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Abstract

I examine the effects on planetary system formation of radiatively

inefficient disc models where positive corotation torques may counter

the rapid inward migration of low-mass planets driven by Lindblad

torques. I use N-body simulations coupled with algorithms to model

the evolution of the gas disc, type I migration, gap formation and type

II migration, planetary atmospheres that enhance the probability of

planetesimal accretion by protoplanets, gas accretion on to forming

planetary cores and gas disc dispersal.

The inclusion of entropy and vorticity related corotation torques can

lead to a net positive torque thus giving rise to outward migration of

planets. This can allow larger planets to survive for a longer period of

time, allowing some planets to accrete enough gas within the lifetime

of the disc to undergo runaway gas accretion thus forming gas giant

planets.

I review the current status of extrasolar planet observations and the

methods with which these observations are made, and provide a con-

textual review of the theory of planet formation.

Using these models, I have successfully formed a number of gas giant

planets with semi-major axes ranging from 0.1 AU up to 75 AU and

masses from 100 Earth masses through to 700 Earth masses, as well

as a large number of terrestrial sized planets. In later simulations, a

large number of super-Earth, Neptune-mass and gas planets that are

too small to be considered giants were formed also.
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Chapter 1

Introduction

1.1 Known Extrasolar Planets

In recent years, a highly diverse population of planets has been observed orbiting

main sequence stars. From short period rocky super-Earths such as CoRot-7b

(4.8 Earth masses with period 0.85 days) [Léger et al., 2009] and Kepler-10b (4.55

Earth masses with period 0.84 days) [Batalha et al., 2011] through to the very

long period massive gas giant planets detected via direct imaging such as beta Pic

b (8 Jupiter masses with period 7300 days) [Lagrange et al., 2010] and HR 8799

d (10 Jupiter masses with period 41054 days). Conversely, there have also been

discoveries of short-period hot-Jupiters such as 51-Peg b (0.47 Jupiter masses with

period 4.23 days) [Mayor and Queloz, 1995] and Wasp-18 b(10.43 Jupiter masses

with period 0.94 days) [Hellier et al., 2009] and also some longer period super-

Earths such as HD 20794 d (4.8 Earth masses with period 90.31 days) (Pepe et. al.

2011) although observations for such small planets are increasingly difficult with

longer periods. Formalhaut b, originally thought to be a long period Jupiter-

massed object [Kalas et al., 2008] now, thanks to high resolution observations

using ALMA, appears to be a small body no larger than a few Earth masses with

a companion with an even greater period on the outside of the system’s dust ring

[Boley et al., 2012]. Hot Neptunes have also been observed such as Gliese 436b

(23.43 Earth masses with period 2.64 days) [Butler et al., 2004] and Kepler-4 b

(24.48 Earth masses with period 3.21 days) [Borucki et al., 2011]. Again, such
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planets have been found with larger periods such as HD 10180 g (21.40 Earth

masses with period 601.20 days) [Moutou et al., 2011] and HD 192310 c (24 Earth

masses with period 525.8 days) [Pepe et al., 2011]. Observational discoveries of

multiple-planet systems are also now becoming common such as the five planet

system orbiting the star 55 Cancri consisting of gas giants and Neptune-mass

bodies [Fischer et al., 2008], the HR 8799 system that reportedly contains four

massive planets between 4 and 10 Jupiter masses [Marois et al., 2008] and the

recently reported Kepler-11 system consisting of six nearly coplanar planets -

mostly low mass Neptune-mass bodies and super Earths but with perhaps one

Jupiter mass planet orbiting at a larger distance [Lissauer et al., 2011].

A question that needs to be addressed is whether a particular model of planet

formation, such as the core-accretion model, can explain this broad diversity of

observed planets - robust enough in its variety so as to explain the wide range of

observed systems. Alternatively, it might be the case that very different physical

processes are operating on different length and/or timescales within protoplane-

tary discs so as to form planets with such diverse characteristics. For example,

core-accretion at locations relatively close to the central star and operating on

long time scales might form short period systems [Pollack et al., 1996] while grav-

itational fragmentation occurring at large radii on short-time scales might form

long-period giant planets or low mass brown dwarfs [Boss, 1997; Stamatellos and

Whitworth, 2008].

In order to begin addressing this question in detail, it is necessary to construct

models of planetary formation that are global in their reach - they must allow

for the formation of multiple planet systems with a large diversity of masses and

orbital elements (semimajor axes, eccentricities, inclinations etc). In this thesis, I

present the results from global models that are based on the oligarchic growth sce-

nario for planet formation, that have been constructed using a symplectic N-body

code [Chambers, 1999] combined with first a simplified prescription for the gas

disc model (Chapter 3) and then combined with a self-consistent 1D evolving disc

model (Chapter 4). The models also include planetary migration, the accretion of

planetesimals, gas-envelope accretion, and disc dispersal on Myr time scales. One

of the main objectives in this work is to examine how our current understanding

of migration of low-mass planets influences the formation of planetary systems,
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with particular emphasis on the corotation torques in radiatively-inefficient discs

[Paardekooper et al., 2010, 2011]. The prescriptions I have used in both of these

studies for a number of physical processes, such as gas accretion, are very sim-

plified due to computational necessity. However, they serve the useful purpose

of enabling N-body simulations to be performed of planetary system formation

that leads to a diversity of outcomes which can be used to guide future model

developments.

A substantial body of previous work exists that has examined the role of mi-

gration in the formation of planets using N-body simulations. Papaloizou and

Larwood [2000] utilised N-body simulations modelling planet-planet collisions

combined with a prescription for migration and eccentricity/inclination damping

to examine planetary growth. McNeil et al. [2005] and Daisaka et al. [2006] exam-

ined the effects on terrestrial planet formation of type I migration and Fogg and

Nelson [2007, 2009] examined the influence of type I migration on the formation

of terrestrial planets in the presence of migrating Jovian-mass planets. Terquem

and Papaloizou [2007] used N-body simulations with Type I migration to examine

the formation of hot super-Earths and Neptunes and McNeil and Nelson [2009,

2010] carried out large-scale simulations of oligarchic growth to explore the for-

mation of systems of hot-Neptunes and super-Earths such as those around the

stars Gliese 581 and HD698433, using a novel symplectic integrator with multiple

timesteps.

An alternative to these approaches has been planetary population synthesis

modelling, as presented by Ida and Lin [2010]; Ida et al. [2008], Mordasini et al.

[2009a], Mordasini et al. [2009b] and Miguel et al. [2011]. These monte-carlo based

approaches have significant advantages in being able to cover a very broad range

of parameter space thus allowing meaningful statistical comparisons with obser-

vational data to be undertaken. The computational efficiency of such regimes

also allows complex models of planetary atmospheres and gas accretion to be

included as presented by the Mordasini et al work. However, accurate treatment

of planet-planet gravitational interactions are difficult to include in these models

with the result that predictions about planetary system multiplicity, orbital ec-

centricities and inclinations are not a natural outcome of the models (although

note that models by Ida and Lin [2010] do now include a simplified treatment of
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planet-planet interaction dynamics).

1.2 Detection Methods for Extrasolar Planets

There are now six known methods that have been used for the detection of ex-

trasolar planets.

1.2.1 Radial velocity observations

As planets are not massless bodies, they exert a gravitational pull on their parent

star. Although the star’s gravitational potential is far more significant, a planet’s

mass alters the centre of gravity of a system so that both bodies co-orbit a

common centre of mass. In the case of binary stars, this common centre of mass

can often reside at a point of space between both bodies, however, in the case of

a planet orbiting a star, the centre of mass usually resides inside the star. This

has the effect of causing a ’wobble’ in the star’s motion.

This can be observed via spectroscopy due to the frequency of photons from

the star being doppler shifted in response to the movement of the star along the

line of sight 1.1.

Figure 1.1: The doppler effect changes to the frequency of light from a star
undergoing a ’wobble’ due to the gravitational interaction with an orbiting planet.

The observed velocity of a star of mass M� with an attendant planet of mass
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Mp in a circular orbit of radius r is

vobserved ≤
Mp

M�

√
GM�
r

sin i (1.1)

where i is the inclination of the planet’s orbit to the line of sight of the observer.

This method of planet detection can only give us a lower limit for a planet’s

mass due to the inclusion of the inclination i in the calculated result - Mp sin i.

However, there is additional information that can be gleaned about a planet’s

characteristics using this method.

A planet on a circular orbit around an observed star will affect the same

gravitational pull throughout the orbit. For a planet on an eccentric orbit, it

moves faster at pericentre than at apocentre and correspondingly, the observed

velocity of the star will also be greater at pericentre. Thus variations in the

magnitude of the radial velocity can give us information as to the eccentricity of

an extrasolar planet.

An example of an observed radial velocity curve of a planet on a circular orbit

is shown in figure 1.2 [Mayor and Queloz, 1995] and an example of an observed

radial velocity curve for an eccentric orbit is shown in figure 1.3 [Pepe et al.,

2002].

1.2.2 Transit surveys

If an extrasolar planet’s orbital plane is edge on to an observer then it will cross

a path between the observer and its parent star then there will be a dip in the

observed stellar flux.

The observed flux from a star is directly proportional to it’s cross-sectional

area and the area concealed by a transiting planet is equal to the planet’s cross

sectional area. Thus it follows that the decrease in the observed flux from the

star is

∆F�
F�

=

(
Rp

R�

)2

. (1.2)

Observations of this nature have a low probability of occurring as a planetary

orbit must be observed almost edge on for an observer in order for a transit to be
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Figure 1.2: The radial velocity survey results for 51 Pegasi which led to the
discovery of the first planet to be detected orbiting a main sequence star, 51
Pegasi b.
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Figure 1.3: The radial velocity survey results for HD 108147 which led to the
discovery of the hot Jupiter, HD 108147 b, a planet on an eccentric orbit.
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Figure 1.4: The effect on observed brightness of a star as a planet crosses across
the star’s surface. At (1) the star is not occluded at all and the flux is corre-
spondingly constant. At (2) the planet is beginning to occlude part of the star
and so the flux detected begins to drop. At (3) the whole planet is occluding part
of the star so the drop in observed stellar flux is at a maximum.

detected. The probability of such an orbit occurring is proportional to the ratio

of a star’s diameter to the diameter of the orbit. This probability decreases the

further away from a star a planet orbits.

Also, small planets produce a very small dip in flux. A Jupiter sized planet

orbiting a solar type star would give rise to a drop in stellar flux of approxi-

mately 1 percent whereas a terrestrial Earth sized planet would only give rise

to around a 0.01 percent drop in observed flux. Furthermore, a planet needs to

be observed multiple times in order to calculate the orbital period of a planet to

reasonable accuracy - at least three observed transits are required (two for the

initial measurement of the orbital period, the third for confirmation).

For these reasons, it is necessary to continuously monitor a large number of

stars over a long period of time in order to have a chance to detect potential

extrasolar planets. As an example, the Kepler spacecraft is performing transit

surveys over 0.28 percent of the sky and is planned to do so for at least 7.5 years.

It is observing approximately 150,000 stars. It has currently been operational for

about 3.5 years which means that the longest period planets that it has reasonably
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been able to detect due to the requirements of multiple observations is about a

third of this. The longest period planet currently detected by Kepler is Kepler-22b

and has a period of 289.86 days.

Transit surveys unfortunately have a high rate of false detections due to var-

ious other phenomena producing similar affects on a star’s apparent flux such as

eclipsing binary stars, star spots and stellar luminosity fluctuations. However,

when coupled with radial velocity observations, they can produce a rich amount

of information about a planet. The radius of a planet can be calculated and

thus when combined with the mass provided by a radial-velocity observation, it’s

average density can be evaluated. Not only this but the transit method can even

be used to study the atmosphere of a planet. As a planet transits a star, light

from the star can pass through the upper atmosphere of the planet (providing

the atmosphere is not too optically thick) and studies of the high-resolution stel-

lar spectrum can lead to the detection of elements or compounds present in the

planet’s atmosphere such as Na, CH4 or H2O [Tinetti et al., 2007]. Lastly, when

a planet is transiting on the opposite side of a star, a planet’s radiation can be

measured by subtracting the infra-red photometric intensity before the occulta-

tion from that during. These measurements can give a planets temperature. For

example, planets TrES-1 and HD 209458b have been measured to have tempera-

tures of 1060 and 1130 K respectively [Charbonneau et al., 2005; Deming et al.,

2005].

An example of a transit survey detection curve is shown in figure 1.5 [Fabrycky

et al., 2012].

1.2.3 Gravitational microlensing

Einstein’s theory of general relativity provides the underpinnings of gravitational

lensing - namely that gravity can distort space-time. Light from a distant source

star can be focussed due to a foreground lens star, bending the light from the

source star (see figure 1.6). If the lens star has an orbiting planet then the planet’s

gravitational field can also contribute to the lensing effect.

The detected changes in light and the overall magnification can give us infor-

mation about the distribution of mass of the gravitational lens.
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Figure 1.5: The transit survey phase curves for Kepler-30 which shows the detec-
tion of three planets around the same star, Kepler-30b, Kepler-30c and Kepler-
30c.
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Figure 1.6: The effect of gravitational lensing on distant starlight due to the
presence of a planet.

The probability of such an event occurring is very small indeed so a very large

number of distant stars have to be continuously observed. Furthermore, since the

chance alignment between two stars that leads to a gravitational lensing effect will

never happen again, planets detected with this method will only ever be observed

once. However, gravitational lensing can be sensitive to smaller planets that are

difficult for other detection methods to observe. The first low mass planet to have

a relatively large semi-major axis, OGLE-2005-BLG-390Lb, was detected by this

method in 2006 [Beaulieu et al., 2006]. Its microlensing light curve is shown in

figure 1.7

1.2.4 Direct imaging

Planets are very faint light sources in comparison to the stars they orbit - orders

of magnitude fainter. Therefore, light reflected off a planet is usually lost in the

glare from the star. However, there are cases when direct detection of a planet is

possible - when a planet is large, lies a long way from the parent star and is hot

so that it emits a significant amount of infrared radiation (i.e. the planet must

be young, ∼ 10 Myr old). A coronagraph is used to block the glare of the light

from the star so that imaging of light reflected from a planet’s surface is possible.

Four very large planets, between 4 and 10 Jupiter masses in size were detected

by this method in 2008 around star HR 8799 (see figure 1.8) [Marois et al., 2008].
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Figure 1.7: The observed light curve used in the detection of OGLE-2005-BLG-
390Lb. The anomaly that was used in the detection of the planet is expanded in
the top right corner.

12



Their luminosity and distance from the central star made this detection possible,

they are only just within the limits of planet classification since if they were much

more massive, deuterium fusion could occur and they would be classified as brown

dwarf stars.

Figure 1.8: A coronagraph of HR 8799 showing four apparent planets around the
central star.

1.2.5 Pulsar timing

The method that has produced the lowest number of exoplanet candidates and

yet is credited as detecting the very first exoplanets is pulsar timing. Pulsars are

a type of neutron star that emit beams of electromagnetic radiation from their

magnetic poles. If such a star rotates off axis to these poles then the beams’

orientation rotates with the star’s rotation. As an observer, this will manifest in

a regular pulsating signal as the beam is swung across the observer. The rotation

of such stars - and correspondingly the pulsating signal - are so regular that very

slight changes to the timings observed can be used to measure a pulsar’s motion.

Variances in the motion of a star can be used to detect extrasolar planets as

described in section 1.2.1. This method is so accurate that very small planets
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can be detected, down to dwarf planet sizes. The first planets detected by this

method (and thus the first extrasolar planets ever detected) are PSR B1257+12

c and d and were detected in 1992 by Wolszczan and Frail [1992].

1.3 Planet Formation Models

1.3.1 Protoplanetary discs

Planets are formed in protoplanetary discs around young stars. Giant clouds of

molecular hydrogen in star forming regions collapse and fragment leading to pro-

tostars. At the centre of these, the gas has low angular momentum, allowing it

to form a dense, hydrostatically supported protostellar core. Further material is

initially prevented from accreting onto this core due to its relatively high angular

momentum. Conservation of this causes the surrounding gas to form a rotation-

ally supported disc. A large fraction of this gas then accretes onto the central

core through the accretion disc. Once sufficient mass has been accreted by the

core, deuterium fusion begins and then hydrogen fusion. By this time, most of

the nebula gas has diffused through the disc and has accreted so that a young star

(known as a T Tauri star) lies at the centre of the disc that now contains a few

percent of the star’s mass. It is in these discs - protoplanetary discs - that planet

formation occurs according to the core accretion model. We note, however, that

fragmentation of the disc during its earlier self-gravity stage may also occur. See

figure 1.9.

1.3.2 Gravitational Instability Model

Young, compact objects have been observed in star forming regions right the

way through the brown dwarf range down to sub-deuterium-burning masses (e.g.

Zapatero Osorio et al. [1999]). There is no reason why the process of gravita-

tional instability that forms stars couldn’t extend down to smaller gas giant sized

planets, since the opacity limit for fragmentation can reach a few Jupiter masses.

Similar to how gravitational instability leads to the fragmentation of molecular

cloud cores which subsequently form protoplanetary discs, the outer regions of the
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Figure 1.9: The formation of a T Tauri star and a protoplanetary disc.
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protoplanetary disc can become gravitationally unstable, fragment and collapse

leading to the formation of planets or brown dwarfs (e.g. Boss [1997]; Stamatellos

and Whitworth [2008]). However, for such a process to occur, the protoplanetary

disc needs to be massive, resulting in planets that are massive gas giants. As

such, this method of planet formation can account for a minority of observed

extrasolar planets.

Evidence such as the results presented in Matsuo et al. [2007] suggests that

the majority of extrasolar planets are contained within a mass and semi-major

axis distribution that are inconsistent with the gravitational instability model.

Furthermore, the distinct dip in the mass function of observed objects between

10-50 Jupiter masses (the so called ’brown dwarf desert’) suggests that the for-

mation of planets via this method is relatively rare [Wuchterl et al., 2000]. I note,

however, that recent developments indicate that clumps formed through gravi-

tational instability may migrate inward and experience tidal downsizing, leading

ultimately to a range of planet masses [Nayakshin et al., 2011].

1.3.3 Core Nucleated Accretion Model

Instead of building planets from the top down - turning clumps of gas into smaller

planets - another approach is from the bottom up. This is the basis for the core

nucleated accretion model.

In this model, micrometer sized dust particles, composed primarily of surviv-

ing interstellar grains and condensates formed in the protoplanetary disc, slowly

collide and stick together and settle toward the mid-plane of the disc. Observa-

tions of infrared spectra of young discs show the signatures of this coagulation

process [Kessler-Silacci et al., 2006]. Once the concentration of these clumps

reaches a high enough density, gravitational instabilities within them can occur

leading to the formation of rocky bodies or planetesimals up to about 1-10 km

in size [Johansen et al., 2011]. In a more traditional picture, planetesimals may

instead form by continued coagulation of dust grains, leading to bodies with size

of 1-10km [Weidenschilling, 2000; Windmark et al., 2012].

From here, gravitational interactions between planetesimals leads to a period

of rapid runaway accretion where the rate of solid-body accretion is determined
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by the mass of the body - more massive bodies accreting more rapidly than less

massive ones. Once the larger bodies - now protoplanets - have grown suffi-

ciently in size, the random velocity evolution of the surrounding planetesimals is

no longer governed by planetesimal-planetesimal interactions but rather by the

gravitational scattering caused by the protoplanets. This leads to an increase

in the random velocities of the planetesimals which correspondingly leads to a

reduction in the accretion rate for the protoplanets due to the effects of gravi-

tational focussing decreasing. This slower accretion phase is known as oligarchic

growth [Kokubo and Ida, 1998].

Due to the dependence of the accretion rate during oligarchic growth on ran-

dom velocities and the random velocities of planetesimals increasing due to the

mass of a planet, this is a self-limiting growth phase. Whilst it has been shown to

successfully form planets analogous to present day terrestrial planets [Chambers

and Wetherill, 1998], this process on its own cannot grow planets larger than a

few Earth masses and struggles to form planets in the giant planet region of our

solar system. This is because the formation timescale during oligarchic growth

depends on the solid surface density and on the orbital radius.

Gas giant planets are thought to be composed of solid rocky cores surrounded

by massive gas envelopes (although cores present during the formation of gas

giants could since have shrunk through core erosion processes such as convection).

The rocky cores of gas giants are formed along with rocky planets during oli-

garchic growth. Planets accrete gas from the surrounding nebula if the escape

velocity from the planet is greater than the sound speed in the surrounding proto-

planetary disc. For small planets this is a very slow process with planets accreting

only very small atmospheres during the lifetime of the gas disc. In order for a

planet to be able to grow to a gas giant size, a core of about 10 Earth masses

needs to form within the lifetime of the disc [Pollack et al., 1996], however, recent

work by Movshovitz et al. [2010] suggests that only about a 3 Earth mass core

may be needed.

Once a planet has accreted a sufficient amount of gas mass (approximately

the equivalent to its solid core mass), the rate of gas accretion increases rapidly

and switches to a phase of runaway gas accretion. This continues until all the

gas in the vicinity of the planet’s orbit has been accreted and takes of the order
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of 105 years to complete compared to 106 years to accrete all the gas mass prior

to this point.
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Chapter 2

Theory

2.1 The Minimum Mass Solar Nebula Model

Although we are obviously unable to observe the solar system’s original proto-

planetary disc, work has been done to calculate what the original mass distri-

bution would have been during the formation of our solar system with the most

commonly agreed upon result being the Minimum Mass Nebular Model (MMSN)

[Hayashi, 1981].

In the construction of this model, the total observed current mass held in

heavy elements throughout the planets, comets and asteroids in the solar system

is first calculated. It is then assumed that the heavy element to gas ratio would

have been the same in the protoplanetary disc as that which is currently observed

in the Sun. Assuming that no heavy elements were lost during the formation of the

solar system, this gives an estimate of the total mass of the original protoplanetary

disc. It is approximately 1.5% of a solar mass. In order to calculate the original

mass distribution of the original disc, an assumption is made that all the planets

were formed where they are now (something that does not appear to hold true in

my simulations). As such, the total disc mass is smeared out so that it represents

the same proportional mass distribution as is currently observed. The mass profile

calculated by Hayashi [1981], and referred to as the MMSN profile hereafter, is:

Σ = 1731
( a

1AU

)−3/2

gcm−2 (2.1)
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2.2 Ice line density enhancement

Hayashi [1981]’s MMSN model also has a corresponding power law for the equi-

librium temperature in the gas disc:

T = 280
( a

1AU

)−1/2

K (2.2)

However, if the temperature drops enough, various materials in the disc can

condense into solids with the most significant being water condensing into ice.

Since we know that the condensation temperature of water is 170 K, we can use

equation 2.2 to find the radius at which this enhancement to the solids surface

density can occur, 2.7 AU. Within this radius, the MMSN takes the solids’ den-

sity to be 7.1 g/cm2 and outside, 30 g/cm2. In reality, such a discontinuity is

unrealistic and the change in density enhancement is likely to be far less sharply

defined. In my work, I smear the discontinuity out somewhat as described in

section 3.1.1.3. It is noteworthy that analysis of meteorites believed to originate

in the asteroid belt indicate a gradient in volatiles, with volatile rich bodies being

located in the outer belt at ∼ 3 AU and volatile-poor bodies originating in the

inner belt around ∼ 2 AU. This is supported by spectroscopic observations of

asteroids which indicate the presence of dry S-type bodies in the inner belt and

volatile-rich C-type bodies in the outer belt [Gradie and Tedesco, 1982].

2.3 Planets and Planetesimals

As described in section 1.3.3, the growth of planets goes through several phases.

First micrometer sized dust particles settle towards the mid plane of the disc and

agglomerate into large enough clumps that then grow through pairwise inelastic

collisions into rocky bodies or planetesimals up to about 1-10 km in size.

From this point onwards, perturbations in the orbits of planetesimals are

dominated by interactions between pairs of solid bodies rather than effects such

as collective gravitational effects and gas drag. Planetesimals continue to grow

in size through pairwise mergers. Larger planetesimals grow faster since the

accretion rate for a body is determined by its size and mass, the surrounding
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solids surface density and the relative velocities of its surrounding bodies:

Ṁp ' πR2 Σp

h
vpFg (2.3)

whereR is the radius of the body, Σp is the local solids surface density surrounding

the body, h is the disc scale height and vp is the relative velocity dispersion of the

disc [Thommes et al., 2003]. Fg is the gravitational focussing factor which relates

the effective cross sectional accretion area to the body’s physical cross sectional

area. This can be written as

Fg = 1 +

(
ve

vp

)2

(2.4)

where ve is the escape velocity from the body’s surface and vp is the velocity

dispersion in the disc.

Looking at this equation, it is clear that two scenarios for body growth can

occur. If vp & ve then equation 2.4 tends towards 1 giving us a mass accretion

rate that is approximately proportional to R2 so that Ṙ is independent of R.

This type of growth is referred to as orderly. If, however, vp � ve then the mass

accretion rate is approximately proportional to R4 due to the strong dependence

on the escape velocity which itself is proportional to R. With such a strong

dependence on the radius, larger bodies will grow far faster than their smaller

counterparts. This is known as runaway growth and the larger bodies that grow

out of this regime are known as planetary embryos or protoplanets.

2.3.1 Oligarchic Growth

Once a protoplanet becomes large enough, the gravitational interactions between

it and other bodies changes from dispersion dominated driven growth - where the

relative velocities of local planetesimals are determined mainly by their collective

random epicyclic motion - to shear dominated driven growth - where the gravi-

tational interaction with the protoplanet drives the relative velocities of the local

planetesimals. Ida and Makino [1993] found that the condition for transferring

from a planetesimal-planetesimal driven dispersion dominated growth regime to
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a protoplanet-planetesimal driven shear dominated growth regime is

2ΣMM > Σmm (2.5)

where M is the protoplanet mass, m is the effective planetesimal mass, Σm is

the local surface density of the planetesimals in the disc and ΣM is the effective

surface density of a protoplanet in the disc given by

ΣM =
M

2πa∆astir
(2.6)

where astir is the width of the annulus within which the disc is gravitationally

stirred by the protoplanet [Thommes et al., 2003].

The dynamical friction between bodies that drives the planetesimal velocity

distribution also works to damp down the random motions of the protoplanets

so that protoplanets that are relatively close together collide and merge. As a

result, protoplanets grow far faster than planetesimals and grow in a runaway

fashion, however, the mass doubling of larger protoplanets is slower than smaller

embryos. This phase of rapid protoplanet growth is known as oligarchic growth.

2.3.2 Isolation Mass

As larger protoplanets grow at a slower rate than smaller protoplanets, this leads

to a self limiting regime - the smaller ones will catch up. Growth is slowed due

to larger eccentricities meaning that planetesimals have larger relative velocities

and thus the effective cross sectional accretion area is reduced. Larger protoplan-

ets thus grow slower from planetesimal accretion than smaller bodies although

protoplanet-protoplanet mergers continues until embryos are far enough sepa-

rated from one another that they are effectively isolated. The result of this is

that protoplanets up to about the size of Mars are formed at regularly spaced dis-

tances from the central star. The mass that these protoplanets can reach through

this runaway accretion phase is the isolation mass and is given by

Miso =
(4πbR2Σm)

3/2

(3M�)1/2
(2.7)
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[Lissauer, 1987]. Here b is a constant defining the separation of protoplanets in

multiples of their mutual Hill radius and is approximately 10 [Kokubo and Ida,

1998]. The mutual Hill radius of two planets is given by:

Rh,m =
1

2

(
M1 +M2

3M�

)1/3

(a1 + a2) . (2.8)

At small semi-major axis, Kepler shear is too great to allow planets of larger

than a few Earth masses to form unless the disc mass is significantly boosted

above the MMSN. The greater the distance from the central star, the larger the

isolation mass can be. This may explain why massive cores can form at large

distances from a star leading to giant planet formation beyond the ice line.

2.3.3 Terrestrial and Giant Planets

Oligarchic growth is the process by which terrestrial planets and the cores of giant

planets are believed to have been formed. The limit on planet masses due to the

isolation mass at small semi-major axis matches well with the observed terrestrial

planet region provided that giant impacts can grow planets beyond the isolation

mass which is approximately a mars mass in the terrestrial zone [Chambers and

Wetherill, 1998].

Furthermore, the epoch of oligarchic growth in the gas giant region (i.e. where

Jupiter is now - ∼ 5 AU) is on the order of millions of years which matches up well

with the observed lifetime of the gas in protoplanetary discs (a few million years)

and oligarchic growth can form gas giant cores up to about 10 Earth masses in

the same timescale [Thommes et al., 2003]. A giant planet’s core has to grow

sufficiently before the gas of the disc dissipates in order for there to be enough

gas left for envelope accretion. The low hydrogen and helium content in Uranus

and Neptune compared to Saturn and Jupiter suggests that their core growth

was too slow and that the gas disc had largely dissipated by the time of their gas

accretion phases [Lissauer, 1995; Thommes et al., 2003].
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2.4 Atmospheric Drag Induced Capture Radii

Enhancement

Planets and protoplanets of as low mass as Mars have an escape velocity that

is greater than the speed of sound in the gas disc. This means that a tenuous

atmosphere begins to be accreted. This atmosphere leads to an increased cross

sectional accretion area for a planet due to the gas drag acting on planetesimals

that pass through the denser gas which in turn increases the effective capture

radius for a planet (see figure 2.1).

Figure 2.1: The effects of a dense atmosphere on increasing the effective capture
radius of a protoplanet.

I use the prescription described in section 2.5 of Inaba and Ikoma [2003] to

model this effect (see their Eq. 17 and appendix A). In this model, a planetesimal

that is within the Hill sphere of the protoplanet, and located a distance rc from

the centre of the protoplanet, will be captured if its physical radius is less than

rcrit given by the expression

rcrit =
3

2

v2
rel + 2Gmp/rc

v2
rel + 2Gmp/rH

ρ(rc)

ρp

rH . (2.9)
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Here ρ(rc) is the local density of the protoplanet atmosphere, ρp is the density

of the planetesimal, rH is the protoplanet’s Hill radius and vrel is the relative

velocity between the two bodies.

The atmosphere model requires us to specify the luminosity of the planet. I

assume that this is equal to the gravitational energy released by incoming plan-

etesimals

Lp =
Gmp

rp

dmp

dt
(2.10)

I monitor the accretion rate of solids experienced by protoplanets in my sim-

ulations, and use this to determine the accretion luminosity. My simulations

use superplanetesimals to model planetesimals due to computational necessity.

These superplanetesimals have the physical characteristics of the planetesimals

they model but have an increased mass. The accretion of these bodies is very

stochastic in nature over the timescale of simulation evolution. Actual planetes-

imal accretion would be a constant stream of small body accretion. In order to

account for this, smooth out the stochastic nature of superplanetesimal accretion,

the average luminosity of a protoplanet is calculated over temporal windows of

200 local orbits (or 4000 years, whichever is smaller). The calculated luminosity

is limited to within the range 10−9 to 10−4 L�.

The Inaba and Ikoma [2003] model assumes that the contribution to the grav-

itating mass from the atmosphere is negligible compared to that of the solid core.

In order to avoid an overestimation of the capture radius of larger planets, I limit

the effective capture radius of a planet to be a maximum of 1/20 of a planet’s

Hill radius for these planets. The transition is smoothed using the expression

rcapture =

[
0.5− 0.5 tanh

(
mp − 30M⊕

5M⊕

)]
ratmos

+

[
0.5 + 0.5 tanh

(
mp − 30M⊕

5M⊕

)]
0.05rH

(2.11)

where rcapture is the effective capture radius, ratmos is the enhanced capture radius

due to the atmosphere and rH is the Hill radius. Figure 2.2 shows the effective

capture radius as a function of planet mass and luminosity, including the above

smoothing procedure.
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Figure 2.2: Effective planetesimal capture radius enhancement due to atmo-
spheric drag for 10 km planetesimals and with various planet luminosities. Solid
lines correspond to Lp = 10−8 L�; dot-dashed lines correspond to Lp = 10−5 L�.
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2.5 Planet-Disc Interactions

2.5.1 Aerodynamic drag

The most basic form of planet-disc interactions is aerodynamic or Stokes drag.

This is a frictional drag force that applies to particles in a fluid. In the application

to protoplanetary discs, this provides an efficient source of eccentricity and incli-

nation damping since it damps movement along all axes. It also causes slow and

inward drift because planetesimals on Keplerian orbits experience a head-wind

from the surrounding sub-Keplerian disc. I apply this effect using the Stokes’

drag law [Adachi et al., 1976],

Fdrag = mp

(
−3ρCD

8ρprp

)
vrelvrel (2.12)

where ρ is the local gas density, rp is the radius of the body and CD is a di-

mensionless drag coefficient (here taken to be unity). vrel is the velocity of a

planetesimal relative to the local gas disc and is defined as:

vrel = vp − vK (1− η) (2.13)

where vp is the planetesimal velocity, vK is the local Keplerian velocity, given by

vK =

√
GM�
R

(2.14)

in the orbital direction and η is the fractional difference between the gas velocity

and the local Keplerian velocity due to partial pressure support of the gas disc:

η =
π

16
(α + β)

(
cs
VK

)2

. (2.15)

Here cs is the sound speed in the disc and α and β are the surface density and

temperature power laws of the gas disc respectively.
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2.5.2 Type-I Migration

Although, as has been mentioned in section 2.3, oligarchic growth can lead to the

formation of gas giant planet cores, these calculations have considered protoplan-

ets that are affected only by gravitational interactions with other solid bodies in

the protoplanetary disc - interactions with the gas in the disc have been ignored.

When planets become massive enough (between a lunar and Mars mass), the

gravitational pull they exert on the surrounding gas causes significant density

waves to form (see figure 2.3). These are launched at Lindblad resonances both

inside and outside the planet in the disc, and lead to an exchange of angular

momentum between the planet and the disc gas. Each excited wave exerts a

torque on the planet. Torques exerted at Lindblad resonances interior to a planet

are positive while those outside a planet are negative. [Tanaka et al., 2002]. Due

to asymmetry in the disc caused by the surface density, pressure and disc thickness

varying radially, these torques are not equal and the net torque is almost always

negative.

The migration timescale for planets undergoing type I migration is [Daisaka

et al., 2006]:

τmig = 0.23

(
Mp

M�

)−1(
Σgr

2

M�

)−1(
cs

rΩp

)2

Ω−1
p (2.16)

where Ω is the Keplerian orbital angular velocity:

Ω =

√
GM�
R3

(2.17)

Thus the time it takes for a planet to migrate inwards is inversely proportional

to a planet’s mass. In an MMSN disc, a 0.1M⊕ planet would take about 5 million

years to migrate in from 5AU to the central star - longer than the lifetime of the

disc. However, a 10M⊕ body, i.e. a reasonably sized gas giant core, would take

only 50,000 years - far shorter than the time it would take for Oligarchic growth

to form such a body.

The consequence of this rapid inward migration has been a problem in for-

mation models - most larger bodies formed should migrate in and fall onto the

central star long before they can form a gap in the disc and undergo type II
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Figure 2.3: Spiral density waves interior and exterior to a planet embedded in a
gas disc. [Masset]
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migration (see section 3.1.5). It does, however, give a possible explanation as to

how hot neptune or super-earth type planets could have formed.

2.5.3 Migration in radiatively-inefficient discs

The migration regimes for medium sized (terrestrial up to sub-gap forming) plan-

ets was long treated simply using a linear analysis as it was considered one of

the simplest migration cases. Unfortunately, the rapid inward migration that

is characteristic of this type I migration leads to a difficulty in reproducing the

semi-major axis distribution of observed planets via planetary synthesis models

and a reduction of between 10 [Ida and Lin, 2008] and 1000 [Mordasini et al.,

2009a] is needed in order to produce results that are in reasonable agreement

with extrasolar planet observations.

A modification to the torques that lead to the rapid type I style inward mi-

gration is to consider discs that are non isothermal in nature. In such models the

energy balance is considered in a more realistic manner and it has been shown

[Paardekooper and Mellema, 2006] in three dimensional radiation-hydrodynamic

simulations that inward migration of low mass planets can not only be slowed

down and stopped, migration can also reverse so that planets can move outwards

depending on the local disc opacity. This is due to the radial entropy gradient in

the disc and the corotation torque [Paardekooper and Mellema, 2008].

In my studies here, I have included the migration of low mass planets by

implementing the torque formulae presented by Paardekooper et al. [2010] and

Paardekooper et al. [2011]. These formulae describe how the various torque con-

tributions vary as the planet mass and local conditions in the disc change. Specifi-

cally, corotation torques depend sensitively on the ratio of the horseshoe libration

time scale to either the viscous or thermal diffusion time scales.

There are two basic contributions to the corotation torque: the vorticity-

related corotation torque and the entropy-related corotation torque. In an invis-

cid two dimensional disc, the vortensity (ratio of vorticity to surface density) is a

conserved quantity on streamlines. Fluid elements undergoing horseshoe orbits in

the presence of a planet therefore conserve this quantity. For power-law surface

density profiles with indices greater (less negative) than −3/2, there is a nega-

30



Figure 2.4: Consider a disc with a modest negative surface density gradient.
Fluid elements move in horseshoe orbits conserving their vortensity ∼ (Ω/Σ). A
fluid element beginning outside the planet at (a) undergoes a horseshoe U-turn
and moves interior to the planet to (c). In doing so, Ω increases, so Σ must
increase also, generating a positive Σ enhancement in front of the planet that
exerts a positive torque. The converse is true for fluid elements moving from (d)
to (b), leading to a density reduction behind the planet, reinforcing the positive
corotation torque. To prevent saturation, the viscous diffusion time across the
horseshoe region must be approximately equal to half the horseshoe libration
period.
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Figure 2.5: A pocket of gas undergoing a horseshoe orbit in a disc with a temper-
ature gradient moves round from a low temperature region (a) to a high temper-
ature region (c). It contracts adiabatically so that when it reaches (d), it has a
higher density. Similarly, a pocket of gas at (d) moves around to a lower temper-
ature region (b) where the surrounding gas is cooler and so expands adiabatically
leading to a lower density region. If the cooling time is such that by the time a
pocket of gas moves from (c) to (d) it will have cooled to the same temperature
as the local gas then a positive torque can be sustained. For this to happen, the
cooling time has to be the same as half the libration period.
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tive radial vortensity gradient, and the exchange of angular momentum between

an embedded planet and disc material as the fluid follows horseshoe streamlines

generating a positive torque on the planet [Goldreich and Tremaine, 1979]. In

the absence of viscous diffusion, material undergoing horseshoe orbits eventu-

ally phase mixes because of the varying horseshoe orbit time scales, erasing the

vortensity profile in the corotation region and saturating the corotation torque

(i.e. switching it off, see figure 2.4). The action of viscous stresses can desaturate

the horseshoe torque by maintaining the vortensity gradient across the horseshoe

region, and this occurs optimally when the viscous diffusion time scale across

the width of the horseshoe region is approximately equal to half the horseshoe

libration time. The presence of horseshoe streamlines inevitably means that the

associated horseshoe torque is a non linear effect (because horseshoe orbits are not

present in a linear theory), usually referred to as horseshoe drag [Masset, 2001;

Paardekooper and Papaloizou, 2008; Ward, 1991]. As the viscosity is increased

above its optimal value the vortensity on streamlines begins to be modified signif-

icantly as the fluid undergoes horseshoe U-turns. For large enough viscosity the

vorticity-related corotation torque eventually approaches the smaller value ob-

tained from linear theory [Masset, 2002]. This arises when the viscous diffusion

time is shorter than the horseshoe U-turn time.

A similar process occurs for the entropy-related corotation torque (see figure

2.5, but in this case the controlling parameter is the thermal diffusion time scale

instead of the viscous one. Optimal corotation torques are obtained when both

the thermal and viscous diffusion time scales across the width of the horseshoe

region are equal to approximately half the horseshoe libration time. It should be

noted that, in addition to thermal diffusion, viscosity is required to desaturate

the entropy-related horseshoe torque. This is because material trapped in the

horseshoe region in an inviscid disc constitutes a closed system that can only

exchange a finite quantity of angular momentum with the planet. Viscosity is

required to couple this region with the rest of the disc, such that exchange of

angular momentum can desaturate the corotation torque.

For simplicity of implementation, I adopt the approximation suggested by

Lyra et al. [2010] and assume that the thermal and viscous time scales in the

disc are equal. For a disc in thermodynamic equilibrium, where the heating is
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provided by viscous dissipation and local cooling is via blackbody radiation, this

is a reasonable assumption to make.

Based on the above discussion, the torque experienced by a low mass planet

embedded in a disc depends on the Lindblad torques (originating from the excita-

tion of density waves at Lindblad resonances), and a weighted sum of the vorticity-

related horseshoe drag, the entropy-related horseshoe drag, the vorticity-related

linear corotation torque, and the entropy-related linear corotation torque. These

torque contributions are given as follows:

The Lindblad torque is

ΓLR =

(
Γ0

γ

)
[−2.5− 1.7β + 0.1α] (2.18)

the vorticity-related horseshoe drag is

ΓVHS =

(
Γ0

γ

)[
1.1

(
3

2
− α

)]
(2.19)

the entropy-related horseshoe drag is

ΓEHS =

(
Γ0

γ

)[
7.9

ζ

γ

]
(2.20)

the vorticity-related linear corotation torque is

ΓLVCT =

(
Γ0

γ

)[
0.7

(
3

2
− α

)]
(2.21)

the entropy-related linear corotation torque is

ΓLECT =

(
Γ0

γ

)[(
2.2− 1.4

γ

)
ζ

]
(2.22)

In these above expression γ is the ratio of specific heats, α and β are the exponents

in the surface density and temperature profiles and ζ is given by

ζ = β − (γ − 1)α. (2.23)
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Γ0 is given by

Γ0 =

(
mp

M∗

)(
mp

Σpa2
p

)(
apΩp

cs

)2

a2
pΩ2

p, (2.24)

where ap is the planet semimajor axis, and a subscript ‘p’ denotes that quantities

should be evaluated at the orbital location of the planet. In order to obtain the

correct total torque as a function of the thermal and viscous diffusion coefficients

I combined the above individual torque expressions into the following formula

[Paardekooper et al., 2011]:

Γtot = ΓLR + ΓVHSFvGv + ΓEHSFvFd

√
GvGd (2.25)

+ ΓLVCT(1−Kv) + ΓLECT(1−Kv)(1−Kd)

where the functions Gν , Gd, Fv, Fd, Kv and Kd are related either to the ratio

between the viscous/thermal diffusion time scales and the horseshoe libration

time scale, or to the ratio of the viscous/thermal diffusion time scales and the

horseshoe U-turn time scale.

The horseshoe libration time is given by tlib = 8π/(3Ωpxs), and the viscous

diffusion time scale across the horseshoe region is given by tv = (xsap)2/ν, where

ν is the viscous diffusion coefficient. Similarly the thermal diffusion time scale

is given by td = (xsap)2/D, where D is the thermal diffusion coefficient (defined

below). Following Paardekooper et al. [2011], I define two parameters that de-

termine the relation between the thermal/diffusion time scales and the horseshoe

libration time scale

pv =
2

3

√
a2

pΩx3
s

2πν
≡
√

16

27

tv
tlib

, (2.26)

which I refer to as the viscous diffusion parameter, and

pd =

√
a2

pΩx3
s

2πD
≡
√

4

3

td
tlib

, (2.27)

which I refer to as the thermal diffusion parameter. Note that ν and D are

assumed to be equal in this thesis, and are complicated functions of radial position

in the disc because of the functional form used to define the opacity in equation
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(3.8). These diffusion parameters are used to define the following functions

Fv =
1

[1 + (pv/1.3)2]
(2.28)

Fd =
1

[1 + (pd/1.3)2] .
(2.29)

Using the viscous diffusion parameter pv, the following functions are defined as

Gv =


16
25

(
45π
8

)3/4
p

3/2
v if pv <

√
8/(45π)

1− 9
25

(
8

45π

)4/3
p
−8/3
v if pv ≥

√
8/(45π)

(2.30)

Kv =


16
25

(
45π
28

)3/4
p

3/2
v if pv <

√
8/(45π)

1− 9
25

(
28

45π

)4/3
p
−8/3
v if pv ≥

√
28/(45π)

(2.31)

and using the thermal diffusion parameter pd, the following functions are defined

as

Gd =


16
25

(
45π
8

)3/4
p

3/2
d if pd <

√
8/(45π)

1− 9
25

(
8

45π

)4/3
p
−8/3
d if pd ≥

√
8/(45π)

(2.32)

Kd =


16
25

(
45π
28

)3/4
p

3/2
d if pd <

√
28/(45π)

1− 9
25

(
28

45π

)4/3
p
−8/3
d if pd ≥

√
28/(45π)

(2.33)

according to [Paardekooper et al., 2011].

2.5.3.1 Thermal and viscous diffusion

Radiative diffusion in the disc causes the thermal energy per unit volume, e, to

evolve according to
∂e

∂t
= −∇.F (2.34)
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where the radiative flux in the radial direction (across the horseshoe region) may

be expressed as

Fr = −4arc

3

T 3

κρ

dT

dr
. (2.35)

Here ar is the radiation constant and c is the speed of light. Noting that e =

P/(γ−1) and P = kBρT/(µmH), and assuming that ρ is locally constant, I obtain

the diffusion equation governing temperature evolution

∂T

∂t
= ∇r

(
D
dT

dr

)
(2.36)

where the diffusion coefficient, D, is given by

D =
4arc

3

T 3

κρ2

(γ − 1)µmH

kB

. (2.37)

where µ is the mean molecular weight of the gas and mH is the mass of a hydrogen

atom. Only dT
dr

remains in equation 2.36 as I assume the disc is isothermal in

the vertical direction and is axisymmetric. I set the viscous diffusion coefficient

equal to the thermal diffusion coefficient for the purpose of determining the level

of saturation of corotation torques (ν = D).

2.6 Type II migration

Protoplanets accrete a gas envelope gradually until their gas content is compa-

rable in mass to that of their solid material. After this switchover, the rate of

gas accretion accelerates rapidly in a runaway regime [Pollack et al., 1996]. This

regime lasts only a few thousand years and continues until the planet has cut off

its supply of gas by forming a gap in the disc [Lin and Papaloizou, 1979]. At

this point, the planet can still accrete gas albeit at a far slower rate which is

dependent on the viscous disc’s ability to supply material to the planet.

Initial estimates put the time it would have taken for a Jupiter-like body to

form in a 3 times MMSN nebula were about 8 MYr [Pollack et al., 1996]. Further

refinements to the model lead to timescales of about 3 MYr [Lissauer et al., 2009]

and recent improvements have reduced the time to as short as 1 MYr for a 3
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times MMSN disc [Movshovitz et al., 2010].

In my studies here, I use methods based around the Movshovitz et al. [2010]

model. The methods used are described in sections 3.1.6 and 4.2.2.
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Chapter 3

N-body Models for Planet

Formation

3.1 Model Description

3.1.1 Disc parameters

To limit the parameter space covered by the simulations, I considered only disc

models that can provide outward migration when unsaturated corotation torques

are included (see figure 3.1). The conditions under which outward migration

occurs are discussed in later sections, but as a rule of thumb I find that the

temperature radial power-law index, β, must be approximately 0.25 larger than

the surface density power-law index, α.

3.1.1.1 Gas disc component

The initial gas surface density is given by the power-law expression

Σg(R) = Σg (1 AU)

(
R

1 AU

)−α
. (3.1)

The volume density of gas is then

ρ(R, z) =
Σ(R, t)√

2πH
exp (−z2/2H2) (3.2)
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Figure 3.1: Disc profiles where outward migration is possible plotted against disc
surface density exponent (alpha) and disc temperature exponent (beta). Regions
shaded blue correspond to parameters for which outward migration is possible.
Dark blue regions correspond to parameters for which strong outward migration
is possible whereas for light shades, outward migration is weak.
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where H is the local disc scale height. The disc temperature is also given by a

power-law function of radius

T (R) = T (1 AU)

(
R

1 AU

)−β
(3.3)

where T (1 AU) is taken to be 280 K.

A disc with power-law density and temperature profiles also has a power-law

entropy profile. The associated power-law index is given by

ζ = (α + β)− αγ (3.4)

where γ is the usual ratio of specific heats, here taken to be γ = 7/5. The

isothermal sound speed is

cs =

√
kBT

mHµ
(3.5)

where kB is the Boltzmann constant, mH is the mass of a hydrogen atom and µ

is the mean molecular weight (here assumed to equal 2.4). The disc scale height

is given by

H = csΩK (3.6)

where ΩK is the Keplerian angular velocity. The angular velocity of the gas is

given by

Ω(R) = ΩK(R)

[
1− (α + β)

(
H

R

)2
]
. (3.7)

3.1.1.2 Opacities

I take the opacity κ to be always equal to the Rosseland mean opacity, and I

take the temperature and density dependence to be given by the formulae of Bell
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et al. [1997] below 3730 K and by Bell and Lin [1994] above this value:

κ[cm2/g] =



10−4 T 2.1 T < 132 K

3T−0.01 132 K ≤ T < 170 K

10−2 T 1.1 170 K ≤ T < 375 K

5× 104 T−1.5 375 K ≤ T < 390 K

0.1T 0.7 390 K ≤ T < 580 K

2× 1015 T−5.2 580 K ≤ T < 680 K

0.02T 0.8 680 K ≤ T < 960 K

2× 1081 ρ T−24 960 K ≤ T < 1570 K

10−8 ρ2/3 T 3 1570 K ≤ T < 3730 K

10−36 ρ1/3 T 10 3730 K ≤ T < 10000 K

(3.8)

3.1.1.3 Disc solid component

The disc solid component is composed initially of protoplanets and planetesimals

(that I model as a computationally feasible number of ‘superplanetesimals’ of

much larger mass than real planetesimals, but with an assumed radius equal to

that of realistic planetesimals (10 km) such that they experience the appropriate

gas drag force).

Protoplanets are initially spaced by 10 mutual Hill radii, and planetesimals

are scattered throughout the disc such that the total solids content follows the

surface density power-law prescribed for the gaseous component. As in Thommes

et al. [2003], planetesimal eccentricities and inclinations are distributed according

to a Rayleigh distribution and have RMS values of the eccentricity e = 0.01

and inclination i = 0.005 radians, respectively. The surface density of solids

is enhanced beyond the snow line, whose position Rsnow is determined by the

location where the temperature falls below 170 K. The snow line discontinuity is
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spread over a distance ∼ 1 AU:

Σs,0(R) =

{
Σ1 + (Σ2 − Σ1)

[
1

2

(
R−Rsnow

0.5 AU

)
+

1

2

]}(
R

1 AU

)−α
(3.9)

The surface density enhancement due to the snowline is (Σ2/Σ1) = 30/7.1 as

in Thommes et al. [2003]. Planetesimal densities are set at 3 g/cm3 throughout

the disk. Protoplanet densities are set at 3 g/cm3 inside the snowline and 1.5

g/cm3 beyond, as defined by Thommes et al. [2003]. The mass of the protoplanets

at t = 0 is Mp = 0.2 M⊕, and the mass of the superplanetesimals is 0.04 M⊕.

3.1.2 Disc evolution

The dispersal of the gas disc is simply modelled by modifying 3.1 so as to include

a decay term that mimics the dispersal of the gas disc by viscous evolution and

photoevaporation on a timescale defined by τdisc:

Σg(R, t) = Σg (1 AU)

(
R

1 AU

)−α
exp (−t/τdisc) (3.10)

In this investigation, τdisc is taken to be 1 Myr.

3.1.3 Planetary Migration

3.1.3.1 Eccentricity reduction factor

I follow the planetary migration model as defined in 2.5.3, however, I use a slight

modification of the torque expression 2.26:

Γtot = ΓLR +
{

ΓVHSFvGv + ΓEHSFvFd

√
GvGd (3.11)

+ ΓLVCT(1−Kv) + ΓLECT(1−Kv)(1−Kd)}E

The factor E, that multiplies all terms that can contribute to the corotation

torque, allows for the fact that corotation torques may be strongly attenuated

when the planet has a finite eccentricity, such that it undergoes radial excursions
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that are larger than the width of the horseshoe region [Bitsch and Kley, 2010].

To account for this effect I define E according to

E = (1− tanh (e/xs)) (3.12)

where the dimensionless horseshoe width is given by

xs =
1.1

γ1/4

√
q

h
, (3.13)

q = Mp/M∗ and h = H/R. The physical horseshoe width can be obtained by

multiplying xs by a planet’s Hill radius, rH. Note that for most simulations I set

E = 1, but for a subsample of my runs (labelled as ‘E’) I use equation (3.12) to

define E.

3.1.4 Eccentricity and Inclination damping

To damp the inclinations of protoplanets I used the prescription given in Ap-

pendix A of Daisaka et al. [2006]:

Fidamp,z = Mp

(
Mp

M�

)(
apΩp

cs

)4(Σga
2
p

M�

)
Ωp (2Aczvz + AszzΩp) (3.14)

where Acz = −1.088 and Asz = −0.871.

In addition to experiencing migration through interaction with the gas disc,

protoplanets also undergo eccentricity and inclination damping. To damp eccen-

tricities I used a simple time scale damping formula given by

Fedamp,r = − vr

tedamp

, Fedamp,θ = −0.5 (vθ − vK)

tedamp

(3.15)

where

tedamp =

(
Mp

M�

)−1(
apΩp

cs

)−4(Σga
2
p

M�

)−1

Ω−1
p (3.16)

I adopted this prescription rather than using the eccentricity damping forces

prescribed in Daisaka et al. [2006] because I found that the latter could generate

significant jitter in the acceleration experienced by the planets in disc models
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with strong radial temperature gradients, where H/r becomes small near the disc

outer edge. The formula based on the time scale argument produced smoother

results, apparently because it is based on an orbit-averaging procedure rather

than capturing the instantaneous force experienced by a planet around its orbit.

3.1.5 Type II-Migration

For massive planets, the migration changes from being of type I to being of

type II as gap formation occurs. Under these circumstances the planet migrates

inward on a time scale equal to the local viscous evolution time, τν , provided that

the planet mass is smaller than the disc mass interior to the planet. For more

massive planets the migration slows down due to the inertia of the planet (and is

ultimately determined by the time over which the viscous flow in the disc delivers

a mass of gas comparable to that of the planet to the planet orbital radius [Ivanov

et al., 1999; Syer and Clarke, 1995]).

The viscous evolution time is τν = R2/(3ν), where I use equation 3.27 to

calculate ν, and I apply the following torque in the type II migration regime

ΓII = −Mpjp

τν

(
1 +

Mp

πa2
pΣp

)−1

(3.17)

where Mp is the planet mass, jp is the specific angular momentum, ap is the planet

semimajor axis and Σp is the disc surface density at the planet’s semimajor axis

location. I transition smoothly between the type I and type II migration regimes

using the following expression

Γeff = ΓIIB + ΓI(1−B) (3.18)

where Γeff is the torque applied during the transition, ΓI is the type I torque, and

the transition function B is given by

B = 0.5 + 0.5 tanh

(
Mp − 65M⊕

15M⊕

)
. (3.19)

I adopted this form for B so as to allow the transition to type II migration to
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begin for Mp = 30M⊕, and for the transition to be complete for planets with mass

Mp = 100M⊕, in broad agreement with the results from analytic considerations

[Ward, 1997] and numerical simulations [D’Angelo et al., 2003]. In the type II

regime, eccentricities and inclinations are damped on a time scale equal to τν/10.

3.1.6 Gas Accretion Model

As protoplanets grow through mutual collision and planetesimal accretion they

are able to accrete a gaseous envelope from the surrounding disc, and may even-

tually become gas giant planets. To model gaseous envelope accretion, I have

implemented a very approximate scheme by calculating fits to the results of 1D

giant planet formation calculations presented by Movshovitz et al. [2010]. Work-

ing in time units of Myr and mass units of Earth masses, the gas accretion rate

is given by
dmge

dt
= 5.5

(
1

τge − τge0

)
(3.20)

where I define τge by the expression

τge = 9.665M−1.2
core , (3.21)

and τge0 is given by the expression

τge0 = τge

(
1−

(
1

exp
(mge

5.5

))) . (3.22)

This procedure allows the planet core to grow due to accretion of solids after

envelope accretion has commenced, and allows the rate of envelope accretion to

adjust to the changing core mass. It is well known from the studies of Pollack

et al. [1996] and others that the rate of gas envelope accretion is a sensitive

function of the core mass, increasing as the core mass increases. Figure 3.2

shows the gas envelope mass evolution in the absence of planetesimal accretion

and migration for planets with fixed core mass. These are very similar to the

results of detailed 1D giant planet formation calculations displayed in figure 1 of

Movshovitz et al. [2010]. Although I have implemented the above equations for
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Figure 3.2: Gas accretion onto giant planet cores for 3, 5 and 10 M⊕ cores against
time at 5 AU in a disc with no migration or planetesimal accretion.
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gas accretion numerically, I note that they have the analytic solution

mge(t) = −5.5 ln

(
1− m1.2

core

9.665
t

)
. (3.23)

Ideally, I would like to incorporate full 1D models of giant planet formation in

my N-body simulations, such that the gas envelope accretion can respond to the

changing planetesimal accretion rate and changing conditions in the disc, but such

an approach is computationally prohibitive at present. This simplified approach

is highly efficient and provides a reasonably good approximation to detailed core

nucleated accretion models, enabling me to add a vital missing component to my

N-body simulations.

The amount of gas that can accrete rapidly onto a forming giant planet is

constrained by the availability of gas in the local feeding zone. Thus I allow giant

planets to accrete gas using the procedure described above until the envelope

mass approaches the isolation mass, defined to be the gas mass in the feeding

zone. I approximate the feeding zone width to be [Lissauer, 1993]

rc = 2
√

3rH (3.24)

leading to the following expression for the gas isolation mass of the planet

mg−iso =

∫ a+2
√

3rH

a−2
√

3rH

2πΣgRdR. (3.25)

During the growth of the planet, it can begin to open a gap through nonlinear

tidal interaction with the disc [Lin and Papaloizou, 1986] and for typical disc

parameters this occurs around a Jovian mass [Bryden et al., 1999; Kley, 1999;

Nelson et al., 2000]. Consequently, if the isolation mass exceeds the Jovian mass,

I limit the mass of the planet that can be obtained during runaway gas accretion

to be the Jovian mass.

Once the runaway cut-off mass has been reached, the gas accretion rate

switches to the approximate rate that viscosity can supply mass to the planet

from the gas disc,
dmge

dt
= 3πνΣg (3.26)
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where ν is the local disc viscosity given by

ν = αvH
2Ω(R) (3.27)

where αv is the viscous parameter (set to 10−3 for the purpose of this calculation).

Note that this value for the kinematic viscosity is not the same as that obtained

by assuming the thermal and viscous diffusion coefficients are equal, as is done

to determine the magnitude of the corotation torques acting on a planet (see

section 2.5.3). However, the value of αv adopted for the purpose of determining

the viscously-driven mass accretion rate is similar to that used in many previous

studies of disc-planet interactions [Bryden et al., 1999; Kley, 1999; Nelson et al.,

2000], and produces viscous accretion rates within the range observed to occur

onto T Tauri stars [Sicilia-Aguilar et al., 2004].

3.2 Initial Conditions

My simulations were performed using the Mercury-6 symplectic integrator [Cham-

bers, 1999], modified to include the physics described in chapter 2 and section

3.1.

In order to model feasibly multiple parameter sets over time scales of 3 Myr,

my planetesimal disc consists of super-planetesimals (0.004 M⊕) with effective

radius of 10km, representing the averaged orbits of a much larger number of real

planetesimals. I set the mass of my protoplanets to be a factor of 5 larger than

the planetesimals, giving run times of approximately three cpu weeks for each

simulation.

To enable broad coverage of the α and β parameter set, I limited the num-

ber of realisations of initial conditions to two runs for each parameter choice,

with each member of the pair differing only by the random number seed used to

determine initial positions of the planetesimals. My initial suite of simulations

included models with enhancements by factors of 3 and 5 above the mass of the

MMSN (models labelled ‘M’), but I later augmented these with additional mod-

els with mass enhancement factors equal to 1 and 2 (models labelled ‘R’). I also

examined two models where I implemented a reduction in the corotation torques
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for protoplanets that develop eccentric orbits (discussed in detail in Sect.3.1.4).

These models are labelled ‘E’. Test calculations examining the influence of the

planetesimal capture radii of protoplanets were also performed.

In order to ensure that the disc mass is locally comparable in models with

different surface density profiles, I normalise the disc masses so that they all

have the same mass in the region from 2-15 AU that the enhanced MMSN discs

would have. This resulted in there being 28 protoplanets, with ∼ 4200 and

∼ 2500 planetesimals, for mass enhancement factors of 5 and 3, respectively. I

limited my selection of the α and β parameter space to models for which outward

migration due to corotation torques is possible (the conditions for this can be

determined by requiring the entropy-related and vorticity-related horseshoe drag

terms in section 2.5.3 to exceed the Lindblad torques). My simulation parameters

are detailed in table 3.1.

I set an inner edge to my simulations at 1 AU, and any body that migrates

inside this boundary, such that its semimajor axis is less than 1 AU, is removed

from the simulation. This radius was chosen to allow for a feasible time step

size in the n-body integrations. Information, however, is stored about each body

as it crosses this boundary, allowing us to follow the longer term trajectories

of individual planets to determine their final stopping location as the gas disc

disperses. This procedure is referred to as ‘single-body analysis’ later in section

3.3.3.1.

3.3 Results

In this section I begin by describing common behaviour seen in many of the

simulations. I introduce and discuss the concept of zero-migration lines, and their

role in creating convergent migration within a swarm of growing protoplanets. I

also discuss the coupling between the mass growth of protoplanets and their

migration, and how rapid accretion by protoplanets can lead to migration into

the central star.

I then describe the detailed evolution of a selection of individual runs (four

runs in total), followed by a summary of results across all of the simulations. This

includes the results of single body analysis, where I investigate the evolution of
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Table 3.1: Simulation parameters.
Simulation fenh α β Msolid asnow

M01A, M01B 5 0.5 0.75 173 1.95
M02A, M02B 3 0.5 0.75 104 1.95
M03A, M03B 5 0.5 1 173 1.65
M04A, M04B 3 0.5 1 104 1.65
M05A, M05B 5 0.5 1.25 173 1.49
M06A, M06B 3 0.5 1.25 104 1.49
M07A, M07B 5 0.5 1.5 173 1.39
M08A, M08B 3 0.5 1.5 104 1.39
M09A, M09B 5 0.75 1 173 1.65
M10A, M10B 3 0.75 1 104 1.65
M11A, M11B 5 0.75 1.25 173 1.49
M12A, M12B 3 0.75 1.25 104 1.49
M13A, M13B 5 0.75 1.5 174 1.39
M14A, M14B 3 0.75 1.5 104 1.39
M15A, M15B 5 1 1.25 170 1.49
M16A, M16B 3 1 1.25 107 1.49
M17A, M17B 5 1 1.5 170 1.39
M18A, M18B 3 1 1.5 107 1.39
M19A, M19B 5 1.25 1.5 173 1.39
M20A, M20B 3 1.25 1.5 104 1.39
R01A, R01B 2 0.5 1.25 69.6 1.49
R02A, R02B 1 0.5 1.25 36.6 1.49
R03A, R03B 2 0.5 1.5 69.6 1.39
R04A, R04B 1 0.5 1.5 36.6 1.39
R05A, R05B 2 0.75 1.25 69.6 1.49
R06A, R06B 1 0.75 1.25 36.1 1.49
R07A, R07B 2 0.75 1.5 69.6 1.39
R08A, R08B 1 0.75 1.5 36.1 1.39
E01A, E01B 5 0.5 1.25 173 1.49
E02A, E02B 3 0.5 1.25 104 1.49
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bodies lost beyond the inner edge of the simulations (these are treated as isolated

bodies, and so the analysis is limited in its ability to provide accurate predictions

about the nature of short-period systems).

Finally, I discuss briefly the effects of protoplanet eccentricity on the collective

evolution of the system, and present results in which the strength of corotation

torques is attenuated when a planet’s eccentric orbit induces a radial excursion

that is larger than the horseshoe width.

Throughout this section, I define a gas giant as being a planet that has un-

dergone runaway gas accretion, i.e. the sharp increase in mass shown in figure

3.2. This corresponds to a mass of approximately 30 M⊕.

3.3.1 Common behaviour

3.3.1.1 Migration lines

Consider a planet orbiting in a protoplanetary disc with power-law surface den-

sity and temperature profiles. If the planet sits in the inner regions of the disc

with high surface density and opacity, such that the horseshoe libration time

is significantly shorter than the thermal/viscous diffusion time across the horse-

shoe region, then the corotation torques will saturate and be inoperable. The

planet will migrate inward rapidly as its evolution will be determined by Lind-

blad torques.

Consider the same planet orbiting much further out in the disc where the

surface density and opacity are substantially reduced, such that the horseshoe

libration time is much longer than the thermal/viscous diffusion time. The disc-

planet system is now close to the locally isothermal limit, such that corotation

torques will be close to their linear value (see section 2.5.3). The migration will

again be inward because of the dominance of the Lindblad torques, but at a

reduced rate because of the contribution of positive corotation torques.

There exists an intermediate radial location in the disc where the surface den-

sity and opacity allow the thermal/viscous diffusion time to be approximately

equal to the horseshoe libration time. The corotation torque (horseshoe drag)

will be close to its maximum value here, and will possibly drive strong outward

migration of the planet if the entropy gradient in the disc is steep enough. As
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the planet migrates outward, however, the local disc surface density and opacity

decrease, decreasing the thermal diffusion time, and reducing the efficacy of the

positive corotation torque. Eventually the planet reaches a location where the

corotation and Lindblad torques exactly cancel, such that the planet stops mi-

grating. I refer to this location as the zero-migration line, and these are stable

positions in the disc for planets to reside.

Given that the horseshoe libration time is shorter for more massive planets,

the zero-migration lines of heavier planets are located further out in the disc

where the thermal diffusion times are shorter. Heavier planets that form in inner

disc regions will need to migrate out past lower mass bodies to reach their zero-

migration lines, leading to convergent migration for protoplanets with different

masses. Such planets can shepherd smaller planets, accrete them or scatter them

depending on the conditions in the disc and the rate of migration. Furthermore,

protoplanets with the same mass try to migrate to the same location in the disc.

In principle, this should increase the rate of collisional planetary growth.

The behaviour described above is illustrated in the contour plots shown in

figure 3.3, which display the value of the total torque in units of Γ0/γ (defined

in equation 2.24), as a function of planetary mass and orbital position. The four

panels correspond to the initial models M05A, M16A, M03B and M07B that are

described in Table 3.2. Regions coloured red correspond to strong inward mi-

gration (migration dominated by Lindblad torques). Regions coloured dark blue

correspond to strong outward migration, and lightly coloured regions correspond

to slow or zero migration. In general, rapid outward migration is favoured in

discs with relatively flat surface density profiles and steep temperature profiles.

In a steady-state disc, a planet of fixed mass that migrates to its zero-migration

line should stay there. Disc dispersal, however, leads to a locally reducing surface

density and opacity, progressively shifting the zero-migration line inward. Con-

sequently, as the disc disperses, a planet sitting on a zero-migration line drifts

inward on the gas disc dispersal time scale. This behaviour is shown in figures

3.4 and 3.5, which show the migration trajectories of planets of different mass

in the two disc models M05A and M03B that are dispersing on time scales of 1

Myr (similar migration trajectories are shown in Lyra et al. [2010]). Planets of

a given mass starting at different locations tend to migrate outward and eventu-
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Figure 3.3: Contour plots showing regions of outward and inward migration in
the mass–semimajor axis plane for runs M05A (a), M16A (b), M03B (c) and
M07B (d).
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Figure 3.4: Migration lines showing convergent behaviour for 1 and 2 M⊕ planets
in a disc with initial conditions as in M05A.

ally join the same migration line, which then moves inward as the disc disperses.

The behaviour of the contours shown in the top left panel of figure 3.3 under

the action of disc dispersal are shown in figure 3.6. It is clear that as the disc

becomes increasingly optically thin, only heavy planets can sustain outward mi-

gration (unless they become too massive and enter the type II migration limit

because of gap formation).

3.3.1.2 Influence of mass growth

A planet undergoing mass growth while sitting on a zero-migration line should

migrate outward as it accretes, since zero-migration lines for heavier planets lie

at larger distances from the central star. However, if the mass growth rate of the
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Figure 3.5: Migration lines showing convergent behaviour for planets with varying
mass in a disc with initial conditions as in M03B.
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Figure 3.6: Contour plots showing regions of outward and inward migration for
run M05A at t=0 years (a), t=1,000,000 years (b), t=2,000,000 years (c) and
t=3,000,000 years (d).
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planet exceeds the outward migration rate due to corotation torques, then a very

different fate awaits it. Consider a planet of mass ∼ 0.5 M⊕ sitting at ∼ 2 AU in

the top left panel of figure 3.6. Rapid growth of the planet up to 10 M⊕ in less

than 1 Myr will put the planet in the regime of rapid inward migration, as its

trajectory in the figure will be almost vertical, moving it out of the blue region

and into the red one. Very rapid growth of planets, therefore, may not lead to

strong outward migration but instead may cause planets to migrate rapidly into

the central star. The timing of the growth of planets is crucial in determining

their long-term survival.

3.3.2 Individual runs

3.3.2.1 Run M05A

Run M05A has an initial disc mass equivalent to 5 times the MMSN, α = 0.5 and

β = 1.25. The initial solids distribution is shown in figure 3.7. The magnitude

and sign of migration torques at t = 0 are shown in the top left panel of figure

3.3 in comparison to the other runs documented in this section, and the effects

of disc dispersal on the migration torques are demonstrated in figure 3.6. It is

clear that planets with masses in the range 0.2 ≤ Mp ≤ 1 M⊕, initially located

in the disc region 1 – 10 AU, can undergo strong outward migration. Growth of

planets to masses of a few M⊕ may lead to outward migration over distances of

tens of AU.

The time evolution of planet masses (top panel), semimajor axes (middle

panel) and eccentricities (bottom panel) are shown in figure 3.8. During the

first 0.3 Myr, I observe that three planets grow in mass rapidly, and undergo

outward migration to∼ 10 AU. The mass growth occurs as a result of planetesimal

accretion and planet-planet inelastic collisions, and the rapid growth is assisted

by convergent migration within the protoplanet swarm and by the gas envelopes

that form within the planet Hill spheres. When the planet masses exceed ∼ 20

M⊕, however, their migration direction changes and they undergo very rapid

inward migration through the planetary swarm and interior to 1 AU, the inner

boundary of the simulation. During the rapid inward migration, there is very

little accretion by these bodies, but they temporarily excite the eccentricities of
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Figure 3.7: Initial solid body distribution for run M05A. The blue points mark
the locations of the protoplanets, the green line represents the target surface
density for a disc of this size and the blue line represents the actual overall solids
surface density generated. The semi-periodic fluctuations in surface density is
an artefact of my disc model generator routine and the nature of using discrete
objects to model a smooth function.
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Figure 3.8: Evolution of the masses, semimajor axes and eccentricities of all
protoplanets simulation M05A.
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the other bodies in the system (see the bottom panel of figure 3.8 between 0.2 –

0.3 Myr).

Between the times 0.3 – 0.5 Myr, three bodies grow to masses larger than 1

M⊕. The largest of these grows to ∼ 4 M⊕ and migrates outward rapidly to ∼ 30

AU, the location of its zero-migration line. I refer to this as “planet A”. A second

planet (“planet B”) grows to a mass ∼ 3 M⊕ by 0.5 Myr, and migrates out to its

zero-migration line at ∼ 20 AU. A third planet (“planet C”) reaches a mass of ∼ 2

M⊕ at 0.5 Myr and migrates out to 10 AU. Although the protoplanet/planetesimal

disc of solids is truncated at 15 AU in the initial simulation set-up, outward

migration of planets and gravitational scattering transports planetesimals into

the outer disc where they are accreted by planets A and B (planet C continues

to reside within the original planetesimal disc). Gas accretion ensues once these

bodies exceed 3 M⊕, and their masses grow smoothly up to 20 – 30 M⊕ between

the times 0.5 – 2 Myr. During this time the zero-migration lines move inward

(observe the modest inward migration in the middle panel of figure 3.8 between

0.5 – 2 Myr), but continued mass growth helps to counterbalance this effect, and

prevents substantial inward migration. At approximately 2 Myr, planets A and

B undergo rapid gas accretion and grow to become Jovian-mass giant planets

(further gas accretion occurs at the viscous-supply rate). The rapid mass growth

induces dynamical instability between planets A and B, causing them to undergo

a period of gravitational scattering and eccentricity growth (bottom panel of

figure 3.8). The scattering eventually causes planets B and C to collide at 2.1

Myr (when planet C has a mass of 24 M⊕), leaving two giant planets on eccentric,

non-crossing orbits with semimajor axes of 12 and 55 AU. The inner planet has

a total mass of 374 M⊕, and a solid core mass of 27.6 M⊕, at the end of the

simulation. The outer planet has a total mass of 352 M⊕, and a solid core mass

of 10.1 M⊕.

During the formation of the outer gas giant planets, between time 0.5 – 2.5

Myr, only modest planetary growth occurs in the inner system. An inner resonant

convoy, similar to those discussed by McNeil et al. [2005] and Cresswell and Nelson

[2006] migrates interior to 1 AU by ∼ 1.6 Myr, driven by a more rapidly migrating

0.5 M⊕ body. This leaves behind two planets that grow to become ∼ 3 and 0.4

M⊕ before migrating interior to 1 AU at ∼ 2.5 Myr.
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3.3.2.2 Run M16A

Run M16A has a disc mass equivalent to 3 times the MMSN, α = 1 and β = 1.25.

The initial solids distribution is shown in figure 3.9. The magnitude and sign of

migration torques at t = 0 are shown in the top right panel of figure 3.3 in

comparison to the other runs documented in this section, and the effects of disc

dispersal on the migration torques are demonstrated in figure 3.10. The migration

behaviour at t = 0 is illustrated by the contours displayed in the top right panel

of figure 3.3, and it is clear that outward migration is considerably weaker in this

model than in the previously described run M05A. Furthermore, the steepness of

the outward migration region as one moves to higher planet masses indicates that

the radial extent of outward migration is also reduced relative to model M05A.

Placed in the initial disc model, a planet with Mp < 1 M⊕ orbiting at 1 AU

will not undergo outward migration at all, but will instead migrate inward only.

Rapid planetary growth is therefore expected to result in much of the solid disc

material migrating in toward the star.

The evolution of the planetary masses (upper panel), semimajor axes (middle

panel) and eccentricities (bottom panel) are shown in figure 3.11. Protoplanets

located initially beyond ∼ 2 AU in this disc with masses ' 0.2 M⊕ (the initial

masses of protoplanets in the model) are expected to migrate inward, and looking

at the middle panel of figure 3.11, obvious evidence for this migration occurring

within the first 0.3 Myr can be seen. Looking at the inner part of the system

during the first 0.5 Myr, two examples of resonant, inward migrating convoys

being established can be observed. The first to form consists of the six innermost

protoplanets in the system. All masses of these planets are < 1 M⊕, except

for the outermost body, whose mass has grown to ∼ 1 M⊕. The more rapid

migration of this body drives the inward migration of the whole convoy. At a

time of ∼ 0.4 Myr, the next three nearest protoplanets to the central star begin

to undergo rapid inward migration, and this is driven by the formation of a ∼ 5

M⊕ body who’s progenitor protoplanet was located at ∼ 4 AU. The growth of

this protoplanet induces rapid inward migration, with the system of inner planets

being swept interior to 1 AU at t = 0.55 Myr.

Three planets initially located at ∼ 5 AU become physically detached from
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Figure 3.9: Initial solid body distribution for run M16A. The blue points mark the
locations of the protoplanets, the green line represents the target surface density
for a disc of this size and the blue line represents the actual overall solids surface
density generated.
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Figure 3.10: Contour plots showing regions of outward and inward migration for
run M16A at t=0 years (a), t=1,000,000 years (b), t=2,000,000 years (c) and
t=3,000,000 years (d).
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Figure 3.11: Evolution of the masses, semimajor axies and eccentricities of all
protoplanets in simulation M16A.
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the rest of the system after ∼ 0.5 Myr, as shown in the middle panel of figure

3.11. These bodies have all grown to masses between 2 – 5 M⊕ within this

time. The outermost ∼ 2 M⊕ body becomes isolated from planetesimals in the

disc such that its mass does not grow after 0.5 Myr. This isolation occurs in

large part because the two more massive neighbouring planets accrete the nearby

planetesimals. Having achieved masses in excess of 3 M⊕, these two planets are

able to accrete gas. As they do so, they sit on their zero-migration lines and

undergo slow inward migration, where the speed of migration is attenuated by

the continuing gas accretion and mass growth (the planets try to migrate outward

to the zero-migration lines for more massive planets as they grow, at the same

time as the zero-migration lines move inward as the gas disc evolves). After ∼ 2.6

Myr, the innermost planet reaches a mass of ∼ 30 M⊕ and undergoes rapid gas

accretion to become a Saturn-mass gas giant. The rapid mass growth dynamically

disturbs the system, as observed in the middle and bottom panels of figure 3.11,

causing the outer 2 M⊕ planet to collide with the middle planet. Shortly after,

this merged planet undergoes rapid gas accretion to also become a Saturn-mass

gas giant. Saturnian rather Jovian masses are achieved because accretion occurs

late in the disc lifetime, such that the gas isolation mass limits the envelope mass

to ∼ 100 M⊕.

At the end of the simulation there is an inner planet of total mass 115 M⊕,

with solid core mass 11 M⊕, orbiting at 2.3 AU, and an outer planet with total

mass 127 M⊕, solid core mass 8.8 M⊕, orbiting at 3.1 AU.

3.3.2.3 Run M03B

Run M03B has a disc mass equivalent to 5 times that of the MMSN, α = 0.5 and

β = 1. The initial solids distribution is shown in figure 3.12. The magnitude and

sign of migration torques at t = 0 are shown in the bottom left panel of figure

3.3 in comparison to the other runs documented in this section, and the effects

of disc dispersal on the migration torques are demonstrated in figure 3.13. The

migration behaviour of this model at t = 0 is illustrated by the lower left panel in

figure 3.3, showing that this disc is intermediate between the two previous models

discussed (M05A and M16A) in terms of the strength of outward migration.
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Figure 3.12: Initial solid body distribution for run M03B. The blue points mark
the locations of the protoplanets, the green line represents the target surface
density for a disc of this size and the blue line represents the actual overall solids
surface density generated.
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Figure 3.13: Contour plots showing regions of outward and inward migration for
run M03B at t=0 years (a), t=1,000,000 years (b), t=2,000,000 years (c) and
t=3,000,000 years (d).
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Figure 3.14: Evolution of the masses, semimajor axes and eccentricities of all
protoplanets in simulation M03B.
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The evolution of the planetary masses (upper panel), semimajor axes (middle

panel) and eccentricities (bottom panel) are shown in figure 3.14. As expected

from comparing the migration behaviour of the runs M16A and M03B in figure

3.3, the initial stages of run M03B show some similarities to run M16A. Protoplan-

ets initially located in the region of the protoplanet/planetesimal disc between

10 – 15 AU migrate inward to the region centred around 2 – 3 AU. The inner

planets, however, do not show a strong tendency to migrate inward (differing in

this regard from run M16A), and the convergent migration stimulates substan-

tial growth within the protoplanet swarm, as seen in the upper panel of figure

3.14, where the planet masses are seen to increase during the first 0.5 Myr, and

in the middle panel where it is clear that collisional growth reduces the number

of planets. The strong planetary growth, however, also leads to rapid inward

migration. Bodies that reach masses in excess of 20 M⊕ undergo rapid inward

migration through the disc of protoplanets/planetesimals and interior to 1 AU,

exciting the eccentricities of the remaining planets as they do so. The bodies that

rapidly migrate through the inner boundary at 1 AU would hit the star if their

long-term evolution were followed.

One of the quickly migrating planets (shown by the upper green line in the top

panel of figure 3.14) grows to be massive enough (approximately 30 M⊕ of solids)

to undergo rapid gas accretion during the inward migration. It reaches its gas

isolation mass at a mass equal to 114 M⊕, and transitions to type II migration,

drifting interior to 1 AU shortly after 0.8 Myr has elapsed. At this point in time,

the planet mass is ∼ 250 M⊕, and it is undergoing gas accretion from the disc

at the viscous-supply rate. I have followed the evolution of this body after it has

traversed the inner boundary of the simulation, treating it as an isolated body

and neglecting its interaction with other bodies in the system (I refer to this as

single-body analysis). The evolution is displayed in figure 3.15, the planet reaches

a semimajor axis of 0.25 AU and has a mass of 524 M⊕ after 3 Myr, making it

an excellent candidate for a hot Jupiter.

No other planets grow substantially during the evolution of this run. Figure

3.14 shows that only a single planet with mass ∼ 0.35 M⊕ survives beyond 1 AU,

coming to rest at a semimajor axis of ∼ 1.9 AU.
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Figure 3.15: Evolution of mass and semimajor axis of single body extension run
for the hot Jupiter in simulation M03B starting at 0.821 Myr.

3.3.2.4 Run M07B

The final run I describe in detail is M07B, which has a mass equivalent to 5 times

the MMSN, α = 0.5 and β = 1.5. The initial solids distribution is shown in

figure 3.16. The magnitude and sign of migration torques at t = 0 are shown

in the bottom right panel of figure 3.3 in comparison to the other runs docu-

mented in this section, and the effects of disc dispersal on the migration torques

are demonstrated in figure 3.17. The steep temperature gradient and relatively

shallow surface density gradient allow this disc model to support strong outward

migration over a large radial extent, as illustrated by the contours in the bottom

right panel of figure 3.3. This plot demonstrates clearly that sub-Earth mass

bodies orbiting in the vicinity of 1 AU will experience strong outward migration,

possibly out beyond 100 AU.

The evolution of planetary masses (top panel), semimajor axes (middle panel)

and eccentricities (bottom panel) are shown in figure 3.18. The initial growth

and outward migration of protoplanets in the inner region of the swarm leads

to strongly convergent migration, and rapid growth of a number of bodies up

to ∼ 10 M⊕ within the first 0.3 Myr. As observed in the previously described

runs, this leads to rapid inward migration of these planets because the horseshoe

libration time becomes much shorter than the thermal/viscous diffusion time for

these bodies. After 0.5 Myr, there are only three bodies left in the simulation:
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Figure 3.16: Initial solid body distribution for run M07B. The blue points mark
the locations of the protoplanets, the green line represents the target surface
density for a disc of this size and the blue line represents the actual overall solids
surface density generated.
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Figure 3.17: Contour plots showing regions of outward and inward migration for
run M07B at t=0 years (a), t=1,000,000 years (b), t=2,000,000 years (c) and
t=3,000,000 years (d).
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Figure 3.18: Evolution of masses, semimajor axes and eccentricities of all proto-
planets in simulation M07B.
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two planets orbiting at ∼ 15 AU each with masses ∼ 2 M⊕; one protoplanet with

mass ∼ 0.3 M⊕ orbiting at ∼ 2 AU. The two outer bodies collide shortly after 0.5

Myr, and the resulting planet undergoes slow gas accretion, migrating outward as

it does so. After 2.8 Myr it undergoes rapid gas accretion and becomes a Jovian

mass (319 M⊕) gas giant planet, with a 5.2 M⊕ solid core, orbiting at ∼ 33 AU.

As in model M05A, I find that gas giant planets can be formed at large radius

from the central star by the migration and gas accretion onto a solid core. In both

of these models (and others not discussed in detail), the mode of formation is one

in which an initial generation of massive protoplanets form and migrate in toward

the central star, followed by a second generation of more isolated lower mass cores

that can migrate out slowly and accrete gas at the same time. Such a model may

provide a natural explanation for the massive planets orbiting at large distance

from their host stars, such as HR 8799 [Marois et al., 2010], Fomalhaut [Kalas

et al., 2008], and Beta Pictoris [Lagrange et al., 2010], that are being discovered

by direct imaging surveys.

3.3.3 Summary of all runs

I ran 40 simulations covering two random-number seed realisations of runs with

fenh = 5 or 3, surface density power-law indices in the range 0.5 ≤ α ≤ 1.25,

and temperature power-law indices satisfying 0.75 ≤ β ≤ 1.5. In total 19 gas

giant planets were formed in these runs, and their properties are summarised in

figure 3.19 and table 3.2. The giant planet masses range from 115 to 670 M⊕,

and have solid core masses in the range 3.6 – 39 M⊕. Looking at the upper

panel of figure 3.19, most giant planets are grouped within the mass range 320 to

400 M⊕, and this is very likely to be an artefact of my gas accretion procedure

that limits the planet mass obtained during rapid gas accretion to be the Jovian

mass. A more sophisticated procedure would be sensitive to local conditions in

the disc, and result in a broader spread of planet masses, and this is clearly one

future improvement that I will need to implement in my modelling procedure.

Nonetheless, I do also obtain giant planets outside of this mass range. Run

M03B formed a 523.8 M⊕ planet, as discussed in section 3.3.2.3, due to a gas

giant forming within the first 0.5 Myr, and subsequently accreting viscously and
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Figure 3.19: Summary of total masses, core masses, eccentricity and inclination
against semimajor axis for all gas giant planets formed.

migrating via type II migration to its final location at 0.25 AU. The heaviest

planet formed during run M11A, and this was the result of two gas giant planets

colliding, having each formed at between 20 and 30 AU from the central star due

to their cores migrating outward. Employing a pure hit-and-stick prescription

for planetary collisions, however, probably leads to an overestimate of the final

mass of this planet. Three planets were formed with masses below the imposed

Jovian-mass limit. Run M12B produced a 296 M⊕ planet orbiting at 9.8 AU, and

as described in section 3.3.2.2, run M16A produced a pair of Saturn-mass objects

orbiting at 1.15 and 1.55 AU. These planets formed late in the disc lifetime, such

that their gas isolation masses were below the Jovian mass.

Most of the giant planets formed at semimajor axes substantially beyond 10

AU. Indeed, only 4 out of 19 giant planets formed interior to 10 AU. The rea-

son for this is that the most common mode of gas giant planet formation in
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Figure 3.20: Summary of masses against semimajor axis for all small surviving
planets outside 1 AU.

the simulations was the formation of a core of modest mass in the interior disc,

that then migrates outward over large distances before accreting a gas envelope.

Many massive cores formed during the early stages of the disc life times in the

simulations, and were able to undergo gas accretion. Their rapid inward migra-

tion, however, prevented them from surviving. Giant planets that form closer to

the star and survive tend to be in disc models (M03B and M16A) that generate

weaker corotation torques.

There are three simulations that lead to the formation of surviving multiple

giant planets. Run M05A produces a pair of Jovian mass planets orbiting at

11.4 and 53.9 AU, as described in section 3.3.2.1, and M05B also produced a pair

of Jovian mass objects orbiting at 23.3 and 68.8 AU. Note that these runs were

identical apart from the random number seed used to generate initial conditions.

Run M16A produced a pair of Saturn-mass planets orbiting at 1.15 and 1.55

AU. Almost all giant planets formed in the simulations are on circular, non-

inclined orbits. The only planets with significant eccentricities are those in run

M05A, where gravitational scattering during the formation caused the growth of

eccentricity.

One surprising result to come out of the simulations is the lack of correlation

between initial disc mass and the frequency of giant planet formation. Discs with

fenh = 5 formed 9 giants and those with fenh = 3 formed 10. This led us to
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question whether less massive discs might be able to form gas giants. To examine

this, I performed additional simulations (labelled ‘R’ in table 3.1) based on the

most successful models in the fenh = 3 and 5 runs. All bar one failed to produce

any gas giants. Run R07B, a fenh = 2 disc, did produce a single Jovian mass gas

giant (shown in figure 3.19).

In addition to the giant planets discussed above, the simulations also resulted

in the formation and survival of lower mass bodies beyond 1 AU in the disc.

These are shown in figure 3.20. The rapid growth of cores, followed by rapid

inward migration, has the effect of clearing much of the solid material from be-

yond 1 AU, and the outward migration of modest sized cores that evolve into gas

giants also clears this region. Nonetheless, terrestrial mass bodies do form and

survive in the simulations, although figure 3.20 shows that these tend to be in

the lower mass discs. One noticeable and interesting observation about the sim-

ulation results is the lack of super-Earth and Neptune mass planets. The rapid

formation of massive cores that undergo fast inward migration is a major cause

of this (driven by efficient capture of planetesimals and convergent migration),

but a contributing factor is the fact that planets with masses greater than 3 M⊕

can begin to undergo gas accretion in my models. A higher threshold for gas

accretion would probably allow some of the giant planets that formed to have

maintained lower masses. These observations provide a useful guide to the types

of modifications that the modelling procedure requires in order to form planets

with the same characteristics as those which are contained in the extrasolar planet

observational database.

3.3.3.1 Single-body analysis

The inner edge of my simulations was set at 1 AU. I ran single body runs for

each object that was lost beyond this inner edge so as to identify any bodies

that would have become short period gas giants, and to obtain an estimate of

the distribution of smaller bodies in this inner region. These runs are effectively

continuation runs, but with a smaller time step size, and a smaller inner boundary

at 0.1 AU. It is important to note that these single body runs did not include the

influence of any other planets in the system, and did not account for any material
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Table 3.2: Summary of gas giants formed.
Simulation fenh α β a (AU) e i (degrees) mass (M⊕) core mass (M⊕)
M03B 5 0.50 1.00 0.24818 0.000001 0.0000 523.79 39.39
M05A 5 0.50 1.25 11.39435 0.125762 2.7366 374.36 27.57
M05A 5 0.50 1.25 53.91049 0.191585 1.5949 352.20 10.11
M05B 5 0.50 1.25 23.26593 0.003140 0.0299 351.47 9.51
M05B 5 0.50 1.25 68.79704 0.011044 0.0195 433.61 19.18
M06A 3 0.50 1.25 54.99131 0.000684 0.0026 369.38 12.11
M06B 3 0.50 1.25 74.69739 0.000847 0.0012 392.50 16.10
M07A 5 0.50 1.50 55.91612 0.000897 0.0006 319.86 3.60
M07B 5 0.50 1.50 32.59897 0.000980 0.0057 319.24 5.19
M08A 3 0.50 1.50 13.41661 0.001873 0.0106 374.61 26.13
M08B 3 0.50 1.50 60.55699 0.000785 0.0021 333.38 13.35
M11A 5 0.75 1.25 24.93238 0.063072 0.0053 669.88 19.7
M11B 5 0.75 1.25 22.70169 0.000959 0.0069 361.13 7.79
M12B 3 0.75 1.25 9.87598 0.000726 0.0022 296.43 6.47
M14A 3 0.75 1.50 27.22201 0.000179 0.0046 323.17 5.00
M14B 3 0.75 1.50 49.00695 0.000497 0.0036 328.24 12.07
M16A 3 1.00 1.25 1.55415 0.008245 0.0008 114.91 10.95
M16A 3 1.00 1.25 1.15495 0.007372 0.0008 126.85 8.83
M18B 3 1.00 1.50 23.61206 0.000516 0.0111 325.91 7.95
R07B 2 0.75 1.50 54.41991 0.000599 0.0016 367.30 25.77

that would have been present between 0.1 – 1 AU during the early evolution of

the system. As such, the results merely provide a guide to the planets that can

survive within this radial range.

Figure 3.21 shows a summary of all non-giant planets left remaining in the

0.1 to 1 AU region from all the fenh = 3 and 5 models. Objects with masses

less than 1 M⊕ are clearly more common than those with larger masses because

of their reduced migration rates. Also, smaller semimajor axes seem the more

likely outcome. All objects included in this figure have masses below 3 M⊕ and

have not been able to undergo gas accretion. The only gas giant to survive in the

region 0.1 – 1 AU is the one described already in section 3.3.2.3.

A large number of bodies are lost beyond 0.1 AU, ranging from the smallest

protoplanets all the way up to Jupiter sized gas giants, potentially providing the

central star with a significant enrichment of heavy elements. These bodies are

summarised in figure 3.22, which shows the masses of the planets as they cross the

boundary at 1 AU in the lower panel, and their masses as they cross the boundary

at 0.1 AU in the upper panel. The horizontal axes show the time of loss through

the boundary at 0.1 AU. It is clear that a number of the massive cores that migrate
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Figure 3.21: Summary of masses against semimajor axis for all small surviving
planets interior to 1 AU. Note that these data were obtained using the single-body
analysis described in the text.

through the 1 AU boundary accrete gas and become gas giants, although their

masses normally reach values between 100 – 200 M⊕ because the gas isolation

mass is below the Jovian-mass in the inner disc. Type II migration drives them

through the boundary at 0.1 AU. It is also clear that a number of bodies migrate

inside 1 AU with masses in the range 4 – 10 M⊕ and grow through gas accretion

to masses between 30 – 50 M⊕. Type I migration, however, forces these bodies

to migrate into the star before they can become giants. Their corotation torques

are saturated, and so rapid inward migration is driven by Lindblad torques.

Some of the bodies passing through the 0.1 AU boundary at late times could

have survived. I ran extended single body runs for the five planets with masses

greater than 25 M⊕ lost beyond 0.1 AU in the last 500,000 years of simulation

time. Two collided with the central body at ∼ 2.75 Myr, but the other three

survived at 0.086, 0.0428 and 0.016 AU with masses 344, 164 and 550 M⊕, re-

spectively. I have not included these results along with the other gas giants since

their simulation conditions were overly simplified compared to the rest. All three

bodies entered the 1 AU zone with just a few Earth masses, and so would in

reality have interacted with other bodies and planetesimals formed there which

were not modelled. Also, the body ending up at 0.016 AU would most likely have

been accreted by the central star a short while later.
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Figure 3.22: Summary of final masses and initial masses against time of loss for
all planets that were lost beyond 1 AU that have been evolved via single body
analysis and then lost beyond 0.1 AU. The initial mass corresponds to the mass
of planets as they cross 1 AU and single body analysis begins. The final mass
corresponds to the mass of planets as they cross 0.1 AU.
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The survivability of these giant planets formed in single body analyses between

1 and 0.1 AU depends on exactly how the gas disc dissipates. The exponential

dissipation of gas provides a reasonable approximation for the bulk of the gas

dissipation when it is dominated by viscous evolution [Fogg and Nelson, 2007],

but at later times the structure of a viscously evolving disc that is being photo

evaporated by UV radiation from the central star changes substantially [Clarke

et al., 2001] with a low density inner cavity being formed. Clearly such a model

needs to be incorporated into the simulation procedure outlined here to make

reasonable predictions about the nature of surviving short-period planets.

3.3.4 Eccentricity modulation of corotation torques

Recent numerical simulations [Bitsch and Kley, 2010] indicate that corotation

torques are substantially reduced in their effectiveness when a planet develops

an eccentric orbit. In particular, one would expect the corotation torque to be

effectively quenched when the radial excursion associated with the eccentric orbit

exceeds the width of the horseshoe region. In order to simulate this effect, I have

run a few simulations (labelled ’E’ in Table 3.1) where the eccentricity modulation

function in equation 3.12 is switched on.

The effect of this was as one might expect: growth was significantly stunted

compared to the corresponding runs without this reduction factor (runs M05A/B

compare to eccentricity damping runs E01A/B and M06A/B compare to E02A/B).

Nearly all protoplanets were lost beyond the inner edge by approximately 1 Myr

and most protoplanets were lost within half this time. Only one planet sur-

vived to run completion out of all four of the simulations and its final position is

shown in figure 3.23, which shows a summary of surviving planets from the ‘E’

runs, as well as those discussed below in which the enhanced planetesimal cap-

ture radii are switched off. A plot showing the time evolution of this particular

simulation is given in figure 3.24, where I have plotted the eccentricity in the

bottom panel as e/xs. It is clear that planet-planet interactions maintain values

of e/xs ≥ 1 throughout the simulation, until it is depleted of planets through

their inward migration. This result suggests that closer investigation of the role

of planetary eccentricity in regulating the strength of corotation torques needs to
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Figure 3.23: Summary of masses against semimajor axis for all small surviving
planets outside 1 AU for both runs where eccentricity damping was turned off
and where enhanced capture radii due to atmospheric drag were turned off.

be undertaken, since the modest evidence I have accumulated suggests that mu-

tual encounters between planets may remove the benefits provided by corotation

torques in enhancing the formation and survival of planets. Similar conclusions

have been reached in a recent study by McNeil & Nelson (In preparation) that

examines the formation of hot Neptunes and super-Earth planets in radiatively

inefficient discs.

3.3.5 Capture radii enhancement switched off

A common outcome within my simulations has been the rapid formation and

growth of planetary cores, and their subsequent rapid migration inward. One

reason for this rapid growth is my adoption of an enhanced capture radius for

planetesimals arising because of a putative gaseous envelope settling onto proto-

planets during their formation.

I re-ran the simulations described in section 3.3.2 without enhanced capture

radii. Growth was noticeable slower as expected in all four runs. Two runs, how-

ever, (corresponding to the M03B and M07B non-atmosphere runs) did manage

to form one gas giant planet each.

The time evolution of run M03B-NA (non-atmosphere) is shown in figure 3.25.

A planet grows slowly to just over 3 M⊕ by approximately 500,000 years. It sits
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Figure 3.24: Evolution of masses, semimajor axes and eccentricities of all proto-
planets in simulation E02B.
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Figure 3.25: Evolution of masses, semimajor axes and eccentricities of all proto-
planets in simulation M03B-NA.

in an area of the disc largely cleared of solid material by other protoplanets and

slowly accretes gas before eventually undergoing runaway gas accretion at 2.5

Myr and ends up at 2 AU with a mass of 126 M⊕.

Run M07B-NA forms a gas giant by means of three 1-1.5 M⊕ bodies migrating

out to large semimajor axes, and then merging to form a 3.5 M⊕ body at 40 AU

which slowly accretes gas until runaway gas accretion occurs at 2.8 Myr. The

planet ends up at 50 AU with a mass of 319 M⊕. The lower mass planets that

survived in these runs are shown in figure 3.23. Interestingly, one of these is a

Neptune-sized planet.
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Figure 3.26: Mass vs semimajor axis plot comparing observed extrasolar planets
with my simulation results.
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3.4 Comparison with observations

The work presented in this chapter is not intended to be a serious attempt at

planetary population synthesis modelling, unlike the work presented by Ida et al.

[2008] and Mordasini et al. [2009b]. Instead it is aimed at exploring the con-

sequences of having strong corotation torques operating during the oligarchic

growth stage of planetary systems formation, and understanding how planetary

growth, migration and planet-planet interactions combine to form planetary sys-

tems. Nonetheless, it is of interest to examine how well the simple models that I

have presented compare with the observational data on extrasolar planets.

Figure 3.26 shows a mass-period diagram with my results overlaid on all cur-

rent observed exoplanets (sourced from www.exoplanet.eu). My shorter period

giant planets lie well in the range of already detected exoplanets both in terms

of mass and semimajor axis. My longer period planets, however, lie in an area

that is sparsely populated with observational results. It is worth noting, however,

that this region of parameter space is much more problematic for the detection

of planets, as observations rely on direct imaging methods rather than radial

velocity or transit observations.

A clear failing of my results is in the formation of super-Earths and Neptune-

mass bodies. One reason for this appears to be the gas accretion routine that I

have adopted, that allows planets to accrete gas once their masses exceed 3 M⊕.

An additional issue is the adoption of atmosphere-induced enhanced capture radii

for planetesimal accretion onto protoplanets. The very rapid growth of planets

due to this often causes them to migrate rapidly toward the central star, an

outcome that is reduced in models where enhanced capture radii are not included.

3.5 Discussion and Conclusions

Although the models presented in this study include a broad range of physi-

cal processes relevant to planet formation (migration; planetary growth through

mutual protoplanet collisions; accretion of planetesimals and gas; planet-planet

gravitational interactions), I have adopted a number of assumptions and simpli-

fications that inevitably affect the realism of the simulations and their results.
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These include:

1. Simulation domain. Even though I have modelled a relatively wide semi-

major axis domain with my initial solid matter disc compared to previous

N-body work on planetary formation, it is clear that accurate modelling of

discs in which significant corotation torques arise requires as wide a domain

as possible. Protoplanets move significantly in the disc with some forming

at 2 - 3 AU and migrating out to 70 - 80 AU. Similarly, planets migrate

inward and ought to traverse the terrestrial planet region which I have not

modelled. Planets forming in the terrestrial region might also migrate out

into the regions that I have investigated. In short, the migration behaviour

observed in the simulations presented in this paper indicates that all regions

of the disc are coupled during planet formation, and it is no longer sensible

to think in terms of a “terrestrial planet region” or a “giant planet region”.

As such, a suitable model would involve a domain ranging from as far in as

0.1 AU out to approximately 50 AU. Such a simulation is beyond current

modelling techniques because of the required numbers of protoplanets and

planetesimals, even for the method presented by McNeil and Nelson [2009,

2010] which utilises multiple time steps in a parallel symplectic integrator.

Instead, such global models of planetary formation are probably going to

require efficient use of modern GPU technology. In the study documented

in chapter 4, I have extended the region initially populated by solid material

to cover 1-20 AU but the inner edge of the simulation is at only 0.15 AU in

order to try to address this shortcoming.

2. Gas disc model. I currently model the gas disc as having fixed power-laws in

surface density and temperature, with the disc mass undergoing exponential

decay to mimic its viscous and photo evaporative evolution. In reality, the

disc is heated by the central star and through local viscous dissipation, and

it cools through radiative emission. A significant improvement to the model

that has been implemented in my study documented in chapter 4 is a model

that evolves the disc surface density and temperature explicitly using a 1D

numerical solution. This approach is similar to that described in Fogg and

Nelson [2009] and references therein, and allows gap formation and type II
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migration to be simulated directly, along with UV photoevaporation of the

disc during its final stages of dispersal.

3. Planetary atmosphere model and enhanced capture radii. As described in

the preceding sections, rapid planetary growth is assisted by the enhanced

accretion of planetesimals through implementation of a model for planetary

atmospheres that increases the effective accretion cross section [Inaba and

Ikoma, 2003]. Although this model works well when accretion is dominated

by planetesimals, it is probably inaccurate when accretion includes giant

impacts between protoplanets. In particular, a planetary atmosphere can

be completely liberated from a planet when it is impacted by a body whose

mass is similar to that of the atmosphere, and my implementation of the

atmosphere model does not account for this effect. The atmosphere model

would clearly be improved in its accuracy if it responded to giant impacts

as well as planetesimal accretion rates.

4. Gas envelope accretion. My model for gas accretion during the formation

of gas giants is very rudimentary, although it serves the purpose of allowing

gas giant planets to form in my simulations. While a full accretion model for

each planet similar to those presented in Pollack et al. [1996] and Movshovitz

et al. [2010] would be ideal, this is computationally beyond the reaches of

an N-body code that can model planetary systems formation over Myr time

scales. However, there are improvements that can be made that will allow

local conditions in the disc to influence the gas accretion rate onto a planet.

Coupled with a more sophisticated disc model that allows explicit modelling

of gap formation and gas accretion, such an approach would alleviate the

requirement to set an artificial upper limit for the planet mass that can

form through runaway gas accretion. Such modifications are included in

my study documented in chapter 4.

I have presented the results of simulations that include recent torque formulae

for type I migration (including Lindblad and corotation torques), with gas enve-

lope accretion, enhanced capture radii due to gas atmospheres, and planet-planet

gravitational dynamics included. I have surveyed a range of disc models which
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all allow for outward migration driven by corotation torques. The main results

that I have obtained may be summarised as follows:

• Convergent migration of protoplanets, and the rapid accretion of planetes-

imals, can cause the rapid growth of planetary cores to masses in excess

of 10 M⊕ within 0.5 Myr in most disc models. This leads to rapid inward

migration of these bodies, driven by Lindblad torques, when the horseshoe

libration time scale becomes significantly shorter than the thermal/viscous

diffusion time scale and the corotation torques saturate.

• Formation of planetary cores with a few Earth masses ≥ 0.5 Myr after the

simulations are initiated can lead to their migration into the outer regions

of the disc (30 - 50 AU). Steady mass growth through gas accretion onto

the planet can counterbalance the slow inward migration that occurs as the

gas disc mass reduces, and long-term survival in the outer disc can lead to

gas giant planet formation there when runaway gas accretion ensues. This

mode of giant planet formation was found to be a common outcome in my

simulations, especially those with disc models that generate strong outward

migration, leading to numerous gas giant planets being formed between

semimajor axes 10 - 60 AU. Models such as these could potentially explain

the long-period giant planets discovered recently through direct imaging

[Kalas et al., 2008; Lagrange et al., 2010; Marois et al., 2010].

• Out of 40 simulations that used disc models whose masses were either 3 or

5 times more massive than the MMSN, 19 gas giant planets were formed.

Most of these are similar in mass to Jupiter (in part because of the gas

accretion prescription that was adopted in the models), and are formed at

large distances from the star. Short period Jovian mass planets were also

formed, however, along with a pair of Saturn-mass bodies at intermediate

(∼ 1 AU) orbit distances. These latter systems were formed in discs that

generate weaker corotation torques than those that tend to generate the

longer-period giant planets.

• Multiplanet systems containing more than one giant planet were found to

be a rare outcome (3 out of 40 simulations produced two giant planets
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each), and this has the additional effect of producing systems with very

small eccentricities and inclinations due to the low rate of occurrence of

planet-planet scattering events. In fact, the only planets to be formed with

significant eccentricities were a pair of closely separated Jovian-mass objects

that underwent significant dynamical interaction.

• My simulations completely fail to produce super-Earth or Neptune-mass

planets. This appears to arise because of very rapid inward migration of

planets that grow early in the disc lifetime and undergo rapid inward migra-

tion, combined with the switching-on of gas accretion that converts planets

of intermediate mass into gas giants at later times. Modification of the

planetary atmosphere and gas accretion prescriptions will probably result

in more surviving planets with intermediate masses. Numerous planets in

the Earth mass range were formed in the simulations, however. The ‘desert’

of super-Earths and Neptunes is similar to that reported in the planetary

population synthesis models of Ida et al. [2008], and occurs for much the

same reasons as theirs (rapid gas accretion and migration).

• Simulations performed where the corotation torque is attenuated when

planet eccentricities grow to become larger than the dimensionless horse-

shoe width appear to produce results quite different from those in which

this effect is neglected (i.e. all the runs described above). In particular

the growth and survival of planets is reduced because mutual encounters

between protoplanets maintains the typical eccentricities above the critical

value for which corotation torques diminish. In these latter simulations, no

gas giant planets were formed at all. Further work is required to estab-

lish the influence of corotation torques on planet formation via oligarchic

growth, where planet-planet interactions maintain finite values of the ec-

centricity.
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Chapter 4

N-body and 1D Disc Models

Combined

4.1 Model Description

In the following section and subsections I give details about the physics of my

model, the numerical methods I have used and modifications and improvements

over the work done in the previous chapter.

In my previous study, the disc was modelled with a very simplistic approach.

The local surface density in the disc was calculated as being

Σg(R, t) = Σg (1 AU)

(
R

1 AU

)−α
exp (−t/τdisc) (4.1)

and the temperature in the disc was taken to be

T (R) = T (1 AU)

(
R

1 AU

)−β
. (4.2)

I defined α and β to be within a range of values that allowed the potential for

outward migration due to horseshoe torques. Gas planet accretion was indepen-

dent of the local surface density although accretion was limited in the runaway

phase to an estimate of the total amount of gas mass in the local feeding zone,

the gas isolation mass (equation 3.25) or a Jovian mass, whichever was smaller.

Accretion after this was set by the rate at which viscosity could supply gas from
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the disc.

4.1.1 Finite differencing model

In this study, the complexity of the gas disc model is substantially improved by

modelling the local surface density in detail throughout the disc. The surface

density of an accretion disc can be modelled using the 1D diffusion equation

Pringle [1981],

dΣ

dt
=

1

r

d

dr

(
3r1/2 d

dr

(
νΣr1/2

))
. (4.3)

Here r is the radial distance from the central star, ν is the viscosity and t is time.

In order to solve this computationally in my model, I split the disc into a

number of concentric rings of equal thickness and utilise a finite differencing

method to model the grid cells.

Rewriting 4.3 with A = νΣr1/2, I get

dΣ

dt
=

3

r

d

dr

(
r1/2dA

dr

)
(4.4)

which can be expanded as

dΣ

dt
=

3

2
r−3/2dA

dr
+ 3r−1/2d

2A

dr2
. (4.5)

Approximating this so that it uses finite differences instead of derivatives

yields

Σt+1 = Σt + ∆t

(
3

2
r−3/2dA

dr
+ 3r−1/2d

2A

dr2

)
(4.6)

where Σt+1 is the surface density at a very small time ∆t after Σt.

The first derivative of A is given by

dA

dr
≈ Ai+1 − Ai

∆r
(4.7)
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or

dA

dr
≈ Ai − Ai−1

∆r
(4.8)

depending on whether forward or backward differencing is used i.e. for upwind

or downwind derivatives which is dependent on which direction material in the

disc is flowing. Here i is the grid cell number.

The second differential of A is given by

d2A

dr2
≈ Ai+1 − 2Ai + Ai−1

(∆r)2 . (4.9)

Up until now, this finite differencing method has not included the effects of

planets within the disc. As discussed in section 3.1.5, large enough planets can

clear a gap in the disc. Such gap clearing planets apply a torque to the disc

and conversely, the disc applies a torque to the planet which causes the planet to

migrate [Lin and Papaloizou, 1986].

The 1D model for the gas disc is assumed to be circular symmetric. Allowing

this to remain the case for discs that are perturbed by a planet (which is reason-

able as the viscous evolution timescale of the disc is significantly longer than the

timescale for a planet’s orbit), then we can modify equation 4.3 to include this

torque, yielding

dΣ

dt
=

1

r

d

dr

(
3r1/2 d

dr

(
νΣr1/2

)
− 2ΛΣr3/2

(GM�)

)
(4.10)

where Λ is the disc/planet torque and is given by

Λ (r) =


r−Rp

|r−Rp|
q2GM�

2r

(
r
|∆p|

)4

, if |r −Rp| > h,

r−Rp

h
q2GM�

2r

(
r
|∆p|

)4

, if |r −Rp| ≤ h.
(4.11)

Here q is the ratio of planet mass versus the mass of the central star, Rp is the

distance from the central star to the planet and |∆p| is given by

|∆p| = max (h, r −Rp) (4.12)

and is a measure of the distance that a planet has influence over. The two forms
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for Λ allows the equation to be continuous at r = Rp.

Rewriting 4.12 with B = 2ΛΣr3/2

(GM�)
lets us write a new diffusion equation,

Σt+1 = Σt + ∆t

(
3

2
r−3/2dA

dr
+ 3r−1/2d

2A

dr2
− 1

r

dB

dr

)
. (4.13)

The derivatives of B are given by

dB

dr
≈ Bi+1 −Bi

∆r
(4.14)

or

dB

dr
≈ Bi −Bi−1

∆r
(4.15)

depending on forward or backward differencing.

4.1.1.1 Boundary conditions and time step size calculation

The boundary conditions of the model are set such that material in the inner

most grid cell is removed and considered to be accreted by the central star and

the radial velocity of the outermost grid cell is set to zero.

The time step for each grid cell is calculated as the minimum between the

time step for a steady state disc,

∆tsteadystate =
2

3

r

ν
∆r (4.16)

and that due to the diffusion equation, 4.13,

∆tdiffusion =
∆r

2Λ
√

r
GM�

− 3dA
dr

(rΣ)−1/2
. (4.17)

4.1.1.2 Finding the temperature

The thermodynamics of a disc can be given by the steady state equation [D’Angelo

and Marzari, 2012],

Qν +Qirr −Qcool = 0, (4.18)
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where Qν is the viscous heating, Qirr is the radiative heating of the disc by the

central star and Qcool is the radiative cooling of the disc.

The energy flux due to viscous dissipation is given by Mihalas and Weibel Mi-

halas [1984] as

Qν = νΣ

(
dΩ

dr

)2

. (4.19)

In the case of a Keplerian rotating disc as is considered here, this becomes

Qν =
9

4
νΣΩ2, (4.20)

giving the first term in equation 4.18.

The cooling related energy flux, Qcool is given by [Hubeny, 1990]

Qcool = 2σT 4

(
3

8
τR +

1

2
+

1

4τp

)−1

(4.21)

where σ is the Stefan-Boltzmann constant, T is the mid plane temperature of the

disc and τR and τp are the Rosseland and Planck mean opacities. This gives us

the second term in 4.18. The factor of 2 is due to the disc having two sides that

cool.

The energy flux related to the heating of the disc via stellar irradiation is

given by

Qirr = 2σTirr
4

(
3

8
τR +

1

2
+

1

4τp

)−1

(4.22)

Tirr is the effective temperature caused by irradiation and, following Menou and

Goodman [2004], is taken as

T 4
irr = T 4

S (1− ε)
(
RS

r

)2

WG (4.23)

where ε is the disc’s albedo, the fraction of energy reflected by the disc (taken

here to be 0.5), TS is the stellar temperature due to the internally generated

luminosity of the star (taken to be 4280 Kelvin) and RS is the radius of the star

(taken to be 2 Solar radii). WG is a geometrical factor that depends on how much
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of the disc’s surface is intercepting the emitted solar radiation, which depends on

the vertical shape of the disc.

However, this is only true for a non-accreting star. In an accreting disc, this

equation becomes [Hartmann et al., 2011]

T 4
irr =

(
T 4

S + T 4
acc

)
(1− ε)

(
RS

r

)2

WG (4.24)

where Tacc is the effective temperature due to accretion. This can be estimated

by considering the accretion luminosity,

Lacc =
GMSṀS

2RS

, (4.25)

where ṀS is the accretion rate of material through the inner edge of the disc onto

the star and is calculated as

Ṁ = 2πRΣvr (R) (4.26)

where R is the inner edge of the disc and vr (R) is the radial velocity at the inner

edge. Using equation 4.25, we can obtain the accretion flux:

Facc =
GMSṀS

8πR3
S

. (4.27)

This gives us the effective temperature due to accretion as:

T 4
acc =

GMSṀS

8πR3
Sσ

. (4.28)

The geometrical factor, WG is given by Chiang and Goldreich [1997] as

WG = 0.4

(
RS

r

)
+
H

r

(
∂lnH

∂lnr
− 1

)
(4.29)

where

∂lnH

∂lnr
=

r

H

dH

dr
(4.30)

and H is the scale height of the disc. The first half of equation 4.29 is due to
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illumination of the disc close to the star and the second term is for illumination

far from the star. If disc geometry is such that it is self shadowing, then the

second term is negative and should be dropped. For simplicity, I follow D’Angelo

and Marzari [2012] and use the following approximation:

WG = 0.4

(
RS

r

)
+
H

r

2

7
(4.31)

In order to find the temperature in each grid cell in the disc model, I use a

bisection search method to solve equation 4.18 to find T . For the first time step,

I use the mass accretion rate for a steady state disc in place of equation 4.26,

which is given by:

Ṁ = 3πνΣ. (4.32)

4.1.1.3 Opacities

I use the Rosseland mean opacities for both the Rosseland and the Planck opac-

ities for simplicity as these are comparable for the temperatures relevant to this

work. As in section 3.1.1.2, I follow the Bell and Lin [1994] and Bell et al. [1997]

prescriptions although I solve for each transition temperature this time to obtain
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a more precise result.

κ[cm2/g] =



10−4 T 2.1 T < 132.39 K

3T−0.01 132.39 K ≤ T < 170.47 K

1−2T 1.1 170.47 K ≤ T < 377.16 K

5× 104 T−1.5 377.16 K ≤ T < 389.44 K

0.1T 0.7 389.44 K ≤ T < 579.28 K

2× 1015 T−5.2 579.28 K ≤ T < 681.29 K

0.02T 0.8 681.29 K ≤ T < Tcrossover,1

2× 1081 ρ T−24 Tcrossover,1 ≤ T < Tcrossover,2

10−8 ρ2/3 T 3 Tcrossover,2 ≤ T < Tcrossover,3

10−36 ρ1/3 T 10 Tcrossover,3 ≤ T < 10000 K

(4.33)

The last three crossover temperatures, Tcrossover,1−3, are dependent on the lo-

cal gas density, which evolves throughout the simulation and so cannot be pre-

calculated. They are calculated during the simulation using the local gas density

as:

Tcrossover,1 =
(
1× 1083ρ

)1/24.8

Tcrossover,2 =
(
5× 10−90ρ−1/3

)−1/27

Tcrossover,3 =
(
1× 1028ρ−1/3

)−1/7

(4.34)

The nature of this equation for opacity is illustrated in figure 4.1 where ρ has

been taken to be 1× 10−9 gcm−1.

4.1.1.4 Disc solid component

The disc solid component is composed, as in chapter 3, initially of protoplanets

and planetesimals where the planetesimals are modelled as super-planetesimals

with a much larger mass than typical planetesimals but with an effective radius
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Figure 4.1: The Bell Rosseland mean opacity function illustrated against tem-
perature. The gas density for the purpose of this plot was taken to be 1 × 10−9

gcm−1.
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of a realistic planetesimal (1 or 10 km) so that they experience the appropriate

gas drag force.

Protoplanets are initially spaced by 10 mutual Hill radii and planetesimals

are scattered throughout the disc such that the total solids content follows the

surface density power law prescribed for the gaseous component. As in Thommes

et al. [2003], planetesimals are distributed according to a Rayleigh distribution

and have RMS values of the eccentricity e = 0.01 and inclination i = 0.005

radians, respectively.

The surface density of solids is enhanced beyond the snow line, whose position

Rsnow is determined by the location where the temperature falls below 170 K. The

snow line discontinuity is spread over a distance ∼ 1 AU:

Σs,0(R) =

{
Σ1 + (Σ2 − Σ1)

[
1

2

(
R−Rsnow

0.5 AU

)
+

1

2

]}(
R

1 AU

)−α
(4.35)

I set the surface density enhancement due to the snowline to (Σ2/Σ1) = 30/7.1

as in Thommes et al. [2003]. Planetesimal densities are set at 3 g/cm3 throughout

the disk. Protoplanet densities are set at 3 g/cm3 inside the snowline and 1.5

g/cm3 beyond, as defined by Thommes et al. [2003]. The mass of the protoplanets

at t = 0 is mp = 0.02 M⊕, and the mass of the superplanetesimals is 0.002 M⊕.

As the location of the snow line is dependent on the radial temperature in the

disc, which is no longer defined simply by a power law function as in chapter 3,

I first evolve the gas component of the disc for one time step so as to calculate

the initial temperatures throughout the disc according the method described in

section 4.1.1.2. This gives me the initial location of the snow line and allows me

to generate the solid component of the disc appropriately.

4.1.2 Disc photoevaporation

At the surface of a protoplanetary disc, the temperature can become very high

due to absorption of stellar radiation such that the gas temperature can exceed

that of the local dust temperature. The warm gas at the surface can then flow

off the disc and escape the star and disc’s gravity [Dullemond et al., 2007]. The
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rate at which photoevaporation removes gas mass from the protoplanetary disc

is

dΣ

dt
= 1.16× 10−11Gfact

√
f41

(
1

r − rg

)3/2(
M�

AU2yr

)
(4.36)

where Gfact is a scaling factor and is defined as

Gfact =
(rg

r

)2

e0.5(1−(r−rg)) r ≤ (r − rg) ,(rg

r

)5/2

r > (r − rg) ,

(4.37)

Here rg is the radius beyond which gas is unbound which I set this value to 10

AU and f41 is the rate of extreme ultraviolet ionising photons emitted by the star

in units of 1041 s−1.

4.2 Updates to migration model

As in chapter 3, I incorporate the Paardekooper et al. [2011] torques (equation

2.26),

Γtot = ΓLR + ΓVHSFvGv + ΓEHSFvFd

√
GvGd

+ ΓLVCT(1−Kv) + ΓLECT(1−Kv)(1−Kd).
(2.26)

However, as I now model the disc via a series of cells and allow the disc surface

density and temperature to change, the overall surface density and temperature

profiles (α and β) are no longer constant. These values are used in the compo-

nent torques in equation 2.26. Instead, I calculate the local surface density and

temperature profiles by averaging out the profiles in each grid cell over a distance

of each planet’s horseshoe width, xs given by equation 3.13 or three cells width,

whichever is greater.

4.2.0.1 Eccentricity and inclination reduction factor

In the previous study, I performed some runs where I included an eccentricity

cutoff factor for the co-rotational torque, following work by [Bitsch and Kley,

2010]. Effectively, planets on eccentric orbits move radially inside and out of the
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horseshoe region in a disc as the horseshoe regions are circular in the disc. The

horseshoe regions become smaller due to the gravitational field of an eccentric

planet being weakened, reducing the effective planet mass. These runs showed

that high eccentricities led to a shutdown of the co-rotational torques which

negates the outward migration. However, I did not previously include the effect

of inclination induced reduction of corotation torques. Inclined planets spend

some of their orbits towards the upper and lower surface of the gas disc where

the gas is more tenuous which has the result that over their orbit they interact

with less of the gas material. Furthermore, when planets are at such locations,

they are further away from the bulk mass of the disc. In order to include such

effects in this updated model, I use the following torque equation:

Γtot = EiΓLR +
{

ΓVHSFvGv + ΓEHSFvFd

√
GvGd (4.38)

+ ΓLVCT(1−Kv) + ΓLECT(1−Kv)(1−Kd)}Ee

The factor Ee is an updated version of the previous study’s E term and

represents the attenuation of the corotation torques due to both eccentricity and

inclination driven radial and vertical excursions that exceed the width of the

horseshoe region and the disc height respectively. I define Ee as

Ee = (1− tanh (e/xs)(1− tanh (i/h)). (4.39)

where xs is the dimensionless horseshoe width given by equation 3.13, h is the

disc thickness (H = h/r) and the inclination is in radians.

The factor Ei in equation 4.39 corresponds to the reduction in efficacy of the

Lindblad torques when planets are on eccentric and/or inclined orbits [Cresswell

and Nelson, 2008]. At apocentre an eccentric planet can move slower than the

surrounding gas material which means that this gas material is pulled around

and focused by the gravity of a planet giving yield to a high density region that

leads the planet and a positive torque. At pericentre the opposite occurs, local

gas material is slower, so material is bent behind a planet’s orbit which pulls

the planet back, producing a negative torque. The sum total of these torques

depends on the local surface densities at pericentre and apocentre and typically
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this will lead to a reversal of the Lindblad torques.

Ei is defined following [Cresswell and Nelson, 2008] as:

Ei =

[
P (e) +

(
P (e)

|P (e)|

)
×

{
0.070

(
i

h

)
+ 0.085

(
i

h

)4

− 0.080
( e
h

)( i
h

)2
}]−1

(4.40)

where P (e) is defined as:

P (e) =
1 +

(
e

2.25h

)1/2
+
(

e
2.84h

)6

1−
(

e
2.02h

)4 (4.41)

4.2.1 Type II-Migration

The torques for type II viscous driven migration are now calculated within the

disc model with equation 4.11. However, the perturbations that low mass planets

apply to the surface density in a disc are carried away by spiral density waves

which are locally damped so I limit the ability of planets to perturb the disc until

their mass is such that they are considered to be gap forming.

A planet is considered to be gap forming if it can satisfy two criteria. The first

is that the spiral waves generated by a planet’s interaction with a disc become

non-linear. I take the criterion for this switchover to be(
Mp

M�

)1/3(
H

ap

)−1

> 0.72 (4.42)

where Mp and ap are a planet’s mass and semi-major axis respectively. This

is calibrated so that for an H/R = 0.05 disc, the switchover mass is 30 Earth

masses.

The second criterion for gap formation is that a planet needs to exert a torque

on the disc that exceeds the viscous torque. For this, I take(
Mp

M�

)
> 40ν

(
H

ap

)2

. (4.43)

As both criteria need to be satisfied in order for gap formation and thus

switchover to type II migration to occur, the switchover mass for a given planet
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is

Mp,switch = max

(
40ν

(
H

ap

)2

M�, 0.723

(
H

ap

)3

M�

)
. (4.44)

Once a planet’s switchover mass is reached, the switchover mass is locked

down (as it varies over time) and type I migration is switched off gradually over

a 5 Earth mass range following:

0.5− 0.5 ∗ tanh
(

(Mp/M⊕)− (Mp,switch/M⊕) + 2.5

1.5

)
. (4.45)

4.2.2 Gas Accretion Model

Once a protoplanet has accreted enough planetesimals such that it is large enough

to begin accreting gas from the disc (a limit I set to be 3 Earth masses as in

chapter 3), I allow a planet to accrete mass following my approximation to the

growth demonstrated in Movshovitz et al. [2010] (equation 3.20).

I allow this to continue until the runaway gas accretion phase, which occurs

when a planet’s gas mass is approximately equivalent to its solid mass. I take

this to occur when a planet’s total mass is 30 Earth masses.

4.2.2.1 Viscous evolution driven accretion

Once a planet is sufficiently massive so as to allow runaway gas accretion, I switch

to a viscous driven gas accretion model. At this point, a planet is assumed to have

created a circumplanetary accretion disc from which the planet accretes mass. I

set the mass accretion rate to be

dMp

dt
=
Mad

τνp
(4.46)

where Mad is the mass within a planet’s accretion disc and τνp is the viscous

timescale for the planet’s circumplanetary disc. I take the radius of a planet’s

accretion disc to be that of the planet’s Hill sphere radius.

To calculate the mass in such a disc, I first evaluate the mass contained within

the gap forming region around a planet. I specify that the gap forming region
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around a planet in a disc consists of a ring extending a distance of

rgap = QgaprH (4.47)

either side of the planet. Thus the mass within the gap forming region is

Mgap =

∫ Rp+rgap

Rp−rgap
2πrΣ (r) dr. (4.48)

The parameter Qgap specifies the width of the gap. I use a value of Qgap = 3

for my simulations as I found this to give good agreement with the physical gaps

formed in the disc via the type II torques.

I then take the mass of a planet’s accretion disc to be

Mad = 10MgapFgap (4.49)

where Fgap is the ratio of the accretion disc’s area to that of the total gap area,

Fgap =
r2

gap

(Rp + rgap)2 − (Rp − rgap)2 , (4.50)

and the factor of 10 is due to the density enhancement that a planet’s accretion

disc would have over the background protoplanetary disc.

To obtain τνp , the viscous timescale of the planet’s accretion disc, I consider

τνp =
r2

ad

νp

. (4.51)

Here νp is the viscosity of the circumplanetary disc and is given by

νp = αcs (Rp)Had (4.52)

where α is the disc viscosity, cs (Rp) is the sound speed of the disc at the location

of the planet and Had is the effective thickness of the circumplanetary disc at the

edge of its radius. This is given by

Had =
radcs (Rp)

vad

(4.53)

where vad is the Keplerian velocity a distance of rgap around the planet which is
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given by

vad =

√
GMp

rad

. (4.54)

Putting these together, we obtain the viscous timescale of the planet’s accretion

disc,

τνp =
radvad

αc2
s (Rp)

(4.55)

and thus the mass accretion rate of a planet due to viscous evolution:

dMp

dt
=
Madαc

2
s (Rp)

radvad

. (4.56)

4.2.2.2 Gas removal due to accretion

Both gas accretion regimes remove gas from the disc. To facilitate this, I remove

mass from the disc up to a hill radius away from the planet, removing a greater

proportion of mass from the planet’s immediate vicinity. To do this, I spread

the mass removal over the local area by using a spline function (Nelson and

Papaloizou [1993] equation 30):

W (u, rh) =
1

πrh
3


1− 3

2

(
u
rh

)2

+ 3
4

(
u
rh

)3

0 ≤ u/rh < 1

1
4

(
2−

(
u
rh

))3

1 ≤ u/rh < 2

0 u/rh ≥ 2

(4.57)

where u = |r−Rp| is the separation between a grid cell and the accreting planet.

If there is insufficient mass in the accreting area to supply the mass specified

by the gas accretion routines then gas driven accretion is halted.

4.2.3 Other features modelled

Eccentricity and inclination damping, planetesimal gas drag and enhanced cap-

ture radius due to nascent atmospheres on protoplanets are all calculated in the

same manner as the study in chapter 3, modified to use the new disc model.
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4.3 Initial Conditions

I performed my simulations again using the Mercury-6 symplectic integrator

[Chambers, 1999], modified to include the physics described in chapter 2 and

section 4.1 and also modified to include the finite differencing based disc model

described in section 4.1.1.

As is usual in n-body models of planetary growth, I model my planetesimals

as super-planetesimals that are a tenth (0.02 M⊕) of the initial mass of the pro-

toplanets (0.2 M⊕) and assign them an effective radius of either 1 or 10 km.

Rather than limit the run length time to a fixed duration as in my previous study

where I ran simulations to 3 Myr in simulation time, I have allowed simulations

to continue running over a period approximately two months in real time. The

computational complexity scales with the disc mass size as the number of plan-

etesimals is greater in heavier disc models. Using this approach, smaller mass

discs have the opportunity to evolve further in the computational timescale I’ve

had available.

In my suite of runs, I have included a range of disc masses (1 - 6 MMSN),

two metallically factors (1, 2), two effective planetesimal size (1, 10 km) and

three EUV photo-evaporation rates (1, 10, 100 1041 s−1). To enable this broad

coverage of parameters, I limited the number of realisations of initial conditions to

two runs for each parameter choice, with each pair of realisations differing only by

the random number seed used to determine the initial position of planetesimals.

As the surface density and temperature of the disc are no longer dependent

on radial power laws, I initiate each disc according to the MMSN with an initial

surface density power law of 3/2. The magnitude of the disc mass is multiplied

depending on the disc mass and metallicity. The model self-calculates the tem-

perature in the disc as described in section 4.1.1.2 and the surface density in the

disc self-adjusts over approximately the first 100,000 yr to a self consistent state

for the given disc mass and disc properties.

The solid component of the disc is spread out between 1 - 20 AU. This resulted

in there being 41 protoplanets in each disc model and the number of planetesimals

ranged from ∼ 1700 for a 1 times MMSN disc up to ∼ 12000 for a 6 times MMSN

disc - the greater than 6 times enhancement in this number due to the snow line
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location being further out in the disc.

The gas component of the disc is modelled in a series of rings 0.01 AU thick

from 0.1 to 40 AU. The inner edge of my simulations is set at 0.015 AU such

that any body that migrates inside this boundary is removed from the simula-

tion. Information is stored for all planets that cross 0.75 AU where the expected

computational accuracy begins to drop so that they can be extended in single

body runs if necessary.

My simulation parameters are detailed in table 4.3.

4.4 Results

In this section I begin by describing the model and planet classification system I

have used to group and evaluate my models and their results. I then describe the

detailed evolution of a selection of individual runs (four runs in total) followed

by a summary of results across all the simulations including final snapshots for

each simulation.

4.4.1 Model and planet classifications

In terms of the simulation progression, I classify the results as ’early’, ’interme-

diate’ and ’late’ stage runs. This has been necessary as, depending on the initial

parameters, some runs have been able to evolve to a greater extent than oth-

ers. More massive discs have a larger number of planetesimals which increases

the computational complexity of simulations. Furthermore, since the minimum

timescale necessary for disc computations to be accurate depends directly on

the radial velocity of grid cells, simulations that have developed deep gaps have

timesteps of up to two orders of magnitude smaller than without - this is partic-

ularly an issue with short period giant planets.

My simulations are thus classified as follows:

• Early stage runs are simulations that are relatively unevolved. They still

have a large proportion of disc mass still present at the end of the run.
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Table 4.1: Simulation parameters.
Simulation fenh met f41 rpp Msolid asnow

P01A, P01B 1 1 1.00 10 42.36 2.73
P02A, P02B 2 1 1.00 10 84.42 3.68
P03A, P03B 3 1 1.00 10 126.5 4.39
P04A, P04B 4 1 1.00 10 168.7 4.97
P05A, P05B 5 1 1.00 10 210.8 5.47
P06A, P06B 6 1 1.00 10 252.8 5.92
P07A, P07B 1 2 1.00 10 84.42 3.17
P08A, P08B 2 2 1.00 10 168.8 4.27
P09A, P09B 3 2 1.00 10 253.0 5.09
P10A, P10B 1 1 10.0 10 42.36 2.73
P11A, P11B 2 1 10.0 10 84.42 3.68
P12A, P12B 3 1 10.0 10 126.5 4.39
P13A, P13B 4 1 10.0 10 168.7 4.97
P14A, P14B 5 1 10.0 10 210.8 5.47
P15A, P15B 6 1 10.0 10 252.8 5.92
P16A, P16B 1 2 10.0 10 84.42 3.17
P17A, P17B 2 2 10.0 10 168.8 4.27
P18A, P18B 3 2 10.0 10 253.0 5.09
P19A, P19B 1 1 100. 10 42.36 2.73
P20A, P20B 2 1 100. 10 84.42 3.68
P21B, P21B 3 1 100. 10 126.5 4.39
P22A, P22B 4 1 100. 10 168.7 4.97
P23A, P23B 5 1 100. 10 210.8 5.47
P24A, P24B 6 1 100. 10 252.8 5.92
P25A, P25B 1 2 100. 10 84.42 3.17
P26A, P26B 2 2 100. 10 168.8 4.27
P27A, P27B 3 2 100. 10 253.0 5.09
P28A, P28B 1 1 1.00 1. 42.36 2.73
P29A, P29B 2 1 1.00 1. 84.42 3.68
P30A, P30B 3 1 1.00 1. 126.5 4.39
P31A, P31B 4 1 1.00 1. 168.7 4.97
P32A, P32B 5 1 1.00 1. 210.8 5.47
P33A, P33B 6 1 1.00 1. 252.8 5.92
P34A, P34B 1 2 1.00 1. 84.42 3.17
P35A, P35B 2 2 1.00 1. 168.8 4.27
P36A, P36B 3 2 1.00 1. 253.0 5.09
P37A, P37B 1 1 10.0 1. 42.36 2.73
P38A, P38B 2 1 10.0 1. 84.42 3.68
P39A, P39B 3 1 10.0 1. 126.5 4.39
P40A, P40B 4 1 10.0 1. 168.7 4.97
P41A, P41B 5 1 10.0 1. 210.8 5.47
P42A, P42B 6 1 10.0 1. 252.8 5.92
P43A, P43B 1 2 10.0 1. 84.42 3.17
P44A, P44B 2 2 10.0 1. 168.8 4.27
P45A, P45B 3 2 10.0 1. 253.0 5.09
P46A, P46B 1 1 100. 1. 42.36 2.73
P47A, P47B 2 1 100. 1. 84.42 3.68
P48A, P48B 3 1 100. 1. 126.5 4.39
P49A, P49B 4 1 100. 1. 168.7 4.97
P50A, P50B 5 1 100. 1. 210.8 5.47
P51A, P51B 6 1 100. 1. 252.8 5.92
P52A, P52B 1 2 100. 1. 84.42 3.17
P53A, P53B 2 2 100. 1. 168.8 4.27
P54A, P54B 3 2 100. 1. 253.0 5.09
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• Intermediate stage runs are simulations that have already lost the bulk of

their gas mass and thus gas driven migration effects have less of an effect.

I consider a system to have reached an intermediate stage when less than a

half of the mass of an MMSN is present.

• Late stage runs are simulations where the gas disc has dissipated and evap-

orated and thus for the purpose of gas driven migration are considered

’complete’. I consider a system to have reached this stage once there is less

than 100 Earth masses of nebula gas present.

Depending on the conditions within the disc when planets are formed, a wide

variety of planets can be formed. When considering planets formed, I classify

them into five groups:

• Gas giant planets have greater than 50% gas content and have a mass

greater than 50 M⊕.

• Gas planets have greater than 50% gas content but with masses lower than

50 M⊕.

• Neptune-like planets have greater than 5% gas content but less than 50%

gas content.

• Super-earth planets have masses greater than 2.5 M⊕ but gas content less

than 5%.

• Terrestrial planets have masses greater than 0.75 M⊕ but lower than 2.5

M⊕.

4.4.2 Individual Runs

4.4.2.1 Run P02A

Run P02A has an initial disc mass equivalent to 2 times the MMSN. The disc

metallicity factor is 1, the f41 EUV photoevaporation is 1 and the planetesimal

size is 10 km. The initial solids distribution is shown in figure 4.2. Snapshots

of the simulation conditions showing protoplanet locations, planetesimal surface
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Figure 4.2: Initial solid body distribution for run P02A. The blue points mark the
locations of the protoplanets, the red line denotes the planetesimal based surface
density, the green line represents the target surface density for a disc of this size
and the blue line represents the actual overall solids surface density.

density and gas disc surface density are shown in figure 4.3, disc temperature in

figure 4.4 and torque magnitudes in figure 4.5. The time evolution of the planet

masses, semi-major axes, eccentricities and inclinations for all the planets as well

as the gas disc and planetesimal disc masses are shown in figure 4.6.

Mass growth as a result of planetesimal accretion and planet-planet inelastic

collisions is initially slow as the solid disc mass is comparatively low. During the

first 0.5 Myr, no planets greater than 1 Earth mass have formed and gas driven

migration is not the driving factor for planetary motions due to its weak affect

on small planets.

By 1.5 million years, the gas disc mass has halved. Some terrestrial sized
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Figure 4.3: The locations and masses of the planets (blue dots) in run P02A
plotted against the planetesimal (red line) and gas (green line) surface densities
at various times. Plotted gas surface densities are reduced by a factor of 10 to
allow concurrent plotting.
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Figure 4.4: The locations and masses of the planets (blue dots) in run P02A
plotted against the gas disc temperature (red line) at various times.
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Figure 4.5: Contour plots showing regions of outward and inward migration for
run P02A at various times. Regions of outward migration are shaded blue while
regions of inward migration are shaded red. Planets are illustrated as black circles.
Planets are illustrated as black circles.
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Figure 4.6: The evolution of masses, semimajor axes, eccentricities and inclina-
tions for all protoplanets and the total gas disc mass and total planetesimal disc
mass for simulation P02A.
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planets have now formed and have moved so that they lie in areas of zero net

torques. The reasoning for this was discussed in section 3.3.1.1 in chapter 3. For

a given planet mass, there exist regions in the disc where the surface density and

opacity allow the thermal and viscous diffusion times to be approximately equal to

the horseshoe libration time thus giving a maximal value to the corotation torque

- strong enough to overcome the Lindblad torques that drive inward migration.

A planet in such a region will thus migrate outwards. However, as it does so, the

surface density and opacity in the disc decreases so that there is a point where

the corotation and Lindblad torques effectively cancel. Planets outside of such

regions will tend to migrate inwards towards them and planets inside will tend

to migrate outwards. In the contour plots presented in this study, this region

corresponds to the terminus between blue and red areas where the blue area is

inwards of a red area. This is observable in the top right plot in figure 4.5 where

a number of bodies straddle this region.

These planets do not grow substantially over the following 1.5 million years

but remain in areas of zero migration and move inwards as the gas disc dissipates

which reduces the gas surface densities and opacities effectively moving the areas

of zero migration inwards. By 3 million years, the disc has almost completely

dissipated. Note the characteristic dip in disc surface density in the lower left

plot of figure 4.3 due to the effect of photo-evaporation as seen in Dullemond

et al. [2007]. This dip soon grows into a wide hole in the disc after which the

remainder of the gas in the disc rapidly dissipates.

After the disc is completely dissipated (which occurs at approximately 3.25

Myr), planetary evolution is entirely driven by solid body interactions. Accretion

is limited to planet-planet inelastic collisions and planetesimal accretion. As the

eccentricities and inclinations of bodies can no longer be damped by the gas disc,

a sharp increase in these quantities is observed from this point onwards.

This run failed to produce any gas giant or gas planets - indeed, as no planets

grew larger than 3 M⊕ (i.e. the criterion I take above which gas accretion can oc-

cur) during the lifetime of the gas disc, none of the final planets have accreted any

gas whatsoever. However, a number of terrestrial and super-earth type planets

are formed with the largest being a super-Earth with a mass of 7.5 M⊕ located

at 0.73 AU.
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All remaining planets lie between 0.4 and 6.4 AU. There is still a large amount

of solid material left in the disc in the form of planetesimals. A minority of this

is left scattered amongst the formed planets suggesting the planets in this region

will grow little in size over a long term evolution period. The outermost planets

do lie in a planetesimal rich portion of the disc though and are likely to grow in

size. Nevertheless, a dense disc of planetesimals remains between 3 and 20 AU. In

reality, such a region is unlikely to form as once protoplanets have moved out of a

dense planetesimal region, it is likely that the region would revert to a period of

runaway solid body growth such that a fresh batch of protoplanets would emerge

from the planetesimal swarm. As the gas disc has completely dissipated in this

run, it is considered to be a late stage or completed run.

4.4.2.2 Run P06A

Run P06A has an initial disc mass equivalent to 6 times the MMSN. The disc

metallicity factor is 1, the f41 EUV photoevaporation is 1 and the planetesimal

size is 10 km. The initial solids distribution is shown in figure 4.7. Snapshots

of the simulation conditions showing protoplanet locations, planetesimal surface

density and gas disc surface density are shown in figure 4.8, disc temperature in

figure 4.9 and torque magnitudes in figure 4.10. The time evolution of the planet

masses, semi-major axes, eccentricities and inclinations for all the planets as well

as the gas disc and planetesimal disc masses are shown in figure 4.11.

Initial growth progresses slightly faster in this model than in run P02A due

to the tripling of solids disc mass. By 0.5 Myr, several planets are getting close

to the outward migration region shown in figure 4.10. The convergent nature

of these outward migration zones leads to the creation of two larger bodies of

4.2 and 6.6 M⊕ at 1.8 and 2.1 AU respectively. The larger and further out of

these lies on a zero migration line while the inner planet is kept inside of its zero

migration line due to the presence of the larger planet. These two planets are in

a 4:5 resonance. They both accrete material slowly and move inwards as the zero

migration area for the larger planet moves in with the disc dispersal until around

2 million years when the larger planet accretes enough mass to detach from its

zero migration line. These planets then migrate inwards in a resonant convoy -
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Figure 4.7: Initial solid body distribution for run P06A. The blue points mark the
locations of the protoplanets, the red line denotes the planetesimal based surface
density, the green line represents the target surface density for a disc of this size
and the blue line represents the actual overall solids surface density.
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Figure 4.8: The locations and masses of the planets (blue dots) in run P06A
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at various times. Plotted gas surface densities are reduced by a factor of 10 to
allow concurrent plotting.
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Figure 4.9: The locations and masses of the planets (blue dots) in run P06A
plotted against the gas disc temperature (red line) at various times.
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Figure 4.10: Contour plots showing regions of outward and inward migration
for run P06A at various times. Regions of outward migration are shaded blue
while regions of inward migration are shaded red. Planets are illustrated as black
circles.
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Figure 4.11: The evolution of masses, semimajor axes, eccentricities and inclina-
tions for all protoplanets and the total gas disc mass and total planetesimal disc
mass for simulation P06A.
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the smaller planet being forced inwards despite being in a region of the disc that

would suggest it should migrate outwards.

At 2.3 million years, they have migrated in to the inner region of the disc

where two other planets that have now grown to 5.4 and 8.4 M⊕ have remained

in outward migration zones at 0.20 and 0.24 AU respectively. These halt the

inward migration of the outer two planets until shortly before 2.5 Myrs, the outer

two planets merge, creating a new planet that is large enough to form a gap in

the disc. This merger creates a domino effect such that the inner two planets

merge themselves within 2000 years and in under 10000 years from the original

merger, all of the four original planets have merged into one body which is rapidly

accreting gas mass. The gap formed can be seen in the lower right plots in figures

4.8 and 4.10. In the contour plot, this is evident as the thick vertical blue band

around the planet. The contour plots only display torque magnitude, which is

why although this region is coded blue to signify a zone of outward migration,

the disc is this region is depleted so no migration of any form would occur here.

By the end of the simulation run, at 2.57 Myr, this planet has grown to become

a gas giant with a total mass of 139.4 M⊕, core mass of 28.1 M⊕ and at 0.23 AU.

At the end point of this simulation, there is still a significant portion of disc

mass remaining - equivalent to approximately 1.5 MMSN nebula which suggests

that a significant amount of disc-related evolution is yet to come. However, the

limits applied to minimum time step size in the simulation due to such a large

planet with such a short period has truncated the possible simulation time. This

planet is likely to migrate inwards further although in reality, an inner cavity may

exist in such discs due to a strong magnetic field of the central star [Lin et al.,

1996]. As in run P02A, there is a large amount of solid material in the form of

planetesimals remaining between 2 and 20 AU which in reality would likely have

reverted to runaway protoplanet growth. Since there is more than the equivalent

of a 1/2 MMSN remaining, this run is considered an ’early’ run.

4.4.2.3 Run P21B

Run P21B has an initial disc mass equivalent to 3 times the MMSN. The disc

metallicity factor is 1, the f41 EUV photoevaporation is 100 and the planetesimal
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Figure 4.12: Initial solid body distribution for run P21B. The blue points mark
the locations of the protoplanets, the red line denotes the planetesimal based
surface density, the green line represents the target surface density for a disc of
this size and the blue line represents the actual overall solids surface density.

size is 10 km. The initial solids distribution is shown in figure 4.12. Snapshots

of the simulation conditions showing protoplanet locations, planetesimal surface

density and gas disc surface density are shown in figure 4.13, disc temperature

in figure 4.14 and torque magnitudes in figure 4.15. The time evolution of the

planet masses, semi-major axes, eccentricities and inclinations for all the planets

as well as the gas disc and planetesimal disc masses are shown in figure 4.16.

Growth is slightly slower than for run P06A due to the smaller disc mass but

by 0.5 Myrs there are a few planets already in zero migration zones. By 1 Myrs

there are even more, with a number of ∼ 2M⊕ planets now present between 1.5

and 3 AU. Amongst the remaining smaller planets, the outermost planet - a 0.4
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Figure 4.13: The locations and masses of the planets (blue dots) in run P21B
plotted against the planetesimal (red line) and gas (green line) surface densities
at various times. Plotted gas surface densities are reduced by a factor of 10 to
allow concurrent plotting.
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Figure 4.14: The locations and masses of the planets (blue dots) in run P21B
plotted against the gas disc temperature (red line) at various times.
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Figure 4.15: Contour plots showing regions of outward and inward migration
for run P21B at various times. Regions of outward migration are shaded blue
while regions of inward migration are shaded red. Planets are illustrated as black
circles.
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Figure 4.16: The evolution of masses, semimajor axes, eccentricities and inclina-
tions for all protoplanets and the total gas disc mass and total planetesimal disc
mass for simulation P21B.
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M⊕ planet at 11 AU sits in a region that is rich in planetesimals but without

any competing protoplanets - its only neighbour is 4.5 AU interior of it. Over

the following 1 Myrs it gradually accretes planetesimals in isolation and slowly

migrates inward due to its low mass and relative weakness of disc torques on such

planets. After ∼ 1.5 Myrs, the planet’s mass increases to ∼ 1M⊕ and both its

inward migration rate and mass accretion rate increase. By ∼ 1.6 Myrs, it hits

its region of zero migration at ∼ 4 AU.

Over the next 0.5 Myrs, this planet continues to accrete material and slowly

migrates in as its zero migration zone moves inward with disc dissipation. Mean-

while, it shepherds the now smaller planets interior of it so that they cannot

migrate out to their typical zero migration lines. At 2.2 MYrs when it is 8.0

M⊕ and at 1.5 AU, it detaches from its area of zero migration due to its mass

becoming too large. It then migrates inward, forcing most of the smaller bodies

interior inwards as well.

Around 2.5 Myrs, when it is 10.6 M⊕ and at 0.41 AU, it merges with a 4 M⊕

body meaning that within a few thousand years, it is massive enough at 15.7 M⊕

to form a gap in the disc. Within 10,000 years, it has also accreted the remaining

bodies interior to it and is now 27.6 M⊕ and at 0.21 AU. Over the following 0.5

Myrs, it continues eating gas mass and slowly moves in along with the disc as it

gradually dissipates.

By the end of the simulation run at 3.0 Myrs, the planet has grown to a gas

giant with a mass of 104.1 M⊕. Although there is still a portion of nebula gas still

present (the equivalent to 0.44 MMSN), this planet is unlikely to migrate much

further in before the gas disc dissipates entirely. As in the previous two runs,

there is a large amount of solid material in the form of planetesimals remaining

in the disc between 4 and 20 AU which in reality would likely have reverted to

runaway protoplanet growth. Since there is less than the equivalent to a 1/2

MMSN nebula remaining, this run is considered an ’intermediate’ run.

4.4.2.4 Run P30A

Run P30A has an initial disc mass equivalent to 3 times the MMSN. The disc

metallicity factor is 1, the f41 EUV photoevaporation is 100 and the planetesimal
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Figure 4.17: Initial solid body distribution for run P30A. The blue points mark
the locations of the protoplanets, the red line denotes the planetesimal based
surface density, the green line represents the target surface density for a disc of
this size and the blue line represents the actual overall solids surface density.

size is 1 km. The initial solids distribution is shown in figure 4.17. Snapshots

of the simulation conditions showing protoplanet locations, planetesimal surface

density and gas disc surface density are shown in figure 4.18, disc temperature

in figure 4.19 and torque magnitudes in figure 4.20. The time evolution of the

planet masses, semi-major axes, eccentricities and inclinations for all the planets

as well as the gas disc and planetesimal disc masses are shown in figure 4.21.

Despite only having a disc equivalent to 3 MMSN, growth is significantly

faster than in the previous runs discussed here due to a smaller planetesimal size

which increases accretion. Smaller planetesimals leads to a thinner planetesimal

disc due to their exhibiting stronger damping of random velocities. This increases

131



Semi−major axis (AU)

S
u

rf
a

c
e

 D
e

n
s
it
y
 (

g
/c

m
2
)

P
la

n
e

t 
m

a
s
s
 (

M
E
)

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

0.5 Myrs 1.0 Myrs

10
−1

10
0

10
1

10
2

10
−1

10
0

10
1

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

1.6 Myrs

10
−1

10
0

10
1

2.7 Myrs

10
−1

10
0

10
1

10
2

Figure 4.18: The locations and masses of the planets (blue dots) in run P30A
plotted against the planetesimal (red line) and gas (green line) surface densities
at various times. Plotted gas surface densities are reduced by a factor of 10 to
allow concurrent plotting.
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Figure 4.19: The locations and masses of the planets (blue dots) in run P30A
plotted against the gas disc temperature (red line) at various times.
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Figure 4.20: Contour plots showing regions of outward and inward migration
for run P30A at various times. Regions of outward migration are shaded blue
while regions of inward migration are shaded red. Planets are illustrated as black
circles.
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Figure 4.21: The evolution of masses, semimajor axes, eccentricities and inclina-
tions for all protoplanets and the total gas disc mass and total planetesimal disc
mass for simulation P30A.
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accretion but has the downside that their orbital decay is faster.

By 0.5 Myrs, many planets have grown larger than 1 M⊕ with several almost

10 M⊕ already and sitting on zero migration lines around 5 AU. A number of

the larger planets continue to grow and detach from their migration lines and

migrate inwards before colliding just after 0.9 Myrs to form a 23.1 M⊕ planet at

0.33 AU. This planet forms a gap but then migrates inwards with the dissipation

of the disc, being lost off the inner edge of the simulation range at 1.1 Myrs after

reaching a mass of 42.5 M⊕.

The rest of the system continues evolving until just before 1.5 MYrs, two

planets 22.3 and 22.0 M⊕ at 0.42 and 0.51 AU respectively cross the local criterion

for gap formation and both create gaps in the disc. By 1.5 MYrs these two bodies

have collided and also accreted a neighbouring super-earth such that the new

planet has a mass of 66.5 M⊕ at 0.34 AU. It too migrates off the inner edge via

type II migration shortly after 1.6 Myrs after reaching a mass of 120.8 M⊕.

The largest of the remaining planets (4.93M⊕ at 3.5 AU at 1.5 Myrs) continues

accreting until it grows large enough to detach from its migration line at 2.2 Myrs.

It then migrates inwards, shepherding the inner two planets in along with it until

they merge and migrate in to the edge of a very strong outward migration line at

2.6 Myrs. The two resonant planets now remain in situ while the larger planet

continues to slowly accrete gas mass. At 2.8 Myrs, it accretes enough gas to fulfil

the criterion for gap formation (signified by the upper edge to the red migration

zones in the contour plots). Upon doing so, it accretes the inner planet as well.

The run ends shortly thereafter with the planet having reached a mass of 14.0

M⊕ with a gas mass of 5.7 M⊕ at 0.18 AU. Since it’s composition is made up

of 40% gas, this planet is classified as a neptune-like planet rather than a gas

planet.

The run still has a a fair amount of disc mass left , equivalent to 0.53 MMSN. I

classify this run as an early run although it is very close to being an intermediate

run.

136



4.4.3 Summary of all runs

I ran 108 simulations covering two random-number seed realisations of 6 sets

of discs with fenh = 1, 2, 3, 4, 5, 6 with an enhanced metallically factor of 1 and

fenh = 1, 2, 3, 4, 5, 6 with an enhanced metallically factor of 2. Over those 6

sets I varied f41, the EUV photoevaporation rate to three values, 1, 10 and 100

and I varied the planetesimal size to two values, 1 and 10 km. In total, 8 gas

giant planets, 37 gas planets, 116 neptune-like planets, 154 super-earths and 519

terrestrial sized bodies were formed. The detailed break down of these is given

in table 4.4.3 and their properties are summarised in figure 4.22. Plots showing

the final semi-major axis and masses of planets formed in all of the runs as well

as the planetesimal and gas surface densities are shown in figures 4.25 to 4.34.

Looking at table 4.4.3, it is clear that the majority of giant planets were

formed in disc models that are considered to still be early in their development.

The vast majority of these planets were formed in runs with a planetesimal size

of 1 km which significantly decreased the formation time for large planetary cores

at the beginning of a simulation’s evolution. When in effect in discs with a large

solids density such as the 5 and 6 MMSN and 3 MMSN with metalicity factor 2

models, this led to the very rapid growth of solid cores that detached from their

zero migration lines and quickly migrated inwards. Inside 1 AU, the minimum

planet mass for gap formation decreases with smaller semi-major axis as can be

seen in the contour plots, figures 4.5, 4.10, 4.15 and 4.20. Thus a planet that has

detached from its migration line due to being too massive can migrate inwards

until it reaches a location where it meets the criterion for gap formation. While

this improvs the likelihood that short period gas giants can form, such planets

slow the finite-differencing method down by up to two orders of magnitude which

has limited the degree to which I have been able to model such discs. All bar one

of the giant planets were formed in simulations that are still considered to be in

an ’early’ state although some are close to being intermediate stage such as run

P30A detailed above.

The heaviest planet formed in run P09A, a disc with a mass of 3 times MMSN

and with a metallically enhancement factor of 2 so that it has the equivalent solids

density as a 6 times MMSN disc. It reached 254.4 M⊕ with a solid core mass of
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52.4 M⊕ and is located at 0.17 AU. Several runs generated more than one gap in

the discs. Most of these were due to super-Earths or neptune-type planets such

as in runs P18B (see figure 4.26) and P24B (see figure 4.28) but one run did form

two gas giants very early on, both of which formed gaps (run P42B - see figure

4.32. Unfortunately, the time step requirements for this run have meant that it

hasn’t progressed beyond 0.2 Myrs.

All the giant planets formed in systems that had the solid material equiva-

lent to 5 or 6 times MMSN. However, there are many of simulations containing

what are currently neptune sized bodies that are still classed as ’early’ and may

therefore evolve into gas giant planets when run for longer.

A large number of neptune-like planets and super-earths were formed in a

large proportion of the runs as well as a number of gas planets that are too low

mass to qualify as gas giants. Furthermore, terrestrial sized planets were easily

formed and survived throughout runs.

Early runs (60 runs)
type no min(Mp) max(Mp) M̄p min(Mg) max(Mg) M̄g min(ap) max(ap) āp

gas giants 7 123.30 254.42 171.01 92.24 202.02 130.44 0.17 4.32 1.40
gas planets 26 8.95 34.93 15.39 5.01 18.94 8.93 0.15 3.33 0.51
neptune-like 91 3.53 77.45 14.23 0.21 17.75 3.81 0.15 8.07 1.93
super-earths 62 2.50 9.96 4.29 0.00 0.47 0.07 0.17 9.99 4.26
terrestrial 271 0.76 2.48 1.40 0.00 0.00 0.00 0.15 13.75 3.13

Intermediate runs (12 runs)
type no min(Mp) max(Mp) M̄p min(Mg) max(Mg) M̄g min(ap) max(ap) āp

gas giants 1 104.23 104.23 104.23 82.85 82.85 82.85 0.19 0.19 0.19
gas planets 6 8.79 30.23 13.07 5.32 16.62 7.57 0.18 0.50 0.34
neptune-like 11 4.18 26.58 9.42 0.27 9.79 3.10 0.22 4.43 0.75
super-earths 10 2.54 4.62 3.22 0.00 0.04 0.00 0.21 6.55 1.69
terrestrial 44 0.78 2.38 1.40 0.00 0.00 0.00 0.31 14.95 2.40

Late runs (36 runs)
type no min(Mp) max(Mp) M̄p min(Mg) max(Mg) M̄g min(ap) max(ap) āp

gas giants 0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
gas planets 5 26.12 32.84 30.03 16.71 25.52 22.64 0.29 3.61 1.29
neptune-like 6 4.52 16.38 9.76 1.02 5.66 2.98 0.33 8.46 1.86
super-earths 54 2.50 10.00 4.16 0.00 0.08 0.00 0.30 14.63 2.54
terrestrial 191 0.76 2.48 1.30 0.00 0.00 0.00 0.29 20.47 3.79

4.5 Comparison with Observations and Previ-

ous Chapter

As in the previous chapter, this work is not intended to be a serious attempt at

planetary population synthesis unlike the work presented by Ida et al. [2008] and
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Figure 4.22: Summary of total masses, core masses, eccentricity and inclination
against semi-major axis for all planets formed. The colour of the markers is
dependent on the simulation state - red for early runs, blue for intermediate runs
and green for late runs.
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Figure 4.23: Summary of the semi-major axis and masses of all planets plotted
alongside the gas and planetesimal surface densities for runs P01A - P09A. Runs
P01A - P06A correspond to disc masses equivalent to 1 - 6 MMSN respectively.
Runs P07A - P09A correspond to disc masses of 1 - 3 MMSN respectively with
a metalicity enhancement factor of 2. The planetesimal size for all the runs is 10
km and the f41 EUV photoevaporation rate is set to 1 for all runs. Planetesimal
surface densities are plotted in grey. The colour of the gas surface density line
and the planet plots is dependent on the simulation state - red plots for early
runs, blue plots for intermediate runs and green plots for late runs.

140



10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2 P01B 6.0 Myrs P02B 6.0 Myrs P03B 2.5 Myrs

10
−1

10
0

10
1

10
2

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

S
u
rf

a
c
e
 D

e
n
s
it
y
 (

g
/c

m
2
) P04B 2.7 Myrs P05B 1.9 Myrs P06B 2.1 Myrs

10
−1

10
0

10
1

10
2

P
la

n
e
t 
m

a
s
s
 (

M
E
)

10
−1

10
0

10
1

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2 P07B 4.3 Myrs

10
−1

10
0

10
1

Semi−major axis (AU)

P08B 1.6 Myrs

10
−1

10
0

10
1

P09B 0.9 Myrs

10
−1

10
0

10
1

10
2

Figure 4.24: Summary of the semi-major axis and masses of all planets plotted
alongside the gas and planetesimal surface densities for runs P01B - P09B. Runs
P01B - P06B correspond to disc masses equivalent to 1 - 6 MMSN respectively.
Runs P07B - P09B correspond to disc masses of 1 - 3 MMSN respectively with
a metalicity enhancement factor of 2. The planetesimal size for all the runs is 10
km and the f41 EUV photoevaporation rate is set to 1 for all runs. Planetesimal
surface densities are plotted in grey. The colour of the gas surface density line
and the planet plots is dependent on the simulation state - red plots for early
runs, blue plots for intermediate runs and green plots for late runs.
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Figure 4.25: Summary of the semi-major axis and masses of all planets plotted
alongside the gas and planetesimal surface densities for runs P10A - P18A. Runs
P10A - P15A correspond to disc masses equivalent to 1 - 6 MMSN respectively.
Runs P16A - P18A correspond to disc masses of 1 - 3 MMSN respectively with
a metalicity enhancement factor of 2. The planetesimal size for all the runs is 10
km and the f41 EUV photoevaporation rate is set to 10 for all runs. Planetesimal
surface densities are plotted in grey. The colour of the gas surface density line
and the planet plots is dependent on the simulation state - red plots for early
runs, blue plots for intermediate runs and green plots for late runs.
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Figure 4.26: Summary of the semi-major axis and masses of all planets plotted
alongside the gas and planetesimal surface densities for runs P10B - P18B. Runs
P10B - P15B correspond to disc masses equivalent to 1 - 6 MMSN respectively.
Runs P16B - P18B correspond to disc masses of 1 - 3 MMSN respectively with
a metalicity enhancement factor of 2. The planetesimal size for all the runs is 10
km and the f41 EUV photoevaporation rate is set to 10 for all runs. Planetesimal
surface densities are plotted in grey. The colour of the gas surface density line
and the planet plots is dependent on the simulation state - red plots for early
runs, blue plots for intermediate runs and green plots for late runs.
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Figure 4.27: Summary of the semi-major axis and masses of all planets plotted
alongside the gas and planetesimal surface densities for runs P19A - P27A. Runs
P19A - P24A correspond to disc masses equivalent to 1 - 6 MMSN respectively.
Runs P25A - P27A correspond to disc masses of 1 - 3 MMSN respectively with a
metalicity enhancement factor of 2. The planetesimal size for all the runs is 10 km
and the f41 EUV photoevaporation rate is set to 100 for all runs. Planetesimal
surface densities are plotted in grey. The colour of the gas surface density line
and the planet plots is dependent on the simulation state - red plots for early
runs, blue plots for intermediate runs and green plots for late runs.
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Figure 4.28: Summary of the semi-major axis and masses of all planets plotted
alongside the gas and planetesimal surface densities for runs P19B - P27B. Runs
P19B - P24B correspond to disc masses equivalent to 1 - 6 MMSN respectively.
Runs P25B - P27B correspond to disc masses of 1 - 3 MMSN respectively with a
metalicity enhancement factor of 2. The planetesimal size for all the runs is 10 km
and the f41 EUV photoevaporation rate is set to 100 for all runs. Planetesimal
surface densities are plotted in grey. The colour of the gas surface density line
and the planet plots is dependent on the simulation state - red plots for early
runs, blue plots for intermediate runs and green plots for late runs.
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Figure 4.29: Summary of the semi-major axis and masses of all planets plotted
alongside the gas and planetesimal surface densities for runs P28A - P36A. Runs
P28A - P33A correspond to disc masses equivalent to 1 - 6 MMSN respectively.
Runs P34A - P36A correspond to disc masses of 1 - 3 MMSN respectively with
a metalicity enhancement factor of 2. The planetesimal size for all the runs is 1
km and the f41 EUV photoevaporation rate is set to 1 for all runs. Planetesimal
surface densities are plotted in grey. The colour of the gas surface density line
and the planet plots is dependent on the simulation state - red plots for early
runs, blue plots for intermediate runs and green plots for late runs.
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Figure 4.30: Summary of the semi-major axis and masses of all planets plotted
alongside the gas and planetesimal surface densities for runs P28B - P36B. Runs
P28B - P33B correspond to disc masses equivalent to 1 - 6 MMSN respectively.
Runs P34B - P36B correspond to disc masses of 1 - 3 MMSN respectively with
a metalicity enhancement factor of 2. The planetesimal size for all the runs is 1
km and the f41 EUV photoevaporation rate is set to 1 for all runs. Planetesimal
surface densities are plotted in grey. The colour of the gas surface density line
and the planet plots is dependent on the simulation state - red plots for early
runs, blue plots for intermediate runs and green plots for late runs.
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Figure 4.31: Summary of the semi-major axis and masses of all planets plotted
alongside the gas and planetesimal surface densities for runs P37A - P45A. Runs
P37A - P42A correspond to disc masses equivalent to 1 - 6 MMSN respectively.
Runs P43A - P45A correspond to disc masses of 1 - 3 MMSN respectively with a
metalicity enhancement factor of 2. The planetesimal size for all the runs is 1 km
and the f41 EUV photoevaporation rate is set to 10 for all runs. Planetesimal
surface densities are plotted in grey. The colour of the gas surface density line
and the planet plots is dependent on the simulation state - red plots for early
runs, blue plots for intermediate runs and green plots for late runs.

148



10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2 P37B 6.0 Myrs P38B 1.7 Myrs P39B 2.9 Myrs

10
−1

10
0

10
1

10
2

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

S
u
rf

a
c
e
 D

e
n
s
it
y
 (

g
/c

m
2
) P40B 2.3 Myrs P41B 0.7 Myrs P42B 0.2 Myrs

10
−1

10
0

10
1

10
2

P
la

n
e
t 
m

a
s
s
 (

M
E
)

10
−1

10
0

10
1

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2 P43B 6.0 Myrs

10
−1

10
0

10
1

Semi−major axis (AU)

P44B 5.0 Myrs

10
−1

10
0

10
1

P45B 1.9 Myrs

10
−1

10
0

10
1

10
2

Figure 4.32: Summary of the semi-major axis and masses of all planets plotted
alongside the gas and planetesimal surface densities for runs P37B - P45B. Runs
P37B - P42B correspond to disc masses equivalent to 1 - 6 MMSN respectively.
Runs P43B - P45B correspond to disc masses of 1 - 3 MMSN respectively with a
metalicity enhancement factor of 2. The planetesimal size for all the runs is 1 km
and the f41 EUV photoevaporation rate is set to 10 for all runs. Planetesimal
surface densities are plotted in grey. The colour of the gas surface density line
and the planet plots is dependent on the simulation state - red plots for early
runs, blue plots for intermediate runs and green plots for late runs.
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Figure 4.33: Summary of the semi-major axis and masses of all planets plotted
alongside the gas and planetesimal surface densities for runs P46A - P54A. Runs
P46A - P51A correspond to disc masses equivalent to 1 - 6 MMSN respectively.
Runs P52A - P54A correspond to disc masses of 1 - 3 MMSN respectively with a
metalicity enhancement factor of 2. The planetesimal size for all the runs is 1 km
and the f41 EUV photoevaporation rate is set to 100 for all runs. Planetesimal
surface densities are plotted in grey. The colour of the gas surface density line
and the planet plots is dependent on the simulation state - red plots for early
runs, blue plots for intermediate runs and green plots for late runs.
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Figure 4.34: Summary of the semi-major axis and masses of all planets plotted
alongside the gas and planetesimal surface densities for runs P46B - P54B. Runs
P46B - P51B correspond to disc masses equivalent to 1 - 6 MMSN respectively.
Runs P52B - P54B correspond to disc masses of 1 - 3 MMSN respectively with a
metalicity enhancement factor of 2. The planetesimal size for all the runs is 1 km
and the f41 EUV photoevaporation rate is set to 100 for all runs. Planetesimal
surface densities are plotted in grey. The colour of the gas surface density line
and the planet plots is dependent on the simulation state - red plots for early
runs, blue plots for intermediate runs and green plots for late runs.
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Mordasini et al. [2009b]. This work builds on my previous work in exploring the

effect on planetary growth, migration and interaction in the presence of strong

corotation torques. As before, it is still interesting to compare how well these

simple models compare to real-world observations and what effect the increase in

model complexity has had on the resulting planetary populations compared to

the model of the previous chapter.

Figure 4.35 shows a mass-period diagram with the results of this chapter

overlaid on both all current observed exoplanets as well as all planets formed in

the results from the previous chapter. All of the giant planets formed in this

chapter lie well within the region of observed exoplanets although the majority

of those formed are still in discs with a considerable portion of disc mass sill left

and therefore would likely migrate into the central star without the presence of

an inner cavity in the disc formed by strong magnetic field lines from the central

star. The greatest success of this model over the previous version is the large

number of super-earths and neptune type planets, of which the previous model

was unable to form any.

The biggest effect introducing an evolving 1 dimensional disc model has been

to qualitatively improve the contour plots. Compare the contour plot for run

M05A in the previous chapter (figure 3.6) to that for run P06A in section 4.4.2.2

(figure 4.10). The steep straight angles bounding regions of outward migration in

M05A are far more conducive towards convergent migration than the relatively

flat zones in run P06A. Although convergent migration does still occur, planets

of similar masses must have both a closer ratio of masses and must start closer

together. To illustrate this, consider two planets of identical mass, 5 M⊕, with

one at 1 AU and one at 50 AU dropped into a disc such as in run M05A at time 1

Myr (top right frame of figure 3.6). The innermost planet starts off lying inside a

zone of outward migration and moves out to the zero migration line at ∼ 25 AU.

The outer planet starts off in a zone of inward migration and moves inwards to

the zero migration line. Even though both planets start a great distance apart,

their final destination is at the same location and so they collide. Now consider

the same planets embedded in a disc such as that for run P06A at 1.5 Myrs

(top right frame of figure 4.10). The inner most planet again starts in a zone

of outward migration and migrates out until it hits a boundary with an inward
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migration zone at ∼ 3 AU. The outer most planet again starts in a zone of inward

migration and migrates in until it hits a boundary with an outward migration

zone at ∼ 7 AU.

The complexity in the contour plots and thus the underlying torques, is due

primarily to the new temperature model that is built into the disc model. As

described in section 4.1.1.2, the temperature in the disc is calculated by solving

the energy flux equation of the disc. This has a large dependency on disc opacities

which as shown in section 4.1.1.3, specifically equation 4.33 and figure 4.1, follow

quite different forms depending on the local disc conditions. This can be seen in

the temperature summary plots for the individual runs such as figure 4.9.

In the previous work, growing planets would often grow until they reached

their zero migration line and would then sweep outwards through the disc as they

accreted mass and so would be pushed to a greater semi-major axis. This would

push them through large swathes of the planetary disc, accreting bodies along

the way before finally growing so large as to either undergo rapid gas accretion

or detach from the migration line and undergo type I migration into the star.

This meant that it was comparatively difficult for super-earth and neptune like

planets to form, masses of that size would migrate outwards and rapidly accrete

more mass. The more complex torques in effect in the models of this chapter

don’t allow such behaviour to occur. Planetary solid accretion is largely based

upon the local solids density rather than any migratory behaviour. Planets tend

to in effect be locked in place once they hit an area of zero migration and then

accrete gradually as planetesimals are accreted or other protoplanets move into

their vicinity. Growth is remarkably similar in such situations to models without

the presence of a gas disc.

Out of the few gas giants that have formed in this study, none are as large

as Jupiter. This is due to a limit of a 1D disc model. Once a planet has formed

a gap in a disc, it would typically accrete mass through streamline from the

neighbouring material. As this is a 1D model, these streamlines are not modelled

- their radial velocities are averaged out over grid cells that cover the whole ring

of the gap which means their effect is lost. Mass simply cannot flow into a gap

in a 1D disc. I have attempted to find a balance between the gap width formed

in the disc by the model and the region over which a planet can viscously accrete
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material by using a value of Qgap of 3 in section 4.2.2.1.

In comparison to observational results, the planets formed in this paper align

well although the majority of planets (i.e. the lower mass bodies) lie in regions

of the mass-period space that is currently relatively unpopulated by exo-planets

although this is likely due to the current limitations of observational technologies.

As documented in table 4.4.3, I have a number of gas giants with relatively short

periods. These are comparable to detected hot Jupiters such as 51-Peg b (0.47

Jupiter masses with period 4.23 days) [Mayor and Queloz, 1995] and HD 209458b

[Deming et al., 2005] - the latter being a giant planet detected via transit and

one of the only exoplanets to have had a temperature measured. Some of my

gas giants have very large solid cores which is counter to what is theorised for

Jupiter and Saturn, however, observational evidence supports the existence of

such planets - planet HD 149026b is a Saturn sized planet with a suggested solid

core of up to 67 M⊕ [Sato et al., 2005]. A number of hot neptunes similar to

those formed in these simulations have been detected also, such as Gliese 436b

[Butler et al., 2004] and Kepler-4 b [Borucki et al., 2011]. Rocky super earths

have been detected similar to those produced in my runs such as CoRot-7b [Léger

et al., 2009] and Kepler-10b [Batalha et al., 2011] and even some terrestrial sized

planets have been detected analogous to some produced here such as alpha Cen

B b [Dumusque et al., 2012]. Lastly, even low mass, low density planets have

been detected such as Kepler-11f [Lissauer et al., 2011] that lend credence to the

non giant gas planets formed in my simulations here.

4.6 Discussion and Conclusions

The models presented in this chapter include a large range of physical processes

relevant to planetary formation (migration; planetary growth through mutual

protoplanet collisions, planetesimal accretion, gas accretion, planet-planet in-

teractions, nebula disc evolution). However, a number of simplifications and

assumptions have been included that affect the realism of the simulations and

results presented in this chapter. These include:

1. Simulation domain. A common problem when modelling planetary forma-
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Figure 4.35: Mass vs semimajor axis plot comparing the results from this model
to both observed extrasolar planets and the results from the previous chapter.
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tion with the use of n-body models is the range over orbital radius which

can be simulated. I have included a wider initial body distribution than in

the work of the previous chapter (1-20 AU compared to 2-15 AU in chapter

3). With the use of a finite differencing based gas disc model, it has also

been necessary to impose limits to which the gas disc is modelled. I took the

limits to be 0.01-40 AU as examination of initial contour plots for this model

suggested that migration of planets out beyond that range, as occurred in

my previous model, was unlikely to occur. However, models covering an ini-

tial solids distribution and modelled gas disc from as far in to 0.1 AU out to

50 AU would be preferable as migration driven growth suggests protoplanets

can begin from anywhere in the disc before its evolution is complete. Such

a simulation is currently beyond modelling techniques due to the large re-

quired numbers of protoplanets. Although some methods suggest the use of

multiple time steps in a parallel symplectic integrator [McNeil and Nelson,

2009, 2010] can achieve greater particle densities, global models of planetary

formation with large numbers of particles and grid cells are more likely to

require efficient use of GPGPU technologies. However, such models would

limit the number of concurrent simulations that could be run compared to

the single threaded nature of the Mercury code so investigations covering

large parameter sets such as in this chapter are unlikely. A further modi-

fication to the code would be to use grid separations that are not linearly

spaced. This would allow for a finer resolution at short periods without

requiring the same to be imposed on larger periods where such small cells

are not needed. This would still require small timesteps due to these being

set by the smallest grid cells but it could allow simulations of the same

overall resolution as those used here but with fewer cells thus speeding up

computational time.

2. Fresh protoplanet generation. A common feature in the late stages of these

models is a large domain of ’unused’ planetesimal matter in the outer regions

of simulations as seen in the final snapshots of runs in figures 4.25 through

4.34. These regions have been formed due to the protoplanets that were

initially present migrating inwards. This was not an issue in the runs from
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the previous chapter due to the strong outward migration along migration

lines that led to very rapid accretion and allowed protoplanets to migrate

through the outer regions of the planetary disc, accreting large amounts of

solid matter before detaching from their migration lines, migrating inward

via type I migration and colliding with the central star. In reality, these

large protoplanet-free solids-rich zones would revert to a period of runaway

growth leading to a new generation of protoplanets. A possible solution to

this problem would be to introduce a mechanism by which a few planetesi-

mals in these regions would be promoted to protoplanetary status and given

a mass boost (removing a corresponding number of planetesimals from their

vicinity in the process) which would allow the region to begin a new phase

of oligarchic growth.

3. Planetary atmosphere model and enhanced capture radii. The model of

an enhanced accretion rate due to the greater capture radius of a planet

that has a planetary atmosphere works well when planetesimal accretion

is dominating mass growth, however, it does not deal with planet-planet

collisions in a realistic manner. A planetary atmosphere can be blasted off

a planet during an impact with a second planet with a similar mass to its

atmosphere. A further modification would be to include the accretion of

in-falling gas in the luminosity calculation used for the enhanced capture

radius. There is likely a range of planets that have yet to satisfy the gap

formation criterion in the disc but are accreting a significant amount of gas

that would increase the luminosity of a planet. This would have the effect of

reducing the effective capture radius which would slow down planetesimal

growth during the early gas accretion phase of a planet. This would likely

reduce the overall core size of neptune-type planets, gas planets and gas

giants.

4. Timestep issue. The small timesteps required due to the radial velocities

near the edges of deep gaps around large planets is particularly problematic

when such planets are at short periods - an unfortunate scenario in models

where large planets can migrate inwards with the eventuality that they get

accreted by the central star. To address this, an implicit solver technique
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could be used so that larger timesteps could be used while maintaining

stability.

5. 2D disc model. Although this one dimensional disc model has added a

significant level of complexity compared to the model of chapter 3, it does

have a significant limitation in its inability to handle viscous accretion of

gas onto planets within gaps via streamlines. A 1D model has only a single

radial velocity value which is an average of all possible radial velocity values

over the ring in the disc corresponding to the cell. This means that the

counterflow velocity of streamlines that allow a planet to accrete gas matter

from outside the gap are lost, limiting the realism of giant planet viscous gap

accretion due to approximations such as those detailed in section 4.2.2.1.

I have presented the results of simulations that include recent torque formulae

for type I migration (including Lindblad and corotation torques) with gas disc

evolution of surface density and temperature including photo-evaporation, planet

gas envelope accretion, enhanced capture radii of planets due to gas atmospheres

and planet-planet gravitational dynamics. I have surveyed a range of disc models

covering a wide variety of parameters. The main results that I have obtained

may be summarised as follows:

• Inward migration can be halted by corotation torques when the thermal

and viscous diffusion times are configured in such a way that corotation

torques can oppose and equal the inward Lindblad torques. This can slow

down migrating planets long enough for them to accrete further solid and

gas mass until they become massive enough to form a gap in the disc or

until the disc mass has dissipated so that it can no longer influence the

planet.

• A large range of planetary types can be formed over a large range of

semi-major axes. Terrestrial planets, super-earths, neptune-like planets,

gas planets and gas giants were all formed throughout the protoplanetary

disc. Interestingly, some super-earths larger than neptune-like planets are

formed and similarly, some neptune-like planets larger than gas planets are

formed. This wide variety of planetary types is a significant improvement
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over the model of the previous chapter which lacked any planets between

small super-earths and giant planets.

• Out of 108 simulations that covered a wide variety of parameters, 8 gas

giants were formed. While this is fewer than in the previous chapter, their

masses are far more varied due to the removal of artificial limits on mass

growth made possible by the active modelling of the gas in the disc. Further

giant planets are likely to form if the runs that are still in an early stage

were to be allowed to continue to completion.
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Chapter 5

Conclusion

The models presented in this thesis are an investigation into the effects of non

isothermal corotation torques on planet formation and include a wide variety of

physical processes relevant to planet formation. The features modelled are as

follows:

1. Oligarchic growth of a solids based disc. The oligarchic growth phase of

planet formation is modelled by using a hybrid-symplectic n-body model

with protoplanets modelled individually and planetesimals modelled as ef-

fective superplanetesimals with a hit-and-stick collision model that allows

the growth of protoplanets from protoplanet-protoplanet mergers and plan-

etesimal accretion. The initial distribution of planets and protoplanets is

matched to that of the gas disc and includes a snow line density enhance-

ment due to condensation of materials in the disc in cooler regions.

2. Gas disc. The gas disc portion of a protoplanetary disc is modelled using a

finite differencing model that allows for the evolution of gas surface density

and temperature of a planetary disc in one dimension.

3. Aerodynamic drag. Planetesimals experience a frictional drag force due to

the difference in a planetesimal’s velocity and that of the gas disc. This acts

to damp eccentricities, inclinations and semi-major axes of planetesimals

over time.

4. Atmospheric drag. Planetesimal accretion onto protoplanets is enhanced

due to the effective capture radius enhancement of planets as a result of
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nascent planetary atmospheres. A thicker atmosphere applies more drag

to a planetesimal passing through it, thus increasing the effective cross

sectional accretion area, so a greater proportion of close encounters between

protoplanets and planetesimals leads to accretion.

5. Planetary migration. Interactions between the gas in the disc and the pro-

toplanets gives rise to torques that are applied to both the disc and the

planets in the form of Lindblad and corotation torques. These give rise to

migration of planets in the form of inward type I migration but with the

modifications included in this thesis also allow the ability for migration to

cease and even outward migration to occur due to the local thermal and

viscous diffusion times in a disc equaling the horseshoe libration time and

thus maximising the outward corotation torque such that it overcomes the

inward Lindblad torques (or type I migration).

6. Eccentricity and inclination damping. The tidal interactions that give rise

to type I migration also causes the damping of the orbital eccentricities and

inclinations of planets.

7. Gap formation. Planets of a sufficient mass are able to clear the disc in

their local vicinity of gas material, creating a gap in the disc. This stops

the effects of Lindblad and corotation torque driven migration and switches

a planet’s migration to match the viscous evolution timescale of the disc

i.e. type II migration.

8. Gas accretion. Sufficiently massive planets are able to accrete a gas envelope

by accreting gas material from the nebula disc. For this to occur, a planet

has to grow massive enough while there is still gas disc mass remaining, i.e.

within the gas lifetime of the disc.

The models contained in this thesis demonstrate that strong corotation torques

can substantially alter the qualitative outcomes of planet formation simulations.

Even the simplest model of planet formation that involves non linear gravitational

interaction between protoplanets and planetesimals during planetary accumula-

tion is by its nature a chaotic process. Given a well-defined distribution of ini-

tial protoplanet/planetesimal masses and orbital elements from which individual
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formation models are drawn, an ensemble of such models should give rise to a

distribution of outcomes with well-defined statistical properties.

Allowing the set of initial conditions to be drawn from a range of disc models

whose life-times, surface density and temperatures are either well-defined as in

chapter 3 or carefully modelled as in 4 serve only to modify the distribution of

outcomes, as does including additional physical processes such as type I migra-

tion. A corollary of this argument is that increasing the complexity of migration

processes, as I have done in this paper, also serves to modify the distribution of

outcomes in a quantifiable manner. In principle, this suggests that a statistically

deterministic model of planetary formation can be developed that can be mean-

ingfully compared with observational data. This work represents a step towards

this ultimate goal.

Corotation torques, however, increase the dependency of formation outcomes

on the details of the underlying disc model and microphysical processes such as

those that control the opacity of disc material. The impact of this is only en-

hanced when the disc is modelled thoroughly rather than with a simple power

law based model. The dependency of migration on opacity, turbulent viscosity

and other disc properties, and the role of migration in shaping planetary system

architectures increases the need for more refined observations of protoplanetary

disc properties and improved disc models to allow planetary formation calcula-

tions to be compared with data on extrasolar planet systems in a meaningful

way.

Future work would include modifications to the disc to deal with time stepping

problems. An initial approach could be to limit the depth of gaps formed in the

disc and also to evaporate off gap forming planets that reach short periods and

give troublesome timesteps. A further approach would be to use an implicit solver

to resolve the time stepping issue. A regime by which dense planetesimal regions

in discs that have lost all protoplanets could generate new protoplanets would

allow these regions of the disc to evolve in a more physical manner rather than

all growth being switched off due to the lack of larger bodies. This could spawn

a second generation of planet formation which could give rise to giant planet

formation in discs that are either more massive or have a low photoevaporation

criterion. A modification to include the effects of gas accretion on planetary lumi-

162



nosity that in turn regulates the effective cross-sectional capture radius of planets

should also be incorporated. This would likely reduce the solids component of

larger planets such as neptune-type and gas planets. Longer term modifications

would include moving to a two dimensional disc model and switching to a model

that can use the highly parallel capabilities of GPGPU machines which would

allow a significant improvement in resolution and simulation domain.

To summarise: planetary formation is a chaotic process, but is deterministic

in a statistical sense. Corotation torques do not change the validity of this state-

ment, however, they can be included to construct realistic planetary formation

models if they are modelled with a sufficient level of complexity.
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Britton, A C Gilmore, J B Hearnshaw, Y Itow, K Kamiya, P M Kilmartin,

A V Korpela, K Masuda, Y Matsubara, M Motomura, Y Muraki, S Nakamura,

C Okada, K Ohnishi, N J Rattenbury, T Sako, S Sato, M Sasaki, T Sekiguchi,

D J Sullivan, P J Tristram, Yock, P. C. M., and T Yoshioka. Discovery of a

cool planet of 5.5 Earth masses through gravitational microlensing. Nature,

439(7):437–440, January 2006. 11

K R Bell and D N C Lin. Using FU Orionis outbursts to constrain self-regulated

protostellar disk models. Astrophysical Journal, 427:987–1004, June 1994. 42,

98

K R Bell, P M Cassen, H H Klahr, and Th Henning. The Structure and Appear-

ance of Protostellar Accretion Disks: Limits on Disk Flaring. Astrophysical

Journal v.486, 486:372, September 1997. 41, 98

B Bitsch and W Kley. Orbital evolution of eccentric planets in radiative discs.

Astronomy and Astrophysics, 523:30, November 2010. 44, 82, 102

A. C. Boley, M. J. Payne, S. Corder, W. R. F. Dent, E. B. Ford, and M. Shabram.

Constraining the Planetary System of Fomalhaut Using High-resolution ALMA

Observations. The Astrophysical Journal Letters, 750(1):L21, May 2012. 1

William J. Borucki, David G. Koch, Gibor Basri, Natalie Batalha, Timothy M.

Brown, Stephen T. Bryson, Douglas Caldwell, Jørgen Christensen-Dalsgaard,

William D. Cochran, Edna Devore, Edward W. Dunham, Thomas N. III Gau-

tier, John C Geary, Ronald Gilliland, Alan Gould, Steve B. Howell, Jon M.

Jenkins, David W. Latham, Jack J Lissauer, Geoffrey W. Marcy, Jason Rowe,

Dimitar Sasselov, Alan Boss, David Charbonneau, David Ciardi, Laurance

Doyle, Andrea K Dupree, Eric B. Ford, Jonathan Fortney, Matthew J. Hol-

man, Sara Seager, Jason H. Steffen, Jill Tarter, William F. Welsh, Christopher

Allen, Lars A. Buchhave, Jessie L Christiansen, Bruce D Clarke, Santanu Das,

Jean-Michel Desert, Michael Endl, Daniel Fabrycky, Francois Fressin, Michael

Haas, Elliott Horch, Andrew Howard, Howard Isaacson, Hans Kjeldsen, Jef-

fery Kolodziejczak, Craig Kulesa, Jie Li, Philip W Lucas, Pavel Machalek,

165



REFERENCES

Donald McCarthy, Phillip MacQueen, Søren Meibom, Thibaut Miquel, Andrej

Prsa, Samuel N Quinn, Elisa V Quintana, Darin Ragozzine, William Sherry,

Avi Shporer, Peter Tenenbaum, Guillermo Torres, Joseph D Twicken, Jeffrey

Van Cleve, Lucianne Walkowicz, Fred C Witteborn, and Martin Still. Charac-

teristics of Planetary Candidates Observed by Kepler. II. Analysis of the First

Four Months of Data. The Astrophysical Journal, 736(1):19, July 2011. 1, 154

A P Boss. Giant planet formation by gravitational instability. Science, 276:

1836–1839, 1997. 2, 16

G Bryden, Xingming Chen, D N C Lin, Richard P Nelson, and John C B Pa-

paloizou. Tidally Induced Gap Formation in Protostellar Disks: Gap Clearing

and Suppression of Protoplanetary Growth. The Astrophysical Journal, 514

(1):344–367, March 1999. 48, 49

R. Paul Butler, Steven S. Vogt, Geoffrey W. Marcy, Debra A. Fischer, Jason T.

Wright, Gregory W. Henry, Greg Laughlin, and Jack J Lissauer. A Neptune-

Mass Planet Orbiting the Nearby M Dwarf GJ 436. The Astrophysical Journal,

617(1):580–588, December 2004. 1, 154

J. E. Chambers. A hybrid symplectic integrator that permits close encounters

between massive bodies. Monthly Notices of the Royal Astronomical Society,

304(4):793–799, April 1999. 2, 49, 108

J. E. Chambers and G. W. Wetherill. Making the Terrestrial Planets: N-Body

Integrations of Planetary Embryos in Three Dimensions. Icarus, 136(2):304–

327, December 1998. 17, 23

David Charbonneau, Lori E Allen, S Thomas Megeath, Guillermo Torres, Roi

Alonso, Timothy M. Brown, Ronald L. Gilliland, David W. Latham, Georgi

Mandushev, Francis T O’Donovan, and Alessandro Sozzetti. Detection of Ther-

mal Emission from an Extrasolar Planet. The Astrophysical Journal, 626(1):

523–529, June 2005. 9

E I Chiang and P Goldreich. Spectral Energy Distributions of T Tauri Stars with

Passive Circumstellar Disks. Astrophysical Journal v.490, 490:368, November

1997. 97

166



REFERENCES

C J Clarke, A Gendrin, and M Sotomayor. The dispersal of circumstellar discs:

the role of the ultraviolet switch. Monthly Notices of the Royal Astronomical

Society, 328(2):485–491, December 2001. 82

P Cresswell and R P Nelson. On the evolution of multiple protoplanets embedded

in a protostellar disc. Astronomy and Astrophysics, 450(2):833–853, May 2006.

61

P Cresswell and R P Nelson. Three-dimensional simulations of multiple proto-

planets embedded in a protostellar disc. Astronomy and Astrophysics, 482(2):

677–690, May 2008. 103, 104

Junko K Daisaka, Hidekazu Tanaka, and Shigeru Ida. Orbital evolution and

accretion of protoplanets tidally interacting with a gas disk. II. Solid surface

density evolution with type-I migration. Icarus, 185(2):492–507, December

2006. 3, 28, 44

Gennaro D’Angelo and Francesco Marzari. Outward Migration of Jupiter and

Saturn in Evolved Gaseous Disks. arXiv.org, astro-ph.EP:2737, July 2012. 95,

98

Gennaro D’Angelo, Willy Kley, and Thomas Henning. Orbital Migration and

Mass Accretion of Protoplanets in Three-dimensional Global Computations

with Nested Grids. The Astrophysical Journal, 586(1):540–561, March 2003.

46

Drake Deming, Sara Seager, L Jeremy Richardson, and Joseph Harrington. In-

frared radiation from an extrasolar planet. Nature, 434(7):740–743, March

2005. 9, 154

C P Dullemond, D Hollenbach, I Kamp, and P D’Alessio. Models of the Structure

and Evolution of Protoplanetary Disks. Protostars and Planets V, pages 555–

572, 2007. 101, 117

Xavier Dumusque, Francesco Pepe, Christophe Lovis, Damien Ségransan, Jo-

hannes Sahlmann, Willy Benz, François Bouchy, Michel Mayor, Didier Queloz,

167



REFERENCES
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