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Abstract

In this paper we present two (a priori independent) derivations of the eikonal
operator in string-brane scattering. The first one is obtained by summing surfaces
with any number of boundaries, while in the second one the eikonal operator is
derived from the three-string vertex in a suitable light-cone gauge. This second
derivation shows that the bosonic oscillators present in the leading eikonal operator
are to be identified with the string bosonic oscillators in a suitable light-cone gauge,
while the first one shows that it exponentiates recovering unitarity. This paper is a
review of results obtained in Refs. [1] and [2].
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1 Introduction

High energy scattering in the Regge limit in superstring theory has been investigated since
more than 25 years. It was originally studied in elastic string-string collisions 1 and has
more recently been extended to the elastic scattering of a closed string on a Dp-brane [2].
Due to the fact that, in the Regge limit, the amplitude is dominated by the exchange of
the leading Regge trajectory that has the graviton as the lowest state, one gets a lowest
order (sphere or disc) amplitude that diverges with the energy violating unitarity at high
energy. Unitarity is restored by adding higher order corrections (torus or annulus etc.)
and summing them up. In this way, while in field theory one gets an exponential with a
phase divergent at high energy that is consistent with unitarity, what one obtains in string
theory can be written in terms of an infinite set of bosonic oscillators, introduced to write
the amplitude in a simple and compact form, and is called the leading eikonal operator.

This construction poses, however, various problems. What are these bosonic oscilla-
tors? Are they connected to the bosonic oscillators of superstring theory? Since we are
studying superstring theory, why don’t we get also fermionic oscillators? Although the
connection of these oscillators with the string oscillators was unclear, it was believed that
they were somehow directly related to the string bosonic oscillators. Evidence of this
connection came from a paper by Black and Monni [3] where the disk amplitude for the
production of massive states, lying on the leading Regge trajectory, from the scattering of
a massless state on a Dp-brane was computed and found to agree with what one gets from
the eikonal operator. It turns out, however, that this comparison is more subtle because
one has to take into account that the longitudinal polarization of the massive state gets
enhanced at high energy pretty much as the longitudinal component of the gauge boson
W± in the Standard Model without the Higgs boson.

In a recent paper [1] the problems raised above were clarified showing that the bosonic
oscillators appearing in the eikonal operator are the bosonic oscillators of superstring in a
suitable light-cone gauge and that the fermionic oscillators are not relevant at high energy.
Furthermore, it was shown how to correctly treat the longitudinal polarization of the
massive state. This means that, if we scatter a massless state on a Dp-brane, we produce,
at high energy, only massive states involving an arbitrary number of bosonic oscillators
together with only the fermionic oscillators already present in the massless state. Actually,
the analysis of Ref. [1] is more general because it provides the production amplitude in
the Regge high energy limit of an arbitrary state of superstring theory from the scattering
of an arbitrary state on the Dp-brane. In particular, it has been shown [1] that the
leading eikonal operator can be directly derived starting from the three-string light-cone
vertex (either in the form of Green-Schwarz or in that of Ramond-Neveu-Schwarz) and
then inserting in one of the three legs the string propagator and by closing it with the
boundary state that takes care of the presence of the Dp-branes. This provides a direct
construction of the leading eikonal operator from the string operator formalism. The aim
of this talk is to present these recent results. In Ref. [1] the leading eikonal operator
has been also constructed by using a covariant formalism in terms of the Reggeon vertex

1For a complete list of references see Ref. [1].
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operator, but this will not be reviewed here.
The content of this paper is the following. In Sect. 2 we derive the eikonal operator

as it was originally constructed in Ref. [2] starting from the scattering amplitudes. In
Sect. 3 we give a description of the physical spectrum of the first massive level in the two
light-cone formalisms (GS and RNS) and in the covariant formalism. Then, interpreting
the bosonic oscillators of the eikonal operator as the light-cone bosonic oscillators of string
theory, we show that, at high energy, the states that can be produced by the scattering
of a graviton on a Dp-brane, are only those of the type A−1;j |i, 0〉, while those of the
type Q−1;a|ȧ, 0〉 are not. This is consistent with what one gets from the eikonal operator
that does not contain any fermionic oscillator. In Sect. 4 we show how to derive the
eikonal operator from the light-cone three-string vertex and the boundary state. Finally,
an Appendix with a discussion of the kinematics of the scattering process is added at the
end of the paper.

2 The eikonal operator I

In this section we derive the leading eikonal operator from the elastic scattering of a
massless state of superstring theory on a Dp-brane, following Ref. [2]. The starting point
is the disk amplitude given by:

A1(E, t) ∼ 〈0|
∫
d2z1d

2z2

dVabc
W1(z1, z̄1)W2(z2, z̄2)|B〉

= −π
9−p

2 R7−p
p

Γ(7−p

2
)

K(p1, ǫ1; p2, ǫ2)
Γ(−α′E2)Γ(−α′

4
t)

Γ(1− α′E2 − α′

4
t)

(2.1)

where

R7−p
p = gN

(2π
√
α′)7−p

(7− p)VS8−p

, VSn =
2π

n+1

2

Γ(n+1
2
)
, (2.2)

W1 and W2 are the vertex operators of a massless state and |B〉 is the boundary state that
identifies the right with the left oscillators and imposes Dirichlet (Neumann) boundary
conditions along the directions transverse (longitudinal) to the world-volume of the stack
of N parallel Dp-branes. The scattering is described by two Mandelstam-like variables:

t = −(p1⊥ + p2⊥)
2 = −4E2 sin2 Θ

2
; s = E2 = |p1⊥|2 = |p2⊥|2 (2.3)

Θ is the angle between the (9− p)-dim vectors p1⊥ and −p2⊥.
Along the directions of the world-volume of the Dp-branes, there is conservation of

energy and momentum:

(p1 + p2)‖ = 0 ; p21 = p22 = 0 (2.4)
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The amplitude has simultaneously poles for E2 such that 1 + α′E2 = n (n = 1, 2 . . . )
corresponding to open strings exchanged in the s-channel and poles for t such that 2+ α′

2
t =

2m(m = 1, 2 . . . ) corresponding to closed strings exchanged in the t-channel. At high
energy:

K(p1, ǫ1; p2, ǫ2) = (α′E2)2Tr(ǫ1ǫ
t
2) (2.5)

and the amplitude has Regge behaviour for α′s >> α′t ∼ 0 (s ≡ E2):

T1(E, t) ≡
A1(E, t)

2E
=
R7−p

p π
9−p

2

Γ(7−p

2
)

πe−iα
′

4
t(α′s)1+

α′

4
t

2E sin(π α′

4
(−t)) Γ(1 + α′t

4
)

(2.6)

T1 has a real and an imaginary part. The real part describes the scattering of the closed
string on the Dp-brane, while the imaginary part describes the absorption of the closed
string by the Dp-brane. When α′ → 0 the real part reduces to the field theoretical result
(graviton exchange), while for α′ 6= 0 we have the graviton exchange dressed with string
corrections. Notice that the imaginary part is a pure string correction that, however, is
not relevant at very large impact parameter because it is not divergent at t = 0 as the
real part. The disk amplitude in Eq. (2.6) diverges at high energy and violates unitarity.
In order to restore unitarity we have to include higher order corrections and sum them
up. Before we proceed further it is instructive to write the corresponding amplitude that
one gets in the bosonic string for the elastic scattering of a closed string tachyon on a
Dp-brane:

A1 ∼
Γ(−1 − α′s)Γ(−α′t

4
− 1)

Γ(−α′s− α′t
4
− 2)

=
Γ(−αopen(s))Γ(−αclosed(t)

2
)

Γ(−αopen(s)− αclosed(t)
2

)
(2.7)

where αopen(s) = 1 + α′s and αclosed(t) = 2 + α′

2
t. It has the same form as the origi-

nal Veneziano model except having two different trajectories in the two channels: one
corresponding to the open string and the other to the closed string.

The next diagram is the annulus diagram that is given by:

A2 = N
∫
d2z1d

2z2
∑

α,β

αβ〈B|W (0)
1 (z1, z̄1)W

(0)
2 (z2, z̄2)D|B〉α,β (2.8)

N is a normalization factor and
∑

α,β is the sum over the spin structures.
The sum over the spin structures can be explicitly performed obtaining in practice only

the contribution of the bosonic degrees of freedom without the bosonic partition function.
The final result is rather explicit. In the closed string channel the coefficient of the

term with Tr(ǫ1ǫ
T
2 ) (relevant at high energy) of the annulus is equal to:

A2(s, t) =
π3(α′s)2

Γ2
(
7−p

2

) R14−2p
p

(2α′)
7−p

2

×
[
2

∫ ∞

0

dλ

λ
5−p

2

∫ 1

2

0

dρ1

∫ 1

2

0

dρ2

∫ 1

0

dω1

∫ 1

0

dω2 I
]

(2.9)
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where

I ≡ e−α′sVs−α′

4
tVt ; z1,2 ≡ e2π(−λρ1,2+iω1,2) (2.10)

and

Vs = −2πλρ2 + log
Θ1(iλ(ζ + ρ)|iλ)Θ1(iλ(ζ − ρ|)iλ)
Θ1(iλζ + ω)|iλ)Θ1(iλζ − ω)|iλ) (2.11)

and

Vt = 8πλρ1ρ2 + log
Θ1(iλρ+ ω)|iλ)Θ1(iλρ− ω)|iλ)
Θ1(iλζ + ω)|iλ)Θ1(iλζ − ω)|iλ) (2.12)

with ρ ≡ ρ1 − ρ2 ; ζ = ρ1 + ρ2 ; ω ≡ ω1 − ω2.
The high energy behaviour (E → ∞) of the annulus diagram can be studied, by the

saddle point technique, looking for points where Vs vanishes. This happens for λ → ∞
and ρ→ 0.

Performing the calculation one gets the leading term for E → ∞:

A(3)
2 (E, t)

2E
→ i

2

2∏

i=1

[∫
d8−pki

(2π)8−p

A1(E, ti)

2E

]

×δ(8−p)(
2∑

i=1

ki − q) V2(t1, t2, t) ; ti ≡ −k2
i ; t = −q2 (2.13)

where

V2(t1, t2, t) =
Γ(1 + α′

2
(t1 + t2 − t))

Γ2(1 + α′

4
(t1 + t2 − t))

(2.14)

In order to find the complete leading eikonal operator we write it in a more suggestive
way, in terms of an infinite set of (8− p)-dim bosonic oscillators:

V2(t1, t2, t) = 〈0|
2∏

i=1

[∫ 2π

0

dσi

2π
: eiki·X(σi) :

]
|0〉 (2.15)

where

X̂(σ) = i

√
α′

2

∑

n 6=0

(
αn

n
einσ +

α̃n

n
e−inσ

)
(2.16)

The two vacuum states correspond to the two external massless states (states with no
bosonic excitations: (ǫµνψ

µ

− 1

2

ψ̃ν
− 1

2

|0〉).
Then the leading order from the annulus can be written as follows:

A(3)
2 (E, t)

2E
→ i

2

2∏

i=1

[∫
d8−pki

(2π)8−p

A1(E,−k2
i )

2E

]
δ(8−p)(

2∑

i=1

ki − q)

×〈0|
2∏

i=1

[∫ 2π

0

dσi

2π
: eiki·X(σi) :

]
|0〉 (2.17)
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where the two vertex operators correspond to the two leading Reggeons exchanged in the
two t-channels: t1 and t2.

It can be naturally generalized to the leading term coming from a surface with h

boundaries:

A(h+1)
h (s, t)

2E
∼ ih−1

h!

h∏

i=1

[∫
d8−pki

(2π)8−p

A1(s,−k2
i )

2E

]

×δ(8−p)(
h∑

i=1

ki − q) 〈0|
h∏

i=1

[∫ 2π

0

dσi

2π
: eiki·X(σi) :

]
|0〉 (2.18)

Going to impact parameter space

i
A(h+1)

h (s,b)

2E
=

∫
d8−pq

(2π)8−p
eibq i

A(h+1)
h (s, t)

2E

=
ih

h!

h∏

i=1

[∫
d8−pki

(2π)8−p

A1(s,−k2
i )

2E

]

〈0|
h∏

i=1




2π∫

0

dσi

2π
: eiki(b+X̂(σi)) :


 |0〉 (2.19)

and summing all contributions:

∞∑

h=1

A(h+1)
h (s,b)

2E
∼ 〈0|1

i

[
e2iδ̂(s,b) − 1

]
|0〉 , (2.20)

we get the leading eikonal operator

2δ̂(s, b) =

2π∫

0

dσ

2π

∫
d8−pk

(2π)8−p

A1(s,−k2)

2E
: eik(b+X̂(σ)) :

=

2π∫

0

dσ

2π

: A1

(
s,b+ X̂(σ)

)
:

2E
(2.21)

The final result that includes all string corrections is obtained from the field theoretical
one with the substitution:

b =⇒ b+ X̂ ; X̂(σ) = i

√
α′

2

∑

n 6=0

(
αn

n
einσ +

α̃n

n
e−inσ

)
(2.22)

and normal ordering.
This is the way that the leading eikonal operator was originally constructed both in

string-string and string-brane scattering. From this derivation it is not clear what the
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bosonic oscillators represent. It was, however, somehow believed that, when the eikonal
operator is saturated with a couple of physical states, it will reproduce the high energy
behaviour of their scattering amplitude.

For the states of the leading Regge trajectory it has been shown [3] that the quantity
∫

d8−pk

(2π)8−p

A1(E,−k2)

2E
δ(8−p)(k− q) 〈0|

∫ 2π

0

dσ

2π
: eik·X(σ) : |λ〉 (2.23)

reproduces the high energy behaviour of the disk amplitude involving a massless state
(〈0|) and a state of the leading Regge trajectory (|λ〉). It turned out, however, that this
computation is more subtle because the longitudinal polarization of the massive state gets
enhanced at high energy. The annulus diagram for a massless state and an excited state
of the leading Regge trajectory has also been computed [4].

In any case, the problem of the nature of the bosonic oscillators present in the eikonal
operator remains. Given the fact that in string-string collisions they are along the eight
directions orthogonal to both the time and the direction of the fast moving string and
similarly in string-brane collisions they are along the 8 − p transverse directions again
orthogonal to the time and to the direction of the fast moving string, strongly suggests
that they should be interpreted as the string bosonic oscillators in the light-cone gauge.
But even so, why does the eikonal operator not contain the fermionic oscillators?

Putting this problem for a moment aside, in the next section we compute the am-
plitude for the production of a massive state belonging to the first excited level of su-
perstring theory from the scattering of a graviton on a Dp-brane and we compare with
what one gets from the eikonal operator. We will show that, in agreement with the
eikonal operator, we produce, at high energy, only excited states of the graviton (|i〉|̃i〉)
of the type A−1,j|i〉Ã−1;j̃ |̃i〉. The remaining massive states of the type Q−1,b|a〉Q̃−1;b̃|ã〉,
A−1,j |i〉Q̃−1;b̃|ã〉 and Q−1,b|a〉Ã−1;j̃ |̃i〉 are not produced at high energy.

3 States of the first massive level produced at high

energy

In order to understand the problems listed at the end of the last section, in this section
we consider the production of a massive state, belonging to the first massive level, from
the scattering of a massless state on a Dp-brane and we study which of the 128 × 128
bosonic states are produced at high energy in the Regge limit. This section is divided in
three subsections. In the first one we compare the spectrum of physical states at the first
excited level in the Green-Schwarz light-cone formalism, in the RNS light-cone formalism
and in the covariant formalism. We introduce also the DDF operators that connect the
states in the light-cone RNS with those in the covariant formalism. In the second short
subsection we compute the three-point amplitudes involving two gravitons and a bosonic
state of the first excited level. Finally, in the third subsection, we compute the inelastic
amplitude for the production of the states of the first excited level and we check which of
them are produced at high energy.
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3.1 Spectrum of the first excited level

In this subsection we discuss the spectrum of physical states of the first massive level in
closed superstring theory in the two light-cone gauges (Green-Schwarz (GS) and Ramond-
Neveu-Schwarz (RNS)) and in the covariant formalism. Any closed string state is a product
of a state with left moving oscillators times a state with right moving oscillators. In the
following we discuss only the states with one type of oscillators. Those with the other
type of oscillators can be obtained exactly in the same way.

1. GS light-cone

In the GS light-cone the bosonic physical states at the first massive level are the
following:

αi
−1|j〉 =⇒ 64 states

Qa
−1|b〉 =⇒ 64 states (3.1)

where i, j = 1 . . . 8 are vector indices and a, b = 1 . . . 8 are spinor indices of SO(8).

2. RNS light-cone

In the RNS light-cone the bosonic physical states are the following:

Ai
−1B

j

− 1

2

|0〉 =⇒ 64 states

Bi
− 3

2

|0〉 =⇒ 8 states

Bi
− 1

2

B
j

− 1

2

Bk
− 1

2

|0〉 =⇒ 56 states (3.2)

where i, j, k = 1 . . . 8 are vector indices of SO(8). The states in the first line of Eq.
(3.1) correspond to those in the first line of Eq. (3.2), while the states in the second
line of Eq. (3.1) correspond to those in the second and third line of Eq. (3.2).

3. Covariant formalism

In the covariant formalism the physical states in the center of mass frame
(p = (M,~0)) are:

T IJ =

(
αI
−1ψ

J
− 1

2

+ αJ
−1ψ

I
− 1

2

− 2

9
ηIJηHKαH

−1ψ
K
− 1

2

)
|0, p〉 =⇒ 44 states

V IJK = ψI
− 1

2

ψJ
− 1

2

ψK
− 1

2

|0, p〉 =⇒ 84 states (3.3)

where I, J,K,H = 1 . . . 9 are vector indices of SO(9). We can decompose the 9-dim
indices I = i, v; J = j, v in 8-dim indices and a longitudinal one that we call v:

T ij =⇒ 36 states ; T iv =⇒ 8 states

V ijk =⇒ 56 states ; V ijv =⇒ 28 states (3.4)
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T ij and V ijv correspond to the 64 states in the first line of Eq. (3.2), while the others
correspond to those in the second and third line of Eq. (3.2). The two states in Eq.
(3.3) can be given a covariant SO(1, 9) form by a boost, In this way one gets the
following states:

|φ1〉 = T
αρ
α′ρ′α

ρ′

−1ψ
α′

− 1

2

|0, p〉 (3.5)

where

T
αρ
α′ρ′ = (η⊥)

ρ
ρ′(η⊥)

α
α′ + (η⊥)

ρ
α′(η⊥)

α
ρ′ −

2

9
η
ρα
⊥ η⊥α′ρ′ ; (ηµν⊥ = ηµν − pµpν

p2
) (3.6)

and

|φ2〉 = η
ρ
⊥ρ′η

σ
⊥σ′η

τ
⊥τ ′ψ

ρ′

− 1

2

ψσ′

− 1

2

ψτ ′

− 1

2

|0, p〉 (3.7)

It can be shown that the two states in Eqs. (3.5) and (3.7) are physical states:

G 1

2

|φ1,2〉 = G 3

2

|φ1,2〉 = 0 (3.8)

The connection between the RNS oscillators in the light-cone gauge and those in the
covariant formalism is provided by the DDF operators [5]. In the case of superstring they
can be found in Ref. [6] and they are reviewed in Ref. [1]. In particular, as discussed in
Ref. [1], one gets for the states at the first massive level made with one A and one B
oscillators:

A−1,jB− 1

2
,k|pT , 0〉 =

{
1

2

[
α
j
−1ψ

k
− 1

2

+ αk
−1ψ

j

− 1

2

− δjk

3

(
8∑

i=1

αi
−1ψ

i
− 1

2

− 2αv
−1ψ

v
− 1

2

)]

+
1√
2
(vψ− 1

2

)ψj

− 1

2

ψk
− 1

2

}
|p; 0〉 ; j, k = 1 . . . 8 . (3.9)

where (ǫj)µψ
µ

− 1

2

≡ ψ
j

− 1

2

, (ǫj)µα
µ
−1, pT is the momentum of the tachyon present in the DDF

state and v is the longitudinal polarization of the massive state that is orthogonal to the
momentum p. Analogously, one can also compute the connection with the covariant states
of the other two DDF states: B− 1

2
,iB− 1

2
,jB− 1

2
,k|0, pT 〉 and B− 3

2
,i|0, pT 〉.

3.2 Three-point amplitudes

In this subsection we provide the three-point amplitude, in the covariant formalism, in-
volving two gravitons and one of the states of the first massive level. In a closed string
theory the amplitude is the product of two amplitudes of open string theory, one for the
left movers and the other for the right movers. Here, we quote only the result for the left
movers.
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For the massive state in Eq. (3.6) one gets:

Aµ;IJ
ν (φ1) ∼ ǫIJαρ

α′

2
[ηµαpρ3p

ν
1 − ηναp

ρ
3p

µ
3 + ηµνpα3p

ρ
3 + ηµαηνρ] (3.10)

where p1 and p3 are the momenta of the two gravitons and we have assumed that the
polarization matrix is symmetric, traceless and orthogonal to the four-momentum p2 of
the massive state:

pα2 ǫ
IJ
αρ = ηαρǫIJαρ = 0 (3.11)

For the state in Eq. (3.7) one gets:

Aµ;I,J,K
ν (φ2) ∼ ǫIJKρστ

√
α′

2
[ηνρ (pσ3η

µτ − pτ3η
µσ)

−pρ3 (ηνσηµτ − ηµσηντ ) + ηµρ (ηνσpτ3 − ηντkσ3 )] (3.12)

In this case the polarization is completely antisymmetric and orthogonal to the four-
momentum of the massive state p2. The indices µ and ν must be saturated with the left
moving part of the polarization of the two gravitons. We have assumed that all three
states are incoming: p1 + p2 + p3 = 0.

3.3 Inelastic amplitudes

In this subsection we use the three-point amplitudes of the previous section to compute
the inelastic amplitude where the graviton with momentum p1 scatters on a Dp-brane
producing a massive state with momentum p2. This can be done by considering the
product of any of the two amplitudes (one for the right movers and the other for the left
movers) constructed above and by saturating the indices ν and ν̄ of the graviton with
momentum p3 first with the graviton propagator in the De Donder gauge:

Dνλ;ν̄λ̄ =
ηνλην̄λ̄ + ηνλ̄ην̄λ − 1

4
ηνν̄ηλλ̄

2p23
(3.13)

and then with the coupling of the graviton to the Dp-brane given by

1

2
Tp
ηλλ̄ +Rλλ̄

2
; Tp =

√
π(2π

√
α′)3−p (3.14)

where R is the reflection matrix:

Rµ
ν = δµν , µ, ν = 0, . . . , p ; Rµ

ν = −δµν , µ, ν = p+ 1, . . . , 9 . (3.15)

In this way one obtains:

1

2
Tpκ10 Aν

(
Rνν̄ + 3−p

4
ηνν̄
)

(−t) Āν̄ (3.16)

9



where 2κ210 = (2π)7g2(α′)4, A and Ā stand for one of the two amplitudes of the previous
subsection and t = −p23 = −(p1 + p2)

2 is the momentum transfer in the inelastic process.
It is easy to check that

1

2
Tpκ10 =

π
9−p

2 R7−p
p

Γ(7−p

2
)

(3.17)

appearing in Eq. (2.1). Let us consider the case where both the right and left three-point
amplitudes are as in Eq. (3.10). We get:

1

2
Tpκ10 ǫ

IJ
ρα

{
α′

2
[ηµαkν1 + ηναqµ − ηµνqα] qρ − ηµαηνρ

}(
Rνν̄ +

3− p

4
ηνν̄

)

ǫĪ J̄ρ̄ᾱ

{
α′

2
[ηµ̄ᾱkν̄1 + ην̄ᾱqµ̄ − ηµ̄ν̄qᾱ] qρ̄ − ηµ̄ᾱην̄ρ̄

}
(3.18)

The term α′

2
k1Rk1 = (−α′s) gives a divergent term at high energy. Furthermore, we

have to remember that in the case of a massive state the longitudinal polarization is also
enhanced at high energy. Taking this into account we get the following amplitude:

1

2
Tpκ10 ǫ

IJ
ραǫ

Ī J̄
ρ̄ᾱ(−α′s)

α′

2

[
ηµα

(
qρ − vρ√

α′

)
+
α′

2
qρqµ

vα√
α′

] [
ηµ̄ᾱ

(
qρ̄ − vρ̄√

α′

)
+
α′

2
qρ̄qµ̄

vᾱ√
α′

]

(3.19)

If we use the two amplitudes as those in Eq. (3.12), we get

1

2
Tpκ10 ǫ

IJK
ρστ [qρ (ηνσηµτ − ηµσηντ ) + qσ (ηµρηντ − ηνρηµτ ) + qτ (ηνρηµσ − ηµρηνσ)]

×
(
Rνν̄ +

3− p

4
ηνν̄

)

×α
′

2
ǫĪ J̄K̄ρ̄σ̄τ̄ [qρ̄ (ην̄σ̄ηµ̄τ̄ − ηµ̄σ̄ην̄τ̄ ) + qσ̄ (ηµ̄ρ̄ην̄τ̄ − ην̄ρ̄ηµ̄τ̄ ) + qτ̄ (ην̄ρ̄ηµ̄σ̄ − ηµ̄ρ̄ην̄σ̄)]

(3.20)

Taking again into account the enhancement at high energy due to the longitudinal polar-
ization one gets:

1

2
Tpκ10

(−α′s)

2

α′

2
ǫIJKρστ [qρ (ηµσvτ − ηµτvσ) + qσ (ηµρvτ − vρηµτ ) + qτ (ηµρvσ − vρηµσ)]

ǫĪ J̄K̄ρ̄σ̄τ̄ [qρ̄ (ηµ̄σ̄vτ̄ − ηµ̄τ̄vσ̄) + qσ̄ (ηµ̄ρ̄vτ̄ − vρ̄ηµ̄τ̄ ) + qτ̄ (ηµ̄ρ̄vσ̄ − vρ̄ηµ̄σ̄)]

(3.21)

Using the kinematics of the Appendix one can write the quantity in one of the two squared
brackets in Eq. (3.19) as follows:

AIJ
k = ǫkµǫ

IJ
ρα

[
ηµα

(
qρ − vρ√

α′

)
+
α′

2
qρqµ

vα√
α′

]

=
1

2

[
p̄I1δ

kJ + p̄J1 δ
kI − 1

3
p̄k1δ

IJ

]
+

1

2
p̄k1δ

IvδJv (3.22)
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where k = 1 . . . 8; I, J = 1 . . . 8, v. If we divide the 9-dim indices I = (i, v) and J = (j, v)
in an 8-dim part and a part along v, from the previous expression we get:

A
ij
k =

1

2

[
p̄i1δ

kj + p̄
j
1δ

ki
]

; i 6= j

Aii
k = p̄k1

(
δik − 1

6

)
; i = 1 . . . 8

Avv
k = −

8∑

i=1

Aii
k =

1

3
p̄k1

Aiv = Avi = 0 (3.23)

Performing the same analysis with the antisymmetric amplitude in Eq. (3.21), we get:

AIJH
k =

1

2
ǫkµǫ

IJH
ρστ [p̄ρ1 (η

µσvτ − ηµτvσ)− p̄σ1 (η
µρvτ − vρηµτ ) + p̄τ1 (η

µρvσ − vρηµσ)] (3.24)

that implies

A
ijh
k = Aivv = 0

Aijv =
1

2

(
p̄i1δ

Kj − p̄
j
1δ

Ki
)

(3.25)

Remembering the connection between covariant and light-cone states, from the previous
expressions we see that the scattering of a graviton on a Dp-brane will produce only
closed string states with left or right movers of the type A−1;jB− 1

2
;k|0〉 in the RNS case

corresponding to the states A−1;j |k〉 in the GS case, while the states with left or right
movers of the type B− 1

2
;j|0〉 and to B− 1

2
;iB− 1

2
;jB− 1

2
;k|0〉, corresponding to Q−1;i|j〉 in the

GS case, are not produced at high energy. This is in agreement with what one gets from
the eikonal operator interpreting the bosonic oscillators as the string bosonic oscillators
in the light-cone gauge. In the next section we will derive the eikonal operator directly
from string theory without needing to go through the scattering amplitude and require
unitarity as it was done in Sect. 2.

4 The eikonal operator II

In this section we sketch the construction of the eikonal operator that was done in Ref. [1].
The first ingredient is the GS three-string vertex given by:

|VGS〉 =
(
Pi − α1α2α3

n

αq

N q
nA

q
−n,i

)
VbVf |Vi〉|V0〉 , (4.1)

11



where

Vb = exp

(
1

2
A

p
−n,iN

pq
mnA

q
−m,i + PiN

q
nA

q
−n,i

)
,

Vf = exp

(
1

2
Q

p
−n,aX

pq
mnQ

q
−m,a − Sa

n

αq

N q
nQ

q
−n,a

)
,

|Vi〉 =
1

α1
|ijj〉+ 1

α2
|jij〉+ 1

α3
|jji〉+ α1 − α2

4α3
|aai〉+ α1 − α3

4α2
|aia〉

+
α2 − α3

4α1
|iaa〉 + 1

4
γ
ij
ab (|baj〉 + |bja〉+ |jba〉) . (4.2)

To insure momentum conservation we have included in the vertex a part with the bosonic
zero modes given by:

|V0〉 =
∫
d10x |x〉1 |x〉2 |x〉3 = (2π)10δ(10)(p̂1 + p̂2 + p̂3)|x = 0〉1 |x = 0〉2 |x = 0〉3 (4.3)

where the state |x〉 is an eigenstate of the position operator: q̂|x〉 = x|x〉. The operators
Pi and Sa stand for the following combinations of the bosonic and fermionic zero-modes

Pi ≡
(
αrp̄

(r+1)
iL − αr+1p̄

(r)
iL

)
, Sa ≡ αrQ

(r+1)
0a − αr+1Q

(r)
0a . (4.4)

which, with the cyclic identification between r = 4 and r = 1, are independent of the
choice of r = 1, 2, 3. Finally, the ‘Neumann’ coefficients encoding the actual value of the
various couplings are

N rs
nm = − nmα1α2α3

nαs +mαr

N r
nN

s
m ; Xrs

nm =
nαs −mαr

2αrαs

N rs
nm , (4.5)

N r
n = − 1

nαr+1

( −nαr+1

αr

n

)
=

1

αrn!

Γ
(
−nαr+1

αr

)

Γ
(
−nαr+1

αr
+ 1− n

) . (4.6)

Remember that the light-cone three-string vertex depends on a light-like vector k that
in general can be chosen as we want. It turns out, however, that, if we choose it to be
along the direction of the two energetic strings, at high energy the vertex gets enormously
simplified. Since we have chosen the momentum of incoming graviton and massive state
as in Eqs. (A.2) and (A.5), this means that we have to choose k = 1√

2
(−1, 0p; 08−p, 1).

Momentum conservation implies that the momentum of the third string is given by p2 =
(0, 0p;−p̄1,−q9) 2. Proceeding in this way, at high energy, we get the following GS vertex:

|VGS〉 ∼
Pi

α2
exp

{
−
√
α′

2

p̄1ℓ

n

(
A3

−nℓ + (−1)nA1
−nℓ

)}[
|jij〉+ α1 − α3

4
|aia〉

]
. (4.7)

2Notice that the state labelled here by r = 3 has momentum p2 in (A.2).
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The second ingredient is the boundary state in the light-cone gauge that was constructed
in Ref. [7]. We use a slightly modified version of it where we impose Neumann (Dirichlet)
boundary conditions along the longitudinal (transverse) directions to the world volume of
the Dp-branes. It is given by:

|B, η, y〉 ∼ exp

{
−

∞∑

n=1

[
1

n
αi
−nDijα̃

j
−n + iηSa

−nMaḃS̃
ḃ
−n

]}
|B0, η, y〉 (4.8)

where R is the reflection matrix given in Eq. (3.15),

|B0, η, y〉 =
(
Rij |i〉|j̃〉+ iηMȧb|ȧ〉|b̃〉

)
δ(9−p)(q̂ − y)|0α, p = 0〉 (4.9)

and

Mȧb = i
(
γ1γ2 . . . γp+1

)
ȧb

; Maḃ = i
(
γ1γ2 . . . γp+1

)
aḃ

. (4.10)

The third ingredient is the light-cone propagator:

P =
πα′

2

∫ ∞

0

dt e
−πt

(

α′

2
p̂2i+N+Ñ

)

; i = 1 . . . 8 (4.11)

where N and Ñ are the bosonic and fermionic number operators.
Using the three previous ingredients, we compute the quantity:

Tp

2
2〈B|P

(
κ10|VGS〉|ṼGS〉

)
∼ R7−p

p π
9−p

2

Γ
(
7−p

2

) 2〈B0|
1

−t
(
|VGS〉|ṼGS〉

)
. (4.12)

In particular, in the previous equation we limit ourselves only to the pole of the graviton, as
we have done in the previous section. Then we can neglect all oscillators in the boundary
state and in the propagator and we need only to consider the contribution of the bosonic
zero modes:

2〈p = 0| δ9−p(q̂)
1

p̂2i
|x〉2 = 2〈p = 0|

∫
d9−pk

(2π)9−p
eik·q̂

1

p̂2i
|x〉2 =

∫
d9−pk

(2π)9−p

eik·x

k2i
(4.13)

Then, assuming that the strings 1 and 3 have momentum p1 and p3, we get (〈x|p〉 = e−ipx):

∫
d10x〈p1|x〉1〈p3|x〉3

∫
d9−pk

(2π)9−p

eik·x

k2i
= (2π)p+1δ(p+1)(p1 + p3)

1

(−t) (4.14)

where t = −(p1 + p3)
2 is the momentum transfer. Using the following equation [1]:

2

α′
PhRhkPk

α2
2(−t)

=
α2
3

α2
2

(p̄1)
2

t
= −α

2
3

α2
2

(
1 +

q29
t

)
∼ −4E2

q29
− 4E2

t
, (4.15)
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and neglecting the term without the pole at t = 0 we arrive at

|W 〉 ∼ R7−p
p π

9−p

2

Γ
(
7−p

2

) 4E2

−t exp

{
−
√
α′

2

p̄1ℓ

n
(A3

−nℓ + (−1)nA1
−nℓ)

}[
|j〉1|j〉3 +

α1

2
|a〉1|a〉3

]

× exp

{
−
√
α′

2

p̄1ℓ

n
(Ã3

−nℓ + (−1)nÃ1
−nℓ)

}[
|j̃〉1|j̃〉3 +

α1

2
|ã〉1|ã〉3

]
. (4.16)

Following Ref. [1] we can finally write it in a single Hilbert space getting:

W ∼ R7−p
p π

9−p

2

Γ
(
7−p

2

) 4E2

−t : exp

{
−
√
α′

2

p̄1ℓ

n
(A−nℓ − Anℓ)

}
:

× : exp

{
−
√
α′

2

p̄1ℓ

n
(Ã−nℓ − Ãnℓ)

}
: . (4.17)

Introducing an auxiliary string coordinate (without zero modes):

X̂ i(σ) = i

√
α′

2

∑

n 6=0

(
Ani

n
einσ +

Ãni

n
e−inσ

)
. (4.18)

we can write (4.17) in an operator form as follows

W (p̄1) =

∫ 2π

0

dσ

2π
: eip̄1X̂(σ) :

(
R7−p

p π
9−p

2

Γ
(
7−p

2

) 4E2

−t

)
, (4.19)

that provides the same amplitude as in Eq. (4.17) when we saturate them with physical
states satisfying the level matching condition. This operator is identical to the eikonal
operator in Eq. (2.21) if we take the limit α′ → 0 in the amplitude A1 given in Eq.
(2.6). The α′ corrections are recovered if one does not include just the contribution of the
graviton as we have done above, but add also the contribution of the other string states.

In conclusion, we have provided two independent derivations of the eikonal operator.
The one in this section shows that the bosonic oscillators are the bosonic oscillators of
superstring theory in a suitably chosen light-cone gauge. This means that when we sand-
wich the eikonal operator between two arbitrary string states, we obtain the production
amplitude of one of them from the scattering of the other on a Dp-brane at high energy
and small transverse momentum.

A Kinematics

The scattering amplitude for the production of a massive string with momentum p2 from
the scattering of a graviton with momentum p1 on a Dp-brane is described by the two
(Mandelstam like) variables:

t = −q2 = −(p1 + p2)
2 , s = −1

4
(p1 +Rp1)

2 = −1

4
(p2 +Rp2)

2 ≡ E2 , (A.1)
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where in the second equation we used the momentum conservation along the Neumann
directions and E > 0 will denote, hereafter, the common energy of the incoming and
outgoing closed strings. It is convenient to choose the massive string to move along the
9-th space direction:

p
µ
2 =

(
−E, 0p; 08−p,−

√
E2 −M2

)
, (A.2)

where the first p+ 1 directions are parallel to the (Neumann directions of the) Dp-branes
and the entries after the semicolon are along the Dirichlet directions. The most direct
way to describe the physical polarization of massive particles is to introduce 9 vectors
perpendicular to their momentum. For instance, in the case of the outgoing state (A.2)
we have the unit vectors ŵi

ŵ1 = (0, 1, 0p−1; 08−p, 0) , . . . , ŵ8 = (0, 0p; 07−p1, 0) (A.3)

and, as the ninth one, vµ corresponding to the longitudinal polarization:

v
µ
2 =

(√
E2 −M2

M
, 0p; 08−p,

E

M

)
. (A.4)

The possible momenta of the ingoing massless string take the following form

p
µ
1 =

(
E, 0p; p̄1,

√
E2 −M2 + q9

)
, (A.5)

qµ=9 =
t +M2

2
√
E2 −M2

, (p̄1)
2 + (qµ=9)2 = −t ≡ (p1 + p2)

2 , (A.6)

where p̄1 is a (8−p)-dim vector orthogonal to the direction of motion of the massive string.
It is convenient to choose the eight polarizations of the massless string as follows:

ǫ
µ
k =

(
p̄k1

E +
√
E2 −M2 + q9

, δik,−
p̄k1

E +
√
E2 −M2 + q9

)
(A.7)

It is easy to check that ǫµkp1µ = 0 for any k = 1 . . . 8. Using this we can compute

ǫkq ≡ ǫk(p1 + p2) = ǫkp2 = p̄k1 (A.8)

where we have kept only the leading term at high energy.
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