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ABSTRACT: We construct a set of supersymmetric geometries that represent regular
microstates of the D1-D5-P 3-charge system, using the solution generating technique of [1].
These solutions are constructed as perturbations around the maximally rotating D1-D5
solution at the linear order, and depend on the coordinate of S' on which the D1- and
D5-branes are wrapped. In the framework of six-dimensional supergravity developed by
Gutowski, Martelli and Reall [2], these solutions have a 4-dimensional base that depend on
the S' coordinate v. The v-dependent base is expected of the superstratum solutions which
are parametrized by arbitrary surfaces, and these solutions give a modest step toward their

explicit construction.
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1 Introduction

The microphysics of black holes has been one of the most important subjects in string
theory which purports to be a consistent theory of quantum gravity. Since the pioneering
work of Strominger and Vafa [3] on the supersymmetric D1-D5-P black hole, much has
been learned about the structures of black hole microstates.

The fuzzball conjecture [4-9] is about the gravitational description of the black hole mi-
crostates. The conjecture claims that black hole microstates are made of stringy/quantum
gravity fuzz that extends over the horizon scale. The example for which this conjecture
is actually true is the supersymmetric D1-D5 system (2-charge system). For this system,
fuzzball microstates were explicitly constructed as smooth solutions in classical supergrav-
ity, known as microstate geometries [10, 11}, which were shown [12] to correctly reproduce
the asymptotic scaling of the entropy expected from microscopic computation. However,
the 2-charge system is not really a black hole, the horizon area vanishing classically.

The supersymmetric D1-D5-P system (3-charge black hole) has a finite horizon and
provides an ideal system in which to examine the fuzzball conjecture. The D1-D5-P system



is obtained by compactifying type IIB string theory on S x M, with M, = T* or K3, wrap-
ping N; D1-branes on S' and N5 D5-branes on S! x My, and putting N, units of momentum
along S'. Even if the fuzzball conjecture is true, there is no a priori reason to expect that
the black hole microstates are describable in classical supergravity as smooth solutions;
they can be intrinsically stringy and have no supergravity description at all. Nonetheless,
much effort has been made for constructing microstate geometries for this system within
supergravity and, quite remarkably, many smooth solutions have been discovered.

In particular, a large family of smooth microstate geometries has been explicitly con-
structed within supergravity in [13, 14| (see also [15-17] for earlier work). This family can
be characterized by the fact that they are independent of the compact S! coordinate which
we call v. Actually, however, there is growing evidence that this family is far from the
most generic microstates, even within supergravity. As we mentioned above, the D1-D5-P
system has momentum charge along v, which can be naturally carried by traveling waves
of the D1-D5 worldvolume depending on v and, therefore, the corresponding solution must
be v-dependent. So, the family of v-independent solutions in [13, 14] must not be the most
generic solutions. Also, in [18, 19], it was argued that placing supertubes in the throat re-
gion of v-independent solutions can enhance entropy. This also suggests that v-dependence
is important for getting more generic solutions, because entropy of supertubes comes from
v-dependent fluctuations of the worldvolume which, upon backreaction, turn v-independent
background geometry into v-independent ones. Furthermore, it has been shown that the
v-independent solutions are insufficient to account for the entropy of the D1-D5-P black
hole [20].! For these reasons, it is worthwhile to look for v-dependent microstate solutions
in supergravity in order to figure out whether the fuzzball conjecture applies to the D1-D5-
P system or not. Considering non-trivial dependence on the S' coordinate v means that
we must consider six-dimensional solutions.

Some v-dependent solutions of supergravity have already been constructed previously
in the literature [1, 21-27] and were shown to represent smooth microstates of the D1-D5-
P system. However, a systematic way to solve the relevant field equations in general has
not been found yet. In this paper, we try to make a modest progress in this direction,
by studying v-dependent solutions in the context of six-dimensional supergravity. The
supersymmetric solutions of this theory have been classified in [2, 28] and, more recently,
in ref. [29], the field equations that solutions should satisfy have been recast into a form
in which a linear structure is manifest.?> The solutions are constructed based on a four-
dimensional almost hyperkéhler base B which can generally depend on v. If the base B is
given and the source distribution of branes is given, all one has to do in principle to obtain
the backreacted solution is to solve the linear system of differential equations. However,
the problem is that the base B must satisfy certain non-linear differential equations and
we do not know how to solve them in general. Namely, we lack a systematic method to
construct the base B.

LOf course, it is fair to say that this might instead be evidence that generic microstates are not describable
in supergravity.

2For recent applications of the linear structure for constructing supergravity solutions, see [30-33].

3Ref. [27] discusses embedding of supersymmetric solutions in a general class of 6D theory into 10D
supergravity.



Most of the v-dependent solutions constructed thus far [1, 21, 23-25, 27] have v-
independent base B (note however the exceptions [22, 26] which we comment on below).
So, it is important to work out more explicit examples of v-dependent base B in detail,
and that is what we will do in this paper.

One may think that v-dependence of B may not be crucial for reproducing the cor-
rect scaling of the black hole entropy, just as for the D1-D5 system where fluctuations in
the R?* directions were sufficient for the purpose of reproducing the entropy scaling and
fluctuations in the T* directions [34] were not needed. However, for the D1-D5-P system,
there is an argument based on the possibility of “double bubbling” that the v-dependence
is essential for getting the right entropy scaling. This is a possibility that the D1-D5-P
system undergoes supertube transition multiple times [35, 36] and its generic microstates
are represented by a brane configuration with v-dependent worldvolume, dubbed the su-
perstratum. This double bubbling picture is supported by a supersymmetry analysis [37].
If this is true, we will generically have a fluctuating distribution of KK monopoles [29, 37]
which is described by a v-dependent base B, and we need to take them into account to
reproduce the entropy scaling.

In more detail, what we do in the current paper is to use the solution generating tech-
nique [1] to construct a solution with v-dependent base. In [1], they took the pure AdSg x .S3
geometry which corresponds in boundary CET to the NSNS ground state. Around that
background, they considered small fluctuation of fields that corresponds to a chiral primary
in CFT. On the fluctuation fields, they acted by a transformation which corresponds in
the bulk to a rotation in S® and which corresponds on the boundary to an R-symmetry ro-
tation. This transformation changes the linear and angular momenta carried by the fields.
Being just a rotation, this transformation leaves smooth geometries smooth. After spectral
flow to the RR sector, this procedure gives a solution that carries non-vanishing momentum
charge. Although they obtained a v-dependent solution by this technique, their base was
not v-dependent. In this paper, we consider more general fluctuations around AdSs x S3
and apply their solution generating technique to obtain a v-dependent base.*

It is appropriate here to mention the difference between our solution and the solutions
constructed in [22, 26] which also have v-dependent base. Ref. [22] discussed geometries
obtained by the spectral flow of the Lunin-Mathur geometries [10, 11] and correspond to
CF'T states on the unitarity bound. On the other hand, our solution is above the unitarity
bound and represent a different class of v-dependent solutions. Ref. [26] constructed su-
pergravity solutions by computing perturbative open string amplitudes for certain brane
bound states of the D1-D5 system as the boundary states. This worldsheet-based method
has the advantage of being applicable to general boundary states but the regularity of
resulting solutions is difficult to study. On the other hand, in our approach, the regularity
of the solution is easier to analyze, although it is special to fluctuations around AdSs x S3.

“Note that all we do is an S® rotation which is merely a coordinate transformation. So, in this sense,
whether the base is v-dependent or not is just a matter of the coordinate system one uses. However, what is
important is that this coordinate transformation does not vanish at the boundary of AdSs. This means that
this coordinate transformation generates genuinely new states in the CFT, and that is what is important
for microstate counting.



Some comments on the relevance of smooth geometries for black hole microstates are
in order. First, it is possible that a solution which looks supersymmetric at the super-
gravity level may not be supersymmetric in full string theory [38, 39] (see also [40]). So, a
given supergravity solution might not actually represent a microstate of the black hole in
question. Second, the analysis of quiver quantum mechanics [41] representing multi-center
black holes in 4D suggests that the black hole microstates may correspond to “pure Higgs”
states with vanishing angular momentum, which is rather unnatural from the viewpoint of
microstate geometries. Note that these two facts are not necessarily pointing toward the ir-
relevance of microstate geometries for the fuzzball conjecture; it may instead be completely
opposite. Namely, it seems natural to interpret them as saying that microstate geometries
are generally lifted by an amount invisible in supergravity except for ones with vanishing
angular momentum. This would nicely explain the fact that the angular momentum of su-
pergravity microstates is not restricted to zero whereas quiver quantum mechanics suggests
that the truly supersymmetric states have vanishing angular momentum. Further inves-
tigations are needed to clarify the relevance of microstate geometries, including the ones
constructed in the current paper, as the true microstates of the supersymmetric D1-D5-P
black hole. In particular, v-dependent solutions are expected to play an important role.

The organization of the rest of the paper is as follows. In section 2, we review the
supersymmetric solutions in the six-dimensional supergravity theory of our interest, and
how they can be embedded in 10D supergravity. After reviewing the solution generating
technique of [1] in section 3, we present the construction of the solution in section 4. We will
only describe the outline and the result, referring to the appendix for details. In section 5,
we discuss possible future directions.

2 Review of supersymmetric solutions in 6D

Here we review the supersymmetric solutions in 6D supergravity as presented in [29]. We
will be brief here; for more details the reader is referred to [2, 28, 29].

The classification of supersymmetric solutions in 6D A/ = 1 supergravity was first done
by Gutowski, Martelli, and Reall (GMR) [2] for minimal supergravity and later generalized
in [28] to include vector multiplets. The supergravity theory we consider here is N = 1
theory with an anti-self-dual tensor multiplet [29], and its bosonic field content consists of
the metric g,,,,, an unconstrained 2-form Bs with field strength G = dBs, and a dilaton ¢.
The most general supersymmetric solutions for this theory have a null Killing direction u, of
which all fields are independent. However, the fields can in general depend on the remaining
five coordinates. Because null Killing vector introduces a 2 + 4 split in the geometry, it
is natural to introduce a second retarded time coordinate v and a four-dimensional, and
generically v-dependent, spatial base B with coordinates ™, m =1,...,4.

The six-dimensional metric is given by

dsg = 2H (dv + B) [du +w + %f(dv + B)] — dsi, (2.1)



where H, F are functions and 5, w are 1-forms in B. H, F, 5,w in general depend on v, 2.
The base B has the metric

ds? = hppdz™dz" (2.2)

and equipped with almost hyperkéhler structure 2-forms .J (4) A =1,2,3, which are anti-
self-dual,

s JA) = — g, (2.3)
and satisfy the quaternionic relation

JAm (B, _ _5AB5lm+€ABCJ(C)mh JAm  — szl(A)' (2.4)

n = n =

Here, %4 is the Hodge star with respect to the four-dimensional metric (2.2). For our
convention of differential forms and Hodge star, see appendix A. The 2-forms J) are not
closed but its non-closure is related to 3 as

dJA) = 9,(8 A JW), (2.5)

with d being the exterior derivative restricted to the base, d = dz™8,,. The 1-form B must
satisfy the condition

Dp = x4Dp (2.6)
where
D=d—3N0,. (2.7)
We also introduce the 2-form
5= %GGABCJ(A)ijji(jB)J(C)7 (2.8)
which measures the rotation of J() as v varies. Here, we defined * = 9,,.

Given the base B and the 1-form f satisfying the above equations, we can determine
H,w in the metric, the dilaton ¢, and the flux G = dBs by solving a linear system as
follows. We introduce functions Z, Zs by

Zi = HeV?, Z,=He V%, (2.9)

and 2-forms ©1, ©5. Then they satisfy the following linear equations:

) . 1 )
D x4 (DZI + ,8Z1) = —209 A DB, d©s = 0, |:2 *y (DZl + ﬂZl) + B A @2:| ,

(2.10)
. - 1 )
D x4 (DZQ + ,BZQ) = —201 A D, dO1 = 0, |:2 *q (DZQ + ﬂZQ) + B A @1:|
The ©1 2 are not quite self-dual but the failure is related to QZ as
£401 = ©1 — 2791, 40y = Oy — 2719, (2.11)



Once Z, 0 are known, the field strength G = dBs is given by

G—d[—;Zl_l(du—Fw)/\(dv—i—B)} e (2.12)
e2V2 4o G =d [—;Zgl(du +w) A (dv+ 5)} + Ga, (2.13)
where
&y E%M (D + 8)Zs + (dv+ B) A ©1, (2.14)
Gy E%*4 (D + B)Z1 + (dv + B) A ©s. (2.15)

The 1-form w is found by solving the equation
(14 %4)Dw = 2(Z101 + Z205) — FD — 47, Z). (2.16)
Finally, F is determined by
[—— 1 ij
x4 D %4 L = §Hh ]av (th) + Z&,(Hh J)&,(Hhij)
— 23,1 + 2H?? — 2 %4 [©1 A Oy — ¥ A Duw], (2.17)
where
A |
LEw+§}"ﬂ—§D}'. (2.18)

We embed the above 6D theory into 10D type IIB supergravity as follows [34, 42] (note
that embedding is not unique). We identify the 2-form By with the RR 2-form potential
(s and the 6D dilaton ¢ with the 10D dilaton ® as

By= sy = \}qu (2.19)

Then the relation of G = dBs to the RR 3-form flux F3 = dC5 and the dual F; = %9F3 is

1 1 1
G = *Fg = *dCQ, 62\/§¢ *6G = *F7’6. (2.20)
2 2 2
Here, |...]|s means to strip off the My part of the differential form. Because F3 o< G couples

electrically to D1 and magnetically to D5, the first term dJ...] of G in (2.12) corresponds
to D1(u,v) and the function Z; is the potential for it. The first term of Gy in (2.14)
corresponds to D5(u, v, My) and the second term in Gy to D5(u, ), My) where 1 is some
curve in B. Inside B, D5(u, ¥, My) is a 1-brane along 1 and we can measure its charge by
integrating ©1 over a 2-surface going around it. From 2V2¢ x¢(G o< Fr, we can similarly read
off charges, setting D1<>D5. Also, 8y, wm, correspond to linear combinations of momentum
charge along ™ and KK monopole charge along =™ x My with special circle v.



3 Solution generating technique

In this section, we review the solution generating technique by Mathur, Saxena, and Sri-
vastava (MSS) [1], which allows one to construct a solution carrying momentum charge
starting with a seed solution carrying no momentum charge.

The Lunin-Mathur (LM) geometry [10, 11] is a family of smooth geometries in 6D
describing microstates of the D1-D5 system. They are parametrized by continuous func-
tions Fy,(w) called the profile function which parametrizes the closed curve in R* along
which the D1-D5 worldvolume is extending.® They represent the ground states in the RR
sector of the D1-D5 CFT and the dictionary between the geometries and CFT states is
well established [42]. Expressed in the GMR form of section 2, the LM geometry is given
by the following v-independent functions and forms [22]:

Qs [* |F(w)[*dw Qs [ dw
lef ﬁ’ Z2:7 ﬁa
0 |Z—F(w)] L Jo |#— F(w)|
dSZdend.’I} dx 5 .F:(), 5:_ \/5 5 w:—77
Qs /L Frp(w)dw ~
Ay =22 [ 2077 B = x,4dA, O =0y=1=0. (3.1
L Jo |&— F(w)? ! 1=y 3.)

where L is a constant defined in (B.1), @5 is the D5 charge proportional to N5 (see (B.3))
and the D1 charge @i is given in (B.2). The profile function satisfies the periodicity
condition Fy,(w + L) = F,(w). The RR 2-form Cs, which is related to the 2-form B,
by (2.19), is given by

Cy = —Zfl(du + w) VAN (d’U + B) + Co, dCy = x4dZs, (3.2)

which is nothing but (2.12), (2.14). Note that we dropped “1” in the harmonic functions
Z1,2 so that the above solution describes asymptotically AdS space. Extending our com-
putation to asymptotically flat space would be interesting but we will not attempt to do
it in this paper. See appendix B for more about the LM geometry.

In [1], MSS constructed a v-dependent 3-charge configurations by considering small
fluctuations around maximally rotating LM geometry [43, 44]. This geometry is given by
a circular profile function,

, 2
Fy +iFy = ae™?, F3;=F, =0, W= %, a= QJ%Q57 (3.3)

with R being the radius of S', and represents a particular RR ground state of the D1-D5
CFT with maximal possible R-charge. In this case, the GMR data (3.1) and (3.2) are

®We do not discuss the generalization for the profile function to describe fluctuations in the T direc-
tions [34].



computed to be

le%, ZQZ%, h=r?+a®cos?0,
Ao _mha sin? 9d¢, B \/mha cos? Hdw, (3.4)
Cy = _Qs(r? —1—22) cos? 9d¢ A di,
Here, we introduced the coordinates r,6, ¢, by [11]
! 4 ix? = seid’, 23+ it = we“l’,

s =112+ a? sinb, w = rcosf, (3.5)

s,w,r € [0,00), ¢, € ]0,2m), 0 c [0, g},

in terms of which the metric for the flat 4D base becomes

d 2
ds?=h <r2—:a2 + d02> + (r? + a?) sin? 0 dp* + 12 cos? O dip?. (3.6)
By the spectral flow transformation of the CFT, this state can be mapped into the
ground state in the NS-NS sector. In the bulk, the spectral flow corresponds to a simple

coordinate transformation

t Y
=¢—— =p+ 2 3.7
b=6-7 D=v+l, (37)
where
U+ v U—v
t= ——nr, = . 3.8
7 V=75 (3.8)
One can show that this brings the 6D metric (2.1) into AdS3 x S3:
dsg = —dsids3 — VQ1Q5 dszs, (3.92)
1 Q105
ds% g, = ——— | —(r? 4+ a®)dt® + r2dy® + dr?|, 3.9b
shiss = g [~ e a4 F (390)
dsfqg = db? + sin? 0 dg? + cos® 0 d)?, (3.9¢)
2, 2 _ I
szrgadmdyﬂ/g"’ad¢Ady—Q5cos29d¢Ad¢. (3.9d)
1 1

Around this AdS3 x S3 background, MSS considered a fluctuation of the fields that cor-
responds to a chiral primary with

(hNS7jNS> = (k,k), (BNsvjNS) = (kv k)v (3'10)

where h, h are the eigenvalues of the Virasoro generators Lg, Ly while 7, 7 are the eigenvalues

—~—

of the SU(2) x SU(2) R-symmetry generators Jg’, jg’. The subscript NS denotes the NS
sector. The corresponding bulk fields can be worked out using the field equations of 6D



supergravity. If one did the inverse spectral flow transformation to this state, the one
would obtain an RR ground state which has less than maximal R-charge and no momentum
charge. In order to generate a new solution, they instead acted by (J; )N on the state (3.10)
to get an NSNS state with

(hNS7jNS) = (k’ k — 1)7 (BNS’jNS) = (kvk)a (3'11)

and then did the inverse spectral flow. In the bulk, (J3 )NS corresponds to one of the
generators of the SO(4) = SU(2) x SU(2) rotation group of S® and is represented by a
simple differential operator. So, it is easy to work out the fields corresponding to (3.11).

After inverse spectral flow transformation®
hR — pNS _ NS, R = NS, (3.12)
we end up with an RR state with
(AR5 =Lk =1), (A7) =(0,k), (3.13)
which has non-vanishing momentum charge
N, = AR —pR =1. (3.14)

Being a simple SU(2) rotation of the original solution, this solution is guaranteed to be
smooth and represents a microstate of the D1-D5-P system.

MSS studied particular chiral primaries which are represented in 6D supergravity [45]7
by fluctuations only of 6D dilaton and gauge fields but does not change the background
metric from AdS3 x S3.8 The latter fact greatly simplified their analysis but at the same
time implies that, when recast in the GMR form, the solution has a v-independent base.

4 Construction of the v-dependent solution

In this section, we use the solution generating technique reviewed above to construct a
3-charge solution with v-dependent base B. Here we will outline the main computations,
followed by a summary of the results, relegating some details to appendix C.

4.1 The seed solution and spectral flow

We would like to use the solution generating technique of MSS reviewed above in order
to obtain a solution with a v-dependent base. For that we need fluctuations more general

5Note that this is for the weight and R-charge of the perturbation, not including that of the background.

"There are different ways to embed the 6D fields into 10D fields, and they correspond to different
chiral primaries. For particular ways to embed solutions in 6D supergravity into 10D supergravity, see
e.g. [27, 34, 42].

8This is true only at the first order in the fluctuation. At higher order, the fields backreact on the metric
and the background will change.



than was considered by MSS. Specifically, as the “seed”, we take the following fluctuation
of the LM profile,

SFy 4 i 0F, = be!lktwutia - sp — 5By =0, (4.1)

around the circular profile (3.3). Here, b is a small number and we will work only at the
linear order in expansions in b. « is an arbitrary constant phase while

ke, k<-—-2 or 1<k. (4.2)

k = —1 is excluded because it would correspond to translating the entire profile, while
k = 0 is excluded because it would correspond to changing the background radius a and
change the D1 charge (). The change in the GMR data, such as §Z1, can be computed
readily by plugging F'4+40F into (3.1) and expanding it in the small parameter b (see (C.1)).
Actually, it is more convenient to take a suitable linear combination of fluctuations with
different phase «, which we are permitted to do in the linear approximation. Specifically,
taking the linear combination (o = 0) +i(aw = —7/2), we find that the change in the GMR
data is

671 = 2Qsabw? [a(sla(k + 1) — aly(k)) + (k + 1)1 (k)] e*?,
67y = 2Qsb (sIx(k + 1) — aly(k))e™?, (4.3)
0A = Qsbw (—iX_ds — sX, dp)e™®, 6B = 2Qsabww?e™® I (k)du,

where I,,(k), X1 are defined in (C.3), (C.6). ©12, F, o still vanish, because we are dealing
with the LM geometry anyway.”

The GMR data (4.3) represent a small fluctuation around the maximally rotating LM
geometry. This solution still belongs to the LM geometries (3.1) and therefore corresponds
to a certain RR ground state of the D1-D5 CFT. To use the solution generating technique
of MSS, let us do a spectral flow transformation to the NS sector, so that we have fluc-
tuating fields around AdSz x S3. To the zeroth order, the spectral flow transformation is
implemented by the coordinate transformation (3.7) but, in the presence of the fluctuation
on top, we have the freedom to do a further coordinate transformation at the same order
in b. Let us use this freedom to bring the fluctuation of the metric into the canonical form

of Deger et al. [45]. Concretely, we apply the following coordinate transformation!?

g = (¢,8Y,¢m, €%, 6%, ¢Y)
B balFleik(t/R+6) ginlkl ¢ im arsin? 0 asin g cosd - )
B (7“2 + a2)|k|/2 r2 g2’ h ) L ) )

G = Guv + Vo + Vi,

9We can identify the fluctuation studied in MSS [1], which does not change the 6D metric, with a linear
combination of the fluctuation (4.3). Specifically, if we denote the fields in (4.3) depending on k collectively
by F(k), then the fluctuation in [1] corresponds to 2 (F(k)—F(—k)*). In terms of the profile function Fy, (w),
this is a “longitudinal” fluctuation that does not change the shape but only the parametrization. More
precisely, one can show that it corresponds to (Fi + iF2) + (0F1 + idF2) = aexpliw(w + (b/aw) sin(kww))].

YPart of this coordinate transformation has been written down in [46]. This is a generalization so that
the full 6D metric is in the form given in [45], not just the S* part.

,10,



where the F signs correspond to k 2 0, respectively. Then the change in the 6D metric,
relative to the AdSz x S metric (3.9), takes a rather simple form as follows:

r2 — g2 27,2 _ 9
5(ds2) = (|k| + 1) ¥ BY | g2 Ty V@iQs(r? — a?)dr

WQ VO (a2
T dtdr+\/Q1Q5 d6? + sin® 0d@? + cos® Odp?) |, (4.5)

where
R cikt/R R 53 o [H]
B = m, Y =€ S11n 0 (46)
We can also find the change in dilaton to be
6 =26¢ = (k+1)a*~bBY. (4.7)

Also, the change in the RR 2-form relative to (3.9) can be written in the canonical form
of [45] as

( 2(k+1)a*1b 5 rdy A dr
_AmT N P ey it S el
O r2wdt A dy + iQy e (k> 0),
5Cy = a'=1b ~ o rdy Adr (4.8)
BY — —
Q1w rPwdt A dy — iQ; "
—ilQ1Qsw cot B(dh — i sin 6 cos Bdd) A dzZ] (k=-1<0).

See appendix C.2 for details.

4.2 SU(2) rotation

Now we would like to do a transformation to the fluctuation (4.5), (4.7), (4.8) to generate
a new solution. The S is parametrized by 6,1, ¢, and its isometry group SO(4) = SU(2) x

—_—~—

SU(2) is generated by!!
i D), i
JE = iei (S+9) (118 + cot 6 95 — tanﬁa{l;), J = —5(854— 8{5),
i s Ty, 3 i
Jiziei (¢ 7’Z’)(:Fz@g—&—(30‘5(9(9(5—1—taum967$), J3:—§

For k > 0, all the fluctuation fields (4.5), (4.7), (4.8) are proportional to the scalar spherical
harmonic with the highest weight (k, k; k, k) of SU(2) x SU(2),

(4.9)

(05— 07).

Y =ehsinfo, k>0, (4.10)
which is killed by J*, J. This means that the fluctuation fields have

(B, N = (k. k), (W5, 1) = (k. k). (4.11)

—~

' The SO(4) generators J™™ = —i(2m0n — TnOm), m,n = 1,2,3,4 can be spht into SU(2) x SU(2)
generators as J* = J¢*, J* = J a = 1,2,3, where JI'" = L(J™" £ J™), J™" = Lemnpg P
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Since the background preserves the SU(2) x SU(2) symmetry, the above solution remains
a solution even if we replace Y with the (k,k —m;k, k) state,

(J)YY o eilth=m)é—imi gpk=m g cosm g = ¥ (4.12)
which has

(BNS jNSY = (ke k —m), (NS, 778) = (k, k). (4.13)

After this replacement Y - }7, we go back to the RR sector by the spectral flow transfor-
mation (3.7). (Note that we do not do a coordinate transformation similar to (4.4) before
spectral flowing back.) The resulting configuration has

(P%,51) = (m,k —m), (B, 7%) = (0, k) (4.14)
and therefore the momentum charge

N, = h® = =m. (4.15)

The resulting fields can be rewritten in the GMR form, as summarized in the next subsec-
tion.

For k = —1 < 0, on the other hand, the fields are proportional to
Y =esinle,  1>0, (4.16)
which is the lowest state (I, —l;1,—[). The corresponding CFT charges are
(BN = (1, =0, (5,7 = (1, -1). (4.17)
Acting on the state by (J7)™, n > 0, we obtain the (I, —(I — n);l, —I) state
x (JH)"Y MG+ G l=n g cogm g, (4.18)

After inverse spectral flow, we end up with an RR state with

(R, %) = (20 — n, 1 + n), (R, 7% = (21, —1), (4.19)
N, = bt —pf = —n. (4.20)

The expression for Y that works for both k > 0,k <0is
Y = eilk=m)é—imd i [kl=lm| g colmi 0, (4.21)

where for k < 0 we take m = —n < 0. The value of m is restricted to 0 < |m| < |k|.
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4.3 The v-dependent solution

As the result of the procedure outlined above, we obtain the following GMR fields repre-
senting a microstate of the D1-D5-P system:

cv/Q1Q5(r? — a? cos? 9)

6H = = F, V26¢=060=(k+1d"1pF (4.22a)
|k|—1bQ
a 1
021 =~ [72(k + |k| +2) + a®(k — |k|) cos* 0] F, (4.22b)
\k\—le
a 5
02y = ——5 [7%(k — |K|) + a*(k + |k| + 2) cos® 0] F, (4.22¢)
_acy/201Qs5 irdr r? 9 9
0p = - F [iﬂ e + - (sin“ Od¢ — cos” 0dy) |, (4.22d)
acy/201Q5 irdr r . 9 9
Sw = XV : F [j:r2 e + ﬁ(sm 0d¢ + cos” 0dyp) | , (4.22¢)
F =0, (4.22f)
5(ds?) = 2a%cF |sin?6 ( do + irdr i + cos? 6 db* (4.22¢g)
4) — r2 + a2 ) 228

where

ei\/imv/R‘Fi(k*m)d)*imd) Sin|k|_|m| 9 COSImI 9
(TZ + a2)|k|/2 ’

c= (k| + a1, F= (4.23)

Here k € Z (k # —1,0) and |m| < |k|. The sign of m is also correlated to that of k, namely,
sign(m) = sign(k). The + signs above correspond to k& = 0. We can see that the base
metric is v-dependent as we wanted. This solution carries non-vanishing momentum

N, =m. (4.24)

Note that, in our approximation at first order in perturbation, we have F = 0 and
we cannot read off the momentum charge from the asymptotic behavior of g,,. This
is because the metric starts to feel momentum only at the quadratic order, because the
energy-momentum tensor 7}, is quadratic in fields.
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The © fields can be read off from (2.12) and (2.13) as

(k + 1)ma**+2b 2@%% cos? 0 (TQTQQ dr — ir? sin? 0d¢>) A dip (k> 0)

301 = { [mlallp 25215F[|k:]tan9(— irdr +d¢)Ad9

r2+a?

+(—|k\r2+22 cos? O)r (rzﬁﬁ + % sin2 9d¢> A d@/;} , (k<0).

(4.25)

k4 1)makby /28 F [tan 6 (29 + dp) A do
Q1

r21q2
3
+W —

24 + ¥ sin? 0dqb) A dw] (k> 0).
50y =

mlallb, /292 F [tan@ (— irdr d¢) A df

r2+a2

+(a2|k|60229*T2)7" (T2d+ra2 + I sin? 0d¢> A dw] (k <0).
(4.26)

It is a good consistency check that these vanish for m = 0, because ©; vanishes for the
original LM geometries. Using (2.11), we can compute :

~ (|k| 4+ 1) |m|al*+2p ) irdr
= — F —_— —
o 50,02 sin 6 cos 0 :Fr2 2 de | Ndb
9 rdr ir?sin” 0
+ cos“ 0 <_r2 e . do | Ndy|. (4.27)

Both ©; and ©3 give the same 12, as they should.

Finally, let us turn to the almost hyperkiihler structure 2-forms, J4)

. To consider
their fluctuation, we must first fix the zeroth order expression. The flat metric (3.6) can
be rewritten in the Gibbons-Hawking form as follows:

ds? =V~ Hdx + €)* + Vds?, (4.28)
where
V= ;, ds2 = dp® + p*(dv? + sin® 9 dy?),
\/7”2—1—7a2 = 2,/p cos g, r = 2,/p sin g, (4.29)
qﬁ:g—gp, 1/)2%, € = (1+ cosv)de.
As the zeroth order basis, let us take
J@A) _ g1 p a1 _ L aBe B, O+ (4.30)
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where A, B,C =1,2,3 and

N

(dx +¢€), e’ ZV%d(psinﬂcosgp),

1 1 (431)
2d(psindsin @), et =Vad(pcosd).

el=V
=V
e2,e3, et give the Cartesian coordinate basis of the base R3. We could have instead taken
the four Cartesian coordinate basis forms of By = R? as the zeroth order, but the above
choice is more in line with the circular profile function of the background LM geometry.

With the above choice of J@), the fluctuation §J4) are found to be

1+ |k|) a'tFl b FeFi(o—1)
(r2 + a2)3/2

570 = {
X [ii (; [a® + (a® + 2r%) cos(20)] dr A dO — r(r® + a*) sin 6 cos 0 dp A d¢>

— cos O sin @ dr A [(?"2 + a?)d¢ — r2dw] + 7(r? + a?)df A (sin® 6 dp — cos® 0 dw)} ,

(1 + |k|) al*IFl b perito—v)

@ —
oJ (r2 + a2)3/2
1
X [(2 [aQ + (a® + 2r%) cos(26)] dr A df — r(r? + a®) sin 6 cos 0 do A d¢>
+icosfsin@dr A [(r* + a®)dp — r*dy]| Fir(r? + a®)d0 A (sin® 0 dp — cos® 0 dqp)] :
6JG) = (1 + [k|) a'** b F sin(26) _ET e A dd— do A do ) . (4.32)
r2 + a?

For details of the computation, see appendix C.3. One can check that the above §.J()
correctly give 1 given in (4.27) using the definition (2.8).

5 Future directions

In this paper, we perturbatively constructed supersymmetric configurations of the D1-D5-
P system as solutions of 6D supergravity at the linear order. An important characteristic
of our solutions is that they has v-dependent base space By. This is a feature expected
of superstratum solutions [29] and we hope that our solutions are useful for constructing
general superstrata.

Our solutions have AdS asymptotics, because we used the solution generating technique
of [1]. It would be interesting if our solutions can be generalized to flat asymptotics. This
is a non-trivial problem, because adding “1” to the harmonic functions Z; o affect other
equations in section 2 and finding ©12,w, F that satisfy them is not an obvious task.
Also, it is interesting to see how our solutions fit in the framework of [33], which discusses
v- and y-dependent fluctuations on top of v- and x-independent Gibbons-Hawking base.
Finally, our solutions are constructed as linear perturbations around the maximally rotating
Lunin-Mathur geometry. It would be interesting to see if this perturbative solution can be
non-linearly completed to finite deformations of the LM geometry [27]. This will make it
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easier to see the location of the brane sources in our solutions, which should be useful for
finding general smooth solutions of the 6D system.
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A Convention

We define the following operators

D=d—[Ad,, (A1)
=0, =Los =tpd+diy (A.2)
v ov ov
The Hodge star is defined by
m mMp\ 1 n ng_ mi...m
kq (dz™ A - Ndx P)—(dip)!dx1/\-~-/\dxdpemmnd_p 1eMp (A.3)
Our choice for the 6D € tensor is [29]
1
GUUI234 _ 6tylZS4 =+ €ty1234 = _\/H' (A4)

Nk

B Lunin-Mathur geometry

Here we summarize relations relevant for the Lunin-Mathur solutions presented in (3.1).
The periodicity of the profile functions, L, is related to the radius R of the S and the
quantized D5 charge N5 as

2mgsa’ Ny
L=——— B.1
B (B.1)
Given the profile function F,,,(w), D1 charge is given by
L
@:%/MWW (B.2)
0
D1 charge @)1 and D5 charge Q5 are related to quantized charges Ny, N5 by
/ gs()/3
Q1 = gsa' Ny, Qs = N5, (B.3)

Vg

where the coordinate volume of T is (27)%v,.
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The 1-form B can be found by solving the differential equation dB = x4dA in (3.1).
The explicit solution is

L 1 ’
y tELFy (yidz; — yjda;
B:_QEL”“/O dw/o PALLLIC |;f|J4 UAT) R (w). (B.4)

This can be derived as follows. Let us rewrite the expression for A in (3.1) by decomposing
the closed curve ¥ = ﬁ(w) into sum of many closed curves, just like one does in Stokes’

/ / ot |x—tF)(d$;\2]

Qs " Ei(w)dz;  2((Z — tF) - F) tFy(w)dz;
B L/od /odt TR ]

This corresponds to decomposing the closed curve ¥ = ﬁ(w) as a sum of many curves

theorem.

(B.5)

7= (t+dt)F(w) and ¥ = —tF(w). The curves are along w, but we further want to divide
them by adding segments along ¢, so that now we have infinitesimal curves along both t,w
directions. This can be done by adding a total derivative in w (which integrates to zero
upon [ dw) as follows:

. / / ” (w)dw; | 2((F —tF) - F)tFi(w)dw; 0 Fy(w)da
ﬁ )!2 & — tF(w)[? Ow \ |7 — tF(w)|?
(B.6)
After some manipulation, this can be written as
2 tFF d dx;
T / / a TEWCLZWI) iR ). (B
Yy
Now, if we have a 1-form
0 — gyt — i (B.8)
|Z|
where a;; is constant and antisymmetric, then the 1-form b that satisfies
da = x4db (B.9)
is given by
x;dr; — xidx; 1 B
b= by— ]|f|4 by = —geuan = —dij. (B.10)

Therefore, (B.4) is the solution to dB = %4dA.

C Details of calculations

Here we describe some details of the computation in section 4.
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C.1 Fluctuation of Lunin-Mathur geometry

We study fluctuations of the LM geometry corresponding to the fluctuation §F,,(w) of
the profile function around the background profile F,,(w). The change in the harmonic
functions in (3.1) is given by

2Q5/¢dw[(@%—ﬁ)wﬁaF2 [ oF
0

07, = = - + ],
L 7 — F[A 7 — F|?
2 L (- F).0F
5@::Qk/ & =) OF (C.1)
L Jo |7 — F*

5A; =

Qs [ |2@F-F) 0F)F;  F

Also, from (B.4), The change in D1 charge @; defined in (B.2) is

2 L
0Q1 = Q5/ dwF - F. (C.2)
L Jo
For studying fluctuations around the maximally rotating LM solution (3.3), it is useful

to define

12 cos(kv) dry
I,(k)= — = I,(—k), .
() 27 /0 (82 + a? + w? — 2as cos )" In(=F) (C.3)

for k € Z and n =1,2,.... Explicitly,

al*lsinlkl g
Il<k) = h(r2+a2)|k|/27 (04)
r2 — 1) cos? a2 al*! sinl¥l
) LU D24 (K = 1) cos 1 2)a” 3 s

B3 (r2 + a?)Ikl/2
We also define
Xy =as[lzy(k+2) £ I(k)] + a2[$12(k —1)—Lk+ )]+ (k+1D)L(E+1). (C.6)

More explicitly,

[|k| ((172 cos? 0)r?2—a? cos? 9)h+2(r2+a2)(r27a2 cos? 0) sin? G]a““H'l sinlkl=1¢

[k|+1 (k 7& 0)7
X, = (r24a?) "2 h3 (C.7)
Vr24+a2(r2—a? cos? 0)asin
2 +a?( “ 0) 0 (k‘ _ 0).
kalkl+1 ginlkl=1 ¢
- 2 (C.8)
(r24a?) "z h

C.2 The seed solution and spectral flow

In section 4.1, we considered the fluctuation (4.1) around the maximally rotating LM
geometry and computed the change in the GMR data. The change in Zi, Z5, A, B is
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straightforward to compute using the formulas (C.1) and (B.4). The change in the RR
2-form (3.2), 0Cy, has contributions 6C5 clec and 0C2 mag:

VA
5Ch 1o = —%(dt —A)A(dy+ B) + Z7 [~6AA (dy + B) + (dt — A) ASB],  (C.9)

1
502,mag = (SCQ, d562 = *4le. (C.lO)

If we carry out the spectral flow (3.7) followed by the coordinate transformation (4.4), we
have an additional contribution:

(502,diﬂ”),uu = (‘6602);”/ = fpapc,uu + augpcpu + 8u£pc,upa (C'll)
where L¢ is the Lie derivative. The total change in C3 is given by
0Cy = 5027916(; + 5027mag + 50270115. (C.12)

In order to find §C5 in the canonical form of [45], it is easier to first compute dF5 = ddCy,
because then we do not have to know 6C5 ag but only its exterior derivative déCo mag =
x4dZ7. After some tedious computation, we find, for k > 0,

2(k + 1)ak et (t/B+e) sink g
O1(r2 + a2)k/2

ay/ Q10 o
+ kr? <dt - Mw) A (cot 0d6 + idg)

0F3 =

[—(k —2)rdt Adr

A dy (C.13)

while, for £ = —[ < 0,

2a!~1pe~ Ut/ R+¢) ginl g

§Fy = RCEYOLE (L= 2)rdt Ady Adr+1(1+2)Q1Q5sinf cos 0 db A dp A dip
1/ (1Q o~
e <dt + Mm) Ady A (cot 6 d — idd)

— 2a\/010Q5 <dt - ;mcﬁ> A (cotede —icos? 9d¢~a) A dqz] . (C.14)

Note that the expression for £ = —[ < 0 is not simply obtained from the one for £ > 0 by
replacing k — [.

The 2-form potential 0Cy that gives the above dF3 is obtained as follows. First,
from [45], the AdS3 part of the 2-form can be written as

Chy = (€19%) ) X\ Y, (C.15)

where p1, v, A are AdSs indices and €453 is the volume form for AdSs with the metric (3.9b).
X are functions in AdSs while Y is a harmonic function in S3. On the other hand, the
S3 part can be written as

Cop = () U 8,Y, (C.16)
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5% is the volume form for unit $3 with the metric (3.9¢), and U

where a, b, ¢ are S® indices, €
is a function in AdS3. In general, there can be also mixing terms, C,,, but that turns out
unnecessary in the present case. So, after a bit of redefinitions, our ansatz for the 2-form is

~ r dr A dt r(r? + a?)
0Co =B | Xy ———=dyANd X,—+X,—
? [ RER T P Q1Q5

> dt Ndy|Y
~ o~ sin 6 ~ ~
Y)dp Adh + =" (8,Y)dO A d
(03 )dy A +C089(8¢ )dO N do|

cos
sin 6

+ BU [sin 0 cos 0(0pY )dp A dip +
(C.17)

where E, Y are defined in (4.6). By requiring that this reproduce the 3-form §F3 in (C.13)
and (C.14), we get the following simple result:

2i(k + 1)a* b 2(k +1)a*~1b
E>0: Xt:_w7 X, =0, X,=-— ( +2)a i Q5r, U—o,
w r+a
2ial~1b 20! 10Q5r
k=—-1<0: X;= o X, =0, XT:_4r2+a2

. U=-2d"1Qs. (C.18)

Or, more explicitly,

( 2(k+1)a" b 55 . rdyANdr
=1y
§Cy = { _2a bBY [ﬂw dt A dy — ZQIM (C.19)

Q1w r2 + a2

—ilQ1 Q5w cot O(dO — isin O cos Odgp) N dw] (k=-1<0).

This is what we used in (4.8).

C.3 Computing §J4)

As explained in the main text, as the zeroth order solution, we used the hyperkédhler
structure 2-forms J) defined through the vierbein e/ = el;dz?, I = 1,2,3,4, as (4.30).
Note that J4) are genuinely hyperkihler, not almost hyperkihler, and therefore closed.
Also, note that el are orthonormal in the sense

gielie!; =17, (C.20)

where gflj is the inverse of the base metric g4;; defined in (4.28).
Let us assume that the corrected 2-forms J(4) + §J(4) are still constructed from the
corrected vierbein e! + e by (4.30). Namely,

1
§JW = gel A ATl el A geAt! — ieABC(éeB Ael 4 eP A sel). (C.21)

Let us expand de! as de! = del;da’ and raise and lower indices using the zeroth order
quantities elj, gsij, and gy . If we require that el + e’ be orthonormal with respect to the
corrected metric g4 + dg4, then (C.20) implies that

(56@' + (56]',‘ = 5g4ij. (C.22)

— 20 —



Therefore, we can write de! in terms of the 6 independent variables deij<; as

4
1 . . . .
ge’ =" 561@5941'# > oeji+ Y e (bguij — deiy) | da. (C.23)

i=1 1<j<i i<j<4

With this construction, the conditions (2.3) and (2.4) on J® + §J(4) are automatically
satisfied. However, they will not be closed any more.

In the present case, all fields (4.22), (4.25), and (4.26) depend on v through F' defined
in (4.23). So, let us assume that de, §JA) are also proportional to F' and therefore

§JA) = am 6., (C.24)

15

In this case, 1Z in (2.8) is given by

~ ] 2 L ABJ 7(4)ij 5 1(B) 7(C)
=1 QlQE’am-Ee J 0J;;

= m(l — *4)]\47 M = eI VAN 56[. (025)

If we plug the explicit expression (C.23) into (C.25) and require that it be equal to (4.27),

it turns out that we can eliminate 3 out of 6 independent parameters de;;. For example,
we can take dejo, deqs, derq as independent variables.
One can show that the differential condition (2.5), which reads

dsJ = 8,(BAGSJ + 6B A J) (C.26)
[ 2
=1 0.0 ma(BASJ + BN J), (C.27)

is identically satisfied, whatever the values of dejo, deq3,deqq are. If we compute 0J (4)
using (C.21), we obtain (4.32), independent of deja, de1s, deiy.
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