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Abstract

To ensure the safe operation of many safety critical structures such as nuclear plants, aircraft
and oil pipelines, non-destructive imaging is employed using piezoelectric ultrasonic transducers.
These sensors typically operate at a single frequency due to the restrictions imposed on their
resonant behavior by the use of a single length scale in the design. To allow these transducers
to transmit and receive more complex signals it would seem logical to use a range of length
scales in the design so that a wide range of resonating frequencies will result. In this paper, we
derive a mathematical model to predict the dynamics of an ultrasound transducer that achieves
this range of length scales by adopting a fractal architecture. In fact, the device is modeled as
a graph where the nodes represent segments of the piezoelectric and polymer materials. The
electrical and mechanical fields that are contained within this graph are then expressed in
terms of a finite element basis. The structure of the resulting discretized equations yields to a
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renormalization methodology which is used to derive expressions for the non-dimensionalized
electrical impedance and the transmission and reception sensitivities. A comparison with a
standard design shows some benefits of these fractal designs.

Keywords : Piezoelectric; Polymer; Finite Element Method; Fractal; Ultrasound; Transducer;
Renormalization.

1. INTRODUCTION

Ultrasonic transducers are devices that are used to
convert energy from one form to another.1 In this
context, they convert energy from its electrical form
to mechanical vibrations and vice versa.2,3 These
devices can act as both transmitters and receivers;
they typically work by emitting a wave (which
is converted from electrical energy to mechani-
cal energy) through a medium, and then listening
and interpreting the echoes of the transmitted
wave (which at this point is transformed back
into electrical energy from mechanical vibrations).
To further improve the transmission and reception
sensitivities,4–7 composite structures are utilized in
piezoelectric ultrasonic transducers. Many biolog-
ical species such as dolphins, bats, etc. naturally
produce and receive ultrasound by utilizing a wide
variety of intricate geometries in their transduc-
tion “equipment”; often with resonators spread over
a range of length scales.8–15 However, man-made
transducers tend to employ a regular geometry on
a single length scale. Due to this characteristic,
man-made transducers are unable to operate over a
wide range of frequencies resulting in transmission
and reception sensitivities with narrow bandwidths.
To produce transducers with wider bandwidths,
structures with a range of geometrical components
need to be considered and one such structure is a
fractal.16–18 One approach to design a new trans-
ducer is to experimentally assess its operating abil-
ity, however this is very time consuming. Each
device requires materials to be sought, cut to the
desired shape, bonded to other components such as
matching and backing layers, and is expensive and
time consuming. In addition, to determine its trans-
mission sensitivity the device has to be immersed
in a water tank, input voltages of different frequen-
cies applied, and a hydrophone placed at some dis-
tance from the transducer to monitor the output.
An assessment can also be made by connecting the
transducer to an electrical circuit and measuring
its electrical impedance over a range of frequen-
cies. Given the large number of variables present
in any design then the use of mathematical models

to assess radically new concepts such as that pro-
posed in this paper is fully justified. Various papers
have described wave propagation in fractal media
for other applications.19–26 This paper will build a
model of a fractal ultrasound transducer and com-
pare this model’s operational qualities with that
of a standard (simple) design. In the past, a finite
differences approach16 was used in the examination
of this topic; an approach in which each edge of the
fractal lattice was modeled as a one-dimensional
piezoelectric bar with the only degree of freedom
present in the plane of the lattice. Consequently,
there was no allowance for other types of motion
of the lattice or directions of the electric field. This
was a local description of the dynamics of the indi-
vidual edges which, when joined to other edges from
the lattice, led to the global dynamics of the device.
To account for the three-dimensional world that the
device is embedded within, this paper will derive
the governing equations from the general tensor
equations. This framework enables the deployment
of different parameterizations and a scenario where
the displacement acts out of the plane of the lattice
with the electric field operating within the plane of
the lattice will be examined in this paper. We will
use a finite element methodology and introduce new
basis functions to express the wave fields within the
lattice. This Galerkin approach leads to a discrete
formulation that lends itself to a renormalization
approach. The Sierpinski gasket will be used for
the simulation of a self-similar transducer in this
paper.27,28 Such an ultrasonic transducer would
start with an equilateral triangle of piezoelectric
crystal. This equilateral triangle is composed of
four identical equilateral sub-triangles whose side
length is half of the original. The first generation
(n = 1) would be obtained by replacing the central
sub-triangle by a polymer material. This process
is then repeated for several generations with the
removed sub-triangles from the smallest triangles
being filled with a polymer (see Fig. 1). The asso-
ciated graph is constructed by a process which
starts from the order n = 1 design (which consists
of three piezoelectric triangles and one polymer
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Fig. 1 The first few generations of the Sierpinski gasket. The black triangles are a piezoelectric material and the smallest

white triangles are a polymer material.

Fig. 2 The first few generations of the Sierpinski gasket lattice SG(3, 4).

triangle), assigns a vertex to the center of each of
these triangles and, by connecting these vertices
together with edges, the SG(3, 4) lattice at gener-
ation level n = 1 is constructed (see Fig. 2). The
polymer triangle has a vertex denoted by a non-
filled circle which was degree 3 whereas each piezo-
electric triangle has a vertex denoted by a filled cir-
cle and has degree 4. The lattice has side length L
units which remains constant as the generation level
n increases. Therefore, as n increases, the length of
the edge between adjacent vertices tends to zero
and in this limit the lattice will perfectly match
the space filling properties of the original Sierpinski

Fig. 3 The modified Sierpinski Gasket lattice SG(3, 4) at generation level n = 1. Nodes 1, 2 and 3 are the input/output
piezoelectric nodes, node 4 is a polymer node, and nodes A (or 5), B (or 6) and C (or 7) are fictitious nodes used to accommodate
the boundary conditions. The lattice has 9 elements (circled numbers), with two vertices adjacent to each element.

gasket.29 The total number of vertices is 3n + 3n−1

(see Figs. 3 and 4), h = L/(2n − 1) is the edge
length between any two adjacent piezoelectric ver-
tices, and M = (5 × 3n − 3)/2 denotes the total
number of edges. The boundary vertices will be
used to interact with external loads (both electri-
cal and mechanical) and so we introduce fictitious
vertices A,B and C to accommodate the interfacial
boundary conditions (see Figs. 3 and 4). Denote
by Ω the set of points lying on the edges or ver-
tices of SG(3, 4) and denote the region’s boundary
by ∂Ω. Note that the edges joining the piezoelec-
tric nodes to the polymer nodes are composed of a
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Fig. 4 The modified Sierpinski Gasket lattice SG(3, 4) at generation level n = 2. Nodes A (or 13), B (or 14) and C (or 15)
are fictitious nodes used to accommodate the boundary conditions. The lattice has 24 elements (circled numbers), with two
vertices adjacent to each element.

piezoelectric section (shown by the full line in Fig. 3
along the edge joining node 1 to 4) and a polymer
section (shown by the dashed line along this same
edge). In what follows we will retain the freedom
to vary the fraction of piezoelectric material in this
edge from ν = 1 (piezoelectric material only) to
ν = 0 (polymer material only).

2. MODEL DERIVATION

The lattice represents the vibrations of piezoelec-
tric and polymer materials (here the focus will be
on PZT-5H and HY1300/CY1301 hardset,30 respec-
tively) that have been manufactured to form a
Sierpinski gasket. Following a similar derivation to
that in Ref. 31 we get the following equation that
describes the dynamics of the displacement of the
materials in the transverse direction (u3),

ü3 = c2∇2u3, (1)

where the dot represents differentiation with respect
to time (t) and c is the shear wave velocity defined
as

c =











cT =
√

cT
44/ρ

E , PZT-5H

cP =
√

cP
44/ρ

P , polymer,

(2)

∇2 = ∂2/∂x2
1 + ∂2/∂x2

2, cT
44 = cE

44 + e2
24/ε

E
11

is the piezoelectrically stiffened shear modulus
in the ceramic phase, cP

44 is the shear modulus

of the polymer, ρE/P is the density in the E-
piezoelectric/P - polymer phase, e24 is an element
of the piezoelectric tensor, and εE

11 is an element of
the permittivity tensor. We impose the initial con-
ditions u3(x, 0) = u̇3(x, 0) = 0 and the boundary
conditions of continuity of displacement and force
on ∂Ω (the boundary to Ω). By introducing the non-
dimensionalized variable θ = cT t/h (temporarily
dropping the subscript on u and the superscript on
h) and applying the Laplace transform L : θ → q
then Eq. (1) gives

q2 ū =
h2

c2
T

c2 ∇2ū.

We will seek a weak solution ū ∈ H1(Ω) where on
the boundary ū = ū∂Ω ∈ H1(∂Ω). Now multiplying
by a test function w ∈ H1

B(Ω), where H1
B(Ω) :=

{w ∈ H1(Ω) : w = 0 on ∂Ω}, integrating over the
region Ω, and using Green’s first identity gives

q2

∫

Ω
ū w dx = −h2

c2
T

c2

∫

Ω
∇ū.∇w dx.

3. GALERKIN DISCRETIZATION

Using a standard Galerkin method we replace
H1(Ω) and H1

B(Ω) by the finite dimensional sub-
spaces S and SB = S ∩ H1

B(Ω). Let UB ∈ S be a
function that approximates ū∂Ω on ∂Ω, then the dis-
cretized problem involves finding Ū ∈ S such that

q2

∫

Ω
Ū W dx = −h2

c2
T

c2

∫

Ω
∇Ū .∇W dx,
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where W is the test function expressed in this finite
dimensional space. Let {φ1, φ2, . . . , φN , φN+1} form
a basis of SB and set W = φj , then

q2

∫

Ω
Ūφj dx = −h2

c2
T

c2

∫

Ω
∇Ū · ∇φj dx,

j = 1, . . . , N + 1. (3)

Furthermore, let ψI , I = {N +2, N +3, N +4} form
a basis for the boundary nodes and let

Ū =
N+1
∑

i=1

Uiφi +
∑

i∈I

UBi
ψi. (4)

Hence, Eq. (3) can be written as

A
(n)
ji Ui = b

(n)
j , (5)

where

b
(n)
j = −

∑

i∈I

(

q2

∫

Ω
ψiφj dx

+
h2

c2
T

c2

∫

Ω
∇ψi.∇φj dx

)

UBi
,

(6)

A
(n)
ji = q2 H

(n)
ji +

h2

c2
T

K
(n)
ji , (7)

H
(n)
ji =

∫

Ω
(φjφi)dx, (8)

and

K
(n)
ji = c2

∫

Ω
(∇φj.∇φi)dx. (9)

3.1. Transformations of the

Fundamental Basis Functions

In this section, we will consider transformations of
some fundamental basis functions φ̂J , φ̂K and ψ̂I

to get basis functions φJ , φK and ψI at each vertex
in the lattice (for the interior piezoelectric vertices
(J), for the interior polymer vertices (K) and for
the exterior piezoelectric vertices (I)). We choose

the design of the fundamental basis functions φ̂J

with nodes (
√

3h/2, h/2), (
√

3h/2,−h/2), (h/
√

3, 0)
and (−

√
3h/2, h/2) such that (we ease the notation

by setting x1 = x, and x2 = y)

φ̂j(x, y)

=











1 if (x, y) = (xj , yj)

0 if (x, y) = coordinates of vertices

adjacent to vertex j.

(10)

The basis functions have a compact support and
are identically zero outside the edges that are inci-
dent upon the particular vertex. For the fundamen-
tal basis functions φ̂J we have five nodes and so a
second-order polynomial in x and y is chosen. By
applying Eq. (10), we get

φ̂J(x, y) = 1 − 3

h2
x2 +

5

h2
y2. (11)

Similarly, for the fundamental basis function φ̂K ,
we get

φ̂K(x, y) =
3

h
x +

√
3

h
y − 3

h2
(x2 + y2), (12)

and, for the fundamental basis functions ψ̂I we get

ψ̂I(x, y) = 1 − 1

h2
(x2 + y2). (13)

Having established the fundamental (canonical)
basis functions for each type of vertex in the lattice
we now need to calculate the specific basis func-
tions for each vertex. In order to do this each fun-
damental basis function is mapped onto the spe-
cific vertex by a series of transformations such as
a translation, a rotation, or a reflection in the x or
y axis (see Ref. 32 for details). The above process
can then be repeated for fractal generation level
n = 2. Recall that at each generation level the
overall length of the lattice remains fixed (L) and
the edge length h decreases. As such the canonical
basis functions given by Eqs. (11), (12) and (13)
can still be applied here since it will be automat-
ically scaled as its coefficients depend on h. For a
particular element lying between vertex i and ver-
tex j the isoparametric representation, given by
(x(s), y(s)) = ((xj − xi)s + xi, (yj − yi)s + yi) is
employed, where s1 = 0 and s2 = 1 and dx = hds.
For the elements that join a piezoelectric node to
a polymer node a similar representation is used
but here dx = h/

√
3 ds and the region between

s = 0 and s = ν is piezoelectric and that between
s = ν and s = 1 is polymer. Substituting these into
Eqs. (8) and (9), respectively, gives for each interior
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piezoelectric element (e ∈ MJ),

MJ H
(n)
ji

= h



































































∫ 1

0

(s2 − 1)2 ds =
16

30
if j = i = p,

∫ 1

0

(s2 − 1)(s − 2)s ds =
11

30
if j, i ∈ {p, q},

j �= i,

∫ 1

0

(s − 2)2s2 ds =
16

30
if j = i = q,

0 otherwise,

(14)

where element e connects node p to node q. So, for
each piezoelectric - polymer element (e ∈ MK),

MK H
(n)
ji

=
h√
3































































∫ 1

0

(s2 − 1)2 ds =
16

30
if j = i = p,

∫ 1

0

(s2 − 1)(s − 2)s ds =
11

30
if j, i ∈ {p, q},

j �= i,

∫ 1

0

(s − 2)2s2 ds =
16

30
if j = i = q,

0 otherwise.

(15)

Note that from Eq. (7) since MKH
(n)
ji = h/

√
3(

∫ ν
0

φjφi dx +
∫ 1
ν φjφi dx) = h/

√
3

∫ 1
0 φjφi dx, then ν

does not explicitly appear. We will see later that

for c2K
(n)
ji for e ∈ MK , we need to apply Eq. (2)

where MKc2K
(n)
ji = h/

√
3(c2

T

∫ ν
0 ∇φj.∇φi ds+ c2

P

∫ 1
ν

∇φj .∇φi ds) and so ν does appear explicitly in that
case. Similarly, for each exterior piezoelectric ele-
ment (e ∈ MI),

MIH
(n)
ji

= h











∫ 1

0
(s2 − 1)2 ds =

16

30
if j = i = q,

0 otherwise,

(16)

where q is the corner vertex of the SG(3, 4) lattice
connected to element e (for n = 1, q ∈ {1, 2, 3},
and for n = 2, q ∈ {1, 6, 11}). Note that there is
only one combination of basis functions in these
exterior piezoelectric elements since the left hand
side of Eq. (5) does not involve the basis functions
at boundary vertices I denoted by ψI . Eqs. (14),

(15) and (16) can then be used to assemble the full

matrix in Eq. (8). Similarly, for eK
(n)
ji , for e ∈ MJ ,

using the definition of c in Eq. (2), Eq. (9) leads to

MJ K
(n)
ji

=
2

h
c2
T































































26

∫ 1

0

s2 ds =
26

3
if j = i = p,

−22

∫ 1

0

s(s − 1) ds =
11

3
if j, i ∈ {p, q},

j �= i,

26

∫ 1

0

(s − 1)2 ds =
26

3
if j = i = q,

0 otherwise.

(17)

For e ∈ MK ,

MK K
(n)
ji

=
2

3h
c2
T







































































































2
√

3

(

ν3 +
c2
P

c2
T

(1 − ν3)

)

if j = i = p,

√
3

(

ν2(2ν − 3) − c2
P

c2
T

(ν − 1)2(1 + 2ν)

)

if j, i ∈ {p, q},
j �= i,

2
√

3

(

ν(ν2 − 3ν + 3)

− c2
P

c2
T

(ν − 1)3
)

if j = i = q,

0 otherwise.

(18)

For e ∈ MI ,

MIK
(n)
ji

=
2

h
c2
T











26

∫ 1

0
s2 ds =

26

3
if j = i = q,

0 otherwise,

(19)

where q is the corner vertex of the SG(3, 4) lattice
connected to element e. Combining Eqs. (14), (15),
(16), (17), (18) and (19) gives Eq. (7) as

A
(1)
ji = h











α β β P
β α β P
β β α P
P P P ϑ











= hÂ
(1)
ji , (20)
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where α = (q2/30)(48 + (16/
√

3)) + (2/3)(78 +

2
√

3(ν3 + (c2
P /c2

T )(1 − ν3))), β = (11/30)q2 + 22/3,

P = (q2/30)(11/
√

3) + (2/3)(
√

3(ν2(2ν − 3) −
(c2

P /c2
T )(ν−1)2(1+2ν))), and ϑ = (q2/30)(48/

√
3)+

(2/3)(6
√

3(ν(ν2 − 3ν + 3) − (c2
P /c2

T )(ν − 1)3)). In

general Â
(n)
ji = Ā

(n−1)
ji + βV

(n)
ji , where Ā

(n−1)
ji is

a block diagonal matrix consisting of three copies

of Â
(n−1)
ji and V

(n)
ji is the adjacency matrix for the

subgraph of SG(n)(3, 4) consisting of the edges that

connect each of the three SG(n−1)(3, 4) graphs. A
similar treatment can be given to Eq. (6) to give
(with m = (N + 1)/2)

b
(n)
j =























































































































−
(

∫

eM+1

(q2ψN+2φj

+ h2∇ψN+2 · ∇φj)dx

)

UA, j = 1,

−
(

∫

eM+2

(q2ψN+3φj

+ h2∇ψN+3 · ∇φj)dx

)

UB, j = m,

−
(

∫

eM+3

(q2ψN+4φj

+ h2∇ψN+4 · ∇φj)dx

)

UC , j = N,

0 otherwise.

Using the isoparametric representation

b
(n)
j = hη



















UA, j = 1,

UB , j = m,

UC , j = N,

0 otherwise,

(21)

where

η =
2

3
− 11

30
q2.

3.2. Application of the Mechanical

Boundary Conditions

Mechanical and electrical loads are now introduced
to the transducer at its boundaries. It can be shown
that,32 UA = γ1U1 + δ1 and UB = γmUm + δm =
UC = γNUN + δN , where

γj =



















(

1 − q
ZB

¯̄ZT

)−1

, j = 1,

(

1 − q
ZL

¯̄ZT

)−1

, j = m or N,

and

δj =







































− ζ̄Q̄

c̄T
44ξ

(

1 − q
ZB

¯̄ZT

)−1

, j = 1,

(

1 − q
ZL

¯̄ZT

)−1

×
(

ζ̄Q̄

c̄T
44ξ

− 2ALq
ZL

¯̄ZT

)

, j = m or N,

where ζ̄ = ē24/ε̄11 and c̄T
44 is the effective shear mod-

ulus of the piezoelectric - polymer composite [see
Eq. (42) for details]. Q̄ is the electrical charge (in the
Laplace transform domain) applied to the bound-
ary of the transducer, AL is the amplitude of the
incoming wave that is received by the transducer
(in transmission mode AL is zero), the mechani-
cal impedance of the load is ZL = ArYL/cL, of the
backing material is ZB = ρBcBAr, and of the trans-
ducer is ¯̄ZT = Ar c̄

T
44/cT , where YL is the shear mod-

ulus, ρB is the density, cL (cB) is the wave veloc-
ity in the load (backing material) and cT the wave
velocity in the SG(n)(3, 4) lattice. At each gener-
ation level of the Sierpinski gasket transducer the
ratio of the cross-sectional area (Ar) of each edge
to its length is denoted by ξ = Ar/h. The overall
extent of the lattice (L) is fixed and so the length of
the edges will steadily decrease and, by fixing ξ, the
cross-sectional area will also decrease as the fractal
generation level increases (in fact Ar = ξL/(2n−1)).
Hence, Eq. (21) becomes

b
(n)
j = hγ̄jUj + hδ̄j , j = 1,m or N, (22)

where γ̄j = ηγj and δ̄j = ηδj . Putting Eq. (22) into
Eq. (5) gives

Â
(n)
ji Ui = γ̄jUj + δ̄j ,

where Â = A/h as in Eq. (20). Hence,

(Â
(n)
ji − B̂

(n)
ji )Ui = δ̄j , i = 1,m or N

and so

Ui = G
(n)
ji δ̄j , (23)

where

G
(n)
ji = (Â

(n)
ji − B̂

(n)
ji )−1,

represents the Green’s transfer matrix.
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4. RENORMALIZATION

From Eq. (23) the desired basis function weightings
in Eq. (4) at each vertex in Ω are then given by

U
(n)
j = G

(n)
j1 δ̄1 + G

(n)
jm δ̄m + G

(n)
jN δ̄N .

Only U
(n)
1 , U

(n)
m and U

(n)
N will be required and so

only the pivotal Green’s functions G
(n)
ij , i, j ∈

{1,m,N} need to be calculated. Temporarily ignor-

ing matrix B̂ (this matrix originates from con-
sideration of the boundary conditions) then, due
to the symmetries of the SG(3, 4) lattice (and

hence in matrix A(n)), Ĝ
(n)
ii = Ĝ

(n)
jj = x̂, say,

where i, j ∈ {1,m,N} (that is, corner-to-same-

corner), and Ĝ
(n)
jk = Ĝ

(n)
hk = ŷ, say, where j, k, h ∈

{1,m,N}, j �= k �= h (that is, corner-to-other-
corner), where

Ĝ(n) = (Â(n))−1.

At level n + 1, we denote, X̂ = Ĝ
(n+1)
ii and Ŷ =

Ĝ
(n+1)
ij where i, j,∈ {1,m,N}, i �= j. An iterative

procedure can be developed from Eq. (7) to give32

G(n) = Ĝ(n) + Ĝ(n)B̂(n)G(n). (24)

This system of linear equation will create the renor-
malization recursion relationships for the pivotal
Green’s functions. It will transpire that the recur-
sions in Eq. (24) only involve two pivotal Green’s
functions, namely, corner-to-corner and corner-to-
same-corner; the so called input/output nodes.
Solving these (for ŷ �= 0, β �= 0) gives

X̂ = x̂ +
2β2ŷ2(x̂ + βx̂2 − βŷ2)

(1 + βx̂ + βŷ)(1 − β2x̂2 − βŷ + β2ŷ2)
,

and

Ŷ =
−βŷ2(1 + βx̂ − βŷ)

(1 + βx̂ + βŷ)(1 − β2x̂2 − βŷ + β2ŷ2)
.

The boundary conditions can now be re-introduced
and lead to

x =
x̂ + 2ŷγ̄my

1 − x̂γ̄1
,

y =
ŷ

(1 − x̂γ̄1)(1 − γ̄m(x̂ + ŷ)) − 2ŷ2γ̄1γ̄m
,

z =
x̂ + ŷγ̄1y + ŷγ̄mw

1 − x̂γ̄m
,

and

w =
ŷ(1 + γ̄1y(1 + γ̄m(ŷ − x̂)))

(x̂γ̄m − 1 + ŷγ̄m)(x̂γ̄m − 1 − ŷγ̄m)
,

where x = G
(n)
11 , y = G

(n)
1N , z = G

(n)
NN and w = G

(n)
mN .

Following a similar derivation to that in Ref. 31 we
get the following expression for the shear displace-
ment amplitude at node N ,

U
(n)
N = − ζ̄Q̄η

c̄T
44ξ

(

(

1 − q
ZB

¯̄ZT

)−1

G
(n)
N1

−
(

1 − q
ZL

¯̄ZT

)−1

(G
(n)
Nm + G

(n)
NN )

)

.

The non-dimensionalized electrical impedance is
then given by

ẐE(f ;n) = ZE/Z0 =
ZT

C̄0qcT
44ξZ0

×
(

1 +
ζ̄2C̄0η

c̄T
44ξ

(σ1 + σ2)

)

, (25)

where ZE is the dimensionalized electri-
cal impedance of the SG(n)(3, 4) lattice, Z0 is the
series electrical impedance load, C̄0 = Arε̄11/L is
the capacitance of the device [see Eq. (41) for ε̄11

details], σ1 = (1 − q(ZB/ ¯̄ZT ))−1(G
(n)
N1 − G

(n)
11 ) and

σ2 = (1 − q(ZL/ ¯̄ZT ))−1(−G
(n)
Nm − G

(n)
NN + 2G

(n)
1m).

The non-dimensionalized transmission sensitivity ψ
is given by

ψ(f ;n) =

(

F

V̄

)

/ζ̄C̄0

=
aZLZT

¯̄ZT (ZE + b)cT
44ξC̄0

K(n), (26)

where F is the force on the boundary of the trans-
ducer, V̄ is the voltage applied to the transducer,
a = ZP /(Z0 + ZP ), b = Z0ZP /(Z0 + ZP ) where ZP

is the parallel electrical impedance load and

K(n) =

(

1 − q
ZL

¯̄ZT

)−1
(

−η

(

(

1 − q
ZB

¯̄ZT

)−1

G
(n)
m1

−
(

1 − q
ZL

¯̄ZT

)−1

(G(n)
mm + G

(n)
mN )

)

+ 1

)

.

The non-dimensionalized reception sensitivity φ is
given by

φ(f ;n) =

(

V̄

F

)

(ē24L) =
2ζ̄ ē24Lησ2

ξc̄T
44

×
(

1 − aZT ζ̄2η(σ1 + σ2)

(ZE + b)qcT
44c̄

T
44ξ

2

− aZT

(ZE + b)qcT
44ξC̄0

)−1

. (27)
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5. A SIMPLE MODEL OF THE

CONVENTIONAL

TRANSDUCER

In this section, we introduce a simple model of
this composite transducer5,33 that will be compared
with the renormalization approach being developed
here; this comparison being made at a low num-
ber of fractal generation levels (these are the most
interesting cases as these are potentially manufac-
turable). The simple model described below can
be thought of as the operating characteristics that
one would obtain from a conventional (i.e. non-
fractal) 1-3 composite transducer as illustrated in
Fig. 5. The constitutive relations for the individual
phases have a compact form, within the ceramic
(E) phase, and within the polymer (P ) phase.34–36

From the first piezoelectric constitutive equation
Tij = cijklSkl−ekijEk, where Tij is the stress tensor,
cijkl is the stiffness tensor, Skl is the strain tensor,
ekij is the piezoelectric tensor and Ek is the electric
field vector, and due to the properties of PZT-5H
(see Ref. 31), we get

TE
5 = cE

44u
E
3,1 − e24E

E
1 and

TE
4 = cE

44u
E
3,2 − e24E

E
2 . (28)

Similarly, for polymer phase we get

TP
5 = cP

44u
P
3,1, and

TP
4 = cP

44u
P
3,2, (29)

since there is no piezoelectric effect in the polymer
phase. From the second piezoelectric constitutive
equation Di = eiklSkl + εikEk, where Di is the elec-
trical displacement tensor and εik is the permittiv-
ity tensor (where the Einstein summation conven-
tion is adopted), and we get for the piezoelectric

Fig. 5 Illustration of a standard 1–3 composite transducer
where the ceramic is black and the polymer is white. It clearly
shows the regularity in the structure and the reliance on a
single length scale.

phase

DE
1 = e24u

E
3,1 + εE

11E
E
1 , and

DE
2 = eE

24u
E
3,2 + εE

11E
E
2 , (30)

and for the polymer phase we get

DP
1 = εP

11E
P
1 , and DP

2 = εP
11E

P
2 , (31)

where DE
3 , DP

3 are zero. We assume that any move-
ment (strain) in the polymer phase is compensated
by a strain in the piezoelectric phase, and so we can
write

ū3,1 = vuE
3,1 + v̄uP

3,1, and

ū3,2 = vuE
3,2 + v̄uP

3,2, (32)

where v is the volume fraction of the piezoelectric
phase where this is calculated via

v(n) =
3
2(3n − 1) + 3n− 1

2 ν

3
2(3n − 1) + 3n− 1

2

,

and v̄(n) = 1−v(n) is the volume fraction of polymer.
Assuming the electric fields are similarly averaged
then Ē1 = vEE

1 + v̄EP
1 , and Ē2 = vEE

2 + v̄EP
2 .

Assuming that the stresses in each phase are equal
then T̄4 = TE

4 = TP
4 and T̄5 = TE

5 = TP
5 . If the

electrical displacements are also equal in each phase
then D̄1 = DE

1 = DP
1 and D̄2 = DE

2 = DP
2 . From

the symmetry of the SG(3, 4) lattice then we have
ū3,2 = ū3,1 = ū, since uE

3,2 = uE
3,1 = uE, and uP

3,2 =

uP
3,1 = uP . We take the electric fields to be the same

in both phases, namely, Ē1 = Ē2 = Ē, since EE
1 =

EE
2 = EE , and EP

1 = EP
2 = EP . Also T̄4 = T̄5 = T̄ ,

and D̄1 = D̄2 = D̄. We can then write Eq. (28) as

T̄ = cE
44u

E − e24E
E , (33)

and we can write Eq. (30) as

D̄ = e24u
E + εE

11E
E . (34)

For the polymer phase, we can write Eq. (29) as

T̄ = cP
44u

P , (35)

and Eq. (31) as

D̄ = εP
11E

P . (36)

We can write Eq. (32) as

ū = S̄ = vuE + v̄uP , (37)

and we have similarly

Ē = vEE + v̄EP . (38)

Hence, from Eqs. (35) and (37) we get uE =

(S̄ − v̄T̄ /cP
44)/v, and from Eqs. (36) and (38) we
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get EE = (Ē − v̄D̄/εP
11)/v. Substituting these into

Eq. (33) gives

T̄

(

1 +
v̄cE

44

vcP
44

)

=
cE
44

v
S̄ − e24

v
Ē +

v̄e24

vεP
11

D̄, (39)

and into Eq. (34) gives

D̄ =
εP
11e24

ε̄∗
S̄ − v̄e24ε

P
11

cP
44ε̄

∗
T̄ +

εP
11ε

E
11

ε̄∗
Ē, (40)

where ε̄∗ = vεP
11 + v̄εE

11. Putting this into Eq. (39)
gives

T̄ = c̄44S̄ − ē24Ē, (41)

where c̄44 = (cE
44c

P
44ε̄

∗ + v̄cP
44e

2
24)/(vcP

44 ε̄
∗ + v̄cE

44ε̄
∗ +

v̄2e2
24) and ē24 = (cP

44e24vεP
11)/(vcP

44ε̄
∗ + v̄cE

44ε̄
∗ +

v̄2e2
24). Substituting this into Eq. (40) gives

D̄ = ē24S̄ + ε̄11Ē, where ε̄11 = (εP
11ε

E
11)/ε̄

∗ +
(v̄e24ε

P
11ē24)/(c

P
44ε̄

∗). We then have Ē = D̄/ε̄11 −
ē24S̄/ε̄11, and so we can rewrite Eq. (41) as

T̄ = c̄T
44S̄ − ζ̄D̄, (42)

where c̄T
44 = c̄44 + ē2

24/ε̄11. The specific acoustic
impedance of the composite is then,33

Z̄T =
√

c̄T
44ρ̄T ,

where ρ̄T = vρE + v̄ρP is the average density, and
the longitudinal velocity is,

c̄T =

√

c̄T
44

ρ̄T
.

The current across the transducer Ī is then given
by5

Ī =
aV̄

ZE + b
.

The non-dimensionalized form for the electrical
impedance of the transducer is then5

Z̄E(f) =
1

qC̄0Z0

(

1 − ζ̄2C̄0

2qZ̄T
(K̄F T̄F + K̄BT̄B)

)

,

(43)

where T̄F = 2Z̄T /(Z̄T + ZL) and T̄B = 2Z̄T /(Z̄T +
ZB) are non-dimensional transmission coefficients,
K̄F and K̄B are also non-dimensional and are given
by

K̄F =
(1 − e−qτ̄ )(1 − R̄Be−qτ̄ )

(1 − R̄F R̄Be−2qτ̄ )
,

and

K̄B =
(1 − e−qτ̄ )(1 − R̄F e−qτ̄ )

(1 − R̄F R̄Be−2qτ̄ )
,

where R̄F = (Z̄T −ZL)/(Z̄T +ZL) and R̄B = (Z̄T −
ZB)/(Z̄T + ZB) are non-dimensionalized reflection

coefficients and τ̄ = L/c̄T is the wave transit time
across the device. The non-dimensionalized trans-
mission sensitivity ψ̄ is37

ψ̄(f) =

(

F̄

V

)

/ζ̄C̄0 = −aĀF λ̄K̄F

2C̄0

×
(

1 − ζ̄2λ̄(K̄F TF + K̄BTB)

2qZ̄T

)−1

, (44)

where λ̄ = C̄0/(1 + qC̄0b) and ĀF =
2ZL/(ZL + Z̄T ) are dimensionless constants. The
non-dimensionalized reception sensitivity φ̄ is4

φ̄(f) =

(

V̄

F

)

(ē24L) =
−ζ̄TF K̄F H̄ē24L

qZ̄T

×
(

1 − ζ̄2H̄(K̄F TF + K̄BTB)

2q2Z̄T ZE

)−1

, (45)

where H̄ = qC̄0b/(1+qC̄0b). Having derived expres-
sions for the main operating characteristics of a
homogenized (simple) device these will be compared
with the characteristics of the fractal device using
the renormalization approach. This will allow us to
assess any practical benefits arising from this novel
design.

6. RESULTS

From a practical perspective, these fractal trans-
ducers will only be able to be manufactured at low
fractal generation levels. For brevity we will restrict
our attention to fractal generation level n = 6. The
formulation presented above will allow us to com-
pare the fractal design (using the renormalization
derivation) with a simple design (using homogeniza-
tion) in terms of the key operating characteristics of
the reception and transmission sensitivity spectra.38

Within each, the presence of higher amplitudes, and
improved bandwidth (the range of frequencies over
which the performance exceeds a certain decibel
level) are the key performance indicators of inter-
est to engineers. A typical profile of the electrical
impedance spectrum (magnitude) given by Eq. (25)
is shown in Fig. 6 (dashed line); it is compared to
the equivalent profile given by a model of the tradi-
tional design Eq. (43) (full line). The overall trend
of the curve is that of a capacitor (1/f profile) with
a prominent resonance. The important features of
this plot that the design engineer is interested in
are the location and magnitude of the first minimum
(fr) and the first maximum (fa) turning points. The
first minimum is where the mechanical resonance
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Fig. 6 Non-dimensionalized electrical impedance (Eq.
(25)) versus frequency for the SG(3, 4) lattice transducer
at fractal generation level n = 6 (dashed line). The
non-dimensionalized electrical impedance of the standard
(Euclidean) transducer (Eq. (43)) is plotted for comparison
(full line). Parameter values are given in Table 1.

(or series resonance) occurs and, as this provides the
least resistance to the electrical energy being sup-
plied, is the frequency at which the device should
be used in transmission mode. This device will pro-
duce its maximum force on the mechanical load at
this frequency. The absolute value of the electrical
impedance at this frequency is also important there-
fore and the lower it is the higher will be the peak
transmission sensitivity of the device. The first max-
imum (known as the anti-resonance or parallel reso-
nance frequency) is where the electrical impedance
of the device peaks and is therefore the optimal
frequency to operate the device in reception mode.
As can be seen in Fig. 6 for the traditional design

(full line) f
(6)
r = 1.7 MHz, |ZE(fr; 6)| = 38 dB

and f
(6)
a = 2.5 MHz. As discussed above, these

Fig. 7 Non-dimensionalized transmission sensitivity (Eq.
(26)) versus frequency for the SG(3, 4) lattice transducer
at fractal generation level n = 6 (dashed line). The non-
dimensionalized transmission sensitivity of the standard
(Euclidean) transducer (Eq. (44)) is plotted for comparison
(full line). Parameter values are given in Table 1.

Fig. 8 Non-dimensionalized reception sensitivity (Eq.
(27)) versus frequency for the SG(3, 4) lattice transducer
at fractal generation level n = 6 (dashed line). The
non-dimensionalized reception sensitivity of the standard
(Euclidean) transducer (Eq. (45)) is plotted for comparison
(full line). Parameter values are given in Table 1.

frequencies correspond precisely to the first max-
imum in the transmission sensitivity plots (Fig. 7,
full line) and the reception sensitivity plots (Fig. 8,
full line). From the parameter values for PZT5-H
(see Ref. 39) then in Eq. (2) the piezoelectrically
stiffened velocity (cT ) is approximately 2370 m/s
and the polymer stiffened velocity (cP ) is approxi-
mately 992 m/s and, with an overall device length of
L = 0.5 mm, then the first mechanical resonant fre-
quency is approximately fa = cT /(2L) = 2.4 MHz.
This agrees reasonably well with the reception sensi-
tivity maximum for the homogenized (simple) esti-
mate for fa. For the Sierpinski gasket design the
electrical impedance resonance frequency is much

lower (f
(6)
r = 1.2 MHz and f

(6)
a = 2MHz) and this

suggests that it is a complex interaction between
the edge lengths in the graph associated with the
various generation levels that is causing this; so the
internal geometry is dictating the device behavior
as anticipated. Importantly, the magnitude of the
electrical impedance at the electrical resonance fre-
quency is higher than the traditional design; there
is about a 5 dB increase for n = 6. This results in
the reception sensitivity spectrum having a much
larger gain for n = 6; there is a 7 dB improve-
ment in the reception sensitivity gain from the
traditional design to the fractal design (see Fig. 8).
Importantly, this peak in the reception sensitiv-
ity also results in an enhanced bandwidth; if we
take the noise floor to be 3 dB below the peak gain
of the traditional design (that is 5 dB) then the
operational bandwidth of the traditional design is
1.5 MHz whereas the fractal design has an opera-
tional bandwidth of around 3MHz. It should be
borne in mind of course that no matching layers
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Table 1 Parameter Values for the Sierpinski Gasket Transducer.16,44

Design Parameter Symbol Magnitude Dimensions

Parallel electrical impedance load ZP 1000 Ohms
Series electrical impedance load Z0 50 Ohms
Length of fractal L 0.5 mm
Mechanical impedance of the front load ZL 1.5 MRayls
Mechanical impedance of the backing layer ZB 0.02 MRayls

(or indeed an optimized backing layer) have been
used in this design, and that the transducer is solely
composed of the piezoelectric-polymer composite
material. The transmission sensitivity of the frac-
tal design has a maximum amplitude (gain) that
is lower than the Euclidean case (at 1.1 MHz its
sensitivity is 26 dB and the peak sensitivity of the
standard device is 28 dB at 1.8 MHz), and the band-
width is also smaller than that of the simple case (at
the −3 dB level which equates to the 25 dB level).
Similar findings result when one studies other frac-
tal generation levels (see Ref. 32) but to keep this
paper concise we have restricted attention to n = 6.
In the work of Sapoval and co-workers, the support
for the vibrations is a continuous surface with a
fractal boundary.40 So the vibrations occur inside a
fractal boundary. In this paper, the support for the
vibration is a fractal graph. So the entire support is
fractal and not just the boundary. So the vibrations
occur on a fractal rather than inside one. The addi-
tional resonances that occur have been well doc-
umented in non-piezoelectric materials — see the
work of Kigami19 and Strichartz.41 In this second
scenario, the various length scales associated with
the fractal add to the broadening of the frequency
response. This has found some utility for example in
the design of fractal antennae.42 Traditional ultra-
sonic transducer designs are based on a single length
scale and so in this paper, by using the range of
length scales found in fractal graphs, the bandwidth
can be increased.

7. CONCLUSIONS

The performance of a composite piezoelectric ultra-
sound transducer, where its internal architecture is
a fractal, is compared with that of a traditional
design. The former case is modeled using a renor-
malization approach whereas the latter case is mod-
eled using homogenization (simple). In a previously
published paper,31,43 only ceramic elements were
used, however in this paper, this was improved on

by using a combination of ceramic and polymer ele-
ments. New basis functions, whose support is the
underlying fractal graph, were developed for the
finite element analysis. To assess the performance of
this new device a model for a homogenized (simple)
device was derived. This represents the standard
designs that are used whereby the piezoelectric and
polymer constituents are on the same length scale
and are often arranged in a periodic structure. A low
fractal generation level of the fractal transducer was
investigated as this is in the regime most likely to
be amenable to manufacture. A significantly higher
amplitude reception sensitivity was produced by the
fractal transducer when compared to the standard
design; note however that a lower transmission sen-
sitivity amplitude resulted. The reception sensitiv-
ity also resulted in a wider bandwidth than the stan-
dard design; if we take the noise floor to be 3 dB
below the peak gain of the traditional design. The
positive results in this theoretical work have sub-
sequently led to a program to manufacture these
fractal devices. Our future work will then focus on a
comparison between the results presented here and
our experimental findings.
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