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1 Introduction

Applied researchers constantly face the fundamental problem of choosing among alternative
statistical models. The aim is to evince whether the models give significantly different fits
to the data, while keeping each model on equal footing. The Neyman-Pearson theory of
hypothesis testing only applies if the models belong to the same family of distributions.
Special procedures are thus called for if models belong to nonnested families.

Furthermore, the use of Bayes factors are not without difficulties. First, the priors for
one model must be coherent with the priors for the other models. In fact, if the parameter
spaces have different dimensions and there is no simple relation linking the parameters of
each model, performing a Bayesian analysis is a daunting task. Second, if prior information
is weak so that one employs an improper prior, the usual Bayes factor is not properly
defined. Alternative Bayes factors are thereof necessary.

The literature tackling the issue of nonnested families of hypothesis has a long pedigree,
dating back to the seminal works of Cox (1961, 1962). For reviews and further references on
nonnested hypothesis testing, see Gourieroux and Monfort (1994), McAleer (1995), Pereira
(1977b, 1981, 1998), and Pesaran and Weeks (2001). Literature reviews focusing on the
particular case of regression models appear in Pesaran (1974), MacKinnon (1983), McAleer
and Pesaran (1986), and McAleer (1987). Further references in time series are Godfrey and
Tremayne (1988), Burke, Godfrey and Tremayne (1990), Silvapulle and King (1993), and
Chambers (1993), whereas Zellner (1984), Rossi (1985), De Jong (1993), Wiginton (1974),
Allenby (1990), and Rust and Schmittlein (1985) develop Bayesian approaches. Other
econometric applications are Harvey (1977), Aurikko (1985), and Pesaran and Pesaran
(1995).

The contributions of this paper are twofold. First, we note that, even though the
resulting expression is correct, there is a flaw in Pesaran and Deaton’s (1978) derivation of
the asymptotic variance of the Cox statistic for nonnested multivariate regressions. Second,
we show how to build alternative Bayes factors for the testing of nonnested multivariate
linear regression models. In particular, we compute expressions for Aitkin’s (1991) posterior

Bayes factor, O’Hagan’s (1995) fractional Bayes factor, and Berger and Pericchi’s (1996)



intrinsic Bayes factor.

The plan of the paper is as follows. Section 2 reviews the classical and Bayesian so-
lutions for the general problem of nonnested hypothesis testing. Section 3 introduces the
multivariate regression problem as well as the classical test statistics. It also corrects, for
linear regression models, the derivation of the asymptotic variance of the generalized Cox
test advanced by Pesaran and Deaton (1978). Section 4 describes alternative Bayes factors

for the multivariate regression problem, while Section 5 offers some concluding remarks.

2 Classical and Bayesian analyses

2.1 Cox procedure and alternatives

Let y = (y1,...,yn) denote a random sample from some unknown distribution. The null
hypothesis Hy and alternative hypothesis H; respectively specify the parametric densities
fo(ylaw) and fi(y|ay) for the random vector y, where g and a; are unknown parameter
vectors. Assume further that the density families are nonnested in the sense that arbitrary
members of one family cannot be obtained as a limit of members of the other.

The asymptotic tests developed by Cox (1961, 1962) relies on a modification of the
Neyman-Pearson likelihood ratio principle. The test statistic for Hy against Hy is

Al (6m.
To1 = Alo1(Go, 1) —n Plimnﬂoogol(:(m , (1)

apg=0ao
where the probability limit is taken under Hg, ¢ and &; are respectively the maximum
likelihood estimators of ap and «j, and Afy;(ag, 1) is the log-likelihood ratio p(ap) —
l1(aq).

Cox shows that, asymptotically, Tp; has a negative mean under the alternative hypoth-
esis, whereas, under the null hypothesis, it is normally distributed with mean zero and

variance

Vo(To1) = VolAloi (e, anpo)] — Coly ' Co, (2)

where aq)g is the plim of &; under Ho, Cp = na%to plimnﬂoo%Afgl(do,dl) , and Ij is
the information matrix of ag (see also White, 1982). If one wishes to test H; against Hy,
analogous results hold for the statistic Thg. It then follows that 1§, = T01V071/ 2(TOl) and

T = Tmel/ 2(T10) are asymptotically standard normal under Hy and Hj, respectively.



Note that the possible outcomes of the Cox test include inconclusive results such as the
rejection, as well as the nonrejection, of both hypotheses.

As an alternative, Cox (1961) suggests combining the two models in a general nesting
specification of which they would both be special cases. Assuming that the density is

proportional to the exponential mixture

[fo(ylao)* [f1(ylaa)]' 2, (3)

it suffices to conduct inference about A to test the relative merits of the two models[l
Unfortunately, this sort of testing procedure, which is widely used in econometrics (see, for
example, Fisher, 1983), cannot be extended to simultaneous equations as shown by Pesaran
(1982).

Sawyer (1984) uses the distributional results of Cox (1961) to propose a statistic for the
multiple testing of k alternative models. Let f;(y|a;), i = 1,...,k be the densities under
scrutiny and denote by T;; the k —1 Cox statistics for testing the null hypothesis H; against
each alternative hypothesis H; (j # i). Letting T = (T;1,...,Tii—-1, Tiit1,- .-, Tik), one
may test H; against all others H; (j # 4) using 77 E_lTj, which is asymptotically X%_l
under H;. Here ¥ is the covariance matrix C;(T;;,T;1) that is readily derived from Cox’s
results. Regularity conditions and properties are given in Pereira (1977a), White (1982),

Loh (1985), Pesaran (1987), Pace and Salvan (1990), Rukhin (1993), and Zabel (1993).
2.2 Bayesian analysis

Another general approach suggested by Cox (1961) rests on Bayesian inference. The pos-

terior odds for Hy versus Hj is

70 qo(y) _ o
7?1 () = 7r71 Bo1 (y) (4)

where 7; is the prior probability of H; and

4(y) = /fj(y!@j)ﬂj(aj) doy; (5)

! Atkinson (1970) develops a general theory for testing Ho : A = 0 against H; : A = 1. To estimate oy
under the null hypothesis Ho, Atkinson uses a;|o rather than &;. However, Atkinson’s procedure does not
always entail consistent tests (see Pereira, 1977a).



denotes the predictive distribution with prior probability 7;(a;) for the parameters under
H; (j = 0,1). The Bayes factor Byi(y) represents the weight of evidence in the data
favoring Hy over Hy. Cox also provides a general expression considering a loss function in
the posterior odds, and describes the large-sample approximation for the distribution of the
Bayes factor.

This approach has two main limitations. First, the prior knowledge expressed by 7y and
mo(c) must be coherent with that of 71 and 71 (aq). If the parameter spaces have different
dimensions, for instance, there is no simple relation between the parameters. Second, if
the prior information is weak and one applies an improper prior, the usual Bayes factor is
not well defined (see Aitkin, 1991; O’Hagan, 1995). To overcome these difficulties, some
alternatives have been recently proposed (see Kass and Raftery, 1995).

Aitkin (1991) proposes the posterior Bayes factor that compares the posterior means of

the likelihood function under Hy and H;. More formally, the posterior density under H;

(j=0,1)1is
mlaly) = A ®
which yields
P _
L ly) = / £ (wlag)ms () day; (7)

as the posterior mean of the likelihood function under H; (j = 0,1). The posterior Bayes
factor then corresponds to the ratio of the posterior means, namely BE) (v) = ¢/’ (y)/af (v).

O’Hagan (1991) derives a modification to the posterior Bayes factor of Aitkin (1991) so
as to avoid problems with improper priors. Consider the partition y = (z, z) of the sample.
From the subsample x, one obtains proper posterior densities m(ap|z) and 71 (aq|x) to use

as the priors for the subsample z. The partial Bayes factor By (z|x) then equals

_ [ folz|z, a0)mo(aolz) daw  qo(y)/qo(x) _ Boi(y)
[ AGlre)m(aa|z)dar qi(y)/ai(z)  Boi(z)

B()1(Z|.13)

The idea is that improper priors affect Byi(y) and Bpi(x) in the same fashion, and hence
the effect on By (z|z) is null.
Berger and Pericchi (1996) first define that the training sample z in the sample partition

y = (x, z) is minimal if the posteriors for ap and «; are proper and there is no subset of



x that entails a proper posterior. There are usually many, say R, partitions featuring a
minimal training sample. Berger and Pericchi then derive the intrinsic Bayes factor Bél (y)
as the average of the partial Bayes factors {Bo1(z.|z,); r = 1,..., R} obtained from the R
minimal training samplesﬁ

O’Hagan (1995) develop an alternative Bayes factor, which also relies on the use of a
training sample. Let b = n,/n denote the training fraction, where n, is the size of the

training sample z. The fractional Bayes factor then is B([)bl] (y) = qg)}(y) / ng] (y), with

_ I fi(ylay)mi(ey) deyj
f[fj(y|aj)]b77j(04j)daj

for j = 0,1. The key to understand the fractional Bayes factor resides in the fact that, for

a(y) )

n, large enough, the likelihood for the full sample is approximately equal to the power b
of the likelihood for the training sample. O’Hagan (1995) shows that the fractional Bayes

factor is consistent provided that b shrinks to zero as n grows.
3 Test statistics for multivariate linear regressions

Most results and applications in the literature deals with the testing of univariate nonnested
regressions with homoskedastic error terms. Exceptions are due to Pesaran and Deaton
(1978) and Davidson and MacKinnon (1983), who deal with nonlinear systems of equations.

It is surprising that only Pesaran (1982) and Davidson and MacKinnon (1983) mention
the identification problem that impedes the generalization of nonnested hypotheses testing
procedures other than the Cox test to systems of equations without imposing unrealistic
assumptions. It is even more surprising that there is no mention in the literature to the
fact that, although Pesaran and Deaton’s (1978) expression for the asymptotic variance of
the Cox test statistic is correct, their derivation is defective. In this section, we describe the
multivariate linear regression setting that we are interested in and then provide a correct

derivation for the variance of the Cox test statistic.

2 One could also use other descriptive statistic, e.g. the geometric mean and the median, to summarize
the information given by the R partial Bayes factors. Moreover, if R is too large, one may randomly select
a sample from the collection of possible training samples.



3.1 Notation and definition of the setup

We consider two nonnested multivariate linear regression models Hy : Y = X By + Uy and
H,: Y = ZB;4U;, where Y is a nxm matrix of regressands, X and Z are respectively nxp
and n X ¢ matrices of regressors, and By and Bj are respectively p x m and ¢ X m matrices
of parameters. The error terms Uy and U; have rows that are independent and identically
distributed (iid) as normal random vectors with means zero and covariance matrices ¥y and
31, respectively. We also assume that X and Z are of full rank (p and g, respectively), with
n > m+pand n > m+q. It thus follows that: Uy ~ N (0,1, ® %) and Uy ~ N (0,1, @),
whereas Y ~ N(X By, I, ® o) under Hy and Y ~ N (ZBy, I, ® ¥1) under H;.

The matrices of regressors X and Z are fixed and nonnested in the sense that it is
not possible to obtain the columns of X from the columns of Z, and vice versa. We
further assume that the matrices X x/x = lim,_ o0 %X 'X and Y7z = lim,—oo %Z’ Z are
nonsingular, and that X x/z = lim,, . %X 'Z is a nonzero matrix.

We respectively denote by £y(cp) and ¢1 () the log-likelihood functions under Hy and
Hy, where ap = (vec By, vec Yg) and oy = (vec By, vec31)’. Recall that the vec operator
stacks the columns, whereas the vech operator stacks only the elements on and under
the diagonal. Depending on the context, we may consider «f = (vec By, vechX)" and
af = (vec By, vech ¥1) so as to avoid singularities in the information matrix.

We also take benefit from the fact that vec 39 = D,,,vech ¥, where D,, is the full ranked
m? x m(m + 1)/2 duplication matrix (see Magnus and Neudecker, 1999, pages 49-50). It

then follows that
_(vecBy\ (Iym O vec By \ *
a0 = <vec Eo) - ( 0 D vechYy ) Gm %, (10)
where G, is a (pm + m?) x (pm + W) matrix. Because D/, D,, is invertible, it then
holds that (D!, D,,) ' D! vec ¥y = vech ¥y. This yields
of — vec By _ Iom 0 vec By — H,aq
0 vech 3 0 (D.,Dn) D!, ) \ vecSy e
where H,, is a <pm + w) x (pm+m?) matrix. The matrices G,,, and H,, are important

because they reveal the close link between the information matrices Iy and I of ag and ag,

respectively, namely I = G/, IoGy, and Iy = H], 15 Hy,.
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We next consider the test statistic Tp; given in , whose limiting distribution is normal
with mean zero and variance Vy(7p1) as in . In the context of the multivariate linear

regression model, the log-likelihoods of the two nonnested models are

n mn 1 _
lo(ao) = =5 log o] — = log(2m) — 5 tr(Y — X By)% (Y — XBy)

n mn 1 _
l1(a1) = -5 log | 21| — > log(2m) — 5 tr(Y — ZB1)X (Y — ZBy),

and hence Alyi(do, 1) = 5 (log\fh] — log|f)g\), where 3y = %Uéffo and 3 = %(7{[71 It
is well known that, under the null Hy, Ug = MxUy and Uy = MzUy + Mz X By, where

My =1 —W(W'W)~'W’' and that

- 1 -+, 1
X1 = - U{U1 = - (MzUo + MzXB())/(MzUO + MzXBO)
1
= — (UéMzUo + B(/)X,MzUO + U(/]MzXBO + BéX,MzXBO). (11)
n

The latter has asymptotic expectation under Hy equal to X9 = Yo + B(’)f)Bo, where
S = EX’X — EX/ZEE,IZZZ/X.
As 3 converges to Yg in probability under Hy, it follows that

Alyi (b, bn)

nplim,, - = g (log |0 4+ ByEBg| — log[0]) , (12)

and hence

Aly1 (&g, G
Ty = Al (o, 41) — 1 [pnm%mm(ao’aﬂ}
a():do

.

Remark: In finite samples, the distribution of Ty under Hy depends on the unknown

N BLX' Mz X By
n

:g (1055\21 — log %

where %X 'MzX consistently estimates X.

parameters. In fact, it is well known that By = By + (X'X)~1X'Uy and hence

54 \U§MzUs + UMz X By + ByX' MUy + By X' Mz X Bo|
Shp0]  |UGMxUo + [Bo + (X' X) "1 X'Up) X' Mz X [By + (X' X) 1 X'Up]|’

(13)

which boils down to a quite complex function of By. If the models are nested, and thus

MzX =0, all terms depending on By disappear in ((13)).



3.2 The asymptotic variance of Ty
We start with the derivation of the first term of . It follows from
Alo1 (a0, aq)0) = fo(an) — £1(aq)0)
1 1 _
= 5 tr [(XBo = ZByo + Uo) Ty (XBo — ZByo + W)’ | = 5 tr [UoX U]

where BI‘O = E}}ZzzleO, that

Vo (Ao (ao, asyo) ) = VO{ tr[(XBo — ZBajo) Sy (X Bo — ZBy) |

o (-5 ] e 2]

—vo{ tr[Uo (356 - =51 U] + tr | (X By —ZBuo)EmUo}}

given the nonstochastic nature of the first term. To solve this variance, we use the following

set of lemmata.

Lemma 1: tr [Uo (le(l) al) U(’]} = > Uy (E;lé — Eal> Ué(i), where Up(;) denotes
the i-th row of Uy.

Proof: From Lemma 2.2.3 of Muirhead (1982, p. 76), it follows that

ton( e 51) Ul = (vec U’ [I@(El‘}) zgl)hch(). (14)

From U = (Ué(l), ey Ué(n)) and (vecU})" = (Uo(l), ey UO(n))u it then ensures that

Uoy
tr|Uo (256~ 26") U = (Wowy Vo) [l ® (S50 -50")| |+ |-
Uty
which equals Y1 | Uy ( 16— al) U(’)(l.), [

Lemma 2: tr(X By — ZByjo)X Uh ="K &\ Uy o(i)» Where K(;) is the i-th row of the

1)0

p x m matrix K = (XBy — ZBl|0)21_‘0-

The latter result is trivial, hence we omit the proof. Lemmata 1 and 2 then yield

Vo (Ao (a0, a1p)) = { Z Uncy (S = 55" Uggy + 3 K(Z-)U(’)(i)} .
i=1



It is also interesting to observe that, by the normality assumption, the row vectors Uy(;) are
iid N (0,3%). To complete the derivation, we use two well-known results that we collect in

the next lemma.

Lemma 3: If X ~ N(u,X) and A is symmetric, then X’AX has covariance matrix
2tr(AX)? + 4/ AX Ap.  Further, if a is a vector, then the linear combination a’X has

variance a'Ya.

Applying Lemma 3 then gives way to

V()(Aém(ag, a1|0)) - tr[(XBO — ZByp) By S0 T} (X By — ZBHO)’]

110 1\0(

1 —1
+o > [ (21‘0 o ) 20} . (15)
We now turn our attention to the next quantity in , namely

0 1 s
CO =N 870 [pllmnﬁooﬁ Af(n (Oéo, 041):|

n| 0 - 0
=—|=—1Ilog |2 B.YXBy| — — log |Z0]| .
5 [Gao Og\ 0+ by 0| Do og | 0}

To avoid singularities in the information matrix, we will work with af rather than ag. We

apply another well-known result from matrix calculus, which we state in the next lemma.
Lemma 4: If A is symmetric, then % log |A| = 2A7! — diag A~

It then follows from Lemma 4 that % log |Xo| = 25! —diag ¥y * and log || =

8vech o

vech (2251 — diagZal). Lemma 4 also implies that 8B log |Xo| = aveCBo log |Xo| =

whereas

0log |Xo + BOEBO\
0%

2 (o + BySBy) ' — diag (S0 + BySBy) ' =

| — diag 21|0 (16)

and

dlog|So + B{EBo|
Ovech X

— vech |2 (So + BySBo) ' — diag (o + BySBo) |

= vech |2 [ — diag 2”0] (17)

|
Similarly,

dlog |Xo + BéiB(ﬂ 1
0By

= 2230 (20 + BéiB()) = 223021

|0

10



and

dlog|So + BySBo| _ S -1
dvec By = vec 2XBoXy . (19)

We are now ready to compute Cp using o:

nl| 0 _ 0
= — | > B'SBy| — — log|Z
Co 5 [8@3 og S0 + ByXBy| da og | 0|]

o 2vec BByXy g
2 \ 2veeh (B34 - 55" — vechdiag (T35 - 55 )
which reduces to Pesaran’s (1974) result if m = 1.

The last step is to compute the information matrix of o, though we start deriving the

information matrix Iy of oy = (By, o). Letting Ag = X ! yields
1
lo(ag) = —% log(27) + g log |Ao| — 5 tr (Y = XBo)' (Y — XBo) Ao, (20)

_ 2 _
whereas 8%30&](040) = X'(Y — XBy)%, "' and #&Béeo(ao) = - X'X ® %', For n large
enough, the latter also equals —nX x/x @3 L Moreover, the Hessian is block diagonal since

ﬁ;\o lo(ap) — 0. It is also possible to demonstrate that

d 1
% lo(ag) = = (25 — diag o) — = (2ULUs — diag UUs), (21)
o 9 2
and that
ié( )—@[Qi—\zydi (A1 M Ap M, )] (22)
OAoONy ol&p =5 0 ol d1ag (A1 Mo1, - - - s AmMom) | »

where io(’i,i) = _ZOJiiZO, EO(Z,]) = —EO(Jij + in)ZO for ¢ ?é j, and Jij is the m xm
matrix with elements that take value one in the position (,7), zero otherwise. Further,

A; = |Agi;i| is the cofactor (i,7) of Ag with corresponding matrix Ag;; and
My; = [ZAEZ% — diagA&ﬂ T (2A51 — diagAal) .

Finally, the operator [ - |* forms an m x m matrix with 0’s on the i-th row and i-th column
and fills the remainder terms with the (m — 1) x (m — 1) matrix in the brackets. It is not
surprising to observe that, for m = 1, the information matrices of By and Ay = X ! reduce

to those derived by Pesaran (1974).

It rests to compute the information matrix of . Because g—gg = f), where
Y Yotgsot ifi=j
¥(i,j) =< "L 40 e
(i) {—Eol(Jij—i—in)EOl if i # j,

11



it follows that the information matrix of X is

62
— ¥
820820

9]

(ao) = i 220 — |ED| diag (A1M011, v ,AmMgmm) 3.

n
2
This matrix is singular, however. We therefore remove the singularities by dealing with

the information matrix of vech >y, which is given by

D% [220 S| diag( Ay Mot1, ... ,AmMOmm)} $D, .

|3

The information matrix I of o then reads

e nExix © %" 0 .
o 0 5 D;ni[‘zﬂ diag(A; Mo;i)iz, — QEO}EDm ’ (23)

and hence n(I})~! = diag(A1, Ag) with Ay = Z;(}X ® Yo and
. . -1
Ay =2 {Dan [|20\ diag(A1 Mot1, - . -, Am Momm) — 220] zpm} .

We are now ready to derive an expression for the second term in ([2)):

n

1 AR T -1
— 1 1 =
n CO p Hnn—»oo(” 0 ) CO 4

{u’lﬁlm + M2A2M2} , (24)

where p1 = 2vec EBOE;'(I] and pue = 2vech (Zié — Eal) — vech diag (Eﬂé — Zal). It then
suffices to combine Equations and to obtain the asymptotic variance Vj(Tp1) of

the test statistic.

Remark: Instead of applying Lemma 4, Pesaran and Deaton (1978) use a simpler matrix
calculus result that holds only for nonsymmetric matrices. The resulting expression for the
asymptotic variance of the Cox statistic is nonetheless correct for the errors in the derivation

of Cy and I cancel outE|

In practice, one must replace the parameters by consistent estimates to estimate the
asymptotic variance of the Cox statistic. It is however straightforward to find consistent

estimators for the key parameters by plugging their least-squares counterparts.

3 We thank M. H. Pesaran for supplying a proof that rests on the properties of the duplication matrix.

12



4 Bayes factors for multivariate linear regressions

In this section, we extend the results of Aitkin (1991), O’Hagan (1995), and Berger and
Pericchi (1996) to the context of multivariate linear regressions. From Section the
posterior odds for Hy against Hj is (mg/m1) Bo1. Suppose that one uses improper priors for
the parameters such that mo(ap) and 71 () are respectively proportional to constants K
and Kj. The Bayes factor By; then is proportional to Ky/K; and is not well defined. For
the multivariate regression models, Jeffreys diffuse prior is given by

m—+1

71'0(040) :71'0(30)71'0(20) :K()‘E()FT, (25)

giving way to the following predictive distribution under the null hypothesis

n+m-+41

_ 1 _
qo(Y) = K0/|20‘ 2 exp |:—2 tI‘SQEO 1:|

1 . .
X {/exp [2tr(Bo — By)'X'X(By — Bo)Eol] dBo} d¥,

A A N / N ~
where Sp = U4Up = (Y - XB0> (Y - XBO) and By = (X'X)~'X'Y. If one rewrites the

integrand of the second integral as

1 . .
exp {—2 vec(By — Bo)' 251 ® (X’X) vec(By — Bo)} )

m/2

it becomes apparent that it must integrate to (2m)™P/2|%[P/? [(X'X)| given that it

resembles a normal density with mean vec By and covariance matrix X9 ® (X’ X)~! and that

1/2 m/2

|0 @ (X' X) 77 = [Solp/2 | (X' X) ™.

The predictive distribution then becomes

n+m+1—p

1
Q0 (Y) = (2m)™P/? K0|X’X|_m/2/|20|_ 2 exp [—QtrSOEal} d¥,

which has an integrand that is proportional to the density function of the inverted Wishart

with parameters Sy and n — p. This means that integrating with respect to >g results in

m
m(2n—2p—m n— — — 1
w(Y) =7 (2 2p— +1) Ko |X/X’—m/2 |SO|—TP HI‘ <anS+> ) (26)

s=1

A similar expression holds for the alternative model Y = ZB; 4+ U;. The resulting Bayes

factor then is

, m/2 (n—q)/2 m T n—p—s—1

K |X/X| |SO|(n_p)/2 T (n—q;s—l) ’

13



where S; = (Y — ZB))' (Y — ZBy) and By = (Z'Z)"'Z'Y. Tt is clear from (27) that the
Bayes factor is not well defined for it depends on the unknown ratio Ky/Kj.

From and , it is now possible to derive the alternative Bayes factor that we
discuss in Section For instance, the posterior Bayes factor BE;(Y) of Aitkin (1991)

results from the ratio between

mF(ansH)
@ (Y) = (2y/m) ™" |So|~ n/2H(nps+1)
P

and

m 2n—q—s+1
af (V) = (2y/m) " (8] 1:[(>

(=)

It therefore ensues that

n/2 m T (2m=p=stl)p (n-g—stl
shv = ((5) Hrggrgg 29

The arithmetic version of the intrinsic Bayes factor of Berger and Pericchi (1996) be-

comes
R

BO1 1 &
Bl E —B Y)— E Bio(Y,

where Y(;) is a minimal training sample with design matrices X(,) and Z(,) under Hp and
Hjy, respectively. By definition, Y(,) is matrix such that both XéT)X(T) and ZET)Z(T) are
nonsingular. It has dimension 7 x m, where 7. = [(m + 1)/2] + max(p, ¢) and [-]| returns

the smallest integer greater than its argument. From , it follows that

7 |Z/Z| m/2 |Sl|% m T (n*p;s+1> r (T_qu;s+1)
By (Y) = °
01( ) <|X/X|> |SO|% szlr(n—q;s+1)r<ﬁ—p;s+1)

1 g5 (B Kol 50 -
Xi
r2\12,z m S, [F=02”

r=1

where S,y is analogous to S; for the r-th minimal training set (j =0, 1).

Finally, the fractional Bayes factor of O’Hagan (1995) results from the ratio between

m (n p2s+1)
[b}(y) — mn(l b)/2bmnb/2 ‘S |—n (1-b)/2 ]1 . (nb_p_s+l>
s 2
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and

ng](y) — 7_‘_mn(lfb)/Qbmnb/2 ’51|fn(1fb)/2 (30)

vy
H:S
N
TN/~
S 3
T \
Nn T
o vy
+| It
—~——

It then holds that

n(l1=b)/2 m T n—p—s+1 T nb—q—s+1
B([)b})(y):<§(1):> Hr< 2 ) ( 2 ) (31)

5 Conclusion

This paper aims at contributing to the literature of testing nonnested multivariate linear
regression models. We first correct Pesaran and Deaton’s (1978) derivation of the asymp-
totic variance of the Cox statistic and then show how to apply Aitkin’s (1991) posterior
Bayes factor, O’Hagan’s (1995) fractional Bayes factor, and Berger and Pericchi’s (1996)
intrinsic Bayes factor in such a context. Topics for future research include the extension of

these results to the context of nonnested multivariate nonlinear regression models.
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Appendix

Proof of 1' and |D Let W = [wyj] = o + B{¥~By with w;; = 0y; + B}, ()ZBO(i) and

wij = 045 + B[’)(i)EBO(j), where ¥ = [0(;;)] and By is the i-th column of By. For any

parameter 6, it holds that

8|W| oW awl o\W| (‘3w“ o\W| sz
ZZ ow;; J Z owy; Z ow;j J

However, ‘31;’“ =1 for every i, a?“ =0 for i # j, 8“”]] =1 for all (i,7), and 8w” =0 for all
]

(i,7) # (¢',7"). Thus, for every i, %'Z' = %LUMZ/J Wi;, where W;; is the cofactor associated

to wy;. Similarly, for every (i,7) such that i # j, it follows that %‘TVZ‘ = 2W;j, where Wj; is

the cofactor associated to w;;. This completes the proof of (16 . Analogous manipulations

Qwi; . Bw o Oow;;
show that aé” = 2YBy;) for all ¢, an =0 and 55 = X By for i # j, and 3B, J) =

for all i # k and j # k. It then ensues that, for every i, 31'9‘(/)‘?") =2 Zj WijEBO(j). Thus,

oW _ - S\ — S
8‘3' — 28 ByW W | = 28 B, (3o + ByEBy) ' [So + By Byl
0

Taking the log yields . |

Proof of 1) and 1) The first result readily follows from the fact that 8t§§y =

Y +Y’'—diagY if X is symmetric. To derive the second result, observe that #(29/\0 lo(ag) =
5 [2% Ay - 8iAo diag Ay 1] It is a standard result in matrix calculus that 8%\0/\6 =3,

Next, denote by \;; the typical element of Ag. To obtain 8%\0 diag Ay 1 observe that

A, 0 0 - 0

1 0 A 0 --- 0

diagAy - i
 [Ao] SEREN

o 0 0 --- A,

where A; is the cofactor of )\;. However, A; is the determinant of the symmetric matrix
Ag;i. For instance, A1 = |Ag11| and

)\11 )\12 . e )\1m
Ay =

Aml
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which implies that

0 0 O 0
0Ar
Ohg | ¢ [ Aot [2A6111 — diag A5111]
0
In general gfé =A; [ZAEZ% — diag Aaiﬂ " for all ¢ = 1,...,m. Now,
= Aol — A4;
hg [Ao| — |Ao)? <8A0 Aol dAo

A; { [QA_1 — diag Aanl-] o (2A51 — diag Aal)}

= ’A()’ 0ii
Ay Moy
|Ao|
so that
9? n|_ =~ 1
T to(an) = 2 (250 — —— diag(A; Mox1, ..., A Momm) | »
WY o(ao) 2[ 0~ 1Al iag(A1Mo11, .., 0 )]

completing the proof.
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