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1 Introduction and summary

By virtue of their high degree of symmetry, superconformal field theories (SCFTs) are
somewhat simpler arenas in which to test and understand general ideas in quantum field
theory (QFT) like duality [1-6] and emergent symmetry [7]. Moreover, since the end-
points of supersymmetric (SUSY) renormalisation group (RG) flows are often SCFTs,
they constrain the asymptotics of QFT and give rise to striking manifestations of the idea
of universality [8, 9].

To construct an SCFT, we start with a superconformal algebra (SCA). In his pio-
neering work, Nahm showed that these algebras admit a simple classification [10]. This
list of allowed SCAs gives rise to important constraints even away from criticality.! At a
superconformal point, we find the basic building blocks of the theory — the multiplets of
local operators? — by studying the unitary irreducible representations (UIRs) of the SCA.

'For example, Nahm’s classification shows that six-dimensional (1,1) QFTs do not flow to SCFTs at
short distances.
2We should also supplement these degrees of freedom with the non-local operators of the theory.



These UIRs are of two general types: short representations and long representations.
Short UIRs have primaries that are annihilated by certain non-trivial combinations of the
Poincaré supercharges while long representations do not. Moreover, short representations
can contribute to the superconformal index [11-13], can realise non-trivial structures like
chiral algebras [14, 15] and chiral rings that enjoy various non-renormalisation properties,
can be used to study the structure of anomalies [16], and can describe the SUSY-preserving
relevant and marginal deformations of SCFTs [17, 18]. Furthermore, by understanding how
short representations recombine to form long representations one can hope, when sufficient
symmetry is present, to bootstrap non-trivial correlation functions of local operators and
perhaps even whole theories (see [14, 19] for important recent progress on this front).

In this paper, we perform the conceptually straightforward, but calculationally non-
trivial, task of giving the level-by-level construction of all UIRs for the five-dimensional
N =1 and six-dimensional (1,0) and (2,0) SCAs (these are the only allowed SCAs in five
and six dimensions [10]). We also calculate the most general superconformal index asso-
ciated with these multiplets. Our approach throughout is based on the presentation and
conventions of [13, 20].3

We expect the results assembled here to be useful for more detailed studies of the many
still-mysterious SCFTs in five and six dimensions (see, e.g., the theories described in the
classic works [25-29] and the more recent literature [30, 31]) as well as for more general
explorations of the space of SCFTs in these dimensions.

Before delving into technical details, we should note that although the precise con-
struction of the various multiplets depends on the spacetime dimension and amount of
supersymmetry, we find various unifying themes in five and six dimensions. For example,
we will see that multiplets containing conserved currents or obeying equations of motion
cannot take part in recombination rules.? In particular, we will show that:

(i) Multiplets containing higher-spin currents can never recombine into long multiplets.
This statement is compatible with the fact that theories in 5D and 6D are isolated
as SUSY theories [17, 18], because it implies that there are no exactly marginal
SUSY deformations of (almost) free theories.® This situation is unlike the one in four
dimensions, where such pairing up is required in the decoupling limit of A/ = 2 and
N = 4 superconformal gauge theories.

(ii) Multiplets containing conserved spin-two currents can never recombine into long mul-
tiplets. This statement is also compatible with the isolated nature of 5D and 6D

#Note that a comprehensive classification of unitary irreducible representations (UIRs) for all SCAs was
carried out in [13, 20-24] and further discussed in [18]. However, in this paper we add to these works by
giving the level-by-level construction of the corresponding multiplets as well as the resulting superconformal
index contributions. Part of this work was already done in [14] for the 6D (2,0) SCA (but we will provide
the full set of multiplets and index contributions for this algebra).

4Unlike in 4D, where one can sometimes tune an exactly marginal parameter and short multiplets may
recombine into long ones, 5D and 6D superconformal theories are necessarily isolated [17, 18]. Therefore,
recombination should be understood purely at the level of superconformal representation theory, i.e. how
one can write a long multiplet in terms of short multiplets.

"Here we use [32-34].



theories [17, 18], because it implies that there are no marginal SUSY couplings be-
tween general isolated SCFTs. In four dimensions, such recombination is required in
coupling isolated interacting ' = 2 SCFTs (see, e.g., [6, 35, 36] for examples of such
couplings between theories and [37] for a more general discussion).

(iii) Flavour-symmetry currents® are present in 5D and 6D (1,0) linear multiplets, which
cannot recombine into long multiplets (for a discussion in the six-dimensional context,
see [38]). This situation is analogous to the one in four-dimensional N = 2 theories.

(iv) Certain classes of multiplets cannot appear in free SCFTs.” These include certain
6D (1,0) B-type and C-type multiplets in section 4 as well as some 6D (2,0) B-type,
C-type and D-type multiplets in section 5.

The methodology we use to extract our results is rather general and well estab-
lished [13, 14, 18, 20, 39, 40]. Indeed, we use a simple Verma-module construction to
obtain all irreducible representations of the full SCA from irreducible representations of its
maximal compact subalgebra. The UIRs are labelled by highest weights corresponding to
superconformal primaries, from which all descendants are recovered by the action of mo-
mentum operators and supercharges. Hence, each UIR is uniquely identified by a string of
quantum numbers, which characterises the superconformal primary state. As we described
above, there are both long and short multiplets. The short multiplets have null states,
which can be consistently deleted (hence the moniker, “short”). A complete classification
of short UIRs can be obtained by imposing the condition of unitarity. For special values
of the quantum numbers characterising short UIRs, additional null states can occur. The
precise enumeration and analysis of all such possibilities using unitarity is an intricate task.

Once all null states have been identified, the Racah-Speiser (RS) algorithm simplifies
the multiplet construction and clarifies the origin of equations of motion and conservation
equations, whenever these are present.® The RS algorithm provides a prescription for the
Clebsch-Gordan decomposition of states in representation space. Since representations of
the maximal compact subalgebra are labelled by highest weights, these take values in the
fundamental Weyl chamber and the corresponding Dynkin labels are positive. After the
Clebsch-Gordan decomposition, a representation in the sum with negative Dynkin labels
lies outside the fundamental Weyl chamber and can no longer label an irreducible repre-
sentation. The RS prescription involves applying successive Weyl reflections, which bounce
the weight vector off the boundaries of the Weyl chamber. Each time a Weyl reflection is
performed, the multiplicity of the representation flips sign. Therefore, if a representation
is labelled by negative Dynkin labels, it gets reflected back into the fundamental Weyl
chamber up to a sign. If it is labelled by a weight which lies exactly on the boundary

5In this paper, we define these to be currents for symmetries that commute with the full SCA. Therefore,
these currents do not sit in multiplets with higher-spin symmetries. Note that, as in four dimensions, there
are spin-one currents that give rise to charges that commute with the R symmetry and also sit in higher-
spin multiplets, but the corresponding charges are necessarily part of a larger algebraic structure including
supercharges and higher-spin charges. For example, we will see such a current in (2.30). This operator
gives rise to a charge that acts on bosons but not on fermions.

"Throughout this paper we only consider unitary theories.

8A concise summary of the Racah-Speiser algorithm can be found in appendix B of [39].



of the fundamental Weyl chamber, the state has zero multiplicity and should be removed
from the sum. A natural interpretation for representations with negative multiplicities is
in terms of constraints imposed on operators inside the multiplet [39].

Since we study the 5D A =1, 6D (1,0), and 6D (2,0) SCAs, our presentation is split
into three corresponding sections, all of which are largely self-contained. The reader who
is familiar with the classification of UIRs and only interested in looking up the results can
proceed directly to the relevant tables. Each multiplet is labelled by the quantum numbers
designating its superconformal primary and the shortening conditions the latter obeys.
Some multiplets with special values for their quantum numbers admit a distinct physical
interpretation; these are dealt with separately. For those interested in the approach em-
ployed to obtain our diagrams, we provide a detailed discussion for the case of the 5D N =1
SCA in section 2, which extends naturally to 6D in section 4 and section 5. Throughout
this analysis, special emphasis is put on identifying operator constraints, whenever present.
Each section also contains expressions for recombination rules and indices for the supercon-
formal multiplets under study. A short collection of simple applications arising from the
results of our analysis is presented in section 6. Finally, section 3 contains an argument for
the complete classification of 5D UIRs, which has been missing from the literature (paying
attention to some recent observations made in [41-43]).

We also include various appendices. Appendix A, B and C contain conventions and
results which are necessary for our multiplet construction but would shift the focus away
from our aim in the main part of the text; SCA conventions for five and six dimensions,
the construction of supercharacters and the superconformal index, as well as the relation-
ship between the RS algorithm and the identification of operator constraints. Appendix D
collects the superconformal indices for all 5D and 6D multiplets for quick reference. As
the 6D (2,0) refined indices are cumbersome, we only ever write down their Schur limit.
However, we also provide a complementary Mathematica file with all the refined super-
conformal indices in five and six dimensions. Finally, appendix E contains the explicit 6D
(2,0) spectra, which are too unwieldy to present in section 5.

Note added. While finalising our construction of multiplets in D > 4, we became aware
of an upcoming publication ([44] cited in [18]). This upcoming work promises to be broader
in scope than our own and have overlap with some of our constructions. Knowledge of the
multiplet structure in five and six dimensional SCFTs, in [44], is essential background
material for the results in [16, 18]; see also [38, 45-48]. We would like to thank C. Cérdova,
T. Dumitrescu, and K. Intriligator for relevant correspondence, as well as for pointing out
an error in the classification of 5D multiplets in a draft version of this paper.

2 Multiplets and superconformal indices for 5D N =1

We begin by providing a systematic analysis of all short multiplets admitted by the 5D
N =1 SCA, F(4). This involves a derivation of the superconformal unitarity bounds. By
doing so we reproduce the results of [13]. We then proceed to write the complete multiplet
spectra and compute their indices. Our notation and conventions for the 5D SCA are
provided in appendix A.



2.1 UIR building with auxiliary Verma modules

The superconformal primaries of the 5D SCA F(4) are designated |A;ly,ls; k), where A is
the conformal dimension, I; > lo > 0 are Lorentz symmetry quantum numbers in the or-
thogonal basis and k is an R-symmetry label. Each primary is in one-to-one correspondence
with a highest weight state of the maximal compact subalgebra so(5) @ s0(2) @ su(2)g C
F(4).2 There are eight Poincaré and eight superconformal supercharges, denoted by Qaq
and Sa, respectively — where a = 1,--- ,4 is an s0(5) Lorentz spinor index and A = 1,2
an index of su(2)p. One also has five momenta P, and special conformal generators K,
where = 1,--- ;5 is a Lorentz vector index. The superconformal primary is annihilated
by all Sa, and IC,. A basis for the representation space of F'(4) can be constructed by
considering the following Verma module

[1(Qaa)™ = [T Pu™ 18: 1, 1; k)™ (2.1)

Aa %

for some ordering of operators,’’ where n = >, naq and 1 =3 M denote the “level”
of a superconformal or conformal descendant respectively. In order to obtain UIRs, the
requirement of unitarity needs to be imposed level-by-level on the Verma module. This
leads to bounds on the conformal dimension A.

The highest su(2)g-weight level-one superconformal-descendant states can be ex-
pressed in a particularly suitable alternative basis as A{ |A;l, lo; k)hw, where we define

1= Qi (2.2)
b=1

The A} are functions of the s0(5) quantum numbers and Lorentz lowering operators. The
combinations (2.2) have the property that, when acting upon a conformal-primary highest-
weight state of so(5)@®s0(2), they produce another conformal-primary highest-weight state.
They can be uniquely determined by imposing the requirement that all Lorentz raising
operators and R-symmetry raising operators annihilate A} [A;lq, lo; k}hw and are given in
appendix A.4. It turns out that the most stringent unitarity bounds emerge by studying
the norms of states constructed by acting with the A{s on the superconformal primary.
We provide a detailed argument in favour of this fact in section 3.

Tll-defined states. The definition of the A generators — as explicitly given in
appendix A.4 — is such that for certain values of the quantum numbers the resulting
state is not well defined. Consider e.g. the state

_ 1
A A D, s k) = <Q11/\%+Q12>\%>\A311J2;k> = <Q11—Q12M2 2%> |A; 1, las k), (2.3)

where Ha|A;ly,lo; k) = l2|A;ly,lo; k). The above is clearly ill-defined for lo = 0: although
M |A;1,0;k) = 0 the factor of 1/l diverges and the norm of (2.3) is indeterminate.

9The quantum numbers labelling the primary are eigenvalues for the Cartans of the maximal compact
subalgebra in a particular basis.
10 Any other ordering can be obtained using the superconformal algebra.



However, there exist cases where products of ill-defined As can lead to well-defined states,
through various cancellations. Hence, one has to perform a delicate analysis of such possi-
bilities through explicit calculation.

This phenomenon will be very important in the classification of unitarity bounds below,
where one needs to evaluate the norms of all well-defined, distinct (i.e. not related through
commutation relations) products of As.!!

Unitarity bounds for I; > l2 > 0. We can calculate the norms of the superconformal
descendant states at level one to be

201 + 3) (lh+12+2) (2[2 + 1)
4([14—1)[2([1—!—[24—1) ’

201 + 3) (ll — 1y + 1)

2 (ll + 1) (ll — l2)

(2[2 + 1)
20

AT 1A 01, Ly )™ || = (A = 3k + 11 + 1), (2.4)

AL 1A 1, b kY™ [P = (A =3k — 1) — Iy — 4) (

AZ A I I k)™ (2 = (A — 3k — 1y +1s — 3)

A2 |A 1 b Y™ [P = (A =3k +1p — 1y — 1)

2
where we have normalised H|A;l1,12;k>th = 1. Observe that these norms are all of
the form

HA% ’A;ll,lz;/@hWHQ = (A — [, I2, k))QG(lLZQ) =: B(ly,12,k)g"(I1,12) , (2.5)

where g%(l1,1l2) is a positive-definite rational function in the fundamental Weyl chamber,
Iy > I3 > 0. Unitarity demands that the norms are positive semidefinite and this imposes a
bound on the conformal dimension via the functions B*(ly,l2, k). The strongest bound on
the conformal dimension is provided by B*(ly,l2,k) > 0. When B*(l,ls,k) > 0 the UIR
can be obtained using (2.1). The resulting multiplet is called “long” and labelled L.

When B*(l1,l2,k) = 0 the state is null. This means that the primary obeys the
“shortening condition” Aj |A;1y,la; k>hw = 0. All such states can be consistently removed
from the superconformal representation. The resulting multiplet is “short” and labelled as
type A. Since it can be reached from a long multiplet by continuously dialling A it is called
a “regular” short multiplet. At higher levels, [[_; AJ |A; 1, lo; k)™ with n > 1, the norms
involve products of B%(ly,ls, k)s and the strongest bound still comes from B*(ly,ls, k) > 0.
Therefore, there will be no change to the bounds obtained at level one.

Unitarity bounds for I; > I3 = 0. We now turn to the special case with Iy > 0,
lo = 0, where the concept of ill-defined states becomes important. When Il = 0 the
operator A} is not well defined and we have to omit the level-one state A]|A;l1,0; k:)hw

from our spectrum. Naively, the strongest bound then arises from the norm of the state

"For example, in our upcoming discussion of unitarity bounds for I; = lo = 0, A} |A;0,0;k)hw and
A%]A;0,0; k)™ are individually ill defined, while AJA$ |A;0,0; k)™ is not. This can in turn lead to the
wrong identification of shortening conditions, since [[AZA$ |A;0,0; k)™ |2 = B*(0,0, k)B(0,0, k), whereas

[|A1AZ |A;0,0; k)™ ||> = B2(0,0,k)B*(0,0, k), with the first one leading to more stringent unitarity bounds.



A3 |A; 1,0 k>hw. However, the level-two state AJA]|A;l,0; kY™ is actually well defined,
as can be explicitly checked. Its norm is proportional to

HA?I’A‘{ A1, 0; k:>hWH2 o (A — 3k — 1y —4) (A — 3k — I — 3) = B3(11,0,k)B*(11,0, k)
(2.6)
and the corresponding set of restrictions come from B*(l,0,k) > 0 or B3(l1,0,k) = 0.
When B*(I1,0,%) = 0 one recovers a regular short representation of type A. Instead,
one could also have B3(l1,0,k) = 0; this gives rise to the null state A3 |A;l1,0;kz>hw.
Making that choice leads to an “isolated” short multiplet of type B.12

Unitarity bounds for I; =l = 0. The same logic extends to [y =l = 0: at level one
the only well-defined state is A}|A;0,0; k). However, there exist well-defined states at
levels two and four, obtained by A3A$ |A;0,0; k) ATAZAIAT|A;0,0; k)™, These give
rise to the conditions B!(0,0,k) = 0, B3(0,0,k) = 0 or B*(0,0,k) > 0 and lead to the
new set of isolated short multiplets D. We summarise their properties and list all short
multiplets for the 5D SCA in table 1.

Additional unitarity bounds. Finally, there are supplementary unitarity restrictions
and associated null states originating from conformal descendants. These have been anal-
ysed in detail in [20, 40], the results of which we use. Saturating a conformal bound results
in a “momentum-null” state, where the corresponding shortening condition is an operator
constraint involving momentum analogues of the superconformal As [40]. In that reference,
a prescription is given for removing the associated states, P, |A; 11, lo; k>hw, from the aux-
iliary Verma-module construction, again in analogy with the superconformal procedure.'?
However, we will choose not to exclude any momenta from the basis of Verma-module
generators (2.1). After using the RS algorithm this choice will allow us to explicitly re-
cover highest weight states corresponding to the operator constraints from the general
multiplet structure.

One can combine the conformal and superconformal bounds to predict that operator

constraints will appear in the following short multiplets:
B[dlvo; 0] ) D[0707{172H : (27)
The multiplet D[0,0;0] does not belong to this list as it is the vacuum.

Highest weight construction through the auxiliary Verma module. The A basis
through which we obtained the unitarity bounds could in principle be used to construct
the full multiplet. However, executing this procedure would require knowledge of the full
Clebsh-Gordan decomposition for the resulting states. This is a very difficult task to carry
out in practice. For that reason we will resort to constructing the highest weights of the
superconformal representation using the auxiliary Verma module via the Racah-Speiser

12The name isolated is due to the fact that there are no states in the gap between B3(l1,0,k) = 0 and
B*(11,0,k) > 0.

13Note that this does not mean that all conformal descendants of a particular type should be removed
from the set of local operators.



Multiplet | Shortening Condition | Conformal Dimension
Ally, lo; k] MU =0|A=3k+l+I+4
All1,0; k] AAIU =0 | A=3k+1; +4

A0, 0; k] AAIASATU =0 | A=3k+4

Bll1, 0; k] AU =0|A=3k+1+3

B[0, 0; k] A2A3U =0| A=3k+3

D[0, 0; k] MU =0|A=3k

Table 1. A list of all short multiplets for the 5D A/ = 1 SCA, along with the conformal dimension of
the superconformal primary and the corresponding shortening condition. The A{ in the shortening
conditions are defined in (2.2) and (A.17). The first of these multiplets (A) is a regular short
representation, whereas the rest (B,D) are isolated short representations. Here ¥ denotes the
superconformal primary state for each multiplet.

algorithm. This greatly simplifies the Glebsch-Gordan decomposition by implementing it
at the level of highest weights.

Having motivated the use of the auxiliary Verma module basis, we will implement the
conjectural recipe of [13, 39, 49] to generate the spectrum; see also appendix C of [14].
According to these references, in addition to removing the supercharge associated with the
shortening condition, one is instructed to also remove any other supercharge combination
that annihilates the auxiliary primary.

To make this point more transparent, let us consider the example of the B[y, 0; k]
multiplet. The shortening condition dictates that we remove A§\If = 913V ,ux, where note
that ¥ and W,,x have the same quantum numbers. Since ls = 0 we have that M5 ¥V, = 0
and therefore

0= M2_ Q13\Ilaux - Q14\Paux . (28)

Hence we are required to also remove Qi4 from the auxiliary Verma-module basis. Note
that (2.8) does not imply A}J¥ = 0 but is merely a prescription for obtaining the correct
set of highest weights. Omne could similarly use any lowering operator of the maximal
compact subalgebra. E.g. for £ = 0 additional conditions can be generated by acting on

4 resulting in the removal of more

the existing ones with R-symmetry lowering operators,’
combinations of supercharges from the set of auxiliary Verma-module generators. We will
mention explicitly the full set of such “absent supercharges” at the beginning of each case
in our upcoming analysis.

We emphasise that this is an auxiliary Verma-module construction which leads to the
same spectrum in terms of highest weights. If one is interested in the precise form of the

operators, the much more involved A-basis should be used.

1Gee e.g. the discussion in appendix 6.2.1 of [14] in the context of the 6D (2,0) SCA.



2.2 The procedure

Based on the above ingredients, let us summarise our strategy for constructing the super-
conformal UIRs:

1. For a given multiplet type, begin with a superconformal primary and consider the
highest-weight component of the corresponding irreducible representation of the
Lorentz and R-symmetry algebras.

2. Implement the conjecture of [13, 14, 39, 49] to determine all combinations of super-
charges which need to be removed from the auxiliary Verma-module basis (2.1).

3. Use the remaining auxiliary Verma-module generators to determine the highest
weights for all descendant states. This may result in some of the quantum num-
bers labelling the highest weight state becoming negative.

4. Apply the Racah-Speiser algorithm to recover a spectrum with only positive quan-
tum numbers.'® This could result in some states being projected out, while others
acquiring a “negative multiplicity”. The latter can cancel out against other states
with the same quantum numbers but positive multiplicity.'® Any remaining states
with negative multiplicity can be interpreted as operator constraints. This conjec-
tural identification follows [39] and is based on a large number of examples, but can
be additionally supported using supercharacters; cf. appendix C.2.

5. In some special cases, the supercharges that have been removed from the auxiliary
Verma-module basis anticommute into momentum generators, which should also be
removed. This has the effect of projecting out states corresponding to operator con-
straints. The operator constraints can be restored using the discussion in appendix C.

The spectrum of a given superconformal multiplet can always be obtained following
these steps and we believe the results (in all D > 4 SCAs that we have considered) to
be correct: they satisfy the expected recombination rules, which have been checked using
supercharacters. Of the multiplets that do not appear in recombination rules, for 5D N = 1
and 6D (1,0) SCAs, we have also explicitly constructed the states using free fields. For 6D
(2,0) the multiplets that do not appear have had the Schur limit of their superconformal
indices matched with the results of [14]. Finally, an additional check on the computational
implementation of this procedure is via supercharacters, which can be calculated in two
ways: either by evaluating them over the states of a given short multiplet obtained using
the RS algorithm or directly using the Weyl character formula; cf. appendix B. Both of
these agree for all multiplets listed in our work.

15The details of the Racah-Speiser algorithm needed for this step can be found in appendix C.

6 There are instances when this general procedure leads to ambiguities, i.e. there is more than one choice
for performing the cancellations; see also [18]. However, these can be resolved uniquely by the requirement
that all highest weight states should be reached by the successive action of allowed supercharges on the
superconformal primary. For the examples that we investigate in this article, this phenomenon only appears
in the (2,0) SCA (B[ec1, ¢z, 0;0, 0], C[ei, 0, 0; 0,0]), in which case the multipet spectra have also been compared
to the construction by successive Q-actions.



2.3 5D N = 1 multiplet recombination rules

For the purposes of listing the recombination rules as well as for explicitly constructing the
multiplets, we will find it more convenient to switch to the Dynkin basis for the various
quantum numbers. That is, we will use

di =11 —ly, dy=2, K=2k. (2.9)

Short multiplets can recombine to form long multiplets when the conformal dimension for
the latter approaches the unitarity bound, that is when A + ¢ — %K +di +do+4. It can
then be checked, using the results that we will present in the following sections, that

LIA+ € dy,dy; K] =% Aldy, do: K] @ Aldy, do — 1; K + 1],

e—0

ﬁ[A+€;d1>0;K] — A[dlvoaK] ®B[d1 - 1a0;K+2]7
LIA+€0,0, K] =% A0,0; K] & D[0,0; K + 4] . (2.10)

The following multiplets do not appear in a recombination rule:

B [dla 0; {07 1}] )
D[0,0;{0,1,2,3}] . (2.11)

2.4 The 5D N = 1 superconformal index

We define the superconformal index with respect to the supercharge Q14, in accordance
with [13, 50]. This is given by

T(w,y) = Try(—1)F e PyiAtaldird)yd (2.12)

where making use of the spin-statistics theorem the fermion number is F' = dy and the
trace is over the Hilbert space of operators of the theory. The states that are counted by
this index satisfy § = 0, where

3
0:={Qu,Sn} =A - K —di—dp. (2.13)

It is easy to see that as a result long multiplets can never contribute to the index. The
charges d; and %A + %(dl +ds) appearing in the exponents of (2.12) are eigenvalues for the
generators commuting with Q14,21 and consequently with §. In practice, this index can
be explicitly evaluated as a supercharacter for each of the multiplets constructed below.
A detailed construction of characters for superconformal representations is reviewed in
appendix B.

2.5 Long multiplets

We can now go ahead with the explicit construction of multiplets. Since long multiplets
are not associated with any shortening conditions, we can proceed as per (2.1) acting
with all supercharges and momenta on the superconformal primary to obtain the unitary
superconformal representation.

~10 -



We will choose to group the supercharges together as @ = (Qa1,Qa2) and Q =

(Qas, Qa4), purely for book-keeping purposes. The explicit quantum numbers of these
supercharges are given by

Q11 ~ (L)(0,1)» Q12 ~ (-1, Quz ~ (1,1, Q1s~ (Do,-1) 5
Qa1 ~ (=)o, Qa~(-a-1n, Qa~(-1)i, Qaa~(-1)-1. (2.14)

With this information in hand, it is straightforward to map out their action starting from
a superconformal primary, labelled by (K) (4, d.):

(B ) 2 (B + 1)yt 1), s+ 15-1) > (K = Dyt 1), (131
<z, (K +2)(dy+1,d0) » (K)(d1,do+2),(d14+1,d2)2,(d14+2,d5—2) > (I = 2)(dy+1,ds) 5
<z, (K 4+ 1) (d41,do4+1),(dr +2,d2—1) s (B = 1) (d141,do+1),(d1+2,ds—1) 5
AN (K)(dy+2,ds) »

(K) (dy,d2) Q, (K + 1) (dy,do—1),(d1—=1,do+1) s B = 1)(dy do—1),(d1—1,da+1) 5
<, (K +2)(dy—1,d0) » (K)(d1,d2—2),(d1—1,d2)2,(d1~2,d2+2) > (I = 2)(d1—1,ds) 5
ﬁ (K 4+ 1) (dy—1,do—1),(dr—2,da+1) s (K = 1) (d1—1,do—1),(d1 —2,da+1) 5
L (K200 (2.15)

where we have split the actions of Q and Q into two “chains”. Since the Dynkin labels are
generic, there is no need to implement the RS algorithm. By definiton, these multiplets do
not contribute to the superconformal index.

2.6 A-type multiplets

Recall from table 1 that A-type multiplets obey three types of shortening conditions de-
pending on the quantum numbers of the superconformal primary. These result in the
removal of the following combinations of supercharges from the basis of auxiliary Verma-
module generators (2.1):17

Aldy,do; K] : Qa4
Aldy,0; K] ©Q13Q14,
A[0,0; K] 911912913914 - (2.16)

Let us consider the first case. On the one hand, acting with the allowed set of super-
charges yields the same result as found in (2.15) for the Q-supercharge set. On the other,

7Once again, we are using a Dynkin basis for the quantum numbers.

11 -



for the Q—supercharge set we have

Q

(K)(dy,d) — (K + D @y—1,d041) > (K = 1)) da—1),(d1—1,do+1) »
32
@,

(K) (d)—2,ds+2),(d1—1,d2) » (K = 2)(d1~1,ds) 5
33
L (K - 1)(dy—2.da+1) - (2.17)
The two remaining cases with da = 0 and d; = d2 = 0 can be obtained by implementing
the recipe at the end of section 2.1, by e.g. first constructing all the states using the
combinations of the Q-chain of eq. (2.15) and Q-chain of (2.17) and then setting dy = 0.
Applying the RS algorithm will produce some negative-multiplicity states, all of which
cancel with positive-multiplicity states with the same quantum numbers. The remaining
states comprise the spectrum of the A[dy, 0; K| multiplet and one can proceed analogously
for A0, 0; K.

For K = 0 and dj,dy generic the primary still lies above the unitarity bound for all
conformal descendants and there are no momentum-null states. Moreover, one also needs to
remove Qay, Q23924 and Qg1 Q200230924 from the construction of the respective multiplets
for di,dy > 0, ds = 0 and di = do = 0 using the auxiliary Verma module. The resulting
spectrum is no different from setting K = 0 and running the RS algorithm for su(2)g.

The index over the spectrum of all A-type multiplets is given by
xd1+d2+K +4

(I—zy 1) (1—ay)
by appropriately tuning d;,ds and K, including do = 0 and d; = do = 0, where we have

do+1

IA[d1,d2;K] (:L‘, y) = (_1) Xd (y) > (2'18)

used the su(2) character for the spin-i representation

111
y -y
xi(y) = ——. 2.19
y—y! (2.19)
One readily sees that (2.18) is compatible with the recombination rule (2.10):
W Trin ey i) (T Y) = L doik] (22 Y) + Lajds do—1:541) (2, 9) = 0. (2.20)

2.7 B-type Multiplets

For B-type multiplets, the supercharges that need to be removed from the auxiliary Verma-
module basis (2.1) due to null states are

B[d1707K] Q137
B[0,0; K] : Q12Q13.

For B[d;,0; K], following the argument in (2.8), one finds that Q4 should also be
removed from the basis of auxiliary Verma-module generators. Acting on the primary —

(2.21)

while keeping the quantum numbers generic — one has the same action as (2.15) for @,
while the Q-chain is

Q
(K)(dy,d0) — (K = 1)(ay,do—1),(d1—1,do+1) 5

A2

Q
—— (K = 2)(dy—1,ds) - (2.22)

- 12 —



We may then combine the action of these supercharges to construct the following grid;
acting with Q is captured by southwest motion on the diagram, while Q by southeast
motion. This module is well defined for all d; > 1 values:

A
34+dp + 3K () (ay,0)
T 4+d+ 3K ’ (K £1)4,,1) ’ (K = 1), -1,1)
(K % 2)(4, 41,0 (K)(dy—1,2),(d1,0) -
4+dy + 3K ' ' ' (K = 2)(d,-1,0)
(K)(d1.2),(d14+1,0)| | (K =2)(d;-1,2),(d1,0)
(K £ 1)ay,1) -
9 3K ' (K = 1), -1,1)
5+di+3F (K £ 1)(d,41,1) (K = 1)(dy,1),(d1-1,3) (K 3)
—9)(d1—-1,1)
IR (K =3)(a;,1) B
(K = 2)(d,,2),(d14+1,0 (K —2)(a;,-1,2),(d1,0
5+d1+% (K)(d1+2,0) (d1,2),(d1+1,0) (dy ),(d1,0)
(K)(dy,2),(d1+1,0) (K —4), (K)(a,,0)
Lya +3K ’(Kfl)(dlﬂ) ’ (K —1), (K = 3)(4,,1)

N s
N s
N
N s

6+ d1 +% (K = 2)(d,+1,0)

(2.23)

Let us next look at some special values of the R-symmetry quantum number. For K =1
the states with values (K —4) and (K — 3) are reflected to —(1) and —(0) respectively via
the RS algorithm, where they subsequently cancel with other descendants with identical
quantum numbers but non-negative multiplicity. The (K — 2) states are simply deleted as
they lie on the boundary of the Weyl chamber for K = 1. Likewise if K = 2, the (K — 3)
states are deleted and the (K —4) state is reflected to —(0) where it cancels against another
state with non-negative multiplicity.

Following this reasoning, it quickly becomes obvious that only through setting K =0
does one end up with negative multiplicities being present after cancellations, which we can
observe from the last two levels of the module. In that case, the (K — 1) highest weights
are deleted to leave the states —[11/2+d;;d1,1;1] and —[6+d1; d1 + 1,0;0]. We will study
this B[d1, 0; 0] multiplet separately below.

The second type of B-multiplet to consider is B[0,0; K|, for which one is instructed to
remove from the auxiliary Verma-module basis (2.1) the supercharge combinations Q12Q13,
Q120914 and 9Q13914. The superconformal representation constructed using the remaining
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supercharges is

3+ 3K (K)(0,0)

s

s
’

% + % (K £ 1),

s N
s N
s N

(K)(0,2),(1,0) :
4+ 2 T (K —2), (K)0,0)
2 (K £2)1,0
- 20K —1),(K+1
g + % (K£1)a ( M Yo
- (K —3)0,1)
54 3K (K)20) (K =2)1,0),00,2) | | (K —4),(K=2)0,0)
’ ’ (K)(1,0),(0,2) (K)(0,0)
442 [ =Dan | [E =D =300
6+ % (K —2)(1,0)

(2.24)

This UIR can also be obtained from B[d;, 0; K] by setting d; = 0. The same arguments
as in the B[dy, 0; K] case can be applied to study the behaviour of the multiplet for concrete
K values. Again, we find that non-cancelling negative-multiplicity states only appear
at K =0.

The superconformal index for all values of d; and K > 0 is calculated to be

pdi+K+3
IB[dl,O;K] (l‘, y) = (1 — xyfl) (1

) (225)

One observes that this satisfies the recombination rules (2.10):
Wi Triagecar 0] (5 Y) = Laan 0:51 (%5 Y) + Loy —1,0:50+2) (%, ) = 0. (2.26)

2.7.1 Higher-spin-current multiplets: B[d1, 0;0]

Let us now address the special case with K = 0. For d; # 0 this family of B-type multiplets
contains higher-spin currents and has a primary corresponding to the symmetric traceless
representation of s0(5). One finds that Qa3 and Qa4 need to be removed from the auxiliary
Verma-module basis (2.1). Therefore the entire representation is built by just acting on

— 14 —



the superconformal primary with the set of @s from (2.14) and is

A

3+d, (0)(dy.0)

T+dy (D)

(2)(d141,0)

4+d
! (0) (a2

S+dy (D(dr+1,1)

5+d; (0)(d,+2,0)

(2.27)

This result seems to contradict (2.7), which predicted the presence of operator con-
straints. However, note that the absent Qs anticommute into Ps, which has therefore been
implicitly removed from the auxiliary Verma-module generators. This has the effect of
projecting out states corresponding to operator constraints; we will henceforth refer to the
remaining states as “reduced states”.

The operator constraints can actually be restored — cf. appendix C — by utilising the
following relationship between characters

XA di, do; K] = x[Asdy, do; K] — x[A + 15dy — 1,do; K. (2.28)
Here the x and x correspond to taking a character of the superconformal representation
without /with the Ps respectively. We can appropriately account for the negative con-
tributions to the r.h.s. via negative-multiplicity states. The full multiplet can then be
expressed as:

A

3+dy (0) (4,09

T+d (1) (ay 1)

(2)@1+1,0)
44+d ) o
' (0)(a,.2) (/ )(dr-1,0)

S+d1 (D@ +1,1) (D@ -1,1)

=(2)ay,0)
—(0)(a,-1,2)

54d; (0)(dy+2,0)

% +dy (Va0

6+ dy —(0)ds+1,0)

(2.29)
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An example of the above [3 + dy;dy,0;0] primary is the operator

A = B
Opproopia, = €ABO* Dpiy -+ 000 6B, (2.30)

where ¢* is a free hypermultiplet scalar. This object satisfies the generalised conservation
equation
au@##?m#dl—l =0, (2.31)

which is identified with the state —[4 + di;d; — 1,0;0].

It is interesting to point out that for d; = 1 the superconformal primary is an R-neutral
A = 4 conserved current, which is not itself a higher-spin current. The higher-spin currents
are instead found as its descendants. This logic also shows that the commutator of the
conserved charge, T, associated with the primary has a non-vanishing commutator with
the supercharges

(911, T]=Ti1, (2.32)

where 77, is the charge associated with the level-one descendant current. This commutator
explains why we do not refer to 7 as a flavour symmetry.

The index is of course insensitive to the above discussion; it gives the same answer
when evaluated either on (2.27) or (2.29) and that is

xdl +3

ZBid,,0:0(%, y) = ( )Xd1+1(y) - (2.33)

l—azy ) (1—zy
2.7.2 The stress-tensor multiplet: B[0, 0;0]

Let us finally turn to the case where one also sets d; = 0. The supercharges removed from
the auxiliary Verma-module basis (2.1) should be those for B|0, 0; K], but since K = 0 one
can also act on its shortening conditions with the R-symmetry lowering operator. This
results in needing to remove Q1,91p, Q2,91 and Qas, Q2 with b > a > 1. Consequently
the module is:

A

3 (0)0,0)
1 §1)<o,1>

: e

5 (/1)(1,1)

5 (0)(2,0/) */(2)(0,0)

|z

—(Do,1

6 —(0)(1,0)

(2.34)
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We recognise that this multiplet contains the R-symmetry current, the supersymmetry
current and the stress tensor, as well as their corresponding equations of motion. In
particular, we identify:

[41,0,2] - AP, ~[5;0,0;2] : 9*JAB) =0,
9/2:1,1:1] = S ~[11/2;0,1;1]: 9S4 =0, (2.35)
[5:2,050] : ©p, —[6:1,0;0]:  9"O,, =0.

This multiplet also contains three states that do not obey conservation equations.
The index over this multiplet counts just two components of the R-symmetry current,
JIt and J}L. Tt is given by

73

1—ay=t) (1 —zy)

I13[0,0;0] (r,y) = ( x1(y) - (2.36)

2.8 D-type multiplets

For the DJ0, 0; K] multiplet unitarity requires that the conformal dimension of the primary
is A = % The null state associated with this condition instructs us to remove Qi3
from the basis of auxiliary Verma-module generators, but due to having d; = d2 = 0 one
actually needs to remove the larger set of supercharges Q14, a = 1,--- ,4. In fact, in this
case A}\IJ = @11V = 0 and one has the shortening condition

Qla\p — 0, (237)

which renders the multiplet % BPS.
The action of the remaining supercharges on a primary state where the quantum
numbers are kept generic is then

Q
(K)(dy,d2) — (K = 1)(dy,dot1),(d1+1,do—1) 5
Q2
— (K = 2) (@, 41,dy) »
(K)(d1,d2) — (K — 1)(d1,d2*1)7(d1*17d2+1) )
QQ
— (K = 2)(d)-1,dn) - (2.38)
After setting di = dy = 0 and employing RS the full multiplet is
A
3K (1) (0,0
K41 (K =1L,
3K 41 (K —2)1,0) (K —2)0,0
3K 4 3 (K =3)o1)
% +2 (K - 4)(0,0) (2 39)
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For low enough values of K there can be additional reflections. If K =1 or K = 2 these
will correspond to operator constraints, to be discussed below. If K = 3 then the only
problematic state will be the level four [0, 0; K — 4], which becomes [0, 0; —1]; this is on the
boundary of the Weyl chamber, and hence will also be deleted.

The index for this multiplet is

.ZUK
iy . = . 2.40
DI[0,0;K] (l’, y) (1 — .I‘y_l) (1 — xy) ( )
This satisfies a recombination rule from (2.10):
WM Z (A +60,0;5] (z,9) = Zaj0,0,x](%,y) + Ippo,o;x+4)(T,y) = 0. (2.41)

2.8.1 The hypermultiplet: D[0, 0;1]

When K = 1 no additional shortening conditions arise, therefore we may proceed directly
using (2.39). One recovers:

A
3 (1)(0,0)
2 (0)(0,1)
5
2
3 —(0)(0,1)
7 —(
2 Weoo (2.42)
We can recognise these highest weight states as
3/2;0,0;1]: ¢*,
[2;0,1;0] - Ag,
b (2.43)
—[7/2;0,0;1] :  8%¢p™ =0.

The index for this multiplet counts the first operator in the primary, ¢! along with
the Py and Py conformal descendants. Therefore we have
x
L—ay ) (1—ay)’

This is the single-letter index obtained in [50, 51].

Ipp,o)(z,y) = ( (2.44)
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2.8.2 The flavour-current multiplet: DJ0, 0; 2]

One of the D-type multiplets predicted to contain operator constraints is DJ[0,0;2]. As
above, we may jump straight into the multiplet structure by setting K = 2 in the DJ[0, 0; K]
module. This produces

A

3 (2)(0,0)

z (Do,1)

4 (0)(1,0) (0)(0,0)

9

2

) —(0)(0,0) (2.45)
(AB)

We recognise these fields to be a scalar p in the 3 of su(2)g, a symplectic Majorana
fermion ¥2 in the 2 of su(2)g, a vector J, and an R-neutral scalar M. Furthermore
the negative-multiplicity state is the equation of motion for the vector current 0J, = 0.
This multiplet is also known as the linear multiplet and appeared in the UV symmetry-
enhancement discussion of [52].

The corresponding index is:

1‘2

L—ay™ ) (1 —ay)

Ippo,op2)(z,y) = ( (2.46)

This concludes our listing of superconformal multiplets for the 5D SCA.

3 On the complete classification of UIRs for the 5D SCA

We will next give an argument that the conditions imposed in section 2.1 on the dimension
of the superconformal primary — giving rise to the A[dy, ds; K], Bld1,0; K| and D[0, 0; K|
short-multiplet types — are necessary and sufficient for unitarity. To the best of our knowl-
edge, there is no such argument in the literature for 5D; for proofs in 4D and 6D see [21-24].

Our argument will proceed in three steps. We first use the results of [43] to establish
when the Verma module can admit null states (i.e., when the Verma module is reducible).
We then show that only the 5D multiplet types A, B, D, L can be unitary (determining
necessity). Finally, we argue that all multiplets of the above type are indeed unitary
(determining sufficiency).
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3.1 Reducibility conditions for F(4)

We begin by determining the necessary and sufficient conditions for when a representation
of the 5D SCA can contain null states (i.e., when the F(4) parabolic Verma module is
reducible). This question has recently been revisited in [42, 43|, the results of which we
use. Towards that end, let us first establish some notation following, e.g., [53, 54].

The 5D SCA, F(4), is a Lie superalgebra for which we choose the following simple-root
decomposition

—_

H:{a1:5, ag=—(—0+¢€ —€—€3), a3 = €3, a4:eg—€3}, (3.1)

2

with corresponding Dynkin diagram and Cartan matrix:

2-1 0 0
o @ s o 3.0 1 0
C&g—O:éO sl =1 o1 99

0 0-1 2

The o, 3,04 € Il are even simple roots, while o € 17 is an odd simple root. These
have been expressed in an orthogonal basis in terms of ¢;, for ¢ = 1,2,3, and § such that
(62',6]‘) = 5ij; (5, 5) = —3 and (61',(5) =0.

The simple roots can be used to obtain the even and odd positive roots of F'(4)

1
OF = {5, +¢; (fori < j),e} @{:{2<i5+qi62i63)}, (3.2)

where the signs are not correlated. One also typically defines the set ®5 and the set of
isotropic roots @1 through
561:{06€<I>6|05/2¢Q)T}QA6, gTI:{OZG(I)T|2CY¢(I)6}gAT, (33)

although it is easy to see that in our case 66 = ¢y and P = Pq.
The difference between the half-sum of the positive even roots py and half-sum of the
positive odd roots p7 denotes the Weyl vector, which can be evaluated to be

1
p = pﬁ—piz§(5+61+362+63). (3.4)

A highest weight representation of F'(4), A\, may be expanded in terms of the funda-
mental weights of the bosonic subalgebra gy = su(2)r @ s0(5,2) as

A=) waH,, (3.5)

where the w, for a = 1 and a = 2, 3,4 are the fundamental weights associated with the
simple roots of su(2)r and so(5,2) respectively and the H, are the Cartans. For each of
these bosonic subalgebras, the fundamental weights are related to the simple roots via the
inverse of the Cartan matrix. For su(2)r and so(5,2) this allows us to express

1 1
w1 = 55 and w2 = €1 s W3 = €1 + €2, Wy = 5(61 + €2 + 63) . (36)
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Since in our discussion thus far we have been labelling representations in terms of their
[ = su(2)r @ so0(5) ® so(2) C g Dynkin labels, we will also need the so(5) fundamental
weights

) R 1
w1 = €2 Wo = 5(62 + 63) , (3.7)
which we use to write
1 1 . .
A= 5(5H1 +wo | Hy + Hs + §H4 + w1 Hg + woHy . (38)
Now, by definition we have that
H =K, Hs =dq, Hy=dsy, (3.9)

since Hj 34 multiply the fundamental weights of su(2)r and so(5) respectively. We can
naturally assign the remaining label to the conformal dimension Ho + Hj3 + %H4 = —A,
where the minus sign is there to account for the signature of so(5,2). This means that

1
Hy=—A—d — 3ds. (3.10)

Expressing the highest weight using the above in the orthogonal basis

K d d
A=0— — 1A + €9 <d1+2> +€3ﬁ. (311)
2 2 2
Finally, the following two sets have to be defined before proceeding, where we have

adapted the definitions of [43] to the case of F'(4):

U iso == {a € @% | A+ p,) = O} (3.12)
and 20 )
+ p,

\I’)\,non—iso = {a S Q):;ﬁ ‘ Ng = ﬁ S Z>O} ) (313)

where ®,, 5 := ®,, N &g, with &, = &F\d;. Hence we have

(I)[ = {ié 5 ieg + €3, ﬂ:EQ, i63} 5
q):;(—) == {61 + €2, €1 + €3, 61} y (314)

where the signs are not correlated.
With this information at hand, we can now apply the criteria of [43] regarding the
necessary and sufficient conditions for irreducibility:

o If an F(4) Verma module is irreducible, then V) i, = @ and for all & € Wy non—iso
there exists B € ®g such that (A + p, ) = 0. ([43], Proposition 4)

o An F(4) Verma module is irreducible if V)i, = &, and, for all o € Wy non—isos
there exists B € ®g such that (A + p,B) = 0 and s(8) := B — 289) o ¢ . ([43],

(a,@)

Proposition 5)
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From the first bullet point above we immediately determine that the module is re-
ducible when W j5, # @. This phenomenon occurs when eight conditions are satisfied, one
for each of the positive odd roots,

A:%—dl—dgzzfl, A:—%_dl—d2_322f17

A= g p, N A

Az%%—dﬁ—?)::f:‘, A:—%‘i’dl::fg,
A:%+d1+d2+4::f4, A:—%+d1+d2+1:=f4. (3.15)

These equations correspond exactly to the conditions for which the eight level-one norms
become null, eq. (A.18).

Note that, according to the second bullet point above, there can exist additional re-
ducible representations only if Wy on_iso 7 &. This latter condition is equivalent to the
following equations with ny € Z<g:

ne, =1 —2A

do
n61+62:d1+5+2_Aa

Ney—eo :_dl_g_l_Aa
d
Nei+ez = ;—i—l—A,
d
N —ey = —?2 —A. (3.16)

However, the conformal dimensions of these modules are below the unitarity bounds
associated with conformal descendants:

3
Scalar: A > 2
d d
Operator with spin ZA>2+ 2 ,
2 2
. . . do do
Composite operator with spin dj + 5 A>3+d+ 5 (3.17)

Hence, these additional modules are not unitary and will not be useful for the discussion
of UIRs.

We conclude that F'(4) admits reducible modules precisely when the eight level-one
norms become null, as predicted by [20].

3.2 An argument for necessity

For the necessity part of the argument we will begin from the various unitarity bounds for
the A, B and D-type multiplets. As shown in section 2.1, these can be expressed as

A= f%di,d2, K)  with  a=134, (3.18)
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where the f%(dy,ds, K) are given in (3.15) and we observe that fy > f3 > fo > f;. We will
next show that there can be no UIRs of the 5D SCA except for the ones satisfying (3.18)
and A > f4 i.e. that there is at least one negative-norm state in the intervals (f3, f4),
(1, £%) and (o0, /).

Towards that end, consider the norms of the following well-defined states:

Fy = [ATAFATALIA dy, do; K)™ % = (A = F)(A = f2)(A = (A -1,

Fs = [AALIA; di, do; K)™|> = (A = f2)(A = f1),

Fo = [|ATAT]A;0,0; K)™|* = (A — ) (A = f1),

Fi = [[AL|A;dy, dos K)™ |2 = (A - f1). (3.19)

1. dy,ds # 0: [, is positive for A > f#, this describes a long multiplet £[A;dy, da; K].
When A = f* this describes an A[dy, do; K| multiplet. If f3 < A < f* then [y is
negative. If f1 < A < f3 then F3 is negative. The condition 0 < A < f! would
result in the positivity of F4 and F3, but leads to F; being negative. A < 0 is
forbidden by unitarity since it would result in a negative conformal dimension for the
superconformal primary. If A = f* for a = 1, 2,3 then, despite the fact that F4 = 0,
the level-one norm of the state A7¥ will be negative, and is therefore not allowed.

2. di # 0,d2 = 0: the same logic can be applied to this case when taking do = 0.
However, alongside A = f4, it is possible to have A = f3, describing B[dy, 0; K].
This is because the level-one state Aj|A;dy, 0; K Y% does not exist as it is ill-defined
for do = 0, hence there would be no negative-norm state associated with it.

3. diy =d2 = 0: there is now one additional way to saturate a unitarity bound. The
states A‘{:2’3’4|A; 0,0; K)™ are all ill-defined for these d; values. Therefore one can
achieve Fo = 0 with A = f! which describes a D[0,0; K] multiplet, in addition to
A = 3, which describes the B[0,0; K] multiplet.

We conclude that the necessary conditions for unitarity are A > f4 for dy,dy # 0;
A>fror A= f3ford; #0,dy=0; A> f*or A= fo=13 for di = dy = 0, in line with
the classification of section 2.1.18

3.3 An argument for sufficiency

For this part one needs to show that all states contained in the A, B, D short multiplets
and the long multiplets £ are indeed unitary.

1. D|0,0;K]: all superconformal-primary norms for this multiplet can be explicitly cal-
culated using the results of appendix A and determined to be positive.'? As an
additional check, one recognises that in a free theory one can construct the D[0, 0; K|
multiplets from K free hypermultiplets, D|0,0; 1], and therefore the former are nec-
essarily unitary.

1811 a previous version of this paper, an additional necessary condition for unitarity had been incorrectly
identified for di = d2 = 0 at A = f2. We thank the authors of [44] for bringing this to our attention.
9The relevant Mathematica notebooks can be obtained from the authors upon request.
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2. B[d1,0;K]: these multiplets can admit a realisation in terms of free hypermultiplets.
Similarly to (2.30), for a free theory we may write a superconformal primary with
quantum numbers [3 + d; + %; dy,0; K] as

AqA “ “
O™ = eBadB 0y, -+ 0, 0T - A1), (3.20)
Therefore, this multiplet must necessarily be unitary.

3. Ald1,d2; K]: from the set of the A[dy,ds; K| multiplets, only the A[dy,1; K| can
admit a free-field realisation. For those cases and in a free theory, the primary can
be expressed as

e H H
O((zﬁtll---ﬁ;i) = 6BC¢B3M ... 3%1 ¢C)\a¢)(A1 . d)AK) ) (3.21)

However, we can argue for the unitarity of other choices of quantum numbers using
the recombination rules

e—0

ﬁ[A + €; dl,dz;K] — A[dl,dg;K] @A[dl,dg - 1; K+ 1] , (3.22)

for A=4+dy+dy+ % as follows.

Let us formally denote the subsets of long-multiplet states related to the A[d1, do; K]
and Aldi,dy — 1; K + 1] ones above as W, £, 9, W4, A,; that is, the states in
Ve, can be completed into a long multiplet by including the states ¥, 4,- We may
therefore write

Ve

A

L =AMV, (3.23)

for all states in ¥, e Their norms can be explicitly calculated and are related by

(2d1 + do + 3) (dl + 2) (dQ + 1)
(di +d2/2+41)da(dy +d2 + 1)

1,2 =€ 1oe,, 2, (329

where note that the coefficient on the r.h.s. is always positive.
Since the multiplet A[d;, 1; K] can appear in the recombination rule (3.22) as

LA+ edy, 1; K] =% Aldy, 1; K] @ Aldy, 0, K + 1], (3.25)
we can use the above argument to conclude that in the e — 0 limit A[d;,0; K + 1] is
also unitary. Moreover, one can also write

LA+ edy, 2K — 1] =% Aldy, 2K — 1] & Aldy, 1; K], (3.26)
and use the same logic to conclude that the multiplet A[dy,2; K] is unitary. This
method can be used recursively to demonstrate that all A[dy, ds; K| are unitary with
the exception of A[0,0;0]. However, the unitarity of .4]0,0;0] can be argued for by
appealing to the index.

To that end, recall the index of a unitary SCFT is a sum over contributions from
individual local operators of the theory transforming in UIRs. Now, the index for a
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5D SCFT with gauge group SU(2) and global symmetry group Es = SU(2) x U(1) was
evaluated in [50]; see also [55]. Moreover, the arguments in [50] suggest that this result
can be understood as an index coming from one of Seiberg’s unitary 5D SCFT's [26]
that appear in the low-energy limit of string theory. Assuming this identification
is correct (or, least restrictively, that the index computed in [50] corresponds to an
index of some unitary theory with Es global symmetry), then it is straightforward to
show that A[0,0;0] is also a unitary representation.

To understand this last statement, note that the authors of [50] found the index in
question admits the following expansion

I(z,y) =1+ [L+ x2(9))2® + x1(¥)[2 + x2(q))2?

; <><2<y> 24+ xalg)) + 1 X4(f)> 0@, (3.27)

where ¢ is a fugacity associated with the instanton contributions and

—1

xa(f) = (€% + e )xlg), (3.28)

for some U(1) flavour charge p. It is then possible to rewrite this expression in terms

of contributions from local operators as follows

Z(z,y) = 1+ [1+ x2(0)]Zpjo,0:2 (%, ¥) + Lpjo,0:0) (5 ¥) + x3(2)Lpo,0:4]
+ x4(F)Zap00(z,y) + O(2). (3.29)

Note that the —x4(f)z* term in (3.27) can only be accounted for by using the index
for A[0,0;0] since all other indices at O(x?) either have positive sign or include y-
dependent factors. We therefore conclude that A[0, 0; 0] is also unitary.

4. L[f4 + €;d1,d2; K]: for the long multiplets approaching the unitarity bound A =
4+dy +dy + %, one can conclude that, since the L[f4 + €;d1,d2 # 0; K| can be
written as a direct sum of two unitary multiplets as in (3.22), it too must be unitary.
The remaining two recombination rules of (2.10)

e—0

LIA + €;dy,0; K] — Aldy,0; K] © Bldy — 1,0; K + 2],

e—0

LA +¢€0,0; K] — A[0,0; K] ® D[0,0; K + 4],

(3.30)

can be similarly used to determine that all L[A + €;d;, da; K] are unitary.

5. L[A;d1,d2;K]: in the neighbourhood A =4+ dy +da + % +e = f44 ¢, every state
has positive norm. Since the norm of a state is a smooth function of A, in order
for it to become negative as we move arbitrarily far from f*, it must first become
null. By definition this scenario would lead to a reducible Verma module. However,
in section 3.1, we determined all the values for which such a situation can arise. It
is easy to see that f* is the largest of these and therefore the norm can never be
negative.

We therefore conclude that the multiplets L[A; dy, do; K|, Aldy, da; K|, B[dy,0; K] and
D|0,0; K] are unitary hence concluding our argument.
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4 Multiplets and superconformal indices for 6D (1,0)

We now switch to six dimensions. In this section we provide a systematic analysis of all
superconformal multiplets admitted by the 6D N = (1,0) algebra, osp(8*]2).2° Since the
method for building UIRs is completely analogous to section 2.1 we will be brief and merely
sketch the derivation of the unitarity bounds obtained in detail by [13]. We then proceed
to write out the complete set of spectra for superconformal multiplets along with their
corresponding superconformal indices.

4.1 UIR building with auxiliary Verma modules

The superconformal primaries of the algebra osp(8*|2) are designated |A; ¢y, co, c3; K) and
labelled by the conformal dimension A, the Lorentz quantum numbers for su(4) in the
Dynkin basis ¢; and an R-symmetry label K. Each primary is in one-to-one correspondence
with a highest weight labeling irreducible representations of the maximal compact subal-
gebra s0(6) @ so(2) ®su(2)r C 0sp(8*|2). There are eight Poincaré and superconformal su-
percharges, denoted by Qa, and Saq; — where a,a = 1,--- ,4 are su(4) (anti)fundamental
indices and A = 1,2 an index of su(2)z. One also has six momenta P, and special con-
formal generators K, where 4 = 1,---,6 is a Lorentz vector index. The superconformal
primary is annihilated by all Saq and IC,,. A basis for the representation space of osp(8*|2)
can be constructed by considering the following Verma module

[T(Qaa)™ = [T Pu"™ 145 c1, e, 5 K)™ (4.1)

Aa o

where n = > 5,naq and 7 = 3 n, denote the level of a superconformal or conformal
descendant respectively. UIRs can be obtained from the above after also imposing the
requirement of unitarity level-by-level.

We will now review the conditions imposed by unitarity, starting with the supercon-
formal descendants [13]. For descendants of level n > 0 it suffices to calculate the norms of
states in the highest weight of su(2) g, since these provide the most stringent set of unitarity
bounds [13, 20, 24].2! Hence the unitarity bounds stem from the study of superconformal
descendants arising from the action of supercharges of the form Qj,. Before proceeding, it
is convenient to define the basis A% |A; ¢y, co, c3; K>hw, where

A" =04, 7f (4.2)
b=1

The Y{ are functions of u(4) Cartans and Lorentz lowering operators, the explicit form of
which can be found in [13]. They map highest weights to highest weights.

20Some of the multiplets up to spin 2 discussed in this section have been previously constructed using
the dual gravity description in [56].

*'Tn the language of [43], the proof for the 6D SCAs in [24] only deals with the conditions associated with
W iso # 9. We have investigated the possible reducible modules coming from W non—iso 7 & and, similar
to our findings in section 3, all predicted cases are below the unitarity bounds associated with conformal
descendants.
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Multiplet Shortening Condition | Conformal Dimension
Alcy, g, ¢35 K| A =0 A:2K+%+02+3%—|—6
Aley, e2,0; K| AA =0 | A=2K+% +c+6
Ale1,0,0; K] A2A3AY =0 | A=2K+ 9 +6
Al0,0,0; K] ATA2ABA =0 | A=2K +6
Blcy, c2,0; K] AW =0 | A=2K+% +cy+14
Blei, 0,0; K| A2A30 =0 | A=2K+ 9 +4

Bl0,0,0; K] ATA2A3T =0 | A=2K +4
Clc1,0,0; K] AW =0 | A=2K+ % +2
C[0,0,0; K] AA2T =0 | A =2K +2
D|0,0,0; K] AW =0 | A=2K

Table 2. A list of all short multiplets for the 6D (1,0) SCA, along with the conformal dimension
of the superconformal primary and the corresponding shortening condition. The A® in the short-
ening conditions are defined in (4.2) and [13]. The first of these multiplets (A) is a regular short
representation, whereas the rest (B,C,D) are isolated short representations. Here ¥ denotes the
superconformal primary state for each multiplet.

One then conducts a level-by-level analysis of the norms for the superconformal descen-
dants, while also keeping track of whether the states A% |A; ¢y, co, c3; K >hw are well defined
when setting ¢; = 0. This gives rise to a set of regular and isolated short multiplets, obey-
ing certain shortening conditions [13]. The precise form of the A% is unimportant; they
have the same quantum numbers as the supercharge Q1,. The shortening conditions can
then be translated into absent generators in the auxiliary Verma module (4.1) and we are
instructed to remove the corresponding combinations of supercharges in a straightforward
way. These results are summarised in table 2.

Additional absent supercharges can be obtained when K = 0 by acting on the exist-
ing null states with Lorentz and R-symmetry lowering operators. As a result additional
supercharges need to be removed from (4.1). These occurrences will be dealt with on a
case-by-case basis.

Finally, there can be supplementary unitarity restrictions and associated null states
arising from considering conformal descendants. These have been studied in detail in [20,
40]. In analogy with the 5D approach, we will choose not to exclude any momenta from the
basis of auxiliary Verma-module generators (4.1); with the help of the RS algorithm this
will account for states corresponding to equations of motion and conservation equations.

We can combine the information from the conformal and superconformal unitarity
bounds to predict when a multiplet will contain operator constraints. These are found to be

Blci,¢2,0;0], Cle1,0,0;{0,1}], DJ0,0,0;{1,2}] (4.3)

and will be treated separately in the following sections. The multiplet DJ0, 0, 0; 0] does not
belong to this list as it is the vacuum, which is annihilated by all supercharges and momenta.
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4.2 6D (1,0) recombination rules

Short multiplets can recombine into a long multiplet £. This occurs when the conformal
dimension of £ approaches the unitarity bound, that is when A + ¢ — 2K + %(cl + 2¢o +
3c3) + 6. We find that

LA+ € ¢1,c9,c3; K] 20, Aler, ca,e3; K| @ Aleg, eo, 03 — 1, K + 1],
LIA + e er, 00,0, K] % Aler, 2,0, K] @ Bler,ea — 1,0, K +2],

e—0

LA +€¢1,0,0; K] — Alc1,0,0; K] ®Cle; — 1,0,0; K + 3],

e—0

LIA + €0,0,0; K] <=% A[0,0,0; K] ® D[0,0,0; K + 4] . (4.4)

These identities can be explicitly checked, e.g. by using supercharacters for the multiplets
that we discuss below.

A small number of short multiplets do not appear in any recombination rule. These are

B [6176210; {07 1}] )

Cle1,0,0;{0,1,2}] ,

D[0,0,0;{0,1,2,3}] . (4.5)
4.3 The 6D (1,0) superconformal index

We define the 6D (1,0) superconformal index with respect to the supercharge Qig4, in
accordance with [13]. This is given by

T(p,q.s) = Ten(~1)"e g2 5p2s, (4.6)
where the fermion number is F' = ¢; + ¢3. The states that are counted satisfy é = 0, where

1
0= {Q14,824} =A-2K — 5(61 + 202 + 363) . (4.7)

The Cartan combinations A—%K , o and ¢ are generators of the subalgebra that commutes
with Q14,8,; and 0. This index can be evaluated as a 6D supercharacter, as discussed in
appendix B.

4.4 Long multiplets

Long multiplets are generated by the action of all supercharges. We will choose to group
them into @ = (Qa1, Qa2) and Q= (QAs, Qa4), with their individual quantum numbers
given by

Q11 ~ a0, Cu~)ciLy, Qus~0o-1n, Quu~1)woo-1),
Q21 ~ (—1)a,00), Q22~(=1)(—11,0, Qaz~ (=111, Qas~ (—1)00,-1)- (48)
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The action of these supercharges on a superconformal primary (K )(61762703) is given by

l@

(K)(C1,62,63 K :l: 1)(01+1 62,63) (61 1,c2+41, 63)

2

O

2 lelolo |

K £2)(erea41,e3)» (K)(er42.02,05),(c1,001.05) (1 —2,c042,05) »
K £ 1) (c;41,c041,e3),(c1—1,ca+2,c3) 5

K)(er,ca42.c3) »

(K)

(c1,c2,¢3)

K+ 2)(01762—1703) ) (K)(01702—2,83-&-2),(81702—1163)2,(61702703—2) )

53

l@

K+ 1)(01,52—1,03—1),(01,cz—2,C3+1) ;

(
(
(
(
(K £ 1) (1 c0-1ies1),(erienies—1) 5
(
(
< (

K) C1,C272,03) N (49)

4.5 A-type multiplets

Recall from table 2 that the A-multiplets obey four kinds of shortening conditions. These
result in the removal of the following combinations of supercharges from the basis of Verma
module generators (4.1):

Alet, 2,63, K] 2 Qua,
Ale1,e2,0; K]+ Q13Q14,
Ale1,0,0; K]+ ©12913Q14,
A[0,0,0; K] : ©11912Q13C14 - (4.10)

With regards to the spectrum, let us first consider the A[c1, c2, c3; K| multiplet. The action
of the @-set of supercharges is the same as for the long multiplet (4.9), however since we
are also instructed to remove Q14 the Q—chain becomes

Q

(K)(c1,02,63) o (K + 1)(c1,cg—1,53+1) s (K - 1)(01,02,03—1) )
QQ
=

(K)(Cl702*27034’2),(01,52*1:03) (K — 2)(61,02*1,03) )
o
— (K - 1)(61,02—2,C3+1) ° (411)
The remaining four cases can be obtained straightforwardly in a similar way. The resulting
multiplet spectra turn out to be the same as starting with (4.11), substituting for specific
¢; values and running the RS algorithm.

For K = 0 one should also remove the additional supercharge combinations obtained
by acting with the R-symmetry lowering operators on the supercharges mentioned in (4.10)
from the basis of auxiliary Verma-module generators. Once again, the resulting spectra

are equivalent to starting with the K # 0 multiplets, explicitly setting K = 0 and running
the RS algorithm for su(2)g.
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The superconformal index for all values of ¢; and K is given by

(_1)01+03 q6+%+%(c1+262+303)

(pg—1) (p? —5) (ps — 1) (p— 5%) (¢ — 5)(p — ¢5)

% {p—cz+1scz+4 (p—cl _psc1+1) + pcz+4scl+4 _p—c1+282—cg +pc1+48—01+1 (S—cg _Spcz+1)} )

IA[C1,02,03;K] (p7 q, S) = (412)

This index satisfies the following recombination rules

1% IE[A+5;01,CQ,C3;K] (pa 4, 3) = Z.A[chcz,c;,;[ﬂ (pa q, S)+IA[cl,c2,C3—1;K+1] (p, q, 3) =0. (413)

4.6 B-type Multiplets
For the B-type multiplets, the supercharges that need to be removed from the basis (4.1) are
Blc1,c2,0; K] : Qa3
Blc1,0,0; K] : Q12913 (4.14)
B[0,0,0; K : Q11912913
For the first type of multiplet, Blci, ca,0; K], one should also remove Qq4. Acting on a

primary with generic quantum numbers, (K), c, c;), one has the same action as (4.9) for

Q. The Q-chain is modified to
Q
(K)(C1yc2703) — (K — 1)(01,62—17634-1)7(01702703—1) J

— (K — 2)(61,02*1703) .
We can represent this multiplet on a grid, where acting with Qs corresponds to southwest

(4.15)

motion on the diagram, while acting with Q to southeast motion
A

142K+ 9 + e (E)(e1162.,0)
. (I(i 1)(:: +1,c2,0) -
942K+ G + e e (K = Dey,ea-1,1)
(K £1)(¢;—1,6041,0)

(E) (c142,¢2,0) (K), (K = 2)(c141,e0—1,1) b
542K+ % +e (K £2),(K){., cpi1.0 (B) ¢y —1,e0,1) (K = 2)(e1,e0-1,0)
(K)(c1—2,e04+2,0) (K = 2)(cy—1,e2,1) .

(K7 1)(c1+2,c2—1,1)
(K =3),(K£1)(cy,e0,1)

(K —1),(K - 3)(51+1762*1v0)
(K = 1), (K = 3)(cy—1,e2,0)

(K £1)(c;41,e041,0)

11 c
42K+ % +e
2 2 (K £ 1) (c1-1,e042,0)

(K — 1)(01 2,c0+1,1),(c1,c2,1)

- (K = 2)(e1+2,2-1,0)
(), (K ~2) ey 41.c001) 0
642K+ 4o (K) (e g +2.0) (K —4), (K = 2), (K)(¢1,09,0)
: (K); (K = 2)(¢)—1,c0+1,1)
~ < (K — 2)(C1—2‘CZ+170)7(CI7c2‘0)
AN, (K = 1), (K = 3)(c141,¢2,0)
13 c h o
13 4 oK + S 4 gp (K = D(er,eat1,1) ;
2 2 a 52 (K —1),(K - 3)(51—1,02+1,0)
T+2K + %+ (K =2 (erea+10)

(4.16)
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The next multiplet type is Blci, 0, 0; K], where one is instructed to remove Q12913 due
to the shortening condition. Since co = ¢3 = 0, one can deduce that Q12014 and Q13914
should also be removed. The multiplet spectrum is given by

A

442K+ ¢

242K +

zo‘,_.“

5+2K + %

642K + 3

T+2K+ %

(K)(c1,0,0)

s
s
s
s
s

(K £ 1)(c;41,0,0)
(K £ 1)(c;-1,1,0)

7
s
s

(K £2), (K)7

(K) (c142,0,0)

(c1,1,0)

(K)(cl —2,2,0)

N
N

(K £ 1)(c;41,1,0)
(K + 1)(5171,2,0)

<
N
N
N

(K)(c1-1,0,1)
(K —2)(c1—1,0,1)

s N
s N
s N
s N
N

(K - 3)7 (K + 1)((:1,0,1)
(K = 1) (e —2,1,1),(e1,0,1)

(K - 1)= (K - 3)(0171,0,0)

s

A
s
s
s
s
s

(K)(cl,Q,O)

(K = Der,1,)

s
s

N s

N s

N s
N s
N s
N s

(K, (K = 2)(¢y41,0,1)
(K), (K = 2)(¢;-1,1,1)

N

7 N
s N
N
N

(K - 4)’ (K - 2)7 (K)(cl,O,O)
(K = 2)(c;—2,1,0),(c1,0,0)

s
s
s

(K - 1)7 (K - 3)(c1+1,0,0)
(K —1), (K = 3)(c;-1,1,0)

s

s

N ’

N ’
N ’
N s

| (K =210
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The last B-type multiplet to consider is B[0,0,0; K]|. Its shortening condition is
ATA%2A3T = 0 implying that Q11912913 shoud be removed from the auxiliary Verma-
module basis. One further deduces that Q71,9191 should also be removed from the set
of generators since ¢; = 0. The multiplet spectrum is determined to be

A
442K (5)(0,0,0)
g 42K (K £1)1,0,0)
(K)(2,0,0)
542K
(K £2), (K)0,1,0)
Lok ’ (K £+ 1)(1,1,0) ‘ ’ (K —3),(K£1)0,0,1) ‘
6+ 2K ’ () (0,2,0) ‘ ’ (K =2),(K)1,01) ‘ ’ (K —4), (K = 2),(K)(0,0,0)
% + 2K ’ (K —1)0,1,1) ‘ ’ (K —3),(K —1)1,0,0) ‘
7T+2K (K - 2)(0,1,0) (4 18)

The index over B-type multiplets for all values of ¢; and K # 0 is given by

p_C2 8C2+5 (p—cl _pSC1+1) _p—cl+281—02
(pg—1) (p*—s) (ps—1) (p—5°) (¢—s)(p—qs)
N p02+5861+4 +pC1+4S—Cl (S—CQ _ 82p02+2)

(pg—1)(p*—s)(ps = 1) (p—s*) (a—s)p—qs) |

LBje e2.0:1) (P, 4, 8) = (—1)01“61”35{*021“2{

(4.19)
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4.6.1 Higher-spin-current multiplets: B[ci, c2,0; 0]

In eq. (4.3) we claimed that the special subset of B-type multiplets with K = 0 should
contain operator constraints. Recall that for Bley,co,0; K| one should remove Q14 and
Q13 from the basis of auxiliary Verma-module generators. Since K = 0 we also remove
two more supercharges, Q24 and Qazs. That is, we should completely remove the set of Q
supercharges of (4.8) and the spectrum is generated solely by acting with the set of all Qs:

A
4+ %1 + c2 (0)(61’6270)
(D (e141,e2,0
g+%+02 (c141,c2,0)
(1)(01—1,02-0-1,0)
(0)(014—2,02,0)
5+ 5 +e (2), (0) (e .ent1,0)
(0)(e1—2,c5+2,0)
% + 071 + c2 (1)(61+1»C2+1’0)
(1)((;171,(;2#»2,0)

7
s
s
s
s

6+ % +c2 (0)(eq,e0+2,0) (4.20)

This result seems to contradict (4.3), which predicted the presence of operator con-
straints. However, note that the absent Qs anticommute into Pg, which has therefore been
implicitly removed from the auxiliary Verma-module generators. This has the effect of
projecting out states corresponding to operator constraints and hence the spectrum only
contains reduced states. The operator constraints can be restored using the dictionary
developed in appendix C. This can be done using the character expression

X[A; 1, 0,00, K] = x[A;c1,c2, 03 K] — X[A 4+ 15¢1,¢0 — 1, ¢3; K], (4.21)

where the hat indicates a character of the reduced (i.e. Pg-removed) Verma module. The
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result is
A

4+ %1 +c2 (0)(61,()2,0)

s

s

(D ey 41,620
%“1’%“1’02 (1 c2,0)

(1)(6171,()24»1,0)

7

s

(O)(cl +2,c2,0)

5+ % +c2 (2)7(0)(cl,cg+1,0) _(O)(cl,cg—l,o)

(0)(e1-2,c5+2,0) 7
0 (D (e141,c2+1,0) (D (e141,e2—-1,0)
5 + 5 + c2
(D) (e1-1,e242,0) (D (c1—1,¢2,0)
e —(0)(c1+42,c2—1,0)

6+F +e 0)e1,e2+2,0) —(2), =(0)(cye2,0)

7(0)(6172,624»1,0)

7(1)(C1+176270)

—(D(e1-1,e241,0)

s

T+F3 +e —(0) (e ,c241,0)
(4.22)

An example of a superconformal primary for a B[0, ¢z, 0; 0] multiplet with co > 0 is

Ag < B
Om---ucQ = €AB® am T a,ucQ@b ) (4-23)

where ¢4 is a free hypermultiplet scalar. It is interesting to point out that for ¢; = 1, ¢ =0
or ¢; = 0,co = 1 the superconformal primary is not higher spin. The higher-spin currents
are instead found as their descendants. Moreover, the superconformal primary in the
multiplet of B0, 1,0;0] is a A = 5, R-neutral conserved current. However, as explained
around (2.32) in the case of 5D, this is not a flavour current.

The corresponding superconformal index for any ¢y, co > 0 reads

p—CQ SCQ+5 (p—cl _p801+1) _p—C1 +281_C2

To 00D, 5) = (1) Lgt etz
Homool(Pr:9) = (U pa—1) (=) (5 —1) (0—52) (4—5) (p—5)

p02+5801+4 +p61+48—61 (8—02 _ S2p62+2) }

+ (pg—1)(p>—s)(ps—1) (p—2) (q— ) (p — ¢s) (4.24)
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4.6.2 The stress-tensor multiplet: B[0, 0, 0; 0]

The last B-type multiplet of note is the stress tensor. Ordinarily, the shortening conditions
require that we remove Q1,091,971 from the basis of generators, but since K = 0 we also
need to remove contributions obtained by acting repeatedly with R-symmetry lowering
operators. The resulting multiplet is therefore

A
4 (0)(0,0,0)
g (1)(1,0,0)
(0)(2,0,0)
)
(2)(0,1,0)
- (D ,1,0
6 (0)(0,2,0) —(2)(0,0,0)
8 —(1)(1,0,0)
—(0
7 (0)(0,1,0) (4.25)
We recognise these states as being associated with the fields
[5;0,1,0;2] :  JAB) —[6;0,0,0;2] : o*JAB) =0,
. 217 - A . 217 - A _
[11/2:1,1,0;1]: S& —[13/2;1,0,0;1): 9”52 =0, (4.26)
(6;0,2,0;0] : O, —[7;0,1,0;0] :  9*©u, =0,

namely the 6D R-symmetry current, supersymmetry current and stress tensor. We also

have three states that do not obey equations of motion. These are
[4;0,0,0;0] : X,
9/2:1,0,0:1): ¢,

[5;2,0,0;0]: Z7

o (4.27)

where + denotes the selfdual part of the operator.
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The index over this stress-tensor multiplet is

4 st4p+pls
(1—-pg)(1—gs~1)(1—plgs)’

counting three components of the R-symmetry current plus conformal descendants.

T510,0,0;0 (P> @, 8) = ¢q (4.28)

4.7 C-type multiplets

The two distinct C-type multiplets are C[e1,0,0; K] and C[0, 0, 0; K], with the requirement
that we remove 91, for a # 1 and Q1,91 respectively from the basis of auxiliary Verma-
module generators. On the one hand, since the generators Q13 and Q14 are absent, the set
of available Qs is the same as for the Blci, ¢2,0; K] case, that is Qa3, Q24. On the other,
only Qq9 is removed from the set of (Js. Therefore the two resulting chains of supercharge
actions on a generic state (K) (¢, c,c,) are

(B ) (eremes) 2 (K £ D)oy t1.eme) » (K = 1)(er 1 et 1.00)

<, (K = 2)(cr,cot1,e3) s () (c142,e2,03),(c1sc2+1,03) »

Lo (K = erstenien) (4.29)
(K) (e1,c2,03) Q, (K = 1) () co—1,e34+1),(c1,ca,¢3—1) 5

&y (K = 2)(0 100

After substituting in the relevant c¢; values for the primary and implementing the RS
algorithm we obtain for C[cy, 0, 0; K]

A

242K + 4 (K (c1,0,0)

(K £ 1)(¢;41,0,0)
5 1 )
2+2K+ 4

(K_ 1)((:1—1,1,0)

(K =2),(K)(c;,1,0 :
342K + % ot K = 2) 0y —101)
(K) (c1+2,0,0)

T42K+ 4 ’(K - 1)(c1+1,1,0)‘ ’(K = 1), (K = 3)(c1,0,1) ’(K - 3)(01—1,0,0)‘
442K+ 5 ’(K = 2)(c141,0,1) ’(K -2), (K - 4)(c1,0,0)‘
242K+ 9 (K = 3)(c141,0,0)

(4.30)
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The corresponding superconformal index is

g PO s ) 150 (s ) 408 (=)
q

(pg—1) (p*—s) (ps—1) (p—5) (¢—s)(gs—p)
(4.31)

IC[cl,O,O;K] (p) q, ‘9) = (_1)

which can be used in conjunction with A|c;, 0, 0; K] to verify the recombination rules
UM ZriAyeer,0.0:K] (P, 4:8) = Lale, 00,51 (s 45 ) + Lejey—1,00,k+3) (P ¢:8) = 0. (4.32)

Turning our attention to C[0,0,0; K], we recall that the shortening conditions require
the combinations Q1,971 to be absent from the basis of auxiliary Verma-module generators.
The resulting spectrum is alternatively obtained by setting ¢; = 0 in C[ep,0,0; K| and
running the RS algorithm. This is a simple task: the lowest value of ¢; that appears in
Clec1,0,0; K] is ¢; — 1 and only these states are deleted when setting ¢; = 0 — they will
be on the boundary of the Weyl chamber. There is no need to perform any of the more
elaborate Weyl reflections on any other state.

Therefore the spectrum for C[0,0,0; K] is given by

A

242K (K)(0,0,0)

s
s

s
s

g +2K (K £+ 1)(1,0,0)
(K —2),(K)0,1,0)
3+ 2K
(K)(2,0,0
% +2K ’ (K = 1)a,1,0) ‘ ’(K - 1), (K — 3)(0,0,1)‘
442K ’(K =2)(1,0,1) ‘ ’ (K —2),(K —4)0,0,0) ‘

N s
N s
N
N s
s

312K (4.33)
The associated index for K > 1 evaluates to

243K s_1p~|—s+p_1
(1—pg)(1—gs™1)(1—p~lgs)

Zcj0,0.0:x)(P: ¢ ) = —q (4.34)

The cases with K = 0,1 are predicted to contain operator constraints from (4.3) and
will be dealt with separately below.
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4.7.1 C[c1,0,0;0]

For this class of multiplets, K = 0 and we obtain additional shortening conditions. These
can be translated into the requirement that Qa, for @ # 1 be removed from the basis of
auxiliary Verma-module generators. The latter then in turn imply that Paog ~ {Q12, Q23},
Poy ~ {Q12, Q24} and P34y ~ {Q13, Q24} have also been removed from the auxiliary Verma-
module basis. In vector notation, these momentum operators correspond respectively to
Ps3, Ps and Pg. The implication of this fact is that the multiplet construction will only
reproduce the reduced states, with the operator constraints having been projected out.
Thus the C[ec1, 0, 0;0] multiplet is very simply:

A
244 (0)er.00)
% 4 %1 (1)(01—1—1,0,0)
3+9 (0)(e1+2,0,0 (4.35)

The operator constraints can be restored by means of appendix C. Implementing
this would result in introducing — for each of the three states in (4.35) — the following
combinations

A . A+1 A+2 A+3
(K)(cl70’0) ’ _(K)(Cl_l?(Ll) + (K)(cl_2)170) o (K)(Cl_270’0) ’ (4‘36)
for a total of nine additional states corresponding to equations of motion. As a side
comment, note that this spectrum is not the one we would have obtained had we just set
K =0 in (4.30) and implemented the RS algorithm. As such, the index that one obtains
is different to just setting K = 0 in (4.31), and is given by

Cl+5 + p2861+6

. c1+6 . 1—c1 _ ,c1+5.—c1 4 2,,—cC1 2
Leje,0,00) = (—1)Clq2+71 P ” L o) ” -’ ( j )
(pg—1)(p*—s)(ps— 1) (p—s*) (¢ — )(qs— p)

pc1+55—c1 (ps _ 1) +p25c1+5 (S —p2) +p—0182 (p 52) }
)

T )@ -5 (s - ) (p— ) (g 5) (g5

(4.37)

4.7.2 The free-tensor multiplet: C[0, 0, 0; 0]

When ¢; = 0 we recover the free-tensor multiplet. In this case the lowering operator of
su(2)r acts on the null-state condition Q11912%aux = 0 to create additional shortening
conditions. This translates into the requirement that Qi,Q1p, Q2,91 and Qo,Qs; for
a # b should be removed from the basis of auxiliary Verma-module generators. The
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multiplet can be constructed using the remaining supercharges and is given by

A
2 (0)(0,0,0)
5 (1,00
3 0

(0)(2,0,0) (438)

We identify the states with the following fields
2;0,0;0;0] : o,
[5/2;1,0,0;1] : A2,
[3;2,0,0;0] :  H" (4.39)

[vp] *

Similar to the previous subsection, (4.38) only contains reduced states and no equations of
motion. When the latter are restored by means of appendix C we recover the expected

?p=0: —[4;0,0,0;0],
JOAN =0 —[7/2:0,0,1;1], (4.40)
8[UH:W] =0: —[4;1,0,1;0] + [5;0,1,0;0] — [6;0,0,0;0].

The index for this configuration evaluates to

5 sTip+s+pt—g
(1—pg)(1 —gs™1)(1 —p~lgs)’

Ze10,0,0:0 (P @5 8) = —q (4.41)

counting three components of the fermion )\aA alongside its equation of motion.

4.7.3 Higher-spin-current multiplets: C[c1,0,0;1]

These multiplets are simple to construct since, contrary to the above case, we need not
act with the R-symmetry lowering operator. As such, we can take the spectrum of (4.30)
and set K = 1 without incurring new shortening conditions. The resulting Clci, 0, 0; 1]
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multiplet is

A
4 + % (]‘)(017050)
9 Lo (2)a (0)(Cl+17070)
2 2 (O)(m—l,l’o)
(1)(0 1,0)
5+ % o
2 (D er+2,0,0)
d+4a (0)(e1+1,1,0 ~(0)ei-100)
6 + % _(1)(017070)
13
24+ %1 —(0)(C1+1,0,0) (4.42)

which includes conservation equations. It is worth pointing out that the multiplet with
c1 = 1 contains a A = 5, R-neutral conserved current as a level one descendant. However,
we see that there is also a spin-2 current with A = 6 at level three.

The corresponding index evaluates to

. ( ) erC711,)01-1—58—01 (ps_1)+p2801+5 (8_p2) +p—c182 (p_SQ)
1\, q,8) =q2 2
Cler 0,041 (pa—1) (p2—s) (ps—1) (p—52) (q—5)(qs—p)

(4.43)

Note that this index is valid for ¢; = 0. This is because setting K = 1 does not introduce
any additional shortening conditions. However, when ¢; = 0 this multiplet does not contain
currents with spin j > 2, and will be discussed below.
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4.7.4 “Extra”-supercurrent multiplet: C[0,0,0;1]

These multiplets can be constructed by substituting K =1 into the spectrum of C|0, 0, 0; K.
The result is

A

|
—
\)
~—
N
—
(=)
~—
—
—
K=
=]
=

4 (0)(1,1,0

6 —(1)(0,0,0)

3 —(0)(1,0,0)

(4.44)

This multiplet contains a conserved K = 1 spin-1 current and a conserved R-neutral
spin-% current. These generate additional global and supersymmetry transformations,
which — as we will discuss in section 6.2 — are necessary for the description of the (2,0)
stress-tensor multiplet in the language of the (1,0) SCA.

Its index is then given by

% s*1p+s+p*1
(1—pg)(1 —gs™1)(1 —plgs)

Zejo,0,0:1) (s 45 8) = —¢ (4.45)

4.8 D-type multiplets

We finally turn to the D[0, 0, 0; K] multiplets. These are the simplest of the 6D (1,0) SCA
for generic values of K. Since the shortening condition is A'W = Q4,¥ = 0, acting with
all Lorentz lowering operators leads to

Q1,¥ =0 (4.46)

and hence the multiplet is %—BPS.
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Starting with a generic superconformal primary state (K) (c1,c2,c3)» the two chains ob-
tained from the action of Qs and Qs are

Q
(K)(c1,02,03) — (K 1) (ec1+1,c2,¢3),(c1—1,c2+1,c3) »

Q2

— (K —2)( 1

5 (reztteo) (4.47)
(K)(Cl,02703) — (K 1) (c1,c2—1,e3+1),(c1,c2,c3—1) »

QQ

— (K 2) C1,C3+1 03

One then needs to set ¢; = 0 and run the RS algorithm. Upon doing so, the result is

A
2K (K)(0,0,0)
2K + 1 (K —1)1,00)

2K +1 (K —2)(0,1,0)

2K + % (K — 3)(0,0,1)

2K +2 (K —4)0,0,0)

(4.48)

We notice that for K < 2 the above will lead to negative-multiplicity representations
via the RS algorithm and hence operator constraints, to be discussed in the next section.

The superconformal index for K > 2 is given by

3K

q 2
(1—pg)(1 —gs™1)(1—p~lgs)’

Zp(0,0,0:x](Ps G5 8) = (4.49)

4.8.1 The hypermultiplet: DJ[0,0,0;1]

Setting K = 1 in the D[0,0,0; K] multiplet will not incur any nontrivial changes to the
spectrum, as it does not lead to additional shortening conditions. As a result, we may
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simply write the multiplet out as

A

2 (1)(0,0,0)

Nt

(0)(1,0,0)

[NJEN]

—(0)0,0,1)

4 —(1)(0,0,0)

(4.50)

These states can be interpreted as a scalar ¢? with its associated Klein-Gordon equa-
tion 9%2¢A = 0 and a fermion v, alongside the Dirac equation @abqﬁb = 0.
The corresponding index is given by

jw

q
1—pg)(1—gs~ (1 —p~lgs)

4.8.2 The flavour-current multiplet: DJ[0, 0, 0; 2]

Zp(0,0,0:1) (PG, 8) = ( (4.51)

As above, we can simply substitute K = 2 into DJ0, 0, 0; K| to generate this spectrum, as
there are no additional shortening conditions. The result is

A

4 (2)(0,0,0)

N[©

(1)(1,0,0)

5 (0)(0,1,0)

X o

6 —(0)(0,0,0)

(4.52)
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These states can be identified with the operators u(AB), A and the su(2)g-singlet
conserved current J,, with 0*.J, = 0. This multiplet is also known as a linear multiplet
and appears in [52, 57, 58].

The index for this multiplet is given by

q3

1—pg)(1—gs~1)(1 —plgs)

Zpj0,0,0:2) (P> G s) = ( (4.53)

This concludes our discussion of the superconformal multiplets for the 6D (1,0) SCA.

5 Multiplets and superconformal indices for 6D (2,0)

We lastly turn to the construction of superconformal multiplets for the 6D (2,0) SCA,
osp(8*|4). Since we now have sixteen Poincaré supercharges, the UIRs will be much larger
compared to the ones obtained in section 2 and section 4 and representing them diagram-
matically would not be particularly instructive. Similarly, the full expressions for the most
general (“refined”) superconformal indices are unwieldy. Instead we will choose to detail
the multiplet types, their shortening conditions and the “Schur” limit of their indices, al-
though we do include the refined versions of the index in the accompanying Mathematica
notebook.??

5.1 UIR building with auxiliary Verma modules

The superconformal primaries of the algebra osp(8*|4) are designated |A; ¢y, co,c3;d1, d2)
and labelled by the conformal dimension A, the Lorentz quantum numbers for su(4) in
the Dynkin basis ¢; and the R-symmetry quantum numbers in the Dynkin basis d;. Each
primary is in one-to-one correspondence with a highest weight labeling irreducible repre-
sentations of the maximal compact subalgebra s0(6) @ s0(2) @ so(5)r C 0sp(8*|4). There
are sixteen Poincaré and superconformal supercharges, denoted by Qa, and Sas, where
a,a =1,---,4 are (anti)fundamental indices of su(4) and A = 1,--- 4 a spinor index of
s50(5)r. One also has six momenta P, and special conformal generators /C,,, where p is a
vector index of the Lorentz group, = 1,--- , 6. The superconformal primary is annihilated
by all Sa4 and ICy\. A basis for the representation space of 0sp(8*|4) can be constructed by
considering the Verma module

[T(Qaa)™ = [T Pu"™ 14 c1, 2, 3;da, do)™ (5.1)
Aa 1

where n = Y A, nAq and 1 = ) " denote the level of a superconformal or conformal
descendant respectively. In order to obtain UIRs, the requirement of unitarity needs to
be imposed level-by-level on the Verma module. This leads to bounds on the conformal
dimension A.

227 discussion of the null states for the 6D (2,0) SCA, along with the calculation of Schur indices for
the various short multiplets, can be found in appendix C of [14]. Here we additionally construct the full
multiplets with an emphasis on the equations of motion and conservation equations. We also provide the
refined indices for all multiplets.

— 44 —



Multiplet Shortening Condition | Conformal Dimension
Alet, 2, ¢35 dy, da) AW =0|A=2d1+2ds+% +co+ 382 +6
Aley, 2,05 dy, do] ASAN =0 | A=2dy +2dy+ $ + 2+ 6
Alc1,0,0;dy, do] A2A3AY =0 | A=2d; +2dy + S +6
A0,0,0; dy, do] AVAZABAY =0 | A =2d1 +2dy+6
Bley, ez, 05 dy, ds] AU =0 | A=2d1+2dy+ % +ca+4
Ble1,0,0; dy, da] A2A30 =0 | A=2dy +2dy + & +4
B(0,0,0; dy, do] ATA2A30 =0 | A=2d; +2dy + 4
Clc1,0,0;dy, da) AU =0 | A=2dy +2dy + 4 +2
C[0,0,0;dy, ds] AYA?T =0 | A =2d; +2dy + 2
D[0,0,0;dy, do] AW =0 | A =2d; + 2dy

Table 3. A list of all short multiplets for the 6D (2,0) SCA, along with the shortening condition
and conformal dimension of the superconformal primary. The A% in the shortening conditions are
defined in (4.2) and [13]. The first of these multiplets (\A) is a regular short representation, whereas
the rest (B,C, D) are isolated short representations. Here ¥ denotes the superconformal primary
state for each multiplet.

Starting with the superconformal descendants, the conditions imposed by unitarity can
be deduced as follows. In principle, one needs to calculate the norms of superconformal
descendants for n > 0. However, since it is sufficient to perform this analysis in the highest
weight of the R-symmetry group [13, 20, 24], the results of section 4.1 can be easily imported
to the (2,0) case and we may still use the basis A% --- A% |A; ¢y, ca, c3;dy, d2>hw.23 We need
only convert the Cartan for the highest weight of su(2)g to s0(5) g, which is done by simply
replacing K — dy 4+ do. This gives rise to a group of similar short multiplets, which we
collect in table 3. We will provide more details regarding the generators that are absent
from the auxiliary Verma module when discussing individual multiplets. Furthermore,
it will be important to clarify which additional absent generators can occur from tuning
the R-symmetry quantum numbers, d; and do. These turn out to be far more intricate
than for (1,0).

The null states arising from conformal descendants are identical to section 4.1. One
can combine the information from the conformal and superconformal unitarity bounds to
predict when a multiplet will contain operator constraints [20, 40]. These special cases are

Blc1,c2,0;0,0], Clc1,0,0;d1,ds] for dy +dy <1, D[0,0,0;dy,ds] for dy +dy <2.
(5.2)
The multiplet D[0,0,0;0,0] does not belong to this list as it is the vacuum, which is
annihilated by all supercharges and momenta.

ZThe analysis in [13, 20, 24] was performed for generic R-symmetry sp(N). The construction is largely
focussed around the Lorentz Cartans and raising operators.
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5.2 6D (2,0) recombination rules

Short multiplets can recombine into a long multiplet £. This occurs when the conformal
dimension of £ approaches the unitarity bound, that is when A + € — 2dy + 2dy + %(61 +
2¢g + 3c3) + 6. As in [14], we find that

e—0

LIA + € ¢1, ¢, c3;d1,do] —— Alct, ¢, c3;d1,da] & Alcr, co,c3 — 1;dy,dy + 1],
LA+ € ¢1,c9,0;dy,do] 20, Aler, co,0;dy,da] @ Bley, e — 1,0;d1,do + 2],

LIA + €¢1,0,0:dy, ds) =% Aley,0,0;dy,do) @ Cler — 1,0,0;dy, ds + 3],

LA+ €0,0,0;dy,ds] =% A[0,0,0:dy,do] ® DI0,0,0;dy, do + 4. (5.3)

A small number of short multiplets do not appear in a recombination rule. These are

Blcy,c2,0;d1,{0,1}] ,
Clc1,0,05d1,{0,1,2}] ,
D[0,0,0;ds,{0,1,2,3}] . (5:4)

5.3 The 6D (2,0) superconformal index

We define the 6D (2,0) superconformal index with respect to the supercharge Qa4. This is
given by
Z(p,q,s,t) = TrH(—1)F6755qA7d17%d2p62+637d2t7d17d2scl+c2 , (5.5)

where the fermion number is F' = ¢ 4+ ¢3. The states that are counted satisfy § = 0, with
1
0= {Q24,S34} =A—-2d; — 5(01 + 2¢9 + 363) . (5.6)

The exponents appearing in (5.5) are the eigenvalues for the generators commuting with
Q24, Sg; and 6. This index can be evaluated as a 6D supercharacter; this is discussed in
our appendix B and appendix C of [14].

5.3.1 The 6D Schur limit

The authors of [14] define the 6D Schur limit by taking ¢ — 1 in (5.5). Under the trace
the resulting index can be rewritten as

1 /
ISchur( Fefﬁé Afdlfidg & cl+02’ (57)

p.q,s) = Try(—1) q s

where

1
0 = {Qu2, Sy} = A =21 — 2y — 3 (e1 — 22— ¢3). (5:8)

It can be seen that all exponents in (5.7) commute with the supercharge Q12 and the 6D
Schur index consequently counts operators annihilated by two supercharges. As a result
the above index is independent of both e~# and p and the trace can be taken over operators
satisfying § = 0 = 0"

ISchur(q7 S) — TrH5:0=5/ (_1)Fqud17%d2801+02 ) (59)
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The operators contributing to the index in this limit satisfy

1
A:2d1+d2+§(01+03),

do =co +c3. (5.10)

5.4 Long multiplets

Long multiplets are constructed by acting with all supercharges on a superconformal pri-
mary (dq, dg)(cl,%cg). This leads to lengthy expressions which, although not presented here,
are available from the authors upon request. For book-keeping purposes we will group the
supercharges into @ = (Qa4, 93,) and Q= (Q1a, Qaq) for the remaining of the 6D (2,0)
discussion.

5.5 A-type multiplets

Recall from table 3 that the A-type multiplets obey four kinds of shortening conditions.
These result in the removal of the following supercharges from the basis of Verma module
generators in (5.1)

Alet, ez, ¢35d1,d2] : Qua,
Alet, e2,0;d1, dg] : Q13Q14,
Ale1,0,05dy, da] : Q12913914
A[0,0,05dy, do] : Q11Q12Q13C14 - (5.11)

The A-type multiplets cannot contain operator constraints for any dy or ds.

One can arrive at new shortening conditions — and as a result a reduced number of
O-generators — for di # 0, do = 0 and di = do = 0. Consider for instance the case
Alet, 2, ¢3;d1,0]. From table 3 the null state reads A*¥ = 0. In the auxiliary Verma-
module basis, this corresponds to Q14V.ux = 0. However, since do = 0 one also finds that
R4 Q14Vaux = 0. This corresponds to having to additionally remove Qa4 from our auxiliary
Verma-module basis. Following on from this, when d; = 0 the operator R also annihilates
the superconformal primary and two new conditions are obtained: R Ry Q14Waux = 0 and
Ry R R5 Q14¥aux = 0. These correspond to also removing Qg4 and Q44 respectively from
the basis of Verma-module generators.

All A-type multiplets have zero contribution to the Schur limit of the 6D (2,0) index.
We provide their spectra in appendix E.1.

5.6 B-type multiplets

For the B-type multiplets, the supercharges that need to be removed from the auxiliary
Verma-module basis due to null states (5.1) are

Blci,c2,0;dy,dg) : Q13,
Ble1,0,05dy, do] : Q12Q13, (5.12)
B[0,0,0;d;,ds] : Q11212913 -
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For the first type of multiplet, B[cy, c2, 0; dy, da], one should also remove Q14. A similar
argument can be made regarding Blcy,0,0;dy, ds] to reach the conclusion that Q12Q13,
Q120914 and 913914 should be removed from the auxiliary Verma-module basis. For
B[0,0,0;d, d2] these additional supercharges are Q1,915Q1. With a # b # ¢, exactly as in
section 4.6.

There are three distinct sub-cases that need to be considered when dialling d;, ds.
These are:

1. Blei,c2,0;d1,1]: when do = 1 we find that (R;)Q\I/aux = 0. This leads to the
combination Q230924 being additionally removed from the basis of auxiliary Verma-
module generators [14].

2. Blci,¢2,0;d1,0]: having do = 0 implies that R, Wayx = 0. This means that
R4 Q13Vaux = 0 = Ry Q14Vaux and we consequently we remove Qa3 and Qg4 from
the basis of auxiliary Verma-module generators.

3. Bley,c2,0;0,0]: when dy = dy = 0 all R-symmetry lowering operators annihilate the
primary. Hence we can apply the above logic while including the lowering operator
Ri. One finds that the supercharges Qs3, Q43, 934, Q44 should also be removed
from the basis.

According to (5.2) the multiplets B[cy, ¢2,0;0,0] should contain operator constraints.
However, the removal of Qa3 and Qa4 from the basis of generators implicitly also removes

Pay = {Q13, Qaa} = {Q23, D34} x Ps. (5.13)

This corresponds to projecting out all states associated with a conservation equation from
the UIR and the resulting module will not include negative-multiplicity representations.
The operator constraints can be restored using the dictionary of appendix C.

The spectra of the Q- and Q-actions for B-type multiplets can be found in appendix E.2.
Their contribution to the Schur limit of the 6D (2,0) superconformal index is vanishing,
with the exception of Bley, c2, 0;dy, 0], for which

dtdi+G+eo

r q
Il%([:gu,cmO;dLO](q’ 5) = (_1)0117_(1X01+1(8) : (5'14)
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5.6.1 Higher-spin-current multiplets: B[ci, c2,0;0, 0]

Recall that we are only constructing the auxiliary Verma module with the supercharges
Oa1 and Qas. Their action on a superconformal primary with generic Dynkin labels
(dl, d2)(cl,02,03) are given by

Q
(d1)d2)(01702,03) — (dl - 17 d2 + 1)7 (dl + 17 d2 - 1)(Cl+1,02763),(0171,82+1,Cg) 9

Q
— (d17 d2)(cl+2,cz,cg),(cl—2,cz+2703),(c1,cg+1,C3)27 (dl - 27 dQ + 2)(01,024»1,03)7

(dl + 27 d2 - 2)(01,62+1,63) 9
Q3
— (dl + 17 d2 - 1)7 (dl - 17 d2 + 1)(C1+1,C2+17C3)7(C171,CQ+2,C3) )

Q4
— (d17 d2)(cl,02+2,03) s

Q
(d17d2)(c1,cz,C3) — (d1,dy + 1), (dy1,ds — 1)(C1+1,C2,03),(61*1,02+1763) )

O?
— (d1, d2)(01+2762,03),(01*2702+2703),(C1,62+1,C3)2’ (di,d2 + 2)(01762-0-1,63) )

(di,da — 2)(01,62—1—1,03) )

Q3
— (db dy — 1)7 (dla da + 1)(cl+1,cg+1,03),(c1—1,c2+2703) )

Q4
— (d17 d2)(cl702+2,63) . (515)

The full representation is then built from these chains of supercharges. Clearly since
dy = dy = 0 we will only be using the so(5) Weyl reflections in the implementation of the
RS algorithm. Denoting the action of Q = (Q2q, @34) as moving southwest on the diagram
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and Q = (Q1a, Qaa) as moving southeast, we can represent this multiplet as:

5+ G e

6+ G +c2

T+ Gt

8+ G +e2

(0, D (eq+1

(0, 1)y —1,e9+1,0)

1€2,0)

2

N

(1,0) ey +2,¢9,0)

(1,0)(eq —2,e9+2,0)

(0,2),(0,0)(¢q,cq+1,0)

(0,0)(eq+2,¢5,0)

(1,0)(cqy,e0+1,0)
% <

(0,0)(cy —2,e542,0)
<

7

(0, 1) (¢q43,e9,0),(c1 +1,e0+1,0) | |(1s D (eq+1,

(0, 1) (cy —3,e043,0),(c1 —1,e042,0)| [ (1 1) (e —1,

/
s

(1,0)(eq,e0+2,0)

(1,0)(¢q —2,¢9+3,0)

(2,0),(0,0)(¢q —2,¢5+3,0)
(2,0), (0, 2)(01,02+2,D)

(2,0), (0, 0)(01+2,C2+1~0)

(0,0)(cq+4,c5,0),(c1 —4,c9+4,0)

co+1,0) (0, 1) (cy+1,e0+1,0)
ca42,0) (0, 1) ey —1,e9+2,0)
N 7
N .

(1,0) ¢y ,e0+2,0)

(1,0) (1 +2,e04+1,0)

7
s
s

> <
R A— \\

(0. 1) (eq ~1,e5+3,0) (1, D

(0, 1) (cy+1,e0+2,0) (1,1) (e

1—1,c9+43,0)

1+1,e2+2,0)

(0,1) ¢y —1,6943,0),(c1+3,c0+1,0)

(05 1) (1 +1,6942,0),(c1 —3,¢2+4,0)

~

(0,0)(eq+2,e9+2,0)

(0,2)(ey,e0+3,0)

(1,0)(cqy,e0+3,0)

(1,0)(cy +2,c0+2,0)

(0,0)(¢q —2,e5+4,0)

(1,0)(¢q,e0+3,0)

N
~

N
N
N

(0,0)(ey,e0+3,0)

s
s
s
s
,

](o, D

B N

. N
1 —1,c044,0) ’ (0, 1) (eq+1,e0+3,0)

< %
R .
N .
R .
R .

N ’

(0,0)(cq,e0+4,0)

N
N
N
N

(0,0)(¢y —2,e9+2,0)

(5.16)

This is the reduced spectrum because, as predicted from the discussion around (5.13),

there are no negative-multiplicity states. In order to restore them we use the character

relation

X[As 1, c2,c3;d1,dg) = x[Asc1,c2,¢3;d1,do) — X[A +1;¢1,¢c0 — 1, ¢35d1, d]

(5.17)

where the hat denotes a character over the reduced (i.e. Pg-removed) Verma module.

Since there are many states in the reduced spectrum, reconstructing the full multiplet

with the operator constraints included would be rather unwieldy. We will however note

that states with co # 0 will pair up with their conservation equation according to

A

A+

N[

(d1,d2)(c1,e2,0)

A+1

—(d1,d2)(c;,c0-1,0)
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This leads to the observation that, for arbitrary values of ¢; and co, we have an infinite
family of conserved currents which have higher spin.

A subset of these conserved higher-spin currents are the ones belonging to the multiplet
B[0, c2,0;0,0]. This multiplet has a superconformal primary in the rank-co symmetric
traceless representation of su(4), which corresponds to the higher-spin currents that one
expects to find in the free 6D (2,0) theory.

For example, we may take

w1

I I
e = Z@ O, @, (5.19)
where I = 1,--- ,5 is an s0(5)g vector index, and ® is a free-tensor primary. Therefore,
this object satisfies the conservation equation
' Opiy.picy 1 = 0. (5.20)

For generic ¢y, c2, the Schur index for this type of multiplet is given by

q 2
Taiete000(@9) = (F1) T —xe(s). (5.21)

5.7 C-type multiplets

From table 3 the two distinct C-type multiplets are C[eq,0,0;dy,ds] and C[0,0,0;dy, da].
Upon repeating the null-state analysis, one finds that for generic values of dy,ds one is
required to remove Qi, for a # 1 and Q1,Q7p respectively from the basis of auxiliary
Verma-module generators.

One also obtains additional absent auxiliary Verma-module generators for certain val-
ues of d; and do. The procedure for identifying these is the same as the one presented in
section 5.6, so we simply summarise the additional set of Os that are to be removed:

Cle1,0,0;d1,2] 0 Q22Q23Q24,

Clc1,0,05d1,1] 0 Q2492 fora#b#1,

Cle1,0,0;d1,0] 1 Qaq fora #1,

Clc1,0,0;0,0] :  Qaq fora #1. (5.22)

We provide the spectra for the above in appendix E.3.
There are three combinations of dy, dy for which the multiplet contains operator con-
straints. The first two C[c1,0,0;1,0], C[c1,0,0;0, 1] appear in appendix E.3. The case of
Cle1,0,0;0,0] will be discussed separately below.
The only non-vanishing Schur indices for the C-multiplets are
T+di+3
Isfchl,oocll, 1(q,s) = (—1)01“%%1“(8)’

Sehur q2+d1+%1
7 fcl,o 0;ds o}(qa s) = (-1~ ﬁxcvf—?(s) .

(5.23)
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5.7.1 C[c1,0,0;0,0]

Recall from (5.22) that the associated Verma module is constructed by the action of Qa;.
Since we are removing all other supercharges, we also have to remove several momenta
from the basis of generators of the Verma module. These are

Poz = {Q12, Qu3} = {Q22, D33} x Ps,
Pos = {Q12, Qua} = {Q22, D34} x Ps,
Pay = {Q13, Qaa} = {Qa23, 34} x Ps, (5.24)

where in the last column we have converted to Lorentz vector indices. Thus for generic
Dynkin labels the actions of the supercharges lead to

(d17d2)(01702,03) 9 (dl - 17 d2 + 1)7 (dl + 17 d2 - 1)(cl+1,CQ,C3)7
Q2
(d17d2)(cl+2,cz,cg)>

Q
(d1,d2)(c1,e0,e5) — (d1,d2 + 1), (d1,d2 — 1) (¢)41,00,05)5

Q
— (dl,dQ)(Cl+27C2ycs)- (5.25)

Upon replacing the actual values of the Dynkin labels and running the RS algorithm, the
physical spectrum is given by

A
249 (070)(01,(\),0)
S (0, 1/)(01+1\,0,0)
Tig o, 1)(c1+3\,0,0)
4+ 9 (0,0)(e1+4,00) (5.26)

As in the Bleq, 2, 0;0, 0] case, we can restore the negative-multiplicity states by making
use of the character relation

X[A;Cb()?();dlvdﬂ = X[A; Claoa();dbd?} - X[A + 1 — 1,0, 1;d17d2]
+ x[A+2;¢1 —2,1,05dy,do] — x[A+3;¢1 —2,0,0;dy,da], (5.27)

where a hat denotes the P-reduced character. This will lead to a set of equations of motion.
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The index over this multiplet in the Schur limit is

chur C q 2
TE000(0:8) = (1) T Xers2(5) (5.28)

5.8 D-type multiplets

These multiplets, summarised in table 3, are the smallest of the osp(8*|4) algebra. The
associated null state is A'¥ = 0, which implies that Q14Vaux = 0 and the multiplet is
thus i—BPS.

For do < 3, one also needs to remove the following combinations of supercharges from
the basis of auxiliary Verma-module generators:

DI0, 0, 0; dy, 3] Q21922923924 ,

D[0,0,0;d1,2] :  Q2,Q2,Q2¢

DI0,0,0;dq, 1] Q24920

D[0,0,0:d1,0]:  Qaa. (5.29)

When dy = do = 0 this corresponds to the vacuum, because all supercharges annihilate the
superconformal primary.
For generic dq, ds we have the QQ-chain

Q
(d17 d2)(61,CQ,C3 (d17 d2 1) 01+1 02703) c1—1l,co+1 63) (Cl,Cg—l,C3+1),(Cl,CQ,C3—1) )
Q2
(d 2) (c1,e2+1,¢3),(c1+1,c2—1,c3+1),(c1+1,c2,c3—1),(c1—1,c2,c3+1) »
(d]J d2 2) Cl 1,co+1,c3— 1) (61,62—1703) )
QS
? (d17 d2 3) C1,CQ,63+1) c1,c2+1,c3— 1) (Cl+176271,03),(0171,CQ,C3) )
Q4
? (d17 do — ) (c1,c2,c3) ° (5'30)

The action of the Q supercharges will be dealt with on a case-by-case basis as we dial
ds, and provided in appendix E.4. The only exception is the case do = 0, which will be
detailed below.

The non-zero contributions to the Schur limit of the index are given by

Seh q3+d1
Lpi0.0,0:,,2) (@) = g for dy >0,
Sch %+d1
T500:0,0:d1,1) (4 8) = = — - xi(s)  for dy >0,
d1

cnur q
I%[goocll, 1(q,s) = for dy >0. (5.31)

1—gq

The D-type multiplets contain negative-multiplicity states for di; + do < 2. These
include the free-tensor and stress-tensor multiplet.
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5.8.1 Half-BPS multiplets: DJ[0, 0, 0;d1, 0]

Recall that in this case we are prescribed to remove Qa, from the basis of auxiliary Verma-

module generators. This is because A'W = Q¥ = 0 and using R-symmetry lowering

operators we find that all Q1,, 92, annihilate the primary. As a result, the multiplet is %-

BPS. The set of Qs consist entirely of Qs, supercharges. Acting on a generic superconformal
primary state (d1, d2)(c, c,,c;) With the Qs yields

(d1, d2)(c1,cz763)

Q
— (d1 = 1,d2 + 1)(C1+17€2703),(01—1702+1703)7(01702—1703+1)7(01702,C3—1) )
— (dl - 27 d2 + 2)(61,02-‘,-1,63),(Cl+1,CQ—1,63+1),(61+1,62,C3—1),(C1,62—1703) ’

(dl - 27 d2 + 2)(0171,02+17C371)7(C171,CQ,C3+1) )

Q~3
— (dl —3,dy + 3)(01,62,C3+1),(61,C2+1763—1),(Cl+1702—1103)7(01—17027‘33) ’
4
Q—> (dl - 4) d2 + 4)(61,62,03) . (532)
The Verma module is then built out of Qg,, 94, and we obtain
A
2d; (d1,0)(0,0,0)
2dy + % (d1—1,1) (1,00
2d; + 1 (d1=2,2)0,1,0) | | (d1 —1,0)(2,0,0)
2d; + 3 (d1—=3,3)0,01) || (d1—2,1)1,1,0
2dy + 2 (d1 —4,4)(0,0,0) ‘ ‘ (d1 —3,2)1,0,1) ‘ ‘ (d1 —2,0)(0,2,0)
2d; + 3 (d1—4,3)100) || (d1—=3,1)0,1,1)
2d; + 3 (d1—4,2)0,1,0) || (d1 —3,0)(0,0,2)
2dy + % (d1 —4,1) 0,01
2d, +4 (d1 —4,0)(0,0,0) (5.33)
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5.8.2 The free-tensor multiplet: D|0,0,0;1, 0]

This spectrum can be obtained by substituting d; = 1 into that of DJ[0,0,0;d;,0] and
running the RS algorithm. The resulting states match a scalar ®!, I=1,--- 5, a fermion

AA and a selfdual tensor H

+
[uvp]”

The negative-multiplicity representations are naturally

matched with the equations of motion 9?®! = 0, aab;\? = 0 and the Bianchi identity for

the selfdual tensor 8[M

] =

0.

The full multiplet is given by

A

DUt

NIEN]

No[©

w|o

The refined index over this multiplet is compact enough to be presented in full

Zpj0,0,0;1,0/(P, @5 85 1) =

(1, 0)(0,0,0)

(0,1)(1,0,0)

—(0,1)(0,0,1

(0,0)2,0,0)

—(1,0)(0,0,0)

—(0,0)1,0,1)

(0, 0)(0,1,0)

—(0,0)(0,0,0)

gt + @t — @pls +p+s7h) + ¢*p?

(1—q)(1 —gps)(1 —qps~!)
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5.8.3 The stress-tensor multiplet: DJ0, 0, 0; 2, 0]

This spectrum can be obtained by substituting d; = 2 into that of DJ[0,0,0;d;,0] and
running the RS algorithm. The resulting representation is

A
4 (2,0)(0,0,0)
o (1, 1)(1,0,/0)
5 (0,2)(0,1,0) (1\7 0)(2,0,0)
g ((;, 1)(1,1,/0)
6 —(0,2)(0,0,0) (0,0)(0,2,0)
8 —(\07 1)(1,0,0)
7 —(0, 0)(0,1,0) (5.36)
The superconformal primary is now the diboson
oY .= .0gpd). (5.37)

We can match the remaining states with the following currents and their conservation

equations
[5;0,1,0;0,2] :  JAB), —[6;0,0,0;0,2] : 9*JAB) =0,
[11/2;1,1,0;0,1] :  S&, —[13/2;1,0,0;0,1]:  9"Sh, =0, (5.38)
(6;0,2,0;0,0] : O, —[7;0,1,0;0,0] :  0"©., =0,

namely the R-symmetry current, supersymmetry current and stress tensor respectively.
We also have three states with no associated conservation equations. These are

[4;0,0,0;2,0] : ®TeD)

[9/2;1,0,0;1,1] : @A, (5.39)
5;2,0,0;1,0] : H &
[1vp]
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The refined index for this multiplet is calculated to be

pgd(st™t + s~ pt—t 4+ p3qt + pPgst + p?qst)
(1 —=q)(1 —qgps)(1 —gps—1)
¢t + PP (1 + p°qt?) + ¢ (1 +ps +ps!)
(1—q)(1 —gps)(1 — gps™!) '

Ipj0,0,0;2,0/ (P, @5 8, 1) = —

(5.40)

5.8.4 D[0,0,0;1,1]
For this multiplet we are prescribed to remove the combinations Qs,992, from the basis

of Q-generators of the Verma module. Acting on the superconformal primary with the
remaining set of Q supercharges gives rise to

(dy, d2)(01,62,63)
Q
— (1 = 1,da + 1), (d1 + 1, da — 1)(c;11,e5,60),(c1— o+ 1,3),(e1,ca—1,ca+1), (e1,c2.03—1)

2

= (d1 = 2,d2 +2), (d1, d2) e1 e3-41,0a) (1 +1,c2~Les+1)(er+T,2,8 1), (e1— Liezea+ 1)
(dl —2,dy + 2)5 (dh d2)(cl—1,02-‘:—1,83—1)7(01702_1’03)’
(dh d2)(Cl+2702,C3),(01*2,CQ+2763),(017C2*23C3+2)7(Cl7C2,03*2)7

o3

— (d1 = 3,d2+3), (d1 — 1,d2 4 1)(c; c5,c5+1), (e1,02+ Liea—1), (14 1,c2—Lea),(er—Lezsca)
(dl —1,do + 1)(c1+1,c2+1703)7(c1—1,62+2,C3)7(C1+2702_1’C3+1)’(Cl_2’CQ+1’CS+1),
(dy —1,d2 + 1)(01+2,cz,cgfl)7(61+1762,03*2):(Cl*2702+2’0371)’(Cl71’62+1’6372)7
(dy — 1,da + 1)(01,02—1,03—1)7(01—1,62—1,C3+2)7(Cl702_2763+1)7

4
<, (dy —4,dy +4),(dy — 2,d2 + 2)

(e1,e2,¢3) 7

(dl —2,dy + 2)(61+1,CQ,03+1),(0171,024’1,034»1),(0170271,63+2),(61+1,62+1,C371),7
(dl - 27 d2 + 2)(01,62+1,C3—2),(C1+2762—1703),(01762—1,C3+2)7(61—‘rl,CQ—l,Cg—l)7
(dl —2,dy + 2)(0171,0271,634’1),(6171,62,C371),(Cl71,024’*2,6371),(0172,624’1,03)7

Q
— (dl - 3a d2 + 3)(C1+1762,C3),(C1—1,C2+1,C3),(01,62—17034-1),(01,02,63—1) . (541)
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The action of the @) supercharges is still the one presented in (5.30). Combining the two,
the full module is given by

A

4 (1/, 1)(0,0\,0)

9 (2, 0)7 (0, 2)\;1,0,0) (17 0)(1,0,0)

5 (1, 1)/(2,0,0),\(0,1,0) (0, 1)/(2,0,0)7\(071,0)

u (012)(1,1\,/0/) (170)/(3,0,0),(1,1,0) (0,0)(1,1,0

SN o (T

¢ [Oa] o] |G

7 —(0, 1)(2,0703,(0,1,0)

15 —(\070)(1,1@) (5.42)
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5.8.5 D[0,0,0;0,1]

The shortening conditions for this multiplet are similar to the DJ0, 0, 0; 1, 1] case; they follow
from (5.41) by setting dy = 0. The full spectrum of states, including those corresponding
to operator constraints, is given by the diagram:

A

2 (0,1)(0,0,0)

5 (1, 0)(1,0,/0) ((;7 0)(1,0,0)
3 (0, 1)(2,0,0)

u —(1,0)(0,0,1) (Oz 0)(3,0:0) —(\0» 0)(0,0,1)
4 —(\0» 1)(1,\0,1) —(\(/], 1)(0,(/),0)

o 7(\0, 0)(2,\(;,1)

5 (0, 1)(0,1\,0)

4 (0,0)(1,1,0)
6 —(0, 1)(0,0,0)

1 —(\0»0)(1,0,0) (5.43)
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5.8.6 D[0,0,0;0,2]

The Verma module is obtained through the set of Q-actions of (5.30) along with the set of
Q-actions of table 16; the latter can be found in appendix E.4. Using these one has

A

4 (Oj 2)(0,0\,0)

9 (1j 1)(1,0\,/0) (O, 1)(1,0\,0)

5 Ezzg;g;g; (170)/(2,0,0),(0,1,0) ‘ ‘(070)(0,1,0)

4 (11 1)(1,1\,0) (0, 1)/(3,0,0),\(1,1,0)

o [om] [Sen ] [0 | oo

¥ 5 i <}),1>(1,0,;>

7 —(0,2)(0,1,0) _(?i 7033(22300;) —(0,0)(2,0,0)

2 —(0,1)(1,1,0)

8 —(0,0)0,2,0) (5.44)

This concludes our discussion of 6D (2,0) superconformal multiplets.

6 Some initial applications

We finally mention some brief applications of the results that we have presented thus far,
while leaving a more in-depth exploration for future work. We study aspects of flavour
symmetries and flavour anomalies. We also rule out the presence of certain multiplets in
free theories and provide evidence that certain 6D (1,0) multiplets can consistently combine
to form 6D (2,0) multiplets.
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6.1 Flavour symmetries

Both the 5D A = 1 and 6D (1,0) algebras admit flavour symmetries.?* Therefore it is
interesting to ask which representations are allowed to transform nontrivially under these
symmetries.

For example, in 4D N = 2 theories, it is known that A/ = 2 chiral operators do
not transform under flavour symmetries [59, 60]. Since scalar N' = 2 chiral operators
parametrise the Coulomb branch (when it exists), this statement is consistent with the
fact that these theories do not have any massless matter (besides free vector multiplets) at
generic points on the Coulomb branch. Below, we will explore similar physical constraints
in 5D and 6D.

Let us begin by considering 6D (1,0) theories. Many of these theories have tensor
branches. Along these moduli spaces, the sp(1)r and flavour symmetries are unbroken,
and free-tensor multiplets play an important role. It is therefore reasonable to assume that
there are flavour and sp(1)p-neutral superconformal primaries in short multiplets that
(partially) describe the physics on this branch of the moduli space.

To understand the last point in more detail, let us study short multiplets with an
sp(1)g-neutral primary, Oy. Let us further suppose that O transforms linearly under
a representation, Rp, of the theory’s flavour symmetry group, G. We will study the
conditions under which superconformal representation theory forces this representation to
be trivial, i.e. Ro = 1. One crucial observation for us is that flavour Ward identities require
the following leading OPE between the flavour symmetry current, j¢, associated with G
and Oy:

.o o JTab

jab(l')O[(O) ~ =it FOJ +oee (6.1)
In this equation, the ellipsis contains less singular terms, and tg is the matrix for the
representation, Rp, that O transforms under. For now we will assume Oy is a Lorentz
scalar, but we will relax this condition later. One important point that will come into play
below is that j& in (6.1) is a level-two superconformal descendant of the Sp(1)g spin-1
moment map primary

7% () = QaaOmp (J*AB()) . (6.2)

To understand why certain operators are forbidden by the superconformal algebra from
transforming linearly under flavour symmetry, it will be important to relate (6.1) to an
OPE of superconformal primaries. In particular, we will need the fact that

Sk (J*4B(2)) = [Sa, J*AB(2)] = —ia" (51 Qac — 62Qap) (J*B(2))

= —2ix"°Qnpy, (JO‘AB(x)) , (6.3)

where we have used the superconformal algebra and the form of the translated operator

JaAB(m') _ efiP-a:JozAB(O)eiP-:L‘ ) (64)

24 Here we define such symmetries to be those that commute with the superconformal algebra. See the
discussion around (2.32) for an explanation of why flavour symmetries do not sit in multiplets with higher-
spin symmetries.
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Using (6.3), we can also deduce that
SgSi (JO4B(z)) = —2ix" QasrSg (J 4B (2)) = —42%xjiy(x) . (6.5)

From this discussion, it follows that we can extract the OPE in (6.1) by acting with
the special supercharges on the superconformal primary OPE

J.Z'ab.Z‘Cdebd

20 o ()01 (0) = SpSK (J*AB(@)01(0)) ~ it/ O, (0) +--- . (6.6)
x
In order to produce the correct leading singularity in (6.6), the superconformal primary
OPE must then contain terms of the form

ab
0 J7T
JAB(2)01(0) O —ZtOIJ?QaAQbB(’)J(O) SR (6.7)
This discussion implies the following results:

e It is straightforward to check that in the C[0, 0, 0; 0] multiplet there are no operators
of the type written on the r.h.s. of (6.7) since there are no sp(1)g spin-1 descendants
at level two. Therefore, these multiplets cannot transform linearly under any flavour
symmetries in an SCFT. Since adding spin does not allow for such a descendant, we
conclude that all the C[eq, 0, 0; 0] multiplets cannot transform under nontrivial linear
representations of the flavour symmetry.

e Note that the absence of a conformal primary with the quantum numbers of the
operator on the r.h.s. of (6.7) is a sufficient but not necessary condition for the
multiplet to be flavour neutral. For example, the stress-tensor multiplet contains
an sp(1)r current which has the correct quantum numbers. However, in this case,
since the stress tensor generates translations, it must be flavour neutral. Still, in free
theories, with a collection of hypermultiplets, ¢’ € D[0,0,0;1] (here s = 1,--- , N
indexes the hypermultiplets) we can construct BJ0,0,0;0] multiplets that are not
flavour neutral as follows

O = eapd™® ¢ € BJ0,0,0;0]. (6.8)

e We can also play the same game in 5D, since the R symmetry is the same, and
the flavour moment maps are again superconformal primaries of su(2)r spin-1 mul-
tiplets containing the flavour currents. It is straightforward to check that the above
argument does not rule out flavour transformations for any unitary representations.

Note that the above discussion on the triviality of certain linear representations
does not preclude the possibility that certain multiplets transform non-linearly when
we turn on background gauge fields for global symmetries. Indeed, the free-tensor
fields, ¢! € C[0,0,0;0], often must transform non-linearly in order to match nontrivial
't Hooft anomalies for RG flows onto the tensor branch of certain interacting (1,0) the-
ories [16, 61, 62] (our discussion below mostly follows [61, 62]). For example, the !
multiplets can be used to match a discrepancy in the UV and IR anomalies of the form

1
Al = - sXinxy. (6.9)
s
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In this equation, Alg is the naive change in the anomaly polynomial eight-form between
the UV and the IR, Q77 a positive-definite symmetric matrix, and the four-form, X i , has
a contribution from the flavour symmetry background fields, F;,

X{ 2 nliey(Fy), (6.10)

where ¢y is a Chern class for the background flavour symmetry. In order to make up for
the discrepancy in (6.9) there must be a coupling of the tensor field two-form, B, to Xj
in the IR effective action

6L ~ QryBi A X] (6.11)

where the necessary anomalous variation is generated by requiring that 6B§ = —7rX2[ ,
where

oxt=axi, xl=dxi. (6.12)

In particular, we see that the C|0, 0, 0; 0] multiplet transforms since
0Hs = —m0X1 #0. (6.13)

This discussion does not contradict our previous statements because the C[0,0,0;0] > H}
representations do not transform linearly under the flavour symmetry (in fact, they do not
transform at all if we turn off the background flavour gauge fields).

6.2 Supersymmetry enhancement of 6D (1,0) multiplets

An important consistency condition for our 6D N = 1 multiplets is that they can combine
to form N = 2 multiplets. For instance, one should be able to construct the additional su-
persymmetry and R-symmetry currents of the N' = 2 SCA from the multiplets of section 4.

It will be instructive to first show that two hypermultiplets and a tensor multiplet of
the 6D N = 1 SCA combine to form a single tensor multiplet in N’ = 2. We need only
consider the R symmetry, since the Lorentz quantum numbers are the same for both cases.
We identify the su(2)r C s0(5)r by choosing K = dj; note that as a result distinct states
for N/ = 2 can give rise to the same state for ' = 1. The free tensor in N' = 2 has
the R-symmetry highest weight (1,0), which corresponds to a representation with Dynkin
values (1,0), (—1,2), (0,0), (1, —2) and (—1,0). Reducing this to su(2) g results in the states
2x (1), (0) and 2 x (—1). Another way of writing this is in terms of three modules, two with
highest weights labelled by (1) and one labelled by (0). Thus the superconformal primary of
D[0,0,0;1,0] can be identified with two primaries from the N' = 1 hypermultiplet and one
from the N' = 1 tensor multiplet. Indeed one can repeat this for every state in D0, 0, 0; 1, 0]
and the result is that the entire multiplet is written as

D[0,0,0;1,0] ~ 2D[0,0,0; 1] & C[0,0,0; 0] , (6.14)

where the equivalence is up to the identification d; = K.
One can similarly rewrite the stress-tensor multiplet of N' = 2, as a collection of N’ = 1
multiplets. The result is that

D[0,0,0;2,0] ~ 3D[0,0,0; 2] & 2C[0,0,0; 1] & B[0,0,0;0] , (6.15)
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where the equivalence is again up to the identification d; = K, confirming the original

expectation.?’
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A The superconformal algebra in 5D and 6D

In this appendix we collect our notation and conventions for the 5D and 6D SCAs. For a
fully detailed account of conformal and superconformal algebras in various dimensions we
refer the interested reader to [20, 40].

A.1 The conformal algebra in D dimensions

The conformal group in D dimensions is locally isomorphic to SO(D,2) and generated
by %D(D — 1) Lorentz generators M,,,, D momenta P, and special conformal generators
K,, and the conformal Hamiltonian H. The associated Lie algebra is defined by the
commutation relations

]
]
(M, K]
KCu, Py) = —2iM,, + 20, H
[H, Pu] = Puv
H, K, =-K,, (A1)

with all other commutators vanishing.

We note here that the subsequent analysis is performed in the orthogonal basis of
quantum numbers, since the Lorentz raising/lowering operators, as well as P, and KC,, have
very natural representations in orthogonal root space.

ZFor example, note that we find precisely the expected decomposition of the so(5)r currents (recall that
these are level two superconformal descendants of the D[0, 0, 0; 2, 0] multiplet) in terms of representations
of su(2)p: 10=3x1+2x2+1x3.
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A.2 The 5D superconformal algebra

Extending the 5D conformal algebra to include supersymmetry is achieved by adding to
our existing set (now with D = 5) the generators of supertranslations Qa, and supercon-
formal translations Sa,. These are equipped with a Lorentz spinor index a = 1,--- ,4
and an su(2)r index A = 1,2. Their associated Clifford algebras are generated by I',
and f‘“, respectively.?® The collection of bosonic and fermionic generators build the F(4)
superconformal algebra, the bosonic part of which is so(5,2) @ su(2)g.

First, it will be useful to relate M, to the Lorentz raising (lowering) operators M;t,
associated with the positive (negative) simple roots, and the Cartans H; (the eigenvalues
of which are [;), where i = 1,2. We do so using the relations

MY = Mg & iMas F iMyy + Moy,
M5 = M35 +iMys
H; = Mo; 19, such that [7‘[“ H]] =0. (A2)

The algebra is now extended to include the following commutation relations — see e.g. [20]:

[Muya QAa} = %[Fua Fy]abQAb ’ [Muuv SAa] - i[fua IN‘V]abSAb y
1 1
[H7 QAa} - §QAa 5 [Ha SAa] - _§SAa ’
[Pua QAa} =0 ’ [,P;u SAa] = i(fuf5)ab QAb 5
[’C,uy QAa} = Z.(F,U,I‘S)ab‘S'Ab ’ [IC/M SAa] = V. (AS)

The generators of the su(2)p algebra are denoted T), for m = 1,2,3. They act on the
supercharges according to

[T, QAa) = (%)AB 9Ba ,
[T, Saal = (%")AB SBa (A.4)

where o, are the Pauli matrices. In fact we may compactly write these R-symmetry
generators as

R R*
[RAB] = [(ngm)AB] = (R‘ _7%> , (A.5)
with the algebra
[RA®, RcP] = 68 RA® — 0RRc® . (A.6)

From the above, we may infer that

R, Q1a] =0, [R™,Q1a] = @2, [R, Q1a] = = Q14

[R+7 Sla] - 07 [R_7 Sla] = 82a ) [7?'7 Sla] == 781& . (A7)

268ee appendix A.3 for our gamma-matrix conventions.
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We denote the eigenvalue of R in the orthogonal basis to be k. The odd elements of the
5D superconformal algebra satisfy

{QAq, OBy} = (IM*P,K)awpeaB ,
{Saa; Sy} = (TMKLK)apeas
[Qau: Scct = [0RM," + 6R6LH — 3RAP0L| (iencT K, (A.8)

where K is the charge-conjugation matrix and eap is the antisymmetric 2 x 2 matrix such
that €12 = 1. It is straightforward to check that these matrices are given by

0 P1 P2 —Ps

P10 —P3 Py
FMP K a = . )
[( " ) b] —iPy  Ps3 0 Ps
Ps —iPy —Ps 0
0 K iky Ks
~ K1 0 K3 ik4
ML K)ap| = A9
(o iy —K3 0 Ks (8.9)
—K3 —iky —K5 0
We have also used the matrix M,°, which is defined by
[M,"] = [0, 1], My
Hi + Ho M3 =M, ME] =3 [IMT M), M
_ My Hi—Ha MT %[Mf—, M;]
3 M7, M| My ~Hi + Ha M3
=5 [MO ML M ] =5 M MG] My —H1—Ha
(A.10)
The supercharges have the following conjugation relations [20]
. Bb . = Bb
Qaa = ieaB(KTY) ST, Saa = —ieaB(KTE)wQ" | (A.11)
which allows us to rewrite the {Q, S} anticommutator as
{Qau ™"} = R, + 083, — 3R\P0,". (A.12)

A.3 Gamma-matrix conventions in 5D

Here we collect our gamma-matrix conventions. For Euclidean so(5) spinors we have

Fl _ 0 ]]_2><2 F2 _ 0 i]]_2><2 F3 _ g9 0
Tox2 O ’ —ilax2 O ’ 0 —02)’

o (0 V) o (T8 0 (A.13)
0 —oq 0 o3
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These are supplemented by the charge conjugation matrix

K= (,0 “’2> . (A.14)
109 0

Note that T1234 = 1234 while I'® = —I'>. Each set generates the Euclidean Clifford
algebra in five dimensions, that is they satisfy the relations

{TH, TV} =260 (DM =TF | TIP2D3TT° = 14y, KT = —-K, (KTMT = —KT*
(A.15)
and similarly for the T’ matrices.

A.4 The A-basis of generators
There exists a natural basis for constructing the UIRs of the 5D SCA, in which particular

combinations of supercharges map highest weights of the maximal compact subalgebra,
50(5) @ s0(2) @ su(2)g, to other highest weights. We define

1

$ = gl Qv Ay and 3= g Q2 Ay — g QuR™A 2R (410
The A} are given by
Aa =1, where a is not summed over,
A =-Mjy 271{2 7
2= <—M1‘M5 + My M7 (%(;_[1 j{?;g)l)> 4(7-111+ 1)’
1
Ay = —Mfm’
R R e T
+ (MQ_)QMI_ <(271-[11—i—-’—13))) 8(H1 +17"[2 +1) ’

Aj = <M2M1 + My My (H;{j 1)> 4(H11+ 1’
o _M2_271_[2 | (A.17)
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With the help of the above it is straightforward to calculate all level-one norms:

211 +3) (ll + 1o +2) (2l2 + 1)
ES T S

2l1+3) (l1*l2+1)

2(+1)(h—1l2)

21 1
183 183 0, o5 ) 2 = (A = 3k -y — b — 1) 222D
2

AT A1, Do EY™ (12 = (A =3k — 1y — 1o — 4) (

A3 [A; 1y, Do K™ (12 = (A =3k — Iy + 1o — 3) (

AL [As 1y, Loy )™ |12 = (A = 3k + 1y + o)

104 15, s [P = (a4 38—t -1y - ) BRI O A DERED (1, L)

4(ll+1)l2(ll+lg+l) 2%k

2k
2004+ 3) (L —la+ 1) 1
182185t b = (A + 3k = bt b) = g =y gy M2k )

21 1 1
A3 14510, los )™ |12 = (A + 3k + L — Lo +2><22l+>(1 i %> |
2

1
HA% ’A§l1,lg; k>hW H2 — (A +3k+11+ 1o+ 3) <1 + %) , (A.18)
: hw 2
where we have normalised H|A; l1,12; k) H =1

A.5 The 6D superconformal algebras

The superconformal algebra in 6D is osp(8*|2N), the bosonic part of which is so(6,2) &
sp(NV)g.2" The set of conformal generators is extended to include the generators of su-
persymmetry Qa, and superconformal translations Spg. The Lorentz spinor index ranges
from a,a =1,--- ,4 (the dotted spinor index refers to the fact that it is an antifundamen-
tal index), while the sp(N)g index ranges from A = 1,--- 2N, Their associated Clifford
algebras are generated by I', and f‘,“ respectively, the conventions of which are detailed in
appendix A.6.

Since their algebras are very similar, we first list the features that are shared by both
N =1 and N = 2 cases. Due to the fact that spinors in 6D are pseudo-real, they satisfy
the reality conditions

Qpan = iQaB(KTD) ;ST Sas = —iQap(KTH)wQ ™", (A.19)

where QR is the appropriate antisymmetric matrix in 2V dimensions.?® The commutation

2"Note that we will carry out this discussion using the s0(6) algebra in the orthogonal basis, instead of
su(4) algebra in the Dynkin basis. The dictionary between the two will be provided at the end.

28For N =1 one has Qag = €aB, the 2D antisymmetric matrix. For /' = 2, Qap is the 4D symplectic
matrix with Q14 = —Q41 = Q23 = —Q32 = 1 and all other components vanishing.
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relations of the @ and S with the 6D conformal algebra are given by

(M Qna) = 70Tl Qs (Mo Saa) = 5 F DUl
[H, Qaql = ;QAa, [H,Saq] = —%SAm
[P, Qaal =0, [Py, Saal = i(TT6):" Qas ,
Ky Qaa) = i(TuT6),"S,; K1, Saa] = 0. (A.20)

It is helpful to define the Lorentz raising/lowering operators /\/lli and Cartans H; —
the eigenvalues of which are h; in the orthogonal basis of so(6) —in terms of My,. The
relations are provided below:

MTE = My3 + iMoz F iMyg + Moy,
MG = Mz + iMys F iMse + Mg ,
MZ = Mz + iMys + iMss — Mg,
Mi = Mai—19;, such that [H;,H;]=0

(A.21)

For a superconformal algebra, all supercharges must have the same chirality [20], which we
choose to be positive. Therefore we define the projector Py = %(1 +I'7) and have that

{QAa, OB} = (P THP,K)p2aB ,
{Sai, S} = (P4T"KLK),; QA - (A.22)

We may also use the projector P to define M,°

i c v
[M b] = _Z(P-i-)a [F#7F ]chHV

a

Hi+ Ho + Hs Mg —g MU MGT FIMT My, M)
_ —iMg Hi—Ha — Hs iMy FIM, MS]
M MT] —iMT —Hi+Ho— Hs iMy
%[Mfa [M;aMgﬂ —%[MT,M;] _ZM; _Hl _H2 +,H3
(A.23)
A51 N=1

For this case, the R-symmetry algebra is sp(1)r ~ su(2)g. Conveniently, all the infor-
mation we require about su(2)r has already been provided in the 5D N = 1 discussion,
specifically (A.4) onwards. We may therefore use the previously-defined Rap and write
the {Q, QT} anticommutator as

{ Qa0 @™} = RMP + R(P)H — 4RAP (P, (A.24)
The expression (4.6) we used for the 6D (1,0) index is then, in the orthogonal basis,

6= {Qu, a1} = { @1, @M} = A= 4k — (b1 + o — hg). (A.25)
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A52 N =2

For this case, the R-symmetry algebra is 5p(2) g =~ s0(5)g. The matrix R B for so(5)p is

Ji+ o Ry =3[R R3] —3R RS RS
A LRI, Ry Ry T+ T Ry S
—3[[RT, R31. R3] —3[R7.R;1 Ry —~T—Ts

where the J; are the Cartans of so(5)r —the eigenvalues of which are j; —and R;t are the
raising/lowering operators. This allows the {Q, Q} anticommutator to be written as [20]

Bb
{Qna @™} = R0, + 0R(PL), H —20,P(P2),. (A.27)
Hence the ¢ we used for the 6D (2,0) index is in the orthogonal basis
L N -i-24 o . .
0:={Q24,834,} = {924, Q } = A — 251 + 2j2 — (h1 + ha — h3) . (A.28)

To make contact with the main part of this paper, we convert from the orthogonal bases
to the Dynkin bases using the following expressions for the s0(6) —to su(4) Dynkin—, s0(5)
and su(2) orthogonal Cartans respectively:

1 1 1
hi=—(c1+2c2+c3), ha==(c1+c3), hg= 5(01 —c3),

2 2

. 1 . 1

J1=di + §d2, Jo = §d2 ; (A.29)
1

k=-K.
2

A.6 Gamma-matrix conventions in 6D

Here we collect our gamma-matrix conventions. For Euclidean s0(6) spinors we have

I =01 ®1axa @Laxa, [2=02@1Laxs @ Loy, P =030 ® laxa,

A 5 6 (A.30)
" =03® 00 ®12x2, I"=03®03®0;, I =03®03®09.
We also have I'" = iT''T2I'3T*I°T'6, which can be equivalently defined as
F7:O'3®0'3®03. (A.31)

Since we are in even dimensions, we have a choice between which charge conjugation
matrices to use, K(4). These have the properties K(Ti) = FK(4) and K(zi) = F1. We choose
Ky, but to lighten the notation, we will omit the subscript. We define our K(_) = K as

K= (—iO‘g) ®o1 K (—iO‘g) R (A32)

Note that ['123:45 = 712345 while I'6 = —I'®. They each generate the Euclidean Clifford

algebra in five dimensions. The I's satisfy the relations
{rr v} =260, (M =1+, K(IMTK™1 = —1#, (A.33)

and similarly for the T’ matrices.
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B Multiplet supercharacters

Consider a representation of a Lie algebra g with highest weight A\. The Weyl character
formula is given by [63]

Y wew sgn(w)e“’()‘“’)
e Hoz6<1>, (]‘ - ea) ’

where W is the Weyl group of the Lie algebra root system and p is the half sum of the

XA = (B.1)

positive roots @, . Note that sgn(w) = (—1)"*) where I(w) is the length of the Weyl group
element, i.e. how many simple reflections it is comprised of.
One can alternatively obtain this formula using a Verma-module construction: decom-
pose the algebra g as
g=o, DhpP_, (B.2)

where b corresponds to the Cartan subalgebra and ®_ (®,) are the negative (positive)
roots. We construct the Verma module V corresponding to some highest (lowest) weight
|A) by considering the space comprised of the states f(®_)|A\) (f(®+)|A)), where f is any
polynomial of the negative (positive) roots modulo algebraic relations. The character of
this module is defined to be [63]

e

Vo Moce (L—e)

The character of the representation labelled by A is recovered by summing over the Weyl

(B.3)

group action on the roots

e

= why)= Y Moe (= @)’ (B.4)

weW weW

We can utilise the identity w(e ™ *xy) = sgn(w)e™?"*xy along with the fact that w acts
naturally — i.e. we may take w(e " *xy) = w(e " Mw(xy) [63]—to show that

= _ ZwEW(_l)l(w)ew()\er) _ Zw€W<_1)l(w)ew()‘+P)
X = w%:{/w(w) = pysy ) | e (T (B.5)

The formulation of the Weyl character formula (B.4) is particularly useful in the con-
text of UIRs of the SCA [14].

B.1 Characters of 5D A = 1 multiplets

We are now in a position to compute the characters of F(4).2? Let us consider a represen-
tation the highest weight of which has conformal dimension A with so(5) Lorentz quantum
numbers (dy,dz) and su(2)r quantum numbers K. Note that these are expressed in the
Dynkin basis and hence are integer. The highest weight can be decomposed as

A=wld) +wldy +wK (B.6)

29 A summary of this discussion for the case of the (2,0) SCA can be found in appendix C of [14].
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where w; (i = 1,2) are the fundamental weights associated with the so(5) simple roots 3,

while w® is the fundamental weight associated with the su(2)g simple root ae. We may in
turn express the fundamental weights in terms of the simple roots (for reasons which will
become apparent) by using the Cartan matrix A;;

5 aeiy . [11) (B
w; = (Apg,)ijB; = (; 1> <5Q> ’ (B.7)

W = <.

Let us next consider e* by defining the fugacities
by =M tB2 py = e3(B1+282) , a= 3 , (B.8)
hence
et = b‘flbg%K. (B.9)
The character of a particular representation R is then defined to be

xr(a,b,q) = Trr(¢*b{ b32a™) (B.10)

where we have included the so(2) Cartan, A. For example we can read off the character
for the supercharges Qa, as (recall that we are in the Dynkin basis)

4

3" X(Q1a) = abag? +

a=1

ablq%_'_aqu% aq?
by b by

(B.11)

We can then apply this to specific representations of the SCA.

B.1.1 Long representations

For the long representation L4, 4,:x] We construct the superconformal multiplet by acting
on the highest weight state |A;dy, do; K )hw with momentum operators and supercharges
as in eq. (2.1). Thus for a generic long representation we can decompose the character of
the superconformal Verma module using (B.3) as

X£(a,b,q) = X4, a5 (P)X (1) (@) f (0, D, q) (B.12)

The polynomial appearing above can be decomposed as f(a, b, q) = Q(a, b, q)P(b, q) since
the momentum operators and supercharges commute. Explicitly these functions are

Q(aa b7Q) = H(l + X(QAa)) )

P(b,q) = [T —x(P.). (B.13)



The characters X[dl,dg](b) and x| K}(a) can be obtained through their Weyl orbits. As
a result one has

Xiara) (D) = D wb)Mw(b)2M(w(b)), xuxj(@)= Y w(a)*R(w(a)),

wEW30<5) weWSU(Q)
(B.14)
where the M (b) and R(a) are the products of the characters of negative roots, explicitly
1
M(b) = 1Y (1Y (1t AN
by B2 B2 52
a2
R(a) = ol (B.15)

As an aside it will be worthwhile to explicitly demonstrate the Weyl group actions
appearing in (B.14). In the orthogonal basis the generators of Wso(5) = S2 % (Z3)? and
Wsy(2) = S2 have the form

1 1 1
wP = <(1) 0) Cwh = (o 01) Cwh = (? 0) , (B.16)

There are eight elements in Sy X (Z2)2 and two in Sy. These act on the simple roots as

whB; = f(B1,B2), wa=g(a), (B.17)

where the r.h.s. is a combination of simple roots depending on the particular example. In
fact, the simple reflections on the simple roots will generate every other root minus the
Cartans of the algebra. For example, the simple roots of s0(5) in the orthogonal basis are
B1 = (1,—1) and B = (0,1). Acting on them with w? produces

wy By = (1,1) = By + 282,
w By = (0,-1) = = (B.18)

Similarly, acting with wf? will produce —p31 and (31 + (B2 respectively. Furthermore, since
the Weyl group has a natural action on e* (i.e. w(e*) = e*V), this action can be directly
translated to the fugacities. Following the same example

w2B(b1) _ ewgB(51+,32) — oB1+82) — by,

(o) = ebuBBe2s) _ chon B

(B.19)

Combining the Weyl groups leads to Wgo(5)xsu(2), which has sixteen elements acting on a
and b;. The Q(a,b,q) and P(b,q) are both invariant under the action of any element of
this combined Weyl group. Using this fact, the character for long representations can be
rewritten in terms of

xc(a, b, q) = [¢2b{b52a™ M (b)R(a)P(b, q)Q(a, b, )], » (B.20)

where [--- ]y is shorthand for the Weyl symmetriser.
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B.1.2 Short representations

Consider now the short multiplets of table 1. In order to calculate their characters, one is
instructed [13, 40, 49] to remove certain combinations of Qs and Ps from the expressions
Q(a,b,q) and P(b,q) given in (B.13).30 We explicitly consider a few examples to elucidate
this point:

a. Take the most basic short multiplet, A[d;,ds; K|, with di,ds, K > 0. Its supercon-
formal primary is annihilated by the supercharge Q14 and the associated character
would be

1y -1
xala,b,q) = ||g*0;'b5*a" M(b) R(a) P(b, )Q(a, b, ) (1 + ) . (B.21)
2
w

with A = 443K +d;+do. Notice that this includes the character for the product over
OAq but now with the Q4 contribution removed; hence the Weyl symmetrisation
removes descendant states associated with the action of Q4.

b. Take the Bldi,0; K| multiplet with K # 0. One is instructed to remove Q13 and Q14
and the supercharacter is

1\—1 1\—1
abaq? aq:?
xis(a.b.q) = || g8 a2 (b) R(a) P <b’Q)Q(a’b’q)<H A ) (H ’i) |
w

(B.22)
with A = 3 4 3K + dj.

c. Suppose now we consider the multiplet B[d;,0;0]. In this case the R-symmetry
lowering operator in the Dynkin basis /R~ also annihilates the superconformal primary
and two additional shortening conditions are generated

R Ql?)\:[jaux = QZB\IIauX = O,
R_MQ Q13Vaux = Q24Vaux =0, (B23)
where we remind the reader that M is a Lorentz lowering operator in the Dynkin
basis. Therefore, for the purposes of building the Verma module we can remove

both of these from the basis of Verma-module generators. As a result, the modified
product over supercharges, now indicated by Q(a, b, q), is

-1 -1 -1 -1
O(a,b,q) = Qa, b, q) 1+“b2q% 1+aq% 1+b2q% 1+£
) 7q - ) 7q bl b2 bla b2a .
(B.24)

The last thing to take into account is the possible removal of Ps from P(b,q) when some

components of the multiplet correspond to operator constraints. This will be discussed at
length in appendix C.

39There is a subtlety with removing momentum operators, which will be addressed in the following
section.
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B.1.3 The 5D superconformal index

The supercharacter for a given multiplet can be readily converted into the superconformal
index. The five-dimensional superconformal index, as we have previously defined it in the
Dynkin basis in section 2.4, is given by3!

I(z,y) = Trq.[(—1)F676‘sx§A+%(dl+d2)ydl . (B.25)
The states that are counted satisfy § = 0, where
3
0:= {521, Qu} =A - K —di—dp. (B.26)

In order to make contact between the character of a 5D superconformal representation and
this index, one can simply make the following fugacity reparametrisations

q— 223 b — xl/?’y, by — z'/3 (B.27)

and introduce a factor of (—1)¥. The resulting object is precisely the index since every
state without § = 0 pairwise cancels.

B.2 Characters of 6D (N, 0) multiplets

Consider a representation, the highest weight of which has conformal dimension A with
su(4) quantum numbers (¢, ¢2,¢3) and R-symmetry quantum numbers R. For N’ =1 we
have that R = K, the Dynkin label of su(2)r, while for N' = 2 the Dynkin labels of so(5)r
are R = (dj,d2). The highest weight can be decomposed as

A = wier + wies + wies + wERY, (B.28)

where the index in wZRRi is summed over. The w{* are the fundamental weights associated
with the su(4) simple roots a; and &@® are the fundamental weights associated with the
simple roots of the R-symmetry algebra, 3.32 For su(2)g 5 has only one component, while
for so(5)r 5 has two components, (31, 32). Again, we can express the fundamental weights
in terms of the simple roots by using the Cartan matrix A;;

311
o () (0
o - ey s —
W —(A 3)UO(]— 5 1 5 (6% 5 (B29)
113
121 as

alongside the expressions for su(2)g and so(5)r given in (B.7).
This allows for a rewriting of e* by defining the su(4) fugacities

1 1 1
ay = e1(Bait+2az+as) . as = e3(a1+2a2+as) , az = eila1+2a2+3a3) (B.30)

31The fermion number in this case is F' = 2d; + d2 ~ da, since d; is always integer.

32Recall that in the previous section, we had defined the simple root of su(2)r as a. In order to avoid
confusion with the su(4) Lorentz-algebra simple roots, we label all simple roots associated with the 6D
R-symmetry algebras as E .
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Similarly, we define the R-symmetry fugacities b using (B.8). For /' =1 we have that

b=b=e2’, (B.31)
while for N' = 2 we have b = (b1, by) with
by =B tB by = a(Fii262) (B.32)
hence 4
e =afaa$ [T0F. (B.33)

%

The character of a particular representation R is then given by
xr(a,b,q) = Trg (a?a?a?f 11 bﬁ) (B.34)
i
and for N' = 1, 2 respectively we have:
X% 0)( b, Q) = Trr (ail a52a03bK)
29, b, q) = Trr (al oS agdbdlbdQ) . (B.35)
We can then apply this to specific irreducible representations of the 6D (A, 0) SCA.

B.2.1 Long representations

For the long representation Liac, ¢, c5;R] We construct the superconformal multiplet by

c3;
acting on the highest weight state |A;cy, ca,cs3; R>hw with momentum operators and su-
percharges f(Q,P)|A;c1, ca, ¢33 R)™. This polynomial can be factorised as f(a,b,q) =
Q(a,b,q)P(a,q), since the momentum operators and supercharges commute. Explicitly

these functions are

Q(a,b,q) = [J(1 + x(Qaa));
Aa
6
P(a,q) = [J(1=x(Pu)) ", (B.36)
pn=1
where the range of the sum over A depends on the amount of supersymmetry.
Thus for a generic long representation we can decompose the character of the super-
conformal Verma module using (B.3) as

X2 (2,D,0) = 4 X[er 2,05 (@) X[ 0] (P) P (2, 0)Q(a, b, q). (B.37)

The characters X[c,,c,c;)(@) and x4, 4,](R) can in turn be obtained through their Weyl
orbits. The relevant Weyl groups are Wsy(4) = Sa, Wso(5) = Sa X (Z3)? and Wsu(2) = 22

so one has
Xierenca)(@) = > w(ar) w(az)?w(as)™M(w(a)), (B.38)
wEWsy(4)
xri(b)= > (Hw ) RN ((b)). (B.39)
weWpr i
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We use Wg to indicate the Weyl group appropriate for the R symmetry of the (N,0)
SCA. The M(a) and RW-0(b) are the products of characters of negative roots as defined
in (B.3); explicitly

1
M(a) = )
VT () (- ) (- ) (- ) (- )
(2,0) (1) — 1
B (AT (AT (Y Y ()
R10)(p) = bfi - (B.40)

Again, we note that both Q(a,b,q) and P(a,q) are invariant under the appropriate
Weyl symmetrisations and one can write for N' = 2

W0 a,b,q) = [o*aftaag b B M (@) RO (b)Pla,)Q(a b, )]y, (BAD)

matching [14], while for N' =1

X2V (a,b,q) = [gaf a5t M(a) RO () P(a, )Q(a,b,q)] (B-42)

where [--- ]y denotes the Weyl symmetriser.

B.2.2 Short representations

Consider now the short multiplets of table 2 for A/ =1 or table 3 for A' = 2. To calculate
their characters we remove certain combinations of Qs from the expressions Q(a, b, q) given
in (B.36). This discussion is completely analogous to section B.1.2. There are a few cases
when one is also prescribed to remove certain P, from P(a,q). This is discussed at length
in appendix C.

B.2.3 The 6D (1,0) superconformal index

Once we have obtained the full supercharacter we can readily covert it into the supercon-
formal index. For A/ = 1 the index as defined in (4.3) is given by?3

Z(p,q,s) = Tqu.,g(—1)FefﬁéqA7%KpC25Cl . (B.43)
The states that are counted satisfy § = 0, where
1
0=A—-2K — 5(01 + 2¢9 + 303) . (B.44)

We can therefore write the character of a representation as an index via the following
fugacity reparametrisations

S

ap—s, a2—p, az—>1, b= —
q§

(B.45)

and inserting (—1)¥. The resulting object is precisely the index since every state without
6 = 0 pairwise cancels.

33The fermion number in this case is F = ¢1 + c3.
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B.2.4 The 6D (2,0) superconformal index

The 6D (2,0) superconformal index, as previously defined in (5.3), is given by
Z(p, q, s, t) — TI-H(_1)Fe*/35qA*d1*%d2p62+63*d2t7d1fd2801+02 ) (B.46)

The states that are counted satisfy § = 0, where

1 3
0=A— 2d1 — —C] — Cy — <C3. (B47)
2 2
In order to make contact between the character and this index, we make the following

fugacity reparametrisations

1 2
a1 — s, as —ps, az—p, b — —, bg—)q— (B.48)
qt pt
and insert (—1)¥. The resulting object is precisely the index since every state previously
counted by the character without § = 0 pairwise cancels.

C The Racah-Speiser algorithm and operator constraints

In this appendix we provide the details needed to carry out the RS algorithm for the 5D
N =1, 6D (1,0) and 6D (2,0) SCAs. Fortunately, we need only discuss three different
algebras, s50(5), su(4) and su(2). We will assume some familiarity with the description of
the RS algorithm from appendix B of [39], the notation of which we use.

First, let us consider so(5). This is the Lorentz Lie algebra for 5D N = 1 and the
R-symmetry Lie algebra for 6D (2,0). The highest weight (\) identifications resulting from
Weyl reflections (o) are given by

[di,do] = —[—dy —2,2dy + d2 + 2],
[d1+d2+1 —d2—2]
[ d1 2 -3 dQ]
—[d1,—4 —2d; — do]. (C.1)
We see that A7 = \ with sign(o) = — under the following conditions:
di=-1, do=-1, 2d1+dy=-3, di+do=-2. (02)

Therefore representations which satisfy any one of these conditions are labelled by a highest
weight on the boundary of the Weyl chamber, in which case they have zero multiplicity
and need to be removed. Notice that the conditions (C.2) correspond to the zeros of the
Weyl dimension formula for irreducible representations of so(5):

d(dr, dy) = é(dl F1)(da + 1)(ds + do + 2)(2d1 + do + 3). (C.3)
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Next we consider su(4), the Lorentz Lie algebra of 6D theories. The highest weight iden-
tifications resulting from Weyl reflections are
[c1,¢2,¢3] = —[—c1 = 2,e1 + 2 + 1, c3],
—[er+ca+1,—ca—2,c0+c3+ 1],
—[er, e+ e3 41, —c3 — 2],
=—[-ca—2,—c1 —2,¢1 + 2+ 3+ 2],
—[er+ca+c3+2,—c3 —2,—co — 2],
= —[—ca —e3—3,¢c2,—c1 —c2 — 3. (C4)
The representations we delete are the ones where the following conditions are met:

cp=-1, co=—-1, cgs=—-1, ci+co=—-2, ca+c3—2, ¢ +co+c3=-3. (05)

Again, these correspond to the zeros of the Weyl dimension formula for su(4):

1
d(Cl, ca, 03) = E(Cl+1)(62+1)(63+1)(01 +CQ+2)(02+03+2)(61 +CQ+03+3). (CG)

Lastly, the R-symmetry Lie algebra for the minimally supersymmetric theories is su(2),
which involves identifying highest weights via the reflection:

(K] = —[-K - 2]. (C.7)

We therefore see that the representations we delete are the ones where the following con-
dition is met:

K=-1. (C.8)
Clearly this corresponds to the zero for the Weyl dimension formula of su(2)
d(K)=K+1. (C.9)

We may now simply combine the set of Weyl reflections appropriate for our SCA in
order to dictate which states survive when building representations. Our method will
involve generating all possible highest weight states, even in cases where the Dynkin labels
become negative, and then performing the RS algorithm.

It is interesting to note that after implementing the RS algorithm one often encounters
pairs of superconformal descendants with exactly the same Dynkin labels but opposite
multiplicities. These cancel out to leave behind a much simpler set of superconformal
representations with only positive multiplicities. If after performing this step there are also
negative representations that have not been cancelled, they are interpreted as constraints
for operators in the multiplet [39].

There are instances when this general procedure leads to ambiguities, i.e. there is
more than one choice for performing the cancellations; see also [18]. However, these can
be resolved uniquely by the requirement that all physical states should be reached by
the successive action of allowed supercharges on the superconformal primary. For the
examples that we investigate in this article, this phenomenon only appears in the (2,0) SCA
(B[e, c2,0;0,0], Cler,0,0;0,0]), in which case we have constructed the multipet spectra by
also using successive Q-actions.
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C.1 Operator constraints through Racah-Speiser

We now further explore this concept. Since R-symmetry quantum numbers will not play
a role in this analysis we will simplify our discussion by denoting all of their quantum
numbers by R. The only distinction we need to make is between the so(5) and su(4)
Lorentz Lie algebras. It will be instructive to proceed by first providing an example and
then the result in full generality.

Consider the Lorentz vector representation in 6D, [A;0,1,0; R], corresponding to an
operator O,. In terms of quantum numbers, its components are given by

Ol ~ [07 170]7 02 ~ [17_17 ]-] ) 03 ~ [_1507 1] )
Os~[1,0,-1], Os5~[-1,1,-1], g~ [0,-1,0]. (C.10)

One can envisage a conservation-equation state for this object being —[A + 1;0,0,0; R],
that is we pick components of P, and O,, such that their combination has Lorentz quantum
numbers [0, 0, 0]. This combination is

PsO1 4+ P50 4+ P1O3 + P3Oy + PoOs + P10 =0, (C.ll)

which can be concisely interpreted as the conservation equation*

M0, =0. (C.12)

This is precisely what we see e.g. for the R-symmetry currents of the (1,0) and (2,0)
stress-tensor multiplets, 5[0, 0, 0; 0] and D]0, 0, 0; 2, 0].

More generally, there are only two ways in which operator constraints manifest them-
selves in 6D using the approach employed in this paper. These are

[Ascy,c,e3; R = —[A+15¢1,c0 — 1,¢3; R,
[A;Cl,0,0;R] — _[A+ 1;61 - 17071’R] + [A+2701 - 251a07R]
—[A+3,c1 —2,0,0; R]. (C.13)

The first equation is a contraction of a vector index; this is a conservation equation. The
other requires that co = c¢3 = 0. These are the “generalised Dirac equations” or “generalised
equations of motion” mentioned in [40]. When ¢; = 0 the primary is a scalar [2;0,0,0; R],
and the only state that survives the RS algorithm is —[4;0, 0, 0; R], namely a Klein-Gordon
equation. When ¢; = 1 the primary is a fermion [5/2;1,0,0; R], with the only state
surviving RS being a Dirac equation —[7/2;0,0,1; R]. For ¢; > 2, all states survive RS,
leaving a Bianchi identity for a higher p-form field; this is usually endowed with additional
constraints, i.e. self-duality in the free-tensor case, ¢; = 2.
The analogous states in 5D are given by

[Aa dla d?a R] — 7[A + ]-7 dl - ]-a d2a R] )
[A;0,do; R = —[A +1;0,do; R| + [A+2;1,dy —2; R] — [A+3,0,dy —2; R].  (C.14)
Again, the first expression is the contraction of a vector index and the second expression

recovers the Klein-Gordon equation (da = 0), the Dirac equation (d2 = 1) and the Bianchi
identity (da > 2).

340ne has that (P,)" = P*. Then it can be straightforwardly checked that P* = P;_,,.
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C.2 The dictionary between Racah-Speiser and momentum-null states

The expressions (C.13) and (C.14) can also be understood from a different perspective.
When the superconformal primary saturates both a conformal and a superconformal bound,
certain components in the multiplet satisfy operator constraints. One is then instructed
to remove appropriate P, generators from the auxiliary Verma-module basis [40]. We call
the set contained in the resulting module “reduced states”.

Following [40], in 5D A = 1 we are instructed to remove Ps for the multiplets 5[0, 0; 0]
and D0, 0;2]. For D[0,0;1] one removes P3, Py and Ps. In 6D, where R = K for N =1
and R = dy + dp for N' = 2, one removes Pg from Blc, c2,0; R = 0], C[e1,0,0; R = 1]
and D[0,0,0; R = 2]. Likewise we remove P3, P5 and Pg from Clc1,0,0; R = 0] and
D[0,0,0; R = 1].

The connection between the momentum-null states and the negative-multiplicity rep-
resentations is clear when considering the supercharacter: taking the character of all states
— including the negative-multiplicity representations — produces the same result as doing
so for all reduced states with the appropriate Ps removed from the basis of generators.
Hence it is not appropriate to do both. This is reflected in the fact that the following
character identity holds in 6D:

XA e, ¢, ¢35 R = x[A;e1, 02, ¢8R — X[A + 1;¢1,¢0 — 1,¢3; R, (C.15)

where a hat denotes using the P-polynomial from (B.36) after having removed Pg; the
operator constraints that one recovers in this fashion are conservation equations. Likewise
when we remove Ps, Ps and Pg we obtain:

X[A;jc1,0,0; R] = x[A;¢1,0,0; R] — x[A + 15¢1 — 1,0, 1, Rl + x[A 4+ 2;¢1 — 2,1,0; R]
—x[A+3;¢1 —2,0,0; R]. (C.16)

The operator constraints recovered in this case are equations of motion.
In 5D one can make the analogous identifications:

X[A;dy, do; R = x[Asdy, do; R] — x[A + 1;dy — 1,d2; R, (C.17)
where we have removed Ps from y. Likewise, when we remove Ps, P4 and P5 we obtain:

X[A;0,da; R] = x[A;0,d2; R] — X[A + 1;0,d2; R] + X[A + 2;1,dy — 2; R
— y[A+3;0,ds — 2 R]. (C.18)

This effectively endows us with a choice for how to treat the operator constraints: we
can either take the character of all reduced states — not including states associated with
constraints — with the appropriate P, removed, or we can take the character of all states
(including negative-multiplicity representations) without removing any P,,.

Note that if one has to remove momenta from the basis of generators for a given
multiplet then not every component contained within need have an associated operator
constraint. The stress-tensor multiplets in 6D BJ0,0,0;0] and D|0, 0, 0;2,0] are examples
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of such superconformal representations: they contain superconformal descendants which
do not contain operators satisfying constraints. However, according to the arguments of
the previous subsection, we are still instructed to remove Pg in one approach of evaluating
the supercharacter. At first glance this is perplexing.

The resolution to this small puzzle is that the associated characters are actually in-
variant under the removal of Pg. Hence such states satisfy

X[A; e, co,c3; Rl = x[A; e, ¢, ¢3; R, (C.19)

in 6D, or in 5D
X[Asdy, do; R] = x[A;dy, do; R . (C.20)

The method for evaluating characters of conformal UIRs presented in [40] makes no dis-
tinction between states that do/do not obey constraints due to the above invariance.
This knowledge is useful when the absent generators of the Verma module are such
that the removed Qs anticommute into Ps; cf. section 2.7.1, section 4.6.1 and section 5.6.1.
In that case, one is effectively projecting out the states associated with operator constraints
from the very beginning. Therefore what is generated under these circumstances is the spec-
trum of reduced states. It is still possible to reconstruct the full multiplet spectrum using
character relations, as e.g. in (C.15). This lets us recover all the negative-multiplicity states.

D Summary of superconformal indices

In this appendix we list the superconformal indices for multiplets in 5D A" = 1 and 6D (1, 0),
alongside the Schur limit of the indices for multiplets in 6D (2,0). All the indices, including
the fully refined indices for the (2,0) multiplets, are given in the accompanying Mathematica
file. We use the su(2) character for the spin—% representation in our expressions:

I+1 _ , —l—1
xi(y) = % (D.1)
D.1 5DN =1
The distinct indices are provided below:
[ A[dl,dQ;K] (fOI“ dl,dg > O, K > 0)
dot1 $d1+d2+K+4
e B[d1,0; K] (for dy >0, K > 0):
pdi+E+3
I($7y) = (1 — xyil) (1 _ [L‘y) Xd1+1(y) . (D?))
e D[0,0; K] (for K > 1):
=K
T(a,y) = (D.4)

(I -2y 1) (1 —zy)
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D.2 6D (1,0)
The distinct indices are provided below:
o Alcy,ca,cs; K] (for ¢1,c2,¢3 >0, K > 0):

—cg+1802+4 ( c1+1) _p—c1+282—(32

) -1 _pe
Z(p,q,s)=(—1 citcs 6+%+%(01+202+303) p p p
#:0,5)=(~1)%"% =D =) (5 —1) (=52 (4—5) (r—35)

p62+4561+4 Jrpc1+48—c1+1 (S—CQ . SPC2+1) }

R 7 R [Ty e ¥ ppmp ey (D-5)

Blecy, c2,0; K| (for ¢1,¢0 > 0, K > 0):

p—02 862+5 (p—cl _pscl—l-l) _p—cl+281—cg

(pg—1) (p?=s) (ps—1) (p—5) (¢—s)(p—as)
pcg+5scl+4 +pcl+48—cl (S—CQ o 52pcg+2) }

I(p.q.5) = <—1>Cl+1q4+35‘+%<01+202>{

(D.6)

T - D -9 s —1) (-9 (a—5)p—09)

Cle1,0,0; K] (for ¢; >0, K > 1):

2+%+%p81+53701 (ps _ 1) +p2861+5 (3 _p2) +p70132 (p _ 82)

(pg—1) (p* —s)(ps — 1) (p — 5?) (¢ — s)(g5 — p)
(D.7)

Z(p,q,8) = (=1)"¢q

Clc1,0,0;0] (for ¢; > 0):

p61+681761 _pC1+58781 +82p761 (p—32) _p4861+5 +p2861+6
(pg —1) (p*> = s) (ps — 1) (p — 5*) (¢ — s)(gs — p)

Z(p,q,s) = (—1)Clq2+?{

pcl+5sfc1 (ps _ 1) +p2801+5 (S _ p2) _|_pr1 82 (p _ 82) (D 8)
(pg — 1) (p* —s) (ps — 1) (p — 5?) (¢ — s)(gs — p) ' '
e D[0,0,0; K] (for K > 1):
I(p,q,8) = a% : (D.9)

(1 —=pg)(1 —gs~1)(1 —p~1gs)

D.3 6D (2,0)

The non-vanishing Schur indices are valid for all ¢; and d; values. These are provided below:

o 8[6170270;61170}:

sl q4+d1+%+c2
75¢ ur(q’ 3) = (_1)0117—qxcl (s) . (D.IO)
e Clc1,0,0;dy,1]:
Schur c1+1 q%+dl+71
z (¢, 8) = (1) 1chlJrl(S)- (D.11)
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o C[cl,0,0;dl,O]:
qQ-I-dH-%1
5 (g, 5) = ( D Xar+2(8) - (D.12)
—q
e D[0,0,0;d,2]:
Sch 34d1
oo = . D.13
@0 = (D13)
e D[0,0,0;dy, 1]:
q%-i-dl
7 (5) =~ ). (D14
e D|0,0,0;d,0]:
q"
75T (g 5) = 1 . (D.15)
—4q

The refined versions of the above indices, Z(p, ¢, s, t), are provided in the accompanying
Mathematica notebook.

E 6D (2,0) spectra

We will finally provide the spectra for short multiplets in 6D (2,0) with generic quantum
numbers. Since long representations are cumbersome and standard to obtain we will not
list them here. Moreover, we will only write down distinct spectra, that cannot be obtained
by fixing ¢; or d; and performing the RS algorithm. For book-keeping purposes we have
grouped the supercharges into Q = (Qzq, Q34) and Q= (Q14, Q44), with a =1,---4.

E.1 A-type multiplets

The superconformal primary null-state condition for a generic A-type multiplet is A*¥ = 0.
This corresponds to removing Qp4 from the basis of auxiliary Verma-module genera-
tors (5.1). Starting from a superconformal primary given by [c1,ca,c3;dy, d2] with con-
formal dimension A = 6 + 2(d; + d2) + %(cl + 2¢y + 3c¢3), we will provide the states at
each level [; the conformal dimension of the superconformal descendants will be equal to
A+ % Thus the spectrum for Alcy, o, c3;dy, dg] is given by acting with all @s and Qs,
resulting in the two chains, table 4 and table 5 respectively. Note that this is a complete
description for generic di and ds. The reason being that, as described in section 5.5, once
we have Alcy, ca, c3; d1, d2] we can obtain the spectra for Alcy, c2,0;dy, da], Alc1,0,0;dy, do]
and A0, 0, 0; dy, do] by dialling ¢; appropriately and running the RS algorithm.

It turns out that the same also holds for dialling d; and ds to zero. Thus the complete
spectra for all A-type multiplets can be obtained exclusively by considering the set of @
and @ actions (table 4 and table 5) and then substituting in the desired quantum numbers
followed by implementing the RS algorithm.
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E.2 B-type multiplets

For generic quantum numbers, the superconformal primary for this multiplet type obeys
the null-state condition A3W = 0. This corresponds to removing Qq3 and Qq4 from the
auxiliary Verma-module basis (5.1). Starting from a generic primary [c1, ¢2, ¢3; d1, d2] with
conformal dimension A = 4+ 2(dy + d2) + %(c1 + 2¢2), the action of the Q supercharges
remains the same as in table 5, with the difference that one needs to apply RS after setting
c3 = 0. The @-chain, however, is significantly shorter and given in table 6.

E.2.1 Blcy,cz,0;dq,1]

In this case the action of the @) supercharges is the same as in table 6. However, recall
from section 5.6 that we also have the null-state condition (R;)2A3A%*¥ = 0. Thus we are
also prescribed to remove Qg3Q24 from the Q-spectrum. The action of the @ supercharges
is therefore adjusted and described in table 7.

E.2.2 B[Cl,C2,0; dl, 0]

For this case the action of the @) supercharges is the same as in table 6, after replacing
ds = 0 and running the RS algorithm. We are also prescribed to remove Qa3 and Qa4 from
the Q-spectrum. The action of the Q supercharges is therefore adjusted and described
by table 8.

E.3 C-type multiplets

For generic quantum numbers the superconformal primary for this multiplet obeys the null-
state condition A?W¥ = 0. This corresponds to removing Qq2, Q13 and Q14 from the basis of
auxiliary Verma-module generators. Starting from a generic primary [c1, co, ¢3;d1, d2] with
conformal dimension A = 2+-2(d; +d2) + 5, the action of the (Q supercharges remains the
same as in table 5, with the difference that one needs to apply RS after setting co = c¢3 = 0.
The action of the () supercharges is given in table 9.

E.3.1 C[cl,O,O;d1,2]

Recall that in this case we should also remove Qg1 0Q20Q23 from the basis of auxiliary
Verma-module generators. The resulting set of () actions are given in table 10.

E.3.2 C[Cl, 0,0;dl, 1]

For this multiplet we also need to remove Qg,Qap for a # b # 1. The resulting set of Q
actions are given in table 11.

E.3.3 C[cl,O, O;dl,O]

For this multiplet we also need to remove Qa, for a # 1. The resulting set of Q actions
are given in table 12.
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E.3.4 C[c1,0,0;1,0]

This multiplet has the same Q and Q actions as Cle1,0,0;dq, 0] with the difference that one
needs to apply RS after setting dy = 1. This multiplet contains generalised conservation
equations and is small enough for us to detail its entire spectrum in table 13.

E.3.5 C[c1,0,0;0,1]

For this case we can simply substitute d; = 0 into the spectrum of C[c;,0,0;d1, 1] and run
the RS algorithm to get the spectrum of table 14. This multiplet also contains generalised
conservation equations.

E.4 D-type multiplets

Since the action of the @ supercharges have been given in section 5.8, we need only provide
the @ chains for specific ds values.

E.4.1 D[0,0,0;d,3]

Recall that in this case we remove Qg1 Q20923924. We summarise the actions of the Q
supercharges in table 15.

E.4.2 D[0,0,0;d;,2]

For this multiplet we remove Qa,Q2;, Q2. from the basis of auxiliary Verma-module gener-
ators. We summarise the actions of the @ supercharges in table 16.
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Q actions for Alcy, ca, c3; d1, da]

Level: 0

[c1, ca, c35d1, do]

Level: 1

[e1 +1,¢9,¢35d1,do + 1], [e1 + 1,2, ¢35d1,do — 1], [e1 — 1,0+ 1,¢35dr,do + 1], [e1 — 1,2 + 1, ¢3;dy, do — 1],
[c1,¢2 = 1,e3 4 1,dy,d2 + 1], [c1,ca — 1,3+ 1,d1,da — 1], [c1,¢2,¢3 — 1;dy,do — 1]

Level: 2

[c1 + 2, co,¢3;d1,da], [c1,¢2 + 1, ¢e35d1,da + 2], 2[c1,c2 + 1, ¢3;d1,da], [c1,c2 + 1, ¢3;d1,da — 2],

[e1 —2,c0 +2,¢35dy1,da], [e1 +1,c0 — 1,e34+ 1;d1,da+ 2], 2[c1+1,c0 —1,¢3+ 1;dy,da], [e1 — 1,¢2,¢3 4+ 1;dy,d2 + 2],
2[c1 — 1,¢2,¢c3+ 1;dy, da], [c1 +1,c0 — 1,e3 + 15d1,do — 2], [e1 — 1,0, ¢c3 + 1;dv,da — 2], [e1, ¢ — 2, ¢34 2;dy, da],

[e1 +1,¢9,03 — 15dy,da], [e1 + 1,¢2,¢3 — 1;dy,da — 2], [e1 — 1,e2 + 1,¢3 — 1;da,da], [e1 — 1,ca+ 1,¢3 — 1;dy, do — 2],
[e1, ¢ — 1,¢35d1,da), [e1,¢2 — 1, ¢35d1,do — 2]

Level: 3

[er +1,ca+ 1,¢35d1,d2 + 1], [er + 1, ca + 1, e35d1,d2 — 1] e — 1,62 + 2, ¢35d1,d2 + 1, [e1 — 1, e2 + 2, ¢3;dy, d2 — 1],
[c14+2,¢0 — 1,c3 4 1;dy, do + 1],[c1, c2,c3 + 15d1, d2 + 3],3 [c1, ¢2,c3 + 15d1,d2 + 1], 3 [c1, ¢2,c3 + 15dy, dp — 1],

[c1 = 2,0+ 1,c34 1;dy,do + 1],[e1 + 2,2 — 1,¢3 + 1;dy, d2 — 1] [er, e2,¢3 4+ 15dy, do — 3),[er — 2,c2 + 1, ¢3 + 1;dy, dp — 1,
[C] +1,c0—2,¢c3+ 2;d17d2 -+ 1]7[01 +1,c0 —2,¢c3+2; dy,dy — 1]7[61 —1,c0—1,c3 +2;d1,d2 + 1],[81,02 —2,c3+ 1;d1,d2 — 1]

[e1 +2,¢0,c3 = 13dy,dg — 1],[c1,ca + 1,¢3 — 15dy,da +1],2 [e1,ca + 1,¢3 — 15dy,da — 1] [er, 2 + 1, ¢3 — 1;dy, d2 — 3],
[e1—2,¢c0+2,¢3 = 1;di,da — 1),[er + 1,¢2 — 1, e35d1,do + 11,2 [e1 + 1, ¢2 — 1, ¢35d1,do — 1] e1 — 1, ¢o, ¢33dy, d2 4 1],
2 [c1 — 1,¢o,¢37d1,do — 1],Jer + 1, ¢ — 1, ¢35y, do — 3),[c1 — 1, ¢2,¢35d1,do — 3, [e1 — 1, ¢ — 1, ¢3 + 25y, do — 1],

Level: 4

[c1, 2 4 2,¢3;d1, do],[e1 4+ 1, c2,¢3 + 15d1,d2 + 2],2 [e1 + 1, ¢, ¢34 1;d1, do][er — 1, c2 + 1, ¢34 1;dy,do + 2],

2 [C] —1l,co+ 1,3+ 1;d17d2]7[01 +1,¢9,c3 + 15d1,do 72],[01 —1,c0+ 1,¢c3+ 15dy,ds 72],[01 +2,c2 72,C3+2:d1,d2],

2716‘34’2'(11 d2+2] [ 27163+2'd1 dg] [0170271 C3+2'd1 dz*?] [0172 02,C3+2'd] dz]

ci+1,c0+1,c3—1; dl,dg] [61+1 co+1,¢3 —1;dy, 272] [6171 coy+ 2,03 —1; dl,dz] [0171 co+2,c3 — 1;dy, 272]

[e1,

[

[e1 4+ 2,2 — 1,¢3;dy, da],[cr, 2, c35dr, do + 2],3 [e1, ¢a, 35 da, dal,3 [c1, 2, c35d1, d2 — 2],

[e1 = 2,¢9 + 1,¢3;d1, dal,[e1 + 2,0 — 1, ¢35 dy, do — 2),[c1, 2, ¢33 dr, do2 — 4,1 — 2, ¢ + 1, ¢35dy, doy — 2],
[

c1+1,c0—2,¢3+1; dl,dz] [(‘1-‘1-1 cog—2,¢c3+1; dl,dz—Q} [(’1—1 co—1,c34+1; dl,dg} [(’1—1 co—1,c34+1; d17d2—2]

Level: 5

[C],Cz+176‘3+1;d1,d2+1],[C1,02+176‘3+1;d1,d2 - 1],[01 +1,¢c0 — 1703+2;d1,d2+1],[(:1 +1,c0 —1,c3+ 2;dy,do —
[c1 = 1, e2,¢3 + 25 d1,d2 + 1] [e1 — 1,2, ¢3 + 25d1, d2 — 1)[e1, 2 + 2, ¢3 — 1;dy, d2 — 1],[e1 + 1, ¢2, c35.da, d2 + 1],
2 [c1 +1,¢o,¢3;d1,do — 1],Jer — Lco + 1, ¢35d1,da + 1),2 [e1 — 1,0 + 1, ¢35dy, dp — 1),[e1 + 1, ¢2, ¢35.dy, do — 3],

[er — 1, ea + 1, e35d1,d2 — 3l[er + 2,02 — 2,¢3 + 15dy, da — 1 Jer, 2 — ez + Lidy,d2 + 10,2 [er, ¢ — 1,3 + 15dh, dp — 1],

[c1,c2 = 1,¢c3 + 15d1,d2 — 3],[c1 — 2, ¢2,c3 + 1;dy,da — 1]

1]7

Level: 6

[e1, ¢, ¢34+ 25d1, do],[e1, ¢ + 1, e33dy, da)y[er, ¢ + 1, e35dy, do — 2],[e1 + 1, ¢ — 1, ¢3 + 15.dy, da),
[e1+1,¢c0—1,¢3+ 15dy,da — 2),[c1 — 1, ¢2,¢3 4 13 dy, dol,er — 1, ¢, ¢3 + 15dy, do — 2]

Level: 7

[c1, ¢, ¢34 1;d1,do — 1]

Table 4. The spectrum of A[cy, ca, ¢35 d1, da] associated with the action of Qs.
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Q actions for Alcy, ¢z, ¢3;dy, da)

Level: 0

[c1, 2, c3;d1, da)

Level: 1

le14+1,e0,e37dy +1,da — 1), [er + 1, e, e35d1 — 1,da 4+ 1),[e1 — 1,2+ 1,e35d1 + 1,do — 1],[er — 1, ca 4+ 1,e35d1 — 1,do + 1],
[e1,c2 = 1,e3+ 1;5dy 4 1,da — 1] [er, ¢ — 1,e3 + 1;dy — 1,da + 1] [e1, e2,¢3 — 1;dy +1,d2 — 1],[c1, e2,¢3 — 15dy — 1,do + 1]

Level: 2

[e1 + 2, ¢, ¢35d1, dal[er, co + 1, e33dy + 2,do — 2],2[c1, ¢ + 1, e3;dy, da),[er, c2 + 1, ¢35dh — 2,da + 2],

[er = 2,e04 2,¢35d1,da)Jer + 1,0 — ¢35+ 1;dy 4+ 2,d2 — 2],2[c1 + 1,0 — 1, ¢35 + 1;dy, do),Jer — 1,0, ¢35 + 15dy + 2,dy — 2],
2[e1 — 1,¢9,¢3 + 1;dy, do),[er + 1,00 — 1, e3+ 15dy — 2,da + 2],[c1 — 1, ca,c3 + 1;dy — 2,da + 2],[c1, c2 — 2, ¢3 + 25 dy, da),
le1+1,c0,¢3 — 1idy + 2,da — 2],2[c1 + 1, ¢0,¢3 — 1;dy,dasJer — Lea + 1,03 — 15dy + 2,do — 2],2[c1 — 1,e2 + 1, ¢3 — 1;dy, da],
leryea — 1oesydy 4 2,da — 2],2[c1, c2 — 1, ¢35 dy, do),er + 1, e0,¢3 — 15dy — 2,da + 2),[c1 — 1,e0 4+ 1,03 — 15dy — 2,da + 2],
[C‘],CQ —1,¢c3;d1 —2,d2 + 2],[(21,(32,(33 — Q;d],dg]

Level: 3

et +1,e04+1,¢e35d1 + 1,da — 1),Jer + 1,04+ 1,¢e35d1 — 1,da + 1],Je1 — 1,e0 4+ 2,¢35dy + 1,da — 1)1 — 1,00 4+ 2,¢35dy — 1,da + 1],

[er + 2,0 —1,e3+ 1;dy + 1,d2 — 1][c1, e, ¢3 + 15dy + 3, da — 3],3[c1, ca, c3 + 15dy + 1,d2 — 1],3[c1, ¢c2,¢3 + 1;dy — 1,d2 + 1],

1 —2,c04 1,e5+ 1;di + 1,de — 1],[e1 + 2,¢0 — 1, e3 + 1;dy — 1,da + 1],[e1, c2,¢3 + 15dy — 3,da + 3],[e1 — 2,¢2 + 1,e3 + 1;dy — 1,da + 1],
1 +1,c0—2,¢c3+25d1+1,do — 1],[er + 1,00 — 2,63+ 25dy — 1,da + 1],Je1 — 1,c0 — 1,e3 + 25d1 + 1,d2 — 1],

leryea —1,e3 — 15dy — 1,da + 1) er, c2 + 1,03 — 15dy + 3,da — 3),3[c1, ca + 1, ¢35 — 1;dy + 1,do — 1],3[c1,e2 + 1,¢3 — 1;dy — 1,d2 + 1],
1 —2,c042,¢5 = 1;di +1,dy — 1],[e1 + 1,¢2 — 1,e3;dy + 3,do — 3],3[c1 + 1,¢2 — 1,e3;dy + 1,da — 1],Je1 — 1, ¢2,¢35dy + 3,da — 3],
3ler — 1,ea,e33d1 + 1,do — 1),3[c1 + 1,¢2 — 1,e3;dy — 1,do + 1],3[c1 — 1, ¢2,¢3;d1 — 1,do + 1],[e1, 02 — 2, ¢35+ 15dy + 1,dy — 1],
[er+2,¢0,03 — 15d1 — 1,da + 1) e, e2 + 1,e3 — 15dy — 3,da + 3),Je1 — 2,¢0 4+ 2,03 — 1;dy — 1,do + 1],[e1 + 1,0 — 1, ¢3;d1 — 3,d2 + 3],
[er = 1,¢0,¢35dy — 3,da + 3,e1,c0 — 2,¢3 + 1;dy — 1,da + 1],Jer + 1, ¢9,¢3 — 2;dy + 1,d2 — 1],[er + 1, ¢2,¢3 — 2;dy — 1,d2 + 1],

1 =1, co4+1,e53—2;d1 + 1,da — 1],[er — 1, ea + 1,03 — 25dy — 1,do + 1),[e1, 00 — 1,¢3 — 15dy + 1,dy — 1],

[01 +2,c9,¢3 — 1;dy + 1,do — 1],[(;1 —lco—1,¢c34+2;dy — 1,do + 1],

Level: 4

[(11,02 + Q,Cg;dl,dﬂ,[cl +1,¢9,c3+ 1;dy + 2,dg — 2]72[01 +1,c9,c3 + l;dl,dz],[ﬁl —1l,co+1,e3+ 1;dy +2,dy — 2],

2[(;1 —1l,co+1,¢c3+ 1;d17d2],[61 +1,c0,c3+ 1;dy — 2,d2 + 2],[61 —1l,co+1,e34+1;d1 —2,dy +2],[(;1 +2,c0 —2,c3 + Z;dhdg],
leryea — 1,es + 2;5d1 + 2,dy — 2],2[c1, ca — 1, ¢3 + 25dy, da)y[er, ca — 1, ¢3+ 25 dy — 2,da + 2],[e1 — 2, ¢2, ¢3 + 2;dy, da),
[er+1,c04+1,c3—1;d1 +2,do — 2].2[c1 + 1, ¢ca + 1, ¢35 — 1;dy, da) aler — 1, ca + 2,¢3 — L;dy + 2,do — 2),.2[ch — 1, ¢ + 2, ¢3 — 1;dy, do),
[Cl +2,c0—1,c3;dy + 2,dy — 2],[01,62,(;3;d1 +4,dy — 4],4[01,(32,03;611 +2,dy — 2],6[01702,(:3;(11,(12]7

[e1 —2,c04 1, ¢35d1 + 2,da — 2],2[c1 + 2,¢2 — 1, ¢35 d1, da) 41, co, c35d1 — 2,do + 2], 2[c1 — 2,¢0 4+ 1, ¢3;d1, da),

[er+1,e0—2,e3+ 1;dy +2,d2 — 2].2[c1 + 1,¢0 — 2, ¢35 + 1;dy,daly[er — 1,02 — 1,3 + 15dy + 2,da — 2],2[c1 — 1,00 — 1,3 + 15dy, do],
[Cl +1,ca+1,¢3—1;d; —2,dy +2],[Cl —1,ca+2,¢c3—1;dy —2,dy + 2],[(31 +2,c0—1,c3;dy — 2,da + 2],[(31,62703;(11 —4,ds +4],
[01 —2,c0+ 1,¢3;dy — 2,do + 2],[01 +1,c2—2,¢c3+ 1;d1 — 2,dy +2],[c1 —l,co— 1,3+ 1;dy —2,da + 2],

ler + 2, 0,03 — 25d1,da),Jer, e + 1,03 — 25d1 + 2,da — 2],2[c1, ca + 1, ¢3 — 2;dy, da)[e1, ca + 1, ¢3 — 25dy — 2,da + 2],

[er = 2,e04 2,¢3 — 2;dy,dalyJer + 1,00 — 1,3 — 15dy + 2,da — 2],2[c1 + 1,02 — 1,03 — 15dy, da],[er — 1, ¢a,03 — 15dy + 2,da — 2],

2[(31 —1,c0,c3 — 1;d1,d2]7[c1 +1,c0 —1,¢3 — 1;dy — 2,da + 2],[(31 —1,c0,¢3 — 1;dy — 2,dy + 2],[(31,(:2 — Q,Cg;dlﬁdz]

Level: 5

lerye2 + 1,03+ 15dy + 1,de — 1) er, 02 + 1,3 + 15dy — 1,da + 1),Je1 + 1,00 — 1,03 + 25dy + 1,d2 — 1],

[(31 —1,c9,¢3+2;dy + 1,dy — 1],[(31 —1,c2,¢3+2;dy — 1,da + 1],[(31,(22 +2,¢3—1;dy + 1,dy — 1],[(31 +1,¢9,¢3;dy + 3,da — 3]A,

3[(;1 +1,¢9,¢c3;d1 +1,d2 — 1],[(;1 —1,co+ 1,¢3;dy +3,do — 3],3[(;1 —1,co4+1,¢3;d1 + 1,dy — 1],3[01 +1,c9,c3;dy — 1,da + 1],

3ler —1,ca+ 1,e33dy — 1,do + 1],[e1 + 2,0 — 2,5 + 15dy + 1,da — 1),[er,c2 — 1,e3 + 1;dy + 3,da — 3].3[c1,c0 — 1,e3+ 1;dy + 1,d2 — 1],
Bler, e — ez + 1;dy — 1,do + 1),[e1 — 2,2, ¢34+ 15dy + 1,da — 1], [c1,ca + 2,¢3 — 1;dy — 1,da + 1),[e1 + 1, 2, ¢35 dy — 3,da + 3],

1 —1,ca4 1,e35d1 — 3,da + 3],[e1 + 2,¢2 — 2,¢3 + 1;dy — 1,do + 1],[e1, 02 — 1, e5 4+ 15dy — 3,da + 3,[c1 — 2, ¢0,¢5 + 1;dy — 1,do + 1],
[er+1,c04+1,e3—2;dy +1,do — 1],[er + 1,ea + 1,3 — 25dy — 1,da + 1),[e1 — 1,00 4+ 2,03 — 2;dy + 1,d2 — 1],

[er + 2,0 —1,¢3 — 1;dy + 1,d2 — 1],[c1, ¢, ¢3 — 15dy + 3, da — 3],3[c1, ca,c3 — 15dy + 1,d2 — 1],3[c1, 2,03 — 1;dy — 1,d2 + 1],

1 —2,c041,¢5 — 1;di + 1,do — 1],[e1 + 2,¢2 — 1,03 — 1;dy — 1,da + 1),[e1, ¢2,¢3 — 15dy — 3,da + 3],

[(:1 + 1,60 —2,¢c3;d1 + 1,d2 — 1],[(;1 + 1,60 —2,¢c3;dy — 1,d2 + 1],[(;1 —1,c0—1,e3;dy + 1,do — 1],[(;1 —1,c0 —1,¢3;dy — 1,do + 1],

[et = 1,ea4+2,¢3 —2;dy — 1,do + 1],[e1 + 1,0 — 1,es + 25dy — 1,da + 1),[e1 — 2,¢0 4+ 1,03 — 15dy — 1,d2 + 1],

Level: 6

[(:1,(,‘2703 —+ 2;d17d2],[(;1702 +1,¢3;dy +2,dy — 2],2[(;1702 + 1,(,‘3;(11,612]7[()1 +1,c0—1,e5+ 1;dy + 2,dy — 2],

2[e1 + 1,0 — 1,¢3 + 15d1,da)Jer — 1, 0,03 + 15dy + 2,da — 2],2[c1 — 1, ¢2,¢3 + 1;dy, da)[er, ca + 1, ¢35d1 — 2,da + 2],
[er+1,c0—1,c3+1;d1 —2,da + 2],[e1 — 1,¢2,¢3 + 1 dy — 2,da + 2],[c1, 2 + 2, ¢35 — 2;dy, dal[c1 + 1, 2,03 — 1;dy + 2,d2 — 2],
2[(}1 +1,c9,c3 — l;dl,dg]ﬁ[cl —lyco+1,e3—15d1 +2,dy — 2],2[(31 —1l,co+1,c3 — 1;d1,dg],[01 +1,c0,¢3 — 1;dy — 2,da + 2],
[er = 1Lea+1,¢3 — 1;dy — 2,da + 2],[e1 + 2, ¢0 — 2, ¢3;dy, dal[er, co — 1, e35d1 + 2,da — 2],2[c1, ¢ — 1, ¢3;d1, do],

leryea — 1,es3dy — 2,da + 2],Jer — 2, ¢, ¢35d1,da] ,

Level: 7

le1,e0,¢3 4+ 15dr + 1,do — 1][cr1, c2,03 + 1;dy — 1,do + 1),[e1, 62 + 1,¢3 — 15dq + 1,da — 1,1, co 4+ 1,c3 — 1;dy — 1,do + 1],
[e1+1,ca = 1,e35d1 4+ 1,da — 1] [er + 1,0 — 1,e3;d1 — 1,da + 1] [er — 1, ¢, ¢3;dy +1,d2 — 1],[e1 — 1, ¢9,¢3;d1 — 1,da + 1]

Level: 8

[c1, c2, ¢33 d1, da]

Table 5. The spectrum of A[cy, ca, c3; d1, do] associated with the action of Qs.
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Q actions for Bley, ¢z, 0;d1, da]

Level: 0

[e1, 2, ¢35dy, do]

Level: 1

[er +1,¢0,¢33d1,do + 1],[e1 + 1, ¢, ¢35d1,do — 1], [er — 1, e2 + 1, ¢35d1,do + 1), [er — 1, ¢2 + 1, ¢35d1,dp — 1],
[c1,62 — 1, ¢34 1;dy,d2 — 1] [e1, c2,¢3 — 1;dp,da — 1]

Level: 2

[e1 +2,¢2,¢35d1, do],[c1, 2 + 1, c35d1, do + 2],2[c1, c2 + 1, es5.d, dalJer, ea + 1, e35da, do — 2)[e1, 2 — 1, ¢35.dh, da — 2],
[e1 = 2,¢2 +2,¢3;dy,da),Jer + 1,00 — 1,es + 1;dy, dalJer + 1,00 — 1,3 + 15 dy, do — 2),[e1 — 1, ¢, 03 + 15d1, do),

[er — 1,¢2,¢3 + 15d1,da — 2],[c1 + 1,2, ¢c3 — 15dy, dal,[e1 + 1, ¢, 03 — 1;da,do — 2],[c1 — 1, ¢ + 1, ¢35 — 1;d4, da],

[er —1,e2 4+ 1,¢3 — 1;dy,dy — 2]

Level: 3

[er + 1,2+ 1,¢35d1,da + 1),Jer + 1,e2 + 1, e35d1,da — 1],[er — 1,02 + 2, ¢35d1,da + 1],[c1 — 1,¢2 + 2, ¢35dy,d2 — 1],
[e1,¢2,e3 + 15di, do + 1),2[c1, co, c3 + 15 di, do — 1],[e1, co, e + 15 di, do — 3,[er — 2, ¢+ 1,¢3 + 1;dy, do — 1],

[er +2,¢2,¢3 — 15dy,da — 1],[c1,e2 + 1, ¢35 — 15dy,da + 1],2[c1, 02 + 1, ¢35 — 15dy, do — 1] [c1,¢2 + 1, ¢c3 — 15dy, da — 3],
[er + 1,02 — 1,e35d1,da — 1],Jer + 1,02 — 1, ¢35dy,da — 3],[e1 — 1, ¢2, ¢33da, d2 — 1],[e1 — 1, ¢a, ¢35d1,da — 3],

[er +2,e0 —1es + 1;di,da — 1),[er — 2, ¢ + 2,¢3 — 1;dy, do — 1]

Level: 4

[er,e2 + 2, ¢35d1,da)y[er + 1, ¢, ¢3 + 15d1, doly[er + 1, ¢, 03 + 15d1,do — 2], Je1 — 1,0 + 1, ¢3 + 1;dy, dal,[c1, 2, c35dr, do — 4],
[er = 1,e2 4+ 1,e3 4+ 1;dy1,d2 — 2),Je1 + 1, ca + 1,03 — 1;dy, da),Jer + 1, ca + 1,03 — 1;dv, do — 2],[e1 — 1, ¢2 + 2,¢3 — 1;d4, da),
[e1 — 1, e+ 2,¢3 — 15dy, d2 — 2] [e1 + 2, ¢2 — 1, ¢3;dy, d2 — 2],[ex, e2, ¢35 d1, da] 2[en, e2, ¢35 da, do — 2],

[er —2,¢0 +1,¢35dy1,da — 2]

Level: 5

[er,ea+ 1, ¢3 + 15dy,da — 1),[c1, c2 + 2, ¢3 — 15dy, da — 1],[e1 + 1, ¢2, ¢33 da, d2 — 1],[e1 + 1, ¢a, ¢35 d1, da — 3],
[e1 = 1,c0+1,¢35d1,d2 — 1]er — 1,¢0 + 1, ¢3;dy, d2 — 3]

Level: 6

[e1,62 +1,¢35d1,dy — 2]

Table 6. The spectrum of B[cy, co, 0; d1, do] associated with the action of @s.
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Q actions for Blci, ¢2,0;dy, 1]

Level: 0

[c1,¢2,05dy, 1]

Level: 1

[e1 4+ 1,ca,e37dy +1,d2 — 1),[e1 + 1, ¢2,¢37d1 — 1,da 4+ 1],[c1 — 1, e2 + 1,e35d1 + 1,do — 1],[e1 — 1, e2 4+ 1,e35d1 — 1,do + 1],
[e1,ca = 1,e3+ 15dy 4+ 1,do — 1] [er, ¢ — 1,e3 + 15dy — 1,da + 1] [er, e2,¢3 — 1;dy + 1,d2 — 1],[er, e2,¢3 — 15d1 — 1,do + 1]

Level: 2

le1 + 2, ¢, ¢37dy,dal,[e1, c2 + 1, e35dy + 2,da — 2],.2[c1, c2 + 1, ¢33.dy, da)[er, c2 + 1, e35dy — 2,da + 2],

le1 —2,c04 2,¢35d1,dol,[er + 1,00 — 1es + 1;dy +2,d2 — 2],2 [e1 + 1,00 — 1, e3 + 1;dy, da]Jer — 1, ¢, ¢3 + 15dy + 2,da — 2],
2[e1 — 1,¢2,¢3+ 1;dy, dal,Jer + 1,00 — 1,3 + 15dy — 2,da + 2),[c1 — 1, 0,3 + 15dy — 2,da + 2),[e1, c2 — 2, ¢3 + 25 dy, do),
le1+1,¢0,¢3 = 15dy + 2,da — 2].2[c1 + 1, ¢, — 1;dy, da),Jer — 1, ea + 1,03 — 1;dy + 2,do — 2],2[c1 — 1,0 + 1, ¢3 — 15dy, da],
2[c1, ¢ — 1, ¢33dy,da)y[e1 + 1, 2,03 — 15dy — 2,da + 2],Je1 — 1,ca 4+ 1,3 — 15d1 — 2,do + 2],[c1, c0 — 1, e35dy — 2,d2 + 2],

[e1, ¢2,c3 — 2;dy, da]

Level: 3
e+ 1eotliegsdi +1,de — 1) fer + 1, e+ 1egsdy — 1,da + 1] ,[er — 1, e2 + 2, e35d0 + 1,d2 — 1],[e1 — 1,2 + 2, ¢35d1 — 1,d2 + 1],
1 +2,c0—1,¢3+ 1;dy + 1,d2 — 1][c1, e, ¢3 + 15d1 + 3,da — 3],3[c1, ca, c3 + 1;dy + 1,d2 — 1],3[c1, ¢c2,¢3 + 1;dy — 1,d2 + 1],

[

[

1 —2,c04 1,e5+ 1;di + 1,de — 1],[e1 + 2,00 — L, e3 + 1;dy — 1,da + 1],[e1, co, ¢35 + 15dy — 3,da + 3],[e1 — 2,c2 + 1,e3 + 1;dy — 1,da + 1],
[er+1,c0—2,e34+2;dy + 1,do — 1],[er + 1,0 — 2,3 + 25dy — 1,da + 1),[Je1 — 1,00 — 1,03 4+ 25dy + 1,d2 — 1],

ler+2,¢0,03 — 15d1 + 1,da — 1] er, 02 + 1,03 — 15dy + 3,da — 3),3[c1,ca + 1,¢3 — 1;dy + 1,do — 1],3[c1, 02+ 1,¢3 — 1;dy — 1,d2 + 1],

1 —2,¢c042,¢5 — 1;d1 +1,do — 1],2[c1 + 1,¢0 — 1,e35d1 + 1,do — 1],3[c1 + 1,¢a — 1,¢3;d1 — 1,da + 1], 2[c1 — 1, ¢2,¢33d1 + 1,d2 — 1],
3ler — 1,¢2,¢35d1 — 1,da + 1],[e1 + 2,¢0,¢3 — 15dy — 1,da + 1) e, c2 + 1,e3 — 15dy — 3,da + 3),Je1 — 2,604+ 2,03 — 1;dy — 1,do + 1],

[er +1,e0 — 1,¢e35d1 — 3,da + 3], Je1 — 1,0, ¢33dy — 3,d2 + 3,c1,c0 — 2,¢3 + 1;dy — 1,da + 1],[er + 1, ¢2,¢3 — 2;dy + 1,d2 — 1],
er+1,¢0,¢3 —25dy — 1, da + 1],[er — Lea + 1,03 — 25dy + 1,do — 1),Je1 — Lo+ 1,3 — 25dy — 1,da + 1], [c1,c2 — 1,05 — 1;dy — 1,do + 1]
e —=1,ca—1,c3+2;dy — 1,da + 1]

Level: 4

le1, ¢4 2, ¢35dr, dal [er + 1, ¢, 03 + 1;dy + 2,do — 2],2[c1 4+ 1, 0,03 + 1;dy, da),Jer — 1,c0+ 1, ¢354+ 15dqy + 2,dy — 2],

2[er — 1,2 + 1,e3 + 15dy, do),Jer + 1, 00,03 + 15dy — 2,da + 2),Je1 — 1,e0 4+ 1,e3 4+ 15dy — 2,do + 2],[c1 + 2,¢2 — 2,¢3 + 25 dy, da),
le1,e0 = 1,3+ 25d1 + 2,da — 2].2[c1, ¢ — 1,3 + 2;dy, da)[c1, c2 — 1,03 + 25dy — 2,da + 2],[e1 — 2, ¢2, ¢34 2;dy, da],

[er+1,c04 1,e5 — 1idi +2,dy — 2],2[c1 + 1,¢ca 4+ 1,3 — 1;d1, dol,[er — 1, c0 + 2,03 — 1;dy + 2,da — 2),2[c1 — 1, ¢0 + 2,03 — 1;dy, da),
2[e1 + 2,2 — 1, ¢3;dy, d2],2[cr, 2, c3;d1 + 2,da — 2],5[cq, ¢, ¢35d1, do] A[er, o, e3;dy — 2,da + 2],

2[e1 = 2,¢a + 1,¢3;dy,do),[er + 1, e0 + 1,03 — 15dy — 2,da 4+ 2],[e1 — L, ca 4+ 2,3 — L;dy — 2,do + 2),[e1 + 2,00 — 1, e35dy — 2,da + 2],
le1,co,c35dr — 4,da +4],[e1 — 2,c0 + 1, e3;dy — 2,do + 2),[e1 + 1,00 — 2, ¢34+ 15dh, da],Jer + 1,0 — 2,3 + 1;dy — 2,d2 + 2],

[er = 1,0 —1,¢3+ 1;dy,dal,Jer — 1,02 — 1,3 + 15d1 — 2,da + 2],[c1 + 2, ¢2, ¢35 — 25dy, da) e, 02 + 1,¢3 — 25dy + 2,day — 2],

2c1, e+ 1, ¢35 — 2;dy, do)[e1, 02 + 1,03 — 25dy — 2,da + 2],[c1 — 2, ¢+ 2,¢3 — 2;d1,da) [e1 + 1,00 — 1, ¢3 — 15 dy, da),

1 +1,c0—1,¢3 — 15d1 — 2,do + 2],[e1 — 1, ¢2,¢3 — 1;dy, da],Jer — 1, ¢, ¢35 — 15dy — 2,da + 2]

Level: 5

ler,ea4+ 1,es+ 15dy + 1,do — 1] [er,ca + 1,03 + 1;dy — 1,do + 1),Je1 + 1,c0 — L,es + 25dy + 1,da — 1],[er + 1,e2 — 1,03 + 25dy — 1,do + 1],
[er = 1,eo,e3 +2;5d1 + 1,da — 1),Jer — 1, e, 03 + 25dy — 1,da + 1] [er, co + 2,3 — 15dy + 1,do — 1],2[er + 1, ¢2,¢35d1 + 1,dp — 1],

3ler + 1,¢0,¢35d1 — 1,da + 1],2[c1 — 1,00 + 1,e35dr + 1,da — 1], 3[er — 1,02 + 1,e33dy — 1,da + 1]er, c0 + 2,¢3 — 1;dy — 1,da + 1],
le1+1,¢0,¢35d1 — 3,da + 3],[er — 1, e0 + 1,e33dy — 3,d2 + 3),[e1 + 2,00 — 2,¢35 4+ 15dy — 1,da + 1], [c1,¢2 — 1,e5 + 1;dy + 1,do — 1],

2ler, 0 — 1,e3 4+ 1;dy — 1,do + 1],[c1,00 — 1,e3 4+ 1;dy — 3,d2 + 3],[c1 — 2,¢2,c3 4+ 1;dy — 1,do + 1], [er + 1, co + 1,¢3 — 2;dy + 1,da — 1],
ler+1,c04+1,c3—2;d1 —1,do+ 1],[ec1 — 1, e0 + 2,03 — 2;dy + 1,da — 1],Je1 — 1, co + 2,¢3 — 2;dy — 1,da + 1],

le1,e0,¢3 — 15dy + 1,do — 1],2[c1, ¢, ¢3 — 1;d1 — 1,da + 1],[c1, c2, 03 — 1;dy — 3,da + 3],Je1 — 2,0+ 1,¢3 — 15dy — 1,da + 1],
ler+2,c0—1,¢c5—1;dy — 1,da + 1]

Level: 6

[e1, ¢, 3 +2;d1, do) 2[c1, 2 + 1, e35dy, dalfer, ea + 1, ¢35dy — 2,da + 2], [er + 1, ¢ — 1,¢3 4+ 15.dy, da),
[er +1,e0—1,e3+ 1;dy — 2,d2 + 2],[c1 — 1, ¢2,¢3 + 1;dy, dal,[e1 — 1, ¢o,e3 4+ 1;dy — 2,do + 2],[c1, ¢2 + 2, ¢3 — 2;dy, do],
[Cl +1,c9,c3 — 1;d1,d2],[01 +1,¢9,¢3 — 1;dy — 2,da + 2],[01 —1l,co0+1,c3 — 1;d1,d2]7[cl —1l,co+1,¢3—1;d; —2,dy + 2]

Level: 7

[61762,63+1;d] — 1,d2+1],[61,82+1,63 —1;dy — 1,d2+1]

Table 7. The spectrum of Bley, co, 0;dy, 1] associated with the action of Qs.

- 90 —




(:2 actions for Bley, ¢2,0;dq, 0]

Level: 0

[e1, 2, ¢3;dy, da)

Level: 1

[e1 +1,¢o,¢35d1 +1,da — 1],[c1 + 1,2, ¢35d1 — 1,da + 1] ,[er — 1, e + 1, e35dh + 1,dg — 1], [e1 — 1,0 + 1, ¢35d1 — 1,da + 1],
e, — 1,34+ 1;dy — 1,da + 1],[c1, ¢2,¢3 — 1;dy — 1,da + 1]

Level: 2

le1 4+ 2, ¢2,¢35d1,da)[e1, 2 + 1, e33dy + 2,do — 2],2[c1, c2 + 1, ¢3;dy, da][er, co + 1, ¢35dy — 2,da + 2],

o1 = 2,60 +2,¢3;dy,da)Jer + 1,c2 — 1, ¢34+ 1;dy, da),Je1 + 1,¢2 — 1,3+ 1;dy — 2,da + 2],[e1 — 1, ¢o, 3 + 1 dy, da],

[er = 1,e0,¢34+ 1;dy — 2,da + 2],[e1 + 1, ¢, ¢35 — 1y dy, dal[er + 1, ¢, ¢35 — 1;dy — 2,da + 2),[e1 — 1, ca + 1,03 — 15d1, da),
[et = 1,e0+1,¢5 — 1;dy — 2,da + 2),[c1,¢2 — 1, ¢3;d1 — 2,da + 2]

Level: 3

[er+ 1,60+ 1,e35d1 + 1,da — 1],Jer + 1, ca+ 1,e35dy — 1,do + 1),Je1 — 1,ea + 2, ¢35d1 + 1,da — 1], [er — 1,60+ 2,¢33d1 — 1,da + 1],

[er +2,60—1,¢e3+ 1;dy — 1,da + 1),[c1, co,¢3 + 1;dy + 1,do — 1],2[c1, ¢2, ¢35 + 1;dy — 1,da + 1],[c1, ¢2, ¢35 + 1;d1 — 3,da + 3],

[er = 2,c0+ 1,e3+ 1;dy — 1,da + 1),[e1 + 2, ¢0,03 — 15dy — 1,d2 + 1], Jc1,ca + 1,3 — 1;dy + 1,da — 1],2[c1,c2 + 1, ¢35 — 1;dy — 1,da + 1],
[ei,ea+ 1,3 —1;dy —3,da+ 3],[e1 — 2,04+ 2,63 — 15dy — 1,do + 1], Jer + 1,02 — 1,e35dy — 1,da 4+ 1],Jer + 1,0 — 1, ¢3;dy — 3,d2 + 3],
[er = 1,e9,¢35d1 — 1,da + 1],[er — 1, ¢2, ¢35d1 — 3,d2 + 3]

Level: 4

c1,02 + 2, ¢35d1,do)y[e1 + 1, ¢, 03 + 1;dv, doly[er + 1, co,03 + 15dy — 2,da + 2],[e1 — 1,c2 + 1, ¢34 15d1, do),

1 — 1o+ 1,e3+ 1;dy — 2,da +2),[e1 + 1,ca+ 1,¢3 — 1;dy,da),Je1 + 1,c0 + 1,5 — 1;dy — 2,da + 2],[e1 — 1, ¢+ 2,¢3 — 15d1, da),
1 — 1,04 2,¢3 — 1;dy — 2,da + 2],[c1 + 2,0 — 1, ¢35d1 — 2,da + 2],[c1, 2, ¢35 dv, do),2[c1, c2, c35dy — 2,d2 + 2],

c1,02,¢3;d1 —4,do + 4], Je1 — 2,00 + 1, ¢35dy — 2,da + 2]

Level: 5

lei,ea+ 1,34+ 1;dy — 1,da+ 1],[c1, 02 + 2,3 — 1;dy — 1,da + 1],[e1 + 1, ¢, ¢3;d1 — 1,da + 1],[e1 + 1, ¢2, ¢3:dy — 3,da + 3],

let =1,e0+1,¢3:d1 — 1, da+ 1],[e1 — 1,20+ 1, ¢3;d1 — 3,d2 + 3]

Level: 6

ler,ea 4+ 1,e3;dy — 2,da + 2]

Table 8. The spectrum of Bley, cg, 0;dy, 0] associated with the action of Qs.

Q actions for Cley, 0,0;dy, da]

Level: 0

[e1, ¢2, 35 dy, da]

Level: 1

[e1 +1,¢2,¢3;d1,d2 + 1],[e1 4+ 1, ¢o,¢35dy,da — 1],[e1 — 1, ¢ + 1, ¢3;d1,dg — 1] [er,c2 — 1, ¢3 + 1;dy, do — 1],
[e1,co,c3 = 15dy,do — 1]

Level: 2

[e1 +2,¢2,¢3;d1, do],Je1, e2 + 1, e35dy, dao]Jer, e2 + 1, ¢35dy, do — 2)5[er + 1, ¢ — 1, ¢3 + 1;dy, dol,[er, ¢ — 1, ¢33y, dp — 2],
[e1+1,c2 = 1,c3+ 15dy,da — 2],[er — 1, ¢, ¢34 15d1,da — 2],[c1 + 1, ¢, ¢3 — 1;dy, da],[c1 + 1, c2,¢3 — 1;dy, do — 2],
[er = 1,ca+1,e3 — 15dy,da — 2]

Level: 3

le1+1,c2+ 1, ¢35dy,d2 — 1),[er 4+ 2, ¢ — 1, ¢3 + 1;d1, do — 1),[e1, e2, ¢3 + 15:dy, do — 1,[cq, 2, ¢34 15.dy, dg — 3],
[e1 4+2,¢2,¢3 — 1;dy,dy — 1] [er,c0 + 1,3 — 1;dy,dp — 1),[er, e + 1,¢3 — 1dy,dy — 3),[e1 + 1,0 — 1, ¢35dy,dg — 1],
[e1 +1,¢2 — 1,¢35d1,d2 — 3],[c1 — 1, ¢o,¢3;d1, da — 3]

Level: 4

[e1 4+ 1,¢2,c3 4 1;dy,da — 2], [er + 1,c0 4+ 1,3 — 15dy, do — 2] [e1 + 2,62 — 1, ¢33dy, da — 2], [e1, ¢o, €33 dy, do — 2],[c1, ca, €35d1, do — 4]

Level: 5

[e1 +1,¢2,¢3;d1,do — 3]

Table 9. The spectrum of C[cq,0,0; dy, do] associated with the action of @s.
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Q actions for C[cy,0,0;dy, 2]

Level: 0

[c1, 2, c3;dy, do]

Level: 1

ler4+1,e0,e37dy +1,dy — 1), [er + 1, e, e35d1 — 1,da 4+ 1),[e1 — 1,2+ 1,e35d1 + 1,do — 1],[er — 1, c2 4+ 1,e35d1 — 1,do + 1],
[e1,c2 = 1,e3+ 15dy 4 1,da — 1] [er, ¢ — 1,e3 + 1;dy — 1,da + 1] [e1, e2,¢3 — 1;dy + 1,da — 1],[c1, e2,¢3 — 15dy — 1,da + 1]

Level: 2

[e1 + 2, ¢o,¢35d1, dal 1, ca + 1, e33dy + 2,d2 — 2],2[c1, e + 1, e33dy, da),[er, c2 + 1, ¢35dh — 2,da + 2],

er = 2,e0 4 2,¢35d1,da)Jer + 1,0 — 1,e3+ 1;dy 4+ 2,da — 2],2[c1 + 1,0 — 1, ¢35 + 15 dy, do)yer — 1,0, ¢35 + 15dy + 2,dy — 2],
2[e1 — 1,¢9,¢e3 + 1;dy, do),[er + 1,00 — 1, e3+ 15dy — 2,da + 2],[c1 — 1, ca,c3 + 1;dy — 2,da + 2],[c1, c2 — 2, ¢3 + 2;dy, da),
le1+1,¢0,¢3 — 15dr +2,do — 2],2[c1 + 1, ¢0,¢3 — 1;d1,da,Jer — 1ea + 1,63 — 15dy + 2,do — 2],2[c1 — 1,¢2 + 1,¢3 — 1;dy, da],
leryea — 1iesydy 4 2,d2 — 2],2[c1, c2 — 1, ¢35 dh, da),Jer + 1, e0,¢3 — 15dy — 2,da + 2),[e1 — 1,e0 4+ 1,03 — 15dy — 2,d2 + 2],
le1, 0 = 1, e35d1 — 2,da + 2,[c1, 2, ¢3 — 25 dy, do)

Level: 3

[er + 1,04+ 1,¢e35d1 + 1,da — 1),Jer + 1,e0 4+ 1,¢e35dy — 1,da + 1),Je1 — 1,00 4+ 2,¢35dy + 1,da — 1) Je1 — 1,00 + 2,¢35dy — 1,da + 1],
le1+2,¢c0—1,¢c5+ 1;d1 + 1,do — 1],[e1, 2,03 + 1;dy + 3,d2 — 3],3[c1, c2,¢3 + 1;dy + 1,do — 1],3[c1, ¢2,¢3 + 1;dy — 1, da + 1],

1 —2,c04 1,e3+ 1;di +1,do — 1],[er + 2,00 — 1, e3 + 1;dy — 1,da + 1),[e1, ¢o,¢3 + 15d1 — 3,da + 3],[e1 — 2,c2 + 1,e3 + 1;dy — 1,da + 1],
[er +1,e0—2,e3+2;dy + 1,do — 1],[er + 1,00 — 2,3 + 25dy — 1,da + 1)1 — 1,00 — 1,03 4+ 25dy + 1,d2 — 1],

ler,e0 = 1,e5 = 15dy — 1,da + 1], [c1,c2 + 1,63 — 1;dy + 3,do — 3),3[c1,c2 + 1,03 — 1;dy + 1,do — 1),3[c1,c2 + 1,03 — 1;dy — 1,da + 1],
1 —2,¢c042,¢5 — 1;dy +1,do — 1],[er + 1,02 — 1,e33dy + 3,d2 — 3],3[c1 + 1,00 — 1,e33dy + 1,d2 — 1],

3ler — 1,¢2,¢35d1 + 1,da — 1],3[c1 + 1,02 — 1,e35dy — 1,da + 1],3[e1 — 1, ¢2,¢35d1 — 1,da + 1) e, c2 — 2,3 + 15dy + 1,dy — 1],
[e1+2,¢0,¢5 —15dy — 1,da + 1],[c1,c2 + 1,03 — 1;dy — 3,da + 3),[c1 — 2,60+ 2,¢3 — 15dy — 1,da + 1],[c1 + 1, ¢ — 1, ¢3:dy — 3,d2 + 3],
le1 —1,¢0,¢35d1 — 3,da + 3,[c1, 02 — 2,¢3 + 1;dy — 1,da + 1) [e1 + 1, ¢, ¢35 — 25dy 4+ 1,da — 1],[e1 4+ 1, 2,03 — 2;dy — 1,d2 + 1],

[er = 1,ea4+1,¢3 —2;dy + 1,do — 1],[er — 1,2 + 1,03 — 25dy — 1,da + 1] [er, 00 — 1,3 — 15dy + 1,dy — 1],

ler+2,¢0,03 — 15dy + 1,da — 1),Jer — 1,00 — 1,03+ 2;dy — 1,d2 + 1],

Level: 4

ler,e2 +2,¢33dh,daly[er + 1,e2,¢3+ 1,dy + 2,do — 2].2[c1 + 1, ¢o,03 + 1,dy, da],Jer — 1,ca+ 1,3+ 1,dy + 2,da — 2],

2[er — 1,ea+ 1,e3+ 1,dy,do),[e1 + 1,0, 3+ 1,dy —2,da 4+ 2],[c1 — L, ca 4+ 1,e3 + 1,dy — 2,da + 2),[e1 + 2,00 — 2, ¢3 + 2;dy, da],
le1,c0 = 1,e3+ 25dy + 2,da — 2],2[c1, ¢ — 1,¢3 + 2;dy, da)[e1, c2 — 1,63 + 25dy — 2,da + 2],[e1 — 2, ¢a, ¢34 2;dq, da],
[er+1,c04+1,e3 —1;dy +2,do — 2].2[c1 + 1,0+ 1,¢3 — 1;dv, daly[er — 1,0 + 2,03 — 15dy + 2,da — 2],2[c1 — 1,00 + 2, ¢3 — 1;dy, do],
ler+2,¢0 — 1,¢e35d1 + 2,da — 2],3[c1, ¢, c35dy + 2,da — 2], 6[cy, ¢, c35d1,da),2[c1 + 2, c2 — 1, ¢35 dy, da),

dler, eo,c37dy — 2,da + 2],2[c1 — 2,00 + 1, e35dy, do)Jer + 1,0 — 2,¢5 4+ 1,dy + 2,do — 2],2[c1 + 1,¢0 — 2,¢3 + 1, d1, da),

2[er —1,e0 — 1,es + 1,dy,do)Jer + 1,04+ 1,63 — 1;dy — 2,do + 2],[cr — 1, ca + 2,¢3 — 1;dy — 2,da + 2),[e1 + 2,00 — 1, ¢3;dh — 2,da + 2],
lerye2,e35dr —4,da +4)Jer — 2,0+ 1,e35d1 — 2,da + 2),Je1 + 1,00 — 2,e3 4+ 1,dy — 2,d2 + 2],[c1 — 1,co — 1,3+ 1,dy — 2,da + 2],
le1 +2,¢0,¢3 — 25dy, dal[er,ca + 1,03 — 25dy + 2,do — 2),2[c1,c0 + 1,03 — 25dy, da),[e1,c2 + 1, ¢3 — 25dy — 2,dy + 2],

le1 —2,c042,¢3 — 25dy,da,[er + 1,00 — 1,03 — 1;dy + 2,d2 — 2],2[c1 + 1,¢0 — 1,¢3 — 1;dy, d),2[c1 — 1, ¢2,¢3 — 1;dy, da],

[er + 1,0 —1,¢3 — 1;dy — 2,d2 + 2],[c1 — 1,¢2,¢3 — 1;dy — 2,da + 2],[c1,c2 — 2, ¢35 dy, da)

Level: 5

ler,ea + 1,3+ 15d1 + 1,de — 1),Jer,e2 + 1,es + 15dn — 1,da + 1) Jer + 1,0 — 1, ¢34+ 25dy + 1,do — 1],[er + 1,0 — 1,3 + 25dy — 1,da + 1],
[er = 10,03 +2;5d1 + 1,da — 1),Je1 — 1, 0,03 + 25dy — 1,da + 1) [er, c2 + 2,3 — 15dy + 1,da — 1],3[e1 + 1, ¢2,¢3;5d1 + 1,da — 1],

3ler 4+ 1,ea,e33d1 — 1,do + 1),2[c1 — 1,ca + 1,e33dy + 1,do — 1),3[c1 — 1, e0 + 1,e33dy — 1,da + 1),Je1 +2,¢0 — 2,¢3+ 15d1 + 1,da — 1],
2[c1,c0 — 1,es+ 1;dy + 1,de — 1),3[c1,c2 — 1,e3 + 1;dy — 1,da + 1) [e1, ¢2 + 2, ¢35 — 15dy — 1,da + 1],[c1 + 1, ¢, ¢3;dy — 3,d2 + 3],

[er = 1,04+ 1,¢35d1 — 3,da + 3], Je1 + 2,60 — 2,¢3 + 1;dy — 1,do + 11,60 — 1, ¢34+ 1;dy — 3,d2 + 3,[c1 — 2,¢2,¢3 + 1;dy — 1,d2 + 1],
[er+1,c041,c5—2d1+1,do — 1],[er + 1, e0 + 1,03 — 25dy — 1,da + 1],Je1 — 1, co 4+ 2,¢3 — 2;dy + 1,dp — 1],

e1+2,¢0— 1,5 — 1;dy + 1,do — 1],2[c1, ¢2,¢3 — 15d1 + 1,do — 1],3[c1, ¢o,¢3 — 1;dy — 1,do + 1],[er + 2,00 — 1,63 — 1;dy — 1,da + 1],
le1,c0,¢3 — 15dy — 3,do + 3],[c1 — 2,c2 + 1,¢3 — 1;dy — 1,da + 1],[e1 + 1,¢0 — 2, ¢35d1 + 1,do — 1],[c1 + 1, c0 — 2, ¢33dy — 1,d2 + 1],

[er —1,c0—1,e35d1 — 1,da + 1],[e1 — 1, ea + 2,03 — 2;dy — 1,do + 1]

Level: 6

ler,e2,¢3 + 25dy, da],2[c1,e0 4+ 1, ¢35 dy, da),2[c1 + 1,02 — 1,3 + 15dy,da), e, c2 + 1, e33dy — 2,d2 + 2],

1 +1,c0—1,c5+ 1;d1 — 2,do + 2],[e1 — 1, ¢2, 03 + Ly dy, do),er — 1, ¢0, ¢34+ 15dy — 2,da + 2],[c1, ¢ + 2, ¢35 — 2;dy, da),

2[c1 + 1, ¢2,¢3 — 1;dy, da),[e1 + 1, 9,03 — 15dy — 2,da + 2], Je1 — 1,ca+ 1,¢3 — 1idy, doly[er — 1, ea + 1,03 — 1;dy — 2,d2 + 2],
ler+2,¢0 — 2,¢35d1,da),Jer, c2 — 1, ¢33 dy, da)[er, ca — 1, e35dy — 2,da + 2]

Level: 7

[er,e2,¢3 4+ 1;dy — 1,dy + 1] [er, e+ 1,63 — 1;dy — 1,dp 4+ 1 [er + 1,c0 — 1, ¢e35d1 — 1,dp + 1]

Table 10. The spectrum of Cleq, 0, 0;dy, 2] associated with the action of Qs.
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@ actions for C[ey,0,0;dy,1]

Level: 0

[e1, c2, c3;d1, do]

Level: 1

[er +1,¢0,e35d1 + 1,dy — 1] [er + 1,2, ¢33d1 — 1,da + 1] Jer — 1, c2 + 1, e35d1 4+ 1,da — 1][er — 1, e + 1, e35dy — 1,dp 4 1],
[cr1,e2 =13+ Lidi +1,dp — 1] [er,ea — 1,c3 + 15d1 — 1,da + 1] [er, e, 63 — 15d1 + 1,dp — 1] [cr, e, 03 — 15d1 — 1,dp + 1]

Level: 2

[e1 + 2, ¢, ¢35d1, dal[er, ca + 1, ea3dy + 2,do — 2),2[c1, ¢ + 1, ¢33dy, da),[e1, c2 + 1, e35dh — 2,da + 2],[c1, ¢a, c3 — 2;d1, da),

[er = 2,e04 2,¢35d1,da)Jer + 1,0 — 1,e3+ 1;dy 4+ 2,d2 — 2],2[c1 + 1, ¢ — 1, ¢3 + 1;dy, do)[e1, ca — 1, ¢35d1 — 2,da + 2],

2[e1 — 1,¢2,¢3 + 1;dy, dal,Jer + 1,00 — 1y + 15dy — 2,da + 2),[c1 — 1,0, 3 + 15dy — 2,da + 2),[e1, c2 — 2,3 + 2;dy, da),

[(11 +1,c2,¢3 — 1;dy + 2,dy — 2],2[(31 +1,c9,c3 — 1;d1,(12],2[61 —1lco+1,¢c3 — 1;d1,d2]7[()1 —lyco+1,e3—15dy —2,dy + 2],
2[(;1,(}2 — 1,(;3;(11,()}2],[01 + 1,(,‘2,03 - 1;(11 - 2,(12 + 2]

Level: 3

1 +1,c04 1,eg5d1 + 1,de — 1],[er + 1, ea + 1,e33dy — 1,do + 1),[er — 1, e0 + 2, ¢35dy + 1,da — 1],[c1 — 1, ¢ + 2, ¢33dy — 1,do + 1],
le1+2,¢0—1,¢c5+ 15dy + 1,do — 1],2[c1, ¢, ¢35 + 15d1 + 1,da — 1],3[c1, ¢, ¢35 + 15dr — 1,do + 1],[e1 + 2,02 — 1,e3 + 1;dy — 1,d2 + 1],
ler,e2,¢3+ 1;dy — 3,da+ 3,Jer — 2,2 + 1,3+ 15dy — 1,da + 1) Jer + 1,¢0 — 2,¢3 + 25dy + 1,do — 1],[er + 1,00 — 2,3 + 2;dy — 1,da + 1],
[er —1l,co—1,c3+2;d1 — 1,da + 1],[e1 + 2, 2,03 — 1;dy + 1,do — 1],2[c1,c0 + 1,e3 — 1;dy + 1,da — 1],3[c1,¢2 + 1,¢3 — 15dy — 1,da + 1],
le1+2,¢0,¢5 = 15dy — 1,da + 1], [e1,c2 + 1,03 — 1;dy — 3,do + 3),[e1 — 2,02+ 2,¢3 — 15dy — 1,da + 1], [e1 + 1,0 — 1, ¢3;dy — 3,d2 + 3],

[er = 1,¢0,¢3;d1 — 3,da + 3c1,c0 — 2,¢3+ 1;dy — 1,da + 1],[er + 1, ¢0,¢3 — 2;dy 4+ 1,d2 — 1],[er + 1, ¢0,¢3 — 2;dy — 1,d2 + 1],

[C] —1,c0+1,¢3 —2;dy — 1,dy + 1],[(31,(32 —1,c3—1;dy — 1,ds + 1]2[(3] +1,c0 —1,e3;dy + 1,dy — 1],3[(11 + 1,0 —1,¢3;dy — 1,d2 + 1],
3[01 —1,co,c3;d1 — 1,da + 1]

Level: 4

lerye2 +2,¢33d1,da],2[c1 + 1, ¢, 03 4+ 1;dy, dal[e1 + 1, co,03 4+ 1;dy — 2,do + 2],[c1 — 1,ca + 1, ¢3 + 15 dy, da),

[(11 —1,co+1,e3+1;d; —2,dy +2],[Cl +2,c0 —2,c3+ 2;d1,d2],[cl,cz —1l,c3+ 2;(11,(12],[01,62 —1,c3+2;dy —2,da + 2],

2[c1 4+ 1,ca+ 1,3 — 1;dy,da),2[c1 + 2, ¢2 — 1, ¢3;d1, da),3[c1, ¢2, ¢3;d1, da) A[cr, o, c35d1 — 2,do + 2),[e1 + 1,c0 + 1,03 — 15dy — 2,da + 2],
et = 1,04 2,¢3 — 1;dy,dal,Jer — 1,2 + 2,03 — 15d1 — 2,da + 2],[c1 + 2,00 — 1,¢e35dy — 2,da + 2),[e1, 2, c35d1 — 4, da + 4],

1 —2,c041,¢35d1 — 2,da + 2], [c1 + 1,¢2 — 2,¢3 + Ly dy, da),Jer + 1,00 — 2,34+ 15dy — 2,da 4+ 2], [c1 — 1,ca — 1,e3 + 1;dy — 2,da + 2],
[Cl +2,co,c3 — 2;(11,d2],[01702 +1,¢c3 — 2;d1.d2],[cl,02 +1,¢3 —2;dy — 2,dy + 2],[(31 +1,c0—1,¢c3 — I;dl,dg],

[er+1,c0—1,¢3— 15d1 — 2,da + 2],[e1 — 1,¢2,¢3 — 1;dy — 2,d2 + 2]

Level: 5

ler,c04+ 1,es+ 15dy — 1,da + 1], [er + 1,e0 — 1,03 + 25dy — 1,do + 1),3[c1 + 1, 2, ¢3;dy — 1, do + 1),[e1, 2 + 2, ¢35 — 15dy — 1,da + 1],
ler+1,¢0,¢35d1 — 3,da + 3],[er — 1, eo + 1,e33dy — 1,da + 1),Jer — 1,0+ 1, ¢35d1 — 3,da + 3, [c1 + 2,¢2 — 2,3 + 1;dy — 1,d2 + 1],

leryea — 1,3+ 15dy — 1,da + 1) e, 02 — 13 + 15dy — 3,da + 3),Je1 + 1,04+ 1,03 — 25dy — 1,d2 + 1],
le1,¢2,¢3 — 15dy — 1,dg + 1],[c1, ¢2,03 — 1;dy — 3,d2 + 3),[e1 + 2,00 — 1,3 — 15dy — 1,d + 1]

Level: 6

[er,c2 +1,¢e3;dyr — 2,da + 2], [er + 1,c0 = 1,e3 + 1;dy — 2,da 4 2], [e1 + 1, ¢, 03 — 1;dy — 2,d2 + 2]

Table 11. The spectrum of C[e1, 0, 0;dy, 1] associated with the action of Qs.

Q actions for Cley,0,0;dy, 0]

Level: 0

[e1, ca, €35dy, do)

Level: 1

[er +1,c,¢35dr + 1,dp — 1 [c1 + 1, ¢2,¢33d1 — 1,dg + 1],[er — 1ea + 1, e35dy — 1,do + 1 [er, ca — 1,e3 + 1;dy — 1,dg + 1],
le1, 62,63 — 1;dy — 1,dy + 1]

Level: 2

[e1 4 2,¢2,¢35d1,do] [e1, ¢ + 1, ¢35.d1, do] 1, co + 1, ¢35d1 — 2,da + 2],[c1 +1,¢0 — 1, ¢34 1;dy, da],
[cr+1,c2 = 1eg+15dy — 2,da + 2] ,[er — 1, ¢, 03 + 15dy — 2,d2 + 2],[c1 + 1, ¢a, ¢35 — 15d, da],[er + 1, 9,03 — L;dy — 2,da + 2,
[e1 — 1,04+ 1,c3 — 15dy — 2,da + 2],[c1, ¢ — 1, ¢3;dy — 2,da + 2]

Level: 3

[er +1,ca+1,¢3;d1 — 1,da+ 1],Je1 + 2,60 — 1,e3+ 1;dy — 1,da + 1],[er, e2, ¢35 + 15dy — 1,da + 1],[c1, ¢2,¢3 + 15d1 — 3,da + 3],
[e1 +2,¢2,¢3 = 1;dy — 1,dy + 1] Jer, ca + 1,¢3 — 1;dy — 1,do + 1] [er, ca + 1, e3 — 1;dy — 3,do + 3],[e1 + 1,¢2 — 1,¢33dy — 1,dg + 1],
[e1 +1,e0 = 1,c35d1 = 3,dy +3,[c1 — 1,¢2,¢33d1 — 3,d2 + 3]

Level: 4

[er+1,c0,e3 +1;d1 —2,da + 2], [c1 + 1,c0 + 1, ¢35 — 15dy — 2,do + 2],[e1 + 2,¢0 — 1, ¢3;d1 — 2,do + 2],[c1, 2, ¢35 d1 — 2,da + 2],
[e1,¢2,c3:d1 — 4,d2 + 4]

Level: 5

[e1 +1,¢0,¢3:dy — 3,dy + 3]

Table 12. The spectrum of C[e1, 0, 0;dy, 0] associated with the action of Qs.
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Full spectrum for Cley,0,0;1,0]

Level: 0

[¢1,0,0;1,0]

Level: 1

[e14+1,0,0;0,1],[c; — 1,1,0;0,1],[c1 +1,0,0;1,1]

Level: 2

[e1 +2,0,0;0,0],[e1, 1,050,0],[e1 — 2,2,050,0],[c; +2,0,0;1,0],[e1, 1,05 1, 0], er +2,0,052,0].[e1 +2.0,00,2].[e1, 1,0:0,2]

Level: 3

“fer — 1,0,0;0,1],[ex + 3,0,0;0,1],2[c1 +1,1,0;0,1],[e1 — 1,2,0;0, 1],[e1 + 3,0,0;1, 1) [er +1,1,0; 1, 1]

Level: 4

-[e1,0,050,0]-[er — 2, 1,050,0],[e1 + 2, 1,050,0],[¢1,2,0;0,0][e1, 0,05 1, 0], [e1 +4,0,051,0],[e1 +2,1,01,0],[e1, 2,05 1, 0] [e1, 0, 05,0, 2],
[e1 +2,1,0;0,2)

Level: 5

2[er 4+ 1,0,0;0, 1] ~[er — 1,1,0;0, 1],[c1 + 3,1,0;0,1],[e1 + 1,2,0;0,1] -[e1 + 1,0,0; 1,1]

Level: 6

“[e1 4+ 2,0,0,0,0]~[1,1,0,0,0],[c1 + 2,2,0,0,0],-[¢1 +2,0,0,1,0]-[¢1, 1,0, 1,0],-[c1 +2,0,0,0,2]

Level: 7

—[e1 +3,0,0;0,1)-[e; + 1,1,0;0,1]

Level: 8

-le1 4+2,1,0;0,0]

Table 13. The spectrum of C[cq,0,0;1,0].

Full spectrum for C|eq,0,0;0,1]

Level: 0

[e1,0,050, 1]

Level: 1

[e1 +1,0,050,0],[c; —1,1,0;0,0],[c; + 1,0,0;1,0],[c1 — 1,1,0;1,0],[e1 + 1,1,050,2]

Level: 2

2er +2,0,0;0,1],2[er, 1,050, 1), [e1 —2,2,0;0,1],[er +2,0,0;1, 1] er, 1,0; 1, 1]

Level: 3

-[e1 = 1,0,0;0,0],[c1 + 3,0,0;0,0],2[c1 +1,1,0;0,0],[c1 — 1,2,0;0,0},[e1 — 3,3,0;0,0],-[e1 — 1,0,0;1,0],[ex +3,0,0;1,0],2[ex +1,1,0;1,0],
[e1 —1,2,0;1,0],[c1 +1,1,0;2,0],[c; + 3,0,0;0,2],[c; + 1,1,0;0,2],[e; — 1,2,0;0,2]

Level: 4

-2[¢1,0,0;0,1],[e1 +4,0,0;0,1],-[c1 — 2,1,0;0,1],2[c1 + 2,1,0;0,1],2[c1,2,0;0,1],[e1 — 2,3,0;0,1],-[c1,0,0; 1,1],[e1 +2,1,0;1,1],
[c1,2,0;1,1]

Level: 5

-2[¢1 4+ 1,0,0;0,0]-[c1 — 1,1,0;0,0],[c1 + 3,1,0;0,0],-[c1 — 3,2,0;0,0],[c1 +1,2,0;0,0],[c; — 1,3,0;0,0],-2[c; + 1,0,0;1,0],-[e; — 1,1,0;1,0],
[e1+3,1,0;1,00,[cr + 1,2,0:1,0],fer — 1,3,0;1,0)-[e1 + 1,0, 0:2,0][er + 1,0,050,2)-[er — 1, 1,0;0,2],er + 1,2,0;0,2]

Level: 6

2fer +2,0,0;0,1)-2[er, 1,050, 1) fer — 2,2,0:0,1].[er +2,2,0;0, 1], [ex,3,0;0, 1] ~[ex +2,0,0;1, 1] -[ex, 1,05 1,1]

Level: 7

“[e1 4 3,0,0:0,0]~[c1 + 1,1,0:0,0],~[c; — 1,2,0;0,0][c1 + 1,3,0;0,0],-[c1 + 3,0,0; 1,0]-[e1 + 1,1,0;1,0]-[e1 — 1,2,0:1,0]~[c; + 1,1,0;0,2]

Level: 8

-[e1 +2,1,0;0,1],-[e1,2,0;0,1]

Level: 9

“[e1 + 1,2,0;0,0]

Table 14. The spectrum of C[cq,0,0;0,1].
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Q actions for D[0,0,0;dy, 3]

Level: 0

[c1, 2, ¢35 d1, do)

Level: 1

[e1 +1,¢9,c35d1 4+ 1,da — 1] Jer + 1,2, ¢33d1 — 1, da 4+ 1] Jer — 1, ca + 1, e35d1 4+ 1,da — 1] [er — 1, e + 1, ¢35dy — 1,dp + 1],
[er,e2 =134 1;dy 4 1,dy — 1 [, c0 — 1,e3 4 15dy — 1,da + 1] [er, ca, 03 — 15dy 4 1,dp — 1] [er, ea, 03 — 15dy — 1,dp + 1]

Level: 2

le1 + 2, ¢, ¢3;d1, dal[er, ca + 1, e33dy + 2,do — 2],2[c1, ¢ + 1, ¢33y, da),[e1, c2 + 1, ¢35dy — 2,da + 2],

le1 —2,c04 2,¢35d1,dol,[er + 1,00 — 1,63 + 1;dy + 2,da — 2],2[c1 + 1,¢2 — 1,¢3 + 1;dy, da],Je1 — 1, ¢, ¢34+ 15d1 + 2,do — 2],
2[e1 — 1,¢2,¢3 + 1;dy, dal,Jer + 1,00 — 1,3 + 15dy — 2,da + 2),[c1 — 1,0, 3 + 15dy — 2,da + 2),[e1, c2 — 2, ¢3 + 25 dy, da),

le1 + 1,co,e3 — Lidy 4 2,do — 2],2[c1 + 1, 2,3 — 1dy,da),Jer — 1, e2 + 1,e3 — Lydy 4 2,d2 — 2],2[c) — 1,c2 + 1, ¢35 — 1;dy, da),
le1, 0 = 1eg5dr + 2,do — 2],2[c1, ¢ — 1, ¢35d1, dal [er + 1, 2,03 — 1;dy — 2,do + 2),[c1 — 1,e0+ 1,¢3 — 15d1 — 2,da + 2],
[c1,62 — 1, ¢3;d1 — 2,d2 4 2] [c1, e2, 3 — 2;dy, do]

Level: 3
[c1 +1,c20+1,c35d1 + 1,do — 1],fer + 1, e + 1, e33d1 — Ldo + 1,[er — Lea + 2, ¢35d1 + 1,da — 1 [e1 — 1, ¢ + 2, ¢35d1 — 1,d2 + 1],
le1+2,c0—1e3+ 1idy + 1,dy — 1],[cr, 2, ¢3 + Lidy 4 3,d2 — 3],3[c, 2, ¢3 + Lidy 4+ 1,dy — 1],3[cy, 2,3 + 1idy — 1,dp + 1],

1 —2,c04 1,e5+ 1;di + 1,do — 1],[e1 + 2,¢0 — 1,e3 + 1;dy — 1,da + 1],[e1, c2,¢3 + 15dy — 3,da + 3],[e1 — 2,¢a + 1,e3 + 1;dy — 1,da + 1],
1 +1,c0—2,¢c3+25d1+1,do — 1],[er + 1,00 — 2,63+ 25dy — 1,da + 1], Je1 — 1,c0 — L,e3 + 25d1 + 1,d2 — 1],

ler,ea — 1,e3 — 15dy — 1,da + 1) er,c2 + 1,03 — 15dy + 3,da — 3),3[c1, ca + 1,¢3 — 1;dy + 1,do — 1],3[c1,e2 4+ 1,¢3 — 1;dy — 1,d2 + 1],

1 —2,c042,¢5 —1;dy +1,dy — 1],[e1 + 1,¢2 — 1,e3;dy + 3,do — 3],3[c1 + 1,¢2 — 1,¢3;dy + 1,da — 1],[e1 — 1, ¢2, ¢35dy + 3,da — 3],

3[er — 1,ca,e33d1 + 1,do — 1),3[c1 + 1,¢2 — 1,e33dy — 1,do + 1],3[c1 — 1, ¢9,¢33dy — 1,do + 1],[e1, 02 — 2, ¢35+ 15dqy + 1,dy — 1],
c1+2,¢c0,03 — 15dy — 1,da + 1] [er, 02 + 1,03 — 15d1 — 3,da + 3], Je1 — 2,¢0 4+ 2,63 — 1;dy — 1,do + 1],[e1 + 1,2 — 1, ¢3;dy — 3,d2 + 3],

¢ —1,¢9,¢3:d1 — 3,da + 3.[c1, 02 — 2,e3 + 1;dy — 1,da + 1),Je1 + 1, ¢2,¢3 — 25dy + 1,dp — 1],[c1 4+ 1, 2,03 — 2;dy — 1,d2 + 1],

g —liea+ 1,65 —25dy +1,do — 1],[e1 — L,eo + 1,03 — 2;dy — 1,da + 1],[c1,¢0 — 1,e3 — 1;dy + 1,do — 1],

[
[
[
[er +2,¢c0,03 — 15d1 + 1,da — 1)Jer — 1,60 — 1, ¢34+ 2;dy — 1,d2 + 1],

Level: 4

le1, ¢4 2, ¢35d1, dal [er + 1, ¢, 03 + 1;dy + 2,do — 2],2[c1 + 1, 0,03 + 1;dy, da),Jer — 1,c0+ 1, ¢35+ 15dy + 2,dy — 2],

2[er — 1,2 + 1,¢3 + 1;dy, do),Jer + 1, e, 03 + 15dy — 2,da + 2),Je1 — 1,e0 4+ 1,e3 4+ 15dy — 2,do + 2],[c1 + 2,¢2 — 2,¢3 + 25 dy, da),
ler,e0 = 1,e3+25d1 + 2,da — 2].2[c1, ¢ — 1,3 + 2;dy, da)[c1,¢2 — 1,03 + 25dy — 2,da + 2],[e1 — 2, ¢2,¢3 4+ 2;dy, da],

1 +1,c04 1,e3 — Lidi +2,do — 2],2[c1 + 1,¢ca+ 1,3 — 1;dy, da)saler — 1,ea + 2,05 — 1;dy + 2,do — 2),2[c1 — 1, ¢ + 2, ¢35 — 1;dy, da),
[er+2,¢0 — 1,¢e35d1 + 2,da — 2],4[c1, ¢, e35d1 + 2,da — 2],6[c1, ca, ¢35 dr, do),[e1 — 1, ¢2, ¢35 — 15dy — 2,da + 2],[c1, ¢ — 2, ¢35d1, do],

[er = 2,e0 4+ 1,e35d1 + 2,da — 2],2[c1 + 2, ¢2 — 1, ¢35 dy, da) 4A[cr, e, c33dr — 2,da + 2], 2[c; — 2,¢2 + 1, ¢3;dy, da],

[er+1,c0—2,¢c5+ 1;d1 +2,do — 2].2[c1 + 1,¢0 — 2,¢3 + 1;dy, do],[er — 1,e0 — 1, e3 + 1;dy + 2,da — 2),2[c1 — 1,¢0 — 1,3 + 1;dy, da),
e+ 1,e04+1,e3 —1;dy —2,do + 2],[e1 — 1,0+ 2,¢3 — 15dy — 2,da + 2),[e1 + 2,00 — 1, e35dy — 2,da + 2),[c1, ¢, c35dr — 4, do + 4],
[er = 2,0+ 1,¢e35d1 — 2,da + 2], Je1 + 1,¢0 — 2,¢3 + 1;dy — 2,da + 2],[e1 — 1,00 — 1,e3 + 15d1 — 2,da + 2],

[e1 +2,¢0,¢3 — 25dy, dal[er,ca + 1,03 — 25dy + 2,do — 2),2[c1,c0 + 1,03 — 25dy, da),[e1, 02 + 1, ¢3 — 25dy — 2,dy + 2],

le1 —2,c042,¢3 — 25d1,da),[er + 1,00 — 1,63 — 1;dy + 2,da — 2],2[c1 + 1,¢2 — 1,¢3 — 1;dy, da],Je1 — 1, ¢, ¢3 — 15d1 + 2,da — 2],

2[e1 — 1,¢2,¢3 — 1;dy, dal,Jer + 1,02 — 1,03 — 15d1 — 2,da + 2]

Level: 5

crye2+ 1,03+ 15di + 1,de — 1), Jer,e0 + 1,e3 + 15dy — 1,da + 1), Jer + 1,0 — 1,e3 + 25dy + 1,d2 — 1],[e1 — 2,0 + 1,3 — 15dy — 1,da + 1]
1 —1,ca,03 +2;dy + 1,da — 1),Jer — 1, 0,03 + 2;dy — 1,da + 1) e, 00 + 2,03 — 15dy + 1,da — 1)1 + 1,00 — 1,63+ 25dy — 1,do + 1]
3ler 4+ 1,¢0,¢33d1 +1,do — 1),3[c1 — 1, ea + 1,e33dy + 1,do — 1),3[c1 + 1, ¢2,¢3;d1 — 1,da + 1], [e1 — 1, ca 4+ 2,¢3 — 2;d1 — 1,da + 1],

3ler — lyea+1,e33dr — 1,do + 1),[e1 + 2,02 — 2, ¢34+ 15dy + 1,da — 1],3[e1, 0 — 1,e5 4+ 15dy + 1,da — 1,[er — 1,¢0 — 1, e33dy — 1,d2 + 1],
3ler,ea — 1,e3+ 1;dy — 1,do + 1],[e1 — 2,¢2,¢3 + 1;dy + 1,d2 — 1],[c1, 02 4+ 2,63 — 1;dy — 1,do + 1],[c1 + 1, ¢, c35dy — 3,da + 3],

[
[

[e1 =1, ca41,¢35d1 — 3,da + 3],[c1 + 2,¢2 — 2,¢3 + 1;dy — 1,do + 1],[e1, 02 — 1, e3 4+ 15dy — 3,da + 3,[c1 — 2, ¢, ¢35 + 1;dy — 1,do + 1],
ler+1,c04 1,e3—25d1+1,do — 1],Jer + 1, e0 + 1,03 — 25dy — 1,da + 1), Je1 — 1, co 4+ 2,¢3 — 25d1 + 1,d2 — 1],

[er + 2,0 —1,¢3 — 1;dy + 1,d2 — 1],3[c1, c2,¢3 — 15dy + 1,da — 1],3[c1, ¢, 03 — 15d1 — 1,dy + 1],

1 —2,c04 1, ¢35 —1L;di +1,de — 1],[e1 + 2,¢2 — 1,e3 — 1;dy — 1,da + 1],[e1, ¢2,¢3 — 15dy — 3,da + 3],

1 +1,c0—2,¢35d1+ 1,da — 1],[er + 1,¢0 — 2,¢e33dy — 1,do + 1),Jer — 1,00 — 1, ¢35dq 4+ 1,da — 1]

Level: 6

[61,02,03 + 2;d1,d2]7[017(32 +1,¢3;d1 +2,dy — 2],2[01,62 + 1,03;d1,d2],[81 +1,c0—1,c3+ 1;dy + 2,ds — 2],[(31 -2, CQ,Cg;dl,dz]

2[(;1 +1,c0—1,c3+ 1;d17d2],2[(;1 —1,co,c3+ 1;d1,d2],[61,62 +1,¢3;d1 —2,dy + 2]7[01,02 —1,¢3;dy —2,da + 2]72[017(;2 — 1,63;(117(12]
[Cl +1,c0—1,c3+ 1;dy — 2,do +2],[81 —1,c9,c3+ 1;d1 — 2,dy +2],[Cl,02 +2,c3 — Q;dl,dg],[cl +2,c9 — Q,Cg;dl,dz]

2[(11 +1,¢c9,c3 — l;dl,dz],Q[Cl —l,co+1,c3 — l;dl,dz],[cl +1,c2,¢c3 — 1;dy — 2,d2 + 2],[01 —1,co+1,¢3—1;dy —2,dy + 2]

Level: 7

[e1, 62,63+ L;dy — Lda 41 [er, 2+ 1,c3 — L;dy — 1,da + 1 [er + 1, e — 1, ¢e35d1 — 1,da + 1] [e1 — 1, ¢a,¢35d1 — 1,d2 + 1]

Table 15. The spectrum of D[0, 0, 0; dy, 3] associated with the action of Os.
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@ actions for D[0,0,0;dy,2]

Level: 0

[e1, 2, ¢35d1, do)

Level: 1

[Cl +1,c9,c3;d1 +1,dy — 1],[61 +1,co,c3;d1 — 1,dsy + 1],[01 — 1,0+ 1,¢c3;d1 +1,dy — 1],[61 — 1,0+ 1,¢c3;d1 — 1,dy + 1],
[er,e2 = 1,e34 15dy + 1,da — 1],[er, ca — 1,e3 + 1;dy — 1,d2 + 1] [c1, c2,¢3 — 1;dy + 1,d2 — 1] [e1, e2,¢3 — 15dy — 1,do + 1]

Level: 2

[e1 4 2, ¢, ¢3;d1,da)[e1, e2 + 1, e35d1 + 2,da — 2],2[c1, ¢ + 1, ¢3:dy, da)[e1, e2 + 1, e35d — 2,da + 2],

[er = 2,c0+2,¢3;dy,dal,Jer + 1,00 — 1,3 + 15dy + 2,do — 2],2[c1 + 1, ¢ — 1, ¢35+ 1;dy, dal,[e1 — 1,2, ¢35 + 1;dy + 2,dy — 2],
2[e1 — 1,¢9,c3 + 1;dy, da)Jer + 1,00 — 1,e3+ 1;dy — 2,da + 2],[e1 — 1, ¢2,¢3 + 15 dy — 2,da + 2],[c1, ¢2 — 2, ¢3 + 2;d1, da],

ler +1,¢9,03 — 1;d1 +2,d2 — 2].2[c1 + 1, ¢2,¢03 — 1;dy, da],[er — 1,c0 + 1,63 — 15dy + 2,da — 2],2[c1 — 1,c2 4+ 1,¢3 — 1;dy, da),
ler,ea = 1,e33dy + 2,d2 — 2],2[c1, 02 — 1, e35.dy, dal,[er + 1, ca 03 — L;dy — 2,do + 2),Je1 — L,co+ 1,c3 — 1;dy — 2,d2 + 2],
[e1,e = 1,¢35d1 — 2,da + 2] [en, 2, c3 — 23 da, da)

Level: 3

[er+1,ca+1,¢35d1 +1,do — 1],[e1 + 1,0 + 1,e33dy — 1,da 4+ 1],[er — 1,00 + 2, ¢35dy + 1,da — 1)1 — 1,024+ 2,¢35d1 — 1,d + 1],
[er 4+ 2,0 — 1,3+ 1;dy + 1,da — 1),3[c1, e2,¢3 + 15dy + 1,da — 1],3[c1, ¢, 3 + 1;dy — 1,do + 1],

1 =2,c0+ 1e3+1;dy + 1,do — 1], Jer +2,¢0 — 1,e3 + 1;dy — 1,do + 1],[e1, ¢, ¢35 + 1;dy — 3,d2 + 3],

et +1,e0—2,e3+2;dy +1,da — 1],Jer + 1,c0 — 2,¢3 + 25dy — 1,do + 1], Je1 — 1,0 — 1,3 + 2;dy + 1,do — 1],

ler,e20 — 1,63 — 1;dy — 1,do + 1],3[c1, 02+ 1,63 — 1;dy + 1,d2 — 1],3[c1,c2 4+ 1,63 — 1;dy — 1,d2 + 1],

[er =2,ca+2,e5 — 1;dy +1,da — 1),3[c1 + 1,02 — L, e35dy + 1,da — 1],[er — 2,c2 + 1,03 + 15dy — 1,da + 1],

3ler — 1,e9,¢3:dy + 1,da — 1],3[c1 + 1,c0 — Loeg5dy — 1,do + 1],3[c1 — 1, ¢, ¢33dy — 1,do + 1],[e1, 0 — 2,¢3 + 1;dy + 1,dp — 1],

[er +2,¢0,e3 — 1;dy — 1,do + 1],[c1,c0+ 1,¢5 — 1;dq — 3,da+ 3],[c1 — 2,¢2 4+ 2,¢3 — 1;dy — 1,d2 + 1],Jer + 1,02 — 1, ¢35dq — 3,da + 3],
[er = 1,¢9,e3;dr — 3,da + 3),[c1,c2 — 2,3 + 15dy — 1,de + 1], [er + 1, ¢, 03 — 25dy + 1,do — 1],[c1 + 1, ¢2,¢3 — 2;dy — 1,d2 + 1],

[t = Lyca+ 1,63 —25dy + 1,da — 1],Jer — Lyea+ 1,03 — 25dy — 1,da + 1] [c1, 0 — L,e3 — 1;dy + 1,d2 — 1],

le1+2,¢0,03 — L;dy +1,do — 1),Je1 — 1,0 — 1,e3 + 2;dy — 1,do + 1]

Level: 4

[er, 02 4+ 2, ¢35 dv, da),2[c1 + 1,2, ¢3 + 15 dr, da),2[c1 — 1,e0 4+ 1, ¢34+ 1;dy, dal[e1 + 1, ¢a,¢3 + 1;dy — 2,da + 2],

[er +2,¢0 — 2,¢3 + 2;dy, do),2[c1, ca — 1,3 + 2;dy, do),[e1, ca — 1,3 + 2;d1 — 2,da + 2],[c1 — 2, ¢, ¢3 + 2;d1, da],

2[c1 + 1,e2 +1,¢3 — Lidy,da],2[c1 — 1, c0 + 2, ¢35 — 1;d1,da).6[c1, 2, ¢33 di, d2],2[c1 + 2, c2 — 1, ¢35 dy, da] Aler, c2, c35dr — 2,da + 2],
2[e1 — 2,2 + 1, ¢e33dy, do],2[e1 + 1,00 — 2, ¢34+ 15dy,da),2[c1 — 1, — 1,3 + 1ydy, do),fer + 1,60+ 1,¢3 — 15dy — 2,d2 + 2],

[et = 1,ea+ 2,3 — 1;dy — 2,da + 2],Je1 +2,¢0 — 1,¢3;d1 — 2,do + 2),[e1, ¢2,¢35dy — 4,do +4],[e1 — 2,¢0 + 1, e35dy — 2,da + 2],
[er+1,¢ca —2,¢c5+ 1;5d1 — 2,da + 2],Je1 — 1,c0 — 1, ¢35+ 1;dy — 2,da + 2],[c1 + 2, ¢2, ¢35 — 2;dy, da),2[c1, ca + 1, ¢35 — 25 dy, da],
ler,ca+ 1,03 — 25dy — 2,da + 2],Jc1 — 2, ¢+ 2, ¢35 — 2;dy,do),2[c1 + 1,02 — 1,c3 — 15dy, da],2[c1 — 1, ca, 3 — 15dy, da],

[er +1,e0 = 1,03 — L;dy — 2,da + 2],[c1 — L, ¢a,¢3 — L;dy — 2,do + 2),[e1, 2 — 2, ¢35d1, da) [er — 1, eo + 1, e3 + 15dy — 2,da + 2]

Level: 5

[er,e2+ 1,634+ 1;dy — 1,do + 1],[e1 + 1,00 — 1,03 + 25dy — 1,do + 1],[er — 1, ¢, ¢34+ 2;dy — 1,d2 + 1],3[c1 + 1, ¢, ¢3;d1 — 1,da + 1],
3ler —1,e0+1,¢e35d1 — 1,do 4+ 1],3[c1,¢2 — 1,e3 + 1;dy — 1,do + 1],[er, ¢2 + 2,¢3 — 15d1 — 1,do + 1],[e1 + 1, ¢2, ¢35d1 — 3,da + 3],

1 = 1,ea+ 1,e33dy — 3,da + 3],[c1 +2,¢0 — 2,3+ 1;dy — 1,do + 1],[e1, 02 — L,es + 15dy — 3,d2 + 3),[c1 — 2,¢2, ¢34+ 15dy — 1,dp + 1],
et +1,ea+ 1,63 —2;5dy — 1,da+ 1],Je1 — Loea + 2,03 — 25dy — 1, do + 1],3[c1, ¢2,¢3 — 15dy — 1,dp + 1],

ler,e2,¢3 — 1;dy — 3,da + 3)Je1 — 2,0+ 1,¢3 — 1;dy — 1,da 4+ 1],[e1 + 1,02 — 2,¢35dh — 1,da + 1)1 — 1,60 — 1,¢35d1 — 1,da + 1],
ler+2,¢0—1,¢5 —1;dy — 1,da + 1]

Level: 6

ler,ca+1,e35dr — 2,do + 2], [e1 + 1, ¢2 — 1, e3 4+ 13dy — 2,da + 2] [e1 — 1,0, ¢3 + 15dy — 2,do + 2],[c1 + 1, ¢2,¢3 — 1;dy — 2,d2 + 2],
[er = Lea4+1,e3— 1;dy — 2,da + 2],[c1, 2 — 1, ¢33dy — 2,da + 2]

Table 16. The spectrum of D[0,0,0; d1, 2] associated with the action of Qs.

— 96 —




Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

1]

2]

[10]

[11]

[12]

[13]

[14]

[15]

C. Montonen and D.I. Olive, Magnetic Monopoles as Gauge Particles?, Phys. Lett. B 72
(1977) 117 [INSPIRE].

P. Goddard, J. Nuyts and D.I. Olive, Gauge Theories and Magnetic Charge, Nucl. Phys. B
125 (1977) 1 [INSPIRE].

E. Witten and D.I. Olive, Supersymmetry Algebras That Include Topological Charges,
Phys. Lett. B78 (1978) 97.

N. Seiberg and E. Witten, Monopoles, duality and chiral symmetry breaking in N = 2
supersymmetric QCD, Nucl. Phys. B 431 (1994) 484 [hep-th/9408099] [INSPIRE].

P.C. Argyres and N. Seiberg, S-duality in N = 2 supersymmetric gauge theories, JHEP 12
(2007) 088 [arXiv:0711.0054] [InSPIRE].

D. Gaiotto, N = 2 dualities, JHEP 08 (2012) 034 [arXiv:0904.2715] [INSPIRE].

D. Green, Z. Komargodski, N. Seiberg, Y. Tachikawa and B. Wecht, Fzactly Marginal
Deformations and Global Symmetries, JHEP 06 (2010) 106 [arXiv:1005.3546] [INSPIRE].

N. Seiberg, Electric-magnetic duality in supersymmetric nonAbelian gauge theories, Nucl.
Phys. B 435 (1995) 129 [hep-th/9411149] [INSPIRE].

K.A. Intriligator and N. Seiberg, Mirror symmetry in three-dimensional gauge theories, Phys.
Lett. B 387 (1996) 513 [hep-th/9607207] [INSPIRE].

W. Nahm, Supersymmetries and their Representations, Nucl. Phys. B 135 (1978) 149
[INSPIRE].

C. Romelsberger, Counting chiral primaries in N =1, D = 4 superconformal field theories,
Nucl. Phys. B 747 (2006) 329 [hep-th/0510060] [INSPIRE].

J. Kinney, J.M. Maldacena, S. Minwalla and S. Raju, An index for 4 dimensional super
conformal theories, Commun. Math. Phys. 275 (2007) 209 [hep-th/0510251] [INSPIRE].

J. Bhattacharya, S. Bhattacharyya, S. Minwalla and S. Raju, Indices for Superconformal
Field Theories in 8, 5 and 6 Dimensions, JHEP 02 (2008) 064 [arXiv:0801.1435] [INSPIRE].

C. Beem, L. Rastelli and B.C. van Rees, W symmetry in siz dimensions, JHEP 05 (2015)
017 [arXiv:1404.1079] [INSPIRE].

C. Beem, M. Lemos, P. Liendo, W. Peelaers, L. Rastelli and B.C. van Rees, Infinite Chiral
Symmetry in Four Dimensions, Commun. Math. Phys. 336 (2015) 1359 [arXiv:1312.5344]
[INSPIRE].

C. Cordova, T.T. Dumitrescu and K. Intriligator, Anomalies, Renormalization Group Flows
and the a-Theorem in Siz-Dimensional (1,0) Theories, JHEP 10 (2016) 080
[arXiv:1506.03807] [INSPIRE].

J. Louis and S. Liist, Supersymmetric AdS; backgrounds in half-mazimal supergravity and
marginal operators of (1,0) SCFTs, JHEP 10 (2015) 120 [arXiv:1506.08040] [INSPIRE].

- 97 —


http://creativecommons.org/licenses/by/4.0/
http://dx.doi.org/10.1016/0370-2693(77)90076-4
http://dx.doi.org/10.1016/0370-2693(77)90076-4
http://inspirehep.net/search?p=find+%22Phys.Lett.,B72,117%22
http://dx.doi.org/10.1016/0550-3213(77)90221-8
http://dx.doi.org/10.1016/0550-3213(77)90221-8
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B125,1%22
http://dx.doi.org/10.1016/0370-2693(78)90357-X
http://dx.doi.org/10.1016/0550-3213(94)90214-3
https://arxiv.org/abs/hep-th/9408099
http://inspirehep.net/search?p=find+EPRINT+hep-th/9408099
http://dx.doi.org/10.1088/1126-6708/2007/12/088
http://dx.doi.org/10.1088/1126-6708/2007/12/088
https://arxiv.org/abs/0711.0054
http://inspirehep.net/search?p=find+EPRINT+arXiv:0711.0054
http://dx.doi.org/10.1007/JHEP08(2012)034
https://arxiv.org/abs/0904.2715
http://inspirehep.net/search?p=find+EPRINT+arXiv:0904.2715
http://dx.doi.org/10.1007/JHEP06(2010)106
https://arxiv.org/abs/1005.3546
http://inspirehep.net/search?p=find+EPRINT+arXiv:1005.3546
http://dx.doi.org/10.1016/0550-3213(94)00023-8
http://dx.doi.org/10.1016/0550-3213(94)00023-8
https://arxiv.org/abs/hep-th/9411149
http://inspirehep.net/search?p=find+EPRINT+hep-th/9411149
http://dx.doi.org/10.1016/0370-2693(96)01088-X
http://dx.doi.org/10.1016/0370-2693(96)01088-X
https://arxiv.org/abs/hep-th/9607207
http://inspirehep.net/search?p=find+EPRINT+hep-th/9607207
http://dx.doi.org/10.1016/0550-3213(78)90218-3
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B135,149%22
http://dx.doi.org/10.1016/j.nuclphysb.2006.03.037
https://arxiv.org/abs/hep-th/0510060
http://inspirehep.net/search?p=find+EPRINT+hep-th/0510060
http://dx.doi.org/10.1007/s00220-007-0258-7
https://arxiv.org/abs/hep-th/0510251
http://inspirehep.net/search?p=find+EPRINT+hep-th/0510251
http://dx.doi.org/10.1088/1126-6708/2008/02/064
https://arxiv.org/abs/0801.1435
http://inspirehep.net/search?p=find+EPRINT+arXiv:0801.1435
http://dx.doi.org/10.1007/JHEP05(2015)017
http://dx.doi.org/10.1007/JHEP05(2015)017
https://arxiv.org/abs/1404.1079
http://inspirehep.net/search?p=find+EPRINT+arXiv:1404.1079
http://dx.doi.org/10.1007/s00220-014-2272-x
https://arxiv.org/abs/1312.5344
http://inspirehep.net/search?p=find+EPRINT+arXiv:1312.5344
http://dx.doi.org/10.1007/JHEP10(2016)080
https://arxiv.org/abs/1506.03807
http://inspirehep.net/search?p=find+EPRINT+arXiv:1506.03807
http://dx.doi.org/10.1007/JHEP10(2015)120
https://arxiv.org/abs/1506.08040
http://inspirehep.net/search?p=find+EPRINT+arXiv:1506.08040

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

32]

[33]

[34]

[35]

[36]

C. Cordova, T.T. Dumitrescu and K. Intriligator, Deformations of Superconformal Theories,
arXiv:1602.01217 [INSPIRE].

C. Beem, M. Lemos, L. Rastelli and B.C. van Rees, The (2,0) superconformal bootstrap,
Phys. Rev. D 93 (2016) 025016 [arXiv:1507.05637] [INSPIRE].

S. Minwalla, Restrictions imposed by superconformal invariance on quantum field theories,
Adv. Theor. Math. Phys. 2 (1998) 781 [hep-th/9712074] [INSPIRE].

V.K. Dobrev and V.B. Petkova, All Positive Energy Unitary Irreducible Representations of
Eztended Conformal Supersymmetry, Phys. Lett. B 162 (1985) 127 [INSPIRE].

V.K. Dobrev and V.B. Petkova, ON the group theoretical approach to extended conformal
supersymmetry: classification of multiplets, Lett. Math. Phys. 9 (1985) 287 [INSPIRE].

V.K. Dobrev and V.B. Petkova, Group Theoretical Approach to Extended Conformal
Supersymmetry: Function Space Realizations and Invariant Differential Operators, Fortsch.
Phys. 35 (1987) 537 [INSPIRE].

V.K. Dobrev, Positive energy unitary irreducible representations of D = 6 conformal
supersymmetry, J. Phys. A 35 (2002) 7079 [hep-th/0201076] [INSPIRE].

E. Witten, Some comments on string dynamics, in proceedings of Future perspectives in
string theory (Strings’95), Los Angeles, U.S.A., 13-18 March 1995, hep-th/9507121
[INSPIRE].

N. Seiberg, Five-dimensional SUSY field theories, nontrivial fized points and string
dynamics, Phys. Lett. B 388 (1996) 753 [hep-th/9608111] [INSPIRE].

D.R. Morrison and N. Seiberg, Extremal transitions and five-dimensional supersymmetric
field theories, Nucl. Phys. B 483 (1997) 229 [hep-th/9609070] [INSPIRE].

M.R. Douglas, S.H. Katz and C. Vafa, Small instantons, Del Pezzo surfaces and type-I-prime
theory, Nucl. Phys. B 497 (1997) 155 [hep-th/9609071] [INSPIRE].

K.A. Intriligator, D.R. Morrison and N. Seiberg, Five-dimensional supersymmetric gauge
theories and degenerations of Calabi-Yau spaces, Nucl. Phys. B 497 (1997) 56
[hep-th/9702198] [INSPIRE].

J.J. Heckman, D.R. Morrison, T. Rudelius and C. Vafa, Atomic Classification of 6D SCFTs,
Fortsch. Phys. 63 (2015) 468 [arXiv:1502.05405] [INSPIRE].

L. Bhardwaj, Classification of 6d N = (1,0) gauge theories, JHEP 11 (2015) 002
[arXiv:1502.06594] [INSPIRE].

J. Maldacena and A. Zhiboedov, Constraining Conformal Field Theories with A Higher Spin
Symmetry, J. Phys. A 46 (2013) 214011 [arXiv:1112.1016] [INSPIRE].

J. Maldacena and A. Zhiboedov, Constraining conformal field theories with a slightly broken
higher spin symmetry, Class. Quant. Grav. 30 (2013) 104003 [arXiv:1204.3882] [INSPIRE].

V. Alba and K. Diab, Constraining conformal field theories with a higher spin symmetry in
d > 3 dimensions, JHEP 03 (2016) 044 [arXiv:1510.02535] [InSPIRE].

M. Buican, S. Giacomelli, T. Nishinaka and C. Papageorgakis, Argyres-Douglas Theories and
S-duality, JHEP 02 (2015) 185 [arXiv:1411.6026] [INSPIRE].

M. Del Zotto, C. Vafa and D. Xie, Geometric engineering, mirror symmetry and
6d(1.0) — 4d(x=g), JHEP 11 (2015) 123 [arXiv: 1504.08348] [INSPIRE].

— 08 —


https://arxiv.org/abs/1602.01217
http://inspirehep.net/search?p=find+EPRINT+arXiv:1602.01217
http://dx.doi.org/10.1103/PhysRevD.93.025016
https://arxiv.org/abs/1507.05637
http://inspirehep.net/search?p=find+EPRINT+arXiv:1507.05637
https://arxiv.org/abs/hep-th/9712074
http://inspirehep.net/search?p=find+EPRINT+hep-th/9712074
http://dx.doi.org/10.1016/0370-2693(85)91073-1
http://inspirehep.net/search?p=find+J+%22Phys.Lett.,B162,127%22
http://dx.doi.org/10.1007/BF00397755
http://inspirehep.net/search?p=find+J+%22Lett.Math.Phys.,9,287%22
http://inspirehep.net/search?p=find+J+%22Fortsch.Phys.,35,537%22
http://dx.doi.org/10.1088/0305-4470/35/33/308
https://arxiv.org/abs/hep-th/0201076
http://inspirehep.net/search?p=find+EPRINT+hep-th/0201076
https://arxiv.org/abs/hep-th/9507121
http://inspirehep.net/search?p=find+IRN+3185125
http://dx.doi.org/10.1016/S0370-2693(96)01215-4
https://arxiv.org/abs/hep-th/9608111
http://inspirehep.net/search?p=find+EPRINT+hep-th/9608111
http://dx.doi.org/10.1016/S0550-3213(96)00592-5
https://arxiv.org/abs/hep-th/9609070
http://inspirehep.net/search?p=find+EPRINT+hep-th/9609070
http://dx.doi.org/10.1016/S0550-3213(97)00281-2
https://arxiv.org/abs/hep-th/9609071
http://inspirehep.net/search?p=find+EPRINT+hep-th/9609071
http://dx.doi.org/10.1016/S0550-3213(97)00279-4
https://arxiv.org/abs/hep-th/9702198
http://inspirehep.net/search?p=find+EPRINT+hep-th/9702198
http://dx.doi.org/10.1002/prop.201500024
https://arxiv.org/abs/1502.05405
http://inspirehep.net/search?p=find+EPRINT+arXiv:1502.05405
http://dx.doi.org/10.1007/JHEP11(2015)002
https://arxiv.org/abs/1502.06594
http://inspirehep.net/search?p=find+EPRINT+arXiv:1502.06594
http://dx.doi.org/10.1088/1751-8113/46/21/214011
https://arxiv.org/abs/1112.1016
http://inspirehep.net/search?p=find+EPRINT+arXiv:1112.1016
http://dx.doi.org/10.1088/0264-9381/30/10/104003
https://arxiv.org/abs/1204.3882
http://inspirehep.net/search?p=find+EPRINT+arXiv:1204.3882
http://dx.doi.org/10.1007/JHEP03(2016)044
https://arxiv.org/abs/1510.02535
http://inspirehep.net/search?p=find+EPRINT+arXiv:1510.02535
http://dx.doi.org/10.1007/JHEP02(2015)185
https://arxiv.org/abs/1411.6026
http://inspirehep.net/search?p=find+EPRINT+arXiv:1411.6026
http://dx.doi.org/10.1007/JHEP11(2015)123
https://arxiv.org/abs/1504.08348
http://inspirehep.net/search?p=find+EPRINT+arXiv:1504.08348

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

(48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

M. Buican and T. Nishinaka, Conformal Manifolds in Four Dimensions and Chiral Algebras,
J. Phys. A 49 (2016) 465401 [arXiv:1603.00887] [INSPIRE].

C. Cérdova, Deformations of Superconformal Field Theories, Autumn Symposium on
String/M Theory 2014, Princeton University Seminar 2014,
http://media.kias.re.kr/detailPage.do?pro_seq=564&type=p.

F.A. Dolan and H. Osborn, On short and semi-short representations for four-dimensional
superconformal symmetry, Annals Phys. 307 (2003) 41 [hep-th/0209056] [INSPIRE].

F.A. Dolan, Character formulae and partition functions in higher dimensional conformal
field theory, J. Math. Phys. 47 (2006) 062303 [hep-th/0508031] [INSPIRE].

J. Penedones, E. Trevisani and M. Yamazaki, Recursion Relations for Conformal Blocks,
JHEP 09 (2016) 070 [arXiv:1509.00428] [INSPIRE].

M. Yamazaki, Comments on Determinant Formulas for General CFTs, JHEP 10 (2016) 035
[arXiv:1601.04072] NSPIRE].

Y. Oshima and M. Yamazaki, Determinant Formula for Parabolic Verma Modules of Lie
Superalgebras, arXiv:1603.06705 [INSPIRE].

C. Cordova, T.T. Dumitrescu and K. Intriligator, Multiplets of superconformal symmetry in
diverse dimensions, to appear.

K. Intriligator, Anomalies, RG flows, and the a-theorem in siz-dimensional (1,0) theories, in
proceedings of Strings 2015, https://strings2015.icts.res.in.

T. Dumitrescu, Anomalies, RG Flows, and the a-theorem in 6d — Part I, in proceedings of
2015 Simons Summer Workshop, http://scgp.stonybrook.edu/archives/category/videos.

C. Cordova, Anomalies, RG Flows, and the a-theorem in 6d — Part II, in proceedings of
2015 Simons Summer Workshop, http://scgp.stonybrook.edu/archives/category /videos.

C. Cérdova, Anomalies RG-Flows and the a-Theorem in Six-Dimensions, London Triangle
Seminar, December 2015.

M. Bianchi, F.A. Dolan, P.J. Heslop and H. Osborn, N = 4 superconformal characters and
partition functions, Nucl. Phys. B 767 (2007) 163 [hep-th/0609179] [INSPIRE].

H.-C. Kim, S.-S. Kim and K. Lee, 5-dim Superconformal Index with Enhanced En Global
Symmetry, JHEP 10 (2012) 142 [arXiv:1206.6781] INSPIRE].

D. Rodriguez-Gémez and G. Zafrir, On the 5d instanton index as a Hilbert series, Nucl.
Phys. B 878 (2014) 1 [arXiv:1305.5684] [INSPIRE].

Y. Tachikawa, Instanton operators and symmetry enhancement in 5d supersymmetric gauge
theories, PTEP 2015 (2015) 043B06 [arXiv:1501.01031] [INSPIRE].

V.G. Kac, A Sketch of Lie Superalgebra Theory, Commun. Math. Phys. 53 (1977) 31
[INSPIRE].

L. Frappat, P. Sorba and A. Sciarrino, Dictionary on Lie superalgebras, hep-th/9607161
[INSPIRE].

C. Hwang, J. Kim, S. Kim and J. Park, General instanton counting and 5d SCFT, JHEP 07
(2015) 063 [Addendum ibid. 04 (2016) 094][arXiv:1406.6793] [INSPIRE].

A. Passias and A. Tomasiello, Spin-2 spectrum of siz-dimensional field theories,
arXiv:1604.04286 [INnSPIRE].

— 99 —


http://dx.doi.org/10.1088/1751-8113/49/46/465401
https://arxiv.org/abs/1603.00887
http://inspirehep.net/search?p=find+EPRINT+arXiv:1603.00887
http://media.kias.re.kr/detailPage.do?pro_seq=564&type=p
http://dx.doi.org/10.1016/S0003-4916(03)00074-5
https://arxiv.org/abs/hep-th/0209056
http://inspirehep.net/search?p=find+EPRINT+hep-th/0209056
http://dx.doi.org/10.1063/1.2196241
https://arxiv.org/abs/hep-th/0508031
http://inspirehep.net/search?p=find+EPRINT+hep-th/0508031
http://dx.doi.org/10.1007/JHEP09(2016)070
https://arxiv.org/abs/1509.00428
http://inspirehep.net/search?p=find+EPRINT+arXiv:1509.00428
http://dx.doi.org/10.1007/JHEP10(2016)035
https://arxiv.org/abs/1601.04072
http://inspirehep.net/search?p=find+EPRINT+arXiv:1601.04072
https://arxiv.org/abs/1603.06705
http://inspirehep.net/search?p=find+EPRINT+arXiv:1603.06705
https://strings2015.icts.res.in
http://scgp.stonybrook.edu/archives/category/videos
http://scgp.stonybrook.edu/archives/category/videos
http://dx.doi.org/10.1016/j.nuclphysb.2006.12.005
https://arxiv.org/abs/hep-th/0609179
http://inspirehep.net/search?p=find+EPRINT+hep-th/0609179
http://dx.doi.org/10.1007/JHEP10(2012)142
https://arxiv.org/abs/1206.6781
http://inspirehep.net/search?p=find+EPRINT+arXiv:1206.6781
http://dx.doi.org/10.1016/j.nuclphysb.2013.11.006
http://dx.doi.org/10.1016/j.nuclphysb.2013.11.006
https://arxiv.org/abs/1305.5684
http://inspirehep.net/search?p=find+EPRINT+arXiv:1305.5684
http://dx.doi.org/10.1093/ptep/ptv040
https://arxiv.org/abs/1501.01031
http://inspirehep.net/search?p=find+EPRINT+arXiv:1501.01031
http://dx.doi.org/10.1007/BF01609166
http://inspirehep.net/search?p=find+J+%22Comm.Math.Phys.,53,31%22
https://arxiv.org/abs/hep-th/9607161
http://inspirehep.net/search?p=find+EPRINT+hep-th/9607161
http://dx.doi.org/10.1007/JHEP07(2015)063
http://dx.doi.org/10.1007/JHEP07(2015)063
https://arxiv.org/abs/1406.6793
http://inspirehep.net/search?p=find+EPRINT+arXiv:1406.6793
https://arxiv.org/abs/1604.04286
http://inspirehep.net/search?p=find+EPRINT+arXiv:1604.04286

[67] P.S. Howe and A. Umerski, Anomaly multiplets in siz-dimensions and ten-dimensions, Phys.
Lett. B 198 (1987) 57 [INSPIRE].

[58] S.M. Kuzenko, J. Novak and I.B. Samsonov, The anomalous current multiplet in 6D minimal
supersymmetry, JHEP 02 (2016) 132 [arXiv:1511.06582] [INSPIRE].

[59] M. Buican, Minimal Distances Between SCFTs, JHEP 01 (2014) 155 [arXiv:1311.1276]
[INSPIRE].

[60] M. Buican, T. Nishinaka and C. Papageorgakis, Constraints on chiral operators in N = 2
SCFTs, JHEP 12 (2014) 095 [arXiv:1407.2835] [INSPIRE].

[61] K. Ohmori, H. Shimizu, Y. Tachikawa and K. Yonekura, Anomaly polynomial of general 6d
SCFTs, PTEP 2014 (2014) 103B07 [arXiv:1408.5572] [INSPIRE].

[62] K. Intriligator, 6d, N'= (1,0) Coulomb branch anomaly matching, JHEP 10 (2014) 162
[arXiv:1408.6745] [INSPIRE].

[63] J. Fuchs and C. Schweigert, Symmetries, Lie Algebras and Representations: A Graduate
Course for Physicists, Cambridge University Press (2003).

- 100 —


http://dx.doi.org/10.1016/0370-2693(87)90158-4
http://dx.doi.org/10.1016/0370-2693(87)90158-4
http://inspirehep.net/search?p=find+J+%22Phys.Lett.,B198,57%22
http://dx.doi.org/10.1007/JHEP02(2016)132
https://arxiv.org/abs/1511.06582
http://inspirehep.net/search?p=find+EPRINT+arXiv:1511.06582
http://dx.doi.org/10.1007/JHEP01(2014)155
https://arxiv.org/abs/1311.1276
http://inspirehep.net/search?p=find+EPRINT+arXiv:1311.1276
http://dx.doi.org/10.1007/JHEP12(2014)095
https://arxiv.org/abs/1407.2835
http://inspirehep.net/search?p=find+EPRINT+arXiv:1407.2835
http://dx.doi.org/10.1093/ptep/ptu140
https://arxiv.org/abs/1408.5572
http://inspirehep.net/search?p=find+EPRINT+arXiv:1408.5572
http://dx.doi.org/10.1007/JHEP10(2014)162
https://arxiv.org/abs/1408.6745
http://inspirehep.net/search?p=find+EPRINT+arXiv:1408.6745

	Introduction and summary
	Multiplets and superconformal indices for 5D N=1
	UIR building with auxiliary Verma modules
	The procedure
	5D N=1 multiplet recombination rules
	The 5D N =1 superconformal index
	Long multiplets
	A-type multiplets
	B-type Multiplets
	D-type multiplets

	On the complete classification of UIRs for the 5D SCA
	Reducibility conditions for F(4)
	An argument for necessity
	An argument for sufficiency

	Multiplets and superconformal indices for 6D (1,0)
	UIR building with auxiliary Verma modules
	6D (1,0) recombination rules
	The 6D (1,0) superconformal index
	Long multiplets
	A-type multiplets
	B-type Multiplets
	C-type multiplets
	D-type multiplets

	Multiplets and superconformal indices for 6D (2,0)
	UIR building with auxiliary Verma modules
	6D (2,0) recombination rules
	The 6D (2,0) superconformal index
	Long multiplets
	A-type multiplets
	B-type multiplets
	C-type multiplets
	D-type multiplets

	Some initial applications
	Flavour symmetries
	Supersymmetry enhancement of 6D (1,0) multiplets

	The superconformal algebra in 5D and 6D
	The conformal algebra in D dimensions
	The 5D superconformal algebra
	Gamma-matrix conventions in 5D
	The Lambda-basis of generators
	The 6D superconformal algebras
	Gamma-matrix conventions in 6D

	Multiplet supercharacters
	Characters of 5D N=1 multiplets
	Characters of 6D (N,0) multiplets

	The Racah-Speiser algorithm and operator constraints
	Operator constraints through Racah-Speiser
	The dictionary between Racah-Speiser and momentum-null states

	Summary of superconformal indices
	5D N=1
	6D (1,0)
	6D (2,0)

	6D (2,0) spectra
	A-type multiplets
	B-type multiplets
	C-type multiplets
	D-type multiplets


