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Abstract

We start this thesis with a numerical study of the convergence of the exponential time
differencing (ETD) schemes and the semi-implicit Euler method for the Allen-Cahn
equation and a reaction-convection-diffusion equation and also compare the accuracy
and efficiency of these methods.

Next, we solve the nonlinear convection-diffusion (green roof) model numerically using
the ETD method and central difference approximation. This numerical solution is
investigated for three different initial values for the saturation.

Finally, we study travelling wave solutions and self-similar solutions for the green
roof, in particular, for the two limiting cases of being close to a saturated region and
a dry region. Travelling waves, in the form of fronts, are found for most realistic
limiting values of saturation; travelling waves are also investigated for some limiting
versions of the model. Self-similar solutions, valid for high or for low saturations, are

additionally investigated.
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Chapter 1

Introduction

1.1 Literature Review on Green Roof

A green roof (or living roof) can be defined as a roof of a building with a vegetative
and a growing medium cover on top of a waterproof membrane. This sort of roof may
also include additional layers such as a root barrier, drainage and irrigation systems
[1, 21]. These vegetated roofs have existed for quite some time and in many places
around the world. For example, a number of European countries including Germany;,
Switzerland, the Netherlands, Norway, Italy, Austria, Hungary, Sweden, the UK and
Greece have very active associations promoting green roofs. Another example for the
popularity of these roofs can be seen in the United States, where the popularity is

increasing although not as much as is the case in Europe [42].

This popularity of green roofs around the world is happening because of their crucial
benefits. Among these is that they can be used to address environmental issues in
an urban setting. Research shows that green roofs can be used to mitigate problems
associated with storm water runoff, pollution control, building insulation and recy-
cling of carbon dioxide. In addition, these landscapes help in decreasing stress of the

people around the roof [1, 21]

However, maintaining these green roofs is not an easy task. Due to their vulner-
ability, green roofs are subject to various stresses from the weather, in particular
wind-loading and rainfall. An important task here is to understand where the water
goes in order to design a roof that is able to achieve sustained healthy plants and
loads that lie within the safe capacity of the supporting structure. In a typical green
roof the degree of saturation should usually be less than 80% and it is important to
be maintained at all times. High levels of saturation inside the structure of the roof
will cut off the air supply to the plants. Low levels of supply, on the other hand, will
result in plants dying from lack of water [21, 36].
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These green roofs can be divided into either intensive or extensive roofs. This dis-
tinction is made based on the depth of the planting space within these roofs and the
amount of maintenance they require. The first type, referred to as the intensive one,
refers to a rooftop garden or park that contains large plants and trees and usually
requires deep soils and high maintenance. The second type, referred to as an extensive
green roof, usually requires shallower soils and contains one or two plants species and
requires low maintenance compared to the first type. This type is usually constructed

over flat roofs [27].

Understanding and investigating the fluid flow in these roofs has caught the attention
of many researchers [5, 42]. Numerical models for simulating fluid flow and mass
transport in the unsaturated zone of these roofs have been increasingly investigated
over recent years. For example, Lacey and others presented a model for rainwater
flow coming down through the soil layer of a green roof [1, 21]. They used Richards’
equation which is the basic equation in the theory of groundwater flow through un-
saturated porous media and which was first suggested in 1931 [36]. This non-linear
convection-diffusion equation can be written as a conservation law for the water con-
tent, the quantity of water contained in a given soil volume. The convection term is
due to gravity while the diffusive term comes from Darcy’s law [5, 35]. Front solu-
tions of the one-dimensional Richards’ equation have been studied systematically for
the three soil retention models known as Brooks-Corey, Mualem-Van Genuchten and
Storm-Fujita [12].

The research undertaken here aims to solve the green roof model by [1] numerically
using the exponential time differencing scheme and the finite difference method. It
also aims to investigate travelling wave solutions, in particular the local behaviour of
the solutions where the saturation approaches 0 and 1 and when it goes between 0 and
1, too. Most of the cases are studied for different values of saturation within the green
roof material, which typically is formed of an expanded-clay soil. We also consider
self-similar solutions to the green roof model for the two limiting cases; namely high

saturation and low saturation.

Several different studies have been done on Richards’ equation. For instance, Caputo
and Stepanyants [12] have studied the front travelling wave solution for Richards’
equation where the saturation goes between 0 and 1. They consider both problems
when the convective and diffusive terms are present (infiltration problem) and when
the convective term is absent (absorption problem). Also, travelling wave solutions for

convection-diffusion and convection-diffusion-reaction equations have been obtained
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by others [18, 28]. Self-similar front solutions for Richards’ equation have been con-

sidered in [2, 4, 12, 20]. In [12], they were found only for the absorption problem.

1.2 Literature Review on Exponential Integrators

Many researchers have recently been interested in a particular class of numerical
methods for the solution of ordinary differential equations (ODEs). These methods
are known as ”Exponential Integrators” which were first used around two decades
ago, but have received more attention in recent years; see [11, 19, 25, 31, 32, 33]
and related references. Exponential integrators can be defined as numerical methods
which involve an exponential function (and related functions) of the Jacobian or an
approximation to it. They give an alternative approach to the implicit methods to

get the numerical solution of stiff or oscillatory differential equations [11, 23].

Historically speaking, exponential integrators were first introduced in a paper that
was published in 1960 by Certaine [14]. In that paper, two exponential integrators
were created based on the Adams-Moulton methods of order two and three. These
methods are members of the Exponential Time Differencing (ETD) methods, which
were developed for the solution of stiff problems. A simple example of an exponential

integrator is the exponential time differencing Euler method, given later in equation

(2.7).

ETD schemes are basically aimed to be used on ODEs that can be divided into a
stiff linear part and a non-stiff nonlinear part. The main idea behind these schemes is
to integrate exactly the linear part of the differential equation and then use an appro-
priate approximation of the integral involving the nonlinear terms. In fact, solving
exactly the linear part of the equation is a crucial feature of the ETD scheme. In

solving this linear part, an exponential of a matrix arises [31].

An issue that can be of concern is the computational cost of the matrix exponential
functions. However, there are many efficient ways to compute a matrix exponen-
tial times a vector. Among these techniques in the literature is the Krylov subspace
technique. The Krylov subspace technique is a powerful class of methods that are
applicable to large problems and it is an approximation based on the Arnoldi process
6, 24, 32, 33, 34, 38, 40]. Also, the real fast Léja points technique was used efficiently
in the computation of the matrix exponential and it is based on matrix interpolation
polynomials at spectral sequences [9, 10, 40]. A detailed description of both tech-
niques will be given in the next chapter. Another popular method for computing the

matrix exponential is the scaling and squaring method. The function expm built into
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MATLAB is based on this method [19, 32].

Linear systems of ODEs have been solved using the Krylov subspace method and
Padé approximation based on variation of constants by Sidje [39]. Cox and Matthews
[15] developed a class of numerical methods for stiff systems, based on the method
of ETD. They extended the method so that it may be applied to systems whose lin-
ear parts are non-diagonal matrix exponential functions, the so-called ¢ functions.
The matrix exponential of ¢ functions was computed using Padé approximations by
Berland et al. [7] and they provided the MATLAB package EXPINT which is a tool
to facilitate the easy testing of exponential integrators for semi-linear problems. The
Padé approximation of ¢ functions is defined for a given positive integer p as the

(p, p)-degree rational function P,,(z) = Ny,(2)/Dyp(2).

The matrix exponentials of ¢ functions in the linear reaction-convection-diffusion
equations have been treated using the Krylov subspace method and the real fast
Léja points technique [6, 9, 10]. The exponential Rosenbrock-type integrators for
solving semi-linear reaction-convection-diffusion equations have been implemented ef-
ficiently using the real fast Léja points technique [3, 14]. This technique has also been
applied to the exponential Euler-Midpoint method for solving non-linear reaction-
convection-diffusion equations [11]. Other references related to the above two tech-

niques that have been applied to the computation of the matrix exponential are

24, 30, 31, 32, 33, 34, 38].

The ETD scheme was the theme of many other related studies such as Higham (2008),
Minchev and Wright (2005) and Tambue, Lord and Geiger [31, 40]. Recently, Carr et
al. [13] applied the exponential time integration method to initial value problems re-
sulting from the semidiscrete systems of the unsaturated Richard’s equation. In that
paper, they compared the performance of the exponential Euler method EEM and the
backward differentiation formulae BDF'. In this thesis, one of our aims is to apply the
exponential time differencing scheme to the Richards’ equation for unsaturated flow

and then the result will be compared to the results of [1] for the green roof model.

1.3 Thesis Outline

The outline of this thesis is as follows. In Chapter 2, we begin by showing the deriva-
tion of the exponential time differencing scheme. We also give background material on
the Krylov subspace technique for computing the exponential function. We provide a
brief summary of the upwind methods to be used later in Chapter 3.

In Chapter 3, The numerical results of convergence in time and space using the ETD
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schemes and the semi-implicit Euler method for the Allen-Cahn equation in subsec-
tion 3.1.1 and in only time for the reaction-convection-diffusion equation in subsection
3.1.2 are presented.

In Chapter 4, we investigate numerically the solution of the green roof model without
a sink term : to be more precise, we solve the nonlinear convection-diffusion model
(4.5) for three different initial conditions using the ETD scheme. Those numerical
results are compared to the results in paper [1].

In Chapter 5, we look for travelling wave solutions for the green roof model (5.13), in
particular, the local behaviour of the solutions near 0 and 1. We investigate the solu-
tions for fixed value of a parameter, m, which appears in the model for the expanded-
clay soil, and also when m — 0 and m — 1.

In Chapter 6, we consider the nonlinear convection-diffusion problem, (4.5), without
the sink term. We investigate self-similar solutions for this model for the two limiting
cases of saturation S — 0 and S — 1. Three different cases of m are considered for
those cases of limiting saturation.

We finally conclude this thesis with discussions on the outcomes and give some sug-

gestions for possible future work in Chapter 7.



Chapter 2

The Exponential Time Differencing

Scheme

2.1 Introduction

The exponential time differencing (ETD) Euler schemes make up a class of numerical
methods that are used for integrating stiff systems of ordinary differential equations
(ODEs). Those systems commonly appear when solving partial differential equations
(PDEs) by spectral methods and finite difference methods, for example. ETD schemes
basically give an exact integration, using a matrix exponential function, of the linear
part of the system while treating efficiently the non-linear part. In this chapter, we
derive the ETD scheme to be applied to reaction-diffusion equations. We also give
a description of the Krylov subspace technique for the computation of the matrix

exponential function.

2.2 Derivation of the Exponential Time Differenc-

ing Scheme

To derive the ETD methods let us consider a PDE with given boundary and initial

conditions.
u(z,t) = Au(z,t) + Fu(z,t),t), ulz,to) =ue(z), x €L,
u(z,t) = g(z,t), =€ I, (2.1)

for t > ty, and A and F represent the linear and nonlinear terms respectively. When a
PDE (2.1) is discretized in the spatial variables using finite difference approximations

or other spatial approximations, a system of ordinary differential equations ODEs is
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produced. The system can be written as
u'(t) = Au(t) + F(u,t), u(ty) = uo, (2.2)

where u : R — R/, A € R”*/,F : R/ — R’ and J is the dimensionality of the

discretized problem.

2.2.1 Exponential Time Differencing Scheme

The ETD method [15, 30] is derived as follows.
We begin by multiplying (2.2) through by the integrating factor e ' to get

e Ay —e A Ay — e AF =0, SO

(e7u) — e AF = 0. (2.3)

Now, we integrate this equation over a single time step from ¢t = ¢, tot = ¢, =

t, + At and multiply by ef*+14 to give
tn+AL
o) = e Rufty) [ TSIAR (), s (2.4
tn

where s is integration time. Then if we do a change of variable and let s = ¢, + T,

(2.4) can be written as

At
U(tns1) = eAAulty,) + / e BEDAR (u(ty, + 1), t, + 7)dT, (2.5)
0

or

At
U(tns1) = eAAulty,) + eAtA/ e AR (u(t, +7),t, + T)drT. (2.6)
0

This formula (2.6) is still an exact solution. The main point of the exponential time
differencing is to approximate the nonlinear term F(u(t, + 7),t, + 7) by a suitable
polynomial [15]. The easiest way of approximating F(u(t, + 7),t, + 7) is by the
constant F(u(t,),t,). The corresponding ETD1 scheme is then given by

Upy1 = 2B, + At (ALA)F (U, ty), (2.7)

where ¢, (T') = I'"! (el —TI) for any invertible matrix I'. We arrive now at the numerical

scheme ETD1 given by

Upi1 = Up + At (ALA)(Au, + Fu,, t,)), (2.8)
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where the function ¢, which plays an important role in these methods, is one of a
family of functions ¢y (2) = 3772, 27/(j + k)!, closely related to the exponential, and

is defined by
e* —1
e1(z) = P

Note that in the last equation (2.8) that represents the ETD1 scheme only one matrix

exponential function has to be evaluated at each step.

2.3 Krylov subspace technique

The problem of evaluating the action of the matrix exponential operator on a given
vector is of substantial importance in many applications in mathematics, physics and
engineering. For example, this operator is the backbone of many methods for solving
time-dependent partial differential equations or systems of ordinary differential equa-
tions [31]. When we are evaluating matrix functions using Krylov subspace techniques,
reduced matrices can be obtained instead of large ones. Thus the basic idea behind
this Krylov subspace approach is to approximately project the vector ¢1(AtA)v onto
a small space of dimension m. Here A is an n x n matrix (with n large) and v € R™.

This smaller space is the Krylov subspace [6, 24, 31, 38, 40], which is given by
Km(A,v) = span{v, Av, A%v, ..., A" v},

By applying the stabilized Gram-Schmidt process [15], we get an orthonormal basis
V. = [v1, 09, ..., Uy] of the Krylov subspace KC,,. If V,, is the n x m matrix, then the
m X m matrix H,, = VﬂAVm is the projection of the action of A onto the Krylov
subspace expressed in the basis V,,,. The matrices H,, and V,, can be computed by
Arnoldi iteration [15, 40]. The projection of the action of A on the Krylov subspace
K, in the standard basis of R is V,,H,, VL. Then ¢;(AtA)v is approximated by
01 (V,,AtH,,,VT')y. In detail we have ¢1(V,,AtH,, VI v = V,,01(AtH,,)VIv as
V%Vm =1, and VmVZ;v = .

Therefore, VI v = Be;, where 3 = ||v|| and e; is the first unit basis vector. Then we

obtain the following approximation
01 (AtA)v = [|v|| Ve (AtH,, e;. (2.9)

We arrive finally at a smaller m x m matrix H,,, which is much easier to evaluate
compared to a big n X n matrix A. The matrix H,, = [h; ;] is an upper Hessenberg
matrix, meaning that the (4, j) entry vanishes whenever i > j + 1 [39].

To sum up, the Krylov subspace technique reduces the problem of computing ¢ (AtA)v
to that of computing ¢1(AtH,,)e;.
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From the theory, there is no specific way that allows us easily to choose the optimal
value for the dimension of the Krylov subspace m. The default value used in [39] is
m = 30, but in our case this seems not to be optimal. In our examples in Chapter
3, it appears that m = 20 is the best value. When m is small, the total number of
iterations increases. However, the time spent in the orthogonalisation process is lower
and this leads to a decrease in the memory requirements. When m is large, there is
a decrease in the number of iterations but an additional time necessary to spend in

the orthogonalisation process. The required memory increases in this case.

2.4 Upwind Methods

Upwind schemes are defined as a class of numerical methods for solving hyperbolic
partial differential equations (HPDEs). They attempt to discretize hyperbolic PDE’s
depending on the sign of the characteristic speeds. In order to illustrate this method
we consider the one space dimensional homogeneous linear convection equation, which
is the simplest of all hyperbolic partial differential equations, with an initial condition
[26].

{ ug(x,t) + aug(x,t) =0, (2.10)

u(z,0) = ug(x).

It describes a wave propagating in the x-direction with a velocity a which is consid-
ered to be a constant here. uy(x) is a given function.

The sign of a gives the wave direction and since this is important for the analytic
solution of the convection equation it should be considered numerically as well. If
a > 0, the wave moves to the right and when a < 0 the wave moves to the left.

To get the approximate solution of this equation we need to approximate the deriva-
tives u; and u,. If we use the forward difference for approximating u; and the backward
difference approximation for u, (when we say backward difference approximation for
u, we mean backward difference with respect to the space discretization), we then get
a forward difference approximation in time and a backward difference approximation
in space which is denoted by FTBS scheme. We can also consider a forward difference
approximation for u, to obtain briefly FTFS scheme. It can be noticed that the FTBS
scheme is in line with the wave travelling to the right and, similarly, the other FTFS
scheme can be used when the wave moves to the left.

Therefore, both those schemes depend on the sign of a. If a is positive we can use
a backward difference in space and if a is negative we can use a forward difference
in space. The FTBS and FTFS schemes are called the upwind schemes. Hence, the

approximate solution of the convection equation (2.10) is as follows.

10
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(2.11)

i { (1 —a)uf +auf, ifa<0,

! 1+ a)uf —au?, ifa>0,

where a@ = aAt/Ax. The upwind schemes are first order in space and time and they
are stable if |a| < 1.

11



Chapter 3
Implementation

In this chapter we give the numerical results of our implementation for the well known
equation from the area of reaction-diffusion systems (the Allen-Cahn equation which
is a non-linear parabolic partial differential equation that describes evolution of inter-
faces by mean curvature). We also implement our method on a reaction-convection-
diffusion (RCD) equation. For both equations we apply a finite difference method
for the space discretization and then use the exponential time differencing (ETD)
scheme on the resulting semi-linear system. We use the semi-implicit Euler method
and the ETD with Krylov subspace for computing the matrix exponential to get the
approximate solution for both equations. In addition, for the RCD equation we apply
the ETD with real fast Léja points technique [3, 6, 10]. The aim here is to find out
which one of these methods : the ETD, the semi-implicit Euler, the ETD with Krylov
subspace technique and the ETD with real fast Léja points technique, is most accu-
rate and efficient. We obtain the convergence in time and in space for the Allen-Cahn
equation using only the ETD and semi-implicit Euler methods and compare the effi-
ciency of those methods. Then, for the Allen-Cahn and RCD equations, we compare
ETD, semi-implicit Euler, the ETD with Krylov subspace scheme and the ETD with
real fast Léja points technique to see how well they converge in time (the last method

is only tested for the RCD equation).

12
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3.1 Numerical Experiments

3.1.1 Allen-Cahn equation

We consider the Allen-Cahn PDE equation, which is a one-dimensional reaction-

diffusion equation given as
Uy = Upy +u—u®, 2€(0,1), t>0,
u(x,0) =sin(rx), u(0,t)=wu(l,t)=0. (3.1)

For the equation (3.1) above we use a finite difference method in order to discretize
in space [8, 19, 26, 41]. Therefore our PDE is approximated by a system of ODEs

which is much easier to treat and it is given by
ur = Au (t) + F (u,t). (3.2)

The following schemes: ETD, the semi-implicit Euler and the ETD with Krylov sub-
space for computing the matrix exponential have been used for solving the equation
(3.2). In the ETD scheme we implement our code in the MATLAB function expm.
Our aim here is to get the order of convergence in both time and space of the ETD
and semi-implicit Euler methods, and the order of convergence in time of the ETD
with Krylov for getting the solution of this problem. Then we have to determine,
based on that (the orders of convergence), which of these is computationally the more
accurate and efficient method. In order to do this we first establish a MATLAB code
to implement the ETD and the semi-implicit schemes to get the order of convergence

in time and we present the graphical results in Figures 3.1 and 3.2 respectively.

As we do not have an exact solution we estimate the global error by
At At 5t
[ un () = ui (t) (|22 2 [ ug" () — w,? (2) |22,

where u5!(t) indicates the approximation of solution at time ¢ with time step At.

13
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Figure 3.1: Error of the solutions using the ETD and Semi-Imp methods in solving
(3.1), at the final time 7" = 0.5 as a function of At with fixed space step Az = 0.005.

Figure 3.1 represents the convergence at the final time T = 0.5 in the L? norm
as a function of the chosen time step At, measuring the error with fixed space step
Az = 0.005. It can be seen from this graph the rates of convergence for the ETD
and semi-implicit Euler methods are 0.91219 and 1.0311 respectively. That is both
schemes are of the first order O(At) and they have similar error constants.

Figure 3.2 shows the L? error as a function of CPU time. In this case we find that the

ETD scheme is more accurate and more efficient than the semi-implicit Euler scheme.

14
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Figure 3.2: The L? error at T = 0.5 as a function of CPU time. Both plots above 3.1
and 3.2 are for the Allen-Cahn equation (3.1).

In the second MATLAB code we try to get the order of convergence in space for
both ETD methods and semi-implicit Euler. It is worth mentioning that when we
estimate the errors, we scale the norms so they converge as N — oco. Therefore, we
will give an idea about the discrete L? norm [23] and how to scale it and why to do
that.

Definition 3.1.1. (Discrete L* Norm) The discrete L* norm is particularly for mea-

h

suring errors in numerical schemes. The discrete L* norm for a vector v* with a

d-dimensional domain and a uniform grid spacing h is given by
1/2
"l = (hdZ<v?>2> -

This Euclidean vector norm scaled by a factor h® which depends on the geometry of
the problem. In fact, because of this scaling factor the discrete L* norm approzimates

the continuous L* mnorm of a function u(x) which is given by

ol = ([ 1t o) "

In Figure 3.3 we can see that the order of convergence for varying spatial dis-

15
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cretization with fixed time step At = 0.05 for both the ETD and semi-implicit meth-
ods where the rate of convergence for ETD is 2.0722 and for semi-implicit is 2.0313.
Since we found in this case the semi-implicit and ETD methods have very similar er-
ror constants, then both schemes have the same rate of convergence, namely O(Az?).

This means that the the order of convergence here is two.

10'2 E T T
F| —&—ETD: 20722
- | —4— Semi-Imp: 2.0313

103 F

104F 3

L? error

1077
107 1078 1072 101

A X

Figure 3.3: Convergence of the ETD and Semi-Imp methods at 7' = 0.5 as a function
of Az and fixed time step At = 0.05.

16



Chapter 3: Implementation
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Figure 3.4: The L? error, which is represented in Figure 3.3, at T' = 0.5 as a function
of CPU time. Figures 3.3 and 3.4 belongs to the Allen-Cahn equation (3.1).

Figure 3.4 shows the L? error as a function of CPU time. We can simply see the
reduction in the numerical error for both methods. The efficiency for solving this
problem is approximately similar for both methods, however, ETD for the space con-
vergence is considered rather better than the semi-implicit as it has a smaller CPU

time than the semi-implicit method.

On the other hand, we also evaluate the matrix exponential using the Krylov subspace
technique and we get the plot of the error versus different time steps which is shown in
Figure 3.5. In this implementation we use the function phiv of the Expokit package
[39] with fixed space step Az = 0.005, the tolerance used is 10~7 and the Krylov
subspace dimension used is m = 20. From this graph we can see the convergence for
this method is achieved and the order of this method is 0.91219. The error in the L2
norm is computed at time 7" = 0.5. Figure 3.6 shows the L? error as a function of

CPU time, which is represented in Figure 3.5.
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Figure 3.5: Convergence of the ETD Krylov method.

numerical error versus time step size At.

107t

This log-log plot shows the

10t - - ]
—&— ETD Krylov | ]
102F E
S
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102

Figure 3.6: A log-log plot of the numerical error versus average computer time.
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In Figures 3.7 and 3.8 we compare the convergence and the CPU time we got
by the Krylov method with those we got by the ETD and the semi-implicit Euler
schemes. We take here also a fixed space step of Az = 0.005 and different time steps,

while the dimension of Krylov subspace used is the same, m = 20, with tolerance 1077,

10 T T
10_1 ,,,,,,,,,,,,,,
e
o 10
N
—
10°}
—@— ETD Krylov: 0.91219
Semi-Imp: 1.0311
—&—ETD: 0.91219
-4
10 -4 ‘—3 ‘—z -1
10 10 10 10

At

Figure 3.7: Convergence of the ETD, ETD Krylov and Semi-Imp methods at final
time as a function of At with fixed Az = 0.005. The Krylov subspace dimension is
fixed to be 20.

As can be seen from Figure 3.7 all methods converge at essentially the same
rate. The ETD method and ETD with Krylov method have exactly the same error
constants, so they have the same rate of convergence which is 0.91219, whereas the
semi-implicit Euler method have a similar error constants and its convergence of order

1.0311. Overall, all schemes show convergence rates of O(At).
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Figure 3.8: The L? error at the final time as a function of CPU time. Both Figures
3.7 and 3.8 represented the error of ETD, ETD Krylov and Semi-Imp methods in
solving the Allen-Cahn equation (3.1).

Figure 3.8 shows us the error as a function of CPU time. The graphs indicate that,
for relatively small CPU time, the semi-implicit Euler method gives more accurate
results and appears to be the fastest and most efficient method. What happens for

larger CPU time (above 10° sec) is less clear.

3.1.2 The 1D reaction-convection-diffusion equation with con-

stant coefficients

We consider the one-dimensional linear constant coeflicient reaction-convection-diffusion
equation
Up = € Ugy + @ up + Fu), z€(0,1), t>0, (3.3)

with the Dirichlet boundary conditions u (0,¢) = u (1,¢) = 0. The initial condition
is the function uy = w (z,0) = sin (7x). Here € is the diffusivity constant which is
positive. We consider the function F' (u) = v — u?®, and assume the constant velocity

a to be positive.

For equation (3.3) we use the first-order upwind scheme to approximate the spatial

derivative u,. Based on our assumption that the sign of the constant a is positive,
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we apply the forward space difference approximation for u, and we use the central
difference approximation to approximate the second derivative .
Hence, we arrive at a semi-discrete system of ODE which is much easier to treat and
it is given by

uy = (A + B)u+ F(u). (3.4)

This equation can be rewritten as
ur = Lu+ F(u), (3.5)

where £ = A + B, A = (1/Az?)A and B = (1/Ax)B.

A and B are given by

-2 1 0 0 -1 1 0 0
1 -2 1 : 0 -1 1
A= o o |, B= 0 (3.6)
-2 1 -1 1
0 0 1 -2 | 0 0 -1 |

The following schemes : ETD, the semi-implicit Euler method, ETD with Krylov
subspace and ETD with real fast Léja points tecnniques [3, 6, 9, 10] for computing
the matrix exponential were used for solving the equation (3.5). In the ETD scheme
we implemente our code in the MATLAB function ezpm.

We also use the function phipm [31] and the Krylov subspace dimension used here was
m = 20 with tolerance 107° in our implementation for evaluating the matrix expo-
nential using Krylov subspace and real fast Léja points techniques. We choose a fixed
space step of Az = 0.0005 and different time steps At = 0.0001, 0.0002, 0.001, 0.002, 0.01.
Our target here is to obtain the order of convergence in time of the above mentioned
schemes and then based on that, we have to determine which one is the more accurate

and efficient scheme. The numerical results can be seen in the Figures 3.9 and 3.10.
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Figure 3.9: A log-log plot represent convergence of the ETD, ETD + Krylov, ETD +
Léja and Semi-Impl methods at final time 7" = 1 as a function of At with fixed space

step Az = 0.0005.

Figure 3.9 displays the convergence at the final time 7" = 1 in the L? norm for
different time steps At for all methods. As can be seen from this figure the rate of
convergence is the first order O(At) for all schemes. The ETD, ETD with Krylov
subspace technique and ETD with real fast Léja points technique shows an obvious
improvement in the error constans. There is a clear difference between the ETD
schemes and the semi-implicit Euler method. Hence the ETD, ETD with Krylov
subspace and ETD with real fast Léja points methods are more accurate than the
semi-implicit Euler method.

We can see the efficiency of the methods from the second Figure 3.10. As the semi-
implicit Euler method has a small CPU time compared to the other methods, it is

considered significantly more efficient than the ETD schemes.
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Figure 3.10: The error of the ETD, ETD + Krylov, ETD + Léja and Semi-Impl
methods at the final time 7" = 1 as a function of CPU time. Both Figures 3.9 and
3.10 show the error of methods in solving the RCD equation (3.3).

3.2 Summary

From the numerical results for the two problems (3.1) and (3.3), we found out that
the rate of convergence in time for all schemes : ETD, ETD with Krylov subspace
technique, ETD with real fast Léja points technique and the semi-implicit Euler, are
the first order O(At). The three ETD schemes converge faster than the semi-implicit
Euler method so that they are considered more accurate. However, we noticed that
the semi-implicit Euler method is more efficient than the ETD schemes.

On the other hand, we can see from Figures 3.3 and 3.4 that the ETD scheme is more
accurate and efficient than the semi-implicit method and this was for different space

steps and fixed time step. The order of convergence in space for both schemes is the

second order, O(Az?).
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Green Roof Model Numerics

4.1 Introduction

In this chapter we solve the green roof model of [1] without the sink term (the one-
dimensional Richards’ equation) numerically. The model, based on the paper [1],
describes the movement of water through a soil layer. This model is one-dimensional
and represents a horizontal roof, here taken to have a single soil layer with thickness
L = 107! m. In reality, a green roof can contain two layers of soil, a rooting soil
which is a thinner layer (< 2 cm) at the top and a thicker layer containing pellets of
expanded clay which is about 5-10 cm thick [1, 21]. At the bottom of the soil, there is
a soil-drainage-layer separated from the soil by a plastic sheet, taken to lie at z = 0.
The soil upper surface is z = L; here water can be supplied to the system by rain fall.
In practice, there can be saturated and unsaturated regions within the green roof soil.
Figure 4.1 shows a case where a saturated layer occupies the lower part of the soil,
0 < z < h(t), so that the saturation S = 1 for 0 < z < h, while the upper part is
unsaturated : saturation S satisfies 0 < S < 1 for h < z < 1. However, in this chapter
we confine our attention to situation where the whole roof is unsaturated, 0 < S < 1
for 0 < z <1 (and A(t) has no meaning).

The central finite difference approximation is used for the spatial derivatives. The
boundary conditions are discretized using the fictitious point method. Then we apply
time integration with the exponential Euler method to the resulting system. We code
this problem using MATLAB.
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z
z=1L
unsaturated zone S < 1
z = h(t)
saturated zone S =1
2=0 drainage layer
<—/
root barrier

Figure 4.1: Green roof structure.

4.2 Green Roof Model : The Unsaturated Region

We assume the entire region 0 < z < L is unsaturated so that the soil saturation S,
S(z,t) denoting its value at a time ¢ and a height z, is everywhere less than 1 (S < 1).
The one-dimensional Richards’ equation for water flow in the unsaturated soil [1] is
% = (% (DOD(S)% + KOK(S)) — R, (4.1)
where ¢ is the constant porosity of the soil, taken here to be 0.25, DyD(S) is a
diffusive term and KoK (S) models the flow due to gravity. More generally, a similar
term (with a different multiplicative constant) multiplies pressure gradient in giving
mass flux in a concentration-dependent version of Darcy flow. R is the sink due to
water uptake by the plant roots.
We have an initial condition S = S;,;; at t = 0, the water saturation at time zero.
Here, for simplicity, we take S;,;; to be independent of z with 0 < S;,;; < 1. The
boundary conditions that have been taken at the top and bottom of the soil layer are

given in [1] by :

Here @y, is the rate of the rainfall at the ground level and (4.2) models the water
input to the green roof from the atmosphere giving a specific flux at the upper sur-
face z = 1. The other boundary condition, (4.3) represents an effectively impervious

bottom boundary so the flux is zero at the bottom of the green roof z = 0.
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Nondimensional variables are given in [1] by writing :

s=Le =Pl t= ot p=patpd R=2makliPIR Qu=Qu

(4.4)
where L is the thickness of the soil layer, p, is an effective pressure in the roots, P is
the pressure of root at the soil surface, p, is atmospheric pressure, p. is a characteristic
suction pressure, a is the root radius, k,. is the root’s radial conductivity of water and

lq is the average of roots per unit area.

The parameter values were taken from Roose and Fowler [37] as follows :
|P| = 10° Nm=2 p, = 0, p. = 10* N m~2, 2mak, = 7.85 x 107 m? s~! Pa™!,
lg=5x10m™2 Ky=10""m s ! and Dy = 107 m? s~!. This value of K, with

the above L makes a nondimensional time ¢ = 1 correspond to ¢ = 1 second.

After nondimensionalisation has been done to (4.1), and to the boundary conditions
(4.2) and (4.3), the dimensionless Richards’ equation (4.1) has the form

95 _ 0
ot 0z

oS

(D)5 + K()) =00 = ef(5) - ). (45)

Whel"e(;:LD—[?O%1074,7]:%%4X1076,9:%%1071 ande:%%m*z
and p, = 071, on dropping the hats. The first term on the right hand side of (4.5) is
the water diffusivity in the soil and the second term represents the water conductivity
due to gravity. The last term containing 1 gives the water uptake by plant roots and
based on the report [1], gives n < 1, suggesting that it is negligible over the chosen
time scale (of order 1 s). The water flux measured upwards in the positive z direction
is

qg=—- <5D(S)g—i + K(S)) .

The dimensionless forms of the boundary conditions are given by

5D(S)g—§ +K(S)=vQ at z=1, (4.6)
5D(S)g—f+K(S) =0 at z=0, (4.7)

where
y = Qw3 1076, (4.8)

Ko
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with Quyp = 3% 1077 m s~ taken to be some typical rainfall for a wet day in Ireland.
The functions K(S), D(S) and f(S) are given by

K(S) = 8" [1- (1~ Sl/m)m}2 , (4.9)

_ -
- SQ1/m—1/2 (1 _ Sl/m)m’

D(S) (4.10)

£(8) = ( — 1)1_m, (4.11)

where the constant m, 0 < m < 1, is a property of the expanded-clay soil used in the
green roofs [1]. The model problem with equations (4.5), (4.6) and (4.7) is a highly
nonlinear problem and called the green roof model.

The water diffusivity D(S) and hydraulic conductivity K (.S) are shown in Figures 4.2
and 4.3.

1.2

08 b

k(s)

04r b

0.2 4

0 1 L 1 1
0 0.2 0.4 0.6 0.8 1 1.2

S

Figure 4.2: Graph of the saturation S dependence of hydraulic conductivity K(.S)
given by (4.9), when m = 0.5.
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08

D(s)

0.4 r

0.2

Figure 4.3: Graph of the saturation S dependence of soil water diffusivity D(S) given
by (4.10), when m = 0.5.

The function K (S) represents dimensionless hydraulic conductivity and it is the
factor of proportionality multiplying negative pressure gradient in Darcy’s law. D(.S)
comes about from having a local capillary pressure dependent upon saturation S.

Combining the derivatives of this capillary pressure with K (S) in Darcy’s law gives

a flux term (—DyD(5)28) in 1D.

K(S) and D(S) both are increasing functions of the moisture content and vanish for
S = 0, there is no flow when the soil is dry. There is then a free boundary between
regions of S =0 and S > 0. Also D(S) > occas S — 1, K(1) =1 but K’ — oo as
S — 1. These give anomolous behaviour for S = 1, which corresponds to saturation.
Neglecting D(S), the simpler hyperbolic model, 23 = 2 (K(S)) — R, has character-
istic velocity ¢(S) — oo as S — 1.

In the next chapter we will approximate D(S) and K(S) when m is fixed, m — 0"
for the high and low saturation cases.

Taking m — 0 gives a soil in which flow has extremely sensitive dependence upon
saturation, due to the appearance of terms in S in the expressions (4.9) and (4.10)
for K(S) and D(S), respectively (this can be seen more clearly in the limiting forms,
(5.1) and (5.2), in the next chapter). The limit of m — 1 is rather subtle. For m < 1,
K' — oo as S — 1, so that characteristics for a model with D(S) neglected have
infinite speed at S = 1 (although flow velocity is still finite). Therefore, in situations
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with m and S near 1, disturbances propagate fast. However, for m = 1, K'(1) is finite
and the simpler convection only model has bounded characteristic speeds, indicating

slower changes, at least when the diffusion term is neglected.

4.3 The Discretized Problem

We consider the finite grid Qa, = {z;} with nodes z; = 29 + 1Az, i =0, ..., J for the

space interval [0,1], zp = 0, z; = 1 and the space step Az = %, where J here is the
number of the spatial nodes. We discretize % (D (5) %) in two steps.

First, the “outer derivative” is discretized according to

1 1 .
~ A—z <G‘Z:Zi+% - G‘z:zi_%) - A—Z (G1+% - G27%> y 1 = 07 . .’J7

where G = D (5) 2.

Then G is discretized by a central finite difference method as follows :

= ()

2

8_G
0z

z2=2z;

L

Z=Z.
z+%

Siv1 — S
~ Dy, (“Aiz) (4.13)

0z

Si - Sifl
1 (7& ) . (4.14)

1 in terms of D; and D;, 1, and D, 1 in terms

2 2
of D; and D,_; is the arithmetic mean as follows :

12
S

The most obvious choice to express D,

Diy =D (1) :D(%),

D,y =D (SF%) - D (%) .

Sit1+ S Sit1 — 5
6y =0 (25) (M5

i+

|
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Si—1+5; Si — Si—1
Then (4.12) becomes

0 oS 1 Si + Sita Sit1 — S S; + Si-1 Si — Si1
w(ro%) = () (5) 2 (7))

A%z {D (Sl-(t) +25i1(t)) (S, 1 (t) — Si(t))

- (M50 (5,0 - 510 }. (115)

12

We use the central finite difference method to approximate the first derivative % (K (9))

in (4.5) as follows :

9 _ K (Si1) = K (Si-1)
g (K (S)) = SR, : (4.16)
Therefore, equation (4.5) gives the following semi-discrete approximation :
T = [0 () (st - s
- (5050 (5 - sm@))]
+ s | K (Sina(®) ~ K <Si1>]
=@ —€ef(Si(t) —pr),  i=0,....J (4.17)
If we ignore 7 then (4.17) can be written as follows :
510 = | (2D (540 - s
_ D <Sz+1(t)2+ Sz(t)> (Sl(t) o Sj+1(t))]
+ 7| K (Sip1(1)) —K(Sl-l)], i=0,...,J, (4.18)

_ _90 — _1
where P = GA and r = TR
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4.4 Discretization of the Boundary Conditions

We also need to discretize the boundary conditions (4.6) and (4.7) as follows.

If we consider the boundary condition at the bottom (lower B.C.) as the left boundary
condition and the boundary condition at the top (upper B.C.) as the right one, we
will use the central finite differences for the Robin B.C.’s.

First, the B.C. at the bottom (z = 0),

oS
5D(S)$+K(S) =0
can be written as 59 K(S)
9. —m = 70(5),

Using the fictitious point method, we have that the B.C. at ¢« = 0 can be approximated

by

0S; D, .. St—=5"
0z QAZSO O 2Az = %0(50)

SO ST —S" = 2A27(S5)

or S™ = ST — 2A270(5)). (4.19)
Second, the B.C. at the top (z =1) is

oS

5D (5) 5>

+ K (5) =vQ

and can be written as

S  vQ—K(S)

9 3D (S) =7(5)).

We then have the B.C. at ¢ = J approximated as

9Si  D. o ST — 5%,
0z — 2Az77 2Az

=7(Sy)

S0 ST — 87 =2827(5)

or ST =871+ 2A27v(Sy). (4.20)
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Now our semi-discrete system with the values of solution on the boundaries will be in

the following form :

ddsty _plp (Si_l(t); Si(t)) (Si-1(t) — Si(t))
D (Si+1(t)2+ Si(t)) (Si(t) — Si+1(t))]
+rkx&ﬂu»—K%&4u»]=gn i=01,....J, (4.21)

where S_; and S;;; are eliminated using (4.19) and (4.20). Equation (4.21) can be

written in the form :

as

Z=g(8),  S0) =5 (4.22)

4.5 Time Integration with Exponential Euler Method

We linearize ¢(S) in (4.22) about the state at ¢ = ¢, using the first order linear
approximation, in other words, the first order Taylor polynomial. At each step this

results in the linear initial value problem :

% =gn+ Jn(S—5,), S(t,) =Sy (4.23)

to advance the solution from ¢ = ¢,, to t = t,,,;. We consider the simplest exponential
integrator for (4.22). Employing a time stepping strategy with S,, = S(¢,,) and setting

Tn = tpe1 — tn, we obtain the formula
Spt1 = Sp+ (€™ — 1) g, (4.24)

Here J,, € RN*N denotes the Jacobian matrix g—g evaluated at S = S, g, = g(Sn). I

refers to the identity matrix.

The previous equation (4.24) can be simply rewritten in the following form :
SnJrl = Sn + TnSO<Tan>gn7 (425)

and this provides an approximate solution to (4.22) in time.
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4.6 Numerical Solutions

In the previous sections, 4.3, 4.4 and 4.5, we set up our numerical method for solving
the green roof model (4.5) subject to the boundary conditions (4.6) and (4.7). We
approximated the spatial derivatives given in (4.5) using the central finite difference
method and we now apply the ETD method (2.8) to solve the resulting system of
ODEs (4.22). The last term in our model (4.5) was neglected.

We investigate the numerical solution for three different initial conditions of the sat-
uration S;,; = 0.05,0.1,0.15. This work was based on the work of, and will be
compared with results in, the paper [1]. For all the cases, this work was implemented
in MATLAB and the parameter values are taken as : m = %, v =3 x 107% and
§ = 107*. In the top boundary condition, (4.6), we take Q = 1. The program was
stopped when S reaches 1 except that for the initial condition S;,; = 0.05 we halted
our computations at the dimensionless time of ¢ = 100, consistent with the results in
the paper [1], where Spostom = S(0,1) is still far from 1.

The profiles obtained for the saturation S for the three initial values are shown at
some final times in Figure 4.4. A boundary layer of thickness  in S near the bottom
boundary z = 0 can be seen in the semi-log plot in the second set of plots, Figure 4.5.
For S;,;; = 0.1 and 0.15, we notice that two of the plots of saturation S cross. This
crossing is due to the two plots corresponding to two different times : the compu-
tation for initial conditions S;,;; = 0.1 and 0.15 were halted when the value of S at
2z = 0, Spottom, reaches 1, as shown in Figure 4.6. The time taken for Sp,som = 1 to
be reached is greater for S;,;; = 0.1 and this larger time allows S to increase more for
z > 0.

Figure 4.6 shows plots of Spyrom against the dimensionless time for the three values
of initial conditions. The saturation S at z = 1 (Si,) against dimensionless time is

presented in Figure 4.7.

33



Chapter 4: Green Roof Model Numerics

s. .=0.05
init

0.9 s .=0.1 []
init
=0.15| |

0.8F — =~ Sinit

0.7F

0.6

0.4F

0.3

0.2

0.1 I

Figure 4.4: Saturation S against z for three different initial conditions (S =
0.05,0.1,0.15) when S approximately reaches 1 at z = 0 (Siz = 0.1,0.15) and at
the dimensionless time 100, meaning about two minutes in terms of the original time

variable (S = 0.05).
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05 7\\ “ Sinit=0'05
: AN

s .=0.1 []
\\\ init
_ _ _s_=0.15|]

0.8 AYRN init
\
07 B \\'\

0.6 \ oy

0.4F

0.3 \

Figure 4.5: A semi-log plot of saturation S against z for three different initial con-
ditions (Siz = 0.05,0.1,0.15) when S approximately reaches 1 at z = 0 (Sj =
0.1,0.15) and at the dimensionless time 100 (S;,; = 0.05).
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Chapter 4:
l—
Lo s =0.05
l | init
0.9 ! s. .=0.1
(N init
0.8|‘f - = =Sy 0-15]
07t | ]
|1
0.6} | |
E )1
£ I
5 0.5} | i

80 100

0
20 40 60
Dimensionless time

Figure 4.6: Spottom against the dimensionless time for three different initial conditions

(Sinit = 0.05,0.1,0.15).

0.16
s. .=0.05
init
s .=0.1
init
0.14‘* — — —s_.=0.15{(]
init
|
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g
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0.04 ! :
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Figure 4.7: Sy, against the dimensionless time for three different initial conditions

(Sinit = 0.05,0.1,0.15) with @ = 1 in the top condition.
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As can be seen from the results, the saturation is completed at the bottom of
the soil at different times when the values of the initial saturation S;,; are 0.1 and
0.15. From Figure 4.4, we can see something appears to be a travelling wave (see
next chapter) developing downwards from the top boundary at z = 1 in S;,;; = 0.05
case and it looks sharp as the value of the parameter § is very small. We also can

recognize that the value below the travelling wave is the initial condition.

4.7 Summary

The work in this chapter is based on the work in the paper [1]. A description of
the evolution of the saturation in the soil layer of a mathematical model of a flat
green roof has been done using the ETD and finite difference methods. The results
are compared to those in the paper [1] and we noticed that they are very similar to
each other where the saturation S reached 1, at z = 0, for the two initial conditions
Sinit = 0.1 and 0.15 while for S;,,;; = 0.05, the Spotrom did not reach 1 even for ¢ = 100.
One problem seen with the implementation of the method at present is as exhibited
by the plots in Figure 4.7. The limiting values of saturation Si,, at the top boundary
z = 1 shown they are all different; they depend upon the initial concentration S;,;
as well as on the prescribed flux at the boundary, ¥Q). In contrast, the results in the
paper [1] show that S;,, approaches the same value irrespective of the initial data, S,
in agreement with theory (for cases of small ¢) which says we should get a limiting
value Sy, satisfying K(Si,,) = v@Q. Although the interior part of the numerical
approximation is mass conserving (like the PDE), the boundary approximations do
not exactly conserve mass, and this is the likely cause of these differences.
According to the results, we found that the finite difference and the ETD methods
were slower than the finite element method used in the paper [1], however, they
otherwise worked well with this green roof model.

In the next chapter, we investigate the local behaviour of the solutions of the same
model (5.13) for the saturation near 0 and 1. These solutions are looked at for varying
values of the parameter m which appears in the model for water saturation in the

expanded-clay soil.
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Travelling Wave Solutions

5.1 Introduction

We saw in section 4.6 that a travelling wave could be formed linking a smaller value
S_ for z — —oo (or at least z far enough to the left) with a larger value S, for
z — oo (or at least z far enough to the right). In section 4.6, both these values of S
satisfies 0 < S < 1. In this chapter, we investigate travelling wave solutions for our
nonlinear convection-diffusion model. We look for frontal travelling waves connecting
such limiting values of saturation S_ and S,. We are particularly interested in whether
such waves exist for different cases for different ranges of S_ and S, in [0,1]. For
example, the travelling wave which was seen numerically, developing from z = 1 in
Chapter 4, had 0 < S_ < S, < 1 (this we shall call Case 4). We find travelling
waves for all our cases with 0 < S_ < S, < 1 but the cases with 0 < 5, < 5 <1
and 0 = 5, < S_ <1 do not give travelling waves. We also particularly look at the
local behaviour of the solutions for S close to 0 (dry region) and when S is close to 1
(saturated region). Most of the cases have a fixed value of m for the expanded-clay
soil and we also consider m — 0 and m — 1.

We must start by discussing the approximations of the functions D(S) and K (S) for

the low and high saturations.

5.2 Approximation of the Functions D(S) and K(95)

when S — 0"

We shall want to approximate the functions D(S) and K (S) for various cases of the

constant m.
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e When m is fixed (0 <m < 1)

[1- (L 5V

D(S) = SO/m=172) (1 — §1/m)™

~ SUREYM) T (1 = St .)}2

~ SO/ (2 g2/mY

~ m2s(/mt1/2), (5.1)

and
K(S) = $2[1-(1- Sl/m)’”}2
~ SV2[1-(1- msl/m...)f
~ SY2 (misim)
~ m2§E/mt1/2), (5.2)
e When m — 0*

In this case, the functions D(S) and K(.5) are approximated simply as in equa-
tions (5.1) and (5.2).
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5.3 Approximation of the Functions D(S) and K(95)

when S — 1~

e When m is fixed (0 <m < 1)

Weset S~1—mo,0—0+and 0 <m < 1.

1-(1-0- mo)l/m>mr
(1 — ma) /™12 (1 —(1- ma)l/m)’”

D(1—mo) =

1-(1-(-0-- )"

1-md/m—-1/2)o---)(1-(1-0--))"

[1_am...]2
(I-m1/m-1/2)c---)o™

~ (1= 20 )

~ O for o—0 (ie. S—1).

This leads to the following equation :

D(S) ~ <%) for S—1".

Also

K(l—mo) ~ (1—mo)? [1 _ (1 —(1- mg)um)mr

40
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e When m — 0t

We set S = 1 — mo, o is not too small and m — 0". We can simply write
S like this S = e ~ =™,

)]
D(S) ~ (e—mo)(l/m—l/Q) <1 B (€7m0)1/m)m

[1 _ (1 _ e‘”)m]Q e—(1/2=1/m)ma

(1—e)"
eomimo [1— (=) i
1—e)"
er [1- emln(le”)}2
(1—e)"
el -(+mn( —e 7))
(1—e)"
_oem?(In(1 - e™))?
(1—e)"
~ ¢m?(In (1 —e?))°. (5.6)

Now to approximate K (S) we set S = e ™7, Sm = e~mo/m = g0

K(S) ~ (™)1 (1-e°)")

~ (™)1 (1+mhn(1—e).. )}2

~ m”(In(1- e“’))z. (5.7)

Here we see that o is not too small means m |In (1 — e~7)| is size 1. This choice goes

wrong if o is exponentially small in 1/m, in other words, S is exponentially close in
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1/m to 1. With S so close to 1, let us then choose another variable, o such that
l—e "= Mo e’=1l-¢"so=—In (1 — e’o‘/m) ~ emom

ie. S~1—me ™, (a>m). S decreases with ¢ and increases with o, thus S — 1
when o — oo. Then K(S) and D(S) can be obtained as follows :

K(s) ~ [1-(1-(1- me—“/m)l/m)m}2

~ - aeeemy]

2

~ e
~ 1—2e (5.8)
DES) ~ (1_m6_5/;)<61_/2]21/2> =
(=)
= e [1—e]. (5.9)

If @« — oo then K(S) — 1 and D(S) — oo.
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5.4 The Properties of the Function K(S)

Here we have the forms and graphs of the hydraulic conductivity K(S) and its first
and second derivatives. The function K (.S) is an increasing function and approaches
zero for S — 0 and K(S) = 1 for S = 1. For the range 0 < m < 1, we have these
forms as follows

K(S) = 8" [1- (1~ Sl/m)m}2 , (5.10)

0.03

0.025

0.02

w
%z 0.015
0.01f

0.005

Figure 5.1: The function K(S) with m = 0.2 and 0.1 < S <0.9.

K'(8) = 258G (1- S%>m1 (1-(1-5%)")

+ %5% (1 — (1 — 5&)”1)2, (5.11)

From (5.11) it is not immediately obvious as to whether the first derivative K’ is an

increasing function of S or not. Let us then set K’ = K, + K} with

H(1-5#)" (1= (1-54)").

N

K, =256~
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and

K, = %S% (1 - (1 - Si)m)z.

K, is clearly increasing since 0 <m < 1 < 2.

For K, we write

Then

s,
ds

Ky = Ky(s) for s=1—8m, then S=(1—s)"

d
sothat 0<s<1 for 0<S <1 and —$<O.

as
Kb:%(l—s)_%(l—sm)Z.
= —m(l—s) T =) (=) T 1)
- —%(1—5) P =) (41— ) s = (1= 8™))
- —%(1—3)‘2‘1(1—57”)(457” . P
- —% (1—s) 2 (1 —s™) (3™ (1—5)+ (s" ' = 1)).  (5.12)

From (5.12) we get % < 0= % > (= K’ increasing. Therefore, K" > 0 for

0<S<l.

ds
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0.45 T T T T T T T

04r

035

025

dk(s)/ds
o
N

0.15F

01r

0.05

Figure 5.2: The first derivative of the function K (S) with m = 0.2 and 0.1 < S < 0.9.

B [&)] [} ~ [oe]
T T T T T

d?k(s)/ds?

w
T

Figure 5.3: The second derivative of the function K(S) with m = 0.2 and 0.1 < 5 <
0.9.
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As shown in Figures 5.1, 5.2 and 5.3, we can see that K(S) and its first and second
derivatives are all positive functions, with both first and second derivatives vanishing

at S = 0 but becoming infinite as S tends to 1.
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5.5 Solving the Unsaturated Region Model Using

Travelling Wave Solutions

We now investigate the existence of a travelling wave solution of our model (4.5) when

we neglect the last term (n < 1) :

‘Z_f = a% <5D(S)g—f + K(S)) : (5.13)

A travelling wave solution of our model (5.13) is a solution of the form :
S(z,t) = S(¢), where o =2z—ct, (5.14)

where ¢ is the wave velocity. From (5.14), (5.13) becomes :

d as ds
By integrating both sides of (5.15) we get
ds
dD(S)— + K(S) + copS = A, (5.16)

dip
where A is a constant of integration. From (5.16) we have

dS  A—K(S)—cS

- 5D(S) (5.17)
> dip dD(S)
dS ~ A—(K(S) + c#S) (5.18)
Since 0 < S < 1, integrating (5.18) again gives
_ ° 6D(5)
w“¢°+[qu—(K(S)+c¢5)d5’ 0<Sp<1. (5.19)

Here S is the value of S at 1) = 1)y. Now we seek travelling wave solutions of different

forms for our model (5.13) for different values of the expanded-clay soil constant m.
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5.6 Different Travelling Waves : m is fixed (0 <
m < 1)

We will go through all possible cases and see which work and which do not. If
they work then we want to know how they reach the limiting S, and S_ where
limy 0o S = St and limy,_ o S = S_. We look for different travelling waves for

different S, and S_. Here we have cases as follows :
Casel: 0<S <S5, =1

We wish to check if a travelling wave in this case has S = S, at a finite value of
¥. In equation (5.17), we need % >0for 0 < S_ <S5 < S =1. We also need
A=K (S_)+ cpS_ and then

A>K(S)+cpS  for S_<S<1. (5.20)

This means we need K (S) 4 ¢@S to be decreasing at S_. But K (5) is increasing, so

¢ must be negative (¢ < 0).
Indeed, we need K’ (S_) 4+ cp <0, ie. ¢ < —%. It follows from (5.20), for this

case, that we have two possible cases for A. In both cases, A < 0 as we have :
K(S)+cep <0 with K>0,K >0 and K">0,
(see Figures 5.1, 5.2 and 5.3).

A = K(S.)+coS,

C s (KD ),

< S_(K'(S_)+co) <O.
This follows as from Taylor’s theorem we find :

K(0) = 0= K(S_) ~ S_K'(S.) + 5K"(8)S? > K(S_) — S_K'(S.),

K(S.)

g < K'(S.),

=

where S is some value in the range 0 < S < S.
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Case 1(i) : 14+cp<A<O

K(S) + copS
S Sy
S
0\ 1
A 1
14 co

Figure 5.4: K(S)+ c¢S for Case 1(i) : 1+cp < A <0, where ¢ < _i (17115;%—)) <0,
A=K(S_)+cpS_and K(S) +cpS <Afor S_ <5< S =1

A—K(S) — ¢S

w>0L_

Figure 5.5: A — K(S) —cpS > 01in [S_, 1] when A > 1+ c¢.

When S — 1~ we can approximate A — K (S) — c¢S by A —1—cop = p> 0 (see
Figures 5.4 and 5.5). In particular, A — K (S) —c¢pS >pu>0as S — 1.
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By assumption for this case,

14cp<A=K(S_)+ coS_

SO
pc(l1—9_) < K(S-)—1 (<0 because K(S_)<1),
and hence K(S) -1 /1 K(S)
Here :
=1 for S_=0
1—K(S.)

=4q >1 for 0<S_<1 (5.22)
— 00 for S_.— 1"

1-5_
(see Figure 5.26).

The travelling wave solution is given by

i D(S5)

V=Vt | ATR(S) — oo8

ds, Sy <S<1, (5.23)

where g = 1)(Sp), S_ < Sy < S;. We know that the quantity %
for Sp < S5 < 1.
When S — 17, 0 = &3 5 0% with 0 < m < 1, so that D (S) and K (S) are

m

is positive

approximated by :

D(S)~D(1l—mo)~oc ™~ (%) for S=1—mo— 17, (5.24)

K (8) ~1. (5.25)
Using A — K(S) —cpS =pu=A—1—c¢ when S — 17, we have the following :

D(S) _m"
A—K(S)—cpS

(1-95)™™ for S—1. (5.26)

Then the integral fslo = D(S) dS < o0, i.e. the integrand is integrable. Then we

K(S)—coS
have a 1, as the value of ¢ at which S reaches 1 and we have a travelling wave as

sketched in Figure 5.6.
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S

Figure 5.6: The travelling wave solution for 0 < S_ < S, = 1 with 1 4+ ¢¢ <
K(S_-)+cpS_ (Case 1(i)).

Then

Y1 =10+ 6/1 D(S) ds. (5.27)

5 A—K(S) —copS
Now we subtract ¢ from ¢, ((5.23) from (5.27)) to get :

B 1 D(S) s D(S)
Y= = 5/90A—K(S)—C¢Sd5_5/soA_K(S)_C¢Sds

_ s/ D(5)
- 5/5 s s (5.28)

From (5.26) and (5.28), we have :

sm™ 1
— ~ — 1—9)7""dS
wev ~ /5( )

~ % (1 — S)(lim) y for S — S+ =1. (529)

In this case, we have a local solution (5.29) with A given by A = K(S) + ¢¢S for
S = S_ and for given c satisfying (5.21).
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Case 1(ii) : 0> A=K(S_)+copS- =1+ co

K(S)+ coS
S_ S+: ]_
S
0
14+ co

Figure 5.7: K(S) + c¢S for Case 1(ii) : 0 > A =1+ cop, ¢ = —é (ifféb:‘)) <0,

A=K(S)+cpS for S =5_and A> K(S)+cpS for S_ <SS <S5, =1

Here we have from the value of A.

A—K(S)—cS=1+cd— K(S)—coS =1— K(S)+ co(l — S).
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A—K(S) — oS

p=20

Figure 5.8: A — K(S) — ¢¢S, showing that 4 = A —1 —c¢p = 0 when A =1 + c¢.

We had earlier :

K(S)~1—20m~1—2(ﬁ) for o= (ﬁ) — 0.

m

Then we have :

1-5

A—K(S)—coS ~ 2 (T)mww ~5)

1—S\"™
~ 2 (T) for S—17, since m<1. (5.30)

The wave velocity ¢ will be given as follows :

K(S_) + cpS_ =1+ co,

CK(S.)-1 -1 (1-K(S-)
C—m—?(ﬁ , (5:31)
where 1_117(;5_‘*) satisfies the properties in (5.22). Then,
(2m)
OD(S) M A9 for S 1. (5.32)

A—K(S)—cpS 2

5D(S)

A=K (9)—cS’ there are two cases :

For this integrand
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Case 1(ii)* : This case does the same as Case 1(i) and the integrand here is in-
tegrable at S = 1 and we have 1; as in equation (5.27). We get this behaviour if
0<2m <1, ie 0<m< 3 (see Figure 5.9).

Figure 5.9: Case 1(ii)* : The travelling wave solution for S_ < S, =1 and 1+ cp =
K(S_)+cpSif 0 <m < 1.

From (5.28), we have

_ ' D(S5)
oY= 5/5 A—K(S)—cngdS

1 _ —2m
L)
2 Jg m

(2m)
~ %(1—5)%“ for S —1". (5.33)

Case 1(ii)** : In this case, the integrand is not integrable at S = 1 and applies
for 1 < 2m < 2, i.e. % < m < 1 and then 1, does not exist. Therefore, S does not
reach 1 for finite ¢ in this case (see Figure 5.10).
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Figure 5.10: Case 1(ii)** : The behaviour of travelling wave solution for 1 < m < 1

where 1)1 does not exist.

To explain this, from (5.18) and (5.32) we can see that for S close to 1 :

@ 5m(2m)
dS 2

(1-5)7".

By integrating both sides, we get, taking, for simplicity, m > %,

(2m)
Wb ~ % (1-=9)"™D  for S§—17,
2(2m — 1) .
(W) me—l ~Y 1 — S7
so Sn~1-— (%) VI as b — oo (5.34)

Case2: 0=5_<S5, =1

In this case, we look for a travelling wave between fully saturated and fully dry
regions. Here A = 0 because :
dS A—K(S)—copS

@— 5D (S) -0 as S—S5_ =0,

so that A = K(0) = 0 whether S_ is reached 0 as ¢y — —o0 or at some finite value of
¢ (see Figure 5.11). Note again that % >0s0 A—K(S)—cpS>0for 0 <S5 <1
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or

(&

Figure 5.11: The travelling wave solution between fully saturated and fully dry regions
where 0 =S < S < S, =1. If S =5_ =0, the limiting value is either reached at
finite ¥ (¢ — 1)9) on right or as ¥y — —oo on left. ¢ < 0 in both cases.

We again want to get the local behaviour of solution near Sy = 1. In this case,

we have two cases of K (5) + ¢¢S as shown in Figure 5.12.
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S S S_ S
A=0 Y TS
0 1 0 ]
14 co
Case 2(i) Case 2(ii)

Figure 5.12: K(S) + c¢S for Case 2,0 = S_ < Sy = 1. Case 2(i), 1 + cp < A =0,
and Case 2(ii), 1 + co = A = 0.

Case 2(i) :

5D(S)

We need to check if the integrand —R(5) o5

the value of c.

is integrable. We also want to check

1
0=A>14+¢cp = cp<-1 = c<—$. (5.35)

Then, from (5.35), —K (S) — c¢S is as sketched in Figure 5.13.

p=-1l—cop | ______

Figure 5.13: The graph of —K(S) — c¢S. Here p = —1 — c¢.

As can be seen from Figure 5.13,

at S=1, —-K(S)—cpS=—-1—cp = p=-1-—cp>0.

Following Case 1(i), A_K[Zg)_ws = —Kg()s—)ws ~ I_’:i; (1 —S) ™ is integrable at S = 1,
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so that S reaches 1 at finite value 11 and we can write :

[t D)
= 5/5 %) 25 45 (5.36)

and

-y~ 5/ —T—cqs

(1+co)
—om™ m+1
~ Traa=m s
~ om™ (1-S5)". (5.37)

= m)(1+cd)

Equation (5.37) gives the local behaviour of the travelling wave solution with v near
¥y (S near 1).
Now when S — 0% and 0 < m < 1, we have the approximations of D(S) and K(S)

given in (5.1) and (5.2). The integrand ———2)__ s depends on ¢ with ¢ # 0. Then
20(2+2 2 2
D) o omSEr m gEt-1 L M gl
—K(S)—cgS  —m2SG+D) —cpS  —co —co

is integrable. We have v is given by :

_ ' D(S)
and 1), is given by : X D(S)

By subtracting (5.38) from (5.39), we get the local behaviour for ¢) when S near 0 as

follows :

V=t = / K(S +cngdS
—om?
~ s<——-> ds
o Jo
—2(57713 L+l)
co (2+m) (5.40)
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Case 2(ii) :

First note that ¢ = —é # 0 and then, following Case 2(i), v falls to S_ = 0 at a

finite value 15 and has local behaviour as (5.40) :

~ g — ————5
For this second case, we have the following two sub-cases according to whether m < %
orm > %

Case 2(ii)* : For m < 3, as with Case 1(ii)*, the integral is bounded at 1 so that

S, =1 is reached at a finite value v, see Figure 5.14.

S_

oy | 0 (0

Figure 5.14: The travelling wave solution for Case 2(ii)*, S_ = 0, Sy = 1, A =

1+c¢:O,c:—é andm<%.

N[

Case 2(ii)** : In this case, the integrand is not integrable at S = 1 if m >
therefore, 11 does not exist (see Figure 5.15). This case is exactly as Case 1(ii)** in

the previous part.
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(e

Figure 5.15: The travelling wave solution for Case 2(ii)** when S_ =0, S; = 1 and

m > % and in this case 1; does not exist.

Case3: 0=5_<S5,<1

S_=0

Figure 5.16: The travelling wave for Case 3, when 0 =5_ < S5, < 1.

For this case, based on Figure 5.16, one thing of particular interest is the local
behaviour of the travelling wave solution near S_ = 0. The approximations of the
functions D(S) and K(S) are given by equations (5.1) and (5.2).

In this case, A = limg_,o K(S) + c¢S = 0 (as Case 2). Also, we have % — 0 as
S — S; < 1 and note again that % >080A—K(S)—cpS>0for0< S <8, (see
Figure 5.17).
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The wave velocity ¢ can be obtained from the following formula :

K(Sy)+cpS, = K(S_) + cpS_,

_ 1 [(K(Sy) - K(5-)
C“8< Sy — 5 ) o4
L (K(S)-0
© - cb( Sy —0 )
“K(Sy)
W:. (5.42)
K(S) + coS
5-=0 Sy 1
S

Figure 5.17: Graph of K(S) 4+ cpS, A=0and 0=5_< S, < 1.

Following Case 2, we have integrability near S = 0 because ¢ # 0 so that the

travelling wave solution is given by :

_ ° D(S) B S D(s)
¢_¢2+5/0 A_K(S)_C¢Sds_¢2—5/o R s 1S 643)

where 15 is the value of ¢ when S = 0.
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From equations (5.1), (5.2) and (5.43), we have

§ 2g(m+3)
o s [ T as
0 —m25(nt3) — cpS
2 S
gy O (m-2) a5
co Jo
5m2 1.1V]|S
~ 1y 5(m+5
¢ (7 +3) 0
om? (2+1)
~ mt2) for S —=0, 0<m<l1l, c#0. (544)

ZICEDN

Equation (5.44) gives the form of the travelling wave solution for S small.

Case4: 0<S_<S5.<1

Figure 5.18: The travelling wave when 0 < S_ < S, < 1, where S_ < Sy < 5.

Here from Figure 5.18, we must have limy_, o, S(¢) = S_ and limy_,, o S(¢) =
Sy. Hence, from equation (5.17), A — K(S) — ¢¢S must be 0 when S = S_ and
S =5.

Then
A=K(S_)+copS_ = K(S;) + copS,. (5.45)

The wave velocity c is then easily obtained from (5.45) to be

1 (K(S,) - K(5.)
c= 5 < 5. 5 ) < 0. (5.46)
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Based on that, the travelling wave will be moving left (see Figure 5.18).

NOW%(K(S)—FC(ﬁS) = % > 0 so to have K(S)+cpS =Aat S=S5_and S =5,
we automatically get & (K(S) + cgS) < 0at S = S_ and likewise & (K (S) + c¢S) >

0at S=5,. Indeed,
K(S)+cpS—A < K(S_)+cpS-—A

= K(S+)+C¢S+—A:0,

for S_ < A < Sy (see Figure 5.19), which is what we need to get % = W > 0.

We then have the travelling wave is given by :

o D(S)

¢:¢0+5/SO A—K(S)—cqudS’ 0<S_<S<S8 <L (5.47)

S S_&/ 1—|—C¢

c<—3 c=—3 —5<c<0
Figure 5.19: Three plots of K(S) + c¢S with A = K(S_) 4+ cpS_ = K(Sy) + cpSy <

1 4 c¢, where ¢ < —% in the first graph (left), in the second (middle) ¢ = —i and

—i < ¢ < 0 in the last one (right).
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Case 5: 0=5,.<5_ =1

o %

Figure 5.20: A graph of a travelling wave when 0 = 5, < S_ = 1.

From equation (5.16) and Figure 5.20, we have :

5D(S)%:A—K(S)—C¢S:O for S=95,=0.
Therefore,
A=0=K(S;)+ copSy.

Also,

ds K(S)+ coS

R e e e f 1

v ( 5D(5) )<O or 0<S<
SO

K(S)+cpS>0 for 0<S<1.
Then the velocity of the wave ¢ should be non-negative since %(O) = 0, and we have

the two cases of K(S) + c¢S shown in Figure 5.21.
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K(S) + coS K(S) + coS
14 co
c=0 c>0
S+ S- S, S
A=0 S S
0 1 0 1
Case 5(i) Case 5(ii)

Figure 5.21: The graph of K(S)+ ¢S when the velocity of the wave ¢ is non-negative,
¢ =0in Case 5(i) and ¢ > 0 in Case 5(ii).

Case 5(i)

c=0, S—=0

Figure 5.22: Case 5(i) shows the travelling wave behaviour when ¢ =0 and S — 0.

We need to check if the integrand

at S = 0. For ¢ =0, we have :

% is integrable at .S = 1 first and afterward

K(S)+c4S=1 at S=1,
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and
1 —
D(S)~D(1 —mo) ~o™™, a:—S—>O where 0<m < 1.
m
Then .
—5D(S) =0 ()

K(S) +coS 1

~ —6m™(1 — )™

is integrable at S = 1. Therefore, S reaches 1 at finite 1); given by equation (5.27).
From (5.23) and (5.27), where A = 0, we subtract ¢ from ; to get

_ D)
iy = _5/5 K(S) + coS ds.

Then

1
Y1 — ~ —5m’”/5(1—3)—md5

—om™
(1 —m)

(1-8)'"™ for S —1. (5.48)

Equation (5.48) gives the local behaviour of the travelling wave solution with v near
Y.

Now for ¢ = 0 and S — 0, the functions D(S) and K(S) are approximated by
equations (5.1) and (5.2), then

N[
~—

5D(S) sm28 Gt

—K(S) —cpS  _pg(2+h) oS

)

is not integrable at 0 when m < 1. Therefore, S does not reach 0 at a finite value of

.

NI
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Case 5(ii)

¥

0 o o

Figure 5.23: Case 5(ii) represents the travelling wave when ¢ > 0 and —K(S) —cpS <
0.

In this case (Figure 5.23) we have, ¢ > 0 and —K(S) — ¢S < 0. Then

oD(S) sm25(ite) _ om? o(2-1)
—K(5) —cdS  _p2g(E+i) —eps  —cd

NI

for S —0.

3=

Hence, & ~ %5«%7%) is integrable at 0, S = 0 at ©¥» = 1. When S close to 0, ¢

» dy
and 1), are given respectively earlier by (5.38) and (5.39).
Then
2 S -
Py — P~ 5& S(E’ﬁ) dsS
—c¢ Jo
3
2T (k).
—cp(2 +m)
Now, when S — 1,
D ) 1-5\—™ —85(1 = —-m - m
D) (5 si-sy e awn

—K(S) — coS R (14 cp)ym—m ~ 1+ co

67



Chapter 5: Travelling Wave Solutions

is integrable at S = 1. Hence,

—ém™ [* .
Y=~ T oo 5(1—5) ds
—om™ 1—m|1
Y Treya—m s
~ L——-

(1+cp)(1—m)

gives the local behaviour of the travelling wave solution with ¢ near ;.
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Case6: 0<S5, <SS =1

Figure 5.24: The travelling wave in Case 6 when 0 < S, < S_ = 1.

We need to check that such a travelling wave solution exists with S =5_ =1 at

a finite value of ¥ (see Figure 5.24). We again need

A= K(S4) + cpSs, (5.49)
and ds K(S) + c6S — A
+ OO —
%_—< 5D(9) )<0 for Sy <S<1 (5.50)
so that

K(S)+c4S>A for S, <S<1.

This means we need K (S5)+coS increasing at S,. Because K is an increasing function,
. . o . . dK
as can be seen in Figure 5.25, ¢ can now be positive or negative, as long as 45 (5) +

cp > 0. K(S)+ ¢S > 0 is then guaranteed for S > S, since % > 0.
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or or
1+ co L+ co
c>0 c=10
c<0

A

: S_e |7 S_ g S Sy

Sy 1 Sy 1 4 1

Case 6(i) Case 6(ii) Case 6(iii)

Figure 5.25: Three graphs of the function K (S) + c¢S with three possibilities of the
velocity of the wave ¢ respectively, Case 6(i) : when ¢ > 0, Case 6(ii) : ¢ =0 and a

very special Case 6(iii) : ¢ < 0 (that shown is a most extreme case).

Figure 5.25 shows sketches of K(S) 4+ c¢S compared with A for cases ¢ > 0, ¢ =0

and ¢ < 0. For the third case we need K'(S;) + ¢¢ > 0 and the particular example
—K'(S4)

shown is for the largest negative ¢ so that the condition on ¢ in this case is ¢ = o

In all cases, the restriction on A is A < 1 + c¢¢. Because of this, the calculations
for getting the behaviour of the travelling wave solution are the same.
When S — 17 we can approximate K(S)+cpS — Aby 1+cp—A=pu>0.
Therefore

K(S)+cpS—A>0 for S, <8<,

K(S) + cpS > A,
1+chp > K(Sy) + chpSy,
so cp(l—S1)>—(1—K(Sy)) <0 because K(Sy) < 1.

Then c¢ > % and we also have cp > —K'(S5,).
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. . 1-K(S+)
Line with slope of( T >

Li ith sl f(K'(S
. Linewi slope of (K'(54))

Figure 5.26: This graph shows us K (), and lines with slopes of interest : the tangent
at Sy, and the line joining (S, K(S54)) to (1, K(1)) = (1,1).

From the convexity of K (recall that % > 0, see Figure 5.26), we see that K'(S)
1_1[_(7?”. That means the bound on ¢ from 1—11_(75?59
+ +
the bound given by K'(S, ).

The general behaviour of travelling wave solution when S — 17 is given by

is smaller than is guaranteed by

5 D(5)
_ +5/ s, Sy<S<l.
V=" s, A—K(S)—cpS ‘
Here 7A71£$55))7c¢s is positive for Sp < S < 1 and D(S) ~ D(1 —mo) ~ =™ when

S—>1+,a:%—>0+and0<m<1.

D) ()

m

A—K(S)—cdS  A—1—-cop  —p

(1-8)™™ for S—1 with pu>0.

(5.51)
Then the integral fb}o % dS < oo. Then we have a iy as the value of ¢ at

which S reaches 1 (see Figure 5.27).
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Figure 5.27: The travelling wave when 0 < S, < S_ = 1,1y = 9(Sp) and ¢»; = (S_).

Then ) D)
1/)1:?/)0+5 . A—K(S)—Cgbsds’
s [ D(5)
¢1—¢—5/S A—K(S)—apsds'
From (5.51) :
m gl
L R
K Js
LM gyaem) _
,u(l—m)<1 S) for S—=5_=1.
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Case 7: 0=5,<S5 <1

Figure 5.28: The possible travelling wave in Case 7 when 0 =5, < S_ < 1.

In this case, A = 0 because % — 0 as ¢ — oo (see Figure 5.28), and we need
as
5D(S)@ =—(K(S)+cpS) <0 for 0<S<S_. (5.52)
For (5.52) to hold, ¢ > 0, since 45(0) = 0.

But then
K(S)+cpS>0 for S>0 since K(S)>0 for S>0.

However, for our travelling wave, we should have that S is constant at S = S_ so that

%:0 and K(S)+cpS=0 at S=5_>0,

giving a contradiction. Consequently, there is no travelling wave solution in this case.
Case 8: 0<S5, <S5 <1

Just like Case 7, this case fails to give a travelling wave for such S_ and 5, .
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5.6.1 Conclusion

When m is fixed, travelling wave solutions exist for the following cases :

e Case 1 : 0<S_< S5, =1,5—= 5 as Y = —oo, we have the following cases :
Case 1(i), with ¢ < —1 (14{(5‘)), S=1aty =1 <.

o\ 1-5_
Case 1(ii), with ¢ = —é (%), we have then these subcases :

Case 1
Case 1

ii)*,Szlatlp:w1<oofor0<m<%.
i), S — 1" as ¢ — oo for 3§ <m < 1.

o~ o~ o~

e Case2: 0=5_< 5, =1,5=0 at ¢y > —o0, we have the two cases :
Case 2(i), with ¢ < —é, S =1at =1 <oo (as Case 1(i)).
Case 2(ii)
Case 2(ii)

(ii)

Case 2(ii

, with ¢ = —é # (0, we have here the two subcases :
*,Szlatd):@[)1<oofor0<m<%.
**,Szl‘as¢%oofor%§m<1.

e Case 3: 0=5_< 85, <1,c<0,S=0at Y =1y < oo, and S — S, as
Y — 00.

e Cased: 0<S_<5,<1l,¢<0, 85— S_asy— —ocoand S — 5, as ¢ — oo.

e Case 5: 0 =5, <S_ =1 for which ¢ > 0. For the two subcases :
Case 5(i), c=0, S = 0 as ) — oc.
Case 5(ii), ¢ > 0, S =0 at 1 = 1y < 0.
For both Cases 5(i) and 5(ii), we have S =1 at ¢ = ¢, > —o0.

e Case 6: 0< 8, <S_ =1, withc>0andc< 0,5 =1aty =1 > —o0.
Also S — S, as ¢ — 0.

On the other hand, there were no travelling wave solutions for Case 7 : 0 = 5, <
S <1,withe>0,9=5_and Case 8: 0 < S, < S5_ < 1.

In the next section, we will look at the limiting cases, especially when m — 07.
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5.7 Different Travelling Waves : m — 07

Casel: 0<S_ <S8, =1

We consider Case 1(i) and Case 1(ii)* together as they are so similar. Note that
Case 1(ii)** does not apply because m < 1 so we always have m < %

We have here three regimes for the travelling wave as shown by the graphs of Figure
5.29.

or

Figure 5.29: These graphs show the three regimes for the travelling wave when m —
0" : regime 1, where 1 — S is not small; regime 2, where 1 — S is of order m; and

regime 3, where 1 — S is exponentially small in %

In this case, we consider fixed S_, in regime 1, and we have 1 + c¢p < A =
K(S-) 4+ cpS- < 0 (see Figures 5.4 and 5.7). We also assume that A and ¢ are of

order 1. As before
1 (1 — K(S_)>
e< —— (/22

and
A=K(S_)+copS_.

In regime 1, we have that D(S) and K(S) are given by (5.1) and (5.2).
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Therefore

N

dy sm25(n+3)

ds A—m2S(EtE) —cps

sm2S(m+3) A

nzzl—icqﬁé’ for S not close to e (5.53)
Looking closer to S = 1, we now consider S just O(m) away.
In this regime 2 : S = 1—mo, m — 0, we have that D(S) and K () are approximated

by (5.6) and (5.7). Then
dy _dypdS _  dy
do  dSdo  dS

SO

dy —mdD(S)
do — A—K(S)—coS

L mme (n(l—e ) (5.54)
A—m?(In(1—e))* —co

For 0 —

dp —m?se’ (In(1 - e))?
do A—co
_5m3eae—20
A—co
—om®\
~ (A_C(b)e . (5.55)
Then
" O\ oo 4 Const (5.56)
1o e onst. :

To match the solutions in regime 1 and 2, we have, from (5.53),

2
W 0m (L
ds A—copS
But S =1 — mo, in regime 2, then
W _
do — ds
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SO
dy —om? (Z+1)
_ ~ 1 — m ' 2
do A—cop(l—mo) (1 =mo)
— 3 1 1
N om o(E+E) m(1-mo)

A —cop+ como

—om?®

A— cgbe

Integrating (5.57), we get :

om?

wNA—w

e~ 7 + Const.,

(5.57)

(5.58)

agreeing with (5.56). We saw that the approximations used in regime 2 failed for S

exponentially close to 1 and we must now consider an even smaller zone, regime 3.

In regime 3, we have S = 1 — me~®/™ and the functions D(S) and K(S) are approx-

imated in Section 1.3 by (5.9) and (5.8). Then (5.18) becomes :

a e (1 — e™@)?
ds A—(l—e*a)Q—ab'

But

d _ dpdS _ pdt 5e" 0T (1 ey’

da  dSda dS  A—(1—-e)?—cop

Now, we want to match both regimes 2 and 3 together.
When o — 0 in (5.54) :

ay —m3de” (In (1 — e ))”
do A—m2(In(1—e7))>—co

but 1 —e @ ~ g ~ e /™ g0

i —m3de” &

do A —m? (7‘:‘1—22) —co
—mde’a?
A—a?—cop

7

(5.59)
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Then

—mda? o
v~ <—A — 5 C¢) e’ + Const.

—mda?
~ 1 ...) + Const.

& (A__”Z(;) 57 Const. (5.60)

Now, from (5.59), on taking o — 0,

@ §ea(1=1/m) (1 _ e—a)Q
dae  A—(1—e)?—co’

where (1 —e @)’ ~ (1 — (1 —a))® ~ a? so,

dw 5ea(1—1/m)a2

—_—

da A—a?—co

5a2€fa/m
A—a?—co
Sae—o/m
o? (—1+ 5 (A—cg))
Je—a/m
(z(A—co)—1)
Integrating,
—mde=/m
Const.
Y Eaw oy
—mo o+ Const. as e ™~ o (5.61)

(& (A—cp)—1)

Equations (5.60) and (5.61) match. In Figure 5.30 we can see the regimes of the
travelling wave for this case. In regime 1 for m small, excluding regime la where
the approximations are valid but its integral diverges, we have from (5.53) that 1
changes an exponentially small amount. According to (5.54), in regime 2, ¥ changes

an amount of size m?>

. In regime 3, from (5.59) with 0 < o < oo, we also see
changes an exponentially small amount.
All in all, apart from regime la (S — S_), most of change of ¥ occurs in regime

2. For completeness, we should worry about regime la, here A — m?2S (mta) — cpS
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becomes small.
Now S_ satisfies
2o(5+3) : :
A=cpS_+ K(S_) ~ copS_+m°S:" (for S_ in regime 1).

~ cpS_ (for ¢ order 1).

Then we have

l+ep(1 =S )=1+cp—cpS_ ~1+cp—A<O0.

1 U1
. regime 3

\ regime 2

\ regime 1
/ < regime la
(0

0

Figure 5.30: This figure shows us the changes in 1 in all regimes of the travelling

wave. Regime la has S close to S_.

For a — o0, (S — 1), then

d se(1-)
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Integrating (5.62),

) 1
~ eo‘<1_ﬁ) onst.
v (<A—c¢>(1—$)> +Const
5m 1
e‘X(l_E) onst.
(<A—c¢><m—1>) - Const
5m 1
~ ea(lfﬁ) onst. )
(A_C¢) + Const., (5.63)

and we see that ¢ reaches a finite value, v, as above, (5.27).
Case2: 0=5_<S5, =1

As Case 1, we also consider both Case 2(i) and Case 2(ii)* together as they are
so similar with Case 2(ii)** not applying because m < 1 so we always have m < %

In this case, we are looking for a travelling wave such that :

1
0=A>14cHp = cp<-1 = c<——.

¢

For ¢ fixed of order 1, m — 07 and S not close to 1, the travelling wave in the first

regime is given by :

_ * _ D(S)
=) T s (5.64)

Using (5.1) and (5.2), then (5.64) becomes :

S meg(a+d)
?/J ~ =0 mQSl ds
0 m25(a+§) + ¢S

S m28(m+3)
~ —0 —dSs
/0 cpS

—m25 [°

co 0

—m?2s 1

—m36

= sta). (5.65)

Now, let us see the travelling wave in regime 2 when S is close to 1 (S = 1 —mo).
In this regime, the approximations of D(S) and K (S) are given by (5.6) and (5.7).
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Then from (5.18), we have :

dy N —om2e” (In (1 — e™))”
dS  m2(In (1 —e—"))2+c¢’

ay dm3e? (In (1 — e~°))?
do m2(In(1—e))’+cop

(5.66)

o in this regime is order 1. When ¢ — oo (o is large), this takes us back into S not
close to 1, regime 1. On the other hand, ¢ is exponentially small in % takes us into
S very close to 1, regime 3.

For o not small, (5.66) becomes
dip om? 2
— ~|— e (In(l—e"7))".
(M) e (1= )
For o — o0, as before in (5.55), this gives :
dy om*\ o,
— ~ |[—) €%
do co

~ (i—”j) e (5.67)

Integrating (5.67), we get :

—om?
~ ~7 4+ Const. 5.68
Y < " ) e 7 4 Cons (5.68)
Now, we need to make 1 match together for the two regimes 1 and 2. For this, we

know that the previous regime gives, from (5.65) :

Wb ~ <_5m3) g+

).
¢

NI

But S =1 — mo, then
Sm3
b~ ( 5m><1_m0_)<

o3
N ( om )e(rln.i_%)ln(l—ma) + Const.

1) 4 Const.

3=
SIS

53
~ < iZ ) e 7 4 Const.. (5.69)

Equations (5.68) and (5.69) are the same, so that means the expressions for ¢ match
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for both regimes 1 and 2 of the travelling wave taking the constant in (5.68) to vanish.

Figure 5.31 shows both regimes :

regime 2

- regime 1

0] <m—35> and it is very small

cp

Figure 5.31: The changes in v over regimes 1 and 2 of the travelling wave.

Now, when S is very close to 1, so that we are in regime 3, we again write S =

1 — me~®/™. In this regime, the approximations of D(S) and K(S) are given earlier

by (5.9) and (5.8). Then, from (5.66), we get :

dp  —de(75) (1 — e’
da (1-— e*a)2 +ecp

For o — 00, so that S — 1, we have :

W (—_5) (1)
do co '

By integrating (5.71), we get :

~ _— eo‘(k%) onst.
" (w(—%)) + Const

(%) e*(1=%) 4+ Const.

~ (—5m) eo(1=5) + Const.,
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again giving that 1 tends to a finite value, 9.

Now, we want to match 1 in regime 3 with the expression in regime 2 as follows
From (5.66) :

di) dm3e? (In (1 — e*"))2

do "~ m? (In(1— e—"))2 + co

R

But 1 —e 7 ~ e %™ then

@ dm3e® (ln (e*a/m))2

do " 2 (In(e=o/m) + oo

dme®a?

a? + co

(o

dme
(1+3)

o2

By integrating both sides, we have :

o + Const. (5.73)

From (5.70) : 1
dp o075 (1 — e’
da (1-— 6_0‘)2 +cp

But (1 —e )’ ~ (1= (1—a))® ~ a? for a small (a — 0), then

dy germm) a2
do a? + co

83



Chapter 5: Travelling Wave Solutions

Integrating both sides gives

Y~ ( m56¢> e~ /™ 4+ Const.,

but ¢ = —1In (1 — e*a/m) ~ e~*™ then we get :

1+

a2

WU~ ( om ) o + Const. (5.74)

From (5.73) and (5.74), we can see that the expressions for ¢ in regimes 2 and 3

match.
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Case3: 0=5_<S5, <1

regime 1b

regime 1

S_.=0

— | =

Exponentially thin

Figure 5.32: Shows Case 3 when 0 = S_ < S, < 1.

In this case, we have that the wave speed c is given by

2 (2 1
c~ SJ(F’" ) for 0<S, <1

on taking S not close to 1 (see (5.42)).
We now only have one regime, regime 1, and we have A = 0. Then from (5.18) we

get :
dy —0D(S)

S~ K(S)+c¢S’
and from (5.1) and (5.2), we have :

dy _om2s(m+3)

Y

2

ds m28(m+2) 4 cpS

_sm28(mt3)
cpS

— 2 1 1
~ < 5$)S(m2) for S mnot too close to 5.
c
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Then
—om? 141
Y Earay
3
~ <_5m )s(ﬁﬁé)_
co

Given the value of ¢, this asymptotic approximation clearly is not valid if S is too

close to S;. As before, there will be a regime 1b (S — S, ), similar to regime la in

Case 1, as shown in Figure 5.32.

Case4: 0<S_ <S,.<1

We take both S_ and S, to be fixed and away from S = 1, so that they are in

regime 1. From (5.18), (5.1) and (5.2), we have

+3)

3=

% 5m25<
dS 4 m2s(ata) — cps

But
A = K(S_) + C¢S_ = K(S+) + C¢S+

~ m2S(E+§) + cpS_ ~ m%ﬁﬁﬁ) + coS,.

(5.75)

(5.76)

For 0 <m < 1with0 < S_ <S5, <1 we assume S not close to S_ or 1 and S_ not

241 241
small, then S0 %) « S&”“).

From (5.76) we have

- -

stS_EJFE) o stEEJFE)

5(S; —5)
Using the assumption above, we have
_m2 S_E_%+%)
c~ ————
6(S; —5)
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Therefore, (5.76) becomes

A ~ mQSJgR

+1) mQSJrSj(LWLi)
S 5

~

w25\ ) (5, = 5y = m2g{ntY)

Sy —S-
(5.-s) '
Therefore, using (5.75), (5.77) and (5.78), we get :
dy sm28(m+2)
as

A—m28(m+2) — cps

(5.79)
om?(Sy — S.) S(m+3)

—m? (559*5) 45 (5, 5~ 5

1 (5.80)
£m+2)5)

3=

—5(5, — 85 )Stt3)
(2+1) 5 )2 ) (5.81)
syt s — 9y + 8 (5, —5)
—5(5, — S ) SEt3)
- (@Z;) ) . (5.82)
st (s 2 s
On integrating (5.79), we have
- s §lm+s) .
o ~ 7“5(;3—) / ST
S+m 2 S_ S, — S
o S _(£+3)ms
Vo285 / e 48 (5.83)
slnts) ~ 8-S
: 11 : 1 1\dS
Choosing o0 = (E + 5) (lnS — lnS) then do = — (E + 5) 5
~ o N
InS=InS - (%—i—%) = InS~hsS =
therefore,

S~ S,

= dS ~ —mSdo.
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WhenS:S,o:OandwhenS:S_ then o = (%Jr%)lnsi_»l.
Equation (5.83) becomes

5(Sy —S.) /°° mSGits)e—o
(G 75(3+%) ; —<5_-g do
+

Njw

. oSy - 5.) st )_ (5.84)

2

SEFR"’%) (S _ S_)

Note that (5.84) is only valid for S not close to S_ and S, .

Case 5: 0=5, <S5 =1

S 1

(3)\
@2

(1)

S, |0

Figure 5.33: The three regimes of the travelling wave ) when 0 =S, < S_ = 1.

When m — 0, we have the following two cases :
Case 5(i) :

In this case ¢ = 0, the travelling wave is given by equation (5.64). In regime 1,
D(S) and K(S) are approximated by equations (5.1) and (5.2) so that the travelling
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wave can be given by :

N

m25(m+3)

s
_5/ 2 1
0 m25<%+5)+c¢5
s 5(+3)
—5/ 5271d5
0 S(mﬁ)

—5/05 s(=)ds

as

5m5(_%+1) 4 Const.

Now, we will examine the travelling wave in regime 2 when S is close to 1. Using

equations (5.6) and (5.7), we have :

dy
ds

For 0 — oo, this gives

Integrating this, we get

()

- K(9) + oS

_ —om®e? (In (1 — e?))’
m2(In (1 — e=9))?

~ —de’,

di o dv

o "as

~ ome’.

ay
do

~ ome°.

Y ~ dme’ + Const. (5.85)

Now to match the solution ¢ for the two regimes 1 and 2, we have from the first

regime :

b ~ smS-mt) (5.86)
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With S =1 —mo, (5.86) becomes :

P~ mé(l—ma)(_iﬂ)

~ mde(—i—i—l) In(1—mo)

~ moe’ (5.87)

so (5.85) and (5.87) match together.
Now, when S is very close to 1, regime 3, S = 1 —mem . In this regime, the functions
D(S) and K(S) are approximated by equations (5.9) and (5.8). Then

dip  —6e (1 — @)’

7G i efa)Z ~ —de”.

But a0 a0
Y _ e _geoli-%)
1o ¢ 7S de .
For a — 00, ie. S — 1,
dy o(1-1)
o de
Integrating this, we get
Y~ —om e(1=5) + Const.

=1
~ —5me°‘(17%) + Const.

On the other hand, to match v in regime 3 with ¢ in regime 2, we have from regime
2

d
% ~ ome’.
Integrating this, we have
Y~ dme’ ~dm(l+o+...) ~démo+ Const. for o — 0. (5.88)

We also have from regime 3
d 1 —a
—,l/} ~ _56():(1—%) ~ —567.
da

Integrating both sides, we get

Y ~ dme™ + Const.
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But 0 = —In <1 — €%> ~ em , then
W ~ dmo. (5.89)
From (5.88) and (5.89), we can see that 1 in regimes 3 and 2 match.
Case 5(ii) :
In this case ¢ > 0 and the analysis is very similar to that of Case 2(i).

Case6: 0<S, <S5 =1

2
(1) 5;

Figure 5.34: This plot shows the three regimes of ¢ in case 0 < Sy < S_ = 1.

For this case we have ¢ > 0, ¢ = 0 and ¢ < 0. It is exactly like Case 1 when

m— 07.
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5.8 Different Travelling Waves : m — 1

When m — 1, we only consider the case 0 < S_ = S5, = 1, Case 1. Case 4, with
0<1—S5, — 0 and Case 6 are expected to be very similar, and are not considered.
The other cases appear not to have any interesting limiting m dependence and are
not looked at.

Now, when Sy =1,0< S_ < S, =1, we have a general profile as of Figure 5.9. We
have A = K(S_) + c¢S_, so that from (5.16), we have

5D(S)% = A—(K(S)+ c$S)

= (K(5-) +cpS-) — (K(5) + coS)
and this should be positive for S_ < S < S, =1, which means

as

3D(8) 5 =

(K(S-) 4+ cpS-) — (K(S) + coS) > 0.
For this case, we have the sub-cases as in Case 1 (pages 49 - 55) (see Figures 5.7 and
5.4):
The first subcase (Figure 5.7) has
A=K(S ) +cpS_=1+cop
. 1 /1-K(5)
oo\ 1-5_ )

The second subcase (Figure 5.4) has

SO

A=K(5_)+cpS_ > 1+ co

SO

s

In these cases we notice that the value of ¢ (or its limit) depends on m.
Form <1, S_ < S, =1, as can be seen from the graph of Figure 5.35, if S_ is close

to 1, ¢ has to be large negative as follows :
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—— Line with slope giving bound for c.

Figure 5.35: This figure shows the plot of function K(S). When S_ is near 1 has to

have ¢ a large negative value.

—cp > Cr = %%(S_) — oo as S_— 1. (5.90)

On the other hand, for m =1, S_ < S, = 1, the limiting value of ¢ will be given by
the much weaker estimate
1-K,(S.) 1-8"2 5

—cp > C] = T—g —1-¢ T 3 S_—=1". (5.91)

From (5.90) and (5.91), we have C* in general is given by :

11— Ka(S)

C(S-ym) = — = (5.92)

The value of the function in (5.92) for m < 1 and m = 1 will be shown in Figure 5.36.
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1-K(S-) 1-K(S_)
1—5_ 1—5_
5/2
S S
0 1] S 0 1 B
m <1 m=1

Figure 5.36: The two values of the function 1_155*) in case m < 1 (left) and m =1
(right).

For m < 1, the value of C*(S_,m) is large and increases to oo as S_ appraoches

1, but for m = 1, it only increases to 5/2. This function for both situations m < 1
and m =1 is given by

1-51/2 [17(1—51/*”)’"]2
1
C*(S,m) = 1-5 m<
1—-85/2
1-3

m=1

From this equation when S — 1 there is a non-uniformity at S = 1, m = 1 because
1—51/2[1—(1—51/’”)'”]2
-5

_ _55/2
— oocas S — 1 butllf

o does not. If m is away from 1,
there is no problem taking S — 1 and if S is away from 1, there is no problem taking

m — 1. The problem is taking S — 1 and m — 1 together.

Let us consider the second sub-case A =1+ c¢, when m — 1 with fixed S_, then

: 1 (1- 8
K, (S) — 52, c—>—5 (1—S_> =

so that S — S7 (5] is the solution we get by replacing m by 1).
For this limit m — 1, the functions D(S) and K(S) are simply given by

o (5.93)

(5.94)
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Here,
SDIS)TE = (1(S-) + 10S.) - (Ku(S) + aoSi).
Using (5.93) and (5.94) we have
552 dS :
— d—J = (Ky(S_) + c1pS_) — (Sf n clngl) . (5.95)

When S; — 1 then the derivative of the right hand side of (5.95) is going to be a
non-zero number. This leads to an exponential approach to S; =1 as ¥ — oo.
We observe, however, that, for fixed m < 1, from Case 1(ii)** near the start of the

chapter, we have S — 1 only algebraically as ¢ — oo.

1 1\ m72
Now, we fix m < 1 and take S_ — 1. We have K,,, = S2 [1— (1—Sm) } and
1 /1= Kn(S)
c = - (2 —2m\P-)
) 1-5_

p(1-52[1- (1—S%>m]2

& 1-5_

If S. — 1, ¢ goes to —oo. In particular, if we write S_ =1 — o, where o — 0, then

¢ o~ _¢_1a <1—(1—o—)% [1— (1—(1—0—)%>m]2)

1
po
1 20™
~ —— (1= (12—
AGICE)
m—1
~ ;Tanm (¢ =0, m<1)
—2(1 -8 )"
. =2 ¢im) 5 —co. (5.96)
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Now take m — 1 and S_ — 1. Still considering for the limiting case, ¢ = —é (1_1]_%5})),
1 1\ m72
(=82 fi=(1-s) ]
©T 7% 1- 5 ’
1 1 1\m 2
- —%{1—(1—0—)2 [1— (1—(1—0—)m) } }
on writing S_ = 1 — o, where we shall let ¢ — 0.

Since m — 1, 0 — 0, let us take m =1 —n, n — 0, therefore

c = —¢—10{1_(1_0—)% [1_(1_(1_0)ﬁ>(1—n>r}

- _¢_{7{1_<1_%a ) C(l—o(l—n.. )))“—’”r}

- _5{1_(1_50 ) (0 —om. )“"’]2}

~ _¢—1g{1—(1—%g ) (0 —on. )e—"ln(“‘”"--->]2}

N _¢—10{1_(1_%g ) (0 —on. )(1—n1n0...)]2}

- _¢_10{1—<1—%a ) 1-0o+nlho.. ]2}

- _5{1—(1—50 ) (1—20 +2nlno.. )}
SEEVCRN

- _% (2_2”61:“’), (5.97)

The key balance is when 7 is of the same size as % So, n =0 (%), ie. 1—m

. . —In(1—
is the same size as 111(755)

cases, ¢c = 2, got for n < ln" , and (5.96), achieved for n > =

and this gives the separating behaviour between the two

Now when A > 1 + c¢, we have ¢ < —i (%) We have similar results ap-
plying to the bounds for ¢ -+ —oo when S- — 1 and m < 1, and ¢ < 352 when

2¢
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S_ — 1 and m — 1, with an intermediate estimate for 1 — m of order 1 — 11(121_755)) )

5.9 Summary

Frontal travelling wave solutions for the nonlinear convection-diffusion model (5.13)
are seen to exist for most cases of limiting saturations S_ and S,. To be more precise,
we have travelling waves for all cases of 0 < §_ < S, <1, but with0 < S, <5 <1,
they only occur for 0 < S, < S_ =1.

Travelling waves with 0 < S, < S_ < 1 do not exist. With S_ < 1, travelling waves
move down, under the effect of gravity (¢ < 0, Cases 1 - 4) but with S_ = 1 the water
can be forced up and we can have waves moving against gravity (¢ can be non-negative
for Cases 5 and 6).

With the model parameter m — 0, the various cases of the travelling waves still
applied, but different parts of the wave corresponded to the different regimes giving
different approximations for D(S) and K(.S). Excluding the asymptotic approach to
St as 1) — Fo0, the widest part of the wave, appears, at least for S_ or S, =1, to
come from the regime 2, where S is O(m) from 1.

In the opposite limit m — 1, little interesting behaviour was observed. However,
the limiting critical value of wave speed was seen to have a non-uniform limiting
dependence on m — 1 and S_ — 1, at least for Case 1 (0 < S_ < Sy =1).

The travelling wave in Case 4 can arise as a limiting solution of the problem satisfying
the boundary condition (4.2), with KoK (S;) = Qin, and initial condition with S_ =
Sinit, provided that S;,;; = S_ < S;. This was the situation for our numerical
solutions only for S;,;; = 0.05 while the other cases which give S_ > S, belong to
Case 8 and do not give rise to travelling waves. Also a travelling wave in Case 3, with
S_ =0 and Sy = S, satisfies (4.3) but unfortunately because ¢ < 0 we do not see

it (the wave would move into z < 0, outside the green roof).
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Self-Similar Solutions

6.1 Introduction

In this chapter, we investigate self-similar solutions for our nonlinear convection-
diffusion model (5.13). We particularly seek the solutions for the limiting cases of the

saturation S being near 0 and 1.

6.2 Similarity Solutions

This method is a systematic method of change of variables which is sometimes effective
in producing solutions to diffusion type equations. The key to this method is that the
change of variable may reduce, for instance, a second order PDE to a second order
ODE. The change of variables is called a similarity transformation and the resulting
solution of the PDE (if it exists) is called a self-similar solution or similarity solution.
We want to obtain self-similar solutions of our nonlinear convection-diffusion model

given by equation (5.13) by seeking an appropriate similarity solution in the form :
S(t,z) =t®(&); &= 2tP, (6.1)

where £ is the similarity variable. Here v and 8 are some unknown exponents to be
determined.
Using (6.1), then (5.13) becomes :

. 0P SN I . i) PO
ot (acb(g) +6§8—£) =6 (8_§D(t <I>(§))a—§t( 20 4 D (t2®(€)) t +25>a—§2)

a 03
+ 6—§K(t ()18,

(6.2)
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Dividing both sides of (6.2) by t*~1, we get :

0P

o (a0 + 5652 ) =5 (D "0() G2 + D () T D)

9 a (B—a+1)

+ SRR
(6.3)

d

— 5t (28+1)
d¢

(D (1°9()) df) b SR

=2 (s (0e) 5

3 £t t(a+5>K(tacI>(g))) .

This equation is in general dependent on ¢ whatever values constants a and [ have.
We will investigate the self-similar solutions to equation (6.3) for the two limiting

cases when S — 0 and S — 1.

6.2.1 Casel: S—0

In the new variable ® and for general m, we exactly need t*® — 0 for S — 0. This
could happen with ¢t — 0 if @ > 0 or t — o0 if @ < 0. The functions D(t*®) and
K (t*®) are approximated, as in (5.1) and (5.2), by :

D(t*®) ~ m*tGn T2 Plta), (6.4)

K(t°®) ~ m2t*Gat2)olnts) (6.5)

Then equation (6.3) becomes, approximately,

d 1,1 1,1\ dP s 1 -
P m2 L sp(28r1va(E+3)) o (5 +3) ((Br1ra(2-1)) p(2+4)
<Z5(oz +5§d£) d§< ET
(6.6)
Equation (6.6) is independent of ¢ if the exponents o = =22 and = —2=2. Then

equation (6.6) becomes

Sm? d% <q>< l)ﬁ)) +m jg@(i 2) = 6:23¢m <m<1>+ (1 —m)gﬁ) . (6.7)

Now let us introduce the following new variables :
C=—¢ 9=almt3)

These give
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Hence, equation (6.7) becomes

k(e

_ <2m+ 22) p(z-1)4® _ _—2¢ (mcb (- m)C@) ,

2 ¢  6—3m d¢
3 2
or 20m® '\ d*J _ m?(4 + m)0(2+2m)d19 2¢m o (j2m )
24+3m ) d¢? 2+ 3m d¢ 6—3m

4pm(1 —m) g dv dv
(6 —3m)(2+ 3m) a¢’
(

d*9 _ (4+m (272771) 2¢)
- o 2

1—m) ~zem) dd (24 3m)¢ am
© @\ U T S e ) dc om26 —3m) 0 o"
2 —(24m
finally, ZCQ = (Clﬁ(%am) — (v 2(+J3rm)> % _ 0319(2+3m) (6,9)
where ¢; = 2;7:, 5 = % and c3 = ~55M_ are all positive for m < 1.

dm?2(6—3m)
We now investigate the possible behaviour of solutions of (6.9) satisfying ¥ = vy at

¢ = 0, for some arbitrary positive ;.
(1)* The solution can blow up

From equation (6.9) we get :

d*9 —24m)\ dV 2m
d—QQ = (0119(2+3m) — oV 2+§m ) d_g — 0319(2+3m)

2—2m d19 2m
19(2+3m>d—C — 0319(2+3m>

v

(6.10)

443m

in 0 < ¢ < ( for any given positive (5 < (01/02)195%), taking 0 < ¢ < ¢ —
_(443m
Coca¥, (355 , provided that 9 > 9.

~—

1 . 2m 2—2m
When 0 <m < 3, then we have : 5ram < Srame

In this case, as long as % > 17 > 0 for any given positive 91, ¥ > 1y > 0 and
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0 < ¢ < (o, then

0
acz —

() cpa2n)

Integrating,
dy _ dY
> —(0)+ =
d¢ = dc¢

{@@+§(

By integrating (6.11), we get :

<[ o

dy

¢

dg —

In particular, (< / [—(O) + =
)

dg
taking
choosing such

2 (0).

When m > %,

(2 + 3m) <’l9(24‘:—37?”) _ 19((]24;?21))
44+m

2 am) () (2]

44+m

44m -1
2+3m) (MS‘I—%) —ﬁéﬁm dv.

44+m

d4+m 44m

44+m

to demonstrate blow-up of solutions.

We return to (6.10) which is of the

d219 - oAV
with the powers satisfying
2—2m 2m 44+m
=@ 2+3m<6 2+3m<0Hr 2+3m
We set P = d(, and
9 dP dYydP dP dg
— == —— = 9 — — cg? = 9P — cg0”.
Q2 dcdy T s e “

general form
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2
o

0

4m—2

243m

(6.11)

(2 + 3m) (19<2+3m> - 195“3’”))] e

%(0) > 1, large enough. Therefore, ¥ — oo as ( — (* for some (* < (p on

we cannot proceed as above and we must employ another method
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Then
dP

%cha_cwﬁ/p aslongas P >4, >0, 9>9,>0.

Supposing that P > c;0°™  for 9y <9 <¥* and some cf >0,

dP C3
s e — _1957&71
4~ c ’
L A e C3 oG gar1 €3 gb-a
which gives P >y + ——gott - — = __gh-a_ 99— 97,
& "Tat (8 —a) at1 "’ TgB-a) "
(6.12)
on taking P = % = ¢, > 09t at ¢ = 0, where ¥ = 9.
We now choose 03 oD +1 , and 1, large enough, such that
cy o C3 a (G C3 B—a
o+ —goett - = e _gatl 2 950 for ¥ >,
et TgB-a)) a+lV TgB-a) =t
* a C3 —a CT a+1 C3 B—a CT a+1
then o + ——0fl— — = oL _gotl = g —
! +1 (B —a) at1"° (B —a)? 2(a+1)
= it

Assuming some smallest 9* > ¥ such that P = ¢5(9*)*™!, we get a contradiction

from (6.12). Therefore,
dv
d_g > *19““ for o > 1.
Taking %(0) = 1J; large enough then gives blow-up before {y. This would make S no

longer small (in contradiction of our original assumptions) as z — —t#¢*.
(2)* ¥ can fall to zero at some finite value of (.

First note that if % =0 and ¢ > 0 then 2%9 < 0. Thus taking %(O) < 0 gives
%<Oin§>0aslongasO<19<190:19(0).

Also, from equation (6.9), taking some (y > 0, as long as ¥ > 0,
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d*v 2-2m —2-m\\ dU
d—CQ < (01’19<2+3m) — CQCﬂ( 243m )) d_C
= s2=m)) dV . v
< (01?9@*3’") — CQC019( 2i3m)) d_g for (¢ < (y, since we have d_g <0.
(6.13)

Then we get, on integrating,

4y dv 24 3mY (aim 24 3m\ ()
R R 19( m) _ ,19 2+3m
d<<d§(0)+01<4+m) 243 Cl<4+m> 0

— e (2 + 3m) o9(755) + o (2 il 3m) cotSTE) - (6.14)

2m 2m
Therefore,
< S0+ () ol
SO
9 <o+ (%(0) o (2 _;im) goﬂgﬁ%)) ¢=0,

at some f < (p, taking %(O) large enough negative. In terms of the earlier scaled

variables, S falls to zero as z — —t 2, see Figure 6.2.

We now have two quite distinct behaviours for ¢, depending upon its derivative at
¢ =0: (1)" it can tend to infinity at some finite {; (2)* it can fall to zero at some
finite value of (y. Other types of behaviour might be possible for intermediate values
of %(0) and here we conjecture, because of the contrasting characteristics of (1)* and
(2)*, that some values of %(O), for a given ¥y = 9(0) > 0, lead to a solution J(()
which exists and is positive for all (.

To strengthen the evidence for this conjecture, we try to rule out the other sort of
solution which can connect the family of solutions of type (1)* and that of type (2)*,
namely assumed solutions which become large at bounded, and bounded away from

0, ¢, and then decrease, see Figure 6.1.
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G

I

D ———

G

Figure 6.1: Assumed solution having some solutions for (6.9) which are very large at

finite values of ¢ but then decay.

L jag(Ge)

1 A

%G

Figure 6.2: The assumed solution, as in Figure 6.1, in terms of the original variables

S and z.
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First of all, (6.9) can be written as :

d?y d9
q = (19" — (V) ac c3*? (6.15)
where oy = (g;g%), g = % and az = (%) Near the maximum of ¢ (circled

region in Figure 6.1) we make the following change of variables :
Y= 190 + 19119, C = CO + Clé with 190 > 1 and CO = O(l)

Then substituting the values of ¥ and ¢ into (6.15), we have

(B) 20 = (o0 )" e 66 (s 0a) ] 220

— c3 (190 + 191"5‘) " ,

SO <1§11) d219 -~ [011931 + C1a1198£1*119119 4= (go + ngt) (198‘2 + a2198{2711911§ g )]

19 d19 .
LEL ey (057 + st D+ )
G
~ (0119841..._62@19842...)791@ — 595 - -
G d
Because ay is negative, the term —cy(p0g? ’211 Z’z can be neglected. Then we get
D\ (aditin ) — 3952, (6.16)
G)azz"\ ¢« Ja " '
Dividing (6.16) through by % &, we have
d*9 3053
= ~ (a? Cl) _ oG
d¢? d¢ (%)

To get a balance in this equation, we must choose 9, and (; as follows :

1 03’1933
Cl 01’1931 ’ ! 01’1931
We have now .
#i_di
d¢cz  d¢
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The solution in Figure 6.1 must come up linearly and then go exponentially down
again (see Figure 6.3). In the earlier regime, where 9 is behaving linearly, ( — —oo,

i.e. ¥ < 9y, the second derivative is negligible.

dd
g

Figure 6.3: Expanded view of the regime near the maximum (circled in Figure 6.1).

We therefore now look at the earlier, ¢ < (y, regime where the second derivative

is unimportant where equation (6.15) is approximated by

(Cl"l?al - CQC’Z?OQ> % ~ 0319&3, (617)

and we shall want to match with the regime around ¢ — (, = O(J;*"), ¥ — ¥y =
O(V5*~ ") just looked at above. For ¢ > 1 (large), (6.17) reduces to

dv
clﬁo‘ld—C ~ 30 since an < 0 < a, (6.18)

and ( is bounded. But a3 — oy < 1, so (6.18) does not give ¥ becoming large in finite
¢ and we do not, after all, approach, let alone match with, the regime previously

considered. This suggests strongly we do not get behaviour as in Figure 6.1.

We therefore expect a solution to exist for all ( > 0, and we now look for possible

asymptotic behaviour as ( — oo. We expect the highest derivative to be relatively
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small so we try to balance terms on the right hand side of equation (6.9) and neglect

the 22 term. The first term on the right is positive while the second and third are

acz

negative so we need to balance them.
Then a0 a9

cm(iémd—c ~ CQWmd_C + ez(atin) (6.19)
i dv dv

Clﬁ(g;gz_Qi@n)d—C ~ C2C19(2(-2$::)_2J2r?m)d—c + c3,
2—am 1) dv
Le. e R0 75 ~ czcﬁ*1?< +cs,
or (01193:3lz - 02%) % ~ C3. (6.20)

We look for solutions of the form ¢ ~ K( “=n . There are two reasons behind this

sort of behaviour. The first one is that this balances the first and second terms. The
other reason is because such behaviour is also given by balancing the first and third
term, which might be just expected initially from what we knew what happened from

previous work [2] for the special case of m = %, when 9 ~ K(.

Then by substituting this into (6.20), we get

4—m

oK) (72 +3m) () — o <2+3m) () o,

4—m () \ 4-—m

SO <2+3m) K<51+_—3Tn) =y (2 +3m) + ¢z,

4—m 4—m
2+43m
[ et
(550 a
Thus "
K:{RCQJFCP’] : n:2+3m (n=1 for mzl). (6.21)
ney 4 —m 2

From (6.21), we have then :

9 [n02+03]"cn’ - 2+ 3m

SR (6.22)

ncy

From (6.1), (6.8) and (6.22), we can get the self-similar solutions to our model (5.13)
when S — 0 as follows :

3=

o

- [ o

ncy
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Multiplying by t“ :

( 277'1) 2m
S(t 2) — 9P |:n02 + 03} ta(—zt6)<4—m>
ncy
Thus

[ncy + 3] (42_7”;”) 2m
L ncy ]
[necy + c5 | (%) om om 2m—2 2m_

~ t(s(z—m))(_z)(m)t(?)@—m) a- )
L ncy ]
[ncy + c3 | (%) —am_ (1, 20-m)

~ _ (—Z)(477n)t3(2—m)( T )
L ncy ]
[ncy + c5 (25%) 2m | (—2m

~ (2T (=) () (). (6.23)
L ncy ]

We simply found that the powers of ¢ giving S and the similarity variable are both

negative (o < 0,5 < 0). This means that we can say, for fixed z, as t — oo, t* — 0,

2t% — 0, then ®(2t%) — ®y. Therefore, S ~ t*®; — 0 but this is not interesting
1

e

behaviour as there is no spatial, z, dependence as ® ~ 9,

To get the right asymptotic behaviour of ® we need 2t — —oo (¢ large). For S small,
we also need, t*®(zt7) = ta(—ztﬁ)(ﬁ—mm) = (—z)(ﬁ—mm)t(%) to be small, along with
—2(1-m)

2P = zt( =0y, to be large.
Taking the (A‘z_—mm)th power of the former, then we get 2t~ small (or tz~! large). Then
z L t.

. ( —2(1—m) )
We also require : zt\ 3¢-m) /) > 1.

Because z < t, we then have :

tx tsemm) = ((-360) = ¢(m) > (5

—2(1—m)
3(2—m)

5 > 1.

Then ¢t > 1. Therefore, t > 2z > t<3(2 ) > 1.
Based on t being large then this similarity solution applies, and S is of the form (6.23)

and small.
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For the special case when m = 0, we have :

> 2> 10> 1.

2(1—m)

We cannot do m = 1 because it gives gg:z; = 0 making t<3(2—m)> > 1 impossible.

6.2.2 Case2: S—1

In this case, we seek self-similar solutions of equation (5.13) in the form :
S(t,z) =1—1°®(¢), €=zt (6.24)

where o and [ are again some unknown exponents to be determined. By substituting
(6.24) in (5.13) we have

¢(a<b+ﬁ§ 6) _ yesen 4 {5D(1—t°‘<b)d©

de de

For m fixed, we have the approximations of the functions D(1 —¢*®) and K (1 —t*®)
when S =1—mo — 1 (see (5.3) and (5.5)) as follows :

t= K (1 - tacp)} . (6.25)

D(S)~D(1—mo)~oc ™ for o—0,
K(S)~K(—mo)~1—20m.
Therefore, we have
D(1 —mt*®) ~ (t*°®)™ ~ ¢t7"*®d™™ and (6.26)

K(1—mt®®) ~ 1 —2(t°®)™ ~ 1 — 26", (6.27)

By substituting (6.26) and (6.27) into (6.25), we get

dd
P = (284D StTmedTm— — ¢~ (@) (1 — gpemPp™
o (a0 e i 3 ( )
_ t(26+1—ma)i SP~ mdq) dt(ﬁ-‘,-l—oz) +2t(6+1—a+am) ao™
d§ ¢ ) de d§
d dd dCI)m
_ t(26+1 mao SP—™ Qt(5+1 a(l—m) ) 6.98
e () R

Equation (6.28) is, in general, dependent on ¢. According to the general theory of
self-similar solutions, we have to determine the values of the exponents o and S so

that equation (6.28) depends only on the self-similar variable £ and does not depend

109



Chapter 6: Self-Similar Solutions

on t. For this, we need
284+ 1—ma=0, f+1—(1—m)a=0. (6.29)

From (6.29), the values of o and 8 can be obtained as

-1 ﬁ_l—Qm
 3m -2’ C 3m =2

Then (6.28) becomes

1 L—2m\ d®\ d (. _ dd\ _d
¢<<3m—2)®+(3m—2)5d_£):d_5<m d£)+2d£q)

Setting
dv do
_ _ —m—+1 : 7 -m__ — (*m 1)
(=—¢ V=0 gives gz =(-m )T oe, e =dim
Then we have
d(-m+1) __ db _d —¢ ( dq’)
0———2o ™ 2—(I>m:7 O —(1-2m)§— |,
ECman)” d TPE T oy 0T U
2 _
) ﬁ _ 2m ﬁ<%>@+ o(1—2m) Cﬁ(#)@_#ﬁ(—mﬂ)
“mt1)de T Tmrl d¢ " (3m—2)(—=m + 1) ¢ (3m —2)
2 — — 1
U _2m g (zmaydV Mgﬂ(%)dﬂ Mﬂ(m)7
dc? 5 d¢  0(3m —2) d¢  d(3m —2)
d209 7(172m)d19 ( m )dﬁ (L)
% o z* ¢V s g\ t=m), (6.30)
where ¢; = 277”, Co = f;((;;z;)) and c3 = %-

Now we will try to deal with this equation to get the self-similar solution in the

following three cases of m, m < <m < —, and When 2 < m < 1. Note that the

3 3
special case of m = % has been previously considered [2]. We also do not do the case

when m = 2 as no (standard) similarity solution can exist for this value. This can be

seen in two ways. First, we can look at our resulting similarity ordinary differential

equation, (6.30). Rewriting it, we get

gﬁ(%)@ _ ol —m) o1y

d*y 2m(3m—2)19 (1=2m 2m)d19 (1 —2m)
ac 5

Bm-=29m=—7% — TR
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Chapter 6: Self-Similar Solutions

with m = 2, (6.31) simplifies to

dd

3 _
i +9°=0

(0 —
Therefore, we have either ¥ = 0 or C 49 4 9 = 0. For a non-trivial solution, we want

the second one, which gives
9=AC" =5 = A(—€)' so b= —AE

This clearly fails badly at & = 0.
The second, and simpler, reason for failure comes from looking at the similarity ex-
2

ponents o and (3 for which their expressions give infinite values with m = £.

Case (i) : m < 3

When m < —, in equation (6.30), ¢; is positive while ¢y and 03 are negative so that
the first term is positive and second term negative, as long as & > 0, and the third

term is always positive. Then from (6.30), we have

d*9 _(1=2m\dY _m \dVY
d—§2 =C ( 1-m ) dg 2§Q9( m)d_g + 0319( ) (632)
on writing ¢y = —¢3 and c3 = —¢3; ¢ and ¢3 are both positive.

Assuming we have blow-up at some finite positive value ¢* > 0, so { now is close to

a constant value, then

d*9 _m_\dV
dCQ 0319( )—02’19( m)dg

Equation (6.33) is an autonomous (no ¢ terms) second order differential equation,

(6.33)

so that we can use a phase plane approach here to get qualitative behaviour of the
solution.

Equivalently, let us again put % = P. We get

dP (1 oo m
P% ~ C319<1_1m) — 0219<1_m>P,
dP ¢35 (1 N o m
80 —g ™ F?ﬁ(lfm) - 0219(17771). (6.34)

The nullcline is obtained from (6.34) as follows :

dpP m oy (G0
T =) (S -a) —o

111
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SO

Therefore, the nullcline is linear.

v

Figure 6.4: Phase plane of (6.34) for ¥ against P. The dotted line represents the
nullcline of (6.34).

In (6.34), when m < 1, we see that the power (ﬁ) is bigger than (ﬁ) S0
that the term %ﬁ(ﬁ) increases faster than égﬁ(%) as a function of ¥). Therefore,
—6219(%) is coming down and %ﬂ(ﬁ) is going up. This gives us a phase plane as
sketched in Figure 6.4
We see that any solution eventually lies under the straight line P = %19, ie. % < %19
for sufficiently large ¢, which means that there is no blow-up at (* > 0 (see Figure

6.4).

Note from (6.32) that % = 0 gives 2%9 > 0.

Hence, taking %(0) > 0, % > 0 for ¢ > 0. As there is no blow-up at finite { we
deduce that a solution exists and is increasing for all ( so that ¥ — oo as ( — oo or
¥ — Y- > 0 for ¢ — oo. The latter is impossible because from (6.32) since we see
the first and second terms will disappear while the third term is negative. Then we
have from (6.32)

¥ —00 as (— 0.

We have a solution which exists for all ¢, although it does not appear to be behaving
in a suitable way i.e. it does not — 0 as ( — oo. But as we now have evidence of

global solutions, we now see what sort of asymptotic behaviour might be possible.
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We might also have global decreasing as well as global increasing solutions.
The first and second terms of (6.32) are negative and the third one is positive. Ac-
cording to this, we try to balance terms on the right hand side of this equation and

neglect the left hand side as follows

m—1 dV) N m \dV R 1
_Clﬁ(lel)d_C ~ —02§Q9 lm)d_g + 0319(1*"")’
woydd . meaydd
_0119<21m2)d_C ~ 02C0(17i)d_< + é5,
dv
SO <—cﬂ9—2 + 62%) d_g ~ C. (6.35)

Now if we compare the first and third terms, we want 9 ~ K(™!, then we substitute
this into (6.35)
e (K 7KC? = 6 (KCY) KT ~ 6,

ClK_l — CAQ ~ CEJ,,

and we actually get a balance for all three terms.

Then
9 ~Ke! with K= —2
Co + C3
We now set
—1 1—2m
= — ﬂzé_m—i_l = = 0
¢ g, e 3m_2>0, B TSI

in S(t,2) =1—t"®(¢), €=z’

We try to get the self-similar solutions when S — 1 as follows :

o K(—g) !

Then

q):( a )(H”)(_g)(ﬁ)_

Cy+C3

Multiply this by —t® , then add 1 to both sides :

D = — ( “ )(m) (—2t%) () (g,

Co + C3

11—t =1— ( _a )(H") () (=) ()

Co —|—C3
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—1

St =1 - (2 )ﬁ) (t22)) (i)

Co —|—C3

To make S — 1 while still having our limit of |¢] = |2t?| — oo, we want

4 > 1> (ER)pm 5 = L(=0)(Hw),

Then .
2 Kl = tKz,
while zt(_é:gz) >1 <= z> t(%)
We compare powers of t here : ;: —1= 1 2m > (. Therefore,

(1—2m) t fort > 1
Z > max {t,t 2-3m } = 1-2m
t(2 o) fort <1

The similarity solution will then work for z large (¢ is fixed of order one) and for ¢
small (z is fixed of order one).
2

Case (ii) : § <m < 2

(1) For 3 < m < 2, we see from equation (6.30) that ¢; and ¢, are both positive
but c3 is negative.

Take an initial value 9(0) = 9y > 0. This means 4 > 0 at ¢ =0, then 9% > 0 as long
as the solution exists in ¢ > 0 giving ¥(¢) > ¥y > O for ¢ > 0.

From (6.30), we have :

d*v (s ) dY ()
dCQ = ngﬂ m d_C — 0319 m
m \ d
> CQCﬁ(lm)d—C >0 because c3 < 0.

Assuming no blow-up, ¥ exists at ( = (; for some (; > 0.
Then for ¢ > (,

2
Zg > iV (m’")j?
Integrating,
%(C) = Zc@l) + c2Ci(1 — )79<ﬁ) — (1 —m)v (C1)<1 ) for ¢ >,

where 52(¢) > 92(0).
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Hence %(C) > — dv

Integrating again, we get

< ¢,
o -1
where ("= / (3?( )+ c2Gi(1 —m) (19(ﬁ) - 19(@)(117'1))) di < 0.
Then ¢ < (4 + ¢* and we have blow-up before (; + (*.

(2) Now, we want ¥ to fall to zero at finite  if %(O) is large negative enough. Taking
%(0) < 0, then there must be some interval [0, (o] such that % < 0 for 0 < ¢ < (o
and hence ¢ < ¥y for ¢ € [0, (y]. Hence

d*v

—2m dﬁ 1
ac < 01197(11*2’" )d_C + cgﬁ(lfm) where ¢ = —c;,
1—2m d’l9 _1
< i (=) &2 cgﬁ‘gl"”) for 0<¢ <.

dg

Integrating,

R R ) Tl

d¢ d¢ m
< %(0) FeaalTme <0 for (<o (6.36)
and 9 » 1
d_g <0 for ¢ <y ontaking (4= _d_g(o)/ <C§19((]1m)) ’

as long as 19 remains positive.

Now take %(0) large negative to integrate (6.36) and get :

S0+ Gl TE ) (=0

9 <
<o+(dC 5

before ¢ = (. As for the other cases, some solutions blow-up and some of them go to

0. We now conjecture that there will be some solutions which exist for all { > 0.

To get the large ¢ behaviour, in a similar approach to the previous case (i), we will
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try to balance terms on the right hand side of (6.30). For this, we have

dv
— (197 4 ¢V T (6.37)

Similarly to the previous case, we will substitute the same assumption 9 ~ K{~! into

(6.37) to get :

K= = J~KC
Co + C3
Hence, ()
N O I D) (—at2) ™),

Because £ < m < 2. we now want
2 3

A0350) s 1> (0 )i =m (3250) = (50 )pemn (1) — (=0 (3)

to simultaneously get t*® small and |2t°| large.

2m—1

t
Now zt<2—3m) > 1, - < 1,the latter meaning ¢t < z
z

2m—1

zz(m) > zt(%) > 1.

I\
—~
N
b
3
~—
I

SO

Then z>1
with ¢t <z and t@T?’_WIL) >zt e t> z‘(gfn—g—"{),
Therefore, z has to be large and ¢t must not to be too large or too small. So, in

particular, this case works for z large with ¢ of order 1.
cee . 2
Case (iii) : §<m <1

As with the other ranges of m, the aim here is to try to find the qualitative be-
haviour of solutions of the ODE, and then say how a similarity solution might behave
locally. In this case, from equation (6.30) we have that ¢; and c3 are positive but ¢,
is negative.

We first note all eventualities (no matter how unlikely) for solutions :

1) A solution ¥ exists for all ¢ (this is what we want);

2) A solution ¥ falls to 0 at some finite (;

3) The solution blows-up at a finite value of (.

(1) can be broken down according to whether it decays to zero, 1(a), is bounded

and bounded away from 0, 1(b), or tends to infinity as ( — oo, 1(¢). Finally, 1(b) can
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be subdivided further according to whether it tends monotonically decreasing towards
some o, 0 < ¥ < 00, 1(b)i, it increases towards some ¥, 0 < ¥o, < 00, 1(b)ii, or
continues to oscillate, not necessarily approaching any limit as ( — oo, 1(b)iii. Figure

6.5 indicates all possibilities.

1(c)
/ 1(b)ii
/ ®

1(b)iii

Figure 6.5: The three main possibilities of the types of behaviour of solutions of the
ODE. Type 1, it might be oscillating or monotonic : 1(a) ¥ tends to zero, 1(b) o
tends to something positive but finite or oscillates or 1(c) ¥ tends to co. Type 2 : 0
falls to zero at finite (. Type 3 : becomes infinite as ( — (,, < c0.

We first note that when % < m < 1, the solution cannot oscillate. This is seen
immediately from equation (6.30). Where 9 is positive, it can have a maximum but

not a minimum. 1(b)iéi is ruled out.

Also, ¥ — 00 as ( = (, < o0 is not possible because it turns out that ¢ is bounded
as will be shown now. First note that because 9 cannot have a local minimum, if it
was to be unbounded then % > (0 for all ¢ > 0.

From (6.30), we have the inequality

d2’19 2m—1 d19 _m d19
d—<_2 < 01’19( 1-m )d_c + CQ§Q9<1M)—C
2m—1 d19 _m drlg d'l9
S 0119( T—-m )d_c -+ C2C119( 1—m>d—<_ for C Z Cl > O7 as long as d_c Z 0.
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Then, by integrating this inequality, we have

0= S s e () ol — ol e [oi) - o)

d¢ ¢ m

SO

4 () — () wi

d_C(O < Const. + Cy\1=-m) — Co\T=-m) with C; > 0,0y = —c3(1(1 —m) >0

I
=
e

Because the third, negative, term grows faster than the second, positive, one in F
there exists some v; such that F'(¢) < 0 for J > 9.

Hence % must becomes 0 before 1 reaches ;. Therefore ¥ < 1, for all ( > (; while ¥
is also bounded in the range 0 < ¢ < (;. This then rules out ¥ — 0o as ( — (o, < 0.

We have now also eliminated 1(c) and (3).

Next, we look at the possibility of ¥ tending to a nonnegative finite value. Assuming

¥ tends to some finite value, then

]_ - m
(1-— m)ﬂ(ﬁ) and (J) 9(7)  also tend to finite values as ¢ — o0.
m

It follows that 0<%)% and ﬁ(%)% are both integrable. Therefore, they decay
1
¢
enough ¢ as ¢ cannot oscillate).

faster than = which is not integrable. (Recall that they are single-signed for large

Integrating equation (6.30) under our assumption of this behaviour (so that % -0

and ¥ — ¥4, 0 < Yy < 00, as ( — o0), we have

Const. ~ Const. + 02/ Cﬁ<1:nm>%dc — 03/ ﬂ(ﬁ)dg for ¢ — 0. (6.38)
0 0

1

For ¥4 > 0 which is case 1(b), the last term behaves like —0319£om)<’, if 95 > 0,
while the second last term is O(() because Cﬁ(%)% — 0 as ( — oo.
Therefore, we have got a contradiction because no other term in (6.38) can balance

the last one. We have now ruled out 1(b)i and 1(b)ii as well.
We are left, if ¢ is not to become zero at a finite ¢ (possibility (2)), with ¢ — 0T as

¢ — o0, which is behaviour 1(a).

Now we will try to see if there is suitable limiting behaviour. To do this let us try
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¥ ~ A7 where v > 0 and A > 0. Substituting this into (6.30), we get

m —m

Y+ DA ~ — ey AR (PR — pyalem) (=0
(6.39)
— e AR (),
Now we want to find a balance between at least two of the four terms in equation
(6.39), observing immediately that the third and fourth terms are automatically the
same size.
First, we try balancing the second, third and fourth terms as follows :

~

For g,(%+1) = C(ﬁ)’
weneed my+1l—m=7v so y=1.

When m > %, we now have

T 1 > ! =3=7+2
I—m 1-m 1-2 °~ 777

which makes, for { large, the first term much larger than the others, contradicting

our choice of terms to balance.

Second, we try balancing the first, third and fourth terms :
For (-0 — ¢(5),

2
we need ”y—i—QZL which gives = ——2>0.
1—m m

Then we have

mey 2 . 2
— +1=3> —, againsince m > —,
1—m m 3

so that the second term now becomes much smaller than the others for { — oc.

In this case powers work.

Third, the first and second terms are balanced to give

1-— 1-—
1—m 2m —1
Then when m > % we get
my m 3m — 1 1 0
1—mJr 2m—1Jr 2m —1 2m —1 1—m

This, like the first we tried, is no good because the size of the neglected third and
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fourth terms are in fact much larger than the first and second ones for { > 1.

The final and fourth possibility is when the third and fourth terms are bigger than

the first and second ones. This gives,

0= (_cﬂA(ﬁ) _ C3A(ﬁ)> S=) (6.40)
This fourth possibility, is rather different, in that we still have to fix the power, ~.
From (6.40), we have v = = = % Now we check the powers of ( in the other

terms of (6.39) as follows :
The power of the first term of (6.39) is

Lo— 1—m
R Y|
For the second term we have :
mry m
=
1—m + 2m — 1

so that first two terms are the same size.

For the third and fourth terms, the power is

fY

1

3m—1
o2m — 1

_3m—1
Co2m—1

l—m 2m-—1

Then we compare the first term with the third and fourth ones, we note that

3m —1>1 since

2< <1
- m .
3

Thus the first and second terms are small, compared with the third and fourth. For

the final case, A is undetermined. For these two possible asymptotic behaviours, A is

fixed in the first one and in the second one is not.

We now consider the two working possibilities, the second and fourth, to be more

specific regarding their behaviours. With the second possibility, with the value of

v = % — 2 got when we compared the first, third and fourth terms, from (6.39),

o(2m —1)

WA = (a&n—m

¢(1 —m)

o(l—m) \ (2
5(3m—2)) A=)

= 2 _(22m —1) —m) Al=%)

sm(3m — 2)

MA(

om
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ws AlE) = 2+ 1mo
Th A si—m)
where o(1 o(1 5
Ty 1) =2 n‘f”( ( n;m)+1) 21— m)2-m)
Hence,
() _ 22 —m)d
mo

For limiting cases we have A = (W) " 5 coasm — 0 while A — 1 for m — 1.

There is a limiting value for m = 1 but not for m = 0.

The similarity solution for S close to 1, we are trying to find is S ~ 1 — t*®(zt?)

where a = —3ml_2 and [ = —(32:?. When z is big or t is small, there would be an

interesting behaviour as sketched in Figure 6.6.

Figure 6.6: The behaviour of the similarity solution for z > 1 (applying for a problem

on a half line rather than on the original, green roof, interval of 0 < z < 1) or t < 1.

Based on our asymptotic behaviour of the ODE (6.39), we now want, for an

interesting similarity solution,

| 4B El Zt—(%) | to be large,
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and

2 v(2

|t |~ Az |77 t0(E=)-m=) ~ 4 | 2 |77 #(*%5=7)  to be small.

(1=m)

For the case of v = 2 —, we have

Y2m—-1)—1 2(1-m)2m—1)—m _ 5m—4m?—2
3m—2 m(3m — 2)  m(3m—2)

< 0. (6.41)

2(1—m)

— — m2 m—
Therefore, we need | z | ~(35=) > 1 and | 2 \_< ") t< i) < 1, which are

satisfied, with 2 < m < 1, for | z | large and ¢ order 1 (but not for z order one, and ¢

either large or small).

For the case of7:217;—_ml,
2m—1) —1 1— 2m —1)— (2m —1 — 2
JEm-D -1 (—mEm-D-@m-1) _-m 2
Im — 2 (2m —1)(3m — 2) Im — 2 3

1—-m
-1

We need | z | t~(35=2) > 1 and | z |_<W) tlmte) <« 1, which also are satisfied with
2 <m <1, and (6.42) for | z | large and ¢ order 1.

So the two cases work much the same as each other.

6.3 Summary

As an extension of what has been done in Chapter 6, we looked at the possibility
of the existence of other asymptotic solutions, namely self-similar solutions, for the
nonlinear convection-diffusion model (5.13) for the limiting cases when the saturation
S is close to 0 and 1.

For the first case in subsection 7.2.1, when the saturation is low, so that we are
near a dry region, we investigated the asymptotic behaviour of solutions. A limiting
self-similar solution appears to exist. For the second case in subsection 7.2.2, when
the saturation is near 1 so that we are near a saturated region, limiting similarity
solutions again appear to exist but the forms vary according to the three cases, m < %,
%<m<§and§<m<1.

Always looking at limiting cases S near 0 and 1 so never had cases linking two finite
positive values of S as £ changed from 0 to 00. To be specific the boundary condition
(4.2) corresponds to giving a finite, non-zero, non-unity value of S on ¢ = 0, while the
initial condition, S = Sj,;, fixes 0 < S < 1 at £ = —o0o; unfortunately such conditions
do not fit with our analysis in this chapter. Likewise, although having ®(0) = 0 could
satisfy the boundary condition (4.3), the initial condition 0 < ®(00) = S < 1 does
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not fit with the analysis. The saturation in Chapter 4 was not close to S = 1 and not

really close to S = 0 so we do not have 27 or (1 — z)” local behaviour.
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Chapter 7
Discussion

In this chapter we review the main outcomes of this thesis. This thesis is divided into
two parts:

In the first part we focused on the numerical solutions of the non-linear PDEs (the
Allen-Cahn equation and the RCD equation) using the exponential integrator schemes
ETDs and the semi-implicit Euler method.

In the second part, we studied a green roof model, in particular the unsaturated region
(5.13). For this model we applied the ETD method to get the solution numerically. In
addition, we looked for travelling wave solutions and we tried to get the asymptotic
behaviour of the solutions of equation (5.13) for limiting cases of the saturation S
being close to 0 and 1. In order to do the latter, we looked at travelling wave and

similarity solutions.

In Chapter 3, for the Allen-Cahn equation, we found out that the order of convergence
at the final time for all methods ETD, ETD with Krylov subspace technique and the
semi-implicit Euler is the first order, O(At). However, the semi-implicit Euler method
is less costly than the other schemes, the ETD and ETD with the Krylov subspace
technique. We also looked for the order of convergence for fixed time step and varying
spatial steps for only the ETD and the semi-implicit Euler methods. The order of
convergence in space found is the second order O(Az?) for both schemes. For this
case, the ETD gave a great improvement, through the order of convergence in space
step, over the semi-implicit, however, the numerical error constants were very similar
for both methods.

Regarding the one-dimensional constant coefficients reaction-convection-diffusion equa-
tion, we add the real fast Léja points technique when applying the ETD to this equa-
tion as well as the three previous methods : the standard ETD, ETD with Krylov
subspace technique, and the semi-implicit Euler method. We concluded that the

ETD, ETD with Krylov and real fast Léja points techniques are more accurate than
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the semi-implicit Euler scheme. All schemes are of the first order convergence in time,
though. Moreover, the semi-implicit Euler method appears to be faster than the other

methods.

In Chapter 4, the green roof model, the one-dimensional Richards’ equation with-
out the sink term (5.13), was solved numerically using the finite difference and ETD
methods for three different initial values of the saturation S. We found that the re-
sults looked very similar to those in paper [1] where Spoom reached 1 for only the
two initial saturations 0.1 and 0.15 whereas for the initial saturation 0.05, even for
t = 100, Spottom did not reach 1 . Unfortunately, our values of Si,, did not approach
the same value as those in [1]. Instead, they depended upon the initial saturation

Sinit as well as on the prescribed flux at the boundary, vQ).

In Chapters 5 and 6, the asymptotic behaviour of solutions of the non-linear convection-
diffusion (green roof) model (5.13) were investigated, using travelling wave and self-
similar solutions. Those solutions were particularly looked at for the saturation close
to 0 and 1. Most possible cases were investigated when the value of m for the
expanded-clay soil is fixed and near 0 and 1. The travelling wave, when m is fixed,
exists for several cases, given by relative sizes of the limiting saturations S.. For the
limiting case, m — 0%, we were able to get asymptotic solutions for the travelling
wave profiles for all the cases for which travelling waves exist. When m — 1, we got a
different behaviour of the travelling wave solution from m fixed in only Case 1, Case
4 and Case 6.

We were able to find limiting similarity solutions both for S — 0 and for S — 1. For

1 2

the latter, the behaviour differed according to whether 0 < m < %, 3 <m < 3or

% < m < 1, with limiting behaviour being subtly different for each range of m.

For future study, our work in Chapter 3 can be extended to investigate the con-
vergence results in time and space for two-dimensional problems. For the green roof
model we might work on the full model with the sink term. We also could investigate
the numerical solution of the convection-diffusion model using the ETD with Krylov
subspace and real fast Léja points techniques to be compared with current results. It
would be also worth working on the saturated region for the green roof model using
ETD schemes. It also might be interesting and worthwhile to work on the green roof

model for two dimensions.
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