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Abstract

A function f : R — R is a Sparse Additive Model (SPAM), if it is of the form f(x) = Y ies i(wr) where S C [d],
|S| < d. Assuming ¢’s, S to be unknown, there exists extensive work for estimating f from its samples. In this work, we
consider a generalized version of SPAMs, that also allows for the presence of a sparse number of second order interaction terms.
For some 81 C [d],S2 C ([;]), with |S1| < d, |S2| < d?, the function f is now assumed to be of the form: > pes, Po(Tp) +
Z(l,l/) es, 1) (z1,xp). Assuming we have the freedom to query f anywhere in its domain, we derive efficient algorithms
that provably recover S1, S2 with finite sample bounds. Our analysis covers the noiseless setting where exact samples of f are
obtained, and also extends to the noisy setting where the queries are corrupted with noise. For the noisy setting in particular, we
consider two noise models namely: i.i.d Gaussian noise and arbitrary but bounded noise. Our main methods for identification of
S, essentially rely on estimation of sparse Hessian matrices, for which we provide two novel compressed sensing based schemes.
Once S1, Sz are known, we show how the individual components ¢, ¢(;,;/y can be estimated via additional queries of f, with
uniform error bounds. Lastly, we provide simulation results on synthetic data that validate our theoretical findings.

1 Introduction

Many scientific problems involve estimating an unknown function f, defined over a compact subset of R%, with d large. Such
problems arise for instance, in modeling complex physical processes [35, 32 [56]]. Information about f is typically available in
the form of point values (x;, f(x;))"_,, which are then used for learning f. It is well known that the problem suffers from the
curse of dimensionality, if only smoothness assumptions are placed on f. For example, if f is C'®* smooth (s times continuously
differentiable), then for uniformly approximating f within error & € (0, 1), one needs n = Q(5~%/*) samples [49].

A popular line of work in recent times, considers the setting where f possesses an intrinsic low dimensional structure,
i.e., depends on only a small subset of d variables. There exist algorithms for estimating such f — tailored to the underlying
structural assumption — along with attractive theoretical guarantees, that do not suffer from the curse of dimensionality (cf.,
[16, 10 [51) [19]]). One such assumption leads to the class of sparse additive models (SPAMs) wherein f = > les ¢, for some
unknown S C {1,...,d} with |S| = k < d. There exist several algorithms for learning these models (cf. [44][33] 23] 43| [52])).
Here we focus on a generalized SPAM model, where f can also contain a small number of second order interaction terms, i.e.,

f(xtha e 7.’Ed) = Z ¢p(xp) +( Z ¢(l,l’)(xl7xl'); 81 - [d]782 - <[;l]>a (11)

PESL LI)ES:

with |S;| < d, |S2| < d?. Here, b,y (@, 1) Z gi(xy) 4 by (zy) for some univariates g;, by meaning that &8—;/@171/) Z0. As
opposed to SPAMs, the problem is significantly harder now — allowing interactions leads to an additional d(d — '1) /2 unknowns
out of which of only a few terms (i.e., those in Sz) are relevant. In the sequel, we will denote S to be the support of f consisting
of variables that are part of S; or So, and £ to be the size of S. Moreover, we will denote p,,, to be the maximum number of
occurences of a variable in Sz — this parameter captures the underlying complexity of the interactions.

There exist relatively few results for learning models of the form (T:1]), with the existing work being mostly in the regression
Sframework in statistics (cf., [31] 42| 47]). Here, (z;, f(x;))!_, are typically samples from an unknown probability measure P,
with the samples moreover assumed to be corrupted with (i.i.d) stochastic noise. In this paper, we consider the approximation

* A preliminary version of this paper will appear in the proceedings of the 19%” International Conference on Artificial Intelligence and Statistics (AISTATS)
2016 [S3]. The present draft is an expanded version containing additional results.
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theoretic setting where we have the freedom to query f at any desired set of points (cf. [16[19,[52]). We propose a strategy for
querying f, along with an efficient recovery algorithm, which leads to much stronger guarantees than known in the regression
setting. In particular, we provide the first finite sample bounds for exactly recovering S; and So. This is shown for (i) the
noiseless setting where exact samples are observed, as well as (ii) the noisy setting, where the samples are corrupted with noise
(either i.i.d Gaussian or arbitrary but bounded noise models).

Once S1, So are identified, we show in Section E] how the individual components: ¢, ¢(; ;) of the model can be estimated,
with uniform error bounds. This is shown for both the noiseless and noisy query settings. It is accomplished by additionally
sampling f along the identified one/two dimensional subspaces corresponding to 51, S, respectively, and by employing standard
estimators from approximation theory and statistics.

1.1 Our contributions
We make the following contributions for learning models of the form (T.I).

1. Firstly, we provide an efficient algorithm, namely Algorithm [3| which provably recovers Sy, S, exactly with high proba-
bilit (w.h.p), with O(kp,, (log d)?) noiseless queries. When the point queries are corrupted with (i.i.d) Gaussian noise,
we show that Algorithm [3|identifies S, S2 w.h.p, with O(p3,k?(log d)*) noisy queries of f. We also analyze the setting
of arbitrary but bounded noise, and derive sufficient conditions on the noise magnitude that enable recovery of Sy, Ss.

2. Secondly, we provide another efficient algorithm namely Algorithm[d which provably recovers Sy, S, exactly w.h.p, with
(i) O(kpm(log d)?) noiseless queries and, (ii) O(p2, k°(log d)3) noisy queries (i.i.d Gaussian noise). We also analyze the
setting of arbitrary but bounded noise.

3. We provide an algorithm tailored to the special case where the underlying interaction graph corresponding to Sz is known
to be a perfect matching, i.e., each variable interacts with at most one variable (so p,,, = 1). We show that the algorithm
identifies S;, So w.h.p, with (i) O(k(log d)?) noiseless queries and, (ii) O(k?(log d)?) noisy queries (i.i.d Gaussian noise).
We also analyze the setting of arbitrary but bounded noise.

4. An important part of Algorithms are two novel compressive sensing based methods, for estimating sparse, d x d
Hessian matrices. These might be of independent interest.

We also provide simulation results on synthetic data, that validate our theoretical findings concerning the identification of Sy, Ss.

1.2 Related work

We now provide a brief overview of related work, followed by an outline of our main contributions and an overview of the
methods. A more detailed comparison with related work is provided in Section [§]

Learning SPAMs. This model was introduced in the nonparametric regression setting by Lin et al. [31] who proposed the
COSSO (Component selection and smoothing) method — an extension of the lasso to the reproducing kernel Hilbert space
(RKHS) setting. It essentially performs least squares minimization with a sparsity inducing penalty term involving the sum
of norms of the function components. In fact, this method is designed to handle the more general smoothing spline analysis
of variance (SS-ANOVA) model [54] [21]]. It has since been studied extensively in the regression framework with a multitude
of results involving: estimation of f (cf.,[25] [33] |44} [43] 26| 23]]) and/or variable selection, i.e., identifying the support S (cf.,
(23] 144 155])).

A common theme behind (nearly all of) these approaches is to first (approximately) represent each ¢;; 1 < j < d,in a
suitable basis of finite size. This is done for example via: B-splines (cf. [23][33]]), finite combination of kernel functions (cf.
[43 126]]) etc. Thereafter, the problem reduces to a finite dimensional one, that involves finding the values of the coefficients in
the corresponding basis representation. This is accomplished by performing least squares minimization subject to sparsity and
smoothness inducing penalty terms — the optimization problem is convex on account of the choice of the penalty terms, and hence
can be solved efficiently.

With regards to the problem of estimating f, Koltchinskii et al. [26], Raskutti et al. [43] proposed a convex program for
estimating f in the RKHS setting along with estimation error rates. These error rates were shown to be minimax optimal by
Raskutti et al. [43]]. There also exist results for the variable selection problem, i.e., for estimating the support S. In contrast to
the setting of sparse linear models, for which non-asymptotic sample complexity bounds are known [57, 56], the corresponding
results in the nonparametric setting are usually asymptotic, i.e., derived in the limit of large n. This property is referred to as
sparsistency in the statistics literature; an estimator is called sparsistent if S = S with probability approaching one as n — oo.
Variable selection results for SPAMs in the nonparametric regression setting can be found for instance in [44, 23| 55]. Recently,
Tyagi et al. [52] considered this problem in the approximation theoretic setting; they proposed a method that identifies S w.h.p
with sample complexities O (k log d), O(k?(log d)?) in the absence/presence of Gaussian noise, respectively.

While there exists a significant amount of work in the literature for SPAMs, the aforementioned methods are designed for
specifically learning SPAMs, and cannot handle generalized SPAMs of the form containing interaction terms.

'With probability 1 — O(d~¢) for some constant ¢ > 0.



Learning generalized SPAMs. There exist fewer results for generalized SPAMs of the form (I.I)), in the regression setting.
The COSSO algorithm [31] can handle (I.I), however its convergence rates are shown only for the case of no interactions.
Radchenko et al. [42] proposed the VANISH algorithm — a least squares method with sparsity constraints and show that their
method is sparsistent. Storlie et al. [47]] proposed ACOSSO — an adaptive version of the COSSO algorithm — which can also
handle (T.I). They derived convergence rates and sparsistency results for their method, albeit for the case of no interactions.
Recently, Dalalayan et al. [14], Yang et al. [59] studied a generalization of (I.T) that allows for the presence of a sparse number
of m-wise interaction terms for some additional sparsity parameter m. While they derive non-asymptotic Lo error rates for
estimating f in such generic setting, they do not guarantee unique identification of the interaction terms for any value of m.

A special case of — where ¢,’s are linear and each ¢ ;) is of the form z;x;, — has been studied considerably. Within
this setting, there exist algorithms that recover S, Sz, along with convergence rates for estimating f, but only in the limit of large
n [9L 42, 3]]. Nazer et al. [37] generalized this to the setting of sparse multilinear systems — albeit in the noiseless setting — and
derived non-asymptotic sampling bounds for identifying the interaction terms. However finite sample bounds for the non-linear
model (T.T) are not known in general.

Other low-dimensional function models. There exist results for other, more general classes of intrinsically low dimensional
functions, that we now mention starting with the approximation theoretic setting. Devore et al. [16] consider functions depending
on an unknown subset S of the variables with |S| = k < d. The functions do not necessarily possess an additive structure, so
the function class is more general than (T.T). They provide algorithms that recover S exactly w.h.p, with O(c*k log d) noiseless
queries of f, for some constant ¢ > 0. Schnass et al. [45] derived a simpler algorithm for this problem in the noiseless setting.
This function class was also studied by Comminges et al. [13}|12] in the nonparametric regression setting wherein they analyzed
an estimator that identifies S w.h.p, with O(c¥klogd) samples of f. Fornasier et al. [19], Tyagi et al. [51I] considered a
generalization of the above function class where f is now of the form f(x) = g(Ax), for unknown A € R¥*?, They derived
algorithms that approximately recover the row-span of A, with sample complexities typically polynomial in &, d.

While the above methods could possibly recover the underlying support S for the SPAM model (T.1)), their sample complexi-
ties are either exponential in % [[16,[13,[12] or polynomial in d [19L 51]]. As explained in Section|8] the algorithm of Schnass et al.
[45] would recover S w.h.p, with O(p? k(log d)?) noiseless queries, with potentially large constants (depending on smoothness
of f) within the O(-) term. Moreover, we note that the aforementioned methods are not designed for identifying interactions
among the variables.

1.3 Overview of methods used

We now describe the main underlying ideas behind the algorithms described in this paper, for identifying S1, S2. On a top level,
our methods are based on two simple observations for the model (T.1)), namely that for any x € R%:

e The gradient V f(x) € R%is k sparse.

e The Hessian V2 f(x) € R?*? is at most k(p,,, + 1) sparse. In particular, it has k non zero rows, with each such row having
at most p,,, + 1 non zero entries.

For the special case of no overlap, i.e., p,, = 1, we proceed in two phases. In the first phase — outlined as Algorithm [ —
we identify all variables in S by estimating V f(x) via ¢; minimizationﬂ for each x lying within a carefully constructed finite
set Y € R?. The set  in particular is constructe so that it provides a uniform discretization of all possible two dimensional
canonical subspaces in R¢. In the second phase — outlined as Algorithm— we identify the sets S1, Sy via a simple (deterministic)
binary search based procedure, over the rows of the corresponding k X k sub-matrix of the Hessian of f.

For the general case however where p,, > 1, the above scheme does not guarantee identification of S; see discussion at
beginning of Section Therefore now, we consider a different “two phase” approach where in the first phase, we query f
with the goal of identifying the set of interactions S,. This in fact entails estimating the sparse Hessian V2 f(x), at each x lying
within . We propose two different methods for estimating V2 f(x), utilizing tools from compressive sensing (CS).

e The first method is a part of Algorithmwhere we estimate each row of V2 f(x) separately, via a “difference of gradients”
approach. This is motivated by the following identity, based on the Taylor expansion of V f at x, for suitable v/ € R,
p1 > 0:

Vix+mv') - Vfx)
H1
We can see from (I.2)), that a difference of gradient vectors corresponds to obtaining a perturbed linear measurement of
each p,, + 1 sparse row of V2 f(x). CS theory tells us that by collecting O(p,, log d) such “gradient differences” — each
difference term corresponding to a random choice of v/ from a suitable distribution — we can estimate each row of V2 f(x)
via ¢; minimization. Since V f is k sparse, it can also be estimated via O(k log d) queries of f — this leads to obtaining an
estimate of V2 f(x) with O(kp,,(log d)?) queries of f in total.

= V2f(x)v' + O(m). (1.2)

2We note that the idea of estimating a sparse gradient via £1 minimization is motivated from Fornasier et al. [19]; their algorithm however is for a more
general function class than ours.
3see Deﬁnitionand ensuing discussion.



e The second method is a part of Algorithmwhere we estimate all entries of V2 f(x) in “one go”. This is motivated by the
following identity, based on the Taylor expansion of f at x, for suitable v € R?, 1 > 0:

Fx+2v) + £(x — 20v) — 2f(x)

1 = (v, V2 f(x)) + O(n). (1.3)

We see from (I.3) that the L.H.S corresponds to a perturbed linear measurement of the Hessian, with a rank one matrix.
By leveraging recent results in CS — most notably the work of Chen et al. [8] — we recover an estimate of V2 f(x) through
£1 minimization, by choosing v’s randomly from a suitable distribution. As described in detail in Section [5] this requires
us to make O(kp,, log d) queries of f.

Once S; is estimated, we estimate S; by invoking (a slightly improved version of) the method of Tyagi et al. [S2] for learning
SPAMs, on the reduced variables set.

Outline of the paper. The rest of the paper is organized as follows. Section [2] contains a formal description of the problem
along with notation used. We begin by analyzing the special case of no overlap between the elements of Sy (i.e., p,, = 1),
in Section [3| Section 4| then considers the general setting where p,, > 1. In particular, it describes Algorithm [3| wherein the
underlying sparse Hessian of f is estimated via a difference of sparse gradients mechanism. Section [5]also handles the general
overlap setting, albeit with a different method for estimating the sparse Hessian of f. Once &1, Sy are estimated, we describe
how the individual components of f can be estimated via standard tools from approximation theory and statistics, in Section [6]
Section [7] contains simulation results on synthetic examples. We provide a detailed discussion of related work in Section [§] and
conclude with directions for future work in Section[9] All proofs are deferred to the appendix.

2 Notation and problem setup

Notation. Scalars are mostly denoted by plain letters (e.g. k1, ko, d), vectors by lowercase boldface letters (e.g., x) or by
lowercase greek letters (e.g., (), matrices by uppercase boldface letters (e.g. A) and sets by uppercase calligraphic letters (e.g. S),
with the exception of [d] which denotes the index set {1, ..., d}. Given aset S C [d], we denote its complement by S¢ := [d]\ S
and for vector x = (71,...,24) € R%, (x)s denotes the restriction of x onto S, i.e., ((x)s); = 2; if | € S and 0 otherwise.

1/p
We use |S| to denote the cardinality of a set S. The £, norm of a vector x € R? is defined as || x || ,:= (Zle |xi|p) .Letg

be a function of n variables, g(x1,...,2,). Eylg]. Eq)[g] denote expectation w.r.t uniform distributions over x;, and (7, 1)
respectively. E[g] denotes expectation w.r.t. uniform distribution over (z1,...,,). For any compact Q C R", we denote by

| 9 |z (). the Lo, norm of g in Q. The partial derivative operator % is denoted by 0;, for i = 1,...,n. So for instance,

_9°9_ will be denoted by 920
92703 will be denoted by 0702g9.

We are interested in the problem of approximating functions f : R — R from point queries. For some unknown sets
81 Cld],S C ([g]), the function f is assumed to have the following form.

flan, . xwa) =Y dplxp) + > by (@, zr). 2.1

pEST (LIES,

Hence f is considered to be a sum of a sparse number of uni-variate and bi-variate functions, denoted by ¢, and ¢; ;) respec-
tively. Here, ¢(; 1) is considered to be “truly bivariate” meaning that 9,0y ¢(; ;) # 0. The set of coordinate variables that are in
S, is denoted by

Sy ={leld:3 e[dst(l,lI')eSyor(l',l) € Sa}. (2.2)

For each [ € S3*, we refer to the number of occurrences of [ in Ss, as the degree of [, formally denoted as follows.

p(l) == {l € 8% (L) € Syor (I',1) € Sa}|; 1 € Sy, 2.3)

Model Uniqueness. We first note that representation (2.1) is not unique. Firstly, we could add constants to each ¢y, ¢ ),
which sum up to zero. Furthermore, for each I € S3* with p(I) > 1 we could add univariates that sum to zero. We can do
the same for I € S; NSy : p(I) = 1. These ambiguities are thankfully avoided by re-writing uniquely in the following
ANOVA form.

f('rlv cee 7$d) =c+ Z ()bp(xp) + Z ¢(l,l’)(xla xl’) + Z ¢q(xq); SN 55“ = 0. 2.4)

pEST 1,1)eS, qeSY":p(g)>1

Here, ¢ = E[f] and E,[¢,] = E( 1 [0q,)] = 0; Vp € S1, (I,1") € Sa, with expectations being over uniform distributions w.r.t.
variable range [—1, 1]. In addition, E;[¢;;)] = 0 if p(I) = 1. The univariate ¢, corresponding to ¢ € Sy* with p(q) > 1,
represents the net marginal effect of the variable and has E,[¢,] = 0. We note that Sy, S}*" are disjoint in (2.4). This is due to



the fact that each p € S; N S3* with p(p) = 1 can be merged with its bivariate form, while each p € S; N Sy with p(p) > 1
can be merged with its net marginal univariate form. The uniqueness of (2.4) is shown formally in the appendix.

We assume the setting |S1| = k1 < d, |Sa| = k2 < d. Clearly, |S3*| < 2k with equality iff elements in Sy are pairwise
disjoint. The set of all active variables, i.e., S; U S5 will be denoted by S. We then define &k := |S| = k; + |S3*"] to be the toral
sparsity of the problem. The largest degree of a variable in S3*, is defined to be p,,, := max;esy p(l). Clearly, 1 < py,, < ka.

Goals. Assuming that we have the freedom to query f within its domain, our goal is now two fold.
e Firstly, we would like to exactly recover the unknown sets Sy, Sa.

e Secondly, we would like to estimate c as well as each: (i) ¢p,;p € S1, (i) ¢¢,py; (I,1") € Sz and (iii) ¢4; g € S5, p(q) > 1,
in 2:4). In particular, we would like to estimate the univariate and bivariate components within compact domains [—1, 1],
[—1,1]? respectively.

If §1, S2 were known beforehand, then one can estimate f via standard results from approximation theory or non parametric
regression ﬂ Hence our primary focus in the paper is to recover S, So. Our main assumptions for this problem are listed below.

Assumption 1. We assume that f can be queried from the slight enlargement: [—(1 + ), (1 + 7)]¢ of [~1, 1]¢ for some small
r > 0. As will be seen later, the enlargement r can be made arbitrarily close to 0.

Assumption 2. We assume each ¢ 1y, ¢p, 1o be three times continuously differentiable, within [—(1 +7), (1 +1)]* and [—(1 +
r), (1 4 r)] respectively. Since these domains are compact, there then exist constants By, > 0; m = 0,1, 2,3, so that

| 0" 072 by L (= (140),(140))2 < By (1,1") € So, my +mg =m, (2.5)
I 0y b looi=(4r),(14m) < Bm; p€Sior, pe S & p(p) > 1. (2.6)

Our next assumption is for the purpose of identification of active variables, i.e., the elements of S; U S3*.

Assumption 3. For some constants D1, \1 > 0, we assume that for each (1,1') € S, 3 connectedZ; 1, Ly 1,12, Ly 2 C [—1,1],
each of Lebesgue measure at least A1 > 0, so that

Opny(, ze)| > D1, (@, a0) € iy X Ty, (2.7
[0y (xy, oy )| > D1, Y(w,xp) € Tyo x Ty o. (2.8)

Similarly, we assume that for each p € S, 3 connected I, C [—1,1], of Lebesgue measure at least Ay > 0, such that
|0pdp(xp)| > D1, Yo, € I,. These assumptions essentially serve to distinguish an active variable from a non-active one,
and are also in a sense necessary. For instance, if say Oi¢(,11y was zero throughout [—1, 1%, then it equivalently means that
Q1p(1,11y is only a function of xy. If Oypq 1y = Ov ) = 0in [—1, 1), then by = 0in [—1, 1]2. The same reasoning applies
for ¢p’s.

Our last assumption concerns the identification of S,.

Assumption 4. For some constants Do, Ay > 0, we assume that for each (1,1') € Sa, 3 connected T), Ty C [—1,1], each interval
of Lebesgue measure at least Ny > 0, such that 0,0y ¢ 11y (1, 21)| > D2, V(2 21) € I X Iy

Our problem specific parameters are: (i) B;; ¢ = 0,...,3, (i) D;, A;; j = 1,2 and, (iii) &k, p,. We do not assume k1, ka
to be known but instead assume that & is known. Furthermore it suffices to use estimates for the problem parameters instead of
exact values. In particular, we can use upper bounds for: k, p,,,, B;; i = 0,...,3 and lower bounds for: D;, \;; j =1, 2.

Underlying interaction graph. One might intuitively guess that the underlying “structure” of interactions between the el-
ements in S3*, shapes the difficulty of the problem. More formally, consider the graph G = (V, E) where V = [d] and
E=85C (‘2/) denote the set of vertices and edges, respectively. We refer to the induced subgraph Iz = (S3*', S2) of G, as the
interaction graph. We consider not only the general setting — where no assumption is made on I — but also a special case where
I is a perfect matching. This is illustrated in Figure[T] In Fig.[Ta] I is a perfect matching meaning that each vertex is of degree
one. In other words, there is no overlap between the elements of S,. In terms of the difficulty of interactions, this corresponds
to the easiest setting. Fig. [1b|corresponds to the general setting where no structural assumption is placed on I5. Therefore, we
can now potentially have overlaps between the elements of S, since each element in S3* can be paired with up to p,,, other
elements. This corresponds to the hardest setting as far as the difficulty of interactions is concerned.

3 Sampling scheme for the non-overlap case

In this section we consider the special case where all elements in Sy are pair-wise disjoint. In other words, p(i) = 1, for each
i € S3*. We first treat the noiseless setting in Section [3.1] wherein the exact function values are obtained at each query. We then
handle the noisy setting in Section [3.2] where the function values are corrupted with external noise.

4This is discussed later.
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(a) I is a perfect matching (b) I has arbitrary structure

Figure 1: Blue (resp. red) disks denote elements of S3* (resp. S1). Circles denote elements of [d] \ {S1 U S3*}. On the left, we have the
special setting where I is a perfect matching. On the right, we have the most general setting where no assumption is made on /.

3.1 Analysis for noiseless setting

Our approach essentially consists of two phases. In the first phase, we sample the function f appropriately, and recover the
complete set of active variables S. In the second phase, we focus on the reduced £ dimensional subspace corresponding to S.
We sample f at appropriate points in this subspace, and consequently identify S; as well as Sa. Let us now elaborate on these
two phases in more detail.

3.1.1 First Phase: Recovering all active variables.

The crux of this phase is based on the following observation. On account of the structure of f, we see that at any x € R, the
gradient V f(x) € R? has the following form:

0gbq(rq) 3 q €S
9q9(q q’)(xq» ) 5 (¢,4) €S2
= ? . — 1
(vf(X))q aqd)(q’,q)(xq/qu) : (q/7q) c 52 )
0 ; otherwise

ced.

Hence V f(x) is at most k-sparse, i.e., has at most k non zero entries, for any x. Note that the ¢ component of V f(x) is zero
if ¢ ¢ S U Sy*. Say we somehow recover V f(x) at sufficiently many x’s within [—1, 1]%. Then, we would also have suitably
many samples of the functions: 0,4, 010 11y, O Py, ¥V p € St,(1,1') € Sa. Specifically, if the number of samples is large
enough, then we would have sampled each of 0,¢,, 01911y, O ¢ 1,1y, within their respective “critical intervals”, as defined in
Assumption |3} Provided that the estimation noise is sufficiently small enough, this suggests that we should then, via a threshold

operation, be able to detect all variables in S; U S3*. We now proceed to formalize our above discussion, in a systematic manner.

Compressive sensing formulation. We begin by discussing how a sparse gradient V f can be estimated at any point x, via
compressive sensing (CS). As f is C3 smooth, therefore the Taylor’s expansion of f at x, along v, —v € RY, with step size
uw>0,and{ =x+6v,{' =x—60v;0,0 € (0, ) gives us:

fx+pv) = f(x) + u(v, V() + %uQVTVQg(x)V + R3(0), (3.1)
Flox = ) = F00) + 1, VIG) + 53" T2 g(x)v + Rl (32)

Subtracting the above, and dividing by 2/ leads to the standard “central difference” estimate of (v, V f(x)).

ot ) = F=i¥) gy 1 Rel) = Ra() (33)
2u 2 ,
O(p?)

Notice that in (3.3)), the expression on the left hand side corresponds to a noisy-linear measurement of V f(x), with v. The
“noise” here arises on account of the third order terms R3(¢), R3(¢') = O(u?), in the Taylor expansion. Now let the v’s be
chosen from the set:

1
V= {vj ERd:vm:j:Ty w.p.1/2each; j=1,...,m, andq:l,...,d}. (3.4)



Then, employing (3.3) at each v; € V gives us the linear system:

fx A+ pvj) = f(x = pvj)

N R3(¢5) — Rs(¢))

o — (v, V() G I = (3:5)
—_—————
Yj n;

Denotingy = [y1 .- - Ym, [, 0 = [n1...0nm,]and V = [vq ... v,, |7 € R™ X4 we can re-write (3.3) succinctly as:
y=VVf(x)+n. (3.6)
As we know y, V, therefore we can estimate the unknown k-sparse vector V f(x) via standard ¢; minimization [6} [I7]:

V/(x) :=argmin | z |; . 3.7)

y=Vz
Remark 1. Estimating sparse gradients via compressive sensing was — to the best of our knowledge — first considered by
Fornasier et al. [19] for learning functions of the form: f(x) = g(Ax). It was then also employed by Tyagi et al. [52] for

learning SPAMs (without interaction terms). However, [I9 [52]] consider a “forward difference” estimate of (v,V f(x)), via
(f(x+ pv) — f(x))/u, resulting in O(p) perturbation error in (3.3).

Remark 2. The above sampling mechanism is related to the “simultaneous perturbation” gradient approximation method of
[46]. Specifically in [46]], for a random v = (vy, . ..,vq)T € RY, V f(x) is defined to be:

(f(X+ pv) = fx—pv)  fx+pv) = flx - /N))T
20101 T 2104

(3.8)

The bias of the above estimate can be shown to be O(u?) for C* smooth f.

The following theorem from [19]] provides guarantees for stable recovery via £; minimization: A(y) := argmin || z ||;.
y=Vz
While the first part is by now standard (see for example [2l]), the second result was stated in [[19] as a specialization of Theorem

1.2 from [58] to the case of Bernoulli measurement matrices.

Theorem 1 ([58][19]). Let V be a m, x d random matrix with all entries being Bernoulli i.i.d random variables scaled with
1/\/my,. Then the following results hold.

1. Let 0 < k < 1. Then there are two positive constants c1,ce > 0, such that the matrix V has the Restricted Isometry
Property
(1—r) [|w[5<] VW [3< (1 +5) [ w[f5 (3.9)

for all w € RY such that |supp(w)| < com.,/log(d/m.,) with probability at least 1 — e~¢1™v,

2. Let us suppose d > (log6)?m,,. Then there are positive constants C,c},ch > 0 such that with probability at least

1—e ™o — =Vl the matrix V has the following property. For every w € R, n € R™ and every natural number
K < cym,/log(d/m,), we have

| AW +0) = w < C (K~ 20k (w)y +max {|| n |12, /logd || n [l }) . (3.10)

where
ok (w)1 :=inf{|| w —z [1: [supp(z)| < K}
is the best K-term approximation of w.

Remark 3. The proof of the second part of Theorem[l|requires (3.9) to hold, which is the case in our setting with high probability.

Remark 4. Since m, > K is necessary, note that K < chm,,/log(d/m,) is satisfied if m, > (1/c5)K log(d/K). Also note
that K log(d/K) > logd in the regim{]K <d.

K
SMore precisely, if d > K K—1.



Estimating sufficiently many gradients. Given the discussion above, the next natural question is - how should one choose
the points x, where the gradient V f(x) should be estimated? Note that f is composed of the sum of univariate and bi-variate
functions, residing on mutually orthogonal 1 or 2 dimensional canonical subspaces of R?. Therefore, this suggests that it is
sufficient if our set of points has the property that it provides a 2-dimensional discretization of any canonical 2 dimensional
subspace of R%. Indeed, say we have such a set — let us call it x — that satisfies this property. If we then estimate V[ at
each x € x, and if the discretization provided by Y is fine enough, then we would have sampled each 0,¢,, 010,11y, O P17y
p € S1,(1,1') € Sa, within their respective critical intervals, defined in Assumption Provided |0, ¢p|, |0101,11 ] [0 b1y | -
within their respective critical intervals — are sufficiently larger then the corresponding estimation noise, we would be able to
identify each p € S via a thresholding scheme.

We now proceed to construct the set of points x at which V f will be estimated. For this purpose we will make use of hash
functions or more specifically - a family of hash functions, defined as follows.

Definition 1. Forsomet € Nandj =1,2,...,leth; : [d] — {1,2,...,t}. We then call the set H{ = {h1,ha, ...} a (d,t)-hash
family if for any distinct iy i, . .. ,i; € [d), 3 h € HE such that h is an injection when restricted to iy, iz, . . . , iy.

Hash functions are common in theoretical computer science, and are widely used such as in finding juntas [34]]. There exists
a fairly simple probabilistic method using which one can construct H¢ of size O(te! log d) with high probability. The reader
is for instance, referred to Section 5 in [16] where for any constant C; > 1, the probabilistic construction yields ?—[f of size
|HE| < (Cy + 1)te! log d with probability at least 1 — d~“1%, in time linear in the output size. We note that the size of H¢ is
nearly optimal - it is known that the size of any such family is Q(e? log d/+/t) [20,127,140]. There also exist efficient deterministic
constructions for such families of partitions, with the size of the family being O(t°(°8) ¢! log d) and which take time linear in
the output size [36]]. For our purposes, we consider the probabilistic construction of the family due to its smaller resulting size.
Specifically, we consider the family H¢ so that for any distinct 7, 7, there exists h € HY s.t h(i) # h(j). Let us first define for
any h € Hg, the vectors e (h),es(h) € R? where:

. _ 41 =i - N
(ei(h))q := { 0 : h(q) = otherwise fori=1,2andg=1,...,d. (3.11)

Given at hand H4, we construct our set x using the procedureﬁ] in [[16]]. Specifically, for some integer m, > 0, we construct for
each h € Hg the set x(h) as:

2
x(h) == {x(h) € [-1,1)": x(h) =) _ciei(h)icr,cp € {—1, M 1 Ma — 1,1}} . (3.12)

My My

Note that (k) consists of (2m,, + 1)? points that discretize: span(e; (h), e2(h)), within [—1, 1]¢, with a spacing of 1/m,, along
each e;. Given this, we obtain the complete set as X = U cqax(h) so that [x| < (2m, + 1)2|H4|. We can see that  has the
property of discretizing any 2-dimensional canonical subspace, within [—1, 1]%.

Recovering set of active variables. Our scheme for recovering the set of active variables is outlined formally in the form of
Algorithm Ateach x € x, we obtain the estimate V f(x) via ¢; minimization. We then perform a thresholding operation, i.e.,
set to zero those components of v f(x), whose magnitude is below a certain threshold. All indices then corresponding to non
zero components are identified as active variables.

Algorithm 1 Sub-routine for estimating S

1: Construct (d, 2)-hash family ¢ and the set V for suitable m, € Z*. Choose suitable ; € Z* and initialize S=0.
2: Choose suitable m,, € Z*. For each h € H4 do:

1. Create the set x(h). Forx; € x(h);i=1,...,(2m, + 1)? do:

_ ity —f(Ri—pvy) .

20 ’

(b) Set Vf(x;) := argmin || z ||;. For suitable 7 > 0, update:
yi=Vz

(a) Constructy; where (y;); i=1,...,my.

§=38u {qe (1., dy (V)] >T}.

The following Lemma provides sufficient conditions on the sampling parameters: m., m,, u and the threshold 7, which
guarantee that S = S holds.

Such sets were used in [16]] for a more general problem involving functions that are intrinsically % variate, and do not necessarily have an additive structure.



Lemma 1. Let Hg be of size [HE| < 2(Cy + 1)e?logd for some constant Cy > 1. Then there exist constants ¢ > 1 and
C, ¢ > 0 such that for any m., m,, u satisfying

1/2
3D1m“> , (3.13)

csklog(d/k) <my < d/(log6)?, my > A" and p < (40ng

the choice T = % implies that S = S holds with probability at least 1 — e =1 —e~Vmod _ =21 Here N Dy, B3 > 0

are problem specific constants defined in Section|2)

Query complexity. We estimate V f at (2m, + 1)?|H¢| many points. For each such estimate, we query f at 2m,, points,
leading to a total of 2m, (2m,, + 1)?|H§| queries. From Lemma|l} we then obtain a query complexity of O(k(log d)?\;?) for
exact recovery of the set of active variables, i.e., S1 U S3*.

Computational complexity. The family 49 can be constructe in time polynomial in d. Step |lblinvolves solving a linear
program in O(d) variables, which can be done efficiently up to arbitrary accuracy, in time polynomial in (m,,d) (using for
instance, interior point methods (cf., [39]). Since we solve O()\f2 log d) such linear programs, hence the overall computation
time is polynomial in the number of queries and dimension d.

Remark 5. It is worth noting that in practice, it might be preferable to replace the {1 minimization step with a non-convex
algorithm such as “Iterative hard thresholding” (IHT) (cf., [4, 15 28/ 129, 130)]). Such methods consider solving the non-convex
optimization problem:

min | Vz—y |2 st |z o< K

for finding a K-sparse solution to an underdetermined linear system of equations, and generally have a lower computational
complexity than their convex analogues. Moreover, provided V also satisfies the Restricted Isometry Property (as stated in[3.9),
they then also enjoy strong theoretical guarantees, similar to that for convex approaches.

Remark 6. Algorithm |l| essentially estimates V f at O(log d) points. The method of Fornasier et al. [19] is designed for a
more general function class than ours and hence involves estimating V f on points sampled uniformly at random from the unit
sphere S=1 — the size of such a set is typically polynomial in d. The method of Tyagi et al. [52] is tailored towards SPAMs
without interactions; it essentially estimates V [ along a uniform one-dimensional grid (hence at constantly many points). Hence
conceptually, Algorithm|[I]is a simple generalization of the scheme of Tyagi et al. [52]].

3.1.2 Second Phase: Recovering individual sets.

Given that we have recovered S = §; U S, we now proceed to see how we can recover the individual sets: S; and Ss. Let us
denote w.l.o.g, Stobe {1,2,...,k} and also denote g : R* — R to be

g(x1, 2, ..., x) =c+ Z op(xp) + Z ba.un (T, zr). (3.14)

pES: (LIES,

Here S; C ([g]) with S§* NSy = (0. We have reduced our problem to that of querying some unknown function k-variate function
g, of the form (3.14)), with queries x € R*. Indeed, this is equivalent to querying f at (x)s, i.e., the restriction of x onto S.

In order to identify S; and Sy, let us recall the discussion in Assumptionfd]: for any (I, l’) € S, we will have that 3(x;, xy/) €
[—1,1]? such that ;9 g(x) = 10y ¢,y (21, x1) # 0. Furthermore for p € Sy and any p’ # p, we know that 0,0, g(x) = 0,
Vx € R*. In light of this, our goal will be now to query g in order to estimate the off-diagonal entries of its Hessian V2g. This
is a natural approach as these entries contain information about the mixed second order partial derivatives of g. We now proceed
towards motivating our sampling scheme.

Motivation behind sampling scheme. At any x € R” the Hessian V2g(x) is a k x k symmetric matrix with the following
structure.
Fhi(x;) 3 i€S,i=]
a ¢(zz')(x77 7/) ; (ivi/)e‘Sij:i
a ¢(7 z)(xl/vxl) ; (i/’i) € 827 j=i

v? ij= .
( g(X)) 7 0; aj¢(l,j)(xl7x]) ) (17]) € 82
0:059¢.0y (w5, 25) ;5 (j,1) € Sa
0 ; otherwise

Note that each row of V2g has at most 2 non zero entries. If i € Sy, then the non zero entry can only be the (4,)*" entry of
V2g. If i € Sy, then the i row can have two non zero entries. In this case, the non zero entries will be the (i,7)" and (i, )"
entries of V2g, if (i,7) € Sz or (j, i) € So.

7Recall discussion following Definition



Now, for x,v € R*, 11 > 0, consider the Taylor expansion of Vg at x along v, with step size y;. For ¢; = x + 6;v, for
some 0; € (0,u1);¢=1,...,k, we have:

vIv20,9(¢1)v
i vTvzakg(Ck)v
Alternately, we have the following identity for each individual 0;g.
0; —0; .
g(X“‘LV) 95 _ (90,902, v) + %VTV2&;Q(C¢)V; i=1,... k. (3.16)
1

Say we estimate 9;g(x), 9;g(x + p1v) with 8;g(x), 8;g(x + 111 v) respectively, using finite differences with step size parameter
B > 0. Then we can write

0ig(x) = 0ig(x) + ni(x, B), Oig(x + p1v) = 0ig(x + p1v) + ni(x + v, ) (3.17)

with ;(x, 8), n: (x + p1v, B) = O(3?) being the corresponding estimation errors. Plugging these estimates in (3.16), we finally
obtain the following.

~ ~

0ig(x + pu1v) — 0;9(x)
H1

v+ ni(x + v, B) — ni(x, B)
H1 .

(3.18)

= (Voig(x).v) + 5 v V20(

Error term

We see in that the L.H.S can be viewed as taking a noisy linear measurement of the i*” row of V2g(x) with measurement
vector v. Hence for any i € S we can via (3.18) hope to recover the 2 sparse vector: V9;g(x) € R*. In fact, we are only
interested in estimating the off-diagonal entries of V2g. Therefore while testing for i € S, we can fix the i** component of v to
be zero. This means that V0, g can in fact be considered as a 1 sparse vector, and our task is to find the location of the non zero
entry. We now describe our sampling scheme that accomplishes this, by performing a binary search over V9, g.

Sampling scheme. Say that we are currently testing for variable ¢ € S, i.e., we would like to determine whether it is in 57 or
Sy, Denote T as the set of variables that have been classified so far. We will first create our set of points y; at which V9, g will

be estimated, as follows. Consider e; (i), e2(i) € R* where for j = 1,..., k:
N R = [0 j=iorjeT,
(ex(1)); { 0 ; otherwise ’ (e2(1)); { 1 ; otherwise ’ (3.19)

We then form the following set of points which corresponds to a discretization of the 2-dimensional space spanned by e (), e (%),
within [—1, 1]%.

-1 =1
Xi = {x € [—1,1]’“ i x = cre1(4) + caea(i); 1,00 € {_1’_m;l/ ,...,m;/ ,1}}. (3.20)

Now for each x € x; and suitable step size parameter 8 > 0, we will obtain the samples g(x + Be;(i)), g(x — Be1(7)). Then, we
obtain via central differences, the estimate: Z;Z-g(x) = (g(x+pe1(i)) —g(x — Pe1(i)))/(25). For our choice of v and parameter
p1 > 0, we can similarly obtain 81 g(x + p1v). We now describe how the measurement vectors v can be chosen in an adaptive
fashion, in order to identify &7, So.

Firstly, we create a vector v (i) that enables us to test, whether there exists a variable j # ¢ such that (i,j) € So (if
i > j)or (j,i) € Sy (if j > ). To this end, we set vo(i) = ex(i). Clearly, i € Sy* iff there exists x € [—1,1]* such that
(V0;9(x),vo(i)) # 0. This suggests the following strategy. For each x € y;, we compute (3;9(x + p1vo(i)) — 9;g(x))/(11)
— this will be a noisy estimate of (V,;g(x), vo(i)). Provided that the number of points is large enough and the noise is made
suitably small, we see that via a threshold based procedure as in the previous phase, one would be able to correctly classify the
other variable as either belonging to S; or Sa. In case the above procedure classifies ¢ as being a part of S5, then we would
still need to identify the other variable j € S3*, forming the pair. This can be handled via a binary search based procedure, as
follows.

The measurement vectors vy (%), va(4),... are chosen adaptively, meaning that the choice of v;(i) depends on the past
choices: v1(%),...,v;j—1(2). v1(%) is constructed as follows. We construct an equipartition Py (¢), P2(i) C S\ {7 U {i}} such
that: Py (1) UPa(i) = S\{T U{i}}, P1(s) NPa(3) =0, |P1(z)| = ka%mj and [Py(i)| = k—1—|T| —|P1(¢)|. Then vy (i)
is chosen to be such that:

1

(vi(i)) = { 0 » LEPI),

| otherwise L= Lok (3.21)
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Let x* € x; be the point, at which v (%) detects i. We now find: (@g(x* +pvi(i)) — @g(x*))/m, and test whether it is larger
then a certain threshold. This tells us whether the other active variable j belongs to P (i) or to Pa(i). Then, we create v (i)
by partitioning the identified subset, in the same manner as v () and perform the same tests again. It is clear that we would
need at most [log(k — |7|)] many v(4)’s in this process. Hence, if i € Sy* then we would need at most [log(k — |T])] + 1
measurement vectors in order to find the other member of the pair in S§*". In case i € Sy, then v (i) by itself suffices. The above
procedure is outlined formally in Algorithm 2]

Algorithm 2 Sub-routine for estimating S, Sy

1: Initialize S;, Sy = 0.

2: while S\ {3} US;‘“} # 0 do

3 Choose i € S\ {3.; U 35\‘“} For suitable m/, € Z*, construct x; as in (3.20). Set v (i) = ea(7).
4: Choose x € ; that has not yet been chosen.

1. Obtain estimates: J; g9(x), 0; g(x + p1vo(7)) via central differences, for suitable iy, 5 > 0.

2. If |6ig(x+“1vifi))_aig(x)| > 7/, then denote x* + x and goto@ Else goto

5 Update S =8 U {i} and goto

6 SetRZS\{{i}uaugfr}.

7: while |R| > 1 do

8 Initialize P4 (7), P2(7) as equipartition of R. Construct v (%) w.r.t. P (i), P2(i) as defined in (3.21).
9: Obtain: J;g(x* + p1v(i)). If ‘aig(xw“”;(f))_aig(x*)‘ > 7/, then R  P1(i) else R < Pa(i).

10: end while P P

11: Denote R = {j}. If i < jthen Sy = S U {(i,5)}, else So = So U {(4,4)}.

12: end while

We now provide sufficient conditions on the parameters m/, > 0, 5 and p; > 0, along with a corresponding threshold, that
together guarantee recovery of S; and S,. This is stated in the following lemma.

Lemma 2. Ler m}, > 0, 3 and p; > 0 be chosen to satisfy:

V3D 1 Dy — \/D? — (32/3)32B3 D>+ /D3 — (32/3)32B2
4\/§B3, ! 8B3 ’ 8 B3 '

Then for the choice T’ = B;ff + 241 B3, we haveforAlgorithmthat 3; =& andgg = 8Ss. Here, B3, Dy, Ay > 0 are problem

specific constants, defined in Section

ml, >\t B<

(3.22)

Query complexity. Note that for each ¢ € &7 we make at most 4m;2 queries. This is clear from Step 4; four queries are made
for estimating the two partial derivatives and this is done at most m;Q times. If © € S35, then we notice that in Step @ we make
two queries for each v (i) leading to at most 2[log k] queries during Steps In addition, we still make at most 41/, queries
during Step[] as discussed earlier. Hence the total number of queries made is at most:

k- dml? + ks - (4m;2 +2[log k}) < k(4m.? + 2[log k). (3.23)

Since m/, > \;'!, the query complexity for this phase is O(k(\; % + log k)).

Computational complexity. It is clear that the overall computation time is linear in the the number of queries and hence at
most polynomial in k.

3.2 Analysis for noisy setting

We now analyse the noisy setting where at each query x, we observe: f(x) + 2/, where z’ € R denotes external noise. In order
to see how this affects Algorithm (3.6) now changes to y = VV f(x) + n + z, where z; = (2}, — 2j,)/(2). Therefore
while the Taylor’s remainder term |n;| = O(u?), the external noise term |2;| scales as u~!. Hence in contrast to Lemma the
step-size p needs to be chosen carefully now — too small a value would blow up the external noise component while a large value
would increase perturbation due to higher order Taylor’s terms.

A similar problem would occur in the next phase when we try to identify &1, S2. Indeed, due to the introduction of noise,
we now observe g(x + Se;(i)) + 2 ;, g(x — fei(i)) + z; ,. This changes the expression for d;g(x) in to: ;g(x) =
Dig(x) 4+ ni(x, B) + zi(x, B) where z;(x, ) = (2], — 2} ,)/(28). Recall that 7;(x, ) = O(f?) corresponds to the Taylor’s
remainder term. Hence we again see that in contrast to Lemma [2] the step S cannot be chosen too small now, as it would blow
up the external noise component.

11



Arbitrary bounded noise. In this scenario, we assume the external noise to be arbitrary and bounded, meaning that |2/| < ¢,
for some finite ¢ > 0. Clearly, if ¢ is too large, then we would expect recovery of S = S U S to be impossible, as the structure

3/2
of f would be destroyed. However we show thatif e = O( 5]1373]“), then Algorithmrecovers the total support S, with appropriate

choice of sampling parameters. Furthermore, assuming S is recovered exactly, and provided ¢ additionally satisfies € = O(g—g),
3
then with proper choice of sampling parameters, Algorithm 2identifies Sy, So. This is stated formally in the following Theorem.

3/2
Theorem 2. Let the constants s, C, ¢}, Cy and HE, My, m, be as defined in Lemma Say e < g1 = 3C\/m Then for
61 = cos™Y(—e/e1), let u be chosen to satisfy:
Dlmv Dlm'u
el2 3(01/3 — 27/3),2 3(01/3 3.24
p ( T cos(01/3 = 2m/3).2) [ con(0y] >) (324

We then have in Algorithm ‘or the choice: T = C (m + E\/;T“) that S = S holds with probability at least 1 — e —chimy _

31My

e~Vmod _ 4=2C1 Given that S§ = S, let m!, be as defined in Lemma|g| Assuming € < = &9 holds, then for

D3
38412 B2
02 = cos™Y(—e/eq) let B, 1 be chosen to satisfy:

Dy — \/D2 32 B3(#3Bs + 6e) Da+ \/D2 32 B (5 Bs + 6¢)

3.25
Bs ) B, ) (3.25)
Be ( D2 os(02/3 — 27/3), © /3)) (3.26)
cos(0/3 — 27 cos(0s .
2V2B; \f Bs
Then the choice 7' = 3#13 + 2u1Bs + 5— implies in Algorzthm@that S = 81 and Sg So.

Stochastic noise. We now assume that the point queries are corrupted with i.i.d Gaussian noise, so that 2’ ~ N(0,0?) for
02 < oo. In order to reduce o, we consider resampling each point query a sufficient number of times, and averaging the values.
In Algorithm i.e., during the estimation of S, we resample each query N times so that 2/ ~ A/(0,02/Ny). For any € > 0, if
Nj is chosen large enough, then we can obtain a uniform bound |z’| < e — via standard tail bounds for Gaussians — over all noise
samples, with high probability. Consequently, the noise model transforms to a bounded noise one which means that by choosing
€ < &1, we can use the result of Theorem 2] for estimating S. Similarly in Algorithm 2] we resample each query N times so that
now 2z’ ~ N(0,02/Ny). For any ¢/ > 0, and N large enough, we can again uniformly bound |2’| < &’ with high probability.
By now choosing ¢’ < €5, we can then use the result of Theoremfor estimating 51, So. These conditions are stated formally in
the following Theorem.
3/2

SC\/W ’
p1 < 1, 01 = cos™(—¢/e1), say we resample each query in Algorithm I Ny > 1og( f" (2my + 1)2|HY|) times,

Theorem 3. Let the constants c,C,c},Cy and HY, m,, m,, be as defined in Lemma Forany e < g1 = 0 <

and average the values. Then by choosing 1 and T as in Theorem |2 I we have that S S holds with probability at least
1 —p1—e clmv —e —vVm,d d—2C1

3
Given that 8 = S, let m!, be as defined in Lemma|€| Foranye' < sz)ﬁ =£9,0 < py < 1,0y =cos (—¢"/e3), say we
resample each query in AlgorlthmE| Ny > 2 log (;/;‘27 (k(meTQ + [log lﬂ))) times. Then by choosing 3, 1,7’ as in Theorem

@ we have that 81 S1 and 82 Sa, with probability at least 1 — po.

We now analyze the query complexity for the i.i.d Gaussian noise case. One can verify that ¢, = O(k~'/?). Since m,, =
O(klogd), |H4| = O(logd),m, = O(A;"), then by choosing p; = O(d~?) for any constant § > 0, we arrive at N; =
O(klog(d®)k'/?kX[?log d) = O(klogd). This leads to a total sample complexity of O(N;k(log d)?A; %) = O(k*(log d)*\; %)
for guaranteeing S = &, with high probability. Next, we see that &/ = O(1) and thus Ny = O(log(k(\;2 + log k)/p2)).
Therefore with an additional O(Nok(A\;? +logk)) = O(k(A\; ? + log k) log(k/ps)) we are guaranteed, with probability at least
1 — P2, that:S’.I = Sl andg = 82.

4 Sampling scheme for the general overlap case

We now analyze the general scenario where overlaps can occur amongst the elements of So. Therefore the degrees of the variables
occurring in Sy, can be greater than one. Contrary to the non-overlap case, we now sample f in order to directly estimate its
d x d Hessian V2 £, at suitably chosen points. In particular, this enables us to subsequently identify So. Once S, is identified,
we are left with a SPAM — with no variable interactions — on the set [d] \ So. We then identify S; by employing the sampling
scheme from [52]] on this reduced space.
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4.1 Analysis for noiseless setting

In this section, we consider the noiseless scenario, i.e., we assume the exact sample f(x) is obtained for any query x. To begin
with, we explain why the sampling scheme for the non overlap case does not directly apply here. To this end, note that the
gradient of f has the following structure for each ¢ € [d].

Oytq(zq) 5 g€ S
0yP(q,9) (TgsTqr) 5 (g,¢) €S2 & p(q) =1,
Db ) (@gszg) 5 (d59) €S2 & plg) =1,
(Vf(x)g = PEACHE DY aq(b(%W)(%a%’)

(¢,9')ES2

+ Y 9gbgg @y mg) 5 €S &plg) > 1,
(q’,9)€S2

)

0 ; otherwise.

Therefore, for any ¢ € S5 with p(g) > 1, we notice that (V f(x))q is by itself the sum of p(¢) many bi-variate functions, and
0q¢4. This causes an issue as far as identifying ¢ — via estimating V f followed by thresholding — is concerned, as was done for
the non-overlap case. While we assume the magnitudes of 0,¢ 4,4/ to be sufficiently large within respective subsets of [—1, 1],
it is not clear what that implies for |(V f(x)),|. Note that (V f(x)), # 0 since g is an active variable. However a lower bound
on: |(V f(x)),l, and also on the measure of the interval where it is attained, appears to be non-trivial to obtain.

Estimating sparse Hessian matrices In light of the above discussion, we consider an alternative approach, wherein we directly
estimate the Hessian V2f(x) € R%*?, at suitably chosen x € [—1,1]9. Observe that V2 f(x) has the following structure for
1€S¥andj=1,...,d

o (zi,xy) 5 pli) =1,(i,7) € Sp,i = j,
83¢(i/,i)(x¢/,zi) ; ,D(Z) :17(i/,i) ESQvi:ja
Roi(xi)+ > 0bgn (i, vir)
) (i,1")ES2 ' ' .
(VEf(x)ij = "‘( Z): OF b 4y (i, ) ;op(i) > 1,0 =7, ;
i/ ,4)ESs
azaj¢(1,j) (x’uxj) ) (7'7]) € Sgar7
0 ; otherwise

while if i € S;, wehaveforj =1,...,d:

(V1o ={ POy

0 ; otherwise

The I*" row of V2 f(x) can be denoted by V3, f(x)T € R%. If | € Sy, then VI, f(x)T has at most one non-zero entry, namely
the I*" entry, and has all other entries equal to zero. In other words, V9, f(x)T is 1-sparse for I € S;. If | € Sy, then we see
that VO, f (x)T will have at most (p(l) + 1) non-zero entries, implying that it is (p(1) + 1) < (py,, + 1)-sparse.

Our aim is to now estimate V2 f(x) at suitably chosen x’s. Specifically, we are interested in detecting the non-zero off
diagonal entries of V2 f(x) since they correspond precisely to So. To this end, we consider the “difference of gradients” based
approach used in Section Contrary to the setting in Section however, we now have a d x d Hessian and have no
knowledge about the set of active variables: S; U S3*'. Therefore, the Hessian estimation problem is harder now, and requires a
different sampling scheme.

Sampling scheme for estimating S,. For x, v/ € R%, iy > 0, consider the Taylor expansion of V f at x along v/, with step

size p1. For §; = x 4+ 0;v’, for some 6; € (0, 11);4 = 1,...,d, we obtain the following identity.
vI'V200 £ (v (VoL f(x), V) VIR0 £ (V!
/ —
1
v/ T2, f (Ca)V (VOaf(x),v") v IV204f (Ca) V'

We see from that the I*" entry of (V f(x + pu1v') — Vf(x))/p1, corresponds to a linear measurement of the I** row of
V2 f(x) with v'. From the preceding discussion, we also know that each row of V2 f(x) is at most (p,, + 1)-sparse. This
suggests the following idea: for any x, if we obtain sufficiently many linear measurements of each row of V2 f(x), then we can
estimate each row separately via {1 minimzation, outlined in . To this end, we first need an efficient way for estimating
V£(x) € RY, at any point x. Note that V f(x) is k-sparse, therefore we can estimate it via the randomized scheme, explained

in Section In particular, we can obtain the estimate ¥ f (x) by ¢; minimization, with O(klogd) queries of f. This gives
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Spews
f(x+puv's) \wl o

Figure 2: (a) V2 f(x) estimated using: v f(x) (at red disk) and neighborhood gradient estimates (at blue disks) (b) Geometric picture: d = 3,
h € H3 with h(1) = h(3) # h(2). Red disks are points in x(h).

-~ :
Vix+ /tlv’mv,) "

us: ﬁf(x) = Vf(x) + w(x), where w(x) € R denotes the estimation noise. Plugging this in (#.1)) results in the following
identity.

~ - (VO f(x),V') vIIN20, f (V!
VI +mv') - Vi) . i . w(x+ mv) - w(x)
(VOaf(x),v') vIV204f (Ca)v'
“Noise”
Now let v/ be chosen from the set:
V'::{v;eRd:v;-q::t L w.p.l/Qeach;jzl,...,mv/andqzl,...,d}. 4.3)
, o

Then, employing @2) at each v/, € V', and denoting V' = [v{...v], |7 € R™*%, we obtain d linear systems for ¢ =

1,....d:
. (VF(x+mvi) = VI(x))g Vi V20, f(C)ve . wq(X + p1vy) — wq(x)
o : :V’Vaqf(x)—k% : +/7 :
1| o~ ~ 1
(Vf(x+ /‘LlV;n,uz) = Vf(x))q V;nU/TVZaqf(Cmv/ )V;nv/ wq (X + 'ulvinv/) — wy(x)
Yq Nq,1 Na,2
(4.4)
Given the measurement vector y,, we can obtain the estimate %aq f(x) individually for each g, via £; minimization:
ﬁaqf(x) =argmin ||z ||;; ¢=1,....d. 4.5)

yq=V'z

Hence, we have obtained an estimate V2 f(x) = [VOLf(x) - VIsf (x)]T of the Hessian V2f(x), at the point x. Next, we
would like to have a suitable set of points x, in the sense that it provides a sufficiently fine discretization, of any canonical 2-
dimensional subspace of R?. To this end, we can consider the set y = U heng X (), where H4 is a (d, 2)-hash family, defined in
Deﬁnition Recall from (3:12)) that x(h) corresponds to (2m,, +1)? points (for some m,. € Z*), discretizing the 2-dimensional
subspace associated with the hash function h. If we estimate V2 f(x) at x € y, and if the discretization is fine enough (i.e.,
My > Ay 1), then we would have obtained estimates of 010y ¢(1,1y at points lying within their respective “critical intervals”, as
defined in Assumption 4] By driving the estimation noise to be sufficiently small, we can then detect (1,1') € Ss.

Sampling scheme for estimating S;. While the above sampling scheme enables us to recover Sy, we can recover Sy as
follows. Let gfr denote the set of variables in the estimated set Sy, and let P := [d] \ §2\Er . Assuming S, = S, we have
S1 C P. Therefore the model we are left with now is a SPAM with no variable interactions on the reduced variable set P. For
identification of S1, we employ the sampling scheme of [52], wherein the gradient of f is estimated along a discrete set of points

on the line: {(z,...,z) € RY:x € [-1,1]}. For some m/, € ZT, we denote this discrete set by:
-1 -1
Xdiag:{xz(m...x)eRd:xe{—L—mw, b, e 1}} (4.6)
mm ml‘

Note that |Xdiag| = 2m/, + 1. The motivation for estimating V f at X € x4iag is that we obtain estimates of J,¢, at equispaced
points within [—1, 1], for p € S;. With a sufficiently fine discretization, we would “hit” the critical regions associated with each
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Opop, as defined in Assumption By applying a thresholding operation, we would then be able to identify each p € S;. Let us
denote V"' to be the set of sampling directions in R? — analogous to V, V' defined in (3-4), (@.3) respectively — with |V"'| = m»:

V= {v;’eRd:v;iq—i w.p.1/2each; j=1,... my~ andq—l,...,d}. 4.7

My

For each X € Xdiag, we Will query f at points (x + p'v/)p, (x — p'v/)p; v/ € V", restricted to P. Then by obtaining the mea-

surements: y; = (f((x + jv!)p) — F((x — f¥")p))/ (' ); j = 1.y, and denoting (V")p = [(v])p - (vl )p]"

we obtain the estimate (@ f(x)p))p := argmin || (z)p |/1. This notation simply means that we search over z € R”, to
y=(V")p(z)p

>

form the estimate V f((x)p))p.

Algorithm 3 Algorithm for estimating S, Sy

1: Input: my,, my,mg,ml, € Z; p, py, 1/ > 0,7 > 0,77 > 0.
2 Initialization: S;,S; = 0.
3: Qutput: Estimates Ss, S;.
4.
s: Construct (d, 2)-hash family ¢ and sets V, V",
6: for h € Hg do

7: Construct the set x(h).

8 fori=1,...,(2m, + 1)? and x; € x(h) do

0: (yi); = PRIl = 1y € V.
10: Vf(x;):=argmin || z ||;.
yi=Vz

11: forp=1,...,m, do
12: (yi,p)j _ f(xi+u1vp+uv_¢)2—uf(x7:+u1vp—le) Ci=1,. . My V; cV. // ESTIMATION OF S,
13 VI(xi+ mv)) = argmin | z |

10 =
14: end for
15: forg=1,...,ddo ~
16: (Yq)j = (vf(x”’“:jl)_vf(xi))”;j =1,...,My.
17: VO, f(x;) :=argmin || z ||1.

yq=V'z

15 5=50{@.q): ¢ €lg+1,...d} &|(Vof(xi))y| > '},
19: end for
20: end for
21: end for
22:

23: Construct the sets Xdiag, V" and initialize P := [d] \gfr .

24: fori=1,...,(2m}, + 1) and x; € Xdiag dO

20 (yg); = Lbte "j>7’)2;/f<<>‘ifu YOP) G =1, s vy €V

26: (Vf((xi)p))p:= argmin | (z)p |1 // ESTIMATION OF S
yi=(V")p(2z)p

7 Si=8iu{aeP (Vi((xi)p)al > 7}

28: end for

The complete procedure for estimating Sp, So, is described formally in Algorithm [3] Next, we provide sufficient conditions
on our sampling parameters that guarantee exact recovery of Sy, S by the algorithm. This is stated in the following Theorem.

Theorem 4. Let HS be of size |HY| < 2(C + 1)e?logd for some constant C > 1. Then 3 constants ¢}, cy > 1 and
C1,Cy,cy, g > 0, such that the following is true. Let my, m.,,, m, satisfy

me > Ayt dklo d <m <L Chpm 10 4 <m <L
xz Z Ay 1 g A v (10g6)27 2Pm 108 o v (10g6)2'
Denoting a = (4’;%33, b= v m’”/(éfs:”“)k)Bs, let i, iy satisfy
2
W< oapc 1 € ((D2/(4aC2)) = /(D2 /(8aC))? = (b2 [a), (D2/(4aC2)) + /(D (4aC3))? — (bu2/a) ) -
3
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We then have that the choice

v ((Bpm +1)Bs | Ciy/my i ((4pm +1)k) Bs
7 =Cy + R
2\/W 3ﬂ1mv

implies So = Sy with probability at least 1 — e=Camy _ e=Vmud _ g=csmy _ o=y/myd _ =20
Given that Sy = Ss, then 3 constants ¢y > 1 and Cs, ¢ > 0, such that for m/,, m., i’ satisfying

Svar P P 3myn D
ml, > A", dy(k—[Sy) log |7/|\ < My < [Pl R e Mt
ke — 185" (log 6) Cs(k — |S37) Bs
Svar 12 — ,
the choice: 7" = W, implies S; = Sy with probability at least 1 — e~ %"™v" — e~ V/munIPl,

Query complexity. Estimating V f(x) at some fixed x requires 2m, = O(klogd) queries. Estimating V2f(x) involves
the estimation of V f(x) — along with an additional m, gradient vectors in a neighborhood of x — implying O(m,m,) =
O(kp,,(log d)?) point queries of f. Since V2f is estimated at all points in ) in the worst case, this consequently implies a
total query complexity of O(kp,,(logd)?|x|) = O(A\; *kpm(logd)?), for estimating So. We make an additional O(\[ ' (k —
|§2V?‘ |)log(d — |§2V?I |)) queries of f, in order to estimate S;. Therefore, the overall query complexity for estimating Sy, Ss is
O, 2kpm(log d)°).

Computational complexity. The family H9 can be constructe in time polynomial in d. For each x € yx, we first solve
m. + 1 linear programs in O(d) variables (Steps[10} [13), each solvable in time polynomial in (., d). We then solve d linear
programs in O(d) variables (Step , each of which takes time polynomial in (m,,, d). Since this is done at || = O(\; 2 log d)
many points, hence the overall computation time for estimation of Sy (and subsequently Sp) is polynomial in the number of
queries, and in d.

Remark 7. In Algorithm we could have optimized the procedure for identifying S as follows. Observe that for each h € H,
we always have a subset of points (i.e., C x(h)) that discretize {(x, oox) €ERY e [-1,1] } Therefore for each x lying in
this subset, we could go through v f(x), and check via a thresholding operation, whether there exists a variables(s) in Sy. If
my is large enough (> )\1_1 ), then it would also enable us to recover S1 completely. A downside of this approach is that we
would require additional, stronger conditions on the step size parameter |1 to guarantee identification of S1. Since the estimation

procedure for Sy in Algorithm 3| comes at asmptotically no extra sampling cost, therefore we choose to query f again, in order
to identify S.

Remark 8. We also note that the condition on 1 is less strict than in [[52)] for identifying Sy. This is because in [52)], the gradient
is estimated via a forward difference procedure, while we perform a central difference procedure in (3.3)).

4.2 Analysis for noisy setting

We now consider the case where the point queries are corrupted with external noise. This means that at query x, we observe
f(x) + 2, where 2’ € R denotes external noise. In order to estimate V f(x), we obtain the samples : f(x + pv;) + 2, and
f(x—pv;j)+255:5=1,...,m,. This changes (3.6) to the linear system y = V'V f(x) +n+z, where z; = (2} ; — 2] 5)/(2u).
We see that while |n;| = O(u?), the term |z;| scales as u~1. Hence the step-size needs to be chosen carefully now — a small
value would blow up the external noise component while a large value would increase perturbation due to higher order Taylor’s
terms.

Arbitrary bounded noise. In this scenario, we assume the external noise to be arbitrary and bounded, meaning that |2/| < ¢,

for some finite ¢ > 0. If ¢ is too large,then we would expect recovery of 51, Sa to be impossible as the structure of f would be
3

destroyed. However we show in Theorem that if e = O(ﬁ), then Algorithm [3|recovers Sy with appropriate choice of
3Fm

3/2
sampling parameters. Furthermore, assuming S, is recovered exactly, and provided & additionally satisfies ¢ = O( Dy ), then

%B
the Algorithm [3]also identifies S; exactly. ’

3

8Recall discussion following Deﬁnition
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Theorem 5. Let the constants C, {C; } _1.1¢ } _y as well as a,b, mg, my,, my, HY be as defined in Theoreml Saye < e =
D2
192v/3C1C34/aBbm, m.,

D2 D2
e 120bC7 cos(61/3 — 2w /3), T2abC2 cos(61/3) (4.8)

c Dy Dy \?2 bu? + 2C1\/mymy e Do N Dy \? bu? + 2C1\/mMymye 4.9)
H 4aCy 4aCy a " 4aCly 4aCy a ' ’

. Then for 6, = cos™t(—e/ey), let p, j11 be chosen to satisfy:

We then have in Algorithm[3]for the choice

4p,, +1)B Civ/my 12 ((4pm + D)) B 2C 11/ My My,
T’:CQ(“l(p+)3+ 1/ (o + DR)Ba 15mm>, (4.10)
2\/ My 3,ulmv 122231
that 3; = Sy with probability at least 1 — e=cimu _ e=Vmud _ g=czmy _ o=V/murd _ 1=2C Given that g‘; = 8y, let m!,, myn
: _ (kIS Bs - _ _ D" — cos—1(—
be chosen as in Theorem Let a1 = B , b1 = /My and assume € < g9 = 5/6ei 0T For 05 = cos™(—¢/eq),

let 1/ be chosen from: (21/D1/(6a1C3) cos(02/3 — 21 /3),2+/D1/(6a1C3) cos(02/3)). We then have in Algorithm for the
Svar 12 ,
choice 7" = C3 (w bls) that S1 = S, with probability at least 1 — e~ — ¢~V o [Pl

6m 1

We see that in contrast to Theorem [4} the step sizes: u, ' cannot be chosen too small now, on account of external noise.
Also note that the parameters 7/2 < 01,0y < 7 arising due to &, affect the size of the intervals from which pu, ' can be chosen
respectively. One can verify that plugging ¢ = 0 in Theorem [5| (implying 61,62 = 7/2), gives us the sampling conditions of
Theorem A

Stochastic noise. In this scenario, we assume the point queries to be corrupted with i.i.d Gaussian noise, so that z’ ~ N(0, o2)
for variance 02 < oo. In order to reduce o, we consider resampling each point query a sufficient number of times, and averaging
the values. In Steps of Algorithm [3| during the S, estimation phase, we resample each query N, times so that 2/ ~
N(0,02/Ny). For any ¢ > 0, if Ny is chosen large enough, then we can obtain a uniform bound |2’| < ¢ — via standard tail
bounds for Gaussians — over all noise samples, with high probability. This means that by choosing € < £1, we can use the result
of Theorem [3] for estimating S,. Similarly during the S; estimation phase, we resample each query in Step[23} N times so that
now 2z’ ~ N(0,02/Ny). For any ¢’ > 0, and N large enough, we can again uniformly bound |2’| < &’ with high probability.
By now choosing ¢’ < €5, we can then use the result of Theoremfor estimating S;. These conditions are stated formally in the
following Theorem.

Theorem 6. Let the constants C,{C; }Z 15 1¢ } _, as well as a,b,mg,m,, m,,HS be as defined in Theorem I For any

D3 _ _
192f0103\/a3bm —, 0 < p1 < land 01 = cos™(—¢/ey), say we resample each query in StepsofAlgorlthm

EI Ny > log( f” (myr + 1)(2my + 1)2|HE|) times, and average the values. Let ji, iy be chosen to satisfy [@.3), {@9)
respectlvely We then have in Algorithm |3 Ifor 7' satisfying @10), that Sy = Sy with probability 1 — p; — e~¢amv — e=Vmud _
e—c My _ o=/ My d _ d- 2C.

Given that Sy = Sa, let ml,, my,a1,by be as stated in Theorem |5| For any ' < &9 =

e<er =

3/2
1
\/6a1C362’
\/50'(2m;+1)mvu
(=)
let i/, 7" be chosen as stated in Theorem We then have in Algorithmthat S1 = &1 with probability at least 1 —ps — ey _

e V/mo Pl

0 < p2 <1, and

0y = cos™1(—€'/ez), say we resample each query in Step ofAlgorithm Ny > :% log times. Furthermore,

Query complexity. Let us analyze the query complexity when the noise is i.i.d Gaussian. For estimating Sy, we have ¢ =
O(p;2k~1/?). Furthermore: (2m, + 1) = A\; 2, |[H4| = O(logd), m, = O(klogd) and m, = O(p,,logd). Choosing
p1 = d~? for any constant § > 0 gives us

Ny = O(pj,klog(kpm (log d)* p3/*kd®)) = O(pp, k log d)
. This means that our total sample complexity for estimating Sy is:
O(Nikpm(log d)*[x|) = O(py,k*(log d)* ;).

This ensures S, = S; with high probability. Next, for estimating S;, we have ¢/ = O((k — |Sy*|)~1/2). Choosing py =
((d — |S$&[)=9) for any constant § > 0, we get Ny = O((k — |S3¥|) log(d — |Sy*)). This means the total sample complexity
for estimating S is O(No At (k — |§§E\) log(d — |§§E|)) =0\ 1k — |§V;r|)2(log(d - |§fr|))2) Putting it together, we have
that in case of i.i.d Gaussian noise, the sampling complexity of Algorithm 3|for estimating Sy, Ss is O(p2, k?(log d)*).
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Remark 9. We saw above that O(k*(log d)?) samples are sufficient for estimating S in presence of i.i.d Gaussian noise. This
improves the corresponding bound in [32]] by a O(k) factor, and is due to the less strict condition on i’ (cf., Remark[:i?]).

5 Alternate sampling scheme for the general overlap case

We now derive an alternate algorithm for estimating the sets Sq, Sa, for the general overlap case. This algorithm differs from
Algorithm [3| with respect to the scheme for estimating S, — the procedure for estimating S; is the same as Algorithm [3| In
order to estimate Sz, we now make use of recent results from CS, for recovering sparse symmetric matrices from few linear
measurements. More precisely, we leverage these results for estimating the sparse Hessian V2 f(x) at any fixed x € R?. This is
in stark contrast to the approaches we proposed so far, wherein, each row of the Hessian V2 f(x) was approximated separately.
As we will show, this results in slightly improved sampling bounds for estimating S, in the noiseless setting as opposed to those
stated in Theorem

5.1 Analysis for noiseless setting

We begin with the setting of noiseless point queries, and show how the problem of estimating V2 f(x) at any fixed x € R can
be formulated as one of recovering an unknown sparse, symmetric matrix from linear measurements. To this end, first note that
for x,v € R?, step size 4 > 0, and ¢ = x + v, ' = x — 0'v; 0,0’ € (0,2u), one obtains via Taylor expansion of the C*
smooth f, the following identity.

Fx+2v) + f(x = 20v) — 2f(x)

R3(¢) + Rs(¢')
42 ’

42
—_——
O(p)

=vIV2f(x)v +

(5.1)

Here R3(C), R3(¢") = O(u?) denote the third order Taylor terms. Importantly, (5.1)) corresponds to a “noisy” linear mea-

surement of V2f(x) i.e., vIVf(x)v = (vvl V2f(x)), via the measurement matrix vv’. The noise arises on account of

the Taylor remainder terms. We now present a recent result for recovering sparse symmetric matrices [8], that we leverage for
estimating V2 f(x).

Recovering sparse symmetric matrices via /; minimization. Let v be chosen from the set:

1
V.= {vj eRd:vj,q:j:T w.p.1/2each; j=1,...,m,and ¢ = 1,...7d}. 5.2)

v
Furthermore, let M : R9*4 — R™> denote a linear operator acting on square matrices, with

M(H) = [(vivi , H) - (v, V,,

My ?

H)|"; Hec R (5.3)
For an unknown symmetric matrix Hy € Rdxd, say we have at hand m,, linear measurements

y=MMHp)+n; yneR™;||n|1<n (5.4)
Then as shown in [8, Section C], we can recover an estimate P/I\O to Hy via /1 minimization, by solving:

H, = argmin [H|; st H =H, ||y—MH) |:<n. (5.5)

Remark 10. (5.5) was proposed in [8 Section C] for recovering sparse covariance matrices (which are positive semidefinite
(PSD)) with the symmetry constraint replaced by a PSD constraint. However as noted in the discussion in [|S, Section E], one
can replace the PSD constraint by a symmetry constraint, in order to recover more general symmetric matrices (which are not
necessarily PSD).

Remark 11. Note that (5.3)) can be reformulated as a linear program in O(d?) variables, and hence can be solved efficiently up
to arbitrary accuracy (using for instance, interior point methods (cf., [39])).

The estimation property of (5.3)) is captured in the following Theorem.

Theorem 7. [[8l Theorem 3] Consider the sampling model in (53.4), and let (Hy)q denote the best K term approximation of Hy,.
Then there exist constants cy, ¢}, ca, C1,Cy > 0 such that with probability exceeding 1 — cie” 2™, the solution Hy to (5.3)

satisfies
| Ho — (Ho)o [l1

VK

simultaneously for all (symmetric) Hy € R*?, provided m., > ¢} K log(d?/K).

| Hy—H |[p< Cy + Cin, (5.6)
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The proof of Theoremrelies on the ¢5/¢; Restricted Isometry Property (RIP) for sparse symmetric matrices, introduced by
Chen et al. [8]]:

Definition 2. [[8] For the set of symmetric K sparse matrices, the operator B is said to satisfy the {3 /¢, Restricted Isometry
Property (RIP) with constants 1,2 > 0, if for all such matrices X:

(L =) [ X [[p<]| BX) 1< (1 +72) | X [|F -

While the operator M defined in (5.3) does not satisfy ¢5/¢1 RIP (since each v; viT has non-zero mean), one could consider
instead a set of debiased measurement matrices B; := vo;_1vZ, | — vo, vl with B;(X) := (B;,X) fori = 1,...,m. Chen et
al. [8, Corollary 2] then show that the linear map B : R9*? — R™ satisfies £o/¢1 RIP, provided m > K log(d*/K).

Remark 12. Observe that the ¢1 norm constraint in arises due to the {5 /01 RIP in Definition|2| It is unclear whether the
linear map B also satisfies the conventional {5/l RIF| However assuming it were do so, the {1 norm constraint in (3.3) could
then be replaced by || y — M(B) ||2< n. In particular, it might then be possible to use faster non-convex IHT based methods
(cf., Remark ).

Estimating S5, S;.  Given the linear program defined in (5.3)), we can estimate V2 f(x) in a straightforward manner, at any fixed
x € R%. Indeed, for some suitable step size ;1 > 0, we first collect the samples: f(x), {f(x — 2uvj)}] (x4 QMVJ)}m”

Then, we form the linear system y = M(V?f(x)) + n, where

f(x+2uv;) + f(x —2uv;) — 2f(x) _ Rs(¢) + Ra(¢))
42 A 442 ’

F=1,...,m,. (5.7)

Y; =
Since V2 f(x) is at most k(pn, + 1) sparse, therefore we obtain an estimate V2 f(x) to V2f(x) with 2m, + 1 queries of f with

my > i kpm log( d — ). Thereafter, we proceed as in Sectlon | i.e., we estimate V2 f ateachx € x = Unengx(h), with x(h)

as defined in Recall that |y| < (2m, + 1)2|HE| where 1/m,, denotes the “spacing” between two adjacent points in x (k).
Hence by choosing m, large enough, and by controlling the estimation noise by choosing a suitably small p, we can guarantee
identification of S,.

Remark 13. Note that V? f(x) actually has at most k+2|Sa| non-zero entries. Therefore, if we had assumed |Ss| to be known as
part of our problem setup (in Section , then the choice m, > ¢} (k + 2|Sa|) log(%) would suffice for estimating V? f(x).

We can bound 2|S3| < kp,, — this is also tight in the worst case — however in certain settings this would be pessimistic{];o]

Lastly, we note that once S, is identified, we can simply reuse the procedure in Algorithm [3] for estimating S;. A formal
description of the above discussion for identifying Sy, S» is outlined in Algorithm 4]

The following Theorem provides sufficient conditions on the sampling parameters in Algorlthml 4] that guarantee 82 Sa,
Si = &) with high probability.

Theorem 8. Let Hg be of size |H3| < 2(C + 1)e? log d for some constant C > 1. Then 3 constants cy, ¢}, ca, C1 > 0, such that
the following is true. Let my, M., |4 satisfy

2
d ) p< SV D (5.8)

mye > Ay L, my > & kpm 1o (
? 1P O\ o 2v/2C, B3 (4py, + 1k’

We then have for the choices

_ 2uB3(4pm + 1)k
B 3\/ My

that 82 Sy wnh probability at least 1 — cie= ™ — d~2C,
Given that 82 So, the sampling conditions for estimating 81 are identical to those stated in Theoreml

7’7'201’[7

Query complexity. Estimating V2 f(x) at some fixed x requires 2m, + 1 = O(kp, log( )) queries. Since V2 f is es-
timated at all points in x in the worst case, this consequently implies a total query complex1ty of O(kpm log( )| x|) =

O\ %kpm(log d)?), for estimating Sy. As seen in Theorem@ we make an additional O(\; ' (k |8V‘“|) log(d |S§“|)) queries
of f, in order to estimate Sy. Therefore, the overall query complexity for estimating Sy, Sz is O(A5 k;pm(log d)?). Observe that
this is better by a log d factor as compared to the sampling bound for Algorithm [3](in the noiseless setting).

9We are not aware of a formal proof of this fact in the literature.
10For example when O(1) variables have degree pym,, and the remaining variables have degree 1 leading to |Sz| = O(k + pm,).
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Algorithm 4 Algorithm for estimating S, Sy

1: Input: m,,m, € Z*; u > 0;n,7 > 0.

2: Initialization: S;,S; = 0.

3: Qutput: Estimates Sy, S;.

4:

5: // ESTIMATION OF So

6: Construct (d, 2)-hash family ¢ and sets V.

7: for h € Hg do

8: Construct the set x(h).

9. fori=1,...,(2m, + 1)? and x; € x(h) do

0 (y:); = f(xH—Zuv,-)+f$;i2—2uv;')—2f(x¢);j =1,...,my;v; €V

11: V2f(x;) :=argmin | H ||y s.t. H' = H, || y; — M(H) [1< 7.
H

2 S=8u{@d) e @) T Fx)gwl > 7}

13: end for

14: end for

15:

16: // ESTIMATION OF S; -

17: Construct the sets Xdiag, V" and initialize P := [d] \ Sy*".

18: fori =1,...,(2m}, + 1) and X; € Xdgiag dO
F(xit+pu'v])p)=f(xi=p'v])P) .

19: (y,‘)j = o 3 = la---amv“;vj c V.
20: (Vf((xi)p))p:= argmin | (z)p |1.

yi=(V")p (2)p
2 S =8 U {q e P |(VH(xi)p)ql > T"} :
22: end for

Computational complexity. The family H¢ can be constmcte in time polynomial in d. At each x € x, we solve a linear
program (Step in O(d?) variables, which can be done up to arbitrary accuracy in time polynomial in (1, d). Since this
is done at |x| = O(A\y % log d) many points, hence the overall computation time for estimation of S, (and subsequently S;) is
polynomial in the number of queries, and in d.

5.2 Analysis for noisy setting

We now consider the case where the point queries are corrupted with external noise. This means that at query x, we observe
f(x) 4 2', where 2z’ € R denotes external noise. In order to estimate V?f(x), we obtain the samples : f(x + 2uv;) + 2},
f(x—2puv;) + 255 and f(x) + 2} 335 = 1,...,m,. This changes to the linear system y = M(V?2f(x)) + n + z, where
zj = (2j1 + 29 — 22}}3)/(4;3). While |n;| = O(p), the term |z;| scales as 2. Hence the step-size u needs to be chosen
carefully now during the S, estimation phase — a small value would blow up the external noise component while a large value
would increase perturbation due to higher order Taylor’s terms. A similar reasoning holds during the S; estimation phase.

Arbitrary bounded noise. In this scenario, we assume the external noise to be arbitrary and bounded, meaning that |2'| < e,
for some finite ¢ > 0. While a le value of € would render the recovery of Sy, S» impossible (as the structure of f would be

| that if ¢ = O( , then Algorithm @{recovers S, with appropriate choice of sampling

. D3
destroyed), we show in Theorem W)

3/2
parameters. Furthermore, assuming S, is recovered exactly, and provided e additionally satisfies € = O(?kl—?g), then the

Algorithm ] also identifies S; exactly.

Theorem 9. Assuming the notation in Theorem@ let my, m, and HS be as defined in Theorem@ Denoting a = %\/W’
3
say € satisfies € < €] = 54;{%' Then for 61 = cos™! (1 — g—f) let u be chosen to satisfy:
im,
DQ 01 T D2 D2 91 D2
c(— (LT ’ (2 + . 5.9
K ( 3aC; ( 3 3) T 6aC; 300, “°\ 3 ) T Gac, (59
We then have in Algorithm for the choices 1 = (%\/w + EI%) 7 = Cin, that Sy = Sy with probability at least

1 — ¢re—2mv — g—2C

Given that So = Sa, the sampling conditions for estimating S1 are identical to those stated in TheoremEl

Recall discussion following Deﬁnition
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Stochastic noise. In this scenario, we assume the point queries to be corrupted with i.i.d Gaussian noise, so that 2’ ~ N(0, 02)
for variance 02 < oo. As before, we consider resampling each point query a sufficient number of times, and averaging the values.
In Step [10[of Algorithm [4] (during the S, estimation phase), we resample each query N; times so that 2’ ~ N(0,02/N). For
any € > 0, if Ny is chosen large enough, then we can obtain a uniform bound |2’| < ¢ — via standard tail bounds for Gaussians
— over all noise samples, with high probability. This means that by choosing ¢ < &1, we can use the result of Theorem 9] for
estimating Sa.

A similar resampling procedure can be applied during the S; estimation phase, as analyzed already in Theorem [§] By
choosing ¢’ < &5 and the resampling factor N, large enough, we can again uniformly bound |z’| < &’ with high probability, over
all noies samples during this phase. These conditions are stated formally in the following Theorem.

V2D3

Theorem 10. Assuming the notation in Theorem let m,,, m, and H3 be as defined in Theorem Foranye < &1 = 57—,
Fm,

0 < p1 < 1, say we resample each query in Step|10 ofAlgorithm Ny > % log(;ﬁ\/gmv(mv/ +1)(2my + 1)2|HY|) times,
and average the values. We then have in Algorithm ‘or the choices of n, T, p as in Theoremlé] that 3‘; = Sy with probability at
least 1 — cie=2™v — d=2¢ — p1. Given that 3; = Sy, the sampling conditions for estimating :S‘; are identical to those stated in
Theorem

Query complexity. We now analyze the query complexity for Algorithm [4] when the noise is i.i.d Gaussian. For estimating
S,, we have ¢ = O(p;,;2k~2). Furthermore: (2m,, + 1)2 = \; 2, |H4| = O(logd), m, = O(kp,, logd). Choosing p; = d~°
for any constant § > 0 gives us

Ny = O(pp, k* log((k?p2,)d° (kpm log d) A3 log d)) = O(pp, k* log d).

This means that our total sample complexity for ensuring 3; = &y with high probability is:
O(Nikpm(log d)?[x|) = O(py,k° (log d)*A;?).

Lastly, by noting the sample complexity for estimating S; from Theorem[6] we conclude that the overall sample complexity
for ensuring S =81 and Sy = Sy, in the presence of i.i.d Gaussian noise, is O(p>, k°(log d)>\;?). Observe that this bound has
a relatively worse scaling w.r.t p,,, compared to that for Algorithm [3|(derived after Theorem @); specifically, by a factor of p3,.
On the other hand, the scaling w.r.t d is better by a logarithmic factor, compared to that for Algorithm

6 Learning individual components of model

Recall from (2.4) the unique representation of the model:

f(xla"wxd) =c+ Z ¢p(xp)+ Z ¢(l,l’)(xl7ml/)+ Z ¢q($q), (61)
(

pPEST LI)eSs qESY:p(q)>1

where S; NSy = (). Having estimated the sets S; and Sa, we now show how the individual univariate and bivariate functions in
the model can be estimated. We will see this for the settings of noiseless, as well as noisy (arbitrary, bounded noise and stochastic
noies) point queries.

6.1 Noiseless queries

In this scenario, we obtain the exact value f(x) at each query x € R?. Let us first see how each ¢p; p € S; can be estimated.
For some —1 =t; <ty < --- < t, = —1, consider the set

Xp = {XieRd5(Xi)j :{ %; j;g’ };léién;léjﬁd}; pES. (6.2)
We obtain the samples {f(x;)},_; X; € xp. Here f(x;) = ¢,(t;) + C with C being a constant that depends on the other
components in the model. Given the samples, one can then employ spline based “quasi interpolant operators” [15]], to obtain an
estimate 45,, : [-1,1] — R, to ¢, + C. Construction of such operators can be found for instance in [15] (see also [22]). One
can suitably choose the ¢;’s and construct quasi interpolants that approximate any C"* smooth univariate function with optimal
Loo[—1,1] error rate O(n~") [15}22]]. Having obtained ¢,, we then define

bp = dgp - Ep[d;p}; p € S, (6.3)
to be the estimate of ¢,,. The bivariate components corresponding to each (/,l’) € S can be estimated in a similar manner as
above. To this end, for some strictly increasing sequences: (—1 = t1,t5,...,t;, = 1), (=1 =t1,ta,...,t,, = 1), consider the
set

t;; q= la
Xy =18 Xij €ERY: (xij)g =14 tj; a=1, 1<i,j<n;;1<qg<dp; (IL,I)eS,. (6.4)
0; q#L1l
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We then obtain the samples { f(x; ;) }; ;5 Xi,; € x (1) Where

i,j= 1’

f(xi) = o (ti, t;) + Z ba,)(t;,0) + Z b, 1)(0,17)

l1:(1,11)ESy Lix(l, ) €S2
LAl 1A
D b0+ D duan(0.t) + bulth) + du(ty) +C. (6.5)
(U 1})ESs 11,1 €S:
1h#l £l
= guu(ti, ;) + C, (6.6)

with C' being a constant. is a general expression — if for example p(l) = 1, then the terms ¢, ¢(;1,), ¢, 1) Will be zero.
Given this, we can again obtain estimates é(l,l/) : [-1,1]2 - Rto g,y + C, via spline based quasi interpolants.. Let us
denote n = n? to be the total number of samples of f. For an appropriate choice of (t,;)’s, one can construct bivariate
quasi interpolants that approximate any C™ smooth bivariate function, with optimal L..[—1,1]? error rate O(n~"™/2) [13} 22].
Subsequently, we define the final estimates a(W) to ¢ 1,11y as follows.

oq, i —Eq, z/)[¢(z nli ), p(l) =1,
A oary —Eoamls o) =1,p(") > 1, 6.7
o) . ) dapy — Ey [¢(l nls pl) > 1,p") =1, 7
by — Eilduin] — Ev[dain] + Eqmldanl; o) >1,p(1") > 1

Lastly, we require to estimate the univariate’s : ¢; for each [ € S3*" such that p(l) > 1. As above, for some strictly increasing

sequences: (—1 = tq,t5,...,t, =1), (=1 =t1,ta,...,t,, = 1), consider the set
ty q=1,
Xl::{xiyje]Rd:(xiyj)q: ti; ¢#l&qe Sy, ;1<i7j<n1;1<q<d}; le S p(l)>1. (6.8)
0 ¢Sy,
We obtain { f(x; )} j=1° Xi,j € X1 where this time
fp)=at)+ D svlt)+ D dantit) (6.9)
p(I1)>1,1'#1 (1) ES;
+ Y bwaytit) + > Glaq)(tist;) +C (6.10)
1:(I',1)ES2 (9,9")€S2:9,9'#l
= gi(t},t;) +C 6.11)

for a constant, C. Denoting n = n? to be the total number of samples of f, we can again obtain an estimate qu(xl, x) to
gi(z1, ) + C, with Lo [—1, 1]? error rate O(n~3/2). Then with ¢; at hand, we define the estimate ¢; : [—1,1] — R as

(Zl = Em[él] — E(l,m) [(51}; le Svar : (l) > 1. (6.12)
The following proposition formally describes the error rates for the aforementioned estimates.

Proposition 1. For C3 smooth components ¢,,, d(1 1y, ¢, let ggp, g/b\(l,l/), &1 be the respective estimates as defined in (©3),
and (6.12)) respectively. Also, let n denote the number of queries (of f) made per component. We then have that:

L dp— & lpoj-1.y= O ) ¥p € Sy,
2. | by = b lpwi-1,12= O 32);¥(1, V') € S, and
36— 1l ra= O(n~2): ¥l € S : p(i) > 1.

6.2 Noisy queries

We now look at the case where for each query x € R?, we obtain a noisy value f(x) + 2’.

Arbitrary bounded noise. We begin with the scenario where z/ is arbitrary and bounded with |z}| < e; Vi. Since the noise
is arbitrary in nature, therefore we simply proceed as in the noiseless case, i.e., by approximating each component via a quasi-
interpolant. As the magnitude of the noise is bounded by ¢, it results in an additional O(e) term in the approximation error rates
of Proposition T}
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To see this for the univariate case, let us denote ) : C(R) — H to be a quasi-interpolant operator. This a linear operator,
with C(R) denoting the space of continuous functions defined over R and H denoting a univariate spline space. Consider
u € C™[~1,1] for some positive integer m, and let g : [~1, 1] — R be an arbitrary continuous function with || g ||z _[—1,1< €.
Denote & = u + g to be the “corrupted” version of u, and let n be the number of samples of @ used by ). We then have by
linearity of () that:

QW) —u ||Loi—1 =l Q) + Q9) = u [l 11< | Q) = w1y + 1 QU9 lLaci-11; (6.13)
—_———
=0(n=™) <lele

with || @ || being the operator norm of Q. One can construct @ with || Q || bounded™| from above by a constant de-
pending only on m. The above argument can be extended easily to the multivariate case. We state this for the bivariate case
for completeness. Denote Q; : C(R?) — # to be a quasi-interpolant operator, with 7 denoting a bivariate spline space.
Consider u; € C™[—1,1]? for some positive integer m, and let g; : [—1,1] — R be an arbitrary continuous function with
Il g1 |\Lw[_171]2< e. Let 3 = uy + g1 and let n be the number of samples of u; used by Q1. We then have by linearity of Q4
that:

| Q1(ur) —us lzooi—1,2=ll Quur) + Q1(91) —wr (Lo —1.12< [ @1(ur) —wa lzoomra2 + 1 @l | 91 w1112,
—_———
=0(n=m/2) <lQulle
(6.14)
with || Q; || being the operator norm of Q. As for the univariate case, one can construct Q1 with || Q; || bounded™ from
above by a constant depending only on m.
Let us define our final estimates QASP, qAS(u/) and ¢; as in (63). and (6.12), respectively. The following proposition
formally states the error bounds, for this particular noise model.

Proposition 2 (Arbitrary bounded noise). For C*® smooth components ¢,,, by, i, let &)\p qg(l’l/), (El be the respective estimates
as defined in (6.3), and (6.12)) respectively. Also, let n denote the number of noisy queries (of f) made per component with
the external noise magnitude being bounded by €. We then have that

L 6p = dp loefo10j= O(n3) + O(e); Vp € S,
2. || by — Sy lpwio1a2= O(n~3/2) + O(e);¥(1, ') € Sa, and
3 QASl — ¢ ||L&[_171}= O(n_3/2) +O0(e); VI € 8% 2 p(l) > 1.

The proof is similar to that of Proposition[I]and hence skipped.

Stochastic noise. We now consider the setting where z; ~ N(0,02) are i.i.d Gaussian random variables. Similar to the
noiseless case, estimating the individual components again involves sampling f along the subspaces corresponding to Si, So.
Due to the presence of stochastic noise however, we now make use of non-parametric regression techniques to compute the
estimates. While there exist a number of methods that could be used for this purpose (cf. [50]), we only discuss a specific one
for clarity of exposition.

To elaborate, we again construct the sets defined in (6.2),(6.4) and(6.8)). In particular, we uniformly discretize the domains
[—1,1] and [—1,1]?, by choosing the respective ¢;’s and (t;,¢;)’s accordingly. This is the so called “fixed design” setting in
non parametric statistics. Upon collecting the samples { f(x;) + 2/}, one can then derive estimates gZN)p, qg(l,l/), o1, to op +C,
ga,n+C and g;+C respectively, by using local polynomial estimators (cf. [50L[18] and references within). It is known that these
estimators achieve the (minimax optimal) Lo, error rate: Q((n~!logn)#+4), for estimating d-variate, C'"™ smooth functions
over compact domainspj Translated to our setting, we then have that the functions: ¢, + C, g1y + C and g; + C are estimated
at the rates: O((n~'logn)7) and O((n~" logn)? ) respectively.

Denoting the above intermediate estimates by ¢, qg(l’l/), ¢1, we define our final estimates qAﬁp, $(l’l/) and ¢; as in (63), ©.7
and (6.12), respectively. The following Proposition describes the error rates of these estimates.

Proposition 3 (i.i.d Gaussian noise). For C® smooth components Gp, Py, DU let g/b\p, ‘Z(U’)’ g/b\l be the respective estimates as
defined in (6.3), and (6.12) respectively. Let n denote the number of noisy queries (of f) made per component, with noise
samples 24,25, ..., 2zl being i.i.d Gaussian. Furthermore, let E,[-] denote expectation w.r.t the joint distribution of 21,25, ..., z}..
We then have that

L E.J| ép — p loo-1,] = O((n~tlogn)?);Vp € Sy,
2. B[l by — by o 11p2) = O((n~"logn)3 ), Y(1,1') € Sa, and
3. B[l i — lpeio11] = O((n " logn)?); Vi € Sy« p(1) > 1.

2For instance, see Theorems 14.4, 15.2 in [22]
13See [50] for d = 1, and [38] for d > 1
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7 Simulation results

We now provide some simulation results for our methods on synthetic examples. The main goal of our experiments is to
provide a proof of concept, validating some of the theoretical results that were derived earlier. We consider both non-overlapping
(Subsection and overlapping settings (Subsection [7.2). For all our experiments, we use the ALPS algorithm [28]] as our CS
solver — an efficient first-order method.

Starting with the non-overlapping case, we present phase transition results and also show the dependence of d on the number
of samples used, for identification of 51, So. We then empirically demonstrate the dependence of the number of samples on the
sparsity parameter k. In both cases, our findings support our theory for sample complexities.

Next, we consider the overlapping case where we conduct similar experiments, and also additionally demonstrate empirically,
the dependence of the number of samples on the parameter p,,,.

7.1 Non-overlapping setting

We consider the following experimental setup: S; = {1,2} and Sz = {(3,4), (5,6) }, which implies k; = 2, k2 = 2 and k = 6.
Moreover, we consider three different types of f namely:

(l) f1 (X) = 21‘1 — 313% =+ 4I3£174 — 51}51‘6,

(1) fo(x) = 10sin(7w - 21) + 5e ™22 + 10sin(7 - z324) + He 22576,
(i) f3(x)
For all cases, we use Algorithmsmandg For f1, the problem parameters are setto Ay = 0.3, \o =1, D; =2, Dy =3, B3 =6,
while for cases fa, f3: Ay = Ay = 0.3, D; = 8, Dy = 4, B3 = 35. Given these constants, we obtain m,, = 1, m/, = 4 for f;
and m, = m/, = 4 for f3, f3. We use constant C' (to be defined next) when we set m,, := Cklog (d/k). For the construction

of the hash functions, we set the size to |H4| = C’logd with C’ = 1.7, leading to |H4| € [8,12] for 102 < d < 103. For the
noiseless setting, we choose step sizes: i, i1, 3 and thresholds: 7/, 7 as in Lemmaand Lemma

- % cos(m - w1) + 823 + 5(x3 — 23 + %m) + % cos(m - x374) + 8(2314)? + 5((w526)* — (v526)% + %xsxﬁ).
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Figure 3: First (resp. second and third) column is for f; (resp. f2 and f3). Top row depicts the success probability of identifying exactly
Si1, 82, in the noiseless case. x-axis represent the constant C'. The bottom panel depicts total queries vs. d for exact recovery, with C' = 3.8
and various noise settings. All results are over 5 independent Monte Carlo trials.

For the noisy setting, we consider the function values to be corrupted with i.i.d. Gaussian noise. We reduce the noise
variance by repeating each query N; and N, times respectively, and averaging. The noise variance values considered are o2 €
{107*,1073,1072} for which we choose:

(N1, N2) € {(40,15), (75,31), (80,35)} for f1,
(N1, N2) € {(60,30), (85,36), (90,40)}  for fo,
and (Ny, Ny) € {(59,30), (85,35),(90,40)} for fs.
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Moreover, we now choose parameters u, u1, 8,7, 7 as in Theorem

Dependence on d. We see in Fig. [3} that for C ~ 3.8 the probability of successful identification (noiseless case) undergoes a
phase transition and becomes close to 1, for different values of d. This validates the statements of Lemmas Fixing C = 3.8,
we then see that with the total number of queries growing slowly with d, we have successful identification. For the noisy case,
the total number of queries is roughly 102 times that in the noiseless setting, however the scaling with d is similar to that for
noiseless case. Focusing on the function models f> and f3, observe that the number of queries is seen to be slightly larger than
that for f; in the noisy settings; this fact becomes more obvious in the overlapping case later on.

Dependence on k. We now demonstrate the scaling of the total number of queries versus the sparsity k for identification of
S1, Ss. Consider the model

T
f(x) = Z (alx(i—1)5+1 - CM2X%¢71)5+2 + a3X(i—1)54+3X(i—1)5+4 — CM4X(1'71)5+5X(2‘71)5+6)

=1

(7.1)

where x € R? for d = 500. Here, o; € [2, 5], Vi; i.e., we randomly selected v;’s within range and kept the values fixed for all 5

Monte Carlo iterations. Note that sparsity k = 67'; we consider T € {1,2,...,10}. Weset \; = 0.3, \a =1, D1 =2, Dy =3,
B3 = 6 and C = 3.8, i.e., the same setting with model f; above. For the noisy cases, we consider o2 as before, and choose the
same values for (N1, No) as for fi. In Figure EL we see that the number of queries scales as ~ klog(d/k), and is roughly 102
more in the noisy case as compared to the noiseless setting.
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Figure 4: Total number of queries versus different sparsity values k, for (7.I). This is for both noiseless and noisy cases (i.i.d Gaussian) with
variances o2 € {1074, 1073, 1072}.

7.2 Overlapping setting

For the overlapping case, we set S = {1,2} and S; = {(3,4), (4,5)}, which implies k1 = 2, k2 = 2, p,, = 2 and k = 5. Due
to the presence of overlap between the elements of S, we now employ Algorithm 3] for identifying 1, So.

Remark 14. We deliberately avoid using Algorithm[|on account of Remark[I2]- it is unclear to us whether IHT based methods
could be employed for solving (3.3), with provable recovery guarantees. While we could instead use standard interior point
solvers, they will be slow, especially for the range of values of dimension d that we will be considering.

For an easier point-by-point comparison with the non-overlapping case, we consider the similar models with previous sub-
section; observe there are common variables across the different components of f.

(i) f1(x) =221 — 323 + dwswg — STy,
(1) fa(x) = 10sin(7 - 1) + 5e~2%2 + 10sin(7 - w324) + He™2¥4%3,

10

(iii) f3(x) =12 cos(m - x1) + 8xf 4+ 5(a§ — 3 + 2a4) + 12 cos(m - w3x4) + 8(w324)? 4 5((waw5)* — (z425)* + 22475).
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Parameters A\, A2, D1, Do, Bs are set as described in the previous subsection. We use the same constant C when we set

my = Cklog (d/k), my := Cpylog(d/pm), and my := C(k — |§§;r|) log(k_l%‘ ); we define C later on. The size of the

hash family |#¢| for different values of d is set as before for the non-overlapping setting. For the noiseless setting, we choose
step sizes: 1, pu1, 4’ and thresholds: 7/, 7" as in Theorem 4]

For the noisy setting, we consider the function values to be corrupted with i.i.d. Gaussian noise. We reduce the noise
variance by repeating each query INV; and N> times respectively, and averaging. The noise variance values considered are:
o’ e {10’4, 1073, 10’2} for which we choose:

(N1, N2) € {(50,20), (85, 36), (90,40)} for f1,
(N1, N2) € {(60,30), (90, 40), (95,43)}  for fo,
and (Ny, No) € {(59,30), (89,40), (93,43)} for f5.

Moreover, we now choose the parameters: i, i1, 41, 7', 7" as in Theorem 3}

Dependence on d. We see in Fig. |5} that for C ~ 5.6 the probability of successful identification (noiseless case) undergoes a
phase transition and becomes close to 1, for different values of d, as in the non-overlapping case. This validates the statement of
Theorem@ As in the non-overlapping case, in the presence of noise, the total number of queries is roughly 102 times that in the
noiseless setting, however the scaling with d is similar to that for the noiseless setting.
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Figure 5: First (resp. second and third) column is for f; (resp. f2 and f3). Top row depicts the success probability of identifying exactly
S1, 82, in the noiseless case. z-axis represent the constant C'. The bottom panel depicts total queries vs. d for exact recovery, with C = 5.6
and various noise settings. All results are over 5 independent Monte Carlo trials.

Dependence on k. We now demonstrate the scaling of the total number of queries versus the sparsity k for identification of
S1, Ss. Consider the model

T

2
E (041X<¢71>5+1 — Q2X(;_1)542 + ¥3X(i—1)5+3X(i—1)5+4 — a4X(¢71)5+4X(i71)5+5)
i=1

f(x) (7.2)

where x € R? for d = 500. Here, ; € [2,5], Vi; i.e., we randomly selected ;’s within range and kept the values fixed for all 5

Monte Carlo iterations. Note that p,,, = 2 and the sparsity k¥ = 5T"; we consider T’ € {1,2,...,10}. Weset A\; = 0.3, Ao = 1,
D1 =2,Dy =3, B3 =6 and C = 5.6. For the noisy cases, we consider o2 as before, and choose the same values for (N1, No)
as for f1. In Figure EkLeft panel), we again see that the number of queries scales as ~ klog(d/k), and is roughly 10 more in
the noisy case as compared to the noiseless setting.
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Figure 6: Left panel: Total number of queries versus different sparsity values k, for (7.2)). Right panel: Total number of queries versus py, for
(73). This is for both noiseless and noisy cases (i.i.d Gaussian) with variances o e {10’4, 1073,1072 }

Dependence on p,,. We now demonstrate the scaling of the total queries versus the maximum degree p,, for identification of
&1, So. Consider the model f(x) =

T 5
a1X] — 042X§ + Z (a3,iX3Xi43) + Z (va,iX242iX342i) -

=1 i=1

(7.3)

We choose d = 500, C' = 6, a; €[2,...,5],Vi (as earlier) and set \y = 0.3, \y =1, D1y =2, Dy =3, B3 = 6. For T > 2, we
have p,,, = T'; we choose T' € {2,3,...,10}. Also note that k¥ = 13 throughout. For the noisy cases, we consider o2 as before,
and choose (N1, Na) € {(70,40), (90, 50), (100,70)}. In Figure [(Right panel), we see that the number of queries scales as
~ pmlog(d/pm), and is roughly 102 more in the noisy case as compared to the noiseless setting.

8 Discussion

We now provide a more detailed discussion with respect to related work.

Learning generalized SPAMs. There exist fewer results for generalized SPAMs of the form (I.I)), in the regression setting.
The COSSO algorithm [31]] can handle (T.T), however its convergence rates are shown only for the case of no interactions. Storlie
etal. [47] proposed the ACOSSO method, an adaptive version of the COSSO algorithm, which can also handle (T.1). They derive
convergence rates and sparsistency results for their method, albeit for the case of no interactions.

Radchenko et al. [42] proposed the VANISH algorithm — a least squares method with sparsity constraints. It is shown to be
sparsistent, i.e., it asymptotically recovers Sy, Sy for n — oo. They also show a consistency result for estimating f, similar to
[44].

Dalalyan et al. [14] studied a generalization of (I.I)) that allows for the presence of a sparse number (m) of s-wise interaction
terms for some additional sparsity parameter s. Specifically, they studied this in the Gaussian white noise modeﬂ While they
derive non-asymptotic Lo error rates (in expectation) for estimating f in such generic setting, they do not guarantee unique iden-
tification of the interaction terms for any value of s. Furthermore, the computational complexity of their estimator is exponential
in d, s, m, although they discuss possible ways to reduce this complexity. This model was also recently studied by Yang et al.
[59] wherein they derived minimax estimation rates for f, in the Lo (P) norm. They show a method based on Gaussian process
regression that nearly achieves the optimal estimation rate; however they do not guarantee unique identification of the interaction
terms. Suzuki [48] studied a special case where [d] is pre-divided into m subsets, with an additive componenﬂ defined on each
subset. Assuming a sparse number of components, they derived PAC Bayesian bounds for estimation of f in the Ly (P,,) norm.

A special case of (I.I)) — where ¢,’s are linear and each ¢,y is of the form z;x;, — has been studied considerably. Within
this setting, there exist algorithms that recover S, S», along with convergence rates for estimating f, but only in the limit of
large n [9}, 142} 3]]. Nazer et al. [37/] generalized this to the setting of sparse multilinear systems — albeit in the noiseless setting
— and derived non-asymptotic sampling bounds for identifying the interaction terms, via ¢; minimization. Upon translating
Theorem 1.1 from their paper into our setting, with general overlap (so p,,, > 1), we obtain a sample Complexitym of O((|S1] +
|Sa])21log(d/(|S1] + |S2]))) = O(k?p2,10g(d/(kpm))). On the other hand, for the case of no overlap, their sample complexity

14This is known to be asymptotically equivalent to the nonparametric regression model as the number of samples n — co.
15Thus for m = d, we obtain a Sparse additive model (SPAM).
16This sample complexity implies exact recovery of Sy, Sz w.h.p
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turns out to be O((|S1| + |S2|) log(d/(|S1| + |S2]))) = O(klog(d/k)) for recovering Si, S w.h.p. However finite sample
bounds for the non-linear model (I.T]) are not known in general.

Other low-dimensional function models. We now provide a comparison with existing work related to other low dimensional
models from the literature, starting with the approximation theoretic setting. Devore et al. [[16] consider functions depending on
a small subset S of the variables. The functions do not necessarily possess an additive structure, thus the setting is more general
than (T.I). They provide algorithms that recover S exactly w.h.p, with O(c*klog d) noiseless queries of f, for some constant
¢ > 1. Their methods essentially make use of a (d, k)-hash family: 'Hg (cf. Definition . for constructing their sampling sets,
and while these methods could be used for identifying S, the sample complexity would be exponential in k.

Schnass et al. [45] consider the same model for f in the noiseless setting, and derive a simple algorithm that recovers S
w.h.p, with O(g—ik(log d)?) noiseless queries. Here, C; = max;es || 0;f |loo and @ = min;es || 9;f ||1 with || - |1 denoting
the L, norm. While the C; term is a constant depending on the smoothness of f, one can construct examples of f for which
a = ¢ ¥, for some constant ¢ > 1. This implies that the sample bounds could be exponential in k for general k variate functions
(as one would expect). This method could be applied to (I.I), to learn the set of active variables. In particular, for the general
overlap case (p,, > 1), their algorithm will identify the support S w.h.p, with O(%k(log d)?) noiseless queries where now:
C1 = maxies || 0if l|oo< C}pm, with C7 a constant depending on the smoothness of f. For the general overlap case, we see
that their bounds in the noiseless setting are worse by a p3, factor compared to those for Algorithms E], however better by a log d
factor compared to Algorithm [3] Moreover, it is not clear how the « term scales with respect to p,,, here. For the non-overlap

case, the scaling of their sampling bounds with respect to k, d matches ours for the noiseless setting, up to an additional g—}? term.
While a does not depend on k now, their sampling bound increases for small values of « or large values of C';. The dependence
of the sampling bound on the parameters C, «v is not necessary in the noiseless setting, as seen from our sampling bounds that
(in the noiseless case) depend on the measure of the region where 9; f (i € S) and/or 9,0 f ((I,1') € S») are large.

This model was considered by Comminges et al. [13|[12]] in the regression setting. Assuming f to be differentiable, and the
joint density of the covariates to be known, they propose an estimator that identifies the unknown subset S w.h.p, with sample
complexity O(c*k log d). This bound is shown to be tight although the estimator that achieves is impractical — in the worst case
it looks at all subsets of {1,...,d} of size k.

Fornasier et al. [19], Tyagi et al. [51]] generalized this model class to functions f of the form f(x) = g(Ax), for unknown
A € R¥**?, They derive algorithms that approximately recover the row-span of A, with sample complexitie typically poly-
nomial in k, d. Specifically, [[19] considers the setting where the rows of A are sparse. They propose a method that essentially
estimates the gradient of f — via ¢; minimization — at suitably (typically polynomially in d) many points on the unit sphere
S9=1. [51] generalized this result to the setting where A is not necessarily sparse, by making use of low rank matrix recovery
techniques.

Estimation of sparse Hessian matrices. There exists related work for estimating sparse Hessian matrices in the optimization
literature. Powell et al. [41] and Coleman et al. [I1] consider the setting where the sparsity structure of V2 f(x) is known,
and aim to estimate V2 f(x) via gradient differences. Their aim is to minimize the number of gradient evaluations, needed for
this purpose. In particular, Coleman et al. [11]] approach the problem from a graph theoretic point of view and provide a graph
coloring interpretation. Bandeira et al. [1] consider derivative free optimization (DFO) problems, wherein they approximate
the underlying objective function f, by a quadratic polynomial interpolation model. Specifically, they build such a model by
assuming V2 f to be sparse, but do not assume the sparsity pattern to be known. Their approach is to minimize the ¢; norm of
the entries of the model Hessian, subject to interpolation conditions. As they do not assume V f to be sparse, they arrive at a
sampling bound of O(d(log d)*) [}, Corollary 4.1], for recovering V f(x), V2 f(x), with high probability. In case V f were also
sparse, one can verify that their bound changes to O((|S| + 2|Sz2|)(log(|S| + 2|S2|))?(log d)?) = O(kpm (log(kpm))? (log d)?).

9 Concluding remarks

In this paper, we considered a generalization of Sparse Additive Models, of the form (I.T)), now also allowing for the presence of
a small number of bi-variate components. We started with the special case where each variable interacts with at most one other
variable, and then moved on to the general setting where variables can possibly be part of more than interaction term. For each of
these settings, we derived algorithms with sample complexity bounds — both in the noiseless as well as the noisy query settings.
For the general overlap case, the identification of the interaction set So essentially involved the estimation of the d x d Hessian
of f at carefully chosen points. In fact, these points were simply part of a collection of canonical two dimensional uniform grids,
within [—1,1]%. Upon identifying S, the estimation of S; was subsequently performed by employing the sampling scheme of
Tyagi et al. [52] on the reduced set of variables. Furthermore, once Sy, S, are identified, we showed how one can recover uniform
approximations to the individual components of the model, by additionally querying f along the one/two dimensional subspaces
corresponding to 81, Sa.

For the setting of noiseless queries, we observed that the sample complexity of Algorithmd]is optimal. However for the noisy
setting — in particular the setting of Gaussian noise — we saw that the sample complexity of Algorithm[d]has a worse dependency

17These were derived predominantly in the noiseless setting, with some discussion in [51]] about handling Gaussian noise via resampling and averaging.
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in terms of k, p,,, compared to Algorithm[3] Of course, the resampling and averaging approach used to reduce the noise variance
is naive and a drawback of our analysis. A better way of handling random noise would be via least squares methods with ¢;
based regularization terms (as is done in the LASSO). Note that in the presence of external Gaussian noise, we end up with
a noise model containing a deterministic component (due to Taylor terms) and a random component (due to Gaussian noise).
The analysis of such noise models is quite rare — one result in this regard can be found in [24, Theorem 2.9], for the Dantzig
selector [7]]. It is unclear whether using such robust estimators from the sparse linear regression setting would lead to better
sampling bounds and needs further investigation. Broadly speaking, an interesting direction for future work would be to consider
alternate active sampling based methods — with improved non-asymptotic sampling bounds — for identifying S1, S in the setting
of Gaussian noise.

Another limitation of our analysis is that it is restricted to C'® smooth functions. It would be interesting to extend the results
to more general C” smooth functions > 1 and also to other smoothness classes such as Holder/Lipschitz continuous functions.
Lastly, we only consider pairwise interactions between the variables; a natural generalization would be to consider a model that
can include components which are at most m-variate. The goal would then be to query f, in order to identify all interaction
terms.
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Yuxin Chen for helpful discussions related to the recovery of sparse symmetric matrices, in Section[5.1]
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A Model uniqueness

We show here that the model representation (2.4) is a unique representation for f of the form (2.I). We first note that any
measurable f : [—1,1]? — R admits a unique ANOVA decomposition [21} [54] of the form:

f(xl7' .- ,Qfd) =c+ Zfa(x(x) + Z fa,@ + Z faB'y + - (Al)
« a<lf a<fB<y
Indeed, for any probability measure p,, on [—1, 1], let &, denote the averaging operator, defined as
Ea(f)(x) :—/[ }f(xl,...,xd)dua. (A.2)
-1,1

Then the components of the model can be written as : ¢ = &a, fo = (I —&a) [1540 €81, fap = (I =Ea)T —Ep) [, 20 p)EA
and so on. For our purpose, /i, is taken to be the Lebesgue measure on [—1, 1]. Given this, we now find the ANOVA decomposi-
tion of f defined in (2.I). As a sanity check, let us verify that f,5, = 0 for all @ < 8 < . Indeed if p € Sy, then at least two of
a < 8 < v will not be equal to p. Similarly for any (I,1") € S,, at least one of «, 3, will not be equal to [ and !". This implies
fapy = 0. The same reasoning trivially applies for high order components of the ANOVA decomposition.
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Thatc = E[f] = >° s, Ep[dp] + 211 es, B (@) is readily seen. Next, we have that

0 ; a#p, }
I-£&, & = ; € S;. A3
( ) H #%» { Gp — Ep[¢p] ; a=p P ! (A-3)
B#a
Ev[dain] —Ewmnloan] 5 a=1,
(I—-¢&a) H Espaay =19 Eilown] —Ewloar 5 a=1, i (L) eS8y, (A4)
B#« 0 - 7é l7 lla

(A3), (A-4) give us the first order components of ¢,,, ;1) respectively. One can next verify, using the same arguments as earlier,
that for any @ < 3:

(I-E)T—&) ] €v¢p=0; VYpeSi. (A.5)
v#o,B

Lastly, we have for any o < 3 that the correspnding second order component of ¢; ;) is given by:

by — Eildq,m]
(I = &) —Ep) H Edury =1 —Evldam] +Ewnleam] 5 a=L8=1, »: (LI)eS,. (A.6)
N#£a,B O ;  otherwise

We now make the following observations regarding the variables in S N S3*.
1. Foreachl € §; N S3* such that: p(l) = 1, and (I,1") € Sa, we can simply merge ¢; with ¢(; ;. Thus [ is no longer in S;.

2. Foreachl € §; NSy such that: p(I) > 1, we can add the first order component for ¢; with the total first order component
corresponding to all ¢ ;1)’s and ¢/ ;)’s. Hence again, [ will no longer be in S;.

Therefore all ¢ € &1 N S3* can essentially be merged with Sy. Keeping this re-arrangement in mind, we can to begin with,

assume in (2.1 that S; N Sy* = (). Then with the help of (A3), (A:4), (A3), (A.6), we have that any f of the form @2.I) (with

S1 N 83 = (), can be uniquely written as:

flan.ma)=c+ Y dplap) + Y. dam(@nzr)+ Y. delag); SiNSy =0, (A7)

PES: (LIES, qE€SE:p(q)>1

where

c= Y Bl + Y. Euulowr) (A.8)

PES: (LI)ESs
Op = dp —Epldp); VP €SI, (A.9)
oq, l’) - ll’ oanl; p),pl') =1,
o _ by — Eildaunl;  p(l) =1,p(1") > 1, A10
o) ¢(z 1 = Eelpanl; pl) > 1,00") =1, (&.10)
by — Eildan] — Evloan] +Eanloaml; o) > 1,p(1") > 1,
and ‘;Sq = Z (Eq[9(0.0)] = Eq.q [(g,0)])
q':(q,9’')ES2
+ Z (Eq/ [¢(q’,q)] - EQI»Q[¢(q’,q)]); Vq S S%/ar : p(Q) > 1. (A.11)
q':(q',q) €S2
B Proofs for Section
B.1 Proof of Lemmal(l]
Recall that for x € Y, we recover a stable approximation V f (x) to V f(x) via ¢; minimization [6, [I7]:
Vf(x)=Aly) :=argmin | z |; . (B.1)

y=Vz

Applying Theorem|[I]to our setting yields the following Corollary.
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Corollary 1. There exist constants ¢ > 1 and C, ¢} > 0 such that for m,, satisfying cyklog(d/k) < m, < d/(log6)* we have
with probability at least 1 — e=<1™v — ¢=Vmod pqy V f(x) satisfies for all x € x:

N 2Cu?Bsk
| Vf(x) = Vf(x) [|2< 75 Sy (B.2)
m,
where Bs > 0 is the constant defined in Assumption 2]

Proof. Since V f(x) is at most k-sparse for any x € R? we immediately have from (3.10) that
| 976) ~ V500) o< Cmax {1, iogd || m [} ;¥ € x. ®.3)
. . . _ Rs(¢)—Rs(¢) f I c Re
It remains to bound || n [|z, || n [|ec. To this end, recall that n = [ny ... 7, | Where n; = ——=5—=2, for some (;,(; € R".

Here R3(¢) denotes the third order Taylor remainder term. By taking the structure of f into account, we can uniformly bound
|R3(C;)]| as follows (so the same bound holds for | R3(C})|).

3
I
|[Bs(¢i) = 5] > Bbp(Gvs+ D (B (G Gavi + O by (G G o) (B.4)
pESL (L,I")eS:
+ ) (3007 by (s G )orvf + 30700 by (G G viow ),
(1,1)ES:
Y s () k@B 1 () k(o) (B.5)
<% N 153 iy 2(253 oo 2(053) 1, .
3Bs(k1 + 8k
_H 3( 1;; 2). (B.6)
6ms/
Using the fact that k1 + 8ky < 4(k; + 2ks) = 4k, we consequently obtain
2B (k1 + 8k 2112 B3k
| 0 [|oo = max |n;| < 1 Ba 13/2 2) < 3/32 ; (B.7)
J 6my 3my
2u? B3k
and || n 2 < || nlle< ‘; 3 (B.8)
My
Using (B-7),(B-8) in (B-3)), we finally obtain for the stated choice of m,, (cf. Remark £}, the bound in (B22). O
Let us denote 7 = %. In order to prove the lemma, we first observe that (B.2) trivially implies that
0y f(x) € [0 f(x) — 7,0, f(x) +7]; q=1,....d. (B.9)

Now, in case ¢ ¢ S;USY™, then 9, f(x) = 0Vx € R?, meaning that 8Aqf(x) € [~7,7]. Ifm, > A\ ! then forevery ¢ € S; USS™,
Jh € H$ and at least one x € x(h), so that |9, f(x)| > D;. Indeed, this follows from the definition of %4, and by construction
of x(h) for h € Hg. Furthermore, for such x, we have from that |8Aq f(x)| = Dy — 7. Therefore if 7 < % holds, then
clearly we would have |8Aq f(x)| > Bt > 7, meaning that we will be able to identify g.

Lastly, we observe that the condition 7 < % translates to an equivalent condition on the step size y as follows.

D, 20u®Bsk D Dymy\ V2
L 20w Bk Dy <<3 1m) (B.10)

TS Y T, 2 AC Bsk

B.2 Proof of Lemma/[2

We proceed by first bounding the error term that arises in the estimation of 9;g(x). As g is C3 smooth, consider the Taylor’s
expansion of g at x, along e; (i), —e; (i) € R*, with step size 3 > 0. For some {( = x + fe;(i), (' = x — 0'e; (i) with
6,6 € (0, ), we obtain the identities:

g(x + Bey(i)) = g(x) + Ble1 (i), Vg(x)) + %Qel(i)TVQg(x)el(i) + R3(C), (B.11)
2
g(x — Be1(i)) = g(x) — Ble1(i), Vg(x)) + %el(i)TWg(X)el(i) + Rs(¢), (B.12)
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with R3(¢), R3(¢") = O(3?) being the third order remainder terms. Subtracting the above leads to the following identity.

g(x + fei(i)) — g(x — Bei(1)) R3(¢) — Rs(¢')

= ] B.l
r (e1(0), Va0 + (B.13)
0;g(x
Big(x) 760 7:(x,8)=0(82)
We now uniformly bound |R3(¢)|, so the same bound holds for |R3(¢’)|. Due to the structure of g, we have that
3
|R3(Q)] = g\ > Bdp(G)er @)+ Y (Db (G o) er(d)f + 0 by (G, Gr)(er(i)f) (B.14)
PEST (LI)ES,
+ Y (3070 dan (G Cr)(er(i))7 (ex (D) + 307 0id . (G Gr) (e ()7 (ex(i))y)] (B.15)
1,1)eS,
3 .
\ %|5f’¢i(Ci)|; i €Sy,
= %3\3?@,3‘(9»@”5 i €83, (1,)) € Sa, (B.16)
F107650(G Gl i€ Y, (G.0) €S2
3
< B Bs. (B.17)
6
The above consequently implies that |n;(x, )| < 8 25 3 This in turn means, for any v € R*, 1, > 0, that
, . 2
|7],L(X+’U,1V,/B) nl(xaﬂ)| < ﬂ B3 (Blg)

H 3ur

Thus we have a uniform bound on the magnitude of one of the contributors of the error term in (3.18). We can bound the
magnitude of the other term as follows. For v € R* and ¢ = x + 6v; 6 € (0, u11 ), we have

253 ;
T2 07 0; i (G); i €Sy,
v V40, v = Y . var [+ B.19
9(Q) { V203 Gi i (Ci Cir) + 05 020i4,00 (G Cir ) + 2030403 07 s ir (G Cir )5 i€ Sy, (i,i") € So (B.19)
Since in our scheme we employ only v € {0, 1}’“, this leads to the following uniform bound.
|%VTV281-9(()V| < 433% =2 By; Vie S USH. (B.20)
Denoting by 7/, the upper bound on the magnitude of the error term in (3.18)), we thus obtain:
2
B
7 = 2u1 B3 + F°Bs. (B.21)
31
Now in case i € Sy, we have (V9,;g(x),vo(i)) = 0, Vx € R¥. This in turn implies that
Qe t 1avold)) = 09(9) | o vy e (B.22)
M1
If i € S§* with (4,4') € Sa, then
(VOig(x),vo(i)) = 0i0i g(x) = 0; 04 (s,50y (Wi, Tir ). (B.23)

For the choice m/, > Ay, 3x* € y; such that |0;0; ¢(; i1y (2}, 2},)| > Do. This is clear from the construction of ;, and on

account of Assumption If we guarantee that 7/ < D5 /2 holds, then consequently

~ ~

|8ig(X* + p1vo(i)) — Dig(x™)

n |>Dy—7' >71' (B.24)

meaning that the pair (¢, ¢’) can be identified. Lastly, it is easily verifiable, that the requirement 7/ < D5 /2, equivalently translates
to the stated conditions on 3, u.

B.3 Proof of Theorem

We begin by first establishing the conditions that guarantee S = S, and then derive conditions that guarantee exact recovery of
S1,So.
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Estimation of S.  We first note that (3.6) now changes to y = VV f(x) + n + z where z; = (2} ; — 2} 5)/(24) represents the
external noise component, for j = 1,...,m,. Since || z || < €/u, therefore using the bounds on || n ||o, from Section|B.1|one
can verify that (B.2) in Corollary [I|changes to

= 2u2Bsk  ey/my
[ Vf(x) = Vf(x) [2< O( ’; 34 ) . (B.25)
My I
Following the same arguments mentioned in Section we observe that if 7 < D; /2 holds, then it implies that S=3.

Now, 7 < D1 /2 is equivalent to

2/,6233]6 E/My Dl 3 D1 be
<= & - — — < 0. B.26
3my, + I 2C K QCM + a ( )
—_——  ——
ap? be

(B26) is a cubic inequality. A cubic equation of the form: y* + py + ¢ = 0, has 3 distinct real roots if its discriminant

’2’—; + % < 0. Note that for this to be possible, p must be negative, which is the case in (B.26). Applying the discriminant
condition on leads to

D? B2, D32
-t —e" <0 & < —. B.27
27 8a°C3 | da2° * = 3Cv6aC ®27
Furthermore, the 3 distinct real roots of the cubic equation are then given by:
y1 = 2v/—p/3cos(0/3), y2 = —2+/—p/3cos(8/3 + 7/3), y3 = —2+/—p/3 cos(0/3 — 7/3) (B.28)
where § = cos™! (%) . In particular, if ¢ > 0, then one can verify that y* + py + ¢ < 0 holds if y € (y2, y1). Applying
this to the cubic equation corresponding to (B.26)), we consequently obtain:

e (2 63727 cos(01/3 —2m/3),24/ 63710 cos(01/3)> . (B.29)

where 01 = cos™!(—¢/e1).

Estimation of S;,S;.  On account of noise, we first note that (B.I3)) changes to

g(X + Bel(l)) - g(X - Bel(l)) _ <81(Z) Vg(x)) + RJ(C) - R3(<I) + 22’1 B 21{,2 (B 30)
2 i 2 2 ’
5 e — %
B.g00) 7:06,8)=0(62) 2 (8)

This in turn results in (3.18)) changing to

Dig(x + u;v) —090) _ g9,000.3) + B g cv + BEE ! B) —mix, ) , zilx+ s B) —zi(x.8)
1 1 1

Error term

(B31)
Using (B.18), (B:20) and noting that |(z;(x + p1v, 8) — z:(x, 8)) /11| < 2¢/(Bu1), then by denoting 7’ to be an upper

2
bound on the magnitude of the error term in (B.31)), we have that 7/ = 21 Bs + ﬁg fi S 4+ ﬁz—il Following the same argument as

in Section we have that 7/ < D5 /2 implies :9; = S; and :S’; = 8Ss. The condition 7/ < D5 /2 is equivalent to

6233 2¢e D2

21 B3 + b <22 (B.32)
et VR
3D
& 68382 — Tzﬁm + (B3B3 + 6¢) < 0. (B.33)

Solving in terms of p; leads to
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ag /252 248, (8B, +62) 2226+ /*DE 2 — 243B4(6°Bs + 6¢)

€ 128373 ’ 12833 (B.34)
\/DQ 32 By(#Bs + 6e) Da+ \/DQ 32 B3(#* B + be)
S up € SB; , SB; (B.35)
Now in order for the above condition on y; to be meaningful, we require
D2 — 372333(5333 +6e)>0 & - 3%225 + 6—5 <0. (B.36)

Since (B.36) is a cubic inequality, therefore by following the steps described earlier (for identification of §), one readily
obtains the stated conditions on 1, € and 3.

B.4 Proof of Theorem

We first derive conditions for estimating S, and then for estimating S, Ss.

Estimating S. Upon resampling N; times and averaging, we have for the noise vector z € R that

pAA— 2! — 2
y— ( 1,12lu 12) ( mml2u my.2) 7 (B.37)

where 2} |, 2%, ~ N'(0,0%/Ny) are i.i.d. Our aim is to guarantee that |2}, — 2 ,| < 2¢ holds Vj = 1,...,m,, and across all
points where V f is estimated. Indeed, we then obtain a bounded noise model and can simply use the analysis for the setting of
arbitrary bounded noise.

To this end, note that 27 ; — ~ N(0, ) It can be shown that for any X ~ N(0, 1) we have:
26—252/2
P(|X]|>1t) < ot vt > 0. (B.38)

Since 2} ; — 2}y = 0/ N%X therefore for any € > 0 we have that:

25
P(|2} 1 — 2} 5| > 2€) IP<| 01/ 1) (B.39)

2
gg 2ex( Nl) (B.40)
£ 1

2
9 exp ( J;rl) . (B.41)
19 g

Now to estimate V f(x) we have m, many “difference” terms: z; ; — 2} ,. As this is done for each x € Y, therefore we have

a total of m,, (2m, + 1)?|H¢| many difference terms. Taking a union bound over all of them, we have for any p; € (0,1) that

the choice N; > ‘E’—j log( \E/El" (2m, + 1)?|H¢|) implies that the magnitudes of all difference terms are bounded by 2¢, with
probability at least 1 — p;.

| /\

Estimating S;,S>.  In this case, we resample each query N, times and average — therefore the variance of the noise terms
gets scaled by N2 Note that for each 7 € S and x € Xi» We have two difference terms corresponding to external n01se — one

corresponding to J; g(x) and the other corresponding to d; g(x+p1v). This means that in total we have at most k(2m/,”+ [log k7)
many difference terms arising.
V2k(2m! > +[log k1) )

Therefore, taking a union bound over all of them, we have for any ps € (0, 1) that the choice Ny > g—z log( s

implies that the magnitudes of all difference terms are bounded by 2¢’, with probability at least 1 — po.

C Proofs for Section 4
C.1 Proof of Theorem d

The proof is divided into the following steps.
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Bounding the 74 » term. The proof of this step is similar to that of Corollary (1| Since V f(x) is at most k sparse, therefore for
any x € R? we immediately have from Theorem (B10), the following. 3Cy, ¢y > 0, ¢} > 1 such that for ¢} klog($) < m, <

ﬁ we have with probability at least 1 — e=cimy — e=Vmud that

| V560 = V£(x) [lo=< Crmax { || m |2, v/logd || n [l | - (R}
_ _ Ra(¢)-Ra(¢) o .
Recall from (3.3) that n = [ng ... 0y, ] where n; = — for some (;, (; € R®. Here R3(() denotes the third order
Taylor remainder terms of f. By taking the structure of f into account, we can uniformly bound | R3((;)| as follows (so the same

bound holds for | R3(})[). Let us define o := [{g € S3* : p(q) > 1}|, to be the number of variables in S3*', with degree greater
than one.

3
|R3(¢5)| = %| Z B bp(Cjp)vs + Z (07D, (Cis G Vi + Op by (Gt G Jvir)

peEST 1,1)eS,
30,07 1, G 2 13020 i1, G 2 o3 AT C2
+ Z (30007 D1,y (Cjt> Gy )vrvis + 307 0y D iy (Gt Gt ) v vir) + Z o Pa(Ci,q)vg (C.2)
(LI)ES, 4€SY :p(g)>1
3
1% leg 2kQB3 O[Bg GkQBg
<5 (G -
3
B 1z (kl + a4+ 8]€2)B3
== 5 . (C4)
My

Using the fact 2ks = 3¢ su. ()51 () + (IS3] — @), we can observe that 2k < ppa + (|S3¥| — @) = [S3] + (pm — Da
Plugging this in (C:4), and using the fact o < k (since we do not assume « to be known), we obtain

12 (k1 + o+ 4S35| + 4(pm — D)) By _ p*(4k + (dpm — 3)) By _ p°((4pm + Dk) Bs
c <

mg/Q 3/2 = 3/2

|R3(¢5)] <
6my 6my

(C.5)

This in turn implies that || n ||, < %. Using the fact || n ||2< /My || 1 |0, We thus obtain for the stated choice
of m,, (cf. Remark [d) that

_ Cu((4p, + DE)By

| V() = VI(x) [|l2< o . Vxe[—(1+7),1+ 0% (C.6)

Recall that [—(1 4 r), 1 4 r]%,7 > 0, denotes the enlargement around [—1, 1], in which the smoothness properties of ¢,,, ¢,/
are defined in Section [2] (as Assumption [1). Also recall w(x) € R% 15g2 € R™ from @4). Since | w(x) [l«<]|
~ 2

VF(x) = VF(x) |2, this then implies that || ng,z [|eo < C1{GentIRBs

Bounding the 741 term. We will bound || 7q.1 ||co. To this end, we see from (@.4) that it suffices to uniformly bound

|v’TV28qf(C)V’ ,overall: ¢ € S;USY, v/ €V, ¢ € [-(1+7),(1 +r)]e Note that
T 4 d
VIR0 F(OV =D 0 (V20 + Y vivf(V20,f)i (C.7)
1=1 i#j=1

We have the following three cases, depending on the type of q.

1. q€ S1.
B
VIR0, f(OV = 2 8304(Cy) = VT V20, F(OV'] < m?’/ . (C.8)
2. (q,q') € S2, p(q) = 1.
V/Tv2aqf(C)V/ = 0;253¢(q,q/)(Cq7 Cq’) + v;/28§,8q¢(q7q,)(§q, Cq’) + 2“;”;’8q/8q2¢(q,q’)(qu Cq’)a (C9)
= VIV, (OV| < ff? (C.10)

v
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3. q €8, p(q) > 1.

V/Tvzaqf(ovl = U;2(83¢q(Cq) + Z 83¢(q,q/)(gqa Cq’) + Z 32¢(q’,q)(<q’a Cq))

(¢,9")ES: (q’,9)€S2
2 2
+ Z v;/ ag'aq¢(q7q’)(<qv CQ’) + Z ”;’ a(?/aq(zs(q’,q)(Cq’a Cq)
(9,4')€S2 (@',9)€ES2
+2 3 e 020 GG +2 Y vy 0t (G Ga)s (CID)
(9,9)ES2 (¢',9)€S2
1 4pm +1)B
= VIOV € (o + 1By + punBy + 2pBy) = 2 DB c12)
We can now uniformly bound || 1g 1 || as follows.
B, T f1(4pm + 1) Bs
[ Mg,1 [loo:= j:{??,}fm/ ?‘V; V23qf(<j)vg| < 2 . (C.13)
Estimating S,.  'We now proceed towards estimating S,. To this end, we estimate VO, f(x) foreachg = 1,...,d and x € .

Since Vd, f(x) is at most (py, + 1)-sparse, therefore Theorem |1} (3-10), immediately yield the following. 3C5, ¢} > 0,¢5 > 1

such that for ¢} pp, log(pim) <My < ﬁ we have with probability at least 1 — e~ — e~V ™4 that

| V0,f(x) = VO, £(x) ll2< Comax {|| ng1 + a2 12108 d || a1 + g2 llo | - (C.14)

Since || g1 +Mq2 lloo<ll Nq,1 llo + || Mq,2 |l therefore using the bounds on || 7,1 |lcc; || 7q,2 [loc and noting that
| M1 + Na,2 [2< /M || g1 + 7g,2 ||oo» We obtain for the stated choice of 1, (cf. Remark[4) that

1 (4pm +1)Bs | Crymy i ((4pm + 1)k)B3)

: =1,....d,V —1,1]%. (C.15
2m 3mvﬂ1 7q ] 77X€[ 7]( )

| 90,(x) — VO,f(x) [l2< Ca (

We next note that (C.I3) trivially leads to the bound

8,00 f(x) € 10,05 f(x) = 7, 0,0, f(x) +7'); ¢4 =1,....d. (C.16)
Now if ¢ ¢ Sy then clearly éga\qu(x) € [, 7']; Vx € [-1,1]¢,q # ¢'. On the other hand, if (¢, q’) € S, then

0q0q (%) € (004 bla.a)(Tar Tqr) — ', 040 D,y (Tqs Tgr) + ). (C.17)

If furthermore m,, > )\gl, then due to the construction of x, Ix € x so that |8/q-\8q/ f(x)| > Dy — 7'. Hence if 7/ < D5 /2 holds,
the we would have |0,0, f(x)| > D2 /2, leading to the identification of (¢, ¢’). Since this is true for each (g, ¢’) € Sa, hence it
follows that So = Sa. Now, 7/ < D5 /2 is equivalent to

(4pm —|— 1)B3 01 mu/((4pm + 1)]€)Bg /,1,2 DQ 2 DQ 9
Em T )78 v =2 =2 1
> i 1+ 3m, o < 50, & ap] s w1 +bp” <0 (C.18)
a b
© € ((D2/(4@02)) — V/(D2/(4aC2))? — (b [a), (D2/(4aCs)) + /(D2/(4aCz))? — (bMQ/a)> : (C.19)
Lastly, we see that the bounds in are valid if:
D? 3D3m
2 2 = =L : 20
W= 16abC2 ~ 8C1C2B2(Apm + 1)(dpm + 1)) (€20
Estimating S;.  With P := [d] \ S}, we have via Taylor’s expansion of f:
f(x+pw'vi)p) — f((x = p'vi)p) R3((G)p) — Rs((G)p) .
J 2 Lt = (V)P (VF(x)p))p) + : 2 = j=1...,my. (C2D

(C:Z1)) corresponds to linear measurements of the (k — |§fr |) sparse vector: (V f((x)p))p. We now proceed similar to the proof
of Corollary |1} Note that we effectively perform ¢; minimization over RI”!. Therefore for any x € R¢ we immediately have
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from Theorem (3.10), the following. 3C5, cg > 0,c5 > 1 such that for c5(k — |§2V?r\) log(k_‘%‘) < Myr < %, we have

with probability at least 1 — e — =V Mo [Pl that

| (VF()R)P = (VAP < Camax {|| 012, v/1og Pl || 1l } (€22)
We now uniformly bound R3(((;)p) forall j = 1,...,m,» and ¢; € [—(1 4+ 1), 1+ r]¢ as follows.

3 3

k — Sva.r B

Rl = Y 06,(Gael,” = IRsl(gp)) < LD D
pESINP 6m,;,

(C.23)

.. . . k—|S¥|)u'2 B IS/ B
This in turn implies that || n || < % and | n [[o< /My || 0 |ee< %

(C22), we obtain for the stated choice of m, (cf. Remark ) that

. Plugging these bounds in

(k — |Sy)/*Bs.

| (T H©P)p — (VF ()PP < . xe[-1L14 ©24)

6mvw

T

3mv// D1

——vZ 1 jg sufficient to recover
C3(k—|S5"|) B3

Finally, using the same arguments as before, we have that 7/ < D; /2 or equivalently 1/ 2 <

S1. This completes the proof.

C.2 Proof of Theorem/[§

We begin by establishing the conditions pertaining to the estimation of Sz. Then we prove the conditions for estimation of S .

Estimation of S.  We first note that the linear system (3.6) now has the form: y = VV f(x) + n + z where z; = (2}, —

2 5)/(2p) represents the external noise component, for j = 1,...,m,. Observe that || z |[oc< &/u. Using the bounds on

|0 oo, || 1 |2 from Section[C.1] we then observe that changes to:

S 2((4 1)k)B "
| 9F(x) — VI) < Oy (” (o + DB, | © - ) vx € [-(1+ )14 ]2 (C.25)
As a result, we then have that )
4p,m +1)k)B 2e/my
I Mg,z o< C1 (” (Upm + DR)Bs | 26y/m ) (C.26)
3my i1 122%5%

Now note that the bound on || 7,1 || is unchanged from Section e, || Mg lloo< *”(4‘2);’;7:%’. As a consequence, we

see that (C.15)) changes to:

= w1 (4pm + 1)Bs Vg 2 ((4pm + 1)k)Bs - 2C1e\/myimy
- < . .
R e v can)

T

With a and b as stated in the Theorem, we then see that 7/ < D5 /2 is equivalent to

D 2C 1 e/ MyMiyr
ait = s+ (b;ﬁ + 1M) <0, (C.28)

which in turn is equivalent to

M1 €

Do B Doy 2 B b + 2C1e\ /My My Do n Doy 2 B b + 2C1e\ /My My (C.29)
4aCy 4aCy ap " 4aCy 4aCy ap ' '

For the above bound to be valid, we require

bu?  2C1e\/ /My D3
—_— C.30
a + aps < 16a2C3 ( )
D2 2C /Ty Ty
3 2 vty
— 0 C.31
T Teancz " b < €30
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to hold. (C:31) is a cubic inequality. A cubic equation of the form: y® + py + ¢ = 0, has 3 distinct real roots if its discriminant
3 2
£ + 4 < 0. Note that for thi: to be possible, p must be negative, which is the case in (C.31). Applying this to (C.31) leads to
D2
192v/3C1 C34/a3bm, m.,

the condition: € < = ¢;. Furthermore, the 3 distinct real roots are given by:

y1 = 2v/—p/3cos(0/3), yo = —2+/—p/3cos(8/3 +7/3), y3 = —21/—p/3cos(0/3 — 7/3) (C.32)

where § = cos™! (\/‘1/372/27> Applying this to (C.31) then leads to #; = cos™(—¢/e1). For0 < e < £y we have /2 < 6 <
-p

7 which implies 0 < yo < y; and y3 < 0. In particular if ¢ > 0, then one can verify that 4> + py + ¢ < 0 holds if y € (y2, y1).
Applying this to (C.31)), we consequently obtain:

D3 D3
e 20bC7 cos(61/3 —27/3), T2abC3 cos(61/3) (C.33)

Estimation of S;.  We now prove the conditions for estimation of S;. First note that (C.2T)) now changes to:

(x4 pv9)p) = F((x = 1'v)p) Rs((G)p) = Bs()p) | o = 7

_ "
o =((v])p, (VF((x)P))p) + o ST (C.34)
—_———
forj = 1,...,my». Denoting z = [21 -+ 2, |, we have || z |[o< ¢/pu'. As the bounds on || n |2, ]| n ||o are unchanged,
therefore (C.33)) now changes to:
= k — g@ ,u’QB E/ My

| £(99) — (VH()2) 2% O <( PP ) xe Lt €39

Denoting a1 = % by = /My, we then see from (C.33)) that the condition 7/ < D7 /2 is equivalent to

3 D bie

- — < 0. C.36
2(116'3'u + ay ( )

As discussed earlier for estimation of S, the cubic equation corresponding to (C.36) has 3 distinct real roots if its discriminant
3/2

is negative. This then leads to the condition € < 3oarCl €2. Then by using the expressions for the roots of the cubic from
(C.32)), one can verify that (C.36) holds if

W € (24/D1/(6a1C5) cos(B2/3 — 2m/3),2/ D1 /(6a1Cs3) cos(62/3)) (C.37)

with 63 = cos™!(g/e3). This completes the proof.

C.3 Proof of Theorem 6]

We first derive conditions for estimating S, and then for S;. The outline is essentially the same as the proof of Theorem [3]in
Section[B.4} so we omit the details.

Estimating So.  Upon resampling N; times and averaging, we have for the noise vector z € R that

(Zi,l - 232) o (Z;nl - Z;nU,Q)

21 21

7z =

) (C.38)

where 27 1, 2% 5 ~ N(0, 02/Ny) are i.i.d. Our aim is to guarantee that |27 1 — 2} 2| < 2eholds Vj = 1,...,m,, and across all
points where V f is estimated. Indeed, we then obtain a bounded noise model and can simply use the analysis for the setting of
arbitrary bounded noise.

Now to estimate V f(x) we have m, many “difference” terms: zj 1— 2;2 We additionally estimate m,, many gradients
at each x implying a total of m,(m, + 1) difference terms. As this is done for each x € Y, therefore we have a total of
My (M + 1)(2mT + 1)2|H4| many difference terms. Taking a union bound over all of them, we have for any p; € (0, 1) that
the choice Ny > 2 z log(*57 V20 (my + 1)(2my, + 1)%|H4|) implies that the magnitudes of all difference terms are bounded by

2¢e, with probablhty at least 1- P1.
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Estimating S;.  In this case, we resample each query N, times and average — therefore the variance of the noise terms gets
scaled by V5. We now have |Xdiag|mv// = (2m!, + 1)m,~ many “difference” terms corresponding to Gaussian noise. Therefore,
taking a union bound over all of them, we have for any p, € (0, 1) that the choice Ny > %5 log(w

the magnitudes of all difference terms are bounded by 2¢’, with probability at least 1 — po.

) implies that

D Proofs for Section 3
D.1 Proof of Theorem [§l

We only prove the part concerning the identification of 82, as the proof for 1dent1fy1ng S is identical to that of Theorem [ (see
Section|C. 1| u Consider the linear system defined in at some x € [—1, 1], We begin by uniformly bounding the magnitude
of the remainder terms: [R3((j), [R3(C})| where QJ,Q" [—(1+7),1 + 7] for some r > 0; j = 1,...,m,. Let us define

= |{q € 83 : p(q) > 1}|, to be the number of variables in S3*, with degree greater than one. By taking the structure of f
into account, we can uniformly bound |R3(;)| as follows.

|R3((5)| = *| Z B dp(Cp) (2up)* + Z (87 by (Giuts G ) (200)? + 0 by (G G ) (201)?)
pES) (LINESs
+ Y BAO by (G G ) (2u) (200)? + 3070 by (Gus G ) (2u)* Qo))+ D> 03dg(Crg) (20g)°
(LU)ES, qeSY":p(q)>1
(D.1)
3
J 8k133 16k233 80(.33 48kQB3
<6( e R T T (D.2)
443 B-
= L2+ o+ 8k). (D.3)
3my

By observing 2ks = Eleséur:p(l»l (1) + (|S3| — «), we obtain 2ke < pra+ (JS3]| — ) = |S¥| + (pm — 1) Plugging
this in (D.3), and using the fact o < k, we obtain

4u3B
|Rs(¢)| < —3“ 7 (4pm + Dk, (D.4)
my

Since the same bound holds also for | R3((?})|, we thus obtain:

1 (44°Bs 2uBs
e = g (284 08 = 222 4,4 1 ©3)
2p My My
Q,UB3 2,UBZ%
Therefore by setting n = [2“ 532 (4pm + 1)k, and for the stated choice of m,,, we obtain via Theoremthat
o5 2 2B _ d
| V2£(x) = V2£(x) [l < Cu = O 2T (dpy + Dk W € [-1,1° D7)
3my
We next note that (D.7) leads to
0 T T / [d]
8q8q,f(x) € [8q8q/f(x) — ﬁ,aqaq/f(x) + ﬁ], (q, q ) S 9 . (DS)

Now if (¢, q") ¢ S then clearly 8/q\('l,ff(x) € [—%, %], Vx € [~1,1]%. On the other hand, if (¢, ¢’) € S then
— T T
8q8q/f(x) € [8qaq/(b(q’q/)({)3q7 LL'qI) — ﬁ’ 8q('“)q/¢(q)q/)(;vq, .’L'q/) —|— E] (D9)

If furthermore m,, > A, ', then due to the construction of x, 3x € x so that |<f8\q/ f(x)| > Dy — 5 Hence if 75 < Dy /2
holds, the we would have |8/q@\q/ f(x)| > D2 /2, leading to the identification of (g, ¢’). Since this is true for each (¢,q’) € Sa,

T

hence it follows that So = Sa. Lastly, we easily see that 7 < D5 /2 is equivalent to the stated condition on .
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D.2 Proof of Theorem [

We only prove the part concerning the identification of S, as the proof for identifying S; is identical to that of Theorem []
(see Section [C.2). To this end, note that (5.7) now changes to the linear system y = M(V2f(x)) + n + z, where z; =
(21 + 259 — 220 3)/(4p?) for j = 1,...,m,. Since || 2 [oo< 72 therefore using the bound on || n |1 in (D.6), we readily
obtain

2uBs EMy
[n+z|:< m(llpm—kl)k—l—u—;, (D.10)
n
which in conjunction with Theorem[7]readily implies that
/\2 B EMy d
| V2f(x) =V ( ) IF< Cin=Ch 3 1/2(4pm+ Dk + 12 ;o vxoe[-1,1]% (D.11)

T

As shown in Section it is sufficient to guarantee 7//2 < D5 /2 for exact identification of S,. This is equivalent to saying
that

V2uB3 em Dy 2 b
2 (4p + 1k < et Zyr-<o. D.12
3m11)/2 ( p + ) +ILL2\/§ 201 M 2@01’“ + a ( )
——
ap b/u?

(D.12) is a cubic inequality. A cubic equation of the form: 23 + Az? + C' = 0, has 3 distinct real roots if its discriminant

Q> + R? < 0 where Q = —%2 and R = %ZQAS. Assuming the discriminant to be negative (which means Q < 0), and
R

denoting 0; = cos™*( ), the three roots are given by:
A /7Q3

1 = 24/ —Q) cos (;) — g = —% cos <31> — ?, (D.13)
A
37

o 01 2 A o 2A 91 ’/T
Ty =2 QCOS( 3)3300s<33> (D.14)
4 A 24 0, w A
I3—2 QCOS<3 +3>—3—3COS<3+3>—3 (DlS)

For 0 < 1 < 7 one can verify that zo < 0 and 0 < x3 < x1. Moreover, since A < 0 and C' > 0, it is not hard to verify that
23 4+ Az? + C < Oforz € (w3,21).

Translated to our setting, we have A = — D5 /(2aC4 ), C' = b/a which gives us Q =

36aD202 and i = (7?1717 + 4a303) /54

The cubic equation corresponding to (D.12) has three distinct real roots if

) D3
Rl < (—Q3)V? = 22 D.16
R < (@) = ggies: (D.16)
27b D3 D3
—_— = — D.17
a  4a3C} < 4a3C3’ ©.17)
V2D3 D3 1
Se< = =e1. D.18
54a2C¥m, 6203 B3 (4pm + 1)2k? ! (D.18)
Furthermore, we have:
—27b D3
R + 15¢3 2
0, = cos™! (3) = cos~! % = cos~ (1 — 6) . (D.19)
v _Q 4a3Ci°’ e

Lastly, (D.12)) is satisfied for ;1 € (x3,z1). Substituting the expression for A in (D.13),(D.13)), we arrive at the stated condition
on . This completes the proof.

D.3 Proof of Theorem [10]

Let the external noise vector be denoted by z € R™ where z; = (2}, + 25 — 22 3)/(4*). Upon resampling N, times and
averaging, we have 2/ |, 2/ 5, 2} 3 ~ N'(0,0%/Ny), which in turn implies 2} ; + 25, — 22} 3 ~ N(0,60%/Ny). Our aim is to
guarantee that |2} | + 2j 5 — 22} 3| < 4e holds Vj = 1,...,m,, and across all points where V2f is estimated. Indeed, we then
obtain a bounded noise model and can simply use the analysis for the setting of arbitrary bounded noise.
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To this end, we proceed as in the proof of Theoremin Section Denoting X ~ N(0, 1), we firsthave |2} | + 2} 5 — 227 5]
=04/ N%X . Using the tail bound for standard Gaussian random variables, we then obtain

20 /3 4e2 Ny
]P’(\z;’1 + 23-72 — 2z§-73\ > 2¢) < —\/geP (— 352 > .

Ateach x € y, we have m, many terms of the form: 2} ; + 2} , — 2z} 5, meaning that we have a total of m,,(2m, + 1)2|Hg|

such terms. Taking a union bound over all of them, we have for any p; € (0, 1) that the choice Ny > 452 log 20 \/7 my(2my +
1)2|H4|) implies that the magnitudes of all such terms are bounded by 4¢, with probability at least 1 — p;.

E Proofs for Section

E.1 Proof of Proposition|I]

1. pe€ S
We have for ¢, that || ¢, — (¢, + C) |z..(=1,1= O(n™3). Denoting bp(p) — (¢p(xp) + C) = 2,(x,), this means
|[2p(2p)| = O(n™?), Y, € [1,1]. Now |Ep[¢, — (6 + O)]| = [Ep¢p] — Of = [Ep[zp]| < Epll2,]] = O(n™?).
Lastly, we have that:

| ép — &5 Ipwi-1,1 =l &p — Epldp] — & llL-1.1) (E.)
:H ¢p - (¢p + C) - (Ep[ﬁbp} - C) ||Loc[—1,1] (E.2)
=0(n™?). (E.3)

2. (LY) e Ss.
We only consider the case where p(1), p(I’) > 1 as proofs for the other cases are similar. Now for q~§ 1,7y e have that

|| qNS(W) — (g(l,l/) + C) HLoc[—LlP: O(n_3/2). Denoting (5(“/)(1'[71'1/) — (g(z,z/)(wz,l"l/) + C) = 2 l/)(wl,xl,), this
means |z (21, 2)| = O(n=3/2), V(z;,2) € [-1,1]%. Consequently, one can easily verify that:

| Eq [Qg(l,l’)] — (Eilga,n] +C) lowj=1,1= O(n=3/%), (E4)
| Ev[éai)] — EBrlgam] +C) lroj-1.1= O(n~*?), (E.5)
I Equnldaim] — Eamlgam] +C) o= On=3/?). (E.6)

Now note that using the form for g(; ;) from (6.5), we have that

Eilga,n] = Z Ei[p(,1,)(21,0)] + Z B[00, 20)] + Z by (21, 0)

l:(L,11)ES> 11:(11,1)ES> 1:(U,1)€ES2
1y £l 11 £l 1l
—+ Z ¢(l/1,l’) (O7 le/) + (bl/ ({L‘l/) + C, and (E7)
U:(19,1)ES:
1 #l

Evlga] = Z b1,y (1,0) + Z b,y (0,21) + Z Ev[par i) (21, 0)]

11:(1,11)ES, l1:(11,) €S2 1:(111)€ES:
LAl LAl U £l
+ Y Eudgun(0,21) + ¢i(z) +C,  and (E.8)
11 1) ESs
£l
Eonloen) = Y. Eiléew(@,0l+ > Eifég,.n(0,z)]
l1:(L,1)ES2 l1:(l1,1) €S2
Ll LAl
+ Y Evlpway(@en 0]+ Y Budayun(0a) +C. (E9)
V(1) ESs 11 1) ESs
1 #l 1y #l
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We then have from (6.5), (E.7), (E-8), (E-9) that

gary — Eilga] = Evlgan) + Ewnlain] = oar- (E.10)
Using (E4), (E3), (E-6), (EI0), and (6.7) it then follows that:
| S0y — by o -112= O(n~*?2). (E.11)

3. 1esy: pl) > 1.
In this case, for ¢; : [~1,1]> — R, we have that || ¢; — (g + C) || 1. [—1.1)2= O(n~?/?), with

gi(zi, x) = di(x) + Z bv () + Z b1y (T, 2)

p(I1)>1,1'#1 (1,1 €S2
+ > bwyl@ )+ > Blg.q) (T, ). (E.12)
U:(l',1)ES2 (4,9')€S2:q,q9"#1
From (E.12), we see that:
Eofgi(e,2)] = du(z) + Y Eulde ()], (E.13)
(4,9')€S2:q,9'#l
and K o [gi(z,x)] = Z Eo[¢(q,q) (2, 7)]. (E.14)

(4,9')E€S2:q,9' #1

Hence clearly, E.[g:(21, 2)] — E(,2)[91(1, )] = ¢1(21). One can also easily verify that

I Eo[é1] = (Eulgi] + C) lpocf-1, = O(n™*/?), (E.15)
I Eq.0) (1] = (Baaylgr] + C) ||, = O(n~*?). (E.16)

Therefore it follows that
| &1 — ¢ lzo=1,17 =l (Exlen] — Eq ) [&1]) — (Exlg)] — Eq,2)[91]) | Lof=1,1 (E.17)
<||Ezldr] — Bzl + C) llnwior] + | Egay (@] — Eqayla] + C) |lne (E.18)
= O0(n=%/?). (E.19)

This completes the proof.

E.2 Proof of Proposition[3]

Although the proof is again very similar to that of Proposition|[I] there are some technical differences. Hence we provide a brief
sketch of the proof, avoiding details already highlighted in the proof of Proposition|[I]
1. p € Sy
We have for ¢, that E.[|| ¢, — (¢p +C) |1 [=1,1] = O((n™* logn)7). Denoting ¢, (x,) — (¢p(x,) + C) = by(,),
this means . [|b,(2,)]] = O((n"'logn)7). Now,

E.[IEs[6p — (¢p + O)]I] = E[[Ep[b,]]) < EL[E,[1b,])] = Ep[E.[by(a,)l]] = O((n~" logn)?). (E.20)

The penultimate equality above involves swapping the order of expectations, which is possible by Tonelli’s theorem (since
3
7

|b,| > 0). Then using triangle inequality, it follows that E. [|| ¢, — &, l2=11] = O((ntlogn)7).
2. (1, 1/) € Ss.

We only consider the case where p(l), p(I’) > 1 as proofs for the cases are similar. For QZ(U/), we have that E,[||

é(l,l’) — (g(l,l’) + C) ||Lm[,1’1]2] = O((n_l logn)%) Denoting (5([J/)($l, Z‘l/) — (g(lyl/)(xl,xl/) + C) = b(l’l/)(xl,.lﬁl/),
this means E.[|b 1) (21, z)|] = O((n~'log n)®), V(x;, ) € [—1,1]2 Using Tonelli’s theorem as earlier, one can next
verify that:

E. [l Etdq.1] — (Ealgn] + C) o or,] = O((n ™ logn)?), (E:21)
E. (|l Ev[6,i] = (Bulgin] + C) lwi-1,1] = O((n " logn)3), (E22)
E.[|E[bwim] — Eqimlgem] + )l = O((n~ logn)3). (E.23)
As in the proof of Proposition[I} we obtain from (E21)), (E22)), (E-23), (E-I0), (6-7) (via triangle inequality):
E.[l| 6.y — by lowio1,2] = O((n tlogn) ). (E.24)
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3. 1e 83 p() > 1.

In this case, for ¢; : [—1,1]2 — R, we have that E.[|| ¢; — (g, + O) Lo =1172) = O((n™! logn)®), with g;(x;, ) as
defined in (E:I2). Using Tonelli’s theorem as earlier, one can verify that

ooleo

E.[| Er[égl] — (Ex[g] +C) o f-1.1] = O((n"'logn)
E.[[Eq,q) (1] — (E,)[g1] + C)[] = O((n~ " logn)

), (E.25)
). (E.26)

olw

Then using the fact B, [g; (21, 2)] = 2)[91 (21, )] = ¢1(2:1), we obtain via triangle inequality the bound: E. [|| o lLoo[=1,1]
] = O((n"*logn)¥). This completes the proof.
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