.00) ® (0.25,0.50,0.75)) +
((0.25,0.50,0.75)®(0.50,0.75,1.00))

(0.75,1.00,1.00)+(0.50,0.75,1.00) + (0.25,0.50,0.75)

= [(0.2400,0.5656,1.2867 ),(0.3750,0.7500,1.2222 ).
while, for taxi and train, their aggregation values are

Z... =(0.3727,0.7978,1.7200),(0.4375,0.8333,1.3333)]

Z,... =1(0.2782,0.5789,1.2500),(0.3750,0.7500,1.3333)]

Since, all vehicles are not in the form of standardised generalised Z — numbers, hence all of

them are transformed into standardised generalised Z — numbers using equation (3.6) shown
as follows. Standardised generalised Z — number for car is

S, 0.2400 0.5656 1.2867 ) (0.3750 0.7500 1.2222
1.2867 '1.2867 '1.2867 )'\ 1.2222 '1.2222 '1.2222

—[(0.1865,0.4396,1.0000),(0.3068,0.6136,1.0000 )]

While, for taxi and train, their standardised generalised Z — numbers are

Z... =(0.2167,0.4638,1.0000),(0.3281,0.6250,1.0000 )]
Z

vain = 1(0.2226,0.4631,1.0000),(0.2813,0.5625,1.0000 )]
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For easy computation, this study defines 7., Z,, and Z,, as Z;.Z; and Z;

respectively. Notice that, all Z — numbers used are first reduced into Z — fuzzy numbers as
suggested by Kang et al. (2012). Thus, using the conversion of Z — numbers into Z — fuzzy

numbers introduced in this study, the following Z — numbers are obtained.

(0.1492,0.3517,0.8000;1.0000)

car

V4
Z,.. =(0.1730,0.3703,0.7985;1.0000)
Z,.... =(0.1745,0.3631,0.7854;1.0000)

8.4.2 Application

This, utilising the CPS; ranking method, flow on solving this problem is as follows.

Step 1: Centroid points (x*, y*)for Z;:Z;3 and Z; are obtained such that

value of Xz is calculated using formula in equation (7.3) as

8

Xz, = %{0.1492 +0.3517 +0.3517 +0.8000 — (0.2814 _0'0525)}

(1.1517 —0.5009)

=0.4336

whereas, using equation (7.4), value of Yz, is obtained as

1 0
Yz, =51+
A 3{ (1.4396 —0.6261)}
=0.3333
Hence, centroid point for Z& is (0.4336, 0.3333).
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Using same techniques as shown above, centroid points for Z. and Z; are calculated

accordingly and the results are as follows.

(X, .Y, ) =(0.4473,0.3333)

(X, +Y,, ) =(0.4406,0.3333)
Step 2: Spread values of Z;.Z5 and Z; are calculated such that spread of Z; is

5(Z; )=0.6508x0.3333
~0.2169

while for Z; and Zj their spread values are

5(2; )=0.2085
5(2;)=0.2031

Step 3. Ranking values of Z;:Z;3 and Z; are computed whereby ranking value for Z;
IS
CPS, (2 )=0.4336 x0.3333x (1 0.2169)

=0.1132

and ranking values for Z; and Z/sg are
2

CPs, (z; )=0.1180

CPs, (z; )=0.1170
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Since CPS, (Z i )> CPS, (Zixa )> CPS, (ZA)’ hence ranking order result for for Z — numbersZ;\l
,Z; and Z; is Z; > Ly~ Z;- This implies that taxi is the best vehicle to select, followed by

train and then car.
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8.5 DISCUSSION

This section discusses the applications of the CPS ranking
methodology in subsections 8.2.1, 8.2.2 and 8.2.3. It is worth mentioning here that
all decision making case studies namely risk analysis, words classification and
vehicle selection which are prepared in subsection 8.3.1, 8.3.2 and 8.3.3
respectively are analysed using established ranking methods considered in this
study and the CPS ranking methodology. These ranking methods evaluate all the
aforementioned case studies based on their consistency and efficiency in ranking
fuzzy numbers. Therefore, the discussion on the application of established ranking
methods considered in this study including the CPS ranking methodology is as

follows.

8.5.1 CASE STUDY 1

This subsection illustrates the consistency and efficiency of the CPS,
ranking method and established ranking methods considered in this study in
solving risk analysis case study by Chen & Chen (2009). The following Table 8.9
signifies the consistency and efficiency evaluation of the CPS; ranking method and

established ranking methods considered in this study.

Table 8.9: Consistency and Efficiency Evaluation

Type — | Fuzzy Numbers Evaluation
Method §1 ﬁz §3 Ranking Results c Le\{el of Level of Efficiency
onsistency
Cheng (1998) X X X - N/A Slightly Efficient
Kumar et al. (2010) 0300 0300 0300 R;=R, =Ry 0% Slightly Efficient
0.000/ 0.600/ 0300/ 5 .5 . & . .
Dat et al. (2012) 0600 0300  0.000 R, = R; =Ry 100% Slightly Efficient
Yuetal. (2013) for ¢ =0 0.700  0.300 X - N/A Slightly Efficient
Yuetal. (2013) for ¢ =0.5 1.000 1.000 X - N/A Slightly Efficient
Yuetal. (2013) for ¢ =1 0.300  0.700 X - N/A Slightly Efficient
Zhang et al. (2013) for o =0 1.000 1.000 X - N/A Slightly Inefficient
Zhang et al. (2013) for o =0.5 1.000 1.000 X - N/A Slightly Inefficient
Zhang et al. (2013) for ¢ =1 1.000  1.000 X - N/A Slightly Inefficient
CPs, 0091 0145 0144 R,>R;>R; 100% Very Efficient
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In this case study, the correct ranking order such that the ranking result is 100%
consistent with human intuition is ﬁz >~ ﬁs >~ ﬁl. F~€2 is considered as the greatest type — |
fuzzy numbers among the three because it has the largest value of centroid point and

height, followed by §3 and then R,. In Table 8.9, ranking method by Kumar et al. (2010)

treats this case study as equal ranking, Ifil ~ ﬁz =~ ﬁs, such that the result is 0% consistent

with human intuition as this ranking method considers all type — | under consideration
as the same area. Other established ranking methods considered in this study except
Dat et al. (2012), produce no ranking result for this case study. On contrary, Dat et al.
(2012) and the CPS; ranking method obtain correct ranking order for this case study such
that the result is 100% consistent with human intuition. This result implies that the CPS,
ranking method is applicable to deal with any case studies involving type — | fuzzy

numbers.

In terms of efficiency, Zhang et al. (2014) ranking method is classified as very
inefficient ranking method in this evaluation because this method is a pairwise ranking
method and needs additional operation to rank correctly type — | fuzzy numbers in this case
study. On the other hand, Dat et al. (2012) ranking method is graded as a slightly inefficient
ranking method because it is a pairwise ranking method but does not need additional
operation to rank correctly type — | fuzzy numbers of this case study. On the other hand,
Cheng (1998) and Yu et al. (2013) ranking methods are considered as slightly efficient
ranking methods as both rank type — | fuzzy numbers of this case study
simultaneously but incorporate additional operation in obtaining the final ranking
order. The CPS; ranking method in this case, is classified as a very efficient ranking
method as this method ranks correctly all type — | fuzzy numbers considered in this

case study using simultaneous ranking without incorporate any additional operation.
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8.5.2 CASE STUDY 2

This subsection illustrates the consistency and efficiency of the CPSy
ranking method and established ranking methods considered in this study in words
classification case study by Wu & Mendel (2009). The following Table 8.10 signifies the
consistency and efficiency evaluation of the CPSy; ranking method and established ranking
methods considered in this study.

Table 8.10: Consistency and Efficiency Evaluation

Type — Il Fuzzy Numbers

Method

AN KB N A A N A
[1] Mitchell (2006) 0.066 0.067 0.068 0.069 0.071 0.072 0.073 0.074
[2] Wu & Mendel (2009) 0470 0560 0.630 0.640 0.660 0.670 1.750  2.130
[3] Il — Kumar et al. (2010) 0331 0363 0394 0425 0456 0488 0519 0.550

0.000/ 0.066/ 0.067/ 0.068/ 0.069/ 0.071/ 0.072/ 0.073/

[4] 1! - Dat et al. (2012) 0066 0067 0068 0069 0071 0072 0073 0074

[5] I —Yuetal. (2013) for « =0 1.000 1000 1.000 1.000 1.000 1.000 1.000 1.000
[6] Il - Yu etal. (2013) for o =0.5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
[711—Yuetal. (2013) for =1 1.000 1000 1.000 1.000 1.000 1.000 1.000 1.000
[8] Il — Zhang et al. (2013) for ¢ =0 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

[9] Il — Zhang et al. (2013) for ¢ =0.5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

[10] I — Zhang et al. (2013) for o =1 1.000 1000 1.000 1.000 1.000 1.000 1.000 1.000

[11] cPs,, —direct 0.089 0.117 0119 0125 0.129 0.134 0.141 0.147

[12] cpPs,, — indirect 0.089 0.117 0119 0.125 0.129 0.134 0.141 0.147

Table 8.10: Consistency and Efficiency Evaluation (continue)

Type — Il Fuzzy Numbers

Method =, Ao Ai Az As Az As As Ar As Ab
[1] 0.075 0.076 0.077 0.078 0.079 0.080 0.081 0.082 0.083 0.084 0.085
[2] 2.190 2.320 2.590 3.900 4.560 4.950 5.130 5.190 5.410 6.500 7.160
[3] 0.581 0.613 0.644 0.675 0.706 0.738 0.769 0.800 0.831 0.863 0.894
[4] 0.074/ 0.075/ 0.076/ 0.077/ 0.078/ 0.079/ 0.080/ 0.081/ 0.082/ 0.083/ 0.084/

0.075 0.076 0.077 0.078 0.079 0.080 0.081 0.082 0.083 0.084 0.085
[5] 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
[6] 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
[7] 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
[8] 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
[9] 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

[10] 1.000 1.000 1000 1000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

[11] 0.153 0.155 0162 0466 0174 0.181 0190 0.195 0.205 0.216  0.222

[12] 0.153 0.155 0.162 0466 0174 0181 0190 0195 0205 0.216  0.222
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Table 8.10: Consistency and Efficiency Evaluation (continue)

Type — Il Fuzzy Numbers

M th d ’ ’ r ’ ’ r ’ ’ r ’ ’
etho Ao Aoy YY) Ag3 Aoy Aos Aog Ax7 Aog Aog Agp
[1] 0.086 0.087 0.088 0.089 0.090 0.091 0.092 0.094 0.095 0.096 0.097
[2] 7.160 7.250 7.900 7.910 8.010 8.030 8.120 9.300 9.310 9.340 9.370
[3] 0.925 0.956 0.961 0.964 0.968 0.969 0.972 0.978 0.981 0.982 0.985
[4] 0.085/ 0.086/ 0.087/ 0.088/ 0.089/ 0.090/ 0.091/ 0.092/ 0.094/ 0.095/ 0.096/

0.086 0.087 0.088 0.089 0.090 0.091 0.092 0.094 0.095 0.096 0.097
[5] 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
[6] 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
[7] 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
[8] 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
[9] 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
[10] 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
[11] 0.230 0.235 0.246 0.255 0.261 0.272 0.281 0.289 0.296 0.301 0.310
[12] 0.230 0.235 0.246 0.255 0.261 0.272 0.281 0.289 0.296 0.301 0.310

Table 8.10: Consistency and Efficiency Evaluation (continue)
Type — 1l Fuzzy
Method Numbers Ranking Result
Axq Aoy

1 0098  0.099  Agp = Agy > Agg = Agg = Agg = Aoy = Agg = Agg = Agy = Agg = Agy = Ay = Ay
2] 9.380  9.690  Agy > Ay - Agy = Agg - Adg = Agy - Adg - A - Ads - Agg - Agy - Ay - Ay
[3] 0.989 00901  Agy, = Agp = Agp > Ajg > Ajg > Ayy = Agg = Ags = Agy = Agg > Ay = Ay - Ay

0097/ 0098/ r ! ! ’ r ’ ! ’ ’ ! r ’ ’
[4] 0098 0099 Agy = Agp = Agg = Agg = Agg = Aoy = Agg = Ags = Agy = Aoz = Agy = Ay - Ay
[5] 1.000  1.000 Ay - Agy - Agp - Adg > Agg - Ay = Agg = Ads > Agy = Ads = Ay - Ajy - Ay
[6] 1.000  1.000  Ag - Agy > Agg - Adg > Agg - Ay - Agg = Ads > Agy = Ads = Ay - Ayy - Ay
[7] 1.000  1.000 Al > Ag = Agg > Adg - Agg - Ay = A = Ags - Ay = Agg = Ay - Ay - Ay
[8] 1.000  1.000 Ay - Agy - Agg - Adg > Ajg - Ay = Agg = Ads > Agy = Ads - Ay - Ay - Ay
[9] 1.000  1.000 Al > A= Agg > Adg - Ajg - Ay = A = Ags = Ay = Agg = Ay = Ay - Ay
[10] 1.000  1.000  Agy - Agy - Agg = Agg = Agg - Agy = Ags = Ags = Aoy - Agg = Agp = Agy - Ay
[11] 0.321  0.333  Agy > Ay - Agp = Agg = Adg = Ay = Adg = Ags = Ads = Agg = Agy = Ay = Ay
[12] 0.321  0.333 Ay = Agp = Agp > Ajg > Ajg > Ayy = Ajg = Ags = Agy = Agg > Ay = Ay - Ay

Table 8.10: Consistency and Efficiency Evaluation (continue)

Method Ranking Result
[1] = Ao A= A7 = A= As = Ay = A= A=A = A= AL = A = Ay - Ag = Ar = Ag
[2] = A = Ag Az = A= Als = Al = Alg = Al = Al = Ag = Al = Alg = Ag = Ag = A = Ag
[3] Ao A= A7 A= As = Ay = A= A=A = Ao = AL = Ag = Ay - Ag = Ar = Ag
[4] = A = Ag Az = Ag = Als = Al = Alg = Al = Al = Ag = Al = Alg = Ag = Ag = A = Ag
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(5]

= Ao A= A7 A= As = Ay = As = A=A = A = Al = Ag = Ay - Ag = Ar = Ag

(6]

= A = A Ay = A= Als = Al = Als = Al = Al = Ag = Al = Alg = Ag = Ag = Ay = Ag

[7]

= A - A Az = A= Als = Al = Alg = Al = Al = Ag = Al = Alg = Ag = Ag = A = Ag

(8]

Ao Ag = A7 A= As = Ay = A= A=A = A=Al = Ag = Ay - Ag = Ar = Ag

[9]

= A A Al = A= Als = Al = Alg = Al = Al = Ag = Al = Alg = Ag = Ag = Ay = Ag

[10]

Ao Ag A7 A= As = Ay = A= A=A = A=Al = A = Ay - Ag = Ar = Ag

[11]

= A - A Al = A= Als = Al = Als = Al = Al = Ag = Al = Alg = Ag = Ag = Ay = Ag

[12]

= A = Alg = Az = Alg = Als = Ay = Alg = Al = Al = Alg = Al = Alp = Ag = Ag = Ay = Ag

Table 8.10: Consistency and Efficiency Evaluation (continue)

Method Ranking Result Level of Consisteniczyy élluatloEevel of Efficiency
[1] AL AL - A=A - A 100% Slightly Efficient
[2] AL AL - A=A - A 100% Slightly Efficient
[3] AL A= A=A - A 100% Slightly Efficient
[4] AL AL - A=A - A 100% Slightly Inefficient
[5] =AL=Ap = A=A - A 100% Slightly Efficient
[6] AL AL - A=A - A 100% Slightly Efficient
[7 AL AL = A=A - A 100% Slightly Efficient
[8] AL A = A=A - A 100% Very Inefficient
[9] AL - A=A - AL - A 100% Very Inefficient
[10] =AL=AL = A=A - A 100% Very Inefficient
[11] AL - A=A - AL - A 100% Very Efficient
[12] AL = A= A=A - A 100% Very Efficient

In this case study, the correct ranking order such that the ranking result is

100% consistent with human intuition is A, > Ay > Ay = Ay = Apg = A, = Ay = A >

Aoy = Py = Py = Ay = Ay = Alg = A = A = Alg = Ag = A - A - AL - AL - A - A
AL -A-A A=A =A-A -A -A-A =A . In Table 8.10, all established

ranking methods including the CPS,; ranking method for direct and indirect approaches,

rank correctly interval type — Il fuzzy numbers of this case study such that the result is

100% consistent with human intuition. This is because all interval type — Il fuzzy

numbers considered in this is case study are trivial and easy to rank. The result implies

that the CPS ranking method for both direct and indirect approaches are applicable

to deal with any case studies involving interval type — Il fuzzy numbers.
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In terms of efficiency, Il — Zhang et al. (2014) ranking method is classified as
very inefficient ranking method in this evaluation because this method is a pairwise
ranking method and needs additional operation to rank correctly interval type — Il fuzzy
numbers in this case study. On the other hand, Il — Dat et al. (2012) ranking method is
graded as a slightly inefficient ranking method because it is a pairwise ranking method
but does not need additional operation to rank correctly interval type — 1l fuzzy numbers
of this case study. On the other hand, Mitchel (2006), Wu & Mendel (2009), Il — Cheng
(1998) and Il — Yu et al. (2013) ranking methods are considered as slightly efficient
ranking methods as both rank interval type — Il fuzzy numbers of this case study
simultaneous y but incorporate additional operation in obtaining the final ranking order.
The CPS; ranking method for both direct and indirect approaches are in this case
classified as a very efficient ranking method as this method ranks correctly all interval
type — Il fuzzy numbers considered in this case study using simultaneous ranking

without incorporate any additional operation.
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8.5.3 CASE STUDY 3

This subsection illustrates the consistency and efficiency of the CPS; ranking
method and established ranking methods considered in this study in vehicle selection case
study by Kang et al. (2012a). The following Table 8.11 signifies the consistency and
efficiency evaluation of the CPS; ranking method and established ranking methods

considered in this study.

Table 8.11: Consistency and Efficiency Evaluation

Type — | Fuzzy Numbers Evaluation
Method 7~ 7 - 7 - Ranking Results Level of Level of
A A A Consistency Efficiency
Z - Cheng (1998) 0680 0746 0726 Zz ~Zz ~Zg 100% Sranty
Z — Kumar et al. (2010) 0300 0700 0500 Zj ~Zj ~Zj 100% Stanty
2 ouna o T T T 777, oo S
Z - Yuetal. (2013) for ¢ =0 0300 0700 0500 Zz ~Zz >~Zg 100% Es#?cr:g;’t
Z - Yuetal. (2013) for z =05 0300 0700 0500 Zj ~Zj ~Zj 100% S#?Cr:gg’t
Z - Yuetal. (2013) for ¢ =1 0500 0969 0720 Zz »Zz ~Zg 100% Shontly
Z - Zhang et al. (2013) for ¢ =0 1000 1.000 1000 Zj -Z; -Zj 100% Ine\f/f??i’em
Z - Zhangetal. 2013) for ¢ =05  1.000 1000 1000 Zz ~Zz -Zj 100% Ine\f/f??i’em
Z - Zhang et al. (2013) for ¢ =1 1000 1.000 1000 Zj ~Zz ~Zz 100% Ine\f/f?g’em
CPS, 0113 0118 0117 23 ~Zx ~Z3 100% Very Efficient

In this case study, the correct ranking order such that the ranking result is 100%

consistent with human intuition is ZAQ - Z/xs >ZA' ZZ\Z is considered as the greatest Z —

numbers among the three because it has the largest accumulated value of centroid point

and spread, followed by Z; and then Z;- In Table 8.11, all established ranking methods

including the CPSz ranking method rank correctly Z — numbers of this case study such
that the result is 100% consistent with human intuition. This is because all Z — numbers
considered in this case study are trivial and easy to rank. The result implies that the

CPSz ranking method is applicable to deal with any case studies involving Z — numbers.
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In terms of efficiency, Z — Zhang et al. (2014) ranking method is classified as
very inefficient ranking method in this evaluation because this method is a pairwise
ranking method and needs additional operation to rank correctly Z — numbers in this case
study. On the other hand, Z — Dat et al. (2012) ranking method is graded as a slightly
inefficient ranking method because it is a pairwise ranking method but does not need
additional operation to rank correctly Z — numbers of this case study. On the other hand, Z
— Cheng (1998) and Z — Yu et al. (2013) ranking methods are considered as slightly
efficient ranking methods as both rank Z — numbers of this case study simultaneously but
incorporate additional operation in obtaining the final ranking order. The CPS; ranking
method in this case, is classified as a very efficient ranking method as this method ranks
correctly all Z — numbers considered in this case study using simultaneous ranking without

incorporate any additional operation.

8.6 SUMMARY

In this chapter, the applicability of the CPS,, CPS, and CPS, ranking
methods in solving respective case studies in the literature of fuzzy sets are illustrated.
The CPS,; is applied to a risk analysis problem, the CPS,, on word classification and the
CPS, on the vehicle selection problem. All of them are compared in term of their
consistency and efficiency with other ranking methods considered in this study. In Chapter

9, the thesis discusses the conclusion part of this study.
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CHAPTER NINE

CONCLUSIONS

9.1 INTRODUCTION

This chapter illustrates the contributions of this study, the concluding remarks
and recommendations for future works. It discusses a summary of all the works
contributed to knowledge in every chapter of the thesis and suggests some significant
recommendations towards improving the knowledge of fuzzy sets. Therefore, with no
loss of generality of all chapters in the thesis, details on those aforementioned points are

intensively discussed in sections and subsections of this chapter.

9.2 CONTRIBUTIONS

As far as this study is concerned, there are three main contributions to
knowledge which are underlined in the thesis, namely, contribution to knowledge on
literature review, contribution to knowledge on methodology and contribution to
knowledge on case studies. These contributions which are underpinned by publication [1]
to [4], indicate the strength and novelty of the study in improving and enhance the theory
of fuzzy sets. Thus, in this respect, the contributions are highlighted as follows.

9.2.1 Literature Review

The main contribution of this study towards literature of fuzzy sets is the
development of a novel ranking methodology for fuzzy numbers based on centroid point
and spread, CPS. In developing the CPS ranking methodology, a novel direction of
computing the spread of fuzzy numbers is proposed where it is calculated based on the
distance from the centroid point. This kind of spread method is suggested in this study
because it enhances the capability of the centroid point in ranking fuzzy numbers as
highlighted in Chapter 4 of the thesis. Several theoretical properties of the novel spread
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method are introduced in this study to strengthen the capability of the method on ranking
fuzzy numbers appropriately. Then, the novel ranking methodology is developed using
both the novel spread method and an established centroid point approach. Along with this
contribution, this study suggets the efficiency evaluation as the validation technique of a

ranking fuzzy numbers method together with the established consistency evaluation.

9.2.3 Methodology

As mentioned in Chapter 2, there are three kinds of fuzzy numbers found in the
literature of fuzzy sets, they are type — | fuzzy numbers, type — Il fuzzy numbers and Z —
fuzzy numbers. It is worth reminding here again that the CPS ranking methodology which
consists of the CPS,, CPSy;, and CPSz ranking methods are developed to ranking type — |

fuzzy numbers, type — Il fuzzy numbers and Z — fuzzy numbers respectively.

In Chapter 5, the CPS, ranking method is applied to ranking type — | fuzzy
numbers. In the analysis, the CPS; ranking method contributes significant benchmarking
examples of type — | fuzzy numbers where it extends cases of type — | fuzzy numbers in
the literature of fuzzy sets. The extension covers benchmarking examples with three type
— | fuzzy numbers in each case where previous researches on ranking type — | fuzzy
numbers consider only two type — | fuzzy numbers. Later in Chapter 6, an extension of the
CPS ranking methodology on ranking the interval type — Il fuzzy numbers, CPSy is
developed for the first time. As far as researches on ranking interval type — Il fuzzy
numbers are concerned, the CPS; ranking method is the third direct ranking method
introduced in the literature of fuzzy sets. This is because most ranking methods introduced
for interval type — Il fuzzy numbers required reduction approach, in other word they utilise
the indirect way to ranking interval type — Il fuzzy numbers. Main contribution
demonstrates by this study on interval type — Il fuzzy numbers is the applicability of the
CPSi ranking method to ranking interval type — Il fuzzy numbers using both ways, direct
and indirect. A useful extension of interval type — Il fuzzy numbers into standardised

generalised interval type — Il fuzzy numbers is also introduced in this study as the
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extension provides generic representations of interval type — Il fuzzy numbers. Another
extension of the CPS ranking methodology is developed for the first time in this study and
the literature of fuzzy sets is the development of the method for ranking Z — fuzzy
numbers, CPSz. This development is considered as new because the concept of Z — fuzzy
numbers is relatively new in fuzzy sets which indicate that theoretical aspects with
respects to this concept are not yet established. Therefore, the development of the CPS;
ranking method is a new in fuzzy sets, hence all details on its development, theoretical and
empirical frameworks are regarded as other major contributions of this study to

knowledge of fuzzy numbers.

9.2.3 Case Studies

Contributions cover under this subsection is described in detailed by Chapter 8
of the thesis. In Chapter 8, the ranking methodology for fuzzy numbers based on centroid
point and spread, CPS is applied to three different case studies namely risk analysis,
footprint of uncertainty and vehicle selection under uncertain environment. It has to be
noted here that, all of these case studies are considered as type — | fuzzy numbers, type — 1l
fuzzy numbers and Z — numbers are used in the investigations. Type — | fuzzy numbers is
used on case study involving fuzzy risk analysis, while type — Il fuzzy numbers and Z —
numbers are utilised in case studies concerning the footprint of uncertainty and vehicle
selection under uncertain environment respectively. Consideration of these case studies in
this thesis reflects the capability of the CPS ranking methodology to not only ranking
fuzzy numbers correctly such that the ranking results are consistent with human intuition
but also solving any related case studies involving type — | fuzzy numbers, type — Il fuzzy

numbers and Z — numbers effectively.

Overall, contributions to knowledge by this study are described in detailed by
this section. It has to be noted here that some contributions are prepared for knowledge
enhancement while some are done for decision making purposes. In the following section,

the concluding remarks of this study are provided.

178



9.3 CONCLUDING REMARKS

This section covers the concluding remarks of this study. There are three main
concluding remarks which are exhibited in this study namely the concluding remark on the
literature review, concluding remark on the methodology and concluding remark on the
case studies. These concluding remarks summarised all works done in chapters provided
in the thesis. In this respect, all of these concluding remarks are classified and discussed as

follows.

9.3.1 Literature Review

This concluding remark covers with descriptions of established works on
ranking fuzzy numbers. In the literature review chapter, gaps of established ranking
methods are identified where these are the major concern of this study. Among the gaps
mentioned in the literature review chapter are the incapability to ranking the embedded,
overlapping and non — overlapping cases of fuzzy numbers with correct ranking order
such that the ranking results are consistent with human intuition. These aforementioned
gaps by established ranking methods are analysed and solve by the first objective of this
study. This indicates that the first objective of this study is successfully accomplished
where it caters off all limitations of the established works on ranking fuzzy numbers by

developing a ranking methodology for ranking fuzzy numbers.

9.3.2 Methodology

This concluding remark covers description on the development of the ranking
methodology for fuzzy numbers based on centroid point and spread. In Chapter 4, a
methodology for ranking fuzzy numbers is developed where it consists of ranking method
for type — | fuzzy numbers, ranking method for interval type — Il fuzzy numbers and
ranking for Z — fuzzy numbers. Along with this methodology development, theoretical and
empirical validations are outlined in this study in Chapter 5, 6 and 7. The theoretical

validation considers relevant established and new properties for ranking fuzzy numbers
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purposes while the empirical validation takes into account two ranking viewpoints namely
the consistency and efficiency evaluations. Based on these descriptions, the second and
third objectives of this study are achieved. Furthermore, the ranking methodology

developed outperforms other established ranking methods consider in this study.

9.3.3 Case Studies

This concluding remark covers description on the case studies of the thesis. In
Chapter 8, three case studies namely fuzzy risk analysis, footprint of uncertainty and
vehicle selection under uncertain environment are considered and evaluated using the
ranking methodology developed in this study. All of these case studies are considered in
this study because type — I fuzzy numbers are used in fuzzy risk analysis case study while,
type — Il fuzzy numbers Z — numbers are utilised in footprint of uncertainty and vehicle
selection under uncertain environment case studies respectively. The ranking methodology
developed in this study produces consistent and efficient ranking results for each case

study examined. This implies that the last objective of this study is also accomplished.

Overall, the concluding remarks of this study are described in detailed by this
section where this reflects by the successfulness in accomplishing all objectives set up by
this study. In the following section, recommendations for future work by this study are

provided.

9.4 LIMITATIONS

This section discusses limitations of this study where they are figured out

from the proposed ranking methodology. The limitations are as follows.

Firstly, the new ranking methodology for fuzzy numbers based on centroid
point and spread is not applicable to ranking non — linear fuzzy numbers. This is due to the
fact that the ranking methodology considers only linear fuzzy numbers as they are easy to
deal with as compared to non — linear fuzzy numbers. Moreover, majority of established

ranking methods consider only linear type of fuzzy numbers in their analysis. Thus,
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consideration of the non — linear fuzzy numbers cases are neglected in this case.

Secondly, with respect to ranking of Z — numbers, this study suggests that Z —
number is to first reduce into type — | fuzzy numbers and is then ranked accordingly.

This indicates that the ranking methodology incapable to rank Z — numbers simultaneously.

Overall, limitations of this study are described in detailed in this section. It
has to be noted here that all limitations mentioned indicate that this research needs

further enhancement.

9.5 RECOMMENDATION FOR FUTURE WORK

This section discusses the recommendation of this study for future research
work purposes. There are three kinds of recommendations are mentioned here namely
recommendation on the literature review, recommendation on fuzzy numbers and
recommendation on the case studies. These recommendations focus on improvising the
theoretical and empirical qualities in the theory of fuzzy sets. In this respect,

recommendations for future work of this study are pointed out as follows.

95.1 Literature Review

In this study, a new ranking methodology for fuzzy numbers is developed
based on centroid point and spread methods. Although, the ranking methodology gives
good theoretical and empirical results, it is recommended for future work that other
methods that are capable to effectively capture human intuition are thoroughly explored.
This recommendation is purposely suggested by this study because when more detailed
investigations on fuzzy numbers are made, more complex cases of fuzzy numbers are
figured out, thus indicates that a more commanding ranking methodology is required in
this case. Therefore, exploring for suitable methods in the literature of fuzzy sets for
ranking fuzzy numbers is necessary as this is crucial for decision making purposes.
Another recommendation by this study is on the utilisation of other types of fuzzy
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numbers apart from linear. As far as researches on ranking fuzzy numbers are concerned,
majority of ranking methods use linear type of fuzzy numbers in their analysis. Thus,
consideration of the non — linear fuzzy numbers in the future works suggests the
representation of fuzzy numbers is more generic and practical as not all cases are well

represented by linear type of fuzzy numbers.

9.5.2 Methodology

The chronological evidences suggest that Z — fuzzy numbers are not yet
established in the literature of fuzzy sets as compared to type — | fuzzy numbers
and interval type — Il fuzzy numbers, this study recommends both theoretical and
empirical frameworks of Z - fuzzy numbers is extensively explored. This is
because Z — fuzzy numbers is more practical than type — | fuzzy numbers and interval
type — Il fuzzy numbers in terms of representation, thus finding suitable ways to deal
with Z — fuzzy numbers is necessary. With respect to ranking methodology, the only
way to ranking Z — fuzzy numbers is to reduce them first into type — | fuzzy numbers
and then rank them accordingly. This implies that Z — fuzzy numbers are not effectively
dealt as this affects the representation of Z — fuzzy numbers. Therefore, this study
recommends for future work that methods that are capable to simultaneously rank Z —

fuzzy numbers is developed and solve numerous decision making problems.

Overall, recommendations for future work by this study are described in
detailed by this section. It has to be noted here that all recommendations provided

are prepared for knowledge enhancement and decision making purposes.

9.6 SUMMARY

In this chapter, contributions, the concluding remarks, limitations and
recommendation for future works by this study are highlighted. Thus, the thesis ends its
discussion by citing all references used throughout the thesis which are provided next
after this chapter.
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