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Abstract

There has been great progress in recent years in the understanding of the mathe-
matical structure of scattering amplitudes in Quantum Field Theory as well as the
development of powerful methods for their calculation, particularly in the arena of
N = 4 Super Yang-Mills where hidden and manifest symmetries lead to striking sim-
plifications. In this thesis, we will discuss the extensions of such methods away from

the case of on-shell amplitudes in conformal N = 4.

After introducing the necessary mathematical background and physical setting, we
consider in Chapter Three the form factors of BPS operators in N' = 4 Super Yang-
Mills. These objects have several physical applications, and share many properties
with scattering amplitudes. However, they are off-shell, which makes them a natural
starting point to set out in the direction of correlation functions. After demonstrating
the computation of form factors by BCFW recursion and unitarity based methods,
we go on to show how the scalar form factor can be supersymmetrised to encompass

the full stress-tensor multiplet.

In Chapter Four, we discuss the Sudakov form factor in ABJM Theory. This
object, which first appears at two loops and controls the IR divergences of the the-
ory, is computed by generalised unitarity. In particular, we note that the maximal

transcendentality of three dimensional integrals is related to particular triple cuts.

Finally, in Chapter Five we consider massive amplitudes on the Coulomb Branch
of N' = 4 at one loop. Here we find that vertex cut conditions inherited from the em-

bedding of the theory in String Theory lead to a restricted class of massive integrals.
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Chapter 1

Introduction

Although the venerable formalism of Feynman diagrams remains a useful tool in
many contexts, it does not respect the physical symmetries of the theory in question
at each intermediate step of the calculation. This causes particular issues in non-
Abelian gauge theories, where one must sum up vast numbers of diagrams to recover
results expressed as simple gauge invariant expressions. There has been tremendous
progress in recent years in understanding the structure of scattering amplitudes in
such theories and in perturbative quantum gravity by the use of new methods in

which physical symmetries are manifest throughout.

The central plank thereof, the unitarity based method, is not a new idea; indeed, it
was at the heart of the old S-matrix theory [1]. That program failed on account of its
fundamentalism; far more data is required to construct the full S-matrix. However, in
the 1990s a key development was made through the work of Bern, Dixon, Dunbar and
Kosower [2] who realised that by combining unitarity with known facts deriving from
the Feynman rules and dimensional regularization one could construct one-loop (and
higher) amplitudes from tree-level ones. It would take a decade for the state of the art

at tree level to catch up, beginning with the work of Witten [3] on the twistor space



structure of scattering amplitudes which led to a flurry of interest from Theorists and
subsequently the development of MHV diagrams [4] and recursive on-shell methods [5]

for the construction of tree-level amplitudes.

These have been applied to gauge theory, and have been absolutely critical in com-
puting QCD background processes at the LHC, where the automated BlackHat [6]
code has enabled a vast array of one-loop amplitudes to be computed. In a completely
orthogonal direction, the discovery of colour-kinematic duality [7] has enabled a de-

tailed appraisal of the UV behaviour of the S-matrix of several supergravity theories.

In V' = 4 Super-Yang-Mills we have gone much further. In addition to the sig-
nificant computational aid provided by maximal supersymmetry, application of these
methods has led to the discovery of hidden symmetries of the S-matrix that are com-
pletely invisible at the level of the Lagrangian. In particular, dual superconformal
symmetry [8] not only strongly constrains scattering amplitudes but suggests a beau-
tiful internal duality (or triality) also incorporating Wilson loops [9] [10] and certain

correlation functions [11].

In parallel programs of research, a Grassmannian formalism [12] [13] based on
on-shell diagrams has been developed to compute in principle the complete S-matrix
integrand; while the number-theoretic properties of the theory have been exploited
via the symbol map to compute loop amplitudes directly without reference to Feyn-
man integrals [14]. These developments have uncovered relations to many areas of
mathematics including the theory of motives and cluster algebras. The relation of
these on-shell properties to the integrability observed for the correlation functions of

certain operators remains an intriguing question.

Exciting as these developments are, a key question is the following: how much is
dependent on the particular qualities of the N = 4 S-Matrix? If we consider other

theories, or off-shell quantities, do we expect any of these properties to survive? If so,



which? Rather than being ambitious in this regard, we here confine ourselves to the
minimal departure from the familiar realm. Form factors are in some sense a minimal
departure from on-shell scattering amplitudes; indeed, they may be regarded as the
amplitudes arising from coupling to off-shell currents. By restricting ourselves to the
case of BPS operators we avoid the presence of ultraviolet singularities which may
complicate our analysis. They also can be regarded as building blocks for correlation
functions in the context of generalized unitarity, a direction which has been fruitfully
explored by [15]. By considering amplitudes on the Coulomb Branch of the theory, we
leave the realm of massless particles and remove the formerly vital crutch of conformal
symmetry, but do so in a highly controlled way which allows us to still exploit much

of what we have left behind.

ABJM Theory at first glance seems a very different arena to any Yang-Mills theory
since in a Chern-Simons-Matter Theory in (2 4 1)-dimensions the dynamical degrees
of freedom do not include the gauge field, but consist of (bi-)fundamental matter.
However, it bears the same relation to M-Theory that N” = 4 bears to Type IIB String
Theory; and has a fairly straightforward holographic dual on AdS,; x CP3. In this
sense the theories can be said to be cousins and like its cousin ABJM Theory exhibits
many remarkable properties in its S-matrix including a form of dual superconformal
symmetry. It provides a fascinating parallel laboratory for the study of scattering

amplitudes.

The outline of this thesis is as follows. In Chapter Two we review modern methods
for the computation of scattering amplitudes and introduce other observables of inter-
est. In Chapter Three we review the superconformal theories in which these methods
reveal startling hidden structures that both motivate and enable our work. These
provide a foundation for what follows. In Chapter Four we discuss results concerning

the form factors of N = 4 sYM, in particular their supersymmetric extension and a

10



large class of solutions to their tree-level recursion relation, largely following [16]. In
Chapter Five we switch to ABJM Theory and in particular the computation of the
Sudakov form factor which was presented in [17]. Finally, in Chapter Six, we return
to N = 4, this time on the Coulomb Branch, to examine the one-loop amplitudes

with massive external states.

11



Chapter 2

Scattering Amplitudes and Other
Observables

In this chapter our focus is on the description of the modern methods for computing
scattering amplitudes and other observables to which they are related. Our approach
is to be so far as possible agnostic with respect to the particular theory with which we
work, although our examples (being the simplest cases) are principally drawn from
N =4 sYM. We work here principally in four dimensions in dimensional regulariza-
tion, although much what is said is valid in any number of dimensions (see 3.3.1 for

the three dimensional formalism).

2.1 Colour Ordering and the Planar Limit

The structure of scattering amplitudes is more clearly elucidated if they are decom-
posed into smaller gauge-invariant objects with a particular cyclic ordering of external
legs [18]. This not only describes the dependence of the amplitude on group-theoretic

data, but these objects are also analytically simpler than the full amplitude since

12



their poles and branch cuts can only arise in channels formed from cyclically adjacent

momenta.

In an SU(N) gauge theory, gluons (and their superpartners) transform in the ad-
joint representation carrying the index a = 1,... N?—1; if there is (anti-)fundamental
matter (quarks) in the theory they carry (anti-)fundamental indices i(j) = 1,... N.
From the Feynman rules we see that the three-gluon vertex produces a factor of the
structure constant %€, and the four-point vertex contributes a contraction of two
structure constants. The three-point gluon-quark-antiquark vertex carries a factor of
the gauge group generator (T“)i3 . Propagators in colour space take the form of delta
functions contracting their endpoints; a gluon propagator carries d,, and a quark

propagator carries ’. We may then replace the structure constants which appear

with generators using the defining relation

V2

which will leave us with a long string of traces. These can be simplified by application

fabe = Te[T?, [T°, T (2.1.1)

of the identity
(T (T = 6207 — <007 2.12)
where summation over the adjoint index is implicit. In this way all structure constants
may be written as sums over single-traces of generators. We may write the full
amplitude as a sum over colour ordered partial amplitudes multiplied by a colour
trace, which for a purely gluonic amplitude at tree level takes the form:
A0 (pi,hiyai) = > Te(T%0 L T0) AQ (0 (1), g(n)hm).  (2.1.3)
0ESNn/Zn
The partial amplitudes A,, depend on the cyclic ordering of the external momenta and
contain all the kinematic dependence of the amplitude. All the colour dependence

is contained in the sum over traces, which must avoid double-counting the cyclic

permutations which leave the trace invariant.

13



Beyond tree level, the colour structure is enriched by the presence of multi-trace

structures. For instance, at one loop the colour decomposition takes the form

AD, ) = A + A,

=N > (T T%)AN (L. n)
O'ESn/Zn
n/2+1

+ YN (T T ) Te(T ) A (1, m). (2.1.4)

UES’,L/Sn;c c—2
Note that in the limit N — oo the single trace term dominates producing a large
simplification. This regime, called the planar limit, will be the principle focus of our

subsequent study.

2.2 The Spinor Helicity Formalism

In order to solve any problem in an efficient way, it is necessary to use an efficient
notation. For scattering amplitudes involving massless particles, this is accomplished
by exploiting the properties of spinors to implicitly impose the on-shell mass condition

p? = 0. Our discussion here largely follows that of [3].

Recall that the complexified Lorentz Group is locally isomorphic to SL(2) x SL(2),
whose finite dimensional represenations are classified by the integers (p, ¢). Spinors in
the (1/2,0) are written \,, and those in the (0,1/2) as A. Spinor indices are raised
and lowered with €,5 and it’s inverse, and likewise for dotted indices. Hence, we can

define the Lorentz invariant spinor products:
(i) = €apAi X (2.2.1)
[i] = eapAiX] (2.2.2)
in terms of which we will write scattering amplitudes. Note that these are antisym-
metric; (ij) = —(ji) and that parity conjugation exchanges A, and Aq.

14



Since spinors are two dimensional objects, we can write

Contracting with either A; or A; allows us to solve for the coefficients a, b to find:

(kj)A; + (ik:>)\j'

Ak = — 2.2.4
’“ (i) (224)

Contracting with a fourth spinor \; we obtain the Schouten identity:
(i) (k1) = (k) (G1) + (il) (k). (2.2.5)

The vector representation of the Lorentz group is (1/2,1/2). Therefore, a mo-
mentum vector p, can be mapped to a bispinor through the Pauli Matrices o, with
oo = 1.

Pad = O s Py (2.2.6)
and p? = det(pag). As the rank of a 2 X 2 matrix is at most 2, it follows that lightlike
momenta can be written in terms of left and right-handed Weyl spinors as

Dot = Aaha. (2.2.7)

Note that while specifying A, A determines Dy, the inverse is true only up to a scaling

A= A —

Kinematic invariants can now be written in terms of these spinors as:

sy = (pi +p3)" = (i5)17il. (2.2.8)

In colour-ordered amplitudes, one encounters only invariants formed from groups of
cyclically adjacent momenta, and in an n-particle amplitude n+ 1 = 1 implicitly. We
can also contruct Lorentz invariant quantities by contracting spinors with momentum

bispinors in the following way:
(i| P|j] = AfPEAa (2.2.9)

15



where P is not necessarily lightlike. We also note that cyclic strings of spinor products

can be reduced to traces:
(1) [gk] . .. (Im)[mi] = try(ijk...lm) (2.2.10)
with try(...) =tr((1 — ;) ...).

We have now dealt with an efficient notation for the momentum dependence of
scattering amplitudes. For particles with spin, however, the amplitude must also be
a function of the helicities of external states. Given a momentum and a helicity, it
is not in general possible to specify a polarization vector uniquely; however, given a
particular decomposition p,q = )\aj\d we can write

- /\alad

604(54 - [)\M] (2211)
62@ = fiaks
(A)

where g is an arbitrary reference spinor. Note that €* is invariant under rescalings
of p, while the action u — p + ¢ corresponds to a gauge transformation. Hence, we
can safely write the amplitude 121()\1-, i, hi) as a function of the spinor variables and

helicities, satisfying n auxiliary conditions

d w5 O\ 5\ = L
A e = A== | AN\, Ny he) = —2h A(Ni, Ay hy). 2.2.12
( 7 a)\la 7 8)\?) ( 19 7 Z) ? ( 1y 7\ z) ( )

At three points, this is in fact enough to determine the amplitudes. We make an
ansatz of the form

A1 22 3hs) oc (12)91(23)92(31)3 (2.2.13)
and solve to find

A(hy, ha, hs) oc (12)ts=h=h2 (93)ha=h1=hs (31 h1—ha—hs (2.2.14)

Taking the case of two negative and one positive helicity gluon, this gives us the first

of the famous Parke-Taylor amplitudes:

A(17,27,3%) = % (2.2.15)

16



Note that we could also consider an ansatz with all square brackets. In this case,
we would find a negative mass dimension which cannot be generated by a local La-
grangian, so it must be discarded. However, in the (++ —) case this solution has the

correct dimension and is retained.

2.3 Computing Amplitudes at Tree Level

Equipped with this notation, we would now like to compute the amplitudes of physical
processes. Although all the information of perturbative field theory is contained in
the textbook Feynman diagram expansion, for amplitudes involving many particles

its computational complexity grows alarmingly quickly

External Legs | 4 | 5 6 7 8 9 10

Diagrams 4125 | 220 | 2485 | 34300 | 559405 | 10525900

Further, each of these terms can be extremely complex, carrying complicated ten-
sor structures, and are not independent of each other as the Feynman rules are off-shell
and do not manifest gauge symmetry term by term, only in the final result. However,
given these issues, it was long observed that the final expressions for amplitudes are
strikingly simple. In particular, for the so-called MHV amplitude:

(ig)*

AT, i) = (12)(23) . (n1)

(2.3.1)

conjectured by Parke and Taylor [19] and proven by Berends and Giele [20]. This
apparent simplicity suggests the existence of an underlying structure, which began
to be understood with the work of Witten [3] on the twistor space structure of MHV
amplitudes. This led to the development of the MHV vertex expansion [4], in which

MHYV amplitudes form the building blocks of larger structures, and subsequently to

17



the fully recursive formalism of BCFW [21] [5]. Since the former method can be
derived from the latter, we shall forsake the historical development and describe it

first.

2.3.1 The BCFW Recursion Relations

In order to seed the recursion relation from three points we must work in complex
momenta; and the techniques of complex analysis will prove a powerful weapon. We

define a complex shift of momenta [i, j) by:
:\j — /N\j -+ Z:\z

with z € C. The amplitude is still on-shell, and momentum conservation is still
satisfied. This promotes the amplitude to a function A(z) of z, and leaves it open
to the powerful techniques of complex analysis. If we restrict ourselves to tree level
amplitudes, the analytic structure is necessarily very simple, being limited to poles

where an internal propagator goes on-shell, with no branch cuts. This requires:
(P + 20\))? = P2+ 22(i|P|j] = 0 (2.3.3)

and so the poles in z are all simple and located away from the origin at

P2
"= 5GPl (234
. Now consider the contour integral
1 A(z)
=— ¢ dz——= 2.3.
¢ 2m']i © z (235)

where C is a circle at infinity in the complex z plane. The integral captures all of

the poles zp, plus the pole at z = 0 which corresponds to the physical amplitude,

18



provided A(z) vanishes as z — 0o0. So we can write the physical amplitudes as a sum

over residues:

z

A
A(0) =3 Res [ (ﬂ . (2.3.6)
zp
As is well known, when a propagator goes on-shell the amplitude factorises into a

product of two sub-amplitudes:

A(z) — AL(z)p2(2) Ag(2). (2.3.7)

Using 2.3.4 we can remove the z-dependence from the propagator and write:

. . 1 . ‘
A(l,...,n):E E AL(Z,...,j,P)ﬁAR(P,Z—}—1,...,j—1) (2.3.8)
ij

hp 4,
where we have used the notation P;; = p; + pit1 + ... + p;j. Now, if we know lower
point tree amplitudes, we can construct higher point ones directly and recursively

without use of Feynman diagrams.

Examples

The seed for any tree level recursion in Yang-Mills Theory is the three-point MHV
amplitude A(17,27,3"). For real momenta (hence physical processes) this vanishes,
since A and \ are related by conjugation. For complex momenta, we can proceed to

compute from the Feynman rules that:

1 - - —
As = 2 (- (2—ps)ey €5 +e2-(p3—pr)er 65 +eg- (P —p2)ey -€3) . (2.3.9)
Choosing the reference momenta p; = g and ps = p; reduces the expression to one

term:

As = iN2e; - efer - po (2.3.10)
(12)*
(12)(23)(31)

19



Note that this expression is consistent with the spinor weight condition 2.2.12, which

can be used to derive the three-point amplitude.

To illustrate, the use of the recursion relations, we use first the four-point MHV

amplitude A(17,27,37,4%). There is only one diagram in the [1,2) shift,

1~ 27

4+ 3t

Figure 2.1: The only class of diagram for MHV amplitudes in BCFW recursion.

(1P)? 1 [3P)3

As = (P4)(41) (32)[23] [P2][23] (23.11)
_ (1)P3]?
(4] P|2](41)(32)[23]2
12y
-~ (23)(34)(41)

One can then continue to add three-point vertices to inductively construct the all-n

MHYV amplitude.

Our second example is less trivial, the six-point NMHV amplitude A(17,27,37,4%,57,67).
We use a [3,4) shift, which gives three diagrams: Diagram (B) vanishes since there is
no non-zero helicity configuration for the internal leg, and diagram (C) is related to

diagram (A) by conjugation. Hence, (A) is the only diagram that requires calculation.

A

(23)* 1 (1P)?
(3P)(P2) (23)[32] (P4)(45)(56)(61)

(4) = (2.3.12)

Note that unlike in the MHV case, the holomorphically shifted momentum appears in

a holomorphic spinor product. Hence we need to solve for z,3 such that Py = [23](32)

20



(4)
+
9—
Py3 )
(B) |
3~ 1_ 6+
9—
1-
4t
(C
) 5+ |
6+
6+
it B
Pys )
3~ 3

21



is on shell. This gives us

_ 23]
=~ (2.3.13)
Also,
o (k[2+3]4]
<wa—TﬁE— (2.3.14)
Now we have
(112 + 3|4]* 1
(4) 24][34] P53, (45)(56)(61) (2.3.15)
1 (1|2 + 34
~ P2, [23][34](56)(61) (5|3 + 4]2] (2:3.16)
Combining with (C), we find
R 1 (12 + 343 1 (34 +56]3
40237056 = e (o e 6 + Tl BB
(2.3.17)

2.3.2 The MHYV Vertex Expansion

In this useful technique, MHV amplitudes are promoted to the status of interaction
vertices joined by off-shell propagators 1/P? to form amplitudes with generic helicity
configurations. This is accomplished by writing the internal momenta in terms of a
reference spinor

Apa = Paan® (2.3.18)

so that the spinor brackets take the form

(iP) = (i| P|n). (2.3.19)

Though first derived by considering the twistor space structure of tree amplitudes
by Cachazo, Svrcek and Witten, we can most readily arrive at this method from the

BCFW relation by considering the multiline shift [22]
iy — i), 3] = |i] + zcin] (2.3.20)

22



where Y " | ¢li) = 0. Using this shift, we see that an NMHV amplitude can be

written as a sum over MHV amplitudes

1

PQA%HV(—R- ..,n—1,n) (2.3.21)

ANVEY NP AMEV (1 9 P)

where P is shifted by the reference spinor according to 2.3.18, and because the shift
is holomorphic it does not affect any of the external momenta. We may then iterate

this argument for N'MHV amplitudes, to construct the vertex expansion.

Examples

We first consider the vanishing amplitude (— — —+). Here there are two diagrams:

The first gives

(2P)(P1) P? (34)(4P) [1n][2n][3n] [21] o
and the second similarly gives
4n)? 32
S /| G (2.3.23)
[1n](2n][3n] [41]
The sum of these terms then vanishes due to momentum conservation.
A less trivial example is that for the 5-point MHV amplitude
4 4
A7, 27,37 4% 5) = [43) (2.3.24)

[12][23][34][45][51]
Here there are four diagrams:
Diagram (a) gives us:
( (12)° ) 1 ( (P3)° ) _ (12)°(3]4{n)*

(2P)(P5)(51) ) P2 \(34)(4P) ) — (15)(34)2[34](2[3 + 4[] (5]3 + 4[] (4[3[]
(2.3.25)
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and the other diagrams contribute

(23)%(1]2 + 3|n]”
(45)(51)*[23] (43 + 2[n](23|n]{3[2[n]
(12)°(3[1 + 2Jnf°
(34)(45)*[12] (3|1 + 2[n] (1|2|n]{2[1[n]

(23)*(1]5]n]”
(34) (51)2[51](4[1 + 5[n] (2|1 + 5[n] (5| L]7]

_|_

_|_

n (2.3.26)

This expression may be shown to give the Parke-Taylor expression after setting |n] —

|4] + |5] with the aid of symbolic manipulation.

2.4 Computing Amplitudes at Loop Level

Schematically, an ¢-loop amplitude can be written as a sum over loop integrals with

AL~loop _ chj / ( ) H:J 7 (2.4.1)

Where {; are the L loop momenta, a; labels the propagators, n; is a kinematic nu-

coefficients:

merator potentially containing the loop momenta. At one loop there is a well-defined
basis of integrals which in four dimensions consists of three topologies: boxes, trian-
gles and bubbles. In theories with massive propagtors, tadpoles may also appear; in

massless theories, these vanish.

Figure 2.2: The bozx, triangle and bubble topologies which can appear at one loop.
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While there have recently been developed methods for constructing the full loop
amplitude directly for certain amplitudes in certain theories, we will here focus on

methods by which we first deduce the loop integrand, and then evaluate the integrals.

2.4.1 The Unitarity Based Method

The S-Matrix may be written as S = 1 + ¢I" where the forward part T contains all
scattering processes; scattering amplitudes are thus matrix elements of T' with respect
to asymptotic states. The unitarity of any evolution operator is clearly necessary in

a consistent quantum theory, and applying this to the S-Matrix leads to the relation:
S1S=1 = —i(T-T"H) =TT (2.4.2)

Inserting a complete set of states [ 3 |p;)(p;| leads us to the Optical Theorem of
Cutkosky

iDiscA(i — ) =) / ALIPS A*(i — j)A(j — f) (2.4.3)
J
where
ALIPS = T4 §H (2 — m2)(2m)P5D) (p, . 92.4.4
_HW (Qj_mj)( ) (pz+pf—zj:%) (2.4.4)

is the Lorentz invariant phase space measure. i), |f) are the intitial and final states,
and we sum over all possible intermediate states |j). Note that the phase space
integral sets the internal states on-shell, so order by order in perturbation theory, we
can interpret this as a sum over the products of lower-loop amplitudes as illustrated

in 2.4.1.

The traditional approach of the old S-Matrix formalism [23] would be to compute
these dispersion integrals directly. However, we know that the amplitude must be

expressed in terms of some basis of integral functions,and instead consider an ansatz
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Figure 2.3: Unitarity cuts for one and two-loop four-point amplitudes.

for the amplitude of the form
AP =N "al (2.4.5)

We then systematically examine the cuts in all kinematic channels by the sewing
procedure described above. By comparing the cut in each channel to the cuts of the
integral functions, we may then construct and solve a linear system for the ¢; and
reconstruct the full amplitude from its cuts. The method is illustrated by example

subsequently.

2.4.2 Examples

The simplest example of this method is the computation of the four-point one-loop
amplitude A(¢g~,9,9",¢9") in N = 4 Super Yang-Mills [2]. There are two kinematic
channels of interest, shown in figure 2.4.2. In the s-channel cut the helicity of the

internal particles is fixed across the cut, so this cut is the same as in pure Yang-Mills.
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1~ Y 4+
1- k 2-
4+ % 3t

Figure 2.4: The s-channel(top) and ¢-channel(bottom) cuts of the four-point ampli-

tude at one loop.
It is given

Alfloop(lf’ 277 3+7 4+)|5—cut — /Atree(l’ 377 ng’ —k+) % Atree(kJr, _gf’ 3+’ 4+)

_ (12)° (tk)®
- | @ * @ 240
We may easily extract a factor of the tree amplitude to leave under the integrand
(23)(14)(Ck)*> ([ (3k) = (2k) (1e)y ~ (44)
aveanm = (@ * n) (o * @) 24D
= (3R + Permutations (2.4.8)

(¢-p3)(k-p1)

where we have used the Schouten identity to expand some spinor products. Expanding

the traces in the numerator using 2.2.10 gives us terms like

—15u Tl —+1 (2.4.9)



where the first term corresponds to the cut of a scalar box integral, the second can be
expanded to a mixture of boxes and triangles, and the third corresponds to a bubble.

Summing over the four permutations, the latter two classes cancel and we find

Al—loop(l—’ 2_7 3+> 4+>|s—cut - Atree X stlil)(s, t)|s—cut (2410)
where
d*e 1
IV (s,t) = / 2411
e I L (e I T (2.4.11)

is a scalar box integral.

In the t-channel, the helicity of internal states is unconstrained. Therefore we

must sum over all states in the theory.

dPe, ([ (10)(2k)\ > B B
;nh/(zw)D (<1k><2€>> Ap(1,4, =k, 0)Ap(k,—(,2,3). (2.4.12)

The matter content of N' = 4 is, in addition to the gluon, four Weyl fermions and

their conjugates and six scalars. Therefore, the helicity sum is of the form (u — 1)%,
which after application of the Schouten identitiy becomes

(12) (k) \*
(o) (2419)

Returning to the cut expression, we can easily extract a factor of the tree amplitude

to find under the integral
(12)(43)(tk)?
(40) (1) (k2) (k3)

Afree (2.4.14)

which is identical to the s-cut expression after cyclic permutation, and identifies
the t-channel cut of the same integral. Hence we have identified the single integral

contributing to this amplitude, and can uplift the cut expressions to

Alloor(1= 9= 3% 4+) = Afree x [V (5 ¢4). (2.4.15)
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For the n-point MHV amplitude, we must consider cuts in all possible kinematic
channels, that is all partitions of external legs on either side of the cut. The com-
putation proceeds similarly to the four-point ¢-channel cut, leading to an expression

proportional to
(lk>2<m2m2 + 1)<m1m1 — 1>

Atree 2.4.16
which leads to the sum of cut boxes with numerator
N:(QP-mlp-mg—P2m1~m2)
+ (P +my) - ma(l —my)* + (P +my) - my(k +my)?
+ (0 — my)*(k + ma)?. (2.4.17)

As before, the first term corresponds to the cut of a scalar box integral, the second
cancels one propagator to form a triangle and third cancels two to form a bubble.

Also as before on summing all terms only the first survives so we may write

Arll-loop _ A;ree % Mél) (2‘4.18)
M = Z F2™(my, ma, P, Q). (2.4.19)
mi,ms

F?me is the so-called two-mass easy box function

2me 2 2\ _ dd£ 1
F (pa%P ,Q ) _/ (27r)d€2(€—P)2(€—P—q)z(g—l-p)Q

LG GO @]

+ Liy(1 — aP?) 4 Liy(1 — a@Q?) — Liy(1 — as) — Liy(1 — at)

(2.4.20)

where the invariants s = (P + p)? and t = (P + ¢)? and a is the combination

PP+ Q*—s—1t
- P2Q? — st

(2.4.21)
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2.4.3 Generalized Unitarity

In the above, we cut two propagators to find the cut of an amplitude in a particular
kinematic channel. Many integrals can contribute to the same cut, and the same
integral may have cuts in many channels. We may also consider cutting more prop-
agators to reduce the number of integrals surviving in each cut. In D dimensions,
there are D independent vectors; hence, one may cut up to Df propagators simulta-
neously. Applying this procedure the quadruple cut isolates the coefficient of a single

box integral [24].

As an example, consider the five-point one-loop MHV amplitude A(17,27,3%, 47 51).
Cutting four propagators completely fixes the coefficient of a box integral in a given
channel. There are five possible one-mass box integrals to examine, with massive

corners Pjg = (p1 + p2), Pa3, P34, Pys and Ps;. The coefficient of the integral

diy 1
Iis = 2.4.22
. / (27)d gZ(g+p1 +p2)2(€ —p5)2(€ — D5 —p4)2 ( )

is determined from figure 2.4.3.

3+ i+

Figure 2.5: .

The helicity configuration of cut legs is fully constrained, so we find the coefficient
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as a product of four tree amplitudes is given by:

Ci2 = A(_Eiv 1-,27, KT)A(_gfv 3+7 ZJ)A@;? 4+7 ZE)A(@v 5+7 fg)
(12)° 367 (lal3)®  [65)°
(041)(201) (0104) [€13][la01] (€24)(4L5) [5L4][€405]
(12)°[3[lat5]5]

(2001 [3] (4] a1 £4]5] (1]€405]4) (2.4.23)

which may be written as a function only of ¢,
(12)°(4]¢2|3]2[45]°
2|€2[3](34) (15)[45] (4|25]
834845<12>3

(23)(34)(45)(51)
= s34845A5°°(17,27,37, 47 51). (2.4.24)

012:<

The coefficients of the other integrals may be obtained by cyclic permutation of

external legs.

2.5 Methods for Evaluating Feynman Integrals

We are far from finished in any calculation at this point, since the Feynman integrals
of the form 2.4.1 are in general highly non-trivial. Many methods have been derived
for their evaluation going back to Feynman himself, on which a superb pedagogical
reference is [25]. Many are based on differential equation, though here we focus on

those that exploit the introduction of auxiliary parameters.

2.5.1 Reduction to Master Integrals

Although tensor integrals may be a more physically natural basis in many situations
(see in particular 5.3, [26] [27]), for calculation it is generally most efficient to reduce

them to a basis of scalar master integrals.
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Passarino-Veltman Reduction

For one loop integrals, one may use purely algebraic identities to perform tensor

reduction completely [28]. We accomplish this by writing for a generic linear integral

i o R=
= / B P —aP =g~ 20 (251

where the right-hand side may be written as a linear combination over n—1 momenta.

Note that for n > 4 these cannot all be linearly independent, so we may work with

only some subset. We then contract with each ¢; to find

d4¢ (g A
Llt-q] = = A, 2.5.2
W0 i) /(27r)d€2(€—q1)2...(€—qn)2 ;cz i (2.5.2)

where A;; = ¢; - ¢; is called the Gram matrix. We may then write the dot product in

terms of propagators through such formulae as

q-l= ((E +q)* = 0* — q2) (2.5.3)

N | —

in order to cancel propagators and write the elements of the Gram matrix in terms of
scalar integrals. We thus construct a linear system of equations which may be solved
for the coefficients ¢; in terms of these integrals. As an example, we consider the

linear zero-mass box

ddv or
L") = = a Ju 1
4[] / (27)4 L2(0 — p1)2(0 — py — p2)2 (€ + pa)? capl + ca(pr + po)* + capl

which we will write in terms of the scalar box [4[0] and the scalar triangles

N 1
Tri(s;;) = / ) B = p ) —p—p (2.5.4)

Applying (2.5.3) leads to the system of equations
28 + ¢yt = Tri(t) — Tri(s)
c1 + 202 — Cq4 = 14[0]

cit — cos = Tri(s) — Tri(t).
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which is solved by

1

¢ = 5514[0] + Tri(s) — Tri(t) (2.5.5)
1t . .

cy = 55]4[0] + Tri(t) — Tri(s)

Cqy = —Cq.

We note that this integral in principle appears in the four-point one-loop amplitude

2.4.7 through the expansion of the trace

Te(ARLE) = 2pi- 10+ 120 — 5su -0 = sulpr 1) (256)

and similar terms, where it is contained in the linear terms. We may now apply this

result to the particular numerator 2.5.6, to find
1
I,[Tr(4210)] = ZSt 1,]0] (2.5.7)

as required.

Integration By Parts Identities

At higher loops, one must also employ integration by parts identities of the form

B, 1
= [ d%, ... d% Mg
0 / ! awn (qJ Pﬁl...Pp)

= /ddel...d% Oi i F( M,y An) (2.5.8)

where the g; include both loop and external momenta. Note that we may write tensor
integrals in terms of propagators with negative powers. The O;; are the generators

of a Lie algebra with commutation relations
1045, Oji] = 630nj — 6104 (2.5.9)
and have the explicit forms

L

m=1

mi—— 2.5.10
s Jasmj ( )
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where s;; are the scalar products involving the loop momentum. These may be

expressed in terms of the propagators as

sy= Y AL(P,—m?) (2.5.11)
N,
= AY— 2.5.12
&sij ; a 8Pa ( )
for some coefficients A”. Now the operator % raises the power A\, by one; and the

operator P, lowers it by one. Thus we may define the operators \;,it,i~ ! which act

to raise and lower integer powers

l’lZ‘F<)\1, e 7/\i7~ .. ,gn) = /\Zﬁj(/\l7 . -7)\i7- .. 7£n) (2513)
FEOL A b)) = FOy . N+ 1, 0) (2.5.14)
iiF()\l,...,)\i,...,gn) == F()\la---7/\i - 1,,&1) (2515)

The shift operators commute with each other, whilst
[iF, ;] = 01~ (2.5.16)
We may use these operators to construct IBP relations of the form
> wiF(M +bigs. . big) =0 (2.5.17)

where «; is a polynomial in \; and b; are fixed integers. By making appropriate
choices of \; one may relate a complex integral to a sum of simpler ones. In general,
the goal is to reduce a given integral to a sum over scalar Master Integrals which may

be readily evaluated.

As a simple example of this, consider the one-loop triangle with arbitrary powers

in the propagators:
1

- 2.5.18
PM Py P ( )

T\, Ag, Ag) = /ddé

Tt is possible, if not particularly enlightening, to write down the O;; in terms of the A;; and it
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where

P =10 Py = ({ —p)? Py = (0 —p —pa)* (2.5.19)

We may write down IBP identities like

0 P1
]d H 252
/ / 1)\1 P>\2 N 0 ( 0. 0)

and realise them by writing out the derivatives of propagators in terms of themselves:
0
pluypl =2p-l=PFP—-P (2.5.21)
“w
0
pl,uWP2:2pl'€+2p%:P2_Pl
“w
0
pluWP3:2pl'€+2p1 - D2 :Pg—P1+q2.
“w

So 2.5.20 gives us

1 P2 P1 Pl P2 q2
0= [ dU¥———— [ M = Ao = M=+ D=+ Ag— — A3— — N3— 2.5.22
/ P1)\1P2)\2P?:\3 ( 1 2 1P1 + 2P2 + 3P3 3P3 3P3 ( )

which may be interpreted as the IBP relation
0= ()\1 - /\2 - )\11+27 +)\21*2+ +/\3173+ - )\32,3+ — )\3q23+).[(/\1, /\2, /\3) (2523)
The IBP identities for ¢; = pa,, £, give the relations

0=(Ny— A3 — A (1727 —1737) — \2737 + A32737 + N1 ¢?27) 1 (A1, Mo, A3)
0= (d - 2)\1 — )\2 - )\3 - )\2].72+ - )\3].73jL + )\3q23+)](/\1, /\2, )\3) (2524)
and we may now use these relations to reduce integrals with particular values of
A1, A2, Az3. For the simplest non-trivial case, with Ay = Ay = A3 we may write the
integral 1(2,1,1) using the second IBP identity as
sI(2,1,1)=1(2,1,0) + 1(1,2,0) — 1(2,0,1) — I(1,0,2) (2.5.25)

= 27(2,1,0) — 21(2,0,1). (2.5.26)
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One can easily see that the first term is a vanishing bubble, while the second can be

passed through the third IBP relation to find
—s1(2,0,1) = (d —3)I(1,0,1) — 1(2,0,0) (2.5.27)

where the second term is a tadpole, which vanishes. The integral is reduced to

2(d — 3)
q4

1(2,1,1) = 1(1,0,1) (2.5.28)

where I(1,0,1) is called a Master Integral for the triangle topology. As this case was
very simple we found only a single Master Integral; but in general there may be very
many.

2.5.2 Feynman Parameters

An approach common to many methods is to introduce integration over auxiliary

variables. We do so by use of the identity
1 i) dOrE -1
T L / Hd”fz ; &~ 1) - (2.5.29)
P Py? .. P H (A [E1P1 + &Py + ... §u Py

Example: The One-Loop Triangle

. dde 1
06 = | Gy (2:5:30)

Applying 2.5.29 twice casts the integrand in the form

:/dxdy id
02 —2xyl -py 4+ 2(1 —y)l - po

)
= . 2.5.31
/dxdy (02 —ay(1 —y)g®)? 2530
We may perform the integration over ¢ yielding
d _1\n _ n—%
/ de/ 1 _ (=)™ T'(n —d/2) 1 (25.32)
2m)d (02 — Ay (4m)42 T(n) A
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leaving us with the auxiliary integral

1 1
1

/ de / dy y°(1 — )t = =B(1 + ¢, €). (2.5.33)
0 0 €

l.lfe
Putting the two together and applying elementary identities for the I' and B functions

gives us the result
L(1+¢e)T(e)

TI'i(q2, 6) = _(_q2)76 F(]_ I 26)

(2.5.34)

Example: The Zero-Mass Box Function

In general, applying Feynman paramaterization to a one-loop n-gon scalar integral

with masless propagators in 4 + € dimensions gives

1 n 1
0 i [ZZ]’:I i i

after performing the loop integration, where

1
V= =5k k) Ya=0. (25.36)
For a box integral with massive corners mi, ms, ms, my the denominator is
n
Z Yij = —Sx1%3 — tTaxy — m%xlxz - mg$2x3 - m§x3x4 - mil‘4$1. (2537)

ij=1

In the simplest case, the massless box 2.4.11, this takes the form

1 4
N =r@2+ e)/ dta;6(1 — in)[
0 i=1

which may be directly integrated after the substitution

1

—ST1T3 — tToTy

(2.5.38)

]2+e

ry =yl —2x), ze = z(1 —y), r3=(1—-y)(1-2), ry=uzy (2.5.39)

which factorises the integrand in the form
dzdy

I,=T(2+ e)/o dy [y(1 —y)]~ /0 [—s(1— 2)(1 — 2) — tzz]>

T2+ el(—¢)? [ daxdy
B ['(—2¢) /0 [—s(1 —x)(1 — 2) — taz]* (2.541)

(2.5.40)
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where we have performed the integral over y. Performing the integral over x leaves

us with

s, = TEEITCD [ gy -2 1)

['(—2e) (s+1t)z
(2.5.42)
_F@+el(=e? .
= T2 [F(s,t;€) + f(t, s7€)] (2.5.43)
where we have defined
1 ! dz “1-e S o
f(s,t;€) = (—t) /0 Py e 2 + (3 +t> ] . (2.5.44)

The result, to all orders in ¢, is given in terms of hypergeometric functions

['(2+e)(—e)?

—€ S —€ t
Ii(s,t) = ST(—2¢) [(—3)2 F <1, —l—el+ ;) + (=) F4 (1, —6l—el1+ ;)] :
(2.5.45)
2.5.3 Mellin-Barnes
This method is based upon the identity
1 11 [T X*
= — dzI"(A I'(— 2.54
X 1Y) T\ 2 /_m IO+ (=2)355 (2:5.46)

where contour is chosen to separate poles with a T'(... + z) dependence (called left

poles) from those with a I'(... — z) dependence.
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Figure 2.6: An example of a Mellin-Barnes integration contour.

The most basic application is to convert massive propagators into massless ones
and integrate over a massless integral, but it may also be applied to Feynman para-
metric representations, which as we have seen are generically of the form 2.5.46, in
order to break up terms in the denominator. After doing so, the integral is cast in

the form of an n-fold Mellin-Barnes Representation

[1; T(A; +V; + ¢je)

—+i00 “+100
= dz; RS STy e Sp AL s A
R = 27_[_7// / H sz(zlu y Zny S1, 78p7 1 9 >Hk (Bk+Wk+dk€)
(2.5.47)

where s; are the kinematic invariants and ); are the powers of the propagators. A;
and By, are linear combinations of A;s; V; and W), are linear combinations of z;s;
and c¢;, dj, are constants. The function f is in general a product of powers of s;.
The construction of such representations has been automatized in the Mathematica
package AMBRE [29], which we shall utilize extensively. As a simple example which may

be done by hand, consider the massless box integral with Feynman parametrization
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2.5.40. We may apply 2.5.46 with Y = —szyx3 and X = —txoxy to find

! dxdy B 1 1 e ! dzdy(ry)?
/o (=) =) —fagP P<2+e>2_m'/m dm“*z)”‘z)/o =)=y
(2.5.48)

and we may immediately evaluate the Feynman parameter integral in terms of I"

functions. The result gives the MB representation for the massless box
I.(s.t) | /+md ) D@ et 2P0 4201 - e 2)PT(—2)
s,t) = — z | - €+ 2 z —1l—e—2z —2).
a [(—2¢)(—s)*te2mi J_;0o s
(2.5.49)

Once acquired, these representations may often be simplified by the application

of Barnes’s lemmas

+i00 a C a c
(2.5.50)
/ﬂoo £ Dla+ 200+ 2)T(c+ 2)T(d — 2)(e — 2)
i Fla+b+ct+d+e+z)
_Tla+dT(a+e)l(b+dT(b+e)l(c+ d)l(c +e) (2.5.51)

Fla+b+d+el'(a+c+d+e)l'(b+c+d+e)
In some cases, this procedure saturates all the z integrations and one finds an exact

expression in terms of I' functions.

When no exact solution can be derived, there are two common approaches to
extract the e expansion of the MB representation. We proceed by following what is

called in the literature Strategy B, following the work of [30] [31].

We note that in general although the condition that the integration contour sep-
arate right and left poles is necessary to guarantee the equivalence of the MB repre-
sentation and the original loop integral it cannot in general be satisfied for physically
meaningful values of the dimension and the powers of the propagators, ie. those
where € is close to zero. We proceed therefore by beginning with a contour where the

separation condition is satisfied and then analytically continue to the ¢ — 0 regime.
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e We chose our integration contours to be straight lines parallel to the Im axis,

such that the real parts of the arguments of all I' functions are positive.

e This condition determines allowed values of €, including some starting value ¢,
and a boundary value €; where the contour first intersects a pole. Here we will
work with € < 0 so that €; is a maximum, but the argument applies analogously
for € > 0. If € can be taken to zero without intersecting a pole, we may safely

expand about € = 0.

e For ¢; < 0, we must determine the residue where the pole crosses the contour.

Then we may write

R(eo) = Rer) = Res[R]|,=-. (2.5.52)

The residue term is now an (n — 1)-fold MB representation, which is added for

a left pole and subtracted for a right pole.

e We have thus analytically continued from € = ¢ to € = ¢;. We now iterate the

process starting from e; until we may expand about € = 0.

Since this process is algorithmic, it may be implemented computationally, notably
by the Mathematica package MB. One obtains a sum of analytic I' functions and

remaining contour integrals which in general must be attacked numerically.

2.5.4 Infrared Divergences

A general feature of the S-Matrix in theories with massless particles is the presence
of infrared divergences. Unlike UV divergences, these are not renormalized away but
instead cancel in the computation of physical quantities such as the cross sections
of colour singlet states. There are two types of integration region which give rise to

such divergences; the low-energy region of some virtual particle and the region where
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a vertical particle is collinear with some external state. Both lead to integrals of the

dk 1
/kHG x (2.5.53)

and since they may occur simultaneously the leading singularity at ¢ loops is at most

form

1/€?*. As an illustration, consider one mass triangle at one-loop in 4 + e-dimensions

(1, o [ A% 1
Ti(g") = / 2m)2 C(l — )2+ p)?

-y [-2+ 2+ 00] (25.54)

where in the limit ¢ — 0 we also have /1 — p; and {5 — p,. In general, this behaviour

will be observed for any integral with adjacent massless legs?.

The IR divergences of QED and of Gravity analysed by Weinberg [32] in the 1960s
are much simpler than those of non-abelian gauge theories, since the self coupling is
for photons absent and for soft gravitons very weak. In fact, it was speculated at
the time that the problem of IR divergences in Yang-Mills theory may rule it out
as a description of nature! A general n-point amplitude in non-Abelian Yang-Mills

Theory may be factorised in the following way [33]

Q’ Q? Q’

A, =J (ﬁ,a(,u),e) x S (pi, F,a(u),e) X hy, (pi, ﬁ,a(,u),e) ) (2.5.55)
Here % is some characteristic scale for particles of momentum p;, a(y) is the running
coupling and p is a renormalization scale. J is a jet function describing collinear
behaviour, the soft function S and the hard function A, is an IR finite piece which
contains the short-distance dynamics. A, and the finite hard function h,, are vectors
in the space of colour structure, while S is a matrix; however, if we restrict ourselves
to planar theories (or leading colour), it is proportional to the identity and may be

absorbed into the definition of J.

2We do not always chose to make this manifest. For instance, in the case of the two-mass easy

—e —€ —€ —e
box function, we write the divergent part as 6% [(};) 4 (%) _ (,;;ﬂ) _ (_,g?) } , which

yields only a 1/¢ pole after expanding the terms of the form s~¢.
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Figure 2.7: IR structure of planar scattering amplitudes. The straight lines represent
hard external states, the curly lines carry soft or collinear momenta. Fxchange occurs

only between adjacent “slices”. Taken from [34]

As shown in figure 2.7, in the planar limit soft exchanges are restricted to wedges
between adjacent external lines [34]. Then the divergence is proportional to the

amplitude for the decay of some colour singlet into two external states.

In N = 4 Super Yang-Mills, an excellent candidate is the form factor of the

shortest BPS operator

F(¢?, X €) = (d12(p1) dr2(p2) | Tr(h126120) (2.5.56)

since it is protected from UV divergences by supersymmetry. Then the amplitude

may be written as

1/2
H F(Siiv1, A 6)] X Iy (piy A €). (2.5.57)

=1

This form factor obeys renormalization group equations [35] [36] [37] owing to the
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necessity of independence on the factorization scale Q*. These are solved for N = 4

by [34]
1 0o 7([) QG(Z) n ,ug Le
A, = —= L S 0 2.5.

/=

where v is the cusp anomalous dimension and G is the collinear anomalous dimen-

sion. This may be further refined to
A, =exp [Z agf(z)(e)fn(ﬁe)] . (2.5.59)
=1

where [ (Ce) is the divergent part of the one-loop amplitude with the substitution
€ — le and

O = £ +efl? + 1. (2.5.60)

Although the description above is given for N/ = 4, the argument is applicable to a

broad range of gauge theories.

2.6 Wilson Loops

A natural class of observables in any gauge theory are the Wilson Loops

W(C) = %(O\Trpexp (ig Jafc dx“Au> 0) (2.6.1)

corresponding naturally to the path integral contribution of a particle in a background
field. Gauge invariance is guaranteed by the closure of the contour. These objects
in principle form a complete set of observables just as local operators do. It can
easily be seen by expanding the exponential that the Wilson Loop has a perturbative

expansion of the form

W(C) x1+ ig%dx“(Au(x» + (ig)2]{dx“dy”<AM(x)Ay(y)> S (2.6.2)
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The (ig) coefficient vanishes for any theory with unbroken Poincare symmetry, so the
first order term has the interpretation of integrating a propagator over the possible

endpoints on the contour.

2.6.1 Divergences and Renormalization

UV divergences of Wilson Loops occur in the integration region where propagators
are pinched to a point. The first case to consider is a smooth contour, where in
general the divergence in linear in the cut-off and proportional to the length of the
contour, and often disappears in dimensional regularization [38]. It can be absorbed
into an overall factor:

W (C) = e KO « finite (2.6.3)
which has an interpretation as the mass renormalization of a test particle.

This linear divergence is the only one present for a smooth contour [39] [40]. The
interesting behaviour occurs when the contour possesses cusps. For instance, it was

shown by Polyakov [38] that for cusp angle « at one loop

W(C) =1 - 2¢°Cr [acota — 1] log (g) (2.6.4)

where CF is the fundamental quadratic Casimir and a is the short-distance cut-off.

More generally, the cusp divergence can be removed by multiplicative renormalization
Wgr(C) = Z(a)W(C). (2.6.5)

The divergence depends on the contour only via the cusps, which are locally indepen-

dent, so the renormalization associated with multiple cusps factorise:
Z(ag,ag, ... o) = Z(og)Z(a2) ... Z(ow,). (2.6.6)

One may derive [41] a renormalization group equation for the Wilson loop. leading
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the to the general result

g
2.0 = | [ adtang 0010 0) (267
0

where g is the same cusp anomalous dimension as in 2.5.59. In N' = 4 sYM this is

solved by

2¢ ,(0)
_ 9" 1k (@, 9)

Z(a, g,€) = exp LZI W?] (2.6.8)

and we see that like the IR divergences of scattering amplitudes the UV divergences

of Wilson Loops exponentiate.

2.6.2 Lightlike Contours

A particularly important class of Wilson Loops are those defined by polygonal con-
tours where each segment is lightlike. The contribution from a propagator starting
and ending on the same segment vanishes in dimensional regularization, so the lowest

order contribution is then given by the following two diagrams:

T3 R Ly
])2 X r ( 7 p 4
=
Ty Pt 1

Figure 2.8: Case (a), the lightlike cusp diagram.
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Figure 2.9: Case (b), the finite contribution where the propagator stretches between

two non-adjacent segments.

Case (a) is a special case of the cusp diagram discussed above. Here we work in

dimensional regularization using the propagator in Feynman gauge:

~ I'(1—e s
Au(2) = == 5 ot i) (2.6.9)

so the cusp diagram is given by

el =e [ (pip)
B R e
= (ig)ZFST;f) E(_Sg) } (2.6.10)

Diagram (b) is finite, so we may evaluate it in four dimensions. For simplicity we

consider the case of the tetragon, where we have:

o 1I(1—€
—(@9>2§—fm2_6 )fe (2.6.11)
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and

—S12 — S14
Fo= /dadT
—8120 + S14T — S12 + S140T

o (2) - (2)
S14 512

1 512 7T2
= Zlog? [ 2= — 2.6.12
Jlog () 7 (2.6.12)

where between the second and third lines we have used the identity

1 2
Lis(2) + Lip(1/2) + 5log*(~=) + % = 0. (2.6.13)
Note the functional dependence is on polylogarithms of weight two, which is a natural

consequence of the perturbative structure of this Wilson Loop as an iterated integral.

2.7 Form Factors

The first step in investigating off-shell quantities is to consider form factors. These

are the matrix elements of Gauge Invariant Operators,
F(1...n)=6%(q- Zpi)ﬂ ...n]O(0)|0) = /d%e‘iqx(l ...n]O(2)|0), (2.7.1)

and as such interpolate between scattering amplitudes and correlation functions. In
particular, using the methods of generalized unitarity, we may construct loop-level

correlation functions by sewing tree level form-factors [15].

We have already seen the important connection of one form factor to infrared
divergences. Form factors also have physical application in their own right, in par-
ticular when considering effective couplings to off-shell currents. For instance, in the
Standard Model the Higgs does not couple to the gluons directly but to the quarks

via Yukawa couplings

H _
Ly = —; (Z myqiq; + Mttt> (2.7.2)

l

48



where v is the Higgs VEV and [ labels the light quarks. Since the coupling to the
Higgs is proportional to the mass we separate the top quark contribution as this is

dominant.

AVAVAY

AVAVAY

Figure 2.10: The dominant contribution to the process H — gg. Note that the coupling

to the Higgs is proportional to my.

In the heavy top limit m; — oo the coupling has been shown to be independent
of my so it may be integrated out, leaving an effective term in the Lagrangian [42]

as
L.
ff 12

HtrF?, (2.7.3)
™

It may then be seen that the amplitudes H — n gluons is given to first order by
the form factor of this operator, which bears many similarities to objects we will
consider in this thesis. Another famous case is that of ete~ — Hadrons, where O is

the hadronic electromagnetic current.

Having on-shell external states, the methods described above for scattering am-
plitudes are amenable to the study of form factors as well. Consider, for instance, the
simplest form factor in A = 4 sYM, the Sudakov form factor described above, at one
loop. The operator under consideration is the scalar bilinear O = Tr(¢12¢12). The
form factor is then F' = (¢(p1)o(p2)|O(0)|0), with g := p; + pa. At tree level, this
object is trivially unity. It has just the one kinematic channel, captured by 2.7(a)
and doubled by the contribution of the case ¢; <> ¢5. The four-scalar amplitude is

given:
(12){l10>)

Ab1a(pr), bra(pa), Sra(lr): dralla) = 373 7y

(2.7.4)
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o n

Figure 2.11: (a) Shows the ¢* channel cut of the Sudakov form factor. The cut

identifies the one-mass triangle integral (b).

Now we see that to cut leads to

(12)(l142)
(201)(051)

= —2¢° / dLIPS

FO(G?)] ooent = 2 / dLIPS

—(62 PP (2.7.5)

which can immediately be lifted to a loop integral since there is but one kinematic

channel.

We may also use BCFW recursion to construct form factors with additional gluonic
external states, since all the factorization theorems apply to form factors. We use the

three-point amplitude

A(ldh 2¢> 3+) =

(2.7.6)

together with the Sudakov form factor to seed the recursion relations. For the simplest

case, that of the three-point form factor F'(14,24,3%) we have

F(1y, Py; Q)%A(Pm 2,37 =1- (23;[32] [22[))1]3[2]13]
1 (12 +3[3]
T 23y (121 32
2
- (2.7.7)
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so we may write:

FMV (i, e k) = ,W)_ , Fi(ig, jo, k™) = ,W],. 2.7.8

3 ¢ Jo ) <j]€><k‘l> 3(¢ [ ) []k”k’l] ( )

We may now iterate the above process to derive an infinite sequence of form factors
.. 2

FMIVIF i e ntig) = (i) (2.7.9)

(12)(23) ... (n1)
More complex solutions to the form factor recursion relations will be discussed in

depth in later chapters.
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Chapter 3

Computable Models

Having appraised the armaments, we now survey the battlefield. In science as in war
it is important to chose battles one can win; and though the techniques outlined in
the previous chapter are generally applicable, there are certain theories in which their
application is elegantly simple and we may progress far further than in the tangled
forest of reality. These theories possess enhanced symmetry which places strict con-
straints on observable quantities. Both supersymmetry and conformal symmetry are
by now old and well-understood; but the theories in which this phenomenon is most
emphatic also possess additional hidden symmetries which in principle render them

integrable.

3.1 Superconformal Symmetry

Supersymmetry and conformal symmetry place very strong constraints on field the-

ories.

It should be noted that in principle we may not define asymptotic states in a

conformal field theory, and consequently the scattering cross-section is not an IR-
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safe observable. We must regard the amplitudes we compute as existing only in the
presence of an IR regulator. Working in dimensional regularization this carries little
physical meaning; if we wish we may regard the CF'T as the UV fixed point of an RG
flow, and an IR cut-off must be applied at some scale. We may also see a more physical
picture in the case of N' = 4 sYM by using the massive Coulomb branch regulator
of [43] [44] [45]. Alternatively, we may regard amplitudes in conformal theories as
building blocks of amplitudes in other theories where scattering is completely well-
defined. In particular, we may write the one-loop amplitude for gluon scattering in

QCD as
AQC’D = AN:4 - 414/\[:1 + A_/\/':0 (311)

where Ay—; is the amplitude with a chiral N' = 1 multiplet running in the loop and

An—o is that with a complex scalar.

3.1.1 Conformal Transformations
In a conformal theory, the metric is invariant up to a local rescaling
r— 2 G = Gy = P(T) Gy (3.1.2)
which also preserves angles. Starting from an infinitesimal transform
T, = x4k (3.1.3)
one may show that the most general form of the killing vector k, in d > 2 is given by
k' = a" + w,a” + At + 2(z - bzt — ba®. (3.1.4)

Here a* and w,, parametrises the translations and rotations of the familiar Poicare
group. A parametrizes dilatations, while b* is the parameter for the so-called special

conformal transformations or conformal boosts. The generators for these are given
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D = —iz"d, (3.1.5)

K" = —i(z"2"0, — x*0") (3.1.6)

respectively. In addition to the familiar commutation relations of the Poincare alge-

bra, we also have

[D, P,] = iP, (Ko Myuw] = t(npu By — 1150 1) (3.1.7)

D, K,] = —iK,  |K.P)]=2i(nwD— M,) (3.1.8)

which defines the conformal algebra. We note that if we define the anti-symmetric

operators Jy,, with a =0,1,...d+ 1 by
1 1
le = MW Jd,d+1 =D, Jud = §(Pu - Ku) Ju,d+1 = §(Pu + KM) (3-1-9)
these follow the commutation relations of the rotation group

[Jaba ch} = ZA(T]adt]bc - nacl]bd + nbct]ad - ndeac) (3110)

with signature (+—...—+). Hence, we see that the conformal group in d dimensions
is SO(2,d) and has (d + 1)(d + 2)/2 generators. In d = 4 these fifteen comprise four
translations, six Lorentz transformations, one dilatation and four special conformal

transformations.

We now turn our attention to finite transformations. For translations, Lorentz

transformations and rotations these clearly take the form

, —_—

Ly

T, ta, X, =AY x, = Ay, (3.1.11)

For the special conformal transformation one finds

xh — b
1 —=2b-x+ 222

" (3.1.12)
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This may be readily obtained by introducing the finite transformation of conformal

inversion
Tk
Izt — el (3.1.13)
which clearly satisfies and then applying
o xH xh — bt
loPol:ogt —» — — — —-b' — . 3.1.14
eroiet 2 z2 1—2b- x4+ 22b? ( )

Hence, we may also say that conformal symmetry is built from Poincare symmetry
plus dilatations and inversions, although the latter lack an infinitesimal form and do
not form part of the algebra. It is in general much easier to consider to the scaling of

quantities under inversions than under special transformations.

3.1.2 Conformal Primaries

The transformation of a scalar field under a finite conformal transformation takes the

form
AJd

_ |97 ). (3.1.15)

¢'(2') = £

Under dilations this reduces to ¢(z) — A"2¢(x), where A is the scaling dimension.

In general this receives quantum corrections, so we may write
A=Ag+7v (3.1.16)

where 7 is called the anomalous dimension. For a general field with Lorentz indices

a we have

il i) 1.1
7 R, ®ps(z) (3.1.17)

where R’ is the appropriate representation of the Lorentz transformation.

@, (¢') =

We can build representations of the conformal group in the following way. The

action of the dilatation operator on a general local operator takes the form
[D,0(z)] =i(—A+ 20,)O(x).(3.1.18)
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We may now let D act of [K,, O(0)] which leads via the Jacobi identity to

1D, [K,,, O0)]] = [[D; K], O(0)] + [Ky, [D, O(0)]]

= —i(A ~ 1)[K,, O(0)] (3.1.19)

Thus we see that acting with K, lowers the dimension of an operator by 1. In a unitary
theory the dimesnions of all operators must be positive (excluding the identity), so if
we iterate this process we must at some point terminate; ie, there must exist some O
such that

K,,0] =0. (3.1.20)

Such operators are called primary. Given a primary operator we may build operators
with higher dimension by acting on it with the generators of the conformal algebra;
these are called the conformal descendants of O. Note that since the conformal boosts
always shift the dimension by an integer, the anomalous dimension of all operators

in such a representation is the same.

3.1.3 Correlation Functions

Conformal symmetry strongly restricts the form observables. Consider for example
the two-point correlator of the scalar operators O;, Qs with dimensions A;, As re-

spectively. From Poincare invariance we know it can only depend on the Lorentz

invariant r1 = (2} — 24)? so we may write

(O1(21)O2(z2)) = f(x12)- (3.1.21)

Now we also demand covariance under dilatations, which requires

<Ol (Il)OQ(ZEQ» = C(xlg)(_A1+A2)/2 (3122)
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where ¢ is some constant. Finally we note that covariance under conformal boosts

requires
(O1(21)Oz(x2)) = C(Qflg)_A for Ay = Ay, otherwise 0 (3.1.23)

and the two-point function is totally constrained by symmetry. Similar reasoning
applies at three points, where we find
(O1(21)Os(22) O5(23)) = C(xm)—(A1+A2—A3)/2(x23)—(Az+A3—A1)/2($31)—(A3+A1—A2)/2
(3.1.24)

and operators with spin are similarly constrained.

Something new happens at four points, where we may begin to write down new

conformal invariants called conformal cross ratios of the form

2,2
XT5.x
kl
;j 5 (3.1.25)
T4 T4
ik 5l
At four points, there are two such:
2,2 2 .2
Ty T4
=23 =B (3.1.26)
L1324 L13%24

so the four-point function contains a theory-dependent function of u, v with a prefac-
tor carrying the conformal weights at the external points. For instance for four scalar

operators of dimension 2:

1

<Ol (%1)02(172)03(3?3)04(1‘4)) = mf(u, "U). (3127)

We note here the important point that for massless on-shell kinematics such as found

in scattering amplitudes, the arrival of cross ratios is delayed until six points.

3.1.4 Superconformal Symmetry

In a conformal theory with supersymmetry, we enhance the symmetry by commuting

the supercaharges with the special conformal generators:

(K", Qua) = 20%4¢¥95;,  [K", Q4] = 20" 754 (3.1.28)
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S, S are called the superconformal generators, since they bear the same relation to

the conformal boosts as the supercharges bear to momentum:

{5458y = 20! K647 (3.1.29)

o7

and they analogously act to lower the dimension of a local operator by 1/2. Therefore

one may define a superconformal primary operator by
[S,0]+ =0 (3.1.30)

and its superconformal descendants by acting thereon with ). As for conformal
primaries, all descendants have the same anomalous dimension. Note that all super-
conformal primaries are primary with respect to K*, but the converse is not true.

With the addition of the superconformal primaries, the algebra is enhanced to include

1
{Qan, S5} = —icapy'/s" Ryy + 204565 M, — 555{1). (3.1.31)

A particularly important class of superconformal primary operators are those that

commute with some of the supercharges

[Q2,0] =0  for some A, a. (3.1.32)

o

It then follows that
. v 1
{Qax, Sg}, O] = [—zeag’yUABRU + 20&‘655]\/[“,, — §§§D, 0]. (3.1.33)

If O is a scalar, this reduces to a relation between the action of the R-symmetry and
the dimension:

v, B[Ry, O] = ASEO (3.1.34)

which is satisfied for at most half the supersymmetries when the R-charge equals the
dimension. In extended supersymmetries where the R-charge is a vector, we need

only consider operators with R-charge (J,0,...,0) and A = J since any rotations
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thereof will sit in the same representation of the R-symmetry. These operators are

called BPS operators, or Chiral Primaries.

In general, the dimension of an operator depends on the coupling g. As we have
seen, descendants of a given primary have the same anomalous dimension, and we
have shown that BPS operators commute with some of the supercharges for all values
of the coupling. Since the dimension is proportional to the R-charge, which is a
discrete quantity, it cannot change with the variation of a continuous parameter like
the coupling; therefore, the anomalous dimension of BPS operators vanishes and their

correlation functions are free of UV divergences.

3.1.5 Classical and Quantum CFTs

Which theories can possess conformal symmetry? The mass operator m? = p? does

not commute with dilatations
eloPpeial — 22 (3.1.35)

Consequently, conformal symmetry requires either a massless theory or one with a
continuous mass spectrum. More generally, it is clear that theories with dimensionful

couplings will never be conformally invariant.

At the classical level it can be shown [46] that all theories with dimensionless non-
derivative and Yang-Mills couplings are conformal. It is then possible [47] to redefine
the canonical energy-momentum tensor 7}, by the addition of total derivatives such
that

J* =k, 0", or = 6"", 0,0" =0, (3.1.36)

where J, is the Noether current associated to a conformal transformation and £,

is the Killing vector defined in 3.1.4. Hence, we may write the conservation of the
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current as

1 1
0, J" = 5@’@ + 8, k,)0" = 5(3 k)0, (3.1.37)

and conformal symmetry is equivalent to the vanishing of the trace of the energy
momentum tensor. This tracelessness may be violated by an anomaly in the quantum
theory, which is in general proportional to the § functions. For instance, in massless
QCD the conformal anomaly is given by 3(g)/(2g)F? [48]. This matches our classical
intuition that for conformal invariance to hold the couplings must be dimensionless.

We can then say that a quantum theory has conformal symmetry iff

e The classical couplings are dimensionless.

e 3(g) =0 for all g.

3.2 N =4 Super Yang-Mills

Lagrangian and Field Content

N = 4 Super Yang-Mills is the maximally supersymmetric renormalizable field theory
in four dimensions, consisting of a single N/ = 4 Vector multiplet with the associated
R-symmetry SU(4). The Lagrangian may be obtained from N = 1 sYM in ten
dimensions [49].

1 g -
Lio=Tr (—ZFMNFMN + %\DPNDN\D) : (3.2.1)

The dimensional reduction is made by requiring that the fields do not depend on six

of the spacetime dimensions, i.e.

oHmAN =, oMy = 0, oMy = 0, m=1,...,6. (3.2.2)
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One must then make a choice of representation of the ten-dimensional I" matrices in

terms of the four and six dimensional v matrices. One such is

Iy=7®1 for p=1,... 4, Tsm =5 form=1,...,6 (3.2.3)
where 7, and 75 are the standard four dimensional Dirac matrices and T, are the six
dimensional euclidean Dirac matrices given by

I = . (3.2.4)

We also get six scalars from the remaining components of the gauge field Ay

Pm = Asim. (3.2.5)

Using the six dimensional ,, we can write

¢AB = _%(&m)ABQSm- (326)

This leads to the following Lagrangian in four dimensions.

1 - 1
Ly :Tl"( — ZF#VF“V + i)\AO'#Du)\A + §D#¢ABD#¢AB (327)

+igAa[Ap, 9*F] + igA N, dap] + 6% [P an, dopl[¢?F, ¢CD]> :

The matter content is a gauge field A*, four complex fermions A** and six real scalars
¢ 4B, all in the adjoint representation of the gauge group. Note that this formulation
makes the R-symmetry manifest as SU(4); it is also common in the literature not to
implement 3.2.6 and consider the SO(6) R-symmetry of the six scalars ¢,,, which are

often combined into the complex scalars Z = ¢ + 1o, W = ¢3 + iy, X = ¢5 + i¢g.

Conformal Symmetry and UV Finiteness

The form and relative factors of 3.2.7 are fixed by supersymmetry; there is a single

coupling constant ¢g. It’s § function has been shown to vanish up to three loops by
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direct calculation [50] [51] [52] and there exist numerous arguments that this holds
to all loops [53], [54], [55], [56]. Therefore, superconformal symmetry is preserved in

the quantum theory and SUSY-invariant quantities are UV-finite.

Dynamical Phases

The scalar potential term is
—9*[baB, el (3.2.8)

This potential is flat, so there are two classes of ground states:

e The superconformal phase, where (¢pa5) = 0 for all A, B. The gauge group and

superconformal symmetry are unbroken.

e The Coulomb phase, where ((¢ap)") # 0 for some choice of R-indices A, B
and gauge indices I,.J. The detailed dynamics will depend on the particular
choice of residual symmetry, but in general the gauge group will be broken to a
product U(Ny) x U(Nz) x ... and the R-symmetry will break to some subgroup.
Some of the scalars and their superpartners will acquire a mass so conformal

symmetry is also spontaneously broken.

3.2.1 Superamplitudes

Now we turn to the S-Matrix in A/ = 4. Supersymmetry imposes many relations
between amplitudes in the form of super Ward identities arising from the expansion

of

n

0= (0[Q%, p(1). .- o(]|0) = > _{0lp(1) .. [t ()] ... (n)]0). (3.2.9)

i=1

On shell, the supersymmetry algebra is
{ak, e} = 65 Xada (3.2.10)
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and we can decompose the spinor ¢} into
gh = Aadl + fhats (3.2.11)

with (Au) # 0. By contracting with \* we see that g2 and ¢, anticommute with
all generators, and can be set to zero. Then we see that the superalgebra can be

represented by Grassmann variables

I _ a

{ahay=0; =9 a= a7 (3.2.12)

Therefore, we can define the Nair superwavefunction [57]

NA"B NANBNC 5 _
®(p,n) = g" (p) +1aX(p) + 50" (p) + "V A0 (p) + g (p)
(3.2.13)
We can now write a superamplitude, as a function of both p and 7, that contains all

external states of the theory

and the component amplitudes are exrtracted by expanding to appropriate powers in

n. For instance, the fully gluonic MHV amplitude will be the coefficient of (1;)(n;)?.

In this formalism the super Ward identities are fully equivalent to the annihilation
of the superamplitude by the supermomenta @, Q. In spinor helicity notation these

take the form

~ - 0
Q= Z N Qaa = Z /\iaw. (3.2.15)

)

We note that the fermionic delta function encoding supermomentum conservation has

the form
3@ =TI T @x =T mn (3.2.16)
A « A

which is annihilated by Q44 on account of momentum conservation. Therefore half

of the supersymmetry constraints are imposed automatically if the amplitude is of
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the form
A, = oW (Z Am&d) 6®) (Z /\mng“> Fu (3.2.17)

with the other half placing constraints on the degree 4n grassmann polynomial F,.
We then note that expanding the fermionic delta function to the order (n;)*(n;)*
produces the numerator of the Parke-Taylor formula, so we may succinctly write the
tree-level superamplitude as [§]
A, = 3D (30, XA (32, Aim)
" (12)(23) ...(n1)
P, =1+ PMHV | pNMHV | DMV (3.2.19)

P, (3.2.18)

where the SU(4) R-symmetry constrains each term PN"MHV to he of degree 4k.

As well as allowing us to efficiently describe relations between amplitudes, this
description is also highly efficient for loop-level calculations where we must sum over
particles in cuts. If we consider the one loop superamplitude in a generic cut as in

section 2.4, we may now write

Anlpqcut = /d477£d47}k AL Ag. (3.2.20)

Now we consider the product of fermionic delta-functions which will appear in the
above. We note that the support of the second delta-function allows us to write the

important identity

/ d'ned*ni 6%(Q1)6®(Qr) = 6(Q) / d*ned'ny, 3®(Qr). (3.2.21)

We then expand the delta function under the integral using equation 3.2.16 and
perform the fermionic integration, which picks out the term proportional to 1;n;

giving us a factor of (¢k)1. The cut expression now takes the form

(0) (€k>2(m2m2 + 1>(m1m1 - 1)

(3.2.22)
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whence we can proceed as described above, where the fermionic integration has re-

placed the sum over states.

We can also use superamplitudes in computations at tree level. The BCFW shifts
earlier introduced do not respect supermomentum conservation; and [z, j) shift also

shifts ¢2! by —zn;\;. They must be modified by shifting fermionic variables by
ni — ni(2) = n; + 25 (3.2.23)
which induces the following on the supermomentum
¢ — ¢i(2) = ¢ + zn\i. (3.2.24)

The sum over all internal helicity configurations can be carried out, like at loop level,

by a Grassmann integral, so we may write the supersymmetric BCFW relation as

~ 1 4
A, = Z / d477PALP—2jAR. (3.2.25)
1,7 2

3.2.2 Amplitudes on The Coulomb Branch

Here we describe amplitudes on a particular point on the Coulomb branch, which have
been studied at tree level by [58]. We move to a particular point on the Coulomb
Branch by considering a stack of (N + M) D3-Branes. We separate M Branes from

the rest, choosing non-zero scalar VEVs

((6'))) = ((6™)7) = vo) for I, € U(M)

(¢™*) =0 otherwise. (3.2.26)

This preserves N' = 4 supersymmetry, but breaks the R—symmetry to Sp(4) D
SU(2) x SU(2) and the gauge group to U(N) x U(M). We now have massive N =

4 multiplets arising from strings streched between branes, in the bifundamental of
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U(N) x UM) with mass m? = g*v? containing massive W-bosons, their fermionic

partners and five scalars w.
To write massive amplitudes we will use the massive spinor helicity formalism
of [59]. We introduce a null reference vector ¢ and write

2
i with pi2 =0 (3.2.27)

pi:pil+

(3

where m; is the mass of the ¢th particle. One then writes amplitudes in terms of the
spinors (it], {(g| and their conjugates associated with the null vectors p;- and ¢. For

transversely polarised vector bosons the three-point amplitudes are then:

L e [2R3P
(W W2+93> = m
(WiWyfgy) = % (3.2.28)

exactly as in the conformal phase with appropriately perped momenta. Since mass

can be considered momenta transverse to the branes, we have the important condition

> mi=0 (3.2.29)

in any amplitude. Crucially this means that for uniform VEVs there must be an even
number of massive particles in each amplitude. Also, the broken R—symmetry admits
helicity configurations forbidden in the conformal phase; of particular importance is
the Ultra Helicity Violating (UHV) amplitude

m?(q1+)?[34]

W 0) = (e + )

(3.2.30)

which is the first in an infinite sequence of such amplitudes (here ¢ is the standard
Mandelstam variable). Note that it smoothly disappears as m? — 0. The four-point

MHYV amplitude is given:

. (1-24)2[34)

(W"W-gtg™) = B+ m?) (3.2.31)
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To write superamplitudes on the Coulomb Branch, the SUSY invariants are split

between the two SU(2) subsectors. For some solvable functions K, and with p; =

m/[qit]:

d12 =0W (i) + K@ ((qit)mia) 0P (pimsa)
+ Kf; [5(2)<|Zl>]77i1)5(<qiL>77i2)5(,ui77i2) + 5(2)(|il>]77i1)5(<C]Z‘L>77i2)5(ﬂi77i1)]

+ K50 ((qi)mia) + K66™ (|iH)0i0)0P (11mia) (3.2.32)

and similarly for R = 3,4. The complete four-point superamplitude is given:

[1+24][34]

A, —
FT (3 aig(was +m2)

(512 X 534. (3233)

Note that this is an n-polynomial of mixed degree, from 1% to n'? which mixes MHV
and UHV amplitudes.

The structure of the superamplitude simplifies significantly if we introduce the a
linear orthogonality condition on ¢ such that the perped momenta satisfy momentum

conservation among themselves:

> ph=0. (3.2.34)
For two massive lines, this implies that ¢ - (py + p2) = 0 and the K-functions simplify
dramatically, leading to the following factorised form of d;s:

m{1+2+)
{q1+)(q2+)

g1 ][g2"]

_ @ty la17llg2™)
012 0 (|Z >771a)+ m[:[J_QJ_]

5@ (#mia)
(3.2.35)

(o) x |1~

A similar factorisation condition holds for four or more massive lines, but in such

cases the remaining K-functions do not simplify quite so dramatically.
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3.2.3 BPS Operators

Since all fields transform in the adjoint, it is clear that the simplest gauge invariant

operators take the form of traces of products
O =Tr(xix2- - Xn)- (3.2.36)

where y; can be any of the covariantly transforming fields, possibly including covari-
ant derivatives. We can build more operators by taking products of traces; in the
planar limit the dimension of a product of operators becomes equal to the sum of their
dimensions, so all information about the spectrum of local operators is contained in

the single trace operators.

The chiral primary, or half-BPS operators satisfying the condition 3.1.34 carry

R-charge (J,0,0). This is clearly satisfied at zero coupling by operators of the form
Oy = Tr(¢hp) (3.2.37)

or any other product of scalars that does not contain both ¢4z and ¢4? for any A, B.
Since the dimension of this operator is protected, this is holds for all coupling. Our

paradigmatic example shall be the operator

Oapep = Tr(papdep) — %EABCDTY@LM¢LM) (3.2.38)

transforming in the 20" of SU(4). This operator forms the lowest weight state of the
stress-tensor multiplet also containing the on-shell Lagrangian £ and the stress-energy

tensor 7},

3.2.4 Form Factors

We discuss here the bosonic form factors of BPS operators. Without loss of generality
we consider the operator

O == Tr(¢12¢12) (3239)
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which is a component of the 1/2-BPS operator 3.2.38. We have already shown in

section 2.7 that at one loop the Sudakov form factor is given by

FO = 2¢°Tri(¢?, €). (3.2.40)

Two-Loop Sudakov

As at one loop there is a single kinematic channel so we may perform two particle
cuts and lift to an integral. There are two distinct configurations to consider: in the
first a tree-level form factor and a one-loop amplitude enter the cut, in the second
the cut divides a one-loop form factor from a tree level amplitude. We will focus on
former case, where we must for the first time consider non-planar contributions even

at leading N [60].

Including colour indices, the tree-level form factor is given F(0)(¢?) = §2%1 %, At

one loop the full amplitude may be written

A, n) =AY + A,

=N Y T(T . TeAN(L,. )
O'GSn/Zn
n/2+1
+> D T(T T ) Te(T ) A (1L, on) (3.2.41)
O’GSn/Sn;c c—2

where S,,.. is the subset of permutations leaving the double-trace structure invariant.

Considering first the planar part there are six possible structures

Tr(l,?,él,ég), rI‘I'(]_,2,€27£1)7 Tr(1,€1,€2,2), Tr(1,€2,€1,2)

Tr(1,€1,2,€2), TI‘(l,EQ,Q,gl). (3242)

Using the identity 2.1.2 we see that those with adjacent loop momenta are leading

in colour when contracted with the form factor. All four traces give NTr(ajas) =
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N2§%92  The contribution to the cut from the planar integrand is then

25 <A§£)<1, 2,01, 60) + AN (1,2, 6o, 00) + AL) (21,01, 05) + AL)) (2,1, 65, el)) .
(3.2.43)

The non-planar amplitude at four points is given by
A = Tr(12)Tr(0165) ALY (1,2, 61, €2) + Tr(16)Tr(26) ASD (1, 61, 2, £2) + ... (3.2.44)

where the leading colour structure contracted with the form factor is Tr(12)Tr(¢145)

which carries N?§*%2, The combination Agg is given
A=A (2,1, 6, 00) + AR (2,61, 1, 6) + A (61,2,1, 1)
+ AN 1,2, 0, 6) + AN (1, 00,2, 0) + AL (6, 1,2,6). (3.2.45)
Thus the two-loop cut integrand is given by
FP(¢)] s = 2N25412 / d LIPS [4AM (1,2, 01, 65) +24AW (1, £1,2,05)] . (3.2.46)
The one-loop amplitude is proportional to the tree amplitude
AW(1,2,3,4) = AQ(1,2,3,4)F"™(1,2,3,4) (3.2.47)
so by the same calculation as 2.7 we find

F@aaz(g2) = N250e p(2)(42) (3.2.48)

where

F®(g*) =2 [4LT(¢*) + CT(¢%)] - (3.2.49)

Here LT(q?) and CT(q¢?) are the scalar ladder and crossed triangles given by A.2.1
and A.2.3 respectively. One can compare with the exponentiation formula 2.5.59

finding

F(Q)(qQ, €) — % [F(l)(q{ 6)]2 = (—¢*)* [% + % + O(e)] (3.2.50)

which is of the correct form with
W= o, Y= g, (3.2.51)
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MHYV Form Factors at One Loop

We will now consider the one-loop MHV form factors first computed in [61]. In a

general kinematic channel we have

Pa+1
Pa+2

Pb—1

Figure 3.1: The cut of the MHV form factor in a generic kinematic channel.

FOL = / dLIPS(01, by, Pavry 1)
F(O)(_Eg)? _£f7 b+7 s ,CL+)

x A(ly, o, (a+1)T, .. .0i% .59 .. (b=1T).  (3.2.52)

This leads to the following cut integrand:

o o atD{0l)b— 1)
<(I€2><€2 a + 1><b —1 €1><€1b>

(3.2.53)

which we recognise as being in the same form as 2.4.16, and we can apply the same

analysis. This leads us to a sum of four terms

R(b,a+1)+ R(b—1,a) — R(b,a) — R(b—1,a+ 1) (3.2.54)
with
o <a€1>(b€2)
R(b,a) = (als) (b0y)
_ (0P)  (paP)  (paP)(psP) — P*(paps)
=2 T 2pat) 20l (pal) (32.55)

71



where P = p, +...+p,. Thus each R(, j) gives rise to the cut of a box, two triangles
and a two-mass easy box function with massive corners P? and (P — ¢). As in the
case of the scattering amplitude, the bubbles cancel when all the terms are included.
The same is true of the triangles, except in the case a = b, when there survives one

contribution
(paP)
2 (p aé 1 )

corresponding to a two-mass triangle with massless leg p, and massive legs Pa2—1,a 41

(3.2.56)

and ¢*. Otherwise permuting the legs on either side of the cut merely runs through

the partitions of masses assigned to the corners as for the scattering amplitude.

A{E

Pa+1

Figure 3.2: The box and triangle integrals contributing to the one-loop MHV form

factor

3.2.5 Hidden Symmetries and Dualities

Dual Superconformal Symmetry

The S-Matrix of N = 4 has several remarkable symmetry properties that are com-

pletely invisible at the level of the Lagrangian. The first of these is the so-called dual
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superconformal symmetry, which may be seen by writing the amplitude as a function

of dual variables z; such that

pél = l‘f - 375-1-1 = xéfi—&-l? If—i—n = l’f (3’2'57>
208 — 08 = A, (3.2.58)

Then, for example, the box integral that appears in the one-loop amplitude takes the

form

stI'V — / d% 1
! (2m) 4 2(€ — p1)2(€ — p1 — p2)*(€ + pa)?
_ / % afys, (3.2.59)

d-2.2.2.9"
(2m) L1 L9310y

Poincare symmetry is trivially preserved in z-space, as are dilatations, while inversions

act as
2 d
2 ij d l
i — ——= dr; — ——. (3.2.60)
RANE ()"

Hence we see that the integrand is covariant under conformal transformations for
d = 4. Introducing dimensional regularization explicitly breaks this covariance, so
the symmetry is anomalous. Dual supermomentum variables can then by defined
through

o0 — 02 = Aot = Q! (3.2.61)

leading to a separate dual superconformal symmetry which acts canonically on the
chiral superspace x;,6;. The action of inversions on the original on-shell superspace

is

ap aBy |
x;" Nig Z; Aiﬁ
e =2 i = 3.2.62
el =TI = (3.2:62)
S -
If(ii+1)] = <2H; L i1 = [”QL] (3.2.63)
T; Tito

Hence, we can see that the tree-level superamplitude is dual conformal covariant.
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Amplitude/Wilson Loop Duality

In terms of the embeddings of N' = 4 in String Theory, dual conformal symmetry is
a consequence of a T-duality that relates the D-Brane description to the Holographic

description. This leads to the remarkable equivalence of various observables [9].

At strong coupling, a natural way to approach gluon scattering in String Theory
is by considering the scattering of open strings ending on a stack of D3-Branes. If
we place this stack in AdSs far from the boundary at radial coordinate z!, then the
proper momentum of the strings is kz/R. Hence, for a given amplitude, this set up
corresponds to the scattering of strings with large momentum at fixed angle, a regime

that is well described by classical String Theory [62].

ﬁ :

Figure 3.3: T-duality exchanges Dirichlet for Neumann boundary conditions, send-

ing string scattering states on a stack of D-Branes to a polygonal contour near the

boundary.

1z can be regarded as an IR regulator. After T-duality, it becomes a UV regulator.
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Applying T'—duality preserves the AdS5 metric while acting on our system in the

following way:

e The stack is sent close to the boundary by the action in the radial direction

z— R?/z.

e The Neumann boundary conditions governing string scattering are exchanged
for Dirichlet conditions, which constrain the worldsheet to end on the concate-

nated lines Ay = 2wk,

Note that the second is exactly the transformation to dual variables 3.2.57. Momen-
tum conservation and the on-shell conditions ensure that these segments form a closed

light-like polygon.

We have now mapped the scattering of gluons at strong coupling to the calcula-
tion of a minimal surface on the boundary of AdSs; ending on a polygon defined by
the duality transformation of the external momenta. This is exactly the criterion for
computing a Wilson Loop in the AdS/CFT correspondence; hence, we have identi-
fied an equivalence at strong coupling between scattering amplitudes and polygonal
lightlike Wilson Loops. The dual conformal symmetry of the amplitudes corresponds
to the conformal symmetry on the Wilson Loop side, and vice versa, with the IR
divergences of the amplitudes corresponding to the UV divergences of the Wilson

Loop.

At weak coupling, this equivalence holds order by order in perturbation theory.
Note in particular the equivalence between equations 2.4.11 and 2.6.12; the lightlike n-
gon was also shown to reproduce the one-loop two-mass easy box functions in [10]. At
strong coupling, powerful integrability techniques may be used to construct a solution
to the minimal surface problem in terms of a Y-system, and it was subsequently shown

by Maldacena and Zhiboidev [63] that an open Wilson Line computes the form factor
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of any operator with a dimension small compared with \.

The Dual Conformal Anomaly, The BDS Ansatz and the Remainder Func-

tion
As we have seen, the MHV amplitude take the form
A, = A" x M, (a) (3.2.64)

where the helicity blind function M, (a) contains all depenence on the coupling con-
stant. We have also seen that the IR divergences exponentiate in a controlled way.
Analysis of the particular integral functions appearing for four and five-point ampli-
tudes led Bern, Dixon and Smirnov [34] to conjecture that this extends also to the

finite part of the amplitude, and the full amplitude is given iteratively by

My(a) =1+ a'M =exp | Y a'fOMP(te) + CO+ EO(e)| . (3.2.65)
4 4

Although this conjecture breaks down at higher points, it is a useful starting point
to see how the hidden symmetries we have described constrain the amplitude. The
Wilson Loop description allows us to treat the violation of dual conformal symmetry
directly in terms of anomalous Ward identities. We recall that the integration measure
in d = 4 — 2¢ does not match the weight of the Lagrangian, leading to a non-vanishing

variation of the action:

2¢
58 = e / d‘zL(x). (3.2.66)

For the Wilson Loop this adds an operator insertion (§SW,,) leading to anomalous

terms for the action of the dual conformal generators [64]:

Dlog(W,) = —93;’;6 / dd;ﬂ% (3.2.67)
K"log(W,,) = _g;L/Z;‘- /dd:z: x”% (3.2.68)
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which due to the factor of € depends only on the divergent part of the correlator on
the right hand side. Writing log(W,,) = Z,, + F,,, where Z,, is the divergent and F,

the finite part, it may be shown that

2
Ti—1,i+1

1 - 9512@
Kan = 5/71( E log ( 2 > xi’fi—i—l (3269)
i=1

which leads to a differential equation for the F,,. For n = 4,5 it has the unique

solutions:
1 2 (7l
Fy = Z’yKlog poN + const. (3.2.70)
2
5 2 2
1 Ti; Tiy14
Fs=——vk Zlog ( 5 +2) log (#) -+ const. (3.2.71)
8 "y Liits Lit2,i+4

which match precisely the BDS form for the finite part of the amplitude. However,

starting at six points we may begin to build conformal cross ratios

2 .2 2 .2 2 .2
T.T T5,T Ti-T
137} 24171 2
g =20 gy =2 gy = 50 (3.2.72)
L1423 L1245 L36L5

which are annihilated by K*. Hence, F), also depends on some arbitrary function
R, (u;) which is unconstrained by dual conformal symmetry. In general the amplitude

can be written

M, = MBPS x R, (3.2.73)

and computing the n-point amplitude is reduced to the problem of computing the

remainder function.

3.3 ABJM Theory

ABJM Theory describes the world-volume dynamics of multiple M2-Branes at a Z;
Orbifold singularity [65]. It is an N' = 6 superconformal Chern-Simons-Matter Theory
described by the N = 2 quiver figure 3.3
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Figure 3.4: The quiver representation of ABJM Theory. The Nodes represent Chern-
Simons Gauge Groups, the arrows bifundamental chiral multiplets transforming in

the fundamental of the head and the antifundamental of the tail.

with the product gauge group U(N); x U(N)_ and four bifundamental chiral

multiplets A, Ay, By, By, endowed with the superpotential

2 ..
W = %e’]eler(AiBjAkBl). (3.3.1)
The superpotential clearly posesses SU(2)4 x SU(2)p R-symmetry, but this is en-
hanced by further SU(2)s acting on the doublet (A;, Bf). These combine to form
the full SU(4)z R-symmetry, with the scalars ¢; = (Ay, Ay, BI, B}) transforming in
the fundamental representation. Due to the topological nature of the Chern-Simons

action
Ecgzﬁ/d?’xe“”\tr lAﬁAA—FEAAA,\ (332)
4 2 M 3 o
the gauge fields and their superpartners are non-dynamical and may be regarded as

auxiliary fields.

Like NV = 4 ABJM Theory has a well understood holographic dual in Type ITA
String Theory on AdSy x CP?. As well as being a window into M2-Brane physics, in

this context at finite temperature with a chemical potential it has provided a popular
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toy model for condensed matter systems at strong coupling, particularly supercon-
ductors [66]. Our interest lies in taking our exploration of on-shell methods into
what prima-facie is a very different theory to N/ = 4 sYM. Surprisingly, the ampli-
tudes of both theories share many important qualities; most pertinently, ABJM has
been found to be integrable [67] [68] and its amplitudes possess dual superconfor-
mal symmetry [69]. Although issues with fermionic T-duality preclude the existence
of Wilson Loop duality beyond four points [70] [71] the amplitudes display uniform

transcendentality.

3.3.1 The Spinor Helicity Formalism in Three Dimensions

We are considering a theory in (2 + 1) dimensions, where the spinors are in SL(2,R)

and the little group is Z,. A null momentum is then given by
p* = AN (3.3.3)
and therefore all Lorentz invariants are built from one kind of bracket
(ij) = €apAPN], sy = (ij)% (3.3.4)

We note that the reality of these spinors requires the vanishing of three-point ampli-
tudes, so recursion must proceed from four points. A crucial feature of the BCFW
recursion relations was that the momentum shift ¢ must keep all legs on-shell, ie. it

must satisfy
q-pi=q-pi=q =0. (3.3.5)

In three dimensions, uniquely, this condition cannot be satisfied unless ¢ = 0. Indeed,

it cannot be satisfied for any linear transformation. We must rather use [69]

ii = R(2) M R(z) =+ R (3.3.6)

j A 2 —i(z—2z"Y 242zt
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With this shift on arbitrary legs i, j, we can extract the physical amplitude as a sum

of residues via a contour integral,

A

Az =1) = —isz: Zd_zl AL() A(2) (3.3.7)

271 %(Z)

where  labels the factorization channels and z;, are the two poles of the propagator

]53(2) The quadratic equation for the poles can be solved, and after further algebra,

leads to
1
Az=1)=) B2 (H (2150 25) A(21) Ar(z1x) + (211 2 220)) (3.3.8)
X X
where
W, (i— ) even
H(z,w) = (3.3.9)

At loop level, the basis of integrals can be reduced to triangles and bubbles.

Of particular interest, the one-loop triangles with massless corners vanish; while

the fully massive triangle is a rational function of the masses

. / il 1
57 ) om (0 — p1)2 (L + p3)?
) 1
== (3.3.10)

2/ e/ 13 — e/} — i€

So new analytic structures enter only at two loops and higher. If we require dual

conformal symmetry we observe that the integral

d
I :/& (3.3.11)

2.2 .2
L1pToL3p

is not invariant under inversions, which must be compensated for by the factor

\/—x% \/—xég \/—w§1 = \/—p% - iE\/—p§ - iE\/—p§ — i€ (3.3.12)

and we see that the three-mass triangle is constant [72]. This is consistent with the

fact that one cannot construct a conformal cross-ratio from three momenta.
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3.3.2 Superamplitudes

Since the Chern-Simons gauge field is non-dynamical, scattering amplitudes can con-
tain only the scalars and fermions. We can capture the states of ABJM Theory as

functions on N = 3 superspace using two superfields [73]:

O\ 1) = ¢"(A) +'a(N) + 16/419077"‘77%0()\) + l%szananCM()\) (3.3.13)

2 3!
O(A,n) = ¢ (\) + noa(N) + %EABCUAHBIZC()\) + %€ABC?7AT}BTIC<Z_54()\). (3.3.14)

Note that only SU(3) R-symmetry is manifest. The Supersymmetry generators have

the form
0

Q" = X! QY = \"—, (3.3.15
A anA )

and the R-symmetry generators have the form

0 1 o 0

RAB = ppB R =nt— — —on Rip=——=. 3.3.16
mn B n 8713 2 B AB anAanB ( )

From the second of these, we see that the fermionic degree of an n-point scattering
amplitude is 3n/2. This is in stark contrast to the case of N' = 4 sYM where the
fermionic degree depends on the MHV level. The only amplitude that resembles its

four-dimensional counterpart is that for n = 4

ST M) (i Ame)
A= 12)(2) . (3.3.17)

which is fixed by little group scaling.

Note also that for a colour-ordered amplitude

-’4((1)17 é27 R (I)n—b (I)n) (3318)

gauge invariance with respect to the product gauge group requires that n is even and

that ® and ® alternate.
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3.3.3 The Four-Point Amplitude at One and Two Loops

The four-point amplitude at two loops was first computed by [74]. As a superconfor-
mal theory, we expect the one-loop amplitudes can be expanded in terms of one-loop
triangle functions. Since one and two-mass triangles vanish in three dimensions, we
expect the one-loop amplitude to also vanish below six points. However, the one loop

integrand will be important for form factor calculations, so we will describe it here.

To obtain a non-zero integrand we must consider two-particle cuts, so we will
be computing numerated boxes. It will also behove us to work with a basis of dual

conformal integrals. This achieved by selecting

7O — Py 2x§€6uypx§1x§1xil + 2x§16/llfpx51x12/1xil
4 (2 )3 2,2 .2 .2
T L1pL L30T g
- / A0 20€,PiP5Ph + 256, 0" PYDY
(2m)3 02(0 — p1)2(€ — p1 — p2)*(€ + pa)?

(3.3.19)
which is best seen by regarding three dimensional conformal symmetry as five-dimensional
Lorentz symmetry.

The cut in the s-channel gives us

_ s s 5 09(Qr) 89(Qr)
ce = 0®(P) /d Ned®ny, By (L0 (TR (D) (3.3.20)

Combining the delta functions and performing the n integrations leads to

/ P nd® Q)0 (Qr) = 59(Q) (th)? (3.3.21)
SO we may write
o — §5© 6) (Ck)® _ (0 (12)%(€1)(41)(4¢6)
BT 2 R (R E Gy

which corresponds to the s-cut of the box integral 3.3.19. A similar calculation

conforms that

AW = A0 (3.3.23)
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which vanishes since after PV reduction I, ’ reduces to a sum of one-mass triangles.

At two loops, we begin by constructing a basis of linearly independent dual con-

formally invariant integrals:

{
3

I 3s

Figure 3.5: The basis of dual conformal integrals; the dotted blue lines represent

numerators. Taken from [7]]

dPrsdirg Ty
I, = (3.3.24)
(2m)6 a2 a2 adiadals’
51%53%56% 61263
3,. 73 4 2
% (2m)6 22 w202, 02 w202 o
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and the corresponding cyclic rotations with s <+ ¢. It will also be helpful to include

the combination

1
I()S - 5([15 - ]25 + I3s + Igt + I4s) (3328)
which plays the analogous role to I il) as a natural 5d invariant. We may now write

an ansatz for the amplitude of the form

3
AR = 4© Z[Cz‘slis + (s = t)] (3.3.29)

i=0
which we stress can only be written at this stage due to the presence of a dual confor-

mal basis. There are now two distinct classes of cut unrelated by cyclic permutations:
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In the double s-channel cut one finds by sewing tree amplitudes:

P4 | | P1 P4
\\ Ll /
VAL IR RN
p3 | | p2 P3
(a) Double-s-channel cut (b) Three-particle cut

Figure 3.6: The double s-channel cut (a) is obtained by sewing three four-point tree
amplitudes. The triple cut (b) must vanish as it contains tree amplitudes with an odd

number of legs. Taken from [74]

Cy = AP prs? (14) (4L ) (10) (1) (3.3.30)

with
prt = (402 (0105)%(051)2 (3.3.31)

Only the integrals Iy, I1s, [2s contribute in this channel. Their cut integrands are:

Tos|s—scut = 8% p1((£14) (021) — (14)(40,) (£145)(£51)), (3.3.32)
]1s|s—s—cut - 5201@14)2@21)2, (3333)
IZs’s—s—cut - 52/01<14>2<€1€2>2 (3334)

where we have employed the Schouten identities to express each expression in terms

of linearly independent spinor products. We must now solve
(COS-ZOS + Clslls + CQSIQS)|S_S_Cut = p182<14> <4€1><€1»€2><€21> (3335)

which leads to

Cos — —]_, C1s = 17 Cos = 0. (3336)
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Figure 3.7: The two possible triples cuts of the integrals appearing in

The triple cut (b) necessarily vanishes, since it sews tree amplitudes with an odd
number of legs. It receives contributions from the integrals Iy, Iss, Ios, 1¢, L3¢5 it
should be noted that some of the integrals 3.7 have two possible cuts, which must be
summed over. We will not dwell on the details here, but the cut conditions lead to a

system of equations solved by:
Cos = Cop = —C1y = —C1p = —1, Cos = Cop = C35 = C3¢ = 0. (3.3.37)
Combining the result of the two cuts we find:
AP = (%) A0 [ Ios + Ly + (s — 1)]. (3.3.38)

The integrals can be evaluated using Feynman parameters and Mellin-Barnes repre-

sentations. The final result is:

1 —s/p? —t/p?) 1

€2 €2 2

3.3.4 Colour Ordering

Colour ordering in ABJM differs somewhat from the cases we have discussed thus far

on account of the product gauge group. Complete tree amplitudes, which we call A,
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are given by [67,75]

A1,2,...,n) = Z sgn(o) A (0(1),0(2),0(3),...,0(n)) [0(1),0(2),0(3),...,0(n)],
" (3.3.40)
where P, := (Sn/2 X Sy/2)/Cnj2 are permutations of n sites that only mix even
(bosonic) and odd (fermionic) particles among themselves, modulo cyclic permu-
tations by two sites, and the function sgn(o) is equal to —1 if ¢ involves an odd
permutation of the odd (fermionic) sites, and +1 otherwise. A®(1,2,3...,n) are

colour-ordered tree amplitudes, and we have also defined

[1,2,3,...,n] = 8157262 -4l (3.3.41)
and in the following we will just write [1, 2, .-+, n] without specifying if a particle is

barred (i.e. fermionic) or non-barred (bosonic), with the understanding that the first

entry in the bracket always represents a fermionic field.

As an example, we consider the complete four-point amplitude at tree level. It
includes the two colour structures [1, 2, 3,4] and [1, 4, 3, 2] (see Figure 3.8) and is given

by the following expression:

A01,2,3,4) = A0, 2, ,4)([1,2,3,4} - [1,4,3,2]) . (3.3.42)
We have also used that

A01,2,3,4) = A0(3,2,1,4), (3.3.43)

a fact that follows from (3.3.17).

3.3.5 Half-BPS operators

The quivers of ABJM theory and the conifold theory encode the same data. Hence,

one would expect the BPS operators to be of the form O, = Tr(¢'¢y, ... ¢"d;,).
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Figure 3.8: The two possible colour orderings [1,2,3,4] and [1,4,3,2] appearing in the

four-point tree-level amplitude (3.3.42).

For the shortest case, consider the variation of operators of the form Tr (gbl b J) with

I # J. Setting for example I = 1 and J = 4, this expands to
OTr (¢'ds) = Tr (09" du + ¢'66h4) . (3.3.44)
Following [76], we use the transformations:

ol = iwlyy, (3.3.45)
Sor = iplwry. (3.3.46)

The wy;’s are given in terms of the (2 + 1)-dimensional Majorana spinors, €; (i =

1,...,6) which are the supersymmetry generators:
wry = &)1, (3.3.47)
W= & (M) (3.3.48)

that are antisymmetric in I, .J. The 4 x 4 matrices I'* are given by:

Fl =09 ® 12 s F4 = —01 Q09 s (3349)
F2 = —i02®037 F5 :O'3®0'2, (3350)
[? =ioy® oy, %= —ily, ® o0y, (3.3.51)

and satisfy the following relations,

(T 191} =26, (1Y), == (), , (3.3.52)
%EIJKLFiKL = — (@O = (@), (3.3.53)
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leading to

1
(wIJ)a = (Wrs)")a - w'’ = §€IJKLWKL~ (3.3.54)

Explicitly, wy; is given by the following matrix:

0 —i€5 — €g —i€1 — €2 €3+ i€4
1€5 + € 0 €3 — 1€ —1€1 + €
Wiy = v S PR (3.3.55)
i61 + €2 —€3 + ’i€4 0 i65 — €p
—€3 — 164 161 — €3 —l€5 + €4 0
The term ¢'d¢p, yields
¢'0¢s = ' [~ (€3 + iea) + i)? (e + iea) — )% (e5 + i) + 0] . (3.3.56)

Therefore, requiring ¢'d¢, = 0 the conditions are:

€1 + i€2 = O,
€3 + i€4 =0 s (3357)
€5 + i€6 =0 s

which relate half of the generators with the other half by constraining the components

W4J:0.

Note that because of the relations (3.3.54) which set components of the form
wyr to zero, the entries w!’ with I,.J € (1,2,3) automatically vanish implying that
d¢! =0 <= I € (1,2,3). This procedure may be iterated to show that generally the
operators I (gb_lgb‘] ) for I # J are indeed half-BPS. In the present work the operators

under consideration are of the type
O =Tr(¢%¢y), (3.3.58)

where A # 4.
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Chapter 4

Super Form Factors in N = 4 Super
Yang-Mills

In this chapter we present the results of [16]. We expand the analysis of form factors
of half-BPS operators in N/ = 4 super Yang-Mills. In particular, we extend vari-
ous on-shell techniques known for amplitudes to the case of form factors, including
MHYV rules, recursion relations, unitarity and dual MHV rules. As an application,
we present the solution of the recursion relation for split-helicity form factors. We
then consider form factors of the stress-tensor multiplet operator and of its chiral
truncation, and write down supersymmetric Ward identities using chiral as well as
non-chiral superspace formalisms. This allows us to obtain compact formulae for
families of form factors, such as the maximally non-MHV case. Finally we generalise

dual MHV rules in dual momentum space to form factors.
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4.1 Tree-level methods

In this section we will develop and extend tree-level methods for form factors by
generalising the corresponding methods for amplitudes, namely MHV diagrams [4]

and on-shell recursions relations [5,21].

We then proceed to obtain several new results including the NMHV and all split-
helicity cases. We will not present the calculations with both methods for all examples
but wish to stress here that we have made extensive checks to confirm that the results
obtained with either method always agree. The supersymmetrisation of these methods

will be considered in Section 4.

4.1.1 MHYV diagrams

We start with a simple extension of the MHV diagram method [4] to form factors.
We will test this here only in tree-level calculations, but the extension to loop level,

following [77], is straightforward.

Specifically, we will be interested in calculating NMHYV form factors of the simplest
class of operators in N' = 4 SYM, namely the half-BPS operators Tr(¢12¢12). They

take the form

(g7 (p1) - Dr2(pi) -+ D12(ps) - 97 (Pu=1) g~ () [ Tr(P12¢012) ()] 0) (4.1.1)

where all but one of the gluons have positive helicity. The strategy of the calculation
is very simple — we need to augment the set of usual MHV vertices for amplitudes by
including a new family of MHV vertices, obtained by continuing off shell the tree-level

MHYV form factors of the half-BPS operators. The expressions for these quantities
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were derived in [60], and are given by

/d433 e~ g (p1) -+ Pra(pi) -+ - dr2(py) - g7 (0n) | Tr(Pr2612) (2)[0)

=g" 226" Nehe — q) Funy (4.1.2)
k=1
where
.. 2
1
Py = ) (4.1.3)

(12) -~ {n)

Here p,, :== A\ A, are on-shell momenta of the external particles, and ¢ :=>"" _ pm

is the momentum carried by the operator insertion. It was observed in [60] that, since
(4.1.3) is a holomorphic function of the spinor variables, the MHV form factors are

localised on a complex line in twistor space, similarly to the MHV amplitudes [3].

Using localisation as an inspiration, we propose to use an appropriate off-shell
continuation of 4.1.3 as a new vertex to construct the perturbative expansion of
non-MHV form factors of the operator Tr(¢12¢12). The off-shell continuation is the
standard one introduced in [4]. The momentum L of an internal, off-shell particle
is decomposed as L. = [ + z£, where | = Az Ar is an on-shell momentum and
¢ an arbitrary reference null momentum. The off-shell continuation of [4] consists
then in using the spinor A as the spinor variable associated with the internal leg of

momentum L, where

Ladd
Aoa = — £~.

’ (AL, €]

The denominator in the right-hand side of (4.1.4) will be irrelevant for our applications

(4.1.4)

since each MHV diagram is invariant under rescalings of the internal spinor variables.

Hence, we will discard it and simply replace \r, , — Ladéd.
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NMHYV form factors
Using the MHV rules outlined in the previous section, we now present an example of
derivation of an NMHYV form factor. Specifically, the form factor we consider is

Fanny (1g1ps 26150 39— 4gt) i= (d12(p1)d12(p2)g~ (93)g™ (pa)| Tr(h12¢12)(0)0) . (4.1.5)

There are four MHV diagrams contributing to (4.1.5), depicted in Figure 4.1. A

1g 24 2,
P g

Figure 4.1: The four MHV diagrams contributing to the NMHV form factor (4.1.5).

short calculation shows that these are given by the following expressions:

2 1 (llg—palé]

Diagram (a) (€3] [32](41) |(4]q — p1|€] ’

| @) (3|ps + pal€]?
Diagram (b) = (34) 8934 (2|p3 + pal€](4|p2 + ps|&]

, (12) (4] 1
Diagram (c) [43] [3£] (2|ps + pa|€](1|p3 + pal€] ’

1 (13)* (3|ps+ il
s3a1 (34) (41) (1|ps + palé]

We have checked that the sum of all MHV diagrams is independent of the choice of

Diagram (d) = (4.1.6)

the reference spinor €. A particularly convenient choice of € is € = A4, in which case

we get
[24] 1 (Llgl4] | [24)(23)* 1
Exwny (110 26100 395 49+) - = [34] <4|p2+p3|4][[23]<41>+ (34) 8234]
(13)2[14] 1

(41)(34)[43] 5341 (4.1.7)
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It is straightforward to apply this procedure to more general form factors but for
brevity we will not present them here. However, we mention that all results derived
in the next subsection using recursion relations have been compared with formulae

obtained from MHV diagrams finding a perfect match in all cases.

4.1.2 Recursion relations

In this subsection we study the application of recursion relations to the derivation
of tree-level form factors. As a warm-up we will re-derive the NMHV form factor in
(4.1.5) finding agreement with (4.1.7), and then move on to consider more general
cases including split-helicity configurations. Since form factors contain a single oper-
ator insertion, it is clear that every recursive diagram will contain one amplitude and
one form factor as the factorisation properties used in the case of tree-level recursions
for amplitudes also apply to tree-level form factors. This is the only modification
to the on-shell recursion relations of [21]. In Appendix A we discuss the behaviour
of form factors under large complex deformations, and confirm the validity of the
calculations below, i.e. we show that under the shifts used the form factors vanish as

zZ —r OQ.

Let us begin by re-deriving the NMHV form factor (4.1.5). We will use a [34)
shift, namely

§\3 = /N\g + 25\4 s 5\4 = )\4 — Z)\g . (418)

There are two recursive diagrams, depicted in Figure 4.2 below. A short calculation

shows that

242 1 (1]ql4]
[23][34] 5234 (1]g]2] ’
(13)> 1 (3q|2]
(34)(41) 5341 (1]q(2] 7

Diagram (a) =

Diagram (b) (4.1.9)
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so that

= i [ 3 1
= a7 |23 BTy 5, Gl

(4.1.10)

FNMHV(1¢127 2¢127 39_ ) 49+)

It is interesting to note that the 1/(1|q|2] pole is in fact spurious. This can be shown

by using the identities

(1lgpal3) + (Llgp2|3) = (13)s234 ,

[4[ps ql2] + [4lp1ql2] = [42]s3a1 , (4.1.11)

which allow to recast the form factor in the alternative form

1 (14)(23)[24 | [41][32)(13)°

s34 [23](41) 5934 341 a3

FNMHV(1¢12> 2(;5127 3g* ) 4g+) -
(4.1.12)
We have checked that our result (4.1.7) for the form factor derived using MHV dia-

grams, and (4.1.12), obtained using recursion relations, are in agreement.

4t 3~ A4t

1y 24 1,
q (b) [0

Figure 4.2: The two recursive diagrams contributing to the NMHYV form factor (4.1.5).

Recursion relations for the split-helicity form factor

In the previous section we found that the BCF recursion relation for the NMHV form
factor with a [3,4) shift has just two diagrams. This property in fact holds for all
form factors of the form Fye., o, 4(16,24,37,...,¢7,(¢+1)",...,n"), which we call
henceforth split-helicity. As we will show shortly, performing a [¢,q + 1) shift leads

to a general, closed-form solution of the BCFW recursion relations for this special
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class of form factors. Note that all split-helicity gluon scattering amplitudes were

computed in [78] — we construct here a similar solution for form factors.

Each recursive diagram with a [¢, ¢+ 1) shift contains a three-point amplitude and
an (n — 1)-point form factor. We can neatly combine the three-point amplitude and

the propagator in a prefactor to write!

Foonq = [q_1quq+1]Fq73,n—q(1¢72¢,3 ;ooq—1 ,g4+1 ,...,n7%)
<qq+2> _ . —+
<qq+1><61+1q+2>Fq‘2’"“1‘1(1¢’2¢73 N VR IS P

(4.1.13)
where the shifted spinors of the external momenta that appear in the lower-point

form factors are

[q — 1|qu+1
= Whaen 4.1.14
S VES S
e 2
Ao = %qg) (4.1.14b)
(g +2)

with P, = p, + ... + pp. Furthermore, the shifted spinors associated with internal

legs are relabelled as

Pygrilg +1]
A =21 = Aoy = 2R 41.15
Pq_lq (Z Zq 1(1) qg—1 [q _ 1q + 1] Y ( a)
\ 3 (q| Py qt2
)‘qurl a+2 (Z = Zg+1 q+2) — )\q/+\2 = ﬁ , (4.1.15b)

so that the notation remains compatible with subsequent recursions. Crucially, all
lower-point form factors appearing in (4.1.16) are of split-helicity form, so that the
split helicity form factors are closed under recursions. Once we have reduced the
form factor to expressions that involve only MHV and MHV terms, we can insert the

shifted momenta.

IFor the rest of this section we will always assume that the operator O = Tr(¢12¢12) is inserted
and will not mention it explicitly. Although the solution is presented for this particular insertion,

the construction can be generalised to form factors involving other operators.
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It is useful to illustrate the structure of the recursion relations for split-helicity
form factors using a square lattice as in Figure 4.3. Consider for example the form
factor Fy. In this case, the first iteration using equation (4.1.16) relates Fy to the
form factors F5; and F}o, which however are neither MHV nor MHV. The next
iteration leads to an expression involving one 5, two F} ;’s and one Fj 5 evaluated
at some shifted momenta. A final iteration would then allow us to express the answer
in terms of MHV and MHYV form factors alone, or even to reduce everything down
to Fppo. It is also easy to see that this pattern generalises to arbitrary split-helicity
form factors and that each term generated by subsequent recursions corresponds to
a unique path between the form factor and the MHV or MHV edges of the lattice, as

illustrated in Figure 4.3.

Recursion relations for the split-helicity form factor

In the previous section we found that the BCF recursion relation for the NMHV form
factor with a [3,4) shift has just two diagrams. This property in fact holds for all
form factors of the form Fyz., 9, 4(1,24,37,...,¢7,(¢+1)",...,n"), which we call
henceforth split-helicity. As we will show shortly, performing a [¢,q + 1) shift leads
to a general, closed-form solution of the BCFW recursion relations for this special
class of form factors. Note that all split-helicity gluon scattering amplitudes were

computed in [78] — we construct here a similar solution for form factors.

Each recursive diagram with a [g, ¢+ 1) shift contains a three-point amplitude and

an (n — 1)-point form factor. We can neatly combine the three-point amplitude and
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the propagator in a prefactor to write?

Fq*Q’”*q - [q_1quq+1]Fq73,nfq(1¢a2¢>a3 yoosq—1 ,qg+1 ,...,n*)
(g9 +2) ——
@a+ g+ gy ozmmaille2e 3707042 ,mt),
(4.1.16)

where the shifted spinors of the external momenta that appear in the lower-point

form factors are

lq — 1|qu+1
bl Ly Has} 41.1
CTESVESTA L)
B, 2
Ao = %q;) (4.1.17h)
(g +2)

with P, = p, + ... + pp. Furthermore, the shifted spinors associated with internal

legs are relabelled as

Pyg1lg +1]
)\pq_lq(Z:qulq) — )\q/f\l = ﬁm, (4118&)
\ 3 (q| Py
Prrigss (2= Zqriqe2) = A = <qqq+q2>, (4.1.18b)

so that the notation remains compatible with subsequent recursions. Crucially, all
lower-point form factors appearing in (4.1.16) are of split-helicity form, so that the
split helicity form factors are closed under recursions. Once we have reduced the
form factor to expressions that involve only MHV and MHV terms, we can insert the

shifted momenta.

It is useful to illustrate the structure of the recursion relations for split-helicity
form factors using a square lattice as in Figure 4.3. Consider for example the form
factor F5. In this case, the first iteration using equation (4.1.16) relates Fh 5 to the

form factors F5; and F}o, which however are neither MHV nor MHV. The next

2For the rest of this section we will always assume that the operator O = Tr(¢12¢12) is inserted
and will not mention it explicitly. Although the solution is presented for this particular insertion,

the construction can be generalised to form factors involving other operators.
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iteration leads to an expression involving one 5, two F ;’s and one Fj, evaluated
at some shifted momenta. A final iteration would then allow us to express the answer
in terms of MHV and MHYV form factors alone, or even to reduce everything down
to Fpo. It is also easy to see that this pattern generalises to arbitrary split-helicity
form factors and that each term generated by subsequent recursions corresponds to
a unique path between the form factor and the MHV or MHV edges of the lattice, as

illustrated in Figure 4.3.

P /4 4
469& /%9» Fyo $$\Q» @Q»
N X oY 7
Fos Fy, Fyy Fs
NN N/
Foz Fy, Fa
N N/
Fo, Fip
NS
Foo

Figure 4.3: The iterative structure of split-helicity form factors illustrated by a square
lattice. The three coloured paths ending on the MHYV line are in one-to-one correspon-
dence with terms that appear in the iterated recursion of Fso. Similarly there will be

three paths (terms) that end on the MHV line.

In principle, all we need to do to compute a split-helicity form factor is to collect
all prefactors picked up at each step of the recursion process and follow the iterated

momentum shifts along a particular path on the lattice.

Solution for the split-helicity form factor

A very efficient way to organise the recursion is in terms of zig-zag diagrams, like

those introduced in [78] for split-helicity gluon amplitudes. It is natural to split the
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terms of the solution into those corresponding to paths ending on the MHV or MHV

lines, respectively.

Zig-zag diagrams that correspond to recursion terms with an MHV form factor
will be denoted as MHV zig-zags and the ones with an MHV form factor as MHV
zig-zags. Note that we have therefore two types of diagrams, in contrast to the case
of amplitudes in [78]. One can make this separation also for amplitudes as it only
means that we terminate the iterated recursion once we reach an MHV term, instead
of recursing it further down to Fyo (or Ay s for the case of amplitudes). In the path
picture of the previous section, this separation corresponds to the fact that there is
a unique path between any MHV form factor and Fy 0, hence one can replace that
part of the recursion directly with an MHV form factor. Because the MHV zig-zags
defined below are not compatible with two point objects such as Fp o we chose to use
this formalism with two types of diagrams. This has the added advantage that it

makes the parity symmetry of Fj_,,_o form factors manifest.

The MHV zig-zags are parameterised with 2k + 1 labels
2<a <---<apr<q—1 and n>b; > >bp1 > q, k>0,

representing expressions in the following manner

a; a;+1 q_1 q

)
A4

2 NN g
1 DDy D3
n by +1 by by +1 by g+2q+1
while the MHYV zig-zags are parametrised with 2k + 1 labels
2< by < -<b1<q and n>a; >--->ap>q+ 1, k>0,
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representing expressions, similarly shown below

3 b1 l_)1+1 [_)2 l_)g—i—l q—l q

n a +1 a
where Nj o3 and D53 are defined as
Ny = (U Py Pay 11,6 Pay 11,00 Pas 11,65 - Pesr 10)
X (2] Pay1.60 Part 162 Pas15s * +* Paesa [0)°

Ny = (by + 1b1)(ba + 1ba) - - - (bgs1 + 1 bgy1)

N3 = [aya; + 1] -+ - [ag ag + 1]

2

_ 2 2 2 2
Dy = P2,blPa1+1,b1Pa1+1,b2Pa2+1,b2 Pq,bk+1

Dy = Zq,IZQ,qfl

D3 = [2| Py, [b1 + 1) (01| Pay 1,6, [an][ar + 1 Pay1,65]02 + 1) - -+ (brgr | Pypyyr 1q — 1]
(4.1.21a)

N = [g+ 1|Pl;k+1+1,q+17 s Boyi1ay Brytrars oy 1.0, |1)?

X [q + 1‘Pl_)k+1+1,q+17 o Bryt1.a0 Brot1.a1 o100 Foy1.112]
No = [b1 by + 1]+ [bryr b1 + 1]
N3 = {a; +1ay)---{(a, + 1ag)

2
T Pkarl,qul

D, =P? P>  _Pp?

b1+1,1 l_;1+1,a1 52+1,ﬁ1
DQ = Z2,q+1Zq+2,1
D3 = <1|PE1+1,1’61][61 + 1|PI_11+1,5L1 ’dl + 1><&1‘P52+1,&1 |62] s [Bk + 1|Pl_)k+1,q+1‘q + 2>’
(4.1.21b)

with

Zig={(it+1)---(—15),  Zy=[ii+1]---[j—1j]. (4.1.21c)
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The split-helicity form factor is then the sum of all recursion terms, or equivalently

the sum of all possible MHV and MHV zig-zags, which is equal to

N1Ny Ny NN, N
Fyoonqo= —_— _—. 4.1.22
roa= 505 T B, (1122

Notice that for the form factors with equal number of negative and positive helic-
ity gluons, the MHV zig-zags can be obtained from the MHV ones by changing
(2,3,...,9) = (I,n,...,q¢+ 1) and (ij) — [ji].

Let us now explain the precise relation between the zig-zag diagrams and the
paths on the split-helicity form factor lattice. Let a path with r; steps to the right,

[y steps to the left followed by ry steps to the right etc. be represented by
R ... R2["R™, (4.1.23)
Then an MHV zig-zag labelled by {a;, b;} corresponds to the path:
Lo Rz L pes—an—t Rhi—bigi pa—1—ak phi—(a+1)
while an MHYV zig-zag labelled by {a;, b;} corresponds to the path:
Ra1+1L132—131 L Rak—ak_lL6k+1—BkRak—q—1Lq—Bk+1—1 '

Note that if there are no a; indices in the MHV zig-zag diagram we set a; = 1; and if
there are no a; in the MHV zig-zag diagram we set a; = n. All powers in the above

formulae are modulo n.

Examples

Here we present some examples to show that the solution (4.1.22) reproduces the

correct expressions.

MHYV case
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The zig-zag diagrams collapse onto a point between 1 and 2 as there are neither b;
nor a;. Hence, the only contributions are Ny = (12) and Dy = Fy; and

Fuacslo2:3",.m%) = o <3$>2.>' o (4.1.24)

as required. The situation for MHV amplitudes is similar [78]. An equivalent calcu-

lation for the MHV zig-zag gives the MHYV form factor.

NMHYV case

At four points, there is exactly one MHV and one MHV zig-zag, representing one
move to the left and one move to the right. Comparing with equations (4.1.19) and

(4.1.20) one can read off b; = 4 for the MHV zig-zag and b, = 2 for the MHV zig-zag.

Fiq
B AR (g 1
4 B = B2I43] (1q12] 52 (4.1.25)
(3 @) 1 1

(34)(41) (1q|2] s301

Fiy 2
\ -
1

This result is in agreement with the previous section.

In general, for the NMHV form factors, there is one MHV zig-zag corresponding
to the path which proceeds along the NMHYV line until it reaches the MHV edge of
the lattice, and n — 3 MHV zig-zags where the path shifts onto the MHV edge before
it arrives at the MHV edge. The MHV paths and the corresponding zig-zags are

shown in Figure 4.4.
An N?MHV example

As it can be seen from the lattice in Figure 4.3, there are three MHV and three
MHYV terms in the recursion of the six-point split-helicity form factor. These are

listed below, where the subscripts encode the shape of the path as described earlier.
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Figure 4.4: Correspondence of lattice paths and MHV zig-zags for NMHV form fac-

tors.

For example, Fryy, is the term which corresponds to the path that starts with a step
to right and terminates at the MHV edge with two steps to the left. The MHV terms

are:

e by =5 noa:

3
’ ! 25)? 1 [5|Pyll
Frp = 1 g =— 23] [3[4] [4]15]<61> P§5 {2;132:;1:6; (4.1.27a)
§
e by =06, 10 a:
3
Frrp = i ! = 1 1 (1|PasPygl4)[2| Pygl4)?
1 s (45)(56)[23] P2oPls  [2|Pao|1)(6|Pigl3]
§

(4.1.27b)

061:6,1)2:5,&1:2:
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3
P 2 P 1 (1|PysPsPss|5][2| Py Pss|5)2
1 s [BA5] P36 Pig iy [2Pag|1) (6] P s1]2][3] P 5(6)

6

(4.1.27c)

The MHYV terms are:

3
2 4 2
(14) 1 (4|P;4)2]
Frr = = : (4.1.28a)
RR 1@5 (45)(56)(61)[23] PP, (1] Py1|3]
6
3
2 4 2
Foon — _ 1 1 (1| Ps5]5)7[5| P35 P52
1 5 [B4][45](61) PEsPg, (1]Psa[2][3] Py 5(6)
6

(4.1.28b)

3
o oo 1 (41Py Py 1 [1)2(5| P Py.s Py 2]
LR = —
LR 1 5 (45)(56) P3| P3¢ Pig (1| Ps1]2][3|Ps6|1) (6] Pyg|3][4] Psg|6)
6

(4.1.28¢)

We have checked this result against an MHV diagram calculation and both methods

yield the same result.
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4.2 Supersymmetric form factors and Ward iden-
tities

The purpose of this section is to write down supersymmetric Ward identities for
certain appropriately defined form factors of supersymmetric operators. By solving

these Ward identities, we will learn about the structure of these form factors.

To begin, we recall the familiar fact that in A/ = 4 SYM one can efficiently package
all scattering amplitudes with fixed total helicity and fixed number of particles n into
a superamplitude [57], thereby making manifest some of the supersymmetries of the
theory. This object depends on auxiliary fermionic variables 7; 4, one for each particle
i=1,...,n, with A an anti-fundamental SU(4) index. The superamplitude can be
Taylor-expanded in the n variables, with a specific correspondence between powers of
n and particular external states. This correspondence can be read off from the Nair

super-wavefunction [57], which encodes all the annihilation operators of the physical

states,
NANB nanBTc 1 .
O(p,m) = g" (p) +naX (p) + 50" (p) + PV A0 (p) + mmansmag” (p)
(4.2.1)
where (g7 (p),...,¢ (p)) are the annihilation operators of the corresponding states.

In order to select a state with a particular helicity h;, we need to expand the super-

amplitude and pick the term with 2 — 2h; powers of 7;.

This familiar framework becomes richer for form factors. Indeed, one can consider
form factors of bosonic operators — such as Tr(¢pappap) — with an external supersym-
metric state described using the Nair approach, but one can also supersymmetrise

the operator itself, as we shall see in the next section.

A comment on notation — we denote a form factor as (0|®(1)---®(n) O |0) or
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equivalently (1---n|O |0), where |i) := ®T(i)|0) is a Nair superstate, which satisfies

_ o -
(i|P={(ilpi, (i]Q={il\mi, (z’!Q:(z’]a—mAi, (4.2.2)

where the derivative in the last equation acts on the state on its left. We also adopt

the notation (1---n|:= (0|®(1)--- P(n).

4.2.1 Form factor of the chiral stress-tensor multiplet oper-

ator

We now consider the form factor of the chiral supersymmetric operator® 7T (z,0")
considered recently in [11,81]. This operator is the chiral part of the stress-tensor
multiplet operator, T (x,0%) := T (z,6%,0_ = 0,u) and we report here its expression

from [11] for convenience,

T(x,07) = Ta(e™e") +i2v20  Te(\*6*)
+ eg%abengr(W(aAj@ - ¢\/§Faﬁ¢++>
= 05T (NN, — gV2I60C bo o)
— g(m)gaTr(FgA;ﬁ +ig[p P, ([SBC])\C“> - %(9+)4£ . (4.2.3)
Notice that the (67)° component is nothing but the scalar operator Tr(¢™F¢™),

whereas the (f7)* component is the on-shell Lagrangian.

Next we describe how to use supersymmetric Ward identities in order to constrain
form factors, slightly extending the usual procedure for amplitudes. Ward identities

associated with a certain symmetry generator s which leaves the vacuum invariant

3A quick reminder of harmonic superspace [79,80] conventions, following closely [11,81]. We
introduce the harmonic projections of the 2 and éfj superspace coordinates and of the supersym-
metry charges Q%, Q4 as 7% := 04u}?, 6%, = 65u?,, and Q%, = u£,Q%, Q1" == u}*Q4 with

the harmonic SU(4) v and @ normalised as in Section 3 of [11].
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are obtained in a standard way [82-85] by expanding the identity
0 = (0][s, (1) @(n)OJ|0) , (4.2.4)

0 = (019(1) ()5, O[0) + D (0] 2(1)---[s, B(0)] -+ B(n) O0) . (4.25)

For instance, by considering s to be the momentum generator P and using [P, O(x)] =

—10,0(x) as well as the first equation of (4.2.2), we obtain
—i (0|®(1) - - - ®(n) 0,0(x) |0) + (Zpi)(O]CI)(l) - ®(n) O(x)|0) =0 . (4.2.6)

Fourier transforming = to ¢ and integrating by parts one obtains

(a=Y p)F(g:1,...,n) =0, (4.2.7)
where -
F(g;1,...,n) = /d4.:1c e " (1---n|O(x)0) . (4.2.8)
From this it follows that
F(g;1,...,n) = C-6W(qg— ipi) . (4.2.9)
i=1

C can be fixed by further integrating both sides of (4.2.9) with a d*q measure and
using (4.2.8), which leads to C' = (0|®(1)--- ®(n) O(0)]0) = (1---n|O(0)|0) .

Similarly, we now consider Ward identities for the harmonic projections (¢,

a = 1,2, of the QQ-supersymmetry generators. We obtain

0 = (0] @(1) - ®(n)[Qx, T(x,6M)]0) + > (0] ®(1)---[Qx, O(i)] -+ B(n) T(x,6")0) .
i=1
(4.2.10)
We now have to discuss how supersymmetry acts on the chiral part of T (x,0") as

well as on the states.

In general the supersymmetry algebra closes only up to gauge transformations

and equations of motion,* however we consider here gauge-invariant operators such

4We would like to thank Paul Heslop for a useful conversation on these issues.
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as T which, furthermore, are made only of a subset of all fields, namely ¢4, A% and
F,5. It is an important fact that the algebra of the ()-generators closes off shell on
the chiral part of 7 [11], and hence these generators can be realised as differential
operators. Of course, representing the ()-generators in terms of differential operators
is, in general, problematic, because the full supersymmetry algebra closes only on

shell.

Moreover, for the chiral operator 7 (x,0%) we have broken Q~ since we have set
6~ = 0 and hence we do not have a representation for this operator. For the ().-
variation of T (z,6") we have,

9

[Q—a T(:B79+)] = 0, [Q+> T(ZE,¢9+)] = i89+

T(x,0") . (4.2.11)

Note that since we consider the chiral part of the stress-tensor multiplet we have set
6 = 0 and hence we have dropped # dependent terms in the realisation of @ and
Q. Then the first relation is obvious since T (z,67) is independent of #~. This also
makes manifest the fact that all component operators of T (z, %) are annihilated by
Q%, [11]. On the other hand, Q% relates different components of the supermultiplet,

as the second relation in (4.2.11) shows.

We define the super form factor as the super Fourier transform of the matrix
element (1---n|7(z,07)|0), i.e.

Fr(g,ve;1,...,n) = /d4a:' A0t e (0 (1o | T (2,01)[0) ,  (4.2.12)

where 7¢,, is the Fourier-conjugate variable to §¢. Note that there is no v, variable,
since 0, has been set to zero in order to define the chiral part of the stress-tensor

multiplet. The Ward identities (4.2.10) can then be recast as

(kaaz) *’T_:T(qa’%%;la"'?n) =0 )
=1

(D Ainei = 4) Frigy+il,...on) = 0, (4.2.13)

=1
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where we have also introduced

Niay = UigTA, - (4.2.14)

In arriving at (4.2.13) we have used (4.2.11) as well as the second relation in (4.2.2).

Next, we observe that (4.2.13) are solved by

Fr(g,vs:1,...,n) = 6W(q— Z Aidi) 0 (74 — Z N4 oW ( Z n-i\i) R,
. . T w2
for some function R which in principle depends on all bosonic and fermionic variables.
The simplest example is that of the MHV form factor, where the function R has a

particularly simple expression derived in [60], namely

MHV __ 1
RMHV — ) (4.2.16)

Notice that for an N¥MHV form factor, R has fermionic degree 4k.

We can further constrain R by using some of the Q-supersymmetries. More pre-
cisely, an inspection of the supersymmetry transformations of the fields reveals that a
()~ transformation on the chiral part of the stress-tensor multiplet produces operators
which are part of the full stress-tensor multiplet but not of its chiral truncation. Also,
since [Q_, T (x,0%)] = 0 we cannot realise @~ such that its anticommutator with Q_
gives a translation. One could of course still write a Ward identity for Q~, but this

would involve operators of the full multiplet.

On the other hand, the Q-supersymmetry charge moves in the opposite direction
of @ across the different components of T (z,6%), and is therefore realised as QF =

—0+ 299z,

We should stress at this point that the supersymmetry algebra on component
fields closes only up to equations of motion and gauge transformations (the latter

drop out since we consider gauge invariant operators). An important exception is the
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subalgebra formed by the ()’s alone which does close off-shell for the fields appearing
in 7 (xz,0%) [11]. Now we use the fact that matrix elements of terms proportional to
equations of motion vanish at tree level, to argue that for our tree-level form factors
the algebra formed by @, and Q% does close and, therefore, can be realised in the
fashion described above. Thus, we can consider the Q* Ward identity, which gives,
after integrating by parts and using the third relation of (4.2.2),

Z)\

=1

0
Fr(¢,v+;1,...,n) = 0. 4217
(9n+z 7+) (@7 ) (42.17)

Acting on (4.2.15), we obtain the following relation for R,

—i )\zS\z) 5 (’Y+—i n+,i)\i) 5 ( i 777,1')\ Z Nim— 0 ) Rl =0.
i=1 i=1 i=1

— 3n+z Tor,
(4.2.18)

Notice that (4.2.18) implies a realisation of the supersymmetry generators on the

form factor as

Ga = Z/\?ma,i — 7%a 2. = E ANiN—asi s (4.2.19)
i=1 i=1
whereas for Q1
_ n - 3 a
ta E Nof—— .
& - 1,0 Qaa . (4220)
i=1 877+a,z‘ 8’Ya +a

4.2.2 Examples

In the previous section we have derived the general form of the supersymmetric form
factor defined in (4.2.12). This expression is given in (4.2.15), and was obtained by
solving Ward identities related to translations and ()i -supersymmetries. The use of
Q™ supersymmetry led to the constraint (4.2.18) on the function R. For the sake of
illustration, we now present a few examples of component form factors derived from

(4.2.15).
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Form factor of Tr(¢™¢tH)

Our first example is the form factor of Tr(¢™ ¢ ™), which appears as the (67)°-term

in the expansion of 7 (z,0%) in (4.2.3). In this case, since

/ Aot e e = (), (4.2.21)
we need to extract the (v, )* component of (4.2.15). This gives
/d495 e (1 n|Tr(¢* ") (2)0) = 5(4)@ - z”: )\i:\i) 5(4)(zn:77—a,i/\?) R,
- - (4.2.22)

or
(1-+-n|Tr(¢™ o )(0)[0) = 69 () n_aid!) R (4.2.23)
i=1
Notice that with the help of (4.2.23) we can rewrite the supersymmetric form factor
‘FT(q77+; 17' ‘. 7n) as
F’T(Qa Y+5 17 s ,TL) = 5(4)(q - Z )\15\1) 5(4) (7+ - Zﬁﬁz&) <1 T n’T(Oa O)’O> )
i=1 i=1
(4.2.24)
since 7(0,0) := Tr(¢"T¢™7)(0). In other words, the function R appearing in the
T (x,0") form factor can be calculated from the form factor of its lowest compo-

nent® Tr(¢™¢)(0). Similar considerations apply to form factors of other half BPS

operators such as Tr(¢™ )™ with n > 2.

Form factor of the on-shell Lagrangian

As a second important example, we now consider the form factor for the on-shell

Lagrangian, whose expression is [11]

£L="T —%FagF“M\/igA“A[mB,Af] —%gQ[d)A%CDMmB,%D] - (4.2.25)

®One could arrive at (4.2.24) in a much more straightforward way by noticing that 7 (z,01¢) =
exp(iPz) exp(iQ%,01%)T(0,0) exp(—iPx) exp(—iQ%,04*) and using the invariance of the vacuum

under supersymmetry and translations.
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Notice that it contains the self-dual part of Tr(£?). The on-shell Lagrangian appears
as the (67)* coefficient of the expansion of 7 (z,6") in (4.2.3). The corresponding
Fourier transform gives

/ 40t e 0 (9T = 1, (4.2.26)

i.e. we have to take the O(7°) component of (4.2.15). This is simply
(1---nlL(0)]0) = 6® (D m\) - R. (4.2.27)
i=1

It is interesting to note that for an MHV form factor, (4.2.27) is formally identi-
cal to the tree-level MHV superamplitude, except for a delta function of momentum
conservation which now imposes ) . p; = ¢ rather than the usual momentum con-
servation of the particles. This allows us to make an interesting observation for the
limit ¢ — 0 in which this form factor reduces simply to the correspond scattering
amplitude. Actually, it turns out that any form factor with the on-shell Lagrangian
L inserted reduces to the corresponding scattering amplitude in the ¢ — 0 limit,
since the insertion of the action corresponds to differentiating the path-integral for

the amplitude with respect to the coupling [86-88].

Another observation is that for the case of a gluonic state with MHV helicity
configuration, (4.2.27) agrees with the Higgs plus multi-gluon or “¢-MHV” amplitude
considered in [89]. Indeed, if we have a gluonic state, we can effectively replace the on-

shell Lagrangian (4.2.25) with its first term, the square of the self-dual field strength.

Why is the maximally non-MHYV form factor so simple?

The simplest tree-level form factor is the MHV form factor, e.g.

(IF2F i e jm oo (n— 1) 0| Te(F2,)(0)|0) = <12><2§:>j_>__<n oo 4229)

Interestingly, there are non-MHYV form factors whose expression is also remarkably

simple. Consider for example that of the self-dual field strength with an all negative-
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helicity gluons state — we refer to this as the “maximally non-MHV” form factor. The
result for this quantity is [89]
4

(170~ Te(FZ)(0)0) = T3 ?f’][n iR (4.2.29)

In the following we wish to show that the simplicity of (4.2.29) is determined by the
supersymmetric Ward identity discussed earlier, and is linked to that of the MHV

super form factor (4.2.16).

Recall from (4.2.24) that the super form factor of the chiral part of the stress-

tensor multiplet 7 (z,6") has the form

= 6W(q Z/\ ) ZU—H ) Foe s (4.2.30)

where
Fgo = (1---n|Tr(¢T ¢t (0) [0) = 6@ Zn i) (4.2.31)

For the MHV helicity configuration, the function RMHV is given in (4.2.16),

FMHV _ 0 (3 1-ii) ' (4.2.32)

(12) - - (n1)

We can now use this fact and perform a Grassmann Fourier transform in order to

derive the maximally non-MHV super form factor,

FNPSMHV i, AT 5(4)(2? 17 )‘)
H/d ] (4.2.33)

Thus, the maximally non-MHYV super form factor for the chiral part of the stress-

tensor multiplet is
FRMIV = 50 (g =N TAN) 6@ (v = ) meah) FRMY L (4.2.34)
— —

We now focus on the component corresponding to the self-dual field strength, which
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can be obtained from the coefficient of (y;)°. This is given by®

- T 00 (S N
5(4)(;7””Ai) 11/ P G

= W Zn: N+,iNi) i3] 2ctlkl]

— [12] - - - [n1] 771'-77?'-77?--772..77?.,17;11
S i i) S (RO
[12] - - - [n1] NNy
- mﬁ e (4.2.35)

Equation (4.2.35) shows that there is a non-vanishing maximally non-MHV form

factor for the self-dual field strength, whose expression is precisely given by (4.2.29).

4.2.3 Form factor of the complete stress-tensor multiplet

In this section we consider the form factor of the the full, non-chiral stress-tensor

multiplet T (z,0%,0_). We can write this as’

T(x,0%,6.) = Te(W W)
0T QuHif-Q Te(¢ ) (2) o0 Qr—if-Q™ (4.2.36)

= Tr(ptT ")+ (0L (0) L+ (070"0_) (00" 0 )Ty +-- -,

where we have indicated only some terms of the full multiplet.

The right-hand side of (4.2.36) is an expansion in the chiral as well as anti-chiral
variables #* and 6_. We can parallel this feature in the states by using a non-chiral

description as in [90] with fermionic variables n, and 7~. With this choice, the

6In the following equation we omit a trivial delta function of momentum conservation.

"Notice that the second equality is true only up to equations of motion because the non-chiral
algebra closes only on shell. In the following we will work at tree level and hence this point will not

affect our considerations.

114



supersymmetry algebra is realised on states as

0
(11Q = (il s (i1Q- = (ilAige=
1;
~ ~ = ~ 0
(G107 = (il QT = (A — (4237)
N+

This non-chiral representation can be obtained via a simple Fourier transform of half
of the chiral superspace variables. In terms of the Nair description of states, this

amounts to introducing a new super wavefunction,

Bpnei) = [dn T e (42:38)
= g0+ T )P 0T+ g () ()
As a result, operators and superstates live in a non-chiral superspace. The non-chiral

form factor in this representation is defined as

F(q, 74,7 ;1,...,n) = /d% AT d*0_ eI AT (1 T (2, 6, 0.)]0) .
(4.2.39)
In order to write down Ward identities for (4.2.39), we consider the action of super-

symmetry generators on the operator 7 (x,07,0_):

QT 07,0.)) = -0 T(w,0%,0.) (@ T(w,0%0.)] = —0 - T(a,0%,0.)

00+ Ox
@ T 070.0] = ——=T(e, 07,0, [QFT(e,0%0)] = 07 2 T(w,0%0.)

(4.2.40)

Following closely the derivation of the Ward identities described in the previous sec-

tion, we arrive at the following relations for each supersymmetry generator,

0 0
Q4 (M4 A —74)F =0, Q- : <QW—>\({)7}T>}—:07 (4.2.41)
_ - - 0 0
T A= )F = * — — A = 4.2.42
@ @A=TIF=0, @7 (ag -y o) F=0, (1242)

and hence the form factor in (4.2.39) takes the form
F=0D(g=Y AN) 8y = D omead) 09 (77 =D i A) Fis L (4.2.43)
i=1 i=1 i=1
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for some function (25

A useful observation is that Fj5 can be obtained from the corresponding function
introduced in (4.2.30) for the chiral form factor via a half-Fourier transform on the 7

and 7) variables, as
FENAne,i7) = H/d277—,i e Fua (A A ne,m-) (4.2.44)

In the remaining part of this section we would like to show a few applications of this

formulation.

To begin with, we specialise to the MHV case, for which we have

n o 5(‘9(2:@ - .)\‘)
MHV, nc | | 2 _ 4N i=1 527N
/A 5 ? J— d 4 m 71771
i=1 / et (12) -+ (nl)

n

% H (772_)2 NI (4.2.45)

i#k,l
The MHV form factor of Tr(¢*)? is then obtained by extracting the coefficient of
(7:)*(77)* in (4.2.43), and thus it is immediately seen to give the correct answer. The
form factor with an insertion of the chiral Lagrangian £ (which includes Tr(FZp)) is
obtained by taking the coefficient of (v4)°(57)*:

J-“%HV = ZTHz ]:MHV = (12 ><kl> <77+ k77+l H n ) + -0 (4.2.46)
i#k,l

as expected. Finally, in order to obtain the form factor with £ (which includes

Tr(Figp)), we extract the coefficient of (v, )*(57)°:

MHV e MHV D il >[Z]Zk<l -
I B | (U

- ﬁ [Tz, (4.2.47)

which is indeed also correct.
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4.3 Supersymmetric methods

In this section we take a brief survey of various methods that can be used to calculate
form factors of the complete stress-tensor multiplet, at tree and loop level. These are
simple but interesting extensions of well-known techniques for scattering amplitudes
— MHV diagrams [4], on-shell recursion relations [5,21] and (generalised) unitarity
[2,24,91,92] — thus we will limit ourselves to highlighting the peculiarities we encounter
when dealing with form factors. The non-supersymmetric versions of these methods

have been considered earlier in Section 2 and in [60].

A preliminary observation is that the form factor of the complete stress-tensor
multiplet operator T (z, 07, 5_) can be expressed in terms of that of its lowest bosonic

component Tr(¢TT¢*T), as we have shown in (4.2.43), namely

F= 5(4)((] - Z >\i5\i) o (% - Zm,z’)\z‘) oW (’T - Zﬁ;j\i) o (43.1)
i=1 =1 i=1

where Fj5 = (L---n|Tr(¢"F¢*7)(0)|0) and the superstate (1---n| is here in the
non-chiral representation. One can then switch instantly to the chiral representation
via a half-Fourier transform from the 1~ to the n; variables. Hence, we only need to
devise methods to calculate the form factor (1---n|Tr(¢™+t¢*)(0)|0) using a chiral

representation for the external state. This is the problem we address in the following.®

4.3.1 Supersymmetric MHYV rules

We begin with a lightning illustration of super MHV rules. Here, the super MHV

form factor,

MHY 0 = 3 AA) S (S A, -)
P2,y mig) = (12)(23)--(n 1) ’

(4.3.2)

8To simplify our notation, we will drop from now on the subscript in Fg2.
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is continued off shell with the standard prescription (4.1.4) of [4], and used as a
vertex in addition to the standard MHV vertices. Form factors have a single operator
insertion, hence we only draw diagrams with a single form factor MHV vertex. As
an example, consider the NMHV tree-level super form factor. It can be computed by
summing over all diagrams in Figure 4.5(a), whose expression is

n 1+n—2

0 0)
fl&ll\)ﬁHV Z Z /d4 ij /d477P M%{V( s Jy Pij) P2 fl&de(J*’l i—1,=Py;q)
i=1 j=i+1
n i+n—2 J
—14)(j j+1)
= 5<4>< P k A)4.3.3
REAPY IR, 06 A T CRNOLCLID RS

We have also calculated tree-level N2MHV super form factor up to six points and
checked that the results are all independent of the choice of reference spinor. We
have also re-derived the split-helicity form factors, and checked numerical agreement

with the results presented in Section 4.1.2.

As an additional example, consider the one-loop MHV super form factor. Follow-
ing [77], this can be computed by summing over all diagrams in Figure 4.5(b), and is
given by

n itn—1

_ Z S /dDL1 iPL, /d4n /d4n @3
MHV pr L? +ie L3 +ie L L e

Agggv< oGy Ly Do) Fh (= Lo, =Ly, j+1,...i—1;q) .

i

Figure 4.5: (a) MHYV diagram for a tree-level NMHYV form factor. (b) MHV diagram

for a one-loop MHV form factor.
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Finally, we note that the MHV vertex expansion may be proved at tree level along
the lines of [93], namely by using a BCFW recursion relation with an all-line shift

and showing that this is identical to the MHV diagram expansion.

4.3.2 Supersymmetric recursion relations

Now we consider a simple extension of the supersymmetric version [94,95] of the
BCFW recursion relation [5,21]. We choose to work with an [i, 7) shift, \; — X+ 2,
Aj = Aj — 2N, m; — m; + zn;. Factorisation requires that each term in the recursion
relation must contain one form factor and one amplitude. Hence, for each kinematic
channel we need to sum over two diagrams, with the form factor appearing either on
the left-hand or right-hand side, see Figure 4.6. The result one obtains by summing

over these two classes of diagrams has the form

Z/d4pd4 PFL Zab)P2 AR(Z Zab)
ab

1
+ Z/d4pd47]pAL(Z:ZCd)

77 Fr(z=2cq) - (4.3.5)
cd

One point deserves a special attention, namely the large-z behaviour of the form

Figure 4.6: The two recursive diagrams discussed in the text.

factor. Recall that in order to have a recursion relation without boundary terms
we need F(...p;,...,p;,...) = 0 as z = oco. We discuss this important point in
Appendix B, where we prove that the condition mentioned above is indeed satisfied.
We would also like to point out that the basic seeds in the form factor recursion

relation are the two-point form factor, together with the three-point amplitudes.
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4.3.3 Supersymmetric unitarity-based method

Supersymmetric generalised unitarity, as well as supersymmetric MHV rules, are
easily applied to form factors. Consider for example a two-particle cut, depicted in
Figure 4.7. On one side of the cut we have a tree-level form factor, on the other a tree
scattering amplitude. For the case of a one-loop supersymmetric MHV form factor,

the two-particle cut is equal to

Flhy _ /dLIPs (1o, 1s; P /d“ml /d4m2 (4.3.6)

Sa+1,b—1—CuUb
FMHV( 12, ll,b,. , a; q)AMHV(ll,lg,(a—i- ) (b— ].))
where the Lorentz-invariant phase-space measure is
dLIPS(ly,lo; P) = dPl, dP1, 61 (13)0T (13)67 (I, + 1y + P) . (4.3.7)

The sum over all possible states which can propagate in the loop is automatically

Pa+1
Pa+2

Pyr—1

Figure 4.7: A two-particle cut diagram for a one-loop form factor.

performed by the fermionic integration. A simple calculation gives

JT-‘MHV Sa41,b—1—cut FMHV ( b2 a+1 b= 1) <CL l2><l2 a—+ 1> <b —1 l1><l1 b> ’
(4.3.8)

which reproduces the result derived in [60] using component form factors and ampli-

tudes.

120



It was shown in [96] that the expectation value of supersymmetric Wilson loops
in momentum twistor space generates all planar amplitudes in NV = 4 SYM, and
dual MHV rules in momentum twistor space were proposed in [97]. Inspired by
these results, dual MHV rules directly formulated in dual momentum space were
introduced in [98]. In these rules a lightlike closed polygon formed by linking the
on-shell momenta of the external particles following their colour ordering plays an
important role. Note that the same polygon appears in the amplitude/Wilson loop
duality [9,10,99].

In this section we extend these rules to the calculation of form factors of the special
operator considered in previous sections, namely the chiral part of the stress-tensor
multiplet operator. It turns out that the rules for the amplitude have to be modified
only slightly. More precisely, there are no new vertices to be introduced, and we only
have to modify (super)momentum conservation of the particles in order to account
for the (super)momentum injected by the operator. In the dual momentum picture,

this implies the breaking of the closed null contour describing the particle’s momenta.

The vertices of this open polygon in dual supermomentum space are labelled by

(z;,0;) [8], with®
Ti = Tjp1 =P = >\i5\i ) ©; — O == \in; (4-3-9)
with
T — Tiypn = Zn:pj =q, O; —Oitn = Zn: Ay =17, (4.3.10)
j=1 j=1

where ¢ () is the (super)momentum carried by the operator. Note that in the
previous equation we have effectively injected the (super)momentum of the operator

between on-shell states labelled by ¢+ — 1 and ¢ and this is where the breaking of

9Tn order to avoid confusion with the variables 6’s introduced in earlier sections, we denote by ©

the variables living in dual super momentum space.
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the polygon occurs. For each diagram an appropriate choice for the location of the
breaking will have to be made. Furthermore, in this section we consider the chiral
operator 7 (z,0") for which v~ = 0, and hence ©;_ — 0,;,._ = 0. For amplitudes
we have of course ¢ = 0 and v = 0 which would bring us back to a closed lightlike

polygon.

In practice it is useful to convert the open polygon for form factors into a periodic
configuration in dual momentum space with period ¢ () in the bosonic (fermionic)
direction as in Figure 4.8. This is partially motivated by a duality observed at strong
coupling in [63,100] where form factors are related to the area of minimal surfaces
ending on an infinite periodic sequence of null segments at the boundary of AdS.
In [60] an attempt was made to map this geometric picture to weak coupling, in a

way similar to the amplitude/Wilson loop duality [10,99].

T Ty T7 210

Figure 4.8: The kinematic configuration in dual momentum space used to calculate

three-point form factors using dual MHV rules.

The emergence of a periodic configuration is also natural from a field-theoretic
point of view once one takes into account that the operator insertion is a colour
singlet, and hence does not interfere with the colour ordering of the external state. In
other words, the (super)momentum carried by the operator can be inserted between
any pair of particle momenta without spoiling the ordering. Precisely by resorting to

a periodic configuration we can account for this property, as Figure 4.8 clearly shows.

One can also consider this periodic kinematic configuration in momentum twistor
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space [101], as shown in Figure 4.9, with space-time points being mapped to lines in

twistor space: (z;,0;) ~ Z;_1 N\ Z;, where

Z; = ()\m Vi, Xi) ) Vi = TiNi = Tig1Ni , Xi = O\ = @i+1/\i . (4‘3'11)

Figure 4.9: The same kinematic configuration presented in Figure 4.8, in terms of

momentum twistor space variables.

4.3.4 Examples

In this section we want to explain the dual MHV rules by discussing a number of
simple examples of tree-level and one-loop form factors. The dual MHV rules in dual
momentum space for N' = 4 amplitudes are summarised for the reader’s convenience

in Appendix B, and we refer to [98] for full details.

The first example is that of an NMHV three-point form factor. The corresponding
diagrams are shown in Figure 4.10, and are in one-to-one correspondence with three
conventional MHV diagrams, depicted in Figure 4.11. Notice that the three diagrams

in Figure 4.10 can be obtained by selecting the appropriate period in Figure 4.8.

Figure 4.10: Dual MHYV diagrams for the three-point tree NMHV form factor.
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Figure 4.11: Corresponding MHV diagrams for the three-point tree NMHYV form fac-

tor.

The extension to n-point NMHV form factors is immediate — we consider all
dual MHV diagrams where one propagator connects two external vertices within one
period. The final result is given by summing over all translationally inequivalent

diagrams as

n 14+n—1

(i—11) (7—1j) 1 / 1 c0l8
Fuy = F, ~— ' 0" (Cignij +©35)
NMHV MHv;]Z;z i—1 Lig)(lij 1) (G—1 Li)(lij ) @7 J i J
(4.3.12)
where the spinor |¢;;) associated to the internal leg is defined as
|lig) == laijl€] (4.3.13)

and where || is an arbitrary reference spinor. Notice that the particle labels of spinor
variables ¢ and ¢ + n are identified in this expression. Importantly, the fact that
we are calculating a form factor rather than an amplitude — and the corresponding
dependence on ¢ and 7 — is completely encoded in the periodic kinematic configuration
as defined earlier. Furthermore, we observe that every diagram in the sum corresponds

to a particular period (see Figures 4.10 and 4.11).

Notice that diagrams where a propagator connects two adjacent points give a
vanishing result, and therefore are not included in the summation. On the other hand,
diagrams where a propagator connects two points separated by exactly one period
or more are non-vanishing, and have to be excluded since there is no corresponding
conventional MHV diagram. For instance, among the three-point diagrams in Figure

4.10 we do not include the diagram with a propagator connecting points x; and zy.
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This is an example of a more general fact: diagrams where a single propagator connects
points x; and x; with |i— j| > n have to be discarded. This applies to any loop order.
The reason for this rule is that there are no corresponding supersymmetric MHV

diagrams.

As an aside we mention that (4.3.12) can also be written in terms of momentum

twistor variables as

n i+n—1
Fomy = Aty 2 Y i=1d,5-1,4] (4.3.14)
i=1 j=i+2

where Z, is the reference momentum twistor, chosen as
Z,=1(0,¢0), (4.3.15)

and [*,7—1,4,7—1, j] is defined in Appendix B.

The case of one-loop MHV form factors is similar to the tree-level NMHV case.

The n-point one-loop MHV form factor is given by

n i+n—1 . .
m o (i—14) (=13 131
]:MHV ]:MHV / rd°O; Z Z 2_1 gﬂ " z> <j—1 glj><€” j> ( 3. 6)

i=1 j=i+1

1 1

1
T d*n;; 0°B(Cimir + ©; —/d4 08 + O,
(Cirlr;)(Crjlir) x5 / O b ¥ I>$%j g O g + O)

(0) d4 dS - <Z—1 Z) 1
* fMHV/ %180 221 (i—1 Lip)Lip Lir)(lir 1) Lirlivnr) Limnrlir)

1
5 / d'nir B (Cimir + ©i1)— / A" Nitnr O (LisniMisns + Osnr)
i1 il

/d4$[/d8@]/54(1'1/1 — xim>5o|8(@p[ — @“_m) .

Notice that we have treated a special class of diagrams differently, corresponding to
the last three lines in (4.3.16). These are diagrams where the two propagators have
momenta x;; and Z;,;. An example of such a diagram in the case of a three-point

form factor is shown in Figure 4.12.
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Figure 4.12: A special diagram with two propagators with momenta x;; and Tiypnr. In
the dual MHYV diagram there are two propagators with momenta x1; and x47, and two

vertices, x1 and xy. Such diagrams correspond to the last three lines of (4.3.16).

The three-point dual MHV diagrams at one loop are shown in Figure 4.13. The
diagrams in Figure 4.13 (g)-(i) are of the special class described earlier in Figure

4.12. Note that in the case of loop diagrams we also have to include diagrams where

Figure 4.13: Dual MHYV diagrams for the three-point MHV form factor at one loop.

two adjacent points or two points separated by exactly one period are connected by
two or more propagators (see Figure 4.13 diagrams (a)-(c) and (g)-(i) respectively).
We should also stress that all diagrams where two points z; and z; with |i — j| >
n are connected must be discarded. Generalisations to non-MHV form factors are

straightforward.
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Finally we compare the dual MHV diagrams with the periodic Wilson line dia-
grams studied in [60]. We can see that an identical truncation was necessary in order
to obtain the correct result: in a single MHV diagram the external vertices which are
connected to propagators must reside within one period, and the whole form factor

is obtained by summing over all translationally inequivalent diagrams.

4.3.5 Higher-loop diagrams

At higher loops, the situation becomes more involved. To illustrate the main novelty

we consider the two-point MHV form factor at two loops.*’

As prototypical examples, we consider two particular diagrams, depicted in Fig-
ures 4.14 and 4.15. In the first diagram, the form factor MHV vertex is inserted in
the exterior part of the diagram, whereas in the second situation it is inserted in the
interior. On the right-hand side of each figure we also draw the corresponding dual
MHYV diagram. Let us start with the first, simpler situation. There is no subtlety in
defining the internal region momenta x; and x;. The momenta in the propagators
in the outer loop are xo7, x3; and x1y, and it is straightforward to write down the
two-loop dual MHV integrand. In the notation of Appendix B, there are two internal
vertices, two external vertices at x; and x5 (with z; being a two-point vertex) and

four propagators, as shown by dark bullets and dark wavy lines in Figure 4.14 (b).

Consider now the second, more subtle situation drawn in Figure 4.15. In order

to assign region momenta consistently to all regions in this diagram, we need to

OTncidentally, we recall that while at one loop it has been proved that (four-dimensional) MHV
diagrams reproduce complete amplitudes [102], there is no such statement at two loops and beyond.
However, MHV diagrams at two loops and beyond can be used effectively to compute unregulated
integrands of amplitudes (and form factors, as demonstrated here) which have recently attracted

great interest in their own right [103].
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(a) (b)

Figure 4.14: (a) First MHV diagram for a two-loop, two-point MHV form factor. (b)

The corresponding dual MHV diagram.

introduce an additional loop momentum z;; such that x; — z; = ¢, in exactly the
same way as r; — x3 = ¢. Similarly, one can also introduce x;» such that zp —z; = q.

The dual MHV diagram is shown in Figure 4.15(b).

Figure 4.15: (a) Second MHYV diagram for a two-loop, two-point MHV form factor.
(b) The corresponding dual MHV diagram.

As before, we consider only translationally inequivalent diagrams within one pe-
riod. Each such diagram will have two one-point external vertices, two three-point

internal vertices and four propagators, as shown by dark bullets and dark wavy lines
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in Figure 4.15(b). The expression of this dual MHV diagram is then

1 1
d*z;d%O /d4x d®e
/ T Ul ) (Ol brple) )7 {0 l) (Eprlar) (Crl )
(12) (21)
4.3.17
(Llor)(lar2) (201 1) (1 41) ( )
1 1
5 d47712 50|8(5127712 + 912)7 /d477J1 50|8(€J177J1 + @Jl)
P T
1 1
—— [d*n1s "B lrmis + O15)— /d4771J’ 8B (Crymry + Oy
L1y L1y

/d4351/d8@]/54(33]]/ + 3313)50‘8(911/ + @13) /d4led8@J/54($JJ/ — $13)50|8(@JJ/ — @13) .

Notice in the last line of (4.3.17) the delta functions which enforce the periodicity
of the super region momenta z; and x,. One can check that (4.3.17) is indeed

equivalent to the result of the conventional MHV diagram in Figure 4.15(a).

Figure 4.16: (a) Cylinder picture for the MHV diagram in Figure 4.14. (b) Cylinder

picture for the MHV diagram in Figure 4.15. The period of the cylinder is q.

The dual MHV rules for form factors described above can be understood more
naturally if we put the periodic configuration on a cylinder of period ¢, see Figure 4.16.
In particular, Figure 4.16(b) corresponds to the MHV diagram in Figure 4.15. The
two coloured propagators connecting x; and x; form a loop with winding momentum
q, which exactly correspond to the coloured lines in the MHV diagram in Figure
4.15(a). We would like to stress a general feature of the rules we have described
before, namely that no single propagator can stretch for one or more than one period

around the cylinder.
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The dual MHYV rules can be applied to generic form factors. As in the case of

amplitudes, in order to calculate an N*MHV form factor at L loops, we need to sum

over all allowed diagrams with
#(internal vertices) = L | #(propagators) = k + 2L . (4.3.18)

It would be very interesting to map the dual MHV rules described here to a dual

Wilson line picture for form factors. We leave this question for future work.

130



Chapter 5

The Sudakov Form Factor in

ABJM

This chapter summarises the results of [17] regarding the computation of the two-
loop Sudakov form factor in three-dimensional N = 6 superconformal Chern-Simons
theory via generalised unitarity. As an intermediate step, we derive the non-planar
part of the one-loop four-point amplitude in terms of box integrals. Our result for
the Sudakov form factor is given by a single non-planar tensor integral with uniform
degree of transcendentality, and is in agreement with the known infrared divergences
of two-loop amplitudes in ABJM theory. We also discuss a number of interesting

properties satisfied by related three-dimensional integral functions.
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5.1 The complete one-loop amplitude

5.1.1 Results

In this section we present our result for the complete four-point amplitude at one loop
in ABJM. As mentioned earlier, this amplitude will be needed in order to construct
the two-particle cuts of the two-loop form factor. The one-loop four-point amplitude

is given by the sum of a planar and non-planar contribution®:

ANT,2,3,4) = AD(1,2,3,4) + AU(T,2,3,4) (5.1.1)

AW(L,2,3,4) =i N AO(1, 2,3, 4) J(1,2,3,4)<[1,2,3,4} +[1,4,3, 2]) . (5.1.2)

- (1(2,3,4, 1) — I(1,3,4, 2))[1,4][3, 2]] .
(5.1.3)

Note that the double-trace structure [1, 2] is
[1,2] = 6142 . (5.1.4)

The complete one-loop amplitude can also be written in the following way,

(98]

AW (
AO)(

(98]

1 ; :i; :z{m, 2,3,4) [N([l, 2,3,4] 4 [1,4,3,2]) — 2[1,2][3,4] — 2[1,4][3, 2]]

+2 [1(4, 2,3,1)[1,2][3,4] — I(1,3,4,2)[1, 4][3, 2]} } (5.1.5)

'We work here in ABJM rather than ABJ, so there is the one gauge group rank N.
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5.1.2 Symmetry properties of the one-loop amplitude

Before discussing the derivation of (5.1.1), it is instructive to prove that AS) and
-’41(\%1)3 are antisymmetric under the swap 1 <+ 3. In order to show this one needs to

use (3.3.43) and the following relations satisfied by the one-loop box (3.3.19):
I(a,b,c,d) = —I(b,c,d,a), I(a,b,c,d) = —1(c,b,a,d) . (5.1.6)

These relations state that by cyclically shifting the labels of the external legs of the
box function 3.3.19 by one unit one picks a minus sign; and similarly if one swaps two
non-adjacent legs. Both relations are straightforward to prove using the definition

3.3.19 of the box function. One then finds,

1(3,2,1,4) — I(4,2,1,3) = 1(2,3,4,1) — I(1,3,4,2) ,

1(2,1,4,3) — I(3,1,4,2) = I(1,2,3,4) — I(4,2,3,1) . (5.1.7)

Using (5.1.7) we get

AG(1,2,3,4) = —AG(3,2,1,4) . (5.1.8)

Notice the presence of a minus sign between the two non-planar colour structure

[1,2][3,4] and [1, 4][3, 2] appearing in the non-planar one-loop amplitude (5.1.3).

5.1.3 Derivation of the complete one-loop amplitude from

cuts

We now briefly outline the strategy for the derivation of the complete one-loop ampli-
tude (5.1.1), which is very similar to that in N' =4 SYM, see for example [104]. We

consider the two-particle cuts of the complete one-loop amplitude, which are obtained
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by merging two tree-level amplitudes summed over all possible colour structures and
internal particle species. We will see that each cut can be re-expressed in terms of
cuts of sums of box functions. The sum over internal species is (partially) performed
via an integration over the Grassmann variables 7,, and 7, associated to the cut
momenta. If one of the particles crossing is bosonic and the other is fermionic we also
have to add to this the same expression with ¢, <+ ¢5 — this is necessary only for the

s- and t-cuts. For instance, the s-cut integrand of the one-loop amplitude is?

_ _ 1 ~ _ _ ~ _ _
"4(1)(17 2a 37 4)|S—Cut = 5 /d377£1d377£2 A(O)(la 2a _627 _gl) X A(O)<3’ 47 €1> 62) +€1 <~ €2 .
(5.1.9)
The one-loop amplitude has cuts in the s-, t- and u-channels, for which we find the

following integrands:

ADT,2,3 4)[sews = = AD(1,2,3,4) ¢, 8121(1,2,3,4) [s—cut ,  (5.1.10)

A(l)(ia 27 37 4) ‘tfcut = A(O)(

=1

27 37 4) Ct 823[<17 27 37 4)‘tfcut )

'/2{(1)(17 27 37 4)‘ufcut =

1
2
1
2
%A(O)(Tv 27 37 4) Cy, 8131(37 17 27 4>’ufcut )

where the colour factors cs, ¢, ¢, are

¢y = N[1,2,3,4] + N[1,4,3,2] — 2[1,2][3,4] ,

¢ = N[1,2,3,4] + N[1,4,3,2] — 2[1,4][3,2],

co = 2[1,2][3,4] — 2[1,4][3,2], (5.1.11)
and we recall that by A®(1,2,3,4) we denote the colour-ordered four-point ampli-

tude. Furthermore, we indicate by Supl(a, b, c,d)|s,,—cut, the sqg-cut of the one-loop

box function I(a,b,c,d) in (3.3.19), symmetrised in the cut loop momenta ¢, and /s,

For convenience we include here a factor of 3 in the definition of the (symmetrised) cuts. In
practice it means that we take the average of the two contributions in the s- and ¢-cuts, and multiply

the u-cut with a symmetry factor as two identical (super)particles cross the cut.
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which are defined such that ¢; + ¢ = p, + ps,

sTr(lyp1ps)

‘512[(17 2, 374)‘87cut = (51 — p1>2(€1 +p4)2 + 4y <> Ly,
(—=t)Tr(l1pipa)
Sa31(1,2,3,4)|t—cut = G —p)2 (b + po)? + 0y > Uy,
_ uTr(lapsps)
813]<3, 1,2, 4)|u—cut = 4+l > Ly (5112)

(l2 — p3)?(Co + pa)?
We should stress here that despite the simplified notation the cut momenta ¢; and
{5 are different for the three distinct channels under considerations. For instance,
U145 = p1+ ps for the s-cut, while /1 + ¢35 = py + p3 in the t-cut and ¢1 + ¢y = p1 +p3
in the u-cut. Recall that the symmetrisation in the cut momenta in the s- and t-
channel coefficients originates from summing over all possible particle species that
can propagate on the cut legs, while in the u cut there is a single configuration

allowed, and the result turns out to be automatically symmetric in ¢; and /5.

Next we merge the cuts into box functions. For the planar structures [1, 2, 3, 4] and
[1,4,3,2] this is immediate as the only function consistent with the s- and t-cuts in
5.1.10 and vanishing u-cut is 1(1,2,3,4). Hence, the corresponding planar amplitude
is

i A9(1,2,3,4) N([1,2,3,4] +[1,4,3,2]) I(1,2,3,4) , (5.1.13)
thus arriving at the expression 5.1.2 for the planar part of the full one-loop ampli-
tude.® For the non-planar terms [1,2][3,4] and [1, 4][3,2] we need to use the results

of Appendix B.3.2 and in particular B.3.13, which we reproduce here,
Sapl(a,b,c,d)|s—cut = Sal(a,b,d,c)|s,,—cut - (5.1.14)
Firstly, we note that an immediate consequence of this result is that

8231(273747 1>|t7cut - 823[(2737174)‘tfcut = 07 (5115)

3Note that at the level of the integral we can simply replace S121(1,2,3,4) by 21(1,2,3,4).
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in other words the combination 1(2,3,4,1) — 1(2,3,1,4), symmetrised in the loop
momenta {1 and (o, with {1 4/¢5 = ps+p3, has a vanishing ¢-channel cut as expected for
the coefficient of the [1, 2][3, 4] colour structure (see 5.1.11). For the same combination

we find, using 1(2,3,4,1) = —1(1,2,3,4), the symmetrised s-cut as
—S121(1,2,3,4)|s—cut » (5.1.16)
and similarly, for the symmetrised u-cut we obtain
S131(3,1,4,2) |y—cut = S131(3,1,2,4) | u—cut , (5.1.17)

where we have used 1(2,3,1,4) = —1(3,1,4,2) and B.3.13, which allows us to swap
the last two legs on the symmetrised u-cut. Comparing with 5.1.10 and 5.1.11 we can

uniquely fix the coefficient of the non-planar structure [1,2][3, 4]:

2i AO(1,2,3,4) [1,2][3, 4] [1(2,3,4,1) —1(2,3,1,4)] , (5.1.18)
or, using the first relation of 5.1.6,

27 A(1,2,3,4) [1,2][3, 4] [1(1,2,3,4) —1(4,2,3,1)} . (5.1.19)

One can proceed similarly for the coefficient of the other non-planar structure [1, 4|[3, 2],
arriving at the result quoted earlier in 5.1.3. Note that in that result we use the
freedom to rename loop momenta in order to eliminate the various symmetrisations

introduced by the operation S, above.

5.2 The Sudakov form factor at one and two loops

We now move on to the form factors of gauge-invariant, single-trace scalar operators
O =Tr(¢"¢p, 0", ... 0™ bp,) Xar 4", (5.2.1)
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U ¢A(P1)

Figure 5.1: The ¢* cut of the Sudakov form factor. Note that the amplitude on the

right-hand side of the cut is summed over all possible colour orderings.

where I and J are indices of the 4 and 4 representation of the R-symmetry group
SU(4). The operators 5.2.1 are half BPS if x is a symmetric traceless tensor in all
the A; and B; indices separately (see for example [68,105]). For L = 2, the relevant
operator is

A A7 g K7

In the rest of this chapter we will focus on the Sudakov form factor
(374 (pr) (6712 (p2) Te(@16) (0)[0) = [1,2] Fg?) . (5.2
where ¢ := p; + py and A # 4, and we recall that [1,2] := (5%52? At tree level,
FO@2) = 1. (5.2.4)

We will now derive this quantity at one and two loops.

5.2.1 Omne-loop form factor in ABJM

At one loop it is possible to determine the integrand of the form factor from a single
unitarity cut in the ¢ channel. As shown in Figure 5.1, on one side of the cut there
is the Sudakov form factor and on the other side the complete four-point amplitude,
both at tree level. The colour-ordered tree amplitude is given in 3.3.17. Let us work
out the colour factor first. It is given by
5201 (020 01010 — 801 70"

1 e 117 ?

%ﬂz(N—NWﬁ? (5.2.5)
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Obviously, the one-loop form factor vanishes identically in ABJM theory, because in

this case N/ = N.

We now consider the kinematic part. Since the operator is built solely out of
scalars, only the four-point scalar amplitude can appear in the cut. To match the
particles of the tree amplitude in Figure 5.1, we pick the (1) (1, )?(1e,)?(n2)° com-

ponent from the 6°(Q) to write the ¢ cut of the one-loop form factor as:

Oyt oo _ (0 )200) _ (12)10) _ Te(lippa) (5.2.6)
(12)(2¢,) (12)(24y) (241) 2(6y - p2) -

which can be immediately lifted to a full integral as it is the only possible cut of the

form factor. Thus we get,

dP e, Tr(¢1p1p2)
irD/2 g% (01— p2)%2 (b1 — p1 — p2)? '

FY(g?) = (N = N) / (5.2.7)

The integral in 5.2.7 is a linear triangle and is of O(e). Hence, we conclude that
the one-loop Sudakov form factor in ABJ theory vanishes in strictly three dimen-
sions. Moreover, the three-dimensional integrand vanishes in ABJM theory but is
non-vanishing for N # N’ and can (and does) participate in unitarity cuts at two
loops. Note, that the vanishing of the one-loop form factors in ABJ(M) is consistent

with the infrared finiteness of one-loop amplitudes in ABJ(M).

5.2.2 Two-loop form factor in ABJM

Next, we come to the computation of the two-loop Sudakov form factor. In order to
construct an ansatz for its integrand we will make use of two-particle cuts, and fix

potential remaining ambiguities with various three-particle cuts described in detail in

Section 5.2.2.

Three-particle cuts are very useful because they receive contributions from planar

as well as non-planar integral functions at the same time, and thus are particularly
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constraining. A special feature of ABJM theory is that all amplitudes with an odd
number of external particles vanish and, as a consequence, all cuts involving such
amplitudes are identically zero [106]. In our case this observation will be important

for triple cuts, where three- and five-particle amplitudes would appear.

A particular type of such cuts, first considered in [106] in the context of loop
amplitudes in ABJM, involves three adjacent cut loop momenta meeting at a three-
point vertex. The vanishing of these cuts imposes strong constraints on the form
of the loop integrands. We will discuss and exploit this later in this section, where
we will also make the intriguing observation that integral functions with numerators

satisfying such constraints are transcendental.

Two-particle cuts

We begin by considering the cut shown in Figure 5.2, which contains a tree-level
Sudakov form factor merged with the integrand of the complete one-loop, four-point
amplitude. The internal particle assignment is fixed and is determined by the partic-

ular operator we consider. The integrand of this cut is given by, schematically,
/d?’ngld?’% FO by, 0)[lg, 0] AV (1,2, ~01, — €o) | (5.2.8)

where A is the complete one-loop amplitude, given in 5.1.1, and we recall that the

colour factor [a,b] is defined in 5.1.4.

We begin by working out the colour structures that will appear in the result.
Firstly we consider the planar amplitude 5.1.2 and combine it with the part of the
non-planar amplitude 5.1.3 containing I(1,2, —¢;, —¢3). Intriguingly, by contracting
this with the tree-level form factor (given in 5.2.3 and 5.2.4) we obtain a vanishing

result:

(N([1,2,£1,£2] 1,6, 00,2]) — 2[1,2][61,@])[@2,@1] ~ 0. (5.2.9)
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We now consider the remaining contributions arising from the non-planar one-loop

amplitude 5.1.3. There are two possible colour contractions to consider,

= 21,2, b)[6s, 0] = 2N[1,2] (5.2.10)
and
b = 2101,2)[1, 00, 03] = 2[1,2] . (5.2.11)

Note that 5.2.11 is subleading in the large /N limit, and can be discarded in the large-
N limit. Moreover, the corresponding coefficient actually vanishes which implies that

the two-loop form factor does not have non-planar corrections.

Figure 5.2: Tree-level form factor glued to the complete one-loop amplitude.

). On the two-particle cut 2 =

We now need to determine the coefficient of CS
(2 = 0 its integrand is given by the appropriate component tree-level amplitude 5.2.6

times a particular box integral 5.1.3:

1(12)(1
C§NP)|S_Cut — _M I(—05,2,—01,1) + {1 <> Lo . (5.2.12)
2 (24y)

Recall that we have to symmetrise in order to include all particle species in the

sum over intermediate on-shell states. Since I(—/,2, —/1,1) is antisymmetric under
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{1 <+ U5 the complete cut-integrand can be written as*

oe o L(0206) 0206\ -
Cl |sfcut - — 2( <2€1> <2€2> ( EQ, y 61, ) (5 . 3)
_ _1 /des ¢*(Tr (P1P2£1€3)—q2f§)
2 ) amPl2 45 (€ — l5)2(pr — €)% (L — {1 + p2)?

Summarising, two-particle cuts indicate that the two-loop form factor is expressed in

terms of a single crossed triangle with a particular numerator, represented in Figure

5.3,
dDg de Tr (plpgglgg) — q2£2
XT(4) = 2/ Gl 3 , 5.2.14
(@) =4 (imD/2)2 (30505 (£ — €3)2(pr — £3)2 (€3 — {1 + p2)? ( )
so that
1
ciNP) = —5XT(@). (5.2.15)

For future convenience we will define

q2 [TY (p1p2€1€3) - QZ@ (5 016
xt = . 2.
g% g% g% (€1 — 03)%(p1 — £3)?(l3 — {1 + p2)? )

The result of the evaluation of XT(¢?) is quoted in (5.2.25) and shows that this
quantity has maximal degree of transcendentality. Before evaluating XT(¢?), we use
triple cuts in order to confirm the correctness of the ansatz obtained from two-particle

cuts.

4Similarly as done earlier for the complete one-loop amplitude, we include a factor of 1/2 in the

symmetrisation.
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Figure 5.3: The crossed triangle integral arising from gluing a tree form factor with
the complete one-loop four-point amplitude. The cross in the middle represents the
momentum q = p1 + pa. We call these integrals “crossed triangles” because they
have the topology of the master integral (A.3.8). Note however that the latter integral
is non-transcendental, while the particular numerator in (5.2.14) makes this integral

transcendental.

Three-vertex cuts

To confirm the uplift of the two-particle cut to the integral (5.2.14), we will study
additional cuts. We begin by considering three-point vertex cuts involving three
adjacent legs meeting at a three-point vertex. These cuts were first examined in
[106], where it was observed that they must vanish since there are no three-particle
amplitudes in ABJM theory. Calling k;, k2 and k3 the momenta meeting at the
vertex, we have

ki +ko+ks=0, k2 =k =ki=0. (5.2.17)

The conditions (5.2.17) imply that all spinors associated to these momenta are pro-

portional, thus

(k1 ko) = (ka2 ks) = (ks k1) = 0. (5.2.18)

In our case, consider for instance the three-point vertex cut with momenta /¢, £, and
lg := Uy — Uy (see Figure 5.3 for the labelling of the momenta). Importantly, the form

factor is expected to vanish as the three momenta belonging to a three-point vertex
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become null. By rewriting the numerator of (5.2.14) using only cut momenta, it is

immediately seen that it vanishes, since

Tr[pipa(pr — G) (01 — be)] — ¢*(p1 — £6)* = —Tr[pipa(pr — €2)0s] — ¢*(p1 — C6)’

= —Tr(pipapils) +4(p1 - p2)(p1- L) = 0, (5.2.19)

where we have used (l2lg) = 0 to set Tr(pipalals) = 0. It is easy to see that all other
three-vertex cuts of the integral (5.2.14) vanish in a similar fashion because of the

particular form of its numerator.

Important consequences of these specific properties of the numerator of the in-
tegral function (5.2.14) are that the result is transcendental as we will show below
and is free of unphysical infrared divergences related to internal three-point vertices.
These divergences appear in three-dimensional integrals with internal three-vertices
even if the external kinematics is massive (unlike in four dimensions) and it appears
that master integrals with appropriate numerators to cancel these peculiar infrared
divergences are a preferred basis for amplitudes and form factors in ABJM. Related
discussions in the context of ABJM amplitudes have appeared in [106,107]. Note that

for form factors we do not have dual conformal symmetry for the integral functions.

Three-particle cuts

A(Pz)

| ¢
G.‘ N
(. (z
‘ 4

(pl)

Figure 5.4: The (vanishing) three-particle cut of the two-loop Sudakov form factor.
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The remaining cut we will study is a triple cut, illustrated in Figure 5.4. These cuts
may potentially detect additional integral functions which have no two-particle cuts,
and are thus very important. Moreover, such cuts are sensitive to both planar and
non-planar topologies. In this triple cut, a tree-level amplitude is connected to a
tree-level form factor by three cut propagators. Due to the vanishing of amplitudes
with an odd number of external legs in the ABJM theory, the triple cut in question
vanishes. We will now check that the triple cut of the two-loop crossed triangle XT

of (5.2.14), which we have detected using two-particle cuts, is indeed equal to zero.

To this end, we note that there are two possible ways to triple-cut T, shown in

Figures 5.2.2. The cut loop momenta are called /5, /5 and ¢3 and satisfy
lo+ls+0ls=p+py, l3=0=0=0. (5.2.20)

We observe that these two cuts cannot be converted into one another by a simple
relabelling of the cut momenta because of the the presence of non-trivial numerators.
The A-cut of the non-planar integrand is:

_ 2 (12)
XT e = =0 (0 20 Ll (5.2.21)

After a similar calculation, the B-cut turns out to be identical to the A-cut:

(12)
(0305)(ls2)(143)

A quick way to establish the vanishing of the triple cuts consists in symmetrising in

XT|3—p cut B = XT{IS—p cut A - _q2

(5.2.22)

the particle momenta p; and ps, which is allowed since the Sudakov form factor is a
function of ¢2. This symmetrisation gives

_¢*(12) 1 B 1 - ¢
(Csls) [(6:2)(1ls)  (51)(203) 1612) (16)2) (5.2.23)

This expression is symmetric in /5 and /3. In evaluating the triple cut one has to

introduce a jabobian proportional to €(lq,fs,(5) [106] which effectively makes this

triple cut vanish upon integration.
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(a) The A-cut. (b) The B-cut.

Figure 5.5: The two triple cuts of the crossed triangle, with {5 + {3 + {5 = q. In
the second figure we have relabelled the loop momenta in order to merge the two

contributions.

Results and comparison to the two-loop amplitudes

Combining the information from the unitarity cuts discussed above, we conclude that
the two-loop Sudakov form factor in ABJM is given by a single non-planar integral,

as

Fapmu(q?) = —2 (%)2 (—%) XT(q?), (5.2.24)

where XT(¢?) is defined in (5.2.14) and we have reintroduced the dependence on
the Chern-Simons level k. The integral XT(¢?) can be computed by reduction to
master integrals using integration by parts identities. The details of the reductions are
provided in Appendix A. The expansion of the result in the dimensional regularisation
parameter € can then be found using the expressions for the the master integrals

(A.3.5)—(A.3.8). Plugging these masters into the reduction (A.3.9), we arrive at

2 3
_ 47log?2 — % Lo, (5225

—q2eE\ T [ +27r10g2
12 €2 €

XT(¢*) = (

where vg is the Euler-Mascheroni constant. One comment is in order here. We have
derived (5.2.25) in a normalisation where the the loop integration measure is written

as d1/(iwP/?). This should be converted to the standard one d”1/(27)P. At two
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loops, this implies that (5.2.25) has to be multiplied by a factor of —1/(4m)”. The

result in the standard normalisation is then

1 N\? —q%e® 2 Tr  or log 2 273
fABJM(q2) = _W <E) (W) |:6_2 + . — 47 10g2 2 — T + O(E)
(5.2.26)

We note that F(g?) can expressed more compactly by introducing a new scale

(W i=8mwe Eu? (5.2.27)
in terms of which we get
2y _ 2
Fapm(q') = 612 <E) (M’2> {—6—2 + 6log“2 + S +0(e), (5.2.28)

which is our final result.

We now discuss two consistency checks that confirm the correctness of (5.2.28).
Firstly, we recall that the Sudakov form factor captures the infrared divergences of
scattering amplitudes. We now check that (5.2.28) matches the infrared poles of the

four-point amplitude evaluated in [74,108]. Here we quote its expression as given

in [108]:
2\ —2¢ 12\ —2¢
(2) 1o [(=s/p") (=t/u") L2 (=8 2
- - %) —4¢, — 310g?2
4 Tom2 4e? Ae? 2 %\ G2 = 3log72

(5.2.29)
where ' is related to p in the same way as in (5.2.27). Hence, the Sudakov form
factor (5.2.28) is in perfect agreement with the form of the infrared divergences of
(5.2.29). Secondly, we have also checked that the expansion of our result in terms of
master integrals (i.e. the expansion of the two-loop non-planar triangle XT defined in
(5.2.14)) is identical to that obtained from the Feynman diagram based result of [109].
This implies that the cut-based calculation of this presented here and the Feynman
diagram calculation of [109] agree to all orders in € — even if we have been using cuts

in strictly three dimensions.
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5.3 Maximally transcendental integrals in 3d

As discussed in section 5.2.2, the integrand xt that appears in the Sudakov form factor
in ABJM has a particular numerator such that all the cuts which isolate a three-point
vertex vanish. We have observed in this example that this property ensures that the
integral XT has a uniform (and maximal) degree of transcendentality — failure to
obey the triple-cut condition, for instance by altering the form of the numerator,
would result in the appearance of new terms with lower degree of transcendentality.
In this section we present further integrals that vanish in these three-particle cuts and
have maximal degree of transcendentality. These integrals are expected to appear in
the form factor of ABJ theory where cancellations between colour factors such as that

in (5.2.9), do not occur.

We begin by considering the following planar integral function:

LT(¢") = / dP0dPl [ Te(py lapa ) — (6 — p1)*(6 — pa)?]
(imP/2)2 63 (p1+ po — 01)? 05 (p1 + p2 — €3)* (1 — €3)2(C3 — p2)?

(5.3.1)

3

—q%erE log 2 5
([ —qe 7 wlog ) 7r
—( /LQ ) [_P_ . + 27 log 2—?4-0(6) ,

which is shown in Figure 5.3(a).

It is easy to see that the three vertex cut {1, /s, 5} vanishes, since on this cut

the numerator can be placed in the form
(0, 1) (03 2)(12) (3 0y) , (5.3.2)

after using a Schouten identity. (5.3.2) vanishes because (/3 ¢1) = 0 on this cut.

A further property of (5.3.1) emerges when we consider particular triple cuts
involving two adjacent massless legs, which in three dimensions are associated with
soft gluon exchange [106]. With reference to Figure 5.3(a), we cut the three momenta

{3, ls and ¢4. The cut conditions (2 = (2 = (3 = ( together with the masslessness of
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P2 P P2 P1
(a) The LT topology (b) The CT topology (c) The FAN topology

Figure 5.6: The three mazimally transcendental integrals considered in (5.3.1), (5.3.6)
and (5.3.7)

p1 and p, can only be satisfied if /g becomes soft, that is
gﬁ — 0, 54 — D1, £3 — D2 . (533)

In this limit, the second term of (5.3.1) vanishes since 3 — ps = g — 0. The first

term becomes

_ o Tr(p1 3 pa l1) _ 2 (2[411)
8e(ls, p1,p2) 4(12)

where 8¢(l3,p1,p2) is the Jacobian.® After restoring the remaining propagators we

(5.3.4)

are left with

26(61,291,172)
g%(gl - p2)2(q - 51)2 ’

which reproduces the one-loop integrand of the one-loop form factor, given earlier in

(5.3.5)

(5.2.7).

Other examples of integrals with different topologies that satisfy the three-particle

cut condition are depicted in Figures 5.3(b) and 5.3(c). The definitions of the integrals

°This Jacobian arises from re-writing the §-functions of the cut momenta, ¢3 = ¢3 = 0, in terms

of p1,p2 and ;.
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as well as their values are listed below:

CT(qQ) _ /dDgldD‘gfi Tr<p17p27€37£1)
(irP/2)2 6 (pr + pa — )2 63 (6 — €3) (L5 — p2)?

_207E\ T2 3
q-e s T
= ——+—+0
< w2 ) [ I ()]

dP 0 dP e, Tr(p1, pa, ls, 1)

PAN(¢") = |

_2.7E\ T2 3
) ]

Note that the e expansion of (5.3.6) and (5.3.7) agree up to O(1).

(amP/2)2 0203 (D1 + po — b1 — £3)2 (1 — p1)? (€5 — p2)?

(5.3.6)

(5.3.7)

It is simple

to show that these integrals satisfy the properties discussed earlier, for example by

setting {1, 03,05} on shell in CT and {1, p1,¢5} in FAN and similarly for all other

possible three-vertex cuts.

The reductions of the integrals considered in this section in terms of scalar master

integrals through IBP identities can be found in Appendix A.
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Chapter 6

Massive Amplitudes on the

Coulomb Branch

In this chapter we present previously unpublished work on loop-level amplitudes on
the Coulomb Branch of N = 4 sYM. We exploit a convenient choice of parametriza-
tion for massive momenta to compute one-loop amplitudes with massive external
states for the first time. We find that both gauge invariance and five-dimensional
momentum conservation lead to a constrained basis of massive box integrals. A basis

may also be derived at two loops, although these integrals remain to be computed.

6.1 Omne-Loop 4-Point Integrand from Unitarity

In this section we compute the one-loop four point amplitude with two massive exter-
nal particles in transverse polarisation. A natural approach is to consider cuts of the
four-point super-amplitude. First we consider the s-channel cut with both massive

particles on the same side:
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W (pa) B :(1_ 9+

o 4

Figure 6.1: The massless s-cut.

Als—cut = /d4£ d*n ApAg. (6.1.1)

We can split the R-symmetry indices to write the fermionic delta function factor

in the integrand as:

m{1+2+)
(11q){q2%)
8 (pimia) | % 09 (100 00sa + [0V 0100 + ) (6.1.2)

d12,1, X O12,R = {524)(- oA )N e+ [€2)N0ma) F 5(5)(<qiL>7ka)

y {1  [1Hql[g2"]
m[1+21]

for R = 1,2 and similarly for R = 3,4. Note that since the massive legs are all
external the §® terms are independent of loop momenta; therefore, we can pull the
5? associated with the massless amplitude on the right hand side of the cut through

the other delta functions thus factoring out the tree amplitude. We then find:

tr(€102pspy)
A s—cut — A(O) & 6.1.3
e = A G po) (61 — PP+ 7 (6:1.3)

where 55 = 2(p;- - p;-). This reduces by standard methods to

1
(01 - pa) (€1 — pa2)? +m2)

Als—cus = AV s (t +m?) (6.1.4)

corresponding to the cut of a 2-mass hard box integral with one massive internal leg.
In the t-channel there are two different assignments of massive legs which must be

considered separately.
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Figure 6.2: The integral arising from the s-cut. The thick lines represent massive

propagators.

Now that there are massive legs in the cut, we must reconsider the terms involving
combinations of lower-order &s; however, since each 6 contributes only one loop
power of 7, it is easy to see that these do not contribute. Thus, for the first diagram
with adjacent momenta we reproduce the result of the massless s — cut and extract
the integral Io;. We shall leave the second cut for now, and consider the problematic

case of two internal massive lines.

Here, we must finally consider all  components of the superamplitude. Since
the k—functions are not the simple ratios of the two mass case, we cannot simply
extract a factor of the tree amplitude; more problematically, we must consider all
combinations of fermionic delta functions appearing in the cut. As both k— functions
and the arguments of the 5 depend on the reference momentum g, these give rise to
a large slew of terms containing lightcone propagators arising from such cross terms
which resist simplification. The simplest of these comes from the term proportional

to

_ . 12074
5D (10 + €2y + . VK102 (g ) 4l 521y (6.1.5)

[€10s]
_m2<q@2> ((rly)  (01) | ((2)
- Wﬂ(%) Ty " <q2>)'

All this is very messy, and how to interpret these lightcone integrals is not clear.

Fortunately, we do not have to, as described in the next section.
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Figure 6.3: The two cuts in the t-channel, with differing configurations of internal

masses.

Figure 6.4: The cut in the s-channel with massive cut propagators.

6.1.1 Three-Vertex Cuts and the Basis of Integrals

Unitarity on the level of superamplitudes runs into problems with lightcone integrals,
but it does give us some clues as to what integral functions can contribute. Are
the integrals glimpsed in the massless s—cut and t—cut all that can appear? The
answer, it turns out, is, yes. Recall the transverse momentum conservation condition
>, m; = 0. This implies that there are always an even number of massive particles in

any amplitude. Therefore, we can write down the full set of massive box functions and
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by taking cuts around the corners exclude any with an odd number of masses at any

vertex. For the 4-point amplitude, this leaves us with the following three topologies:

N\

I5.q = I5.

]

Ir

[
bt
I

Figure 6.5: The three integrals contributing to the 4-point 2-mass amplitude.

6.1.2 Coeflicients

Since we have identified a basis of box integrals, we can simply extract the coeffi-
cients from quadruple cuts. Since the three-point amplitudes are merely those of the

massless theory with appropriately perped momenta;

AO W Wi gy = L2 6.1.6
we can immediately write down the answer:
cn = (pt - p3)(py - ps) AL (6.1.7)

which is the same for all configurations of internal masses. Hence:

AP W Wy gt gh) = (st = m?)(tr —mD)AY (La(s,t) + La(s, 1) (6.1.8)

AW, g5, Wy, gh) = (st —m?)(tr —m)AY (La(s,t) + Lo(t,s))  (6.1.9)

Note the different integrals which appear for the split helicity and non-split helicity

case, and that these integrals come with different divergences in the 1/e expansion.
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6.2 Higher Point Amplitudes

Applying the same criteria, we find no new integrals beyond six points. The full set

of one loop integrals is given below:

Figure 6.6: The Basis of one-loop massive integrals on the Coulomb Branch. Bold

lines indicate massive legs.

The values of all these integrals can be can be found in A.

To find the coefficients, it is now most advantageous to go to a particular g—frame.
Setting ¢ — p3 we can write the Coulomb Branch tree-level W-gluon amplitude in

the form of the Parke-Taylor amplitude with appropriately perped momenta, eg.

AW Wy g5 ,95) = (2 )’ (6.2.1)
15, "Wo 03,9, _<2L3><34><41L> ce
while the four-point UHV amplitude takes the intriguing form
Ao _ o2
Avny ___m(s =) (6.2.2)

(t —m?)2(u —m?)
It should be noted that this choice of frame is not compatible with the linear orthogo-
nality condition required for the factorised form of the Superamplitude; one can have

either a simple superspace structure or simple component amplitudes.
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With this form of the tree amplitude, it is easy to see that the contributions from
cuts containing only MHV and MHYV vertices, as at four points, are identical to those
in the conformal case with appropriately perped momenta. The cuts containing UHV
amplitudes require more care, as these at first sight appear to contribute lightcone

integrals. We illustrate their vanishing for the five-point case

s15 — m’ ((622)[¢33](£sLa))°

AU = (= g = m¥|[(ls — pr) — 2 Rl ROl gy O

Note the three lightcone propagators which appear as a factor. However, exploit-

ing the kinematics we can write:

Cygv X Atree<€4‘p4w3] =0 (624)

and similarly for the contribution with a UHV corner. Therefore we see that the
full one-loop amplitude has no lightcone contributions and is given purely in terms

of the Feynman integrals, with ¢-dependence captured by the coefficients alone.

6.3 The Two-Loop Integrand

We may also use the vertex condition to deduce which integrals may appear at two
loops and higher. For instance, for the four-point amplitude with adjacent massive

legs, we find the following integrals:
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Figure 6.7: The integrals appearing at four points, at two loops.

Unfortunately, their values are not known beyond an expansion for small masses.

It would be very interesting to see if the BDS ansatz and it’s violation holds on the

Coulomb branch.
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Appendix A

A Menagerie of Integral Functions

In this appendix, we state the values of various integral functions which appear in

this thesis, and review the computation of the integrals described in 5.3.

A.1 Massless Scalar Box Functions

The zero-mass box in 4 4 € dimensions is given by

- 1 s t e

The two-mass easy box function is given

+ log? (;) + 72, (A.1.1)

2me 2 N2y dt 1
E <S’t’P’Q)_/(27r)d£2(€—P)2(£—P—q)Q(f+P)2

@3]

+ Liy(1 — aP?) 4 Liy(1 — aQ?) — Liy(1 — as) — Liy(1 — at)

(A.1.2)

where the invariants s = (p + P)? and t = (P + ¢)? and a is the combination

PP -5t
- P2Q?— st

(A.1.3)
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The expression to all orders in € is
—s —€ —t —€ P2 —€ 2\ —€
) +G) -(Ga) -()
H H H H
a ‘ 1 a ‘ 1
+ <—1 — CLP2) oy (6,6;1 + € 1 —aP2> + (—1 —CLQ2) oy (6,6;1 + € 1202 —aQQ)

a \° 1 a ‘ 1
_ F 1 . _ F 1 .
(1—5) ? 1(6’6’ +€’1—as> (1—at> ? 1<€’€’ +€’1—at>]

1
F2m6(8,t,P2,Q2) —

€2

(A.14)
A.2 Scalar Triangles
The two-loop ladder triangle is given by
d4¢,d? 1
LT(q* €) :/ e d£3 22 2 2 2 2
(2m)d Gl5(0 — q)* (6 — €3)* (s — p1)* (L3 — q)
1[1
(gl {Q_G(z,z) +Gy(246,1,1)
€ | 2
1
—-2G(2,1) <—G3(2, 1L,1+4+¢€) + Gs(1,1, 1))
€
1 572 29 3
—(—®) % | = = 22 — A2.1
()2 |5+ grcg + et 357+ O(0) (A21)
where the epsilon expansion has been taken around d = 4 and
T+ y+e-2I2—e—2)'(2—€e—y)
Gle.y) F(x)T(y)T'(4—x—y— 2e)
r2—xz—z—el'—y—2z—¢)I'(—2
Gs(z,y,2) = oozl —y -z o2+ tytzte (A.2.2)

(@) D(y)l(4d—z—y—2z— 2€) '

The crossed triangle is given

L [1 7 83 59
CT(q*€) = (=)™ | 5 — 5 = 3G~ 5g7 + 00 (A.2.3)
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A.3 Transcendental Integrals In Three Dimensions

In order to compute the integrals found in 5.3, we reduce to master integrals using
IBP relations as automated by the package FIRE [110]. To do this, we must write
them full in terms of propagators. Defining these as follows

P P P P P; P P

G (b—pi—p2)* 5 (G+Lls—p1)* (Go—43)* (b3 —p2)® (6 —p1)?

the crossed triangle can be written as

2
XT(q?) = % (1—2—6+ +1°36T—1"—-16"7T +24°6"
—275 6" —26"7 —47677"
+5 67T +5 6T +6T7T° 7T
—¢*376" — q246+7> Gyp(1,1,1,1,1,0,0) (A.3.1)

where Gyp(1,1,1,1,1,0,0) is the scalar integral with the crossed triangle topology.
Replacing Py with (I3 — p; — p2)? the ladder triangle takes the form

2
LT(¢*) = B ( ~173674+1 —-2746 +2
+36"7 +4¢°176"+26"+¢*376"
+q*47 6" —*6TT — ¢* — q46+> Gp(1,1,1,1,1,0,0).  (A.3.2)

The integral CT can be expressed using the same propagators as the ladder as

2 | BT AP LN DR
2 2 2
oyt o gcim  Congr L €
—27476" —-—-346"7 —273°6 4747677 ——4476
+2 2 +2 +2 2
¢ ¢ ¢ ¢
~ 456 - T4~ T46TT — 4767 | Gp(1,1,1,1,1,0,0) (A33)
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To write FAN we use a different set of propagators
P1 P2 P3 P4 P5 P6 P7

(¢, — p1)2 f% 5% (b5 — P2)2 (ly+ 05 —py —P2)2 (05 + 51)2 (4 +P2)2
so that

1
FAN(¢?) = 3 <1—2— —13 +14 —177 —-275
+276° -2 7 +3 7T —¢*3 -4 7
+T7TT 6T+ 6+ T — q27_> Gran(1,1,1,1,1,0,0)  (A.3.4)

The master integrals that appear at two loops, in particular in the reduction of our

result (5.2.24), are given in D = 3 — 2¢ dimensions by the following expressions:

o (7 20 (L -6’ (2¢)
SUNSET(q?) — @ _ ( i ) Y (A.3.5)

TRI(¢) = @ ) <—g2>—2€ D (L—¢)’T(=2e)T (2+€) T (2+ 2)

© (14 2¢)2T (3 — 3¢)
(A.3.6)

GLASS(¢%) = {I}: (=) (_M—%Q) TG ; 61)4_F2(jz+ ) (A.3.7)
TrianX(¢%) = << = (—¢%)3 (—u_q22>_26 o= 2vEe E_Z 7?(3+€810g 2)

2
— 5 (81447 +6log 2 (4log2 = 9)) + < (—H(? +401og 2)

_|_

+8(69 + 61og 2 + 21og” 2(8log 2 — 27) — 11343)) €+ O(e)} :
(A.3.8)

where we use the conventions of [111] for the integration measure. The first three of
these integrals are planar and their expressions in all orders in € can be easily obtained

by first computing their Mellin-Barnes representations most conveniently using the
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MB and barnesroutines packages by David Kosower. The expansion around ¢ = 0 of
the TRI and GLASS topologies has uniform degree of transcendentality, while this
is not the case for the SUNSET and TrianX topologies. The reductions to master

integrals are then given by:

7(D — 3)(3D — 10)(3D — 8)

XT(¢%) = 2D 122D _7) SUNSET(¢?) (A.3.9)
. 5(D —3)(3D — 10) ) gy D—4 . )
(—¢°) 2D —1)2D —7) TRI(¢") + (—¢°) m'ﬁlanx(q )-
2 8 —3D 2 2 2 2
LT(¢) = 73 SUNSET(¢’) + ¢* (GLASS(¢°) — TRI(¢%)) ,(A.3.10)
CT(¢*) = FAN(¢) = (41—6 - g) SUNSET(¢?). (A.3.11)

A.4 Massive Boxes in Four Dimensions

The fully massive box integral was computed by t'Hooft and Veltman in [112], and was
given in a compact form in [113]. The results presented here for divergent integrals
are taken from appropriate limits of those presented in [113]. The denominator in

Feynman parametrization depends on the Cayley matrix
Yi;j = mi+m? +pj, (A.4.1)
and the final results often depend on the roots ;;; of the equation
m? + Yijz +miz? =0 (A.4.2)
which may be written

rign = (ma/my)zig,  rige = (my/mi)z (A.4.3)
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where

\/1—4m?/p3; — 1
\/1—4m?/pk +1

and we have also used the notation z12 = z,, T95 = ;. We also use the notation !

i=1

The fully massive box is most concisely given by the formula

[(—1)k+1£i2 (Zk, @) — Liy (— 2k, To3,1)

2
1

[ iy 1) =

v ) vdetY Z T'20,1

k=1

. r .
_EZQ (—Zkrng, TZ—LI> + EZQ (—Zkrlg,l, 7"017[) ] (A46)

20,1

where the z; are defined in the following way
1
detY;; = b* — 4ac =5 (—b + \/detY> (A.4.7)
a

where k£ = 1 corresponds to + and £ = 2 to —. Finite integrals may be derived by

taking appropriate limits of this expression.

The divergent integrals appearing in the four-point Coulomb Branch amplitudes

are given by:

[2;1(57 t) :S

2 2 5 2
T Y ] (Adg)

[1 N 1 1 m? l m?
e € 8 s — m? 8 t —m?2
m? m?
21 1 A4,
+ Og(s_m2> Og(t—m2)], ( 9)

LA natural analytic continuation can be made for complex masses.

1

Iyo(s,t) = (s —m?)(t — m?)
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1 Ty 1 m?
,[2;3<S7t) = B [210g(m3) |:—E — lOg (t — m2> —+ log(l _ xi):|

m2(t —m?) 1 — 22

2
+ Lig(22) + 2Lis(1 — 2») — %] , (A.4.10)
Tin(5,1) = — ‘”1()1+1 m (A.4.11)
4m (8, . = og(w:) | - +log | — : 4.

The full n — point amplitudes with two massive legs also includes the divergent

integrals:

IS;l =

s(t —m?) = (Q* —m?)(P? —m?)

] _Q2 ) P2—t ' 2_P2 Q2
+ 2L12 (87> — ng (m) — 2£22 (m . ’m2 — t)] <A412)
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Appendix B

Material Ancillary to Chapters 4
and 5

B.1 Vanishing of form factors at large =

B.1.1 Bosonic form factors
In this appendix we consider a generic non-MHV bosonic form factor of the operator
Tr(¢?) and prove that, for a [k, ) shift
ik = \p + 2N No= N — 2\ , (B.1.1)
F(z) vanishes as z — oo if
(hi, hy) is equal to: (0,+), (+,+), (—,+), (0,0), (=,0), (—=,—). (B.1.2)

The proof is based on the MHV diagram expansion of form factors, and follows closely

that for amplitudes presented in [5].

To begin with, it is immediate to see that an MHV form factor (4.1.3) with a

[k, 1) shift vanishes as z — oo, with the only exception of the case (hy,h;) = (+,0).
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Consider now a generic non-MHYV form factor. Each MHV diagram contributing to its
expansion is a product of MHV vertices, times propagators 1/L?. These propagators
will either be independent of z, or vanish when z — oo. As in [5], the spinors
AL = L|é] associated to internal legs can also be made z-independent by choosing the

reference spinor é to be equal to é =\ Thus, dangerous z-dependent terms can only

arise from terms affected by the shifts in the external legs k and [.

For the cases where (hg, hy) is (£,4) or (0,+), only the denominators acquire
z-dependence, and hence F(z) vanishes at large z. By using anti-MHV diagrams
we arrive at the same result for the case where (hy, h;) is equal to either (—, —) or
(—,0). The case (hg,h;) = (0,0) needs special attention. The case when k and [
belong to the same MHV vertex has already been considered, and leads to a falloff
of the diagram as z — oo. When k and [ belong to different vertices, there will be
at least one propagator depending on z, which will provide a factor of 1/z at large
z. The vertex involving leg [ behaves asymptotically as z?/z? regardless of whether

it is an MHYV form factor or a conventional MHV vertex, while all other vertices are

independent of z. We conclude that each MHV diagram falls off as 1/z at large z.

We mention here that the argument described above can also been applied to
scattering amplitudes. Shifting two scalars makes the amplitude vanish as z — oo

provided that the scalars take the same SU(4) indices.

B.1.2 Supersymmetric form factors

As we have shown in the previous appendix, the bosonic form factor vanishes at infin-
ity for an [z, j) shift if ¢ and j are both scalars. Here we want to use supersymmetry
to relate the large-z behaviour of generic supersymmetric form factors to that of form
factors with legs ¢ and j being both scalars. This will then prove the validity of

the supersymmetric BCFW recursion relation for all supersymmetric form factors in
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fashion similar to [95].

For supersymmetric non-chiral form factor F'(A, PR n~), the [4, j) shift is

N(2) = Aot 2 Sy= A — 2

Nit = Mit + 2054 n; =1, —zn; . (B.1.3)
As in [95], we choose a particular transformation where
Qr =G @, Qe=6,Q", (B.1.4)

where

1
(i j)

One can check that their action on the fermionic coordinates 7,7, is

(= i 1]] ( — A + ;\jm) , &= ( — \if)j + /\jﬁz‘> : (B.1.5)

O, b, , ki
€ ¢ T - 7,4+ 9 B16
Qs o o (kj) (kD)
Ty = =y = e i (B.1.7)
* ’ (i) (i)
; ] Qep | — o9y | — pQep — pQefm — ; ;
and in particular e¥n; . = e¥in; . = e¥¢n), = e¥¢); = 0. Since the form factor is

invariant under Q+ and Q_ transformations, i.e. ¢€%F = % F = F (see (4.2.41)),

we conclude that

‘F()\175\17771,+7ﬁ;;"' 7)‘ 5‘ ﬁ Jraﬁ;v"' ;5‘j75‘janj,+7ﬁ;;"' ;)‘naj‘n?nﬂ,+7ﬁr:)
= ‘F()\lvj\bni,—f—aﬁ/l_;'” a)\ >\ 0 0 ’ ;5\]',5\],0 )\n7)\nan;z,+7ﬁ;1_) (B18)

Thus, we can always choose a supersymmetry transformation which sets ¢ and j to
be scalars. It is important to notice that under the [z, j) shift, the transformed 7',
and 7'~ variables are independent of z. The large-z behaviour of F(z) is therefore
the same as that of the bosonic form factor with ¢ and j being scalars. This case was
considered in the previous appendix, and shown to fall off as 1/z at large z. Hence the

statement is also true for the shifted supersymmetric form factor F(z). The proof
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illustrated above concerned the large-z behaviour of the full non-chiral super form
factor, but a very similar one applies to the form factor in chiral superspace, since

the latter is related to the former by a half-Fourier transform in superspace.

B.2 Dwual MHYV rules

The momentum superspace is defined as
Ti — Ti+1 = Pi = )\iS\i 5 0 — Oiy1 = Nimi (B.2.1)
with the conventions
Tij = T; — T , 0ij =06, —10, . (B.2.2)
We define the spinor |¢;;) as
|6ij) = |wi51€] (B.2.3)
where |£] is an arbitrary reference spinor.

The Feynman rules for dual MHV diagram are given as in Figure B.1. Originally
this is used to calculate scattering amplitudes, here we use the same rules to calculate

tree and one-loop super form factors.

The general dual MHV diagrams for NMHV tree and MHV one-loop are shown

in figure B.2.

The dual diagram for NMHV tree case gives the

(i—=11) g=1j) 1 / 1 s0fs
(i=1 L) (i i) (G—1 Lij)(Lij J) x3; s O gt + ) (B.24)

which can be easily translated in terms of the superconformally invariant R-function

Ry = [x,i—1,4,7—1, 7], which is

D ((i 5 k )X + cyclic terms)
GgkD(GEImYklmiyImij)mijk)

[i,j, k,1,m] = (B.2.5)
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(a) i el % fd477ij 50|8(€¢j777:j + 0))

2
1
Criyrig) (Crinrig)+(Cri, 1 Crip ) (Crip L1iq)

iy

(i—1 i)
(1=1 Lij ) Ligy ligo) (LijoLlije) - (Lij, 1 Liy) (Lijy ©)

Figure B.1: Feynman rules for dual MHV diagrams. (a) Propagator. (b) Internal

vertices. (c) Ezternal vertices.

Z; Zim1 Z;

T M T ,\/ T; MJU ,\/
Zi1 Z; o Zi

() (b)

Figure B.2: Dual MHV diagrams for (a) NMHV tree, (b) MHV one-loop, and their

diagrammatic correspondence between dual spacetime picture and momentum twistor

picture.

The reference momentum twistor is chosen as Z, = (0,&,0).

Similarly, the MHV diagram for one-loop MHV case gives

1 (i—11) (j—17)
2 | d*zrd®o : _ :
gYM/ ) (Crilary (=1 € (Cr 4) (G—1 €1;) (€1 J)
1 1
— | d*nir "B (Limir + 0;1) — /d477]j SO’ (L mr; + 015) (B.2.6)
LiT L7

which is equivalent to the expression in terms of momentum twistor variables [101]

Q%M/dSMZA/\ngIZB [*7i_17i7A7 B/H*aj_l?jaAa B”] ) (B27)
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where

B = (A, B)N(%j-1,j), B"=(AB)N (xi-1,). (B.2.8)

B.3 Properties of the box integral in ABJM

{y
4 3

Figure B.3: Four-point one-loop box.

The box integral function (3.3.19) was constructed and used in [74], and has several
interesting properties that have been exploited in the present work. This section

presents and proves (some of) these properties.

B.3.1 Rotation by 90°

The first property we wish to discuss is what could be called a 7/2 rotation symmetry.

Focusing on the numerator of the box integrand,

N = sTr(l1pips) + ff Tr(p1paps), (B.3.1)
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we can eliminate ¢, in favour of /3 and arrange to have only the external legs po, p3, p1

appear in the numerator. Using momentum conservation, we can re-write N as

N = (=t —u) Tr ((fz + 1)p1(—=p1 — p2 — p3)) + (€ + p1) Tr (p1p2(—p1 — P2 — p3))
(B.3.2)

== [t Tr(lspapr) + (3 TY(P2p3p4)] +R,

where

R = STr(ﬁgpgpl) — UTI'<£3p2p1) — 2(@3 . pl)Tr(pngpl) . (B33)

In three dimensions the loop momentum ¢35 can be expressed as a function of the

external momenta pq, po, p3 as

U3 = apy + Bpa + Vps3, (B.3.4)

where «, 3, are arbitrary coefficients. When this identity is used in the expression

for R, we find that R is identically zero in three dimensions. Hence

s Tr(l1pips) + 03 Tr(pipaps) = —t (Tr(ﬁgpzpl) + 0 Tr(pngm)) : (B.3.5)

It is also interesting to write down explicitly the s- and t-cut of the one-loop box.

Starting from the expression of the box integral

dP¢ N
1(1,2,3,4) = B.3.
( ) 737 ) /Zﬂ'D/Q 62(£_p1)2(€_p1_p2)2<€+p4)2, ( 36)

with N given in (B.3.1), we first consider the s-cut of this function. This gives

Tr(¢
1(1,2,3,4) gy = gl r(21€1p4> : (B.3.7)
{30
which upon using 3 = ¢; — p; and {4 = —(¢; + p4) becomes
s(41)
11,2,3, )] sent = —— "t B.3.8
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Similarly the ¢-channel expression of the full integrand is

t Tr(Lspapi) + 63 Tr(popspr)
I(1,2,3,4) = > 25%%3@ Savey (B.3.9)

The t-cut of I(1,2,3,4) is immediately written using the three-dimensional identity

(B.3.5),
t Tr(¢
1(172a374)|t—cut = _M <B310)
06
B t(12)
(1€3)(¢32) °
Finally, if we re-introduce the tree-level amplitude prefactor A (1,2,3,4) = 1/((12)(23)),
we can write down the two cuts of the one-loop amplitude,
A(O)(i727374) X [(1727374>’S—cut == _&, <B311)
(461)(6:1)
AO(T,2,3,4) x 1(1,2,3,4)pewy — —2) (B.3.12)
Y Y ) Y 7 ) -Ccu <1€3><€32>

B.3.2 An identity for the s-channel cuts of (1,2,3,4) and
1(1,2,4,3)

Here we discuss an intriguing property of the three-dimensional cuts of (1,2, 3,4).
We consider the s-channel cut of this function and symmetrise it in the cut loop
momenta ¢; and fy, where /1 + f5 = p; + ps. The result we wish to show is that
the symmmetrised three-dimensional cuts of I(1,2,3,4) and I(1,2,4,3) are in fact

identical:

1(1,2,3,4) [scut + €120y = 1(1,2,4,3)|scut + €1 <> Lo . (B.3.13)
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In order to do so, we use (B.3.8) to write

1 1
I(1,2,3,4)[s.cns + {1 > Uy = 5(41) (<4|£1|1> + <4|£2|1>) (B.3.14)

B (461 + £5]1)
= st <<4|£1|1><4wz|1>)
s (41)(42|1)
A6 (ALl

where in the last step momentum conservation was used. Again using (B.3.8) this

time for the s-cut of I(1,2,4,3) one can write,

831
1(17274a3>|s—cut - m 5 (B315)
and hence
. (3|61 + £5]1)
I(1,2,4,3)|s.ct + 01 <> €y = 5(31) <<3|£1|1><3|£2|1>) (B.3.16)
(3121
(3l6x[1) (3] 62]1) -
Next we compare (B.3.14) to (B.3.16):
1(17273’4)|5—cut 41><4|2|1> <3|€1|1><3|€2|1> <B317)

1(172747 3)|s—cut 31><3|2|1> <4|£1‘1><4|€2|1>

g
<

_ (AR (a36e)
<

—1

1[3[2) (€1]4]¢2)

?

thus proving (B.3.13).
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