THE UNIVERSITY of EDINBURGH

Edinburgh Research Explorer

Load Balancing of Parallel Affine Loops by Unimodular
Transformations

Citation for published version:

O'Boyle, M & Hedayat, GA 1992, Load Balancing of Parallel Affine Loops by Unimodular Transformations:
Parallel Computing: From Theory to Sound Practice EWPC '92: European Workshops on Parallel
Computing, Barcelona, March 1992. . in Parallel Computing: From Theory to Sound Practice EWPC '92:
European Workshops on Parallel Computing, Barcelona, March 1992. . vol. 1, IOS Press, pp. 1.

Link:
Link to publication record in Edinburgh Research Explorer

Document Version:
Publisher's PDF, also known as Version of record

Published In:
Parallel Computing: From Theory to Sound Practice EWPC '92: European Workshops on Parallel Computing,
Barcelona, March 1992.

General rights

Copyright for the publications made accessible via the Edinburgh Research Explorer is retained by the author(s)
and / or other copyright owners and it is a condition of accessing these publications that users recognise and
abide by the legal requirements associated with these rights.

Take down policy

The University of Edinburgh has made every reasonable effort to ensure that Edinburgh Research Explorer
content complies with UK legislation. If you believe that the public display of this file breaches copyright please
contact openaccess@ed.ac.uk providing details, and we will remove access to the work immediately and
investigate your claim.

OPEN () ACCESS

Download date: 05. Apr. 2019


https://www.research.ed.ac.uk/portal/en/publications/load-balancing-of-parallel-affine-loops-by-unimodular-transformations(ab378803-0cc7-474a-89aa-a332cd4bbdec).html

Department of Computer Science
University of Manchester

Manchester M13 9PL, England

Technical Report Series

UMCS-92-1-1

Michael O’'Boyle and G.A. Hedayat

Load Balancing of Parallel Affine Loops
by Unimodular Transformations



Load Balancing of Parallel Affine Loops
by Unimodular Transformations-

Michael O'Boyle and G.A. Hedayat
Department of Computer Science, University of Manchester,
Oxford Road, Manchester M13 9PL, UK
mob@s. man. ac. uk  ghol am@s. nman. ac. uk

Abstract

Thispaper isconcerned with the automati c mapping of array computation to processors
efficiently. One of the major overheads associated with the mapping of computation is
load imbalance. An optimising compiler should find a mapping such that this overhead is
mi nimised.

This paper describes formally the mapping of loop iterations to processors so as to
minimise load imbalance. The class of perfectly load balanced affine loops is defined
whereby using unimodular transformations, it is shown that a large class of loops are
equivalent.

An algorithm is detailed which can determine both whether a loop structure may be
load balanced, and the necessary transformations to do so. This algorithm has a worst
case complexity of O(m®) where mis the dimensionality of the iteration space. The ana-
lysis is extended to the case when many loops are to be partitioned where it is shown
that a transformation may be constructed which simultaneously balances all appropriate
loops. Findly it is shown that if a loop is perfectly load balanced, then there exists a
transformation such that it may be placed outermost so as to aid partitioning.
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1 Introduction

Compilation should minimise parallel time by utilising machine parallelism and reducing over-
head. The first stage of compilation is therefore to identify and match program parallelism to
machine parallelism. We define machine parallelism simply as the number of processors p. It
is necessary to identify and divide a nested loop array computation into p sub computations.

It is assumed that the range of any loop is greater than the number of processors, thus
compiling for load balancing is the task of selecting one or moreiteratorswhich are partitioned
into groups and scheduled across the processors. I1n effect each processor performs a sub-set
of some of the loop iterations. This sub-dividing of the iteration space has been referred to as
tiling[7]. A similar process has been called loop elimination by [2] when applied to distributed
memory multiprocessors.

Previous work on program restructuring has been mainly focused on revealing program
parallelism and exploiting a machine’s memory hierarchy efficiently [10]. In this paper it is
assumed that the program is already in aform where all parallelism has been revealed, and it is
now the task of the compiler to transform the program so as to minimise load imbal ance. We
believe that thisis the first paper to use unimodular program transformations for this purpose.

The contributions of this paper are as follows:

» Load Balancing can be completely automated for a sub-class of programs.

* Load Balancing of array computation isdefined as an opti misation problem where perfect
load balance is described as an invariant condition.

* A necessary and sufficient condition for perfect load balance of paralel nested affine
loopsis derived.

» An efficient polynomial agorithm to transform such a particular iterator in a loop nest
into aload balanced form is described.

» An algorithm to simultaneously transform severa iterators into load balanced form is
presented.

» Reordering of load balanced parallél affine loops is shown to be always possible.

» Analgorithmis presented whereby al load balanced iterators within aloop nest may be
moved outermost.

In this paper we focus on identifying the iterators to be partitioned, transforming them into
a suitable form and then reordering the iterators such that they are outermost. Moving the
iterators to be partitioned as far out of the loop nest as possible minimises the number of task
Spawns required.

To motivate the rest of this paper consider the example in figure 1. Here we assume that
the number of processors p = 10. If thei loop is partitioned and statically scheduled across the
processors such that the first processor receives thefirst 10 iterations, the second processor the



DOALL | = 1,100
DOALL | = 1,100
DOALL k =1,i
ali,j] += b[i, kl+c[k,j]

Figure 1: A nested DOALL loop

next 10 etc., then the first processor will perform 5,500 iterations, the last processor will per-
form 95,500, with the average being 50,500. If however the j loop were chosen all processors
would perform 50,500 iterations. If it is assumed that the time to execute such a program is
dominated by the processor performing the most iterations, then clearly partitioning with re-
gpect to j is preferable. If i were chosen to be partitioned then each processor would have to
just spawn one task, whilst choosing j would require 100 spawns. Ideally j should be chosen
to be partitioned, and placed outermost in the loop nest. This idea is the basis for this pa-
per. We make the following observation: Theiterator that neither makesreference to any
other iterator in itsloop bounds, nor isreferenced by any other, may be partitioned to
give perfect load balance. Perfect load balance occurs when each iteration of a particular
iterator involves exactly the same amount of computation. Later sections formalise this idea
and provide mechanisms to transform loops accordingly.

This paper is divided into 7 sections. The second section introduces the notation used
throughout this paper and formally describes load balancing for paralel affine loops . The
third section describes the unimodular transformation used to transform the loops into load
balanced form. An existence condition is derived which forms the basis of the transformation
algorithm. The fourth section extends the ideas of section 3 to the case when multiple loops
are to be load balanced. The fifth section shows that a load balanced affine loop may always
be moved outermost and defines the necessary transformation. Section 6 reviews related work
and section 7 concludes this paper.

2 TheProblem

2.1 Representation

In this paper we restrict our attention to parallel nested loops. The loop bounds and array
references are restricted to the affine form described in figure 2. The number of loops is m,
Lk and Uy are integer linear combinations of the iterators J = [j,jz, ... ,jk-1], k< mand H is
computation whose array occurrences make affine references to the enclosing iterators . It is
assumed the amount of work in H isinvariant of the iteration space. In practice this means that
H contains no conditional evaluation. It follows that for perfect load balance, it is sufficient
that each processor receives the same number of computation points. More general forms of
H are considered in [6]. The lower and upper bounds of all loops described by figure 2 may



DOALL]l :*1,U1
DOALL j2 = I—Z(jl) +1,, Uz(jl) + Uy

Um(jl,--- ,jm—l)'*'um
H(1, - »jm)

Figure 2: Parallel Nested Affine Loops

be expressed in matrix form.
LI (1)

UJ<u )

L and U are both (m x m) lower unit triangular integer matrices, | and u are (m x 1) integer
vectors and J = [j1,j2, ... ,jm] "
Equations 1 and 2 can be reformed thus

-L | i -
o]
which isin the general form of a polytope:

AJ"<b (4)

Within the polytope AJ™ < b there exists a lattice of computation points Latt(A.b) with
integer co-ordinates, often referred to as the iteration space. Thus the points that J™ ranges
over are the integer lattice points enclosed by the above polytope [8]. Due to the restriction
on H, the amount of work associated with each point is uniform throughout the lattice. A load
balanced mapping is one where the number of computation points assigned to each processor
is the same.

Let g beany pointin Latt(A.b) and |g|x be the number of such points assigned to a processor
x. Asthe pointsin thislattice may al be evaluated independently, we can state load balancing
in this case to be find a mapping, 71, where :

m: q+— x0q O Latt(A™b™),x01,...,p (5)

such that
|q|X = |Q|ya DX!y 0 1! !p (6)

In general thisis not achievable and must be expressed as an optimisation problem where
6 is replaced by )
Zx:l |q|X
) (7)
p
This paper determines the form of loops and the necessary transformations such that 5 and
6 may be satisfied.

Minimise(max(lal) ~



2.2 Perfect Load Balance as|nvariance

We seek a method of partitioning the lattice into p subsections such that the number of points
scheduled to each is equal. Such a scheme provides perfect load balance. If we consider just
orthogonal partitions of the polytope (partitionsthat are perpendicular to an iterator axis), then
we seek the parallel iterator that may possess this property.

Each iterator j 0 J™ has a lattice, Latt(A™*.b™?), of computation points associated with
it. We need to find a paralldl iterator, j, U J™, such that the number of pointsin its associated
lattice isinvariant of such an iterator.

We first formally present the invariance condition necessary for load balancing in terms of
the loop structure and provide an example to illustrate this.

Definition 1 Let € be the bth row of the identity matrix, then we define the invariance con-
dition to be:
gL=¢gU=¢ ()
Ley =Ue, = & (9)

The significance of the invariance condition is that the iterator j, satisfying 8 and 9 is
invariant if it does not make reference to other iterators nor is it referenced by any other
iterator. In general both L and Uwill be of the form

L,[olo7J[uU/ 0O
yo|11]0 yo|11]0 (10)
Al | X I—g Ay | Xy Ug

where Ly and Uy are (b—1) x (b—1) lower unit diagonal triangular matrices, Ly and U are
(m-Db) x (m-b) lower unit diagonal triangular matrices, y_ and yy are 1 x (b — 1) vectors, x_
and xy are (m—b) x 1 vectors and A_ and Ay are arbitrary integer (m—b) x (b — 1) matrices.

As stated previoudy a candidate iterator for partitioning is one which does not refer to the
bounds of any other loop. Therefore for an iterator j, [1 J™ to satisfy 8 and 9 we require the
following:

Yi=yu=0 (12)

and
XL =Xy = 0 (12)

Thereforeit is necessary to search each row in L, U to see if these conditions are satisfied.
In general for a given set of loops thiswill not be true.
To illustrate these points, consider the following loop.

DOALL i = 1,n

DOALL j =1, n
DOALL k = 2*i, 3*i
ali k] += b[i,i]-c[k-j]

Figure 3: Triple Loop



The range of each of the iteratorsis represented by two matrix inequalities where each row
corresponds to a unique iterator, and each matrix corresponds to the lower and upper bounds
of the loop respectively :

100 i 1
010 j1=21 (13)
| -2 01]| k] |0O]
1 0O01][i] [n]
010 j1<|n (14)
| -3 01] k]| [0O]

Here conditions 11 and 12 hold only for the second loop j.

However it ispossiblethat noneof theiterator shavethisform but may betransformed
(with corresponding adjustmentsto the array occurrences) to aload balanced form. This
is the subject of the next section.

3 Transformations

Legal transformations include any reordering of the computation that maintains the data de-
pendency of the original program. By restricting this reordering to DOALL loops which con-
tain no cross-iteration dependencies, all data dependencies are preserved. Additionaly after
transformation the loop should be in the structure defined by 1 and 2. More general forms of
loop structure are studied in [6].

3.1 Change of Basis

Givenan L,U and aform L®, UP, where the iterator j, isin aload balanced form satisfying 11
and 12, find a transformation, 71, such that:

m:L—LP (15)

m:U— UP (16)

We look at a restricted set of unimodular transformations [1] which satisfy 15 and 16 by post
multiplication by a unit lower triangular matrix T, which changes the basis of J — TJ,. The
system of inequalities defined by 1 and 2 remains unchanged by this transformation.

L(TTHI =1 (17)
UTTHI<u (18)
(LTY(T2) =21 (19)
(UT(T ) <u (20)



If in addition an integer matrix T exists such that LT = L®, UT = UP, with J, as the new
iterators, then 19 and 20 may be written:

LPJ, > | (21)

UbJ, < u (22)

3.2 Existence Condition

In this section the necessary and sufficient conditions for the existence of a unimodular unit
lower triangular matrix T is addressed.
Necessity: Assume thereisa T such that LT = L°,UT = UP. The formof L,U, T isas

follows:
L,|O]OT[U|O|OT]Ts|O]O
wl|1l|o yw| 1|0 yr|1]0 (23)
ALXL Lg_ AUxU Ug _AT XT Tg
To satisfy the invariance condition, we require L and U® to be of the following form:
L2]0[07[U2|0] 0
0[1]0 010 (24)
AP [O]L Ay O] US
Condition 11 implies that:
Tr+yr =0 (25)
YyuTr+yr=0 (26)
Therefore
(Yu-y)Tr=0 (27)
AsT; 7 Othen
Yu =W (28)

Thisisthe first condition for existence of T. Condition 12 implies that:
LgXT ==X (29)

UgXT =Xy (30)
Thus the solutions for xr given by 29 and 30 must be consistent. Equations 29 and 30 may be

written: 0 L o .
1 _
(e C)1e Sl e]-o

oLl =lo) @



Together these form the second and third condition for existence of T. Clearly 28,31 and 32

must hold if a transformation is to be determined. This establishes the necessity.
Sufficiency: Assume 28 holds, and there is x satisfying 31 and 32 then:

lb-1| O | O
T= |: YL 1 0 ] (33)

is the desired unimodular transformation corresponding to iterator j,.0

3.3

Algorithm 1

The following algorithm determines whether a transformation T exists and if it does finds it.
In addition, the relationship between the new iteration space and the old one is determined, so
that the relevant array occurrences may be altered accordingly.

for each j, O J™

1.

Check yi = yy. If not terminate.

2. Choose an arbitrary lower unit diagonal T; e.g. unity.
3. Cdculateyr = —yLTf
1 0 1 0 1] _

4 dee( : LH U]) Ho
5. Check if consistent. If not terminate.

1 0 11_|1
6. Solvel ! LHHO]
7. Check steps 4 and 6 are consistent. If not terminate.

9.
10.
11.
12.

Choose an arbitrary lower unit diagonal Ty e.g. unity.
Choose an arbitrary matrix Ar e.g. the null matrix.
Construct T

Calculate LP = LT,U* = UT

For each j [0 J in each array occurrence substitute J = TJ,

The complexity of this agorithm is dominated by steps 4 and 6. Thus the upper bound
complexity is O(nm?). If this process is repeated for al the iterators then the upper bound
complexity is O(m?). To illustrate this algorithm, consider the following program:



DOALL i =1,n
DOALL j = n+i-1,2*n+i +1
DOALL Kk in 1+42%i+2*] | n+3*i +2*j
ali,j] = Mn(c[i, kl*d[i-]j,k])

Figure 4: Nested DOALL Loop

In its present form it does not satisfy the invariance condition. The upper and lower bounds
for each of the iterators are as follows:

1 0O i 1
{_1 10”,-]2{“] @
-2 21 k 1

1 007T[i
-1 10|]]j
-3 2 1]k

By applying algorithm 1, it is possible to determine if this program may be transformed
into an invariant form. Test the first iterator i:

n
< {2n+1] (35)

n

1. Not applicable.
2. Not applicable.
3. Not applicable.

4. Find xt where

[ERSRERHIIEEH

Thereisno Xt.

5. Not consstent. 1# 0. Terminate.
Thusloop i isreected.

Now try the second iterator j i.e. b= 2.
1. yy =-1landy_=-1thereforey, =y issatisfied.
2. Tr=1
3 yr=—(-11=1
4. Find xt where

(2 5]-[2 2] 13)=e)

Thisistruefor al x.



5. No contradiction
6. Find x; where
10 1] |1
-2 1 x| [0}
Thisimplies x=2. No inconsistency

7. 5and 6 give consistent results for x

8. Ty=1
9.AT:O
100
10. T={1 10
021
11. L° =
1 0O0|][100] [ 100]
-1 10 110|= 010
| 2 21|02 1] |40 1]
ub =
1 0O0|][100] [ 100]
-1 10 110|= 010
| 3 21|02 1] [-501]
[ 100 i i
2. |j =110 =1+
Lk 0 21 K K+2

If the same procedure is applied to iterator k ,b = 3, it is seen that it fails on the first step.
yo = [-2,-2],yu = [-3,-2],yu ~# y.. Soloop k is not a candidate for partitioning for load

balancing.
Asonly loop j isin invariant form we rewrite the program as.
DOALL i = 1,n

DOALL j = n-1,2*n+l
DOALL k in 1+4*i | n+5*i
a[i,j+i] = Mn(c[i,k+t2*]]*d[-], k+2*]])

Figure 5: Transformed DOALL Loop

Note that the constant terms in the loop are unaffected by the transformation. The array ref-
erences are adjusted in accordance with step 12. No other loop depends on the new | loop,
therefore parallelising and partitioning with respect to this loop will give aload balanced im-
plementation.



4 Multiplelterators

If each of the m parallel loops are successful candidates for load balancing, then there are
potentially 2™-1 permutationswhich may be used to partition the iteration space. To determine
whether acombination of iterators can partition theiteration spacein aload balanced manner, a
modification of algorithm 1isrequired. In this section we propose anew algorithm to construct
anew transformation T, which has the combined effect of transforming each load balanced loop
] =i1,...,1s where s < mis the number of invariant loops and i; < I i are the values of
loops to be load bal anced.

Let Ty be the individual transformation on a particular iterator k as given by algorithm 1.
The first theorem below shows that given the transformation T,_; that makesinvariant al loops
i1 <l < ..<Iy; and the transformations T;, determined by Algorithm 1 for iterator i, alone,
T, can be constructed to include the new iterator i, . Two lemmas are required to prove this
theorem. Thefirst isatechnical condition to aid the proof, the second ensures that the form of
the transformation is legal.

T, isdefined by acorollary to the main theorem and providesthe basisfor asimpleagorithm
to simultaneously make invariant al load balanced loops.

Lemma 1 GivenT,_; suchthat LT, ;,UT,_; arejointly invariant for j O iy, ... i1 i.e.
LT, ,e, =UT,,e, =¢60k01,..,0-1 (36)

eLT, =g UT, =6 0k01,..,0-1 (37)

Then T,_; can be chosen so that:
T8, =60k=/ (38

Proof of Lemma 1 This follows immediately by observing that invariance conditions 36,37
impose constraints only on elements in the mx (¢ — 1) sub-matrix of T,_, and hence the (m—/+
1) x (m=( + 1) right hand corner sub-matrix of T,_; can be chosen as identity matrix without
violating conditions 36,37. O

Theorem 1 Define T, by:
T,=T,.,-8, ei-l; LT, +Te, ei-l; (39)

Then T, isthe transformation that satisfies the invariance condition for all load balanced loops
j U il, ,ig i.e
LT,e, =UT,e, =€ k0O1,...,0 (40)

eLT, =qUT,=e 0k0O1,....¢ (41)
The proof needs the following preliminary Lemma.
Lemma2 T, givenin 39 is unit lower triangular.

Only an outline of the proof is presented

10



Proof of Lemma 2 Substitute for T, from 39 and use 36 and 37 to show
e'T,e=00i<]j (42)

and
eTe=1 (43)

Proof of Theorem 1 It is sufficient to show 40 and 41 for LT,.
stepl. Show 40 and 41 aretrue Ok 0 1, ..., ¢ — 1 [Proof Omitted)]
step2. Show 40 and 41 aretrue for k = ¢

LT'faz = L(Tlﬁ—l - azq-l; LT'ﬁ—l + Tizazq-l;)az (44)
By LemmalT, e, =€,

LT'faz = Laz - Lazq-l; Laz + LTizaz (45)
Observethat g,"Le, =1 and LT;,e, = e, by invariance of i, for LT;,. Hence:

LT'faz = Laz - Laz e, =6, (46)

Smilarly: B ) o ) )
ei[LTf = ei[LTf—l _ei[LaZei[LTf—l +eigLTiZaZeig (47)

Noting that &' LT;, = g and simplifying the expression [
LT, =€le.68, =6 (48)
thisis the invariance condition and thus T, is the required transformation. O

It has been shown that T, is the transformation that load balances ¢ iterators provided T,_;
is given. The following corollary constructs the transformation T that load balances al s
iterators.

Corollary 1 T, = Ty, —e,6 LT, + T8 isthe transformation for joint invariance of j O
il, ,is

Proof of Corollary 1 set T; = T;, and recursively apply theorem 1 for k=2, ...,s0

4.1 Algorithm 2

It is now possible to give a smple agorithm that uses the result of theorem 1 to construct a
transformation that transforms all load balanceable loops into invariant form.

1. Apply Algorithm 1 to give the invariant iterators j U iy, ... ,is and the canonical trans-
formations T, ..., T, If s< 1 Stop.

2. SetT'l = Ti1

11



3. ForkOd?2,...,s

T =T —e& LT + T8 (49)

Complexity: The extracost of computing the transformation T, step 3 of Algorithm 2 has
an upper bound less than O(s.is?) < O(m?). As Algorithm 1 has an upper bound complexity of
O(m?) this new algorithm does not alter the overall complexity of the scheme.

To illustrate this algorithm, consider the following slightly contrived example:

DOALL i = 1,n
DOALL | = -i+1,n-i
DOALL k in -1-i-] ,-j+3

DOALL | in 1-i-2%j-k , 2%n-2%j-k-i
DOALL min 2%j+6%i +k-1-1 , i-k-I+n
ali,j] +=2*(b[i, k] * c[kI] +d[mm1])/b[j,j]
e[i,i+i,i] += f[i,j,k1,m* g[j, k1,0

Figure 6: Five Nested Loop

This example has been chosen to show that load balancing of parallel affine loopsis non-
trivial in more complex cases, such as when more than one iterator is a candidate for load
balancing.

This loop nest has the following upper and lower bound matrices on J°:

1 0 00O 1
1 1 00O 1
L= 1 1 1 00(|I=|-1 (50)
1 2 110 1
6 -2 -1 11 -1
1 0000 n
11000 n
U= 01100 (u=| 3 (51)
12110 2n
-1 0111 n

On applying agorithm 1, j, and j, are the only candidates for load balancing, s=2. The corres-
ponding transformation matrices for both iterators are as follows:

1 0000

-1 1000
T,=| 0 -1 100 (52)

0-1010

0 2001

12



T, =

ROOR
NORO
R = OO0
O OO

00

[oNeNeNe)

1

(53)

To find the transformation T, s = 2 for joint invariance of j,,j4, apply step 2 of Algorithm 2.

Tll = sz
T, =T -.g,LT, + T8,
This gives
1 0 0 00
-1 1 0 00
T,=| 0-1 1 00
1 -1 -1 10
0O 2 0 -11
Applying T, to L and U gives:
10 00O [
01 00O
L= OO0 100]I=
00 010
30 -201 i
1 0000 [
01000
U=|(-1 010 0]|u=
00010
0 00O01

T

S

(54)
(55)

(56)

(57)

(58)

Note that rows and columns 2 and 4 are in invariant form for both upper and lower bounds.

The array occurrences must be expressed with respect to the new iteration basis

i 1 0 0 O
j -1 1 0 0
k= 0-1 1 O
| 1 -1-1 1
m 0 2 0 -1
i i
j j =i
k | = K-
| I'—K —j +i
m m-1+2 |

This give the following transformed program:

13
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DOALL i =1,n
DOALL j = 1,n
DOALL k in -1 ,i+3
DOALL | in 1, 2*n
DOALL min 3*i+2*k -1 , n
afi,j-i] +=2*(b[i,k-j]*c[k-j,I-k-j+i]
+d[m | +2%), m | +2*]-1])/b[j-i,]-i]
e[i,j,i] +=f[i,j-1,k-],1-k-j+i,ml+2%]]*
glj-1,k-j,l-k-j+i,ml+2*%]]

Figure 7: Transformed Invariant DOALL Loop

Although loopsj and | arein load balanced form, they are not outermost. The next section
describes a method whereby the loops may be always re-ordered so that they are outermost.

5 Reordering Iterators

Having determined which iterator(s) are to be used to partition the computation lattice, it is
desirable to have these iterators as far out as possible in the loop structure of the trandated
form to reduce the number of spawned tasks. It can be shown that all perfectly load balanced
parallel affine iterators can be moved to the outermost scope and remain affine.

In this section we show that |oad balanced iterators can be moved to the outermost nest by
a sequence of unimodular transformations, whilst preserving the affine structure of the loop.

Theorem 2 shows that one invariant iterator can be moved one nest level up by a unim-
odular transformation. By extending this result it is possible to move multiple iterators to the
outermost nest by a succession of these unimodular transformations. To prove this theorem
some preliminary definitions and lemmas are first required.

Let Eix be the permutation of identity with row i and k interchanged. E;x is unimodular,
and E; ! = E;x. Interchange of iterator j; with ji can be represented as:

J=EJdjijx0J (61)

Let L, U beinload balanced form with iterator j; [J J invariant. Define:

L' = Ei-qiLE; (62)
U =E-,;UE; (63)
J =E;J (64)
I' = Byl (65)
U' = Ei_l,iu (66)

Lemma 3 L', U are unit lower triangular.

14



The importance of Lemma 3 isin establishing that the unimodular transformation described in
62 and 63 preserve the affine structure of the loop.

Proof of Lemma 3 L,U arein load balanced form, and j; is the invariant iterator. Thus
e'le;=¢Ue ;=0 (67)

Asloop interchangeisrestricted to neighbouring iterator of jj,in thiscasej;-1, the only possible
non-zeros in the upper triangular part of L' and U" are the (i — 1,i) elements. From 62 and 63
itiseasly seen that

ehle = gley (68)
e,Ue = gUe,=0 (69)

Combine with 67 and observe that the effect of transformations in 62 and 63 on the diagonal
elements of L, U are to interchange the (i, i) with (i — 1,i — 1) elements both equal to 1. This
establishesthat L', U" are unit lower triangular. O

Lemma 4 The iteration spaces represented by

LI =1 (70)
Ul<u (72)
and o
LJ =1 (72)
UJ<su (73)
are equivalent.

Proof of Lemma 4 By Lemma 3, 72 and 73 represent a legal affine loop. It remains to show
the equivalence of system of inequalities 70,71 and 72,73. To this end, we can observe that
inserting Ei_;;Ei—1; =ldentity in 70 and71 preserves the system of inequalities.

LEi-1E1;J =1 (74)
UE-1iE4iJ<u (75)
Now we substitute from 64: ,
LEi-1;Jd =1 (76)
UE_;J <u (77)

Now multiply both sides of inequalitiesin 76 and 77 by Ei_;;. This amounts to reordering the
inequalities, thus preserves the iteration space. Substitute from 62 to 66 [ :

LY =1 (78)
UJs<uDo (79)
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Theorem 2 Let L' ,U" be defined asin 62 and 63. Then ji-; 0 J isan invariant iterator for
L,Ulie

Les=Ue1=6€4 (80)
and

el,L =g, U =g, (81)

Proof of Theorem 2 It suffices to show 80 and 81 for L'. By assumption, j; is an invariant
iterator for L,U. Thus

Le =g (82)
eL=¢ (83)
Observe the identities:
Eiea=6 (84)
e 1 =€ (85)
SQubstitute 84 in 82:
LEje1=Ej61 (86)

Multiply both sides of 86 by E;-;; and substitute from 62:

Lei=eq (87)
Smilarly, substitute 85 in 83:
e,-T_lEi_lyi L= q-T_lEi_l,i (88)
Multiply both sides of 88 by E;_;; and substitute from 62:
el =¢, (89)

which is the invariant condition and thus ji—; is an invariant iterator. O

Theorem 2 shows that the new transformed iterators have any one load balanced loop one
loop nest further out than before.

Observation 1 Smilarly, it can be shown that any load balanced iterator j; can be moved one
loop nest further in by applying permutation transformation J' = E; j.1J. Thustwo neighbouring
iterators that are both load balanced will remain so upon interchange.

Given the set of iterators Jg where iterators j = iy,io, ... ,1s are the values of the iteratorsin
load balanced form for
LBJs > | (90)

U BJB <u (91)

We propose to find a unimodular transformation E such that:

J, =EJg (92)
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and J, is the iteration vector with the first siteratorsload balanced.
Tothisend let E' be the transformation that moves a particular iterator j; to the outermost
scope. It is defined thus:

E =E; % Ep3 x (X iy (93)
It should be noted that in general _
E 7 Ey, (94)
E isnow defined as: _ _ _
E=FEsxEs! x [k E" (95)
E isunimodular as it is the product of unimodular transformations.
- L° = ELPE™ (96)
°=EUBE? (97)
[°=El (98)
w =Eu (99)

L°, U°,I° u® are in the form described by figure 1. Thisis shown by repeated application
of lemma 3. The set of inequalities given by:

LoJ, > I° (100)

U°J, < u° (101)
are equivalent to 90 and 91. This can be shown by observing that:

ELB(E'E)J = El (102)
EUB(E'E)Js < Eu (103)
(ELBEY)(EJR) = E (104)
(EUBE™)(EJs) < Eu (105)

Substituting from 96 to 99 gives the required form of 100 and 101.

Finally by the repeated application of theorem 2, and using Observation 1 it can be shown
that the first siterators of J, areload balanced for 100 and 101.

This analysis gives the following algorithm to reorder the iterators.
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51 Algorithm 3
1 For/Qd1,...,s

2. ForkOi,to2step-1

3. Interchangerows k and k-1 of U,L,|,u

4. Interchange columnsk and k-1 of U, L, and rowsk , k-1 of J
5. End For

6. End For

To illustrate this algorithm consider the matrix form of the program given in figure 4 after
transforming to invariant form.

100 i 1
010 J |2 n-1 (106)
-4 0 1 k 1
100 i n
010 j 1| 2n+1 (207)
5 01 k n

Thereis only one loop j to move out, i.e. s=1,i = 2,ji =], = j. On interchanging rows we
010 i n-1
100 j |2 1 (108)
-4 0 1 k 1
010 i 2n+1
100 ] | < n (109)
5 01 k n

Interchanging columns of U, L and rows of J gives
1 00 ] n-1
0O 10 |2 1 (110)
0 41 k 1
1 00 ] 2n+1
0O 10 | < n (112)
0 51 k n

which finally gives the following program:
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DOALL j = n-1,2*n+l
DOALL i = 1,n
DOALL k in 1+4*i , n+5*i
afi,j+i] = Mn(c[i,k+2¥]]*d[-], k+2*]])

Figure 8: Load Bal anced Loop Quternost

This program has a load balanced loop which is outermost. Each iteration of j will have
exactly the same amount of work to performand al that isnow required isfor the n+3 iterations
to be divided amongst the processors.

6 Review

The properties of unimodular transformations for doubly nested loops with constant bounds
have been covered by [1]. It has also shown that existing transformations such asthe wavefront
method [4] can be described in terms of unimodular transformations [3].

Program transformations have mainly been focused on revealing program paralelism,
however in [5] unimodular transformations are used as a mechanism to describe distribution
of loops across distributed processors. They study the effect of unimodular transformations
by giving a measure of paralelism, load imbalance and volume of communication which are
again restricted to the two-dimensional rectangular loop case. The unimodular transformations
used within our paper are related to loop skewing [9] and loop interchange[10].

The polytope and related notation is based upon the work of [8]. The main concern of his
thesis was the unification of the systolic framework based on uniform recurrences with data
dependency analysis. Although the polytope notation was developed quite extensively, it was
used chiefly to find alegal ordering vector within the polytope so as to maintain program data
dependencies.

Thework presented in this paper forms part of the general mapping of array computati on to
distributed memory architectures. In [6] load balancing for more general programs including
serial loops and conditionals and arbitrary nesting is presented. Matrix transformations to
minimise non-local access by alignment, data partitioning and data re-use are also presented
where the interaction between load balancing and communication overhead is investigated.

7 Conclusion

This paper has addressed the use of unimodular transformations to load balance a parti cular
sub-class of loop structures and to reorder them so as the appropriate iterators are outermost.
By viewing the iteration space of such loops as a polytope it has been possible to determine
an invariance condition to ensure perfect load balancing.
The existence conditions for a load balancing transformation have been derived. If any
one loop in aloop nest satisfies this condition an algorithms to perform the transformation in
polynomial time has been presented.
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If more than one load balanced loop is to be partitioned and scheduled over the processors,
an algorithm has been derived which simultaneously transformsall of them without increasing
the complexity of the scheme.

It is desirable to have partitioned loops outermost. The surprising result that thisis aways
possible for load balanced loops has been shown. A simple unimodular transformation and
hence an algorithm that moves such loops outermost has been given.

This paper has shown that load balancing, for a sub-class of programs, can be achieved by
application of unimodular transformations. Further work will no doubt apply such transf orm-
ations for other issuesin compiling for multiprocessors.

Acknowledgement

The authors would like to thank Chris Kirkham for his many helpful suggestions during the
preparation of this report.

References

[1] Banerjee U.,Unimodular Transformations of Double Loops, Proc. of 3rd Workshop
on Programming Languages and Compilers for Parallel Computing, Irvine CA, August
1990.

[2] Callahan D. and Kennedy K.,Compiling Programsfor Distributed Memory Multipro-
cessor s, Journal of Supercomputing, Vol. 2 No. 2, pp 151-207, 1988.

[3] Dowling, M. Optimal Code Parallelization using Unimodular Transformations, Par-
allel Computing Vol. 16, pp 157-171, 1990.

[4] Lamport L., The Parallel Execution of DO loops, CACM Vol. 17 No. 2, Feb 1974.

[5] Kulkarni D., Kumar K.G., Basu A., and Paulrgj A.,Loop Partitioning for Distributed
Memory Multiprocessors as Unimodular Transformations, Proc. of ACM Interna-
tional Conference on Supercomputing, June, 1991.

[6] O’'Boyle M.E.P, Program and Data Transformationsfor Efficient Execution on Dis-
tributed Memory Architectures, PhD thesis, Department of Computer Science, Uni-
versity of Manchester, January 1992.

[7] Ramanujam J. and Sadyappan P, Tiling of Iteration Spaces for Multicomputers, Proc.
of International Conference on Parallel Processing, Vol. 2, pp 179 -186, 1990.

[8] Ribas, H.B.Automatic Generation of Systolic Programs from Nested Loops,
Carnegie-Mellon Tech. Rep. CMU-CS-90-143, June 1990.

[9] Wolfe M., Loop Skewing: The Wavefront Method Revisited, International Journal of
Parallel Programming, Vol. 15, No. 4 pp 279-294, August 1986.

20



[10] Wolfe M., Massive Parallelism through Program Restructuring, 3rd Symposium on
the Frontiers of Massively Parallel Computation, pp 407-415, October 1990.

21



