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Simultaneous Wireless Information and Power
Transfer in K-tier Heterogeneous Cellular Networks

Sunila Akbar, Student Member, IEEE, Yansha Deng, Member, IEEE, Arumugam Nallanathan, Senior
Member, IEEE, Maged Elkashlan, Member, IEEE, and A. Hamid Aghvami, Fellow, IEEE

Abstract—In this paper, we develop a tractable model for joint
downlink (DL) and uplink (UL) transmission of K-tier hetero-
geneous cellular networks (HCNs) with simultaneous wireless
information and power transfer (SWIPT) for efficient spectrum
and energy utilization. In the DL, the mobile users (MUs) with
power splitting receiver architecture decode information and
harvest energy based on SWIPT. While in the UL, the MUs utilize
the harvested energy for information transmission. Since cell
association greatly affects the energy harvesting in the DL and the
performance of wireless powered HCNs in the UL, we compare
the DL and the UL performance of a random MU in HCNs with
nearest base station (NBS) cell association to that with maximum
received power (MRP) cell association. We first derive the DL
average received power for the MU with the NBS and the MRP
cell associations. To evaluate the system performance, we then
derive the outage probability and the average ergodic rate in the
DL and the UL of a random MU in HCNs with the NBS and the
MRP cell associations. Our results show that increasing the small
cell base station (BS) density, the BS transmit power, the time
allocation factor, and the energy conversion efficiency, weakly
affect the DL and UL performance of both cell associations.
However, the UL performance of both cell associations can be
improved by increasing the fraction of the DL received power
used for energy harvesting.

Index Terms—Simultaneous wireless information and power
transfer, heterogeneous cellular networks, energy efficiency, spec-
tral efficiency, stochastic geometry.

I. INTRODUCTION

ENERGY efficiency is envisioned as one of the major
challenges in the design of fifth generation (5G) systems

considering the ever-growing energy consumption [2], and the
harmful impact on the environment [3]. At the same time, due
to the dramatic increase in the multimedia applications along
with the emerging future applications, such as smart cities,
health monitoring devices, and driverless cars, the 5G system
will require much higher capacity and spectrum efficiency
[4]. Radio frequency wireless power transfer (RF-WPT) is an
emerging technology which enables the wireless devices to
harvest energy from the RF signals for their information pro-
cessing and transmission, therefore provides efficient energy
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utilization [5, 6]. Recently, simultaneous wireless information
and power transfer (SWIPT) technique has emerged as a
novel research direction, which provides significant gains
in terms of spectral efficiency and energy consumption by
transmitting information and energy via the same signal [7].
Moreover, SWIPT not only offers a low cost option for energy
harvesting with no requirement of additional infrastructure
at the transmitter side, but also provides better interference
control unlike conventional RF-WPT [8].

More recently, there has been an increasing interest in
enhancing network capacity via the deployment of small cell
base stations (BSs) (e.g., micro, pico, and femto) underly-
ing the conventional macrocell BSs, namely, heterogeneous
cellular networks (HCNs). The HCNs boost the network
capacity through a better spatial resource reuse [9–11], but the
challenge is the resulting increased interference [12–14]. The
densely deployed BSs make HCNs attractive for efficient RF-
WPT, since the distance between the mobile user (MU) and
the BS in HCNs is much shorter than that in homogeneous
macrocell networks. Moreover, the aggregate interference in
HCNs due to full frequency reuse could be a supplementary
energy source. Self-sustained low-cost SWIPT technique can
boost the spectrum and energy efficiency while making use of
the interference in HCNs.

A. Related Work and Motivations

1) Energy Harvesting in Wireless Powered Communication
Networks: Lately, energy harvesting in wireless powered
communication networks (WPCNs) has received considerable
attention, where wireless devices harvest energy from the
ambient RF signals in the wireless network. The work in [15]
proposed ‘harvest then transmit’ protocol in single-antenna
WPCN, where MUs harvest energy in the downlink (DL)
for transmitting the uplink (UL) information. The work in
[16] studied the energy beamforming design with transmit
power control to maximize the UL throughput performance
in multi-antenna WPCN. The work in [7] highlighted the
potential benefits of SWIPT in resource allocation algorithms
and cognitive radio networks. Furthermore, WPCN designs are
developed for user cooperation [17], full duplex (FD) network
[18], massive multiple input multiple output (MIMO) system
[19], and cognitive relay network [20].

2) Energy Harvesting in Wireless Cellular Networks: In
[21], RF signal transmitted by primary users was used to
power the secondary users in cognitive radio network. In [22],
the device to device (D2D) communication was powered by
the energy harvested from the concurrent DL transmissions
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of the macro BSs. In [23], the power beacons (PBs) were
deployed in the cellular network to power the MUs for the
UL information transmission, but the deployment of dedicated
PBs incur additional operation and maintenance costs. The
work in [24] studied RF-WPT in the DL for UL information
transmission in K-tier HCNs. In [25], the UL transmission of
MUs are powered by the ambient interference. However, it
has been mentioned in [26] that harvesting energy from the
non-dedicated ambient interference signals could be unstable
and unreliable. Applying SWIPT in HCNs can provide stable
and reliable energy for MUs by harvesting energy from the
dedicated serving BS (similar to PBs), as well as from the DL
interference signals at no extra cost.

3) Modeling of Wireless Powered HCNs: Recently, model-
ing and analysis of HCNs using stochastic geometry has been
validated to provide tractable yet accurate performance bounds
[27]. A crucial factor in modeling the wireless powered HCNs
is cell association which substantially affects the network
performance [28]. The UL cell association in wireless powered
HCNs has been studied in [29] and [25], where the MUs
are powered by the harvested energy from the ambient RF
signals. In [29], the UL cell association was based on nearest
BS (NBS) cell association, while in [25], it was based on
flexible cell association.

B. Contributions and Organization
Motivated to jointly support energy sustainability and high

throughput performance, this work aims to integrate SWIPT
with HCNs. We use SWIPT in the DL transmission of HCNs
where the MUs with no built-in power supply harvest energy
and decode information. The MUs then utilize the harvested
energy for information transmission in the UL. The NBS cell
association both in the DL and the UL is an optimal approach
for the proposed HCN due to the following reasons: 1) the
low path loss in the UL information transmission as was
considered in [29] for wireless powered HCNs, 2) the simple
implementation with no system overheads for averaging the
received power within a measurement period as with the
maximum received power (MRP) cell association, and 3) the
design and operation of the logical, transport, and physical
channel is less complicated in the coupled cell association,
where the MU associates with the same BS in both the DL
and UL [30]. Moreover, to study the impact of cell association
on SWIPT based wireless powered HCNs, we compare the
DL and the UL performance of the proposed HCN with the
NBS cell association to that with the conventional MRP cell
association.

The main contributions of the paper are summarized as
follows:
• Using stochastic geometry, we present the analytical

model for SWIPT in HCNs with the NBS and the
MRP cell associations, in both DL and UL. We derive
the closed-form expression for the DL average received
power at the typical MU with the NBS and the MRP
cell associations which plays a pivotal role in the UL
performance evaluation.

• We derive the analytical expressions for the DL outage
probability and the DL average ergodic rate with the

NBS and the MRP cell associations. We find that the DL
performance of a random MU in HCNs with the NBS
cell association can achieve comparable performance to
that with the MRP cell association. Our results show
that increasing the small cell BS density improves the
DL performance of macrocell and picocell MUs with the
NBS cell association, whereas has little impact on that
with the MRP cell association.

• We evaluate the UL performance in terms of the UL
outage probability and the UL average ergodic rate for
the NBS and the MRP cell associations. Interestingly,
the UL performance of a random MU in HCNs with
the NBS cell association is comparable to that with the
MRP cell association. We find that increasing the small
cell BSs improves the UL performance of both macrocell
and picocell MUs with the NBS cell association, whereas
degrades that with the MRP cell association.

The rest of the paper is organized as follows. In Section
II, we present the system model of SWIPT in HCNs. In
Section III, we derive the DL average received power for the
NBS and the MRP cell associations. We then evaluate the
network performance in terms of the DL and the UL outage
probabilities, and the DL and the UL average ergodic rates for
the NBS and the MRP cell association in Section IV. Finally,
the numerical results are discussed in Section V before the
paper is concluded in Section VI.

II. SYSTEM MODEL

A. Network Model

We consider a conventional HCN model with K tiers of
BSs spatially distributed in R2 as a homogeneous Poisson
point process (HPPP) Φj with spatial density λj , BS transmit
power Pt,bj , and path loss exponent `j, where j = 1, · · · ,K
is the index of the jth tier. The MUs are also modeled as
an independent HPPP Φu with density λu. We assume MUs
with large storage battery which eliminates the randomness
of instantaneous received power and provides fixed transmit
power [23]. We denote the jth tier BS and jth tier MU as bj ,
and uj , respectively. We denote ‘k ∈ {1, · · · ,K}’as the index
of the tier with which a typical MU is associated, and bk̂ as
the typical serving BS in the kth tier.

B. Channel Model

We model the channel path loss over the distance ‖x‖ as
L0‖x‖−`j , where L0 is the path loss at a reference distance
of 1 m. We consider Rayleigh fading with unit mean to model
the random channel fluctuations, and the channel coefficients
are assumed to be independent and identically distributed
across all links. We consider no intra-cell interference, where
orthogonal multiple access is employed within a cell. We
assume time division duplex (TDD) mode. Furthermore, we
assume time division multiple access (TDMA), where several
MUs share the same channel in different time slots, thus the BS
transmit power is independent of the density of active MUs.
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Fig. 1: Frame Structure

C. Transmission Block Model

The transmission block structure is shown in Fig. 1, we
assume that the transmission block time is normalized as
T = 1. A fraction of the block time αT is used for SWIPT,
where α (0 ≤ α ≤ 1) is called the time allocation factor.
The remaining portion of time (1 − α)T is used for the UL
information transmission, which is powered by the energy
harvested from the first αT time.

In the DL, the receiver with power splitting architecture
splits the received signal for energy harvesting and information
decoding. We assume Pru0,k

as the DL received power at the
typical user in the kth tier, a fraction of which ρPru0,k

is used
for energy harvesting, where ρ (0 ≤ ρ ≤ 1) is called the power
splitting factor. The remaining fraction of the received power
(1− ρ)Pru0,k

is used for information decoding.

D. Cell Association Model

To ensure low path loss in the UL, we consider the NBS
cell association. For a typical MU u0 located at the origin, the
location of the serving nearest BS in the kth tier, xb

k̂
is given

as

xb
k̂

∣∣
NBS

= argmin
{x∈Φj}j=1,··· ,K

‖x‖, (1)

where ‖x‖ denotes the Euclidean distance between a BS to
the typical MU.

We compare the performance of HCNs with the NBS cell
association to that with the MRP cell association. In the MRP
cell asociation, the MU connects to the BS which offers the
maximum (long term averaged) received power to the MU,
i.e., small scale fading is ignored, as in [31]. For a typical
MU u0 located at the origin, the location of the serving BS
in the kth tier that offers the maximum received power to the
typical MU, xb

k̂
is given as

xb
k̂

∣∣
MRP

= argmax
{x∈xb

ĵ
|MRP}

j=1,··· ,K

Pt,bj‖x‖
−`j . (2)

In (2), we have xbĵ as the the location of the BS in the
jth tier that offers the maximum received power to the typical
MU, given as

xbĵ
∣∣
MRP

= argmax
{x∈Φj}j=1,··· ,K

Pt,bj‖x‖
−`j , (3)

where Φj denotes the position sets of BSs in the jth tier.
In the UL information transmission, the typical MU trans-

mits information to the same serving BS of the HCN as in the
current cellular networks [28].

E. Wireless Power Transfer Model

A short range propagation model [32] is used for wireless
power transfer to avoid the singularity caused by proximity
between BSs and MUs i.e., to ensure that the power received
at the MU is finite [23]. The received power of a typical MU
that is associated to the BS in the kth tier can be written as

Pru0,k
= Pt,b

k̂

∣∣hb
k̂
u0

∣∣2L0

(
max

{∥∥xb
k̂
,u0

∥∥ , d})−`k︸ ︷︷ ︸
Ib
k̂

+

K∑
j=1

∑
bj∈Φj\bk̂

Pt,bj

∣∣hbju0

∣∣2L0

(
max

{∥∥xbju0

∥∥ , d})−`j
︸ ︷︷ ︸

Ibx

,

(4)

where Ib
k̂

is the useful signal, Ibx is the intercell interference,
d ≥ 1 is a constant, hb

k̂
u0

is the small-scale fading channel
coefficient from the serving BS to the typical MU,

∥∥xb
k̂
,u0

∥∥
is the distance between the serving BS and the typical MU,
hbju0

is the small-scale fading interfering channel coefficient
from the jth tier BS to the typical MU, and

∥∥xbju0

∥∥ is the
distance between the jth tier BS and the typical MU.

F. Downlink Information Transmission Model

In the DL information transmission, a fraction of the re-
ceived power (1− ρ)Pru0,k

at the MU is used for information
decoding in the αT time.

For the DL analysis, we shift all point processes such that
the typical MU is located at the origin. According to Slivnyak’s
theorem, the distribution of the shifted HPPPs remain the
same as the original HPPPs with the same intensities [33].
The signal-to-interference-plus-noise ratio (SINR) of the DL
information transmission is given by

SINRDLk

=
(1− ρ)Pt,b

k̂

∣∣hb
k̂
u0

∣∣2L0

∥∥xb
k̂
u0

∥∥−`k
(1− ρ)

K∑
j=1

∑
bj∈Φj\bk̂

Pt,bj

∣∣hbju0

∣∣2L0

∥∥xbju0

∥∥−`j + σ2

,

(5)

where σ2 is the noise power.

G. Uplink Information Transmission Model

In the UL information transmission, the MUs keep asso-
ciated with the serving BSs that powered them in the first
αT time, and use the harvested energy to transmit the UL
information in the (1− α)T time.

We assume large storage MUs so that the randomness
of instantaneous received power is suppressed and the large
storage provides fixed average received power. We define the
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received energy converted into DC for the MU battery in the
period αT as ηαTρE{Pru0 ,k}, where 0 < η < 1 is the
energy conversion efficiency. Thus, the signal power for UL
information transmission in the period (1 − α)T is given as
φE{Pru0 ,k}, where φ = ηρα

(1−α) .
For the UL analysis, we use Slivnyak’s theorem to shift the

points of HPPPs such that the serving BS bk̂ is located at the
origin. The UL SINR at the serving BS in the kth tier is given
by

SINRULk

=
φE{Pru0

,k}
∣∣hu0,bk̂

∣∣2L0

∥∥xu0,bk̂

∥∥−`k
K∑
j=1

∑
uj∈Φ̃j\u0

φE{Pruj ,j}
∣∣huj ,bk̂

∣∣2L0

∥∥xuj ,bk̂

∥∥−`j + δ2

,

(6)

where hu0,bk̂
is the small-scale fading channel coefficient from

the MU to its serving BS,
∥∥xu0,bk̂

∥∥ is the distance between
the typical MU and the serving BS, huj ,bk̂

is the small-scale
fading interfering channel coefficient from the jth tier MU uj
to the serving BS,

∥∥xuj ,bk̂

∥∥ is the distance between the jth tier
MU and the serving BS, Φ̃j denotes HPPP corresponding to
the interfering MUs in the jth tier, and δ2 is the noise power.

Based on the model defined in Section II, we aim to derive
the analytical expression for the average received power in
the DL with the NBS and the MRP cell associations before
evaluating the system performance.

III. ANALYSIS OF DOWNLINK POWER TRANSFER

To determine the UL transmit power of a typical MU in the
kth tier, we derive the average received power at the typical
MU with the NBS and the MRP cell associations in Lemma
1 and Lemma 2, respectively.

Lemma 1. The average received power at the typical MU as-
sociated with the BS in the kth tier using NBS cell association
is given by

E
{
Pru0 ,k

} ∣∣
NBS

= Pt,b
k̂
L0(d−`kχ1 + χ2)

+ 2πL0

K∑
j=1

Pt,bjλj (χ3 − χ4 + χ5) , (7)

where

χ1 =1− exp{κd2}, (8)

χ2 =κ`k/4d−`k/2 exp

{
−1

2
κd2

}
W−`k/2,1/2(1−`k/2)

(
κd2
)
,

(9)

χ3 =
`jd

2

2d`j (`j − 2)
[1− exp{−κx2}], (10)

χ4 =
1

2κd`j
γ(2, κ), (11)

χ5 =
π
(∑K

j=1 λj

)(3`j−2)/4

`j − 2
d−`j/2+1 exp

{
−1

2
κx2

}
W(`j−2)/4,`j/4(κd2), (12)

and

κ =π

K∑
j=1

λj , (13)

where d ≥ 1 is a constant, defined in (4), Wλ,µ(.) is Whittaker
function [34], and γ(., .) is lower incomplete gamma function
[34].

Proof. See Appendix A.

Lemma 2. The average received power at the typical MU as-
sociated with the BS in the kth tier using MRP cell association
is given by

E
{
Pru0 ,k

} ∣∣
MRP

=
Pt,b

k̂
L0

Υk
(d−`kΞ1 + Ξ2)

+
2πL0

Υk

K∑
j=1

Pt,bjλj

(
Ξ3 + (`j − 2)

−1
Ξ4

)
,

(14)

where

Ξ1 =

d∫
0

x exp{−
K∑
j=1

µk,jx
2`k/`j}dx, (15)

Ξ2 =

∞∫
d

x−(`k−1)exp
{
−

K∑
j=1

µk,jx
2`k/`j

}
dx, (16)

Ξ3 =

θj,k∫
0

x

2d`j

(
`jd

2

(`j − 2)
− (δDLj,k )

2/`j
x2`k/`j

)

exp
{
−

K∑
j=1

µk,jx
2`k/`j

}
dx, (17)

Ξ4 =

∞∫
θj,k

x exp
{
−

K∑
j=1

µk,jx
2`k/`j

}
((δDLj,k )

1/`jx`k/`j )
`j−2

dx, (18)

θj,k =d`j/`k(δDLj,k )
−`k

, (19)

Υk =

∞∫
0

rexp
{
−

K∑
j=1

µk,jr
2`k/`j

}
dr, (20)

µk,j =πλj(δ
DL
j,k )

2/`j
, (21)

and

δDLj,k =Pt,bj/Pt,bk , (22)

where d ≥ 1 is a constant, defined in (4).

Proof. See Appendix B.

IV. PERFORMANCE EVALUATIONS: ANALYSIS

The performance of the DL and the UL transmission of the
HCN is characterized by the outage probability and average
ergodic rate.
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A. Downlink Outage Probability

The DL outage probability is the probability that the instan-
taneous DL data rate of a randomly selected MU in HCNs is
less than the target DL data rate. According to the law of total
probability, the DL outage probability of a random MU in K
tier HCNs is given by

PDLout =

K∑
k=1

ΛDLk PDLout,k, (23)

where ΛDLk is the probability that a typical MU is associated
with the kth tier, and PDLout,k is the DL outage probability of
the typical MU associated with the kth tier.

In (23), the probability that a typical MU is associated to
the BS in the kth tier with the NBS cell association is given
as

Λk
∣∣
NBS

=

(
1 +

∑K
j=1,j 6=k λj

λk

)−1

, (24)

and the probability that a typical MU is associated to the BS
in the kth tier with the MRP cell association is given as

Λk
∣∣
MRP

= 2πλk

∞∫
0

r exp
{
−

K∑
j=1

µk,jr
2`k/`j

}
dr, (25)

where µk,j is given in (21).
In (23), the DL outage probability for the typical MU at a

distance
∥∥xb

k̂
,u0

∥∥ from its associated BS is defined as

PDLout,k (Rs) =E∥∥∥xb
k̂
,u0

∥∥∥
[

Pr
(
α ln

(
1 + SINRDLk

(∥∥xb
k̂
,u0

∥∥))
≤ Rs

)]
=E∥∥∥xb

k̂
,u0

∥∥∥
[
Pr
(
SINRDLk

(∥∥xb
k̂
,u0

∥∥) ≤ β)] ,
(26)

where Rs is the rate threshold, and

β = eRs/α − 1. (27)

1) General Case: In this section we provide our general
result for the DL outage probability of a typical MU associated
with the BS in the kth tier from which the special result for
interference-limited case will follow.

Theorem 1. The DL outage probability of a typical MU as-
sociated with the BS in the kth tier using NBS cell association
is derived as

PDLout,k,NBS (Rs) =1− 2κ

∞∫
0

x exp
{
− σ2βΩDLk x`k

−
K∑
j=1

πλj

(
ϑk,j + x2

)}
dx, (28)

where

ϑk,j =f2/`j
k,j

∞∫
f

−2/`j
k,j x2

1

1 + z`j/2
dz, (29)

ΩDLk =
(
(1− ρ)Pt,b

k̂
L0

)−1
, (30)

and

fk,j =βδDLj,k x
`k , (31)

κ, β, and δDLj,k are given in (13), (27), and (22), respectively.

Proof. See Appendix C.

Theorem 2. The DL outage probability of a typical MU asso-
ciated with the BS in the kth tier using MRP cell association
is derived as

PDLout,k,MRP (Rs) =1− 1

Υk

∞∫
0

x exp
{
− σ2βΩDLk x`k

−
K∑
j=1

πλj

(
$k,j + (δDLj,k )

2/`j
x2`k/`j

)}
dx,

(32)

where

$k,j =f2/`j
k,j

∫ ∞
β−2/`j

1

1 + z`j/2
dz, (33)

Υk, β, δDLj,k , ΩDLk , and fk,j are given in (20), (27), (22), (30),
and (31), respectively.

Proof. See Appendix D.

2) Interference-Limited Case, Equal Path Loss Exponents
{`j} = 4: In HCNs with high transmit power BSs, the inter-
ference dominates the noise. The thermal noise can therefore
be neglected in the rest of this section.

Corollary 1. With {`j} = 4 and σ2 = 0, the DL outage
probability of a typical MU associated with the kth tier using
NBS cell association is derived as

PDLout,k,NBS (Rs)

= 1− κ
K∑
j=1

πλj

(√
βδDLj,k arctan

{√
βδDLj,k

}
+ 1
) , (34)

where κ, β, and δDLj,k are given in (13), (27), and (22),
respectively.

Corollary 2. With {`j} = 4 and σ2 = 0, the DL outage
probability of a typical MU associated with the kth tier using
MRP cell association is derived as

PDLout,k,MRP (Rs)

= 1−

K∑
j=1

λj
√
δDLj,k

K∑
j=1

λj
√
δDLj,k

((√
β arctan

{√
β
})

+ 1

) , (35)
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where β and δDLj,k are given in (27) and (22), respectively.

The expressions in (34) and (35) are in closed-form. We
find that the DL outage probability in the interference-limited
scenario is independent of the power splitting factor ρ. This is
due to the fact that the term (1−ρ) in the SINRDLk expression
in (5) cancels out with σ2 = 0.

B. Downlink Average Ergodic Rate

The DL average ergodic rate of a K tier HCNs measures
the spectral efficiency of HCNs in the DL. The DL average
ergodic rate of a random MU in the K tier HCNs is given by

RDL =

K∑
k=1

ΛDLk RDLk , (36)

where RDLk is the DL average ergodic rate of a typical MU
associated with the kth tier and ΛULk is given in (24) for the
NBS cell association, and in (25) for the MRP cell association,
respectively.

In (36), the DL average ergodic rate for a typical MU at
a distance

∥∥xb
k̂
,u0

∥∥ from its associated BS in the kth tier is
defined as

RDLk =E∥∥∥xb
k̂
,u0

∥∥∥
[
ESINRDLk

[
α

ln
(
1 + SINRDLk

(∥∥xb
k̂
,u0

∥∥)) ]]. (37)

1) General Case: We now present the general result for
the DL average ergodic rate of a typical MU associated with
the kth tier followed by the special result for the interference-
limited scenario.

Theorem 3. The DL average ergodic rate of a typical MU
associated with the kth tier using NBS cell association is
derived as

RDLk,NBS =2κ

∞∫
0

∞∫
0

x exp
{
− σ2(et/α − 1)ΩDLk x`k −

K∑
j=1

πλj

((
(et/α − 1)δDLj,k x

`k
)2/`j ∫ ∞

((et/α−1)δDLj,k x
`k )

−2/`jx2

1

1 + z`j/2
dz − x2

)}
dtdx, (38)

where ΩDLk and δDLj,k are given in (30) and (22), respectively.

Proof. See Appendix E.

Theorem 4. The DL average ergodic rate of a typical MU
associated with the kth tier using MRP cell association is
derived as

RDLk,MRP =
1

Υk

∞∫
0

∞∫
0

x exp
{
− σ2(et/α − 1)ΩDLk x`k −

K∑
j=1

πλj

((
(et/α − 1)δDLj,k x

`k
)2/`j ∫ ∞

(et/α−1)−2/`j

dz

1 + z`j/2

+ (δDLj,k )
2/`j

x2`k/`j
)}
dtdx, (39)

where ΩDLk and δDLj,k are given in (30) and (22), respectively.

Proof. See Appendix F.

2) Interference-Limited Case, Equal Path Loss Exponents
{`j} = 4: In the following, we present the DL average ergodic
rate of a typical MU associated with the kth tier in HCNs in
the interference-limited scenario.

Corollary 3. With {`j} = 4 and σ2 = 0, the DL averaqe
ergodic rate of a typical MU associated with the kth tier
using NBS cell association is derived as (40) at the top of
the next page, where κ and δDLj,k are given in (13) and (22),
respectively.

Corollary 4. With {`j} = 4 and σ2 = 0, the DL averaqe
ergodic rate of a typical MU associated with the kth tier using
MRP cell associations is derived as (41) at the top of the next
page, where δDLj,k is given in (22).

In these corollaries, the double integral in Theorem 3 and 4
is simplified to a single integral. We find that the DL average
ergodic rate in the interference-limited scenario is independent
of the power splitting factor due to the fact that with σ2 = 0,
the term (1− ρ) disappears in the SINRDLk given in (5).

In the following, we present the UL performance of the
HCN which reflects the DL energy harvesting efficiency of
SWIPT with the NBS and the MRP cell associations. We
characterize the UL performance in terms of the UL outage
probability and the UL average ergodic rate.

C. Uplink Outage Probability

The UL outage probability is the probability that the instan-
taneous UL data rate at the serving BS in HCNs is less than
the target UL data rate. The UL outage probability in HCNs
is given by

PULout =

K∑
k=1

ΛULk PULout,k, (42)

where ΛULk is given in (24) for the NBS cell association, and
in (25) for the MRP cell association, and PULout,k is the UL
outage probability of a typical MU associated with the kth
tier.

In (42), the UL outage probability for a typical MU at a
distance

∥∥xu0,bk̂

∥∥ from its associated BS is defined as

PULout,k (Rs) =E∥∥∥xb
k̂
,u0

∥∥∥
[

Pr
(

(1− α)

ln
(
1 + SINRULk

(∥∥xb
k̂
,u0

∥∥)) ≤ Rs

)]
=E∥∥∥xb

k̂
,u0

∥∥∥
[
Pr
(
SINRULk

(∥∥xb
k̂
,u0

∥∥) ≤ Ψ
)]
.

(43)

where

Ψ = eRs/(1−α) − 1. (44)
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RDLk,NBS =

∞∫
0

κ
K∑
j=1

πλj

(√(
et/α − 1

)
δDLj,k arctan

{√(
et/α − 1

)
δDLj,k

}
+ 1
)dt, (40)

RDLk,MRP =

∞∫
0

K∑
j=1

λj
√
δDLj,k

K∑
j=1

λj
√
δDLj,k

((√(
et/α − 1

)
arctan

{√(
et/α − 1

)})
+ 1

)dt, (41)

1) General Case: In the following, we derive the general
result for the UL outage probability of a typical MU associated
with the kth tier.

Theorem 5. The UL outage probability of a typical MU
associated with the kth tier using NBS cell association is
derived as

PULout,k,NBS (Rs) =1− 2κ

∞∫
0

x exp

{
−σ2ΨΩULk x`k

−
K∑
j=1

(
ζULk,j x

2`k
`j Ψ

2
`j + πλjx

2

)}
dx,

(45)

where

ΩULk =
(
φE{Pru0 ,k

}L0

)−1
, (46)

ζULk,j =πλj
(
δULj,k

) 2
`j Γ

(
1 +

2

`j

)
Γ

(
1− 2

`j

)
, (47)

δULj,k =
E
[
Pruj ,j

]
E
[
Pru0

,k

] , (48)

and Ψ is given in (44).

Proof. The proof follows similar steps to Theorem 1.

Theorem 6. The UL outage probability of a typical MU
associated with the kth tier using MRP cell association is
derived as

PULout,k,MRP (Rs) =1− 1

Υk

∞∫
0

x exp

{
−σ2ΨΩULk x`k

−
K∑
j=1

(
ζULk,j x

2`k
`j Ψ

2
`j + µk,jx

2`k/`j

)}
dx,

(49)

where Ψ, ΩULk , ζULk,j , and µk,j are given in (44), (46), (47),
and (21), respectively.

Proof. The proof follows similar steps to Theorem 2.

2) Interference-Limited Case, Equal Path Loss Exponents
{`j} = 4: We now present the UL outage probability of a
typical MU associated with the kth tier in the interference-
limited case.

Corollary 5. With {`j} = 4 and δ2 = 0, the UL outage
probability of a typical MU associated with the kth tier using
NBS cell association is derived as

PULout,k,NBS (Rs) = 1− κ
K∑
j=1

πλj

(
π
2

√
δULj,k Ψ + 1

) , (50)

where κ, δULj,k , and Ψ are given in (13), (48), and (??),
respectively.

Corollary 6. With {`j} = 4 and δ2 = 0, the UL outage
probability of a typical MU associated with the kth tier using
MRP cell association is derived as

PULout,k,MRP (Rs) = 1−

K∑
j=1

λj
√
δDLj,k

K∑
j=1

λj

(
π
2

√
δULj,k Ψ +

√
δDLj,k

) ,
(51)

where δDLj,k , δULj,k , and Ψ are given in (22), (48), and (??),
respectively.

We find that the UL outage probabilities for the NBS
and the MRP cell associations are independent of the energy
conversion efficiency and the power splitting factor. This can
be explained by the fact that the term φ = ηρα

(1−α) in (6) cancels
out with δ2 = 0.

D. Uplink Average Ergodic Rate
The UL average ergodic rate of a random MU in K tier

HCNs is given by

RUL =

K∑
k=1

AULk RULk , (52)

where RULk is the UL average ergodic rate of a typical MU
associated with the kth tier and ΛULk is given in (24) for the
NBS cell association, and in (25) for the MRP cell association,
respectively.

In (52), the UL average ergodic rate of a random MU
located at a distance

∥∥xu0,bk̂

∥∥ from its associated BS in the
kth tier is defined as

RULk =E∥∥∥xu0,bk̂

∥∥∥
[
ESINRULk

[
(1− α)

ln

(
1 + SINRULk

(∥∥xu0,bk̂

∥∥) )]] . (53)
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1) General Case: We now provide the general result for
the UL average ergodic rate of a random MU associated with
the BS in kth tier.

Theorem 7. The UL average ergodic rate of a random MU
associated with the BS in kth tier using NBS cell association
is derived as

RULk,NBS =2(1− α)κ

∞∫
0

∞∫
0

x

1 + t
exp

[
− δ2ΩULk tx`k

−
K∑
j=1

(
ζULk,j t

2
`j x

2`k
`j + πλjx

2

)]
dxdt. (54)

where κ, ΩULk , and ζULk,j are given in (13), (46), and (47),
respectively.

Proof. The proof follows similar steps to Theorem 3.

Theorem 8. The UL average ergodic rate of a random MU
associated with the BS in kth tier using MRP cell association
is derived as

RULk,MRP =
(1− α)

Υk

∞∫
0

∞∫
0

x

1 + t
exp

[
− δ2ΩULk tx`k

−
K∑
j=1

(
ζULk,j t

2
`j x

2`k
`j + µk,jx

2`k/`j

)]
dxdt,

(55)

Proof. The proof follows similar steps to Theorem 4.

2) Interference-Limited Case, Equal Path Loss Exponents
{`j} = 4: We present the UL average ergodic rate of a typical
MU associated with the kth tier for the interference-limited
network in the following corollaries.

Corollary 7. With {`j} = 4 and δ2 = 0, the UL average
ergodic rate of a typical MU associated with the kth tier using
NBS cell association is derived as

RULk,NBS =

∞∫
0

(1− α)κ

(1 + t)
K∑
j=1

πλj

(
π
2

√
δULj,k t+ 1

)dt, (56)

where κ and δULk,j are given in (13) and (48), respectively.

Corollary 8. With {`j} = 4 and δ2 = 0, the UL average
ergodic rate of a typical MU associated with the kth tier using
MRP cell association is derived as

RULk,MRP (Rs) =

∞∫
0

(1− α)
K∑
j=1

λj
√
δDLj,k

(1 + t)
K∑
j=1

λj

(
π
2

√
δULj,k t+

√
δDLj,k

)dt,
(57)

where δDLj,k and δULj,k are given in (22) and (48), respectively.

In the interference-limited scenario, the UL average ergodic
rate does not depend on the energy conversion efficiency and
the power splitting factor with the NBS and the MRP cell

associations. This can be seen in (6) that with δ2 = 0, the term
φ = ηρα

(1−α) cancels out and SINRULk becomes independent
of η and ρ.

In the following, we present the global (GL) performance
of the HCN which reflects the impact of power splitting factor
on the overall (DL+UL) performance. We characterize the GL
performance in terms of the GL average ergodic rate. We
characterize the GL performance in terms of the GL average
ergodic rate.

E. Global Average Ergodic Rate

We define the GL average ergodic rate of a random MU in
K tier HCNs as the sum of the DL average ergodic rate and
the UL average ergodic rate, as follows

RGL = RDL +RUL, (58)

where RDL and RUL are given in (36) and (52), respectively.
The GL average ergodic rate is defined to find the optimal
power splitting factor ρ∗ that maximizes the GL average
ergodic rate. The evaluation for the exact expression of ρ∗

turns out to be intractable, therefore, we numerically evaluate
the optimal ρ∗ that maximizes RGL in the numerical results.

V. NUMERICAL RESULTS

In this section, we compare the system performance with
the NBS cell association to that with the MRP cell association
in terms of the DL outage probability, the DL average ergodic
rate, the UL outage probability, and the UL average ergodic
rate. We plot the DL outage probability, the DL average
ergodic rate, the UL outage probability, and the UL average
ergodic rate for the NBS cell association using (28), (45), (38),
and (54), respectively. We plot the DL outage probability, the
DL average ergodic rate, the UL outage probability, and the
UL average ergodic rate for the MRP cell association using
(32), (39), (49), and (55), respectively. The analytical results
are validated by Monte Carlo simulations, where the BSs and
the MUs are deployed according to the proposed model for a
two-tier HCN. In all the figures, the path loss is assumed to
be L0 = −38.5 dB at 1 meter, and the path loss exponents
are `1 = 3.8 and `2 = 3.5. The thermal noise power at the
MU and the BS are fixed as σ2 = δ2 = −104 dB for 10 MHz
bandwidth. Unless otherwise stated, the time allocation factor
α = 0.5, the power splitting factor ρ = 0.5, and the energy
conversion efficiency η = 0.5.

A. Effect of Picocell BSs Density and BS Transmit Power

In this subsection, we examine the effect of the density of
picocell BSs and the transmit power at the BSs on the DL
outage probability, the DL average ergodic rate, the UL outage
probability, and the UL average ergodic rate of a random MU
in HCNs with the NBS and the MRP cell associations. In Figs.
2, 3, 4, and 5, we set λ1 = 10−3 and Rs = 0.5 nats/s/Hz.

Downlink Performance: Fig. 2a and Fig. 2b compare the
impact of the density of picocell BSs λ2 and the BS transmit
power Pt,b of each tier on the DL outage probability with
the NBS cell association PDLout,NBS(Rs), to the DL outage
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Fig. 2: Impact of picocell BS density and BS transmit power
in a two-tier HCN.

probability with the MRP cell association PDLout,MRP (Rs),
respectively. Fig. 3a and Fig. 3b compare the impact of the
density of picocell BSs λ2 and the BS transmit power of
each tier on the DL average ergodic rate with the NBS cell
association RDLNBS , to the DL avearge ergodic rate with the
MRP cell association RDLMRP respectively.

With the increase of λ2, PDLout,NBS and RDLNBS improve due
to the increase in signal strength at the MU from the nearest
serving BS. Interestingly, the increase in λ2 does not have a
significant affect on PDLout,MRP and RDLMRP at both tiers. We
also observe that PDLout,NBS , RDLNBS , PDLout,MRP , and RDLMRP of
a random MU in HCNs are approximately the same with the
increase in λ2.

With the increase of Pt,b in the kth tier, PDLout,NBS(Rs)

and RDLNBS of the kth tier improve, while that of other tiers
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(b) DL average ergodic rate with the MRP cell association.

Fig. 3: Impact of picocell BS density and BS transmit power
in a two-tier HCN.

degrade. This is due to the increased signal power at the MUs
in the kth tier, and the increased interference at the MUs of
the other tiers. Surprisingly, the increase in Pt,b of the kth
tier slightly affects PDLout,MRP (Rs) and RDLMRP of both the
tiers. Furthermore, it is shown that PDLout,NBS(Rs), RDLNBS ,
PDLout,MRP (Rs), and RDLMRP of a random MU in HCNs cannot
be greatly improved by increasing Pt,b.

Uplink Performance: Fig. 4a and Fig. 4b show the effect
of picocell BS density λ2 and the BS transmit power Pt,b
on the UL outage probability with the NBS PULout,NBS(Rs),
to the UL outage probability with the MRP cell association
PULout,MRP (Rs), respectively. Fig. 5a and Fig. 5b compare the
impact of the density of picocell BSs λ2 and the BS transmit
power of each tier on the UL average ergodic rate with the
NBS cell association RULNBS , to the UL avearge ergodic rate



10

10
−3

10
−2

10
−1

10
0

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

λ
2

U
L

 O
u

ta
g

e
 P

ro
b

a
b

il
it

y
 -

 N
B

S

 

 

Tier 2

Tier 1

HCN

Simu. P
t,b

1
= 46 dBm, Pt,b2

= 30 dBm

Simu. Pt,b1
= 46 dBm, Pt,b

2
= 37 dBm

Simu. Pt,b1
= 53 dBm, Pt,b2

= 30 dBm
Exact Analysis

(a) UL outage probability with the NBS cell association.
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Fig. 4: Impact of picocell BS density and BS transmit power
in a two-tier HCN.

with the MRP cell association RULMRP , respectively.
Increasing λ2 improves PULout,NBS(Rs) and RULNBS due to

the increased harvested energy from the serving nearest BS and
the decreased path loss. However, increasing λ2 to a certain
value degrades PULout,NBS(Rs) and RULNBS of the macrocell
MUs due to the dominant effect of the increased interference
from the macrocell MUs with increased transmit power. In
contrast, for the MRP cell association, the increase in λ2

degrades PULout,MRP (Rs) and RULMRP of both the tiers due
to the dominant effect of higher interference from the large
number of other picocell MUs. Furthermore, PDLout,NBS(Rs),
RDLNBS , PDLout,MRP (Rs), and RDLMRP are slightly affected by
increasing λ2.

The increase in Pt,b in the kth tier improves PULout,NBS(Rs)

and RULNBS in the kth tier and degrades that in other tiers.
The low path loss results in the increased signal power at
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(a) UL average ergodic rate with the NBS cell association.
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(b) UL average ergodic rate with the MRP cell association.

Fig. 5: Impact of picocell BS density and BS transmit power
in a two-tier HCN.

the BS of its own tier, and the increased interference at the
BS of the other tier. The opposite holds true for the MRP
cell association, increasing the BS transmit power in the kth
tier degrades PULout,MRP (Rs) and RULMRP of the kth tier while
improves that of other tiers. This is because increasing the BS
transmit power in the kth tier results in the increased distance
between the MU and the associated BS of the kth tier as
opposed to the decrease of the distance between the MU and
the associated BS of the other tiers as in (B.1). Increasing BS
transmit power only slightly effects PULout,NBS(Rs), RULNBS ,
PULout,MRP (Rs), and RULMRP of a random MU in HCNs.

B. Effect of Time Allocation Factor, and Power Splitting
Factor on the DL and the UL performance

In this subsection, we examine the effect of the time
allocation factor and the power allocation factor on the DL and
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Fig. 6: Impact of time allocation factor and power splitting
factor on the DL/UL performance in a two-tier HCN.

UL outage probability and average ergodic rate of a random
MU in HCNs with the NBS and the MRP cell associations. In
Fig. 6, we set λ1 = 10−3, λ2 = 2 × 10−3, Pt,b1 = 46 dBm,
and Pt,b2 = 37 dBm.

Fig. 6a examines the impact of the time allocation factor
α and the power splitting factor ρ on the DL and the UL
outage probability of a random MU in HCNs with the NBS
and the MRP cell associations. Fig. 6b examines the impact
of α and ρ on the DL and the UL average ergodic rate of
a random MU in HCNs with the NBS and the MRP cell
associations. With the increase of α, the DL outage probabil-
ities, PDLout,NBS(Rs) and PDLout,MRP (Rs), and the DL average
ergodic rates, RDLNBS and RDLMRP , improve due to allocating
large fraction of time to the DL transmission. For the UL
performance, first we observe that with the increase in α, the
UL outage probabilities, PULout,NBS(Rs) and PULout,MRP (Rs),

and the UL average ergodic rates, RULNBS and RULMRP , improve
and then degrade. This is because for small α, the noise plays
a dominant role in the SINRULk as shown in (6), thus the
SINRULk increases with increasing α. However, for large α,
the degradation of the PULout,NBS(Rs), RULNBS , PULout,MRP (Rs),
and RULMRP is due to allocating a large fraction of time to the
DL transmission than to the UL transmission. Interestingly,
with the increase of ρ, the DL performance of a random MU
in HCNs remains almost unchanged. This is because, with high
density of high transmit power BSs, the interference plays a
dominant role in the SINRDLk in (5) and as such the thermal
noise is ignored. However, the UL performance of a random
MU in HCNs improves by increasing ρ. Transmitting the UL
information using a larger fraction of the DL average received
power results in the improved UL performance.

C. Effect of Rate Threshold on the DL and the UL perfor-
mance

Fig. 7 compares the DL and the UL outage probability of
a random MU in HCNs with the NBS to that with the MRP
cell association. In Fig. 7, we set λ1 = 10−3, λ2 = 2× 10−3,
Pt,b1 = 46 dBm, and Pt,b2 = 37 dBm.

The DL outage probability of a random MU in HCNs
with the MRP cell association is narrowly better than that
with the NBS cell association. This is due to the lower
aggregate interference in the SINRDLk with the MRP cell
association than that with the NBS cell association. The UL
outage probability a random MU in HCNs with the NBS
cell association is comparable to that with the MRP cell
association.

D. Effect of Power Splitting Factor on the Global Average
Ergodic Rate

Fig. 8 examines the impact of power splitting factor ρ
on the GL average ergodic rate for the NBS and MRP
cell associations using (58). In Fig. 8, we set λ1 = 10−3,
λ2 = 2× 10−3, Pt,b1 = 46 dBm, and Pt,b2 = 37 dBm.

We observe that the GL average ergodic rate first increases,
then decreases with increasing ρ. The increasing trend is due
to the increase in the UL average ergodic rate. The sudden
decrease is due to the decreases in the DL average ergodic
rate. We observe that the optimal power splitting factor ρ∗, that
maximizes the GL average ergodic rate, occurs near one, i.e.,
ρ∗NBS = 0.999 and ρ∗MRP = 0.9995. Moreover, we observe
that the improvement in the GL average ergodic rate for ρ =
0.4 to the optimal ρ∗ is very small, which reveals that the
optimal operation region for ρ is [0.4, 0.999].

VI. CONCLUSION

We have presented a tractable analytical model of K-tier
HCNs with SWIPT where the MUs harvest energy and decode
information simultaneously in the DL, and the harvested
energy at the MU is then utlized for information transmission
in the UL. We have derived the analytical expression for the
DL average received power at a random MU with the NBS
and the MRP cell associations to demonstrate the effect of
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Fig. 7: Impact of rate threshold on the DL/UL outage proba-
bility in a two-tier HCN.
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Fig. 8: Impact of power splitting factor on the GL average
ergodic rate in a two-tier HCN.

harvested energy on the UL information transmission. We have
derived the DL and the UL performance in terms of the outage
probability and the average ergodic rate of a random MU in
HCNs with the NBS and the MRP cell associations. The DL
and UL performance of the NBS cell association is comparable
to that of the conventional MRP cell association despite the
fact that the UL path loss in the NBS cell association is
low. Owing to its simple implementation with low system
overheads, the NBS cell association sounds an optimal choice.
We have shown that although the harvested energy at the
MU can be increased by deploying more small cell BSs
and increasing the BS transmit power, the UL performance
of a random MU in HCNs with the NBS and the MRP
cell associations can not be improved. Nevertheless, the UL
performance of a random MU can be improved by increasing
the power splitting factor. With the advancements in WPT

and interference cancellation, HCNs with SWIPT prove to be
promising candidates for 5G systems.

APPENDIX A
PROOF OF LEMMA 1

We first derive the average value of Ib
k̂

in (4), as follows

E[Ib
k̂
] =E

[
Pt,b

k̂
|hb

k̂
,u0 |

2
L0

(
max

{∥∥xb
k̂
,u0

∥∥ , d})−`k]
(a)
=Pt,b

k̂
L0

[ ∫ d

0

d−`kf∥∥∥xb
k̂

∥∥∥(x)dx

+

∫ ∞
d

x−`kf∥∥∥xb
k̂

∥∥∥(x)dx

]
, (A.1)

where (a) follows from the fact that |hb
k̂
|2 ∼ exp(1). In (A.1),

the PDF of
∥∥xb

k̂

∥∥ with the NBS cell association is given by
[31]

f∥∥∥xb
k̂

∥∥∥(x)
∣∣
NBS

= 2κx exp{−κx2}, (A.2)

where κ is given in (13).
Substituting (A.2) into (A.1), and simplifying the resulting

equation using [34, eq. 3.381.1] and [34, eq. 3.381.6], we
derive E[Ib

k̂
]. Further, the average value of Ibx is derived as

E[Ibx ] =

K∑
j=1

Eh
[
Pt,bjL0|hbju0

|2
]

Ex

[
EΦj

[ ∑
bj∈Φj\bk̂

(
max

{∥∥xbjuo∥∥ , d})−`j]
]
.

(A.3)

The interfering BSs need to be located outside a disc of a
radius rmin =

∥∥xb
k̂

∥∥ = x to satisfy the NBS cell association.
Applying the Campbell’s Theorem [33] to (A.3), and utilizing
the fact that |hbju0 |

2 ∼ 1, we derive

E[Ibx ] =

K∑
j=1

2πPt,bjLoλj

[ ∞∫
0

[ ∞∫
rmin

(max{r, d})−`jrdr
]

f∥∥∥xb
k̂

∥∥∥(x)dx

]
. (A.4)

Inserting rmin = x into (A.4), we have

E[Ibx ] =

K∑
j=1

2πPt,bjLoλj

[ d∫
0

[
d−`j

d∫
x

rdr +

∞∫
d

r−(`j−1)dr
]

f∥∥∥xb
k̂

∥∥∥(x)dx+

∞∫
d

[ ∞∫
x

r−(`j−1)dr
]
f∥∥∥xb

k̂

∥∥∥(x)dx

]
.

(A.5)

Substituting the PDF of
∥∥xb

k̂

∥∥ with NBS cell association
from (A.2) into (A.5), and solving the resulting equation by
using [34, eq. 3.381.1] and [34, eq. 3.381.6], we obtain E[Ibx ].
Combining the equations of E[Ib

k̂
] and E[Ibx ], we obtain the

average received power at the typical kth tier MU with NBS
cell association in (7) as Lemma 1.
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APPENDIX B
PROOF OF LEMMA 2

We first write the PDF of
∥∥xb

k̂

∥∥ with the MRP cell
association as given by [31]

f∥∥∥xb
k̂

∥∥∥(x)
∣∣
MRP

=
x

Υk
exp
{
−

K∑
j=1

µk,jx
2`k/`j

}
, (B.1)

where Υk is given in (20)
The average value of Ib

k̂
is derived by substituting the

PDF of
∥∥xb

k̂

∥∥ with MRP cell association from (B.1) into
(A.1). Further, the average value of Ibx is derived as (A.4)
with the interfering BSs located outside the disc of radius
rmin = δj,k

2/`jx`k/`j to satisfy the MRP cell association.
Combining the resulting equations of E[Ib

k̂
] and E[Ibx ], and

finally substituting the PDF of
∥∥xb

k̂

∥∥ with the MRP cell
association from (B.1) we derive the average received power
at the typical kth tier MU with the MRP cell association as
Lemma 2.

APPENDIX C
PROOF OF THEOREM 1

According to (5) and (26), the DL outage probability of the
typical MU in the kth tier is given as

PDLout,k (β) =1−
∞∫

0

Pr

[∣∣hb
k̂
,u0

∣∣2∥∥xb
k̂
,u0

∥∥−`k
(IDLbxj

+ σ2)ΩDLk
> β

]
f∥∥∥xb

k̂
,u0

∥∥∥(x)dx, (C.1)

where ΩDLk is given in (30), IDLbx =
∑

bj∈Φj\bk̂
(1 −

ρ)Pt,bj
∣∣hbj ,u0

∣∣2L0

∥∥xbj ,u0

∥∥−`j , and f∥∥∥xb
k̂

∥∥∥(x) with the NBS

cell association is given in (A.2).
In (C.2) the CCDF of a typical MU at a distance x from

its associated BS in kth tier is given as

Pr

[∣∣hb
k̂
,uo

∣∣2∥∥xb
k̂
,uo

∥∥−`k
(IDLbx + σ2)ΩDLk

> β

]
=EIbx

[
Pr
[∣∣hb

k̂
,uo

∣∣2 > (IDLbx + σ2)βΩDLk
∥∥xb

k̂
,uo

∥∥−`k] ∣∣IDLbx ]
(a)
=

∞∫
0

exp
{
−
(
ΩDL + σ2

)
βΩDLk

∥∥xb
k̂
,uo

∥∥−`k}
dPr

(
IDLbx ≤ ΩDL

)
(b)
= exp

{
−σ2βΩDLk

∥∥xb
k̂
,uo

∥∥`k}LIDLbx (βΩDLk
∥∥xb

k̂
,u0

∥∥−`k) ,
(C.2)

where (a) follows from the fact that |hb
k̂
u0
|2 ∼ 1, and (b) fol-

lows from the definition of Laplace transform of interference

LIDLbx (s) =
∞∫
x

exp
(
−sΩDL

)
dPr

(
IDLbx ≤ ΩDL

)
, where the

integration limit follows from the fact that the nearest interferer
in jth tier is at least at rmin = x. Using generating functional
of HPPP in [33] LIDLbx (s) is given as

LIDLbx (s) = exp
{

2π

K∑
j=1

λj

∞∫
x

(
1− Eh

[
− s(1− ρ)Pt,bj

∣∣hbj ,u0

∣∣2
L0

∥∥xbj ,u0

∥∥−`j ]) ydy}
(a)
= exp

{
2π

K∑
j=1

λj

∞∫
x

(
1− 1

1 + fk,jy−`j
)
ydy
}

(C.3)

= exp
{
−

k∑
j=1

πλjϑk,j

}
, (C.4)

where (a) follows from the fact that |hbju0
|2 ∼ 1 and fj,k

is given in (31). Simplifying (C.3) by employing change of
variables z = f−2/`j

k,j y2 we derive (C.4) where ϑk,j is given
in (29). Substituting (C.4) into (C.2), we derive,

Pr
(
SINRDLk

(∥∥xb
k̂
,u0

∥∥) > β
)

=exp
{
− σ2βΩDLk

∥∥xb
k̂
,uo

∥∥`k
−

k∑
j=1

πλjϑk,j

}
(C.5)

Finally plugging (C.5) and (A.2) into (C.1), we obtain
Theorem 1.

APPENDIX D
PROOF OF THEOREM 2

For the MRP cell association, the Laplace transform in (C.2)
is evaluated with lower integration limit rmin = δj,k

2/`jx`k/`j

by utilizing the fact that the nearest interferer in the jth tier
is at least at δj,k2/`jx`k/`j . Then following the similar steps
as of Theorem 1 with the PDF of

∥∥xb
k̂

∥∥ for the MRP cell
association given in (B.1), we derive Theorem 2.

APPENDIX E
PROOF OF THEOREM 3

Based on (53), the DL average ergodic rate of a typical
MU associated with the kth tier using NBS cell association is
derived as

RDLk =

∞∫
0

ESINRDLk
[
α ln

(
1 + SINRDLk (x)

)]
f∥∥∥xb

k̂
,u0

∥∥∥(x)dx

=

∞∫
0

∞∫
0

Pr
[
SINRDLk (x) > (et/α − 1)

]
dtf∥∥∥xb

k̂
,u0

∥∥∥(x)dx.

(E.1)

Simplifying (E.1) as of (C.5) and substituting (A.2), we
obtain Theorem 3.

APPENDIX F
PROOF OF THEOREM 4

The DL average ergodic rate of a typical MU associated
with the kth tier using MRP cell association is derived by
simplifying (E.1) following the similar steps as of Theorem 2
for the MRP cell association and substituting (B.1).
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