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Abstract

In this manuscript the theory of local minimisers of the general variational integral

/Q F(Du(x)) dz

is discussed, where 2 C R” is an open bounded domain and F': RV*® — R. The
focus is on the partial regularity of such minimisers. Certain partial regularity results
are proved for a new class of local minimisers. As background to the result a number
of topics important for the result are discussed. The first of these is quasiconvexity
of the integrand F', important for existence and partial regularity of minimisers of
the variational integral, above. This is followed by an introduction and discussion of
Morrey, Campanato and BMO spaces. Finally the regularity of A-Harmonic functions
and elliptic systems of partial differential equations with continuous coefficients is
established before the results of the manuscript are presented. The results are as
follows: An a priori Campanato type regularity condition is established for a class of
WX local minimisers % of the general variational integral above where 2 C R™ is an
open bounded domain, F is of class C?, F' is strongly quasi-convex and satisfies the

growth condition

(&) <c(1+[¢))

for a p > 1 and where the corresponding Banach spaces X are the Morrey-Campanato
space LPH(Q, RY*") 11 < n, Campanato space £P™(€, RV*") and the space of bounded
mean oscillation BMO(Q, RN*®). The admissible maps u: © — RY are of Sobolev
class WP, satisfying a Dirichlet boundary condition, and to help clarify the signif-
icance of the above result the sufficiency condition for W!BMO local minimisers is

extended from Lipschitz maps to this admissible class.
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Chapter 1

Introduction.

The subject of the calculus of variations is very old. The modern name is due to
Euler, who in the 18th Century gave it the present name after reading Lagrange’s
work [16]. The methods of the time were indirect, based on the study of the so called
Euler-Lagrange equations.

In the early 19th Century interest in the Laplace and Poisson problems lead to the
work of Gauss and Green on the Dirichlet integral, and to the eventual formulation of
the Dirichlet principle by Riemann in his 1851 Thesis. However in the 1870’s, due to
a new emphasis on mathematical rigour by the likes of Weierstrass, questions arrose
regarding it’s validity for proving existence of harmonic functions, see BREZIS and
BROWDER [11] for a full historical review.

The interest in the Dirichlet principle was re-instated by Hilbert in 1900. Pursuing
a rigorous mathematical program set out by his 19th and 20th problems, Hilbert,
Lebesgue, Levi, Fubini, Toneli and others [11], developed the mathematical tools
necessary for the solution of the problem for the Dirchlet principle via direct methods,
and in doing so setting the stage for much of modern analysis.

Of Hilbert’s 23 problems the 19th and the 20th started a rigorous program for the
existence and regularity of solutions to variational problems (and partial differential

equations) beyond the Dirichlet principle. Hilbert’s 20th problem:

“An important problem ...is the question concerning existence of solu-
tions of partial differential equations when the values on the boundary of

the region are prescribed...Has not every regular variational problem a



solution, provided certain assumptions regarding given boundary condi-
tions are satisfied and provided also if need be that the notion of a solution

shall be suitably extended.”

By “regular problems in the calculus of variations” Hilbert was referring to the min-

imisation of the regular variational integral

Iu, Q] :/QF(Du)dx, (1.1)

where
(i) F:RY*" — R is C* for some k > 2,

(i) £IA2 < F7(€)[N ] < LIA? for all £, X € RY*™ and where 0 < £ < L < oo are

constants.

The lower bound in condition (ii) follows from strong convezity of the integrand F
and the condition (i). Convexity itself is closely related to the existence of minimisers
of (1.1) in the case N = 1. In this case Hilbert’s 20th problem has been answered
in the affirmative by many authors, in particular by Hilbert, Tonelli via the direct
method.

The search for suitable spaces in which to frame the problem of regularity and
existence for the Dirichlet principle brought the realisation by LEVI [11] that the
minimising sequence of the Dirichlet integral is a Cauchy sequence in the Dirichlet
norm and thus converges in a completion space with respect to that norm. The
resulting “weak” solutions belong to the space of generalised functions now known
as the Sobolev space W12, This space turns out to be the proper space in which to
frame the problem for the regular integrals described above.

The program started by Hilbert has had many successes and great progress has
been made. For the case N = 1 an important component necessary for the regularity
problem was the need to show that a weak solution of a linear equation in divergence
form with bounded measurable coefficients, is Hélder continuous. This proved difficult
to obtain and there were many attempts to do so. However in 1957 DE GIORGI [17]
and NASH [54] independently obtained the result. Later MOSER [50] came up with

an entirely different proof of the same result by showing, among other things, that



the logarithm of the solution is of bounded mean oscillation. It is from De Giorgi and
Nash’s result, now known as De Giorgi-Nash-Moser theory, that LADYZHENSKAYA
and URAL'TSEVA [43] finally solved Hilbert’s 19th problem in the scalar case (N = 1)
showing that solutions to regular variational problems as above, (1.1) satisfying (i)
and (ii), are as regular (in the interior of Q) as the data allow. In other words the
regularity depends on order, k > 2, of continuous differentiability of F in (i).

The De Giorgi’s theorem does not however transfer to the vectorial case. Previous
to De Giorgi and Nash’s result Morrey had proven that solutions of the regular prob-
lem are regular for the special case n = 2 and N > 1. However DE GIORGI’s [19]
1968 counter example shows that for the case n = N > 2 there is no general regularity

result for the critical points of the regular variational integral of the form

Qlu, Q] = /QF(x,Du(x)) dz,

satisfying (i) and (ii).
De Giorgi’s theorem deals with the associated linear elliptic equation. Written in

its weak formulation as
/ A()Du(x) - Dip(x) dz = 0, for all ¢ € CL(Q) (1.2)
0

for the homogeneous case (here N = 1), where A(z) measurable, bounded, uniformly
elliptic. The solutions of (1.2) correspond to critical points of the variational integral
Q, satisfying (ii), when Q is of quadratic type, i.e. when the integrand F' is given
by F(x,Du(z)) = A(x)Du(x) - Du(x), and A(x) is symmetric. In particular De
Giorgi’s counter example relies on the construction of a functional with discontinuous
x dependent coefficients independent of the gradient of the solution of (1.2). These
coefficients are somehow pathologically arranged in their interaction with the gradient
of the solution, causing singularities within the solution. This result leaves open the
question of existence of counter examples for the regular variational problem without
x,u dependent coefficients, i.e. for our original variational integral (1.1).
The first result along these lines was due to NECAS [55]. In his example,
F : RN*" — R is real analytic and satisfies (ii). Rather than the linear equation of

(1.2), this example applies to the fully nonlinear Euler-Lagrange system of equations



derived from (1.1), satisfying (ii) (and hence the standard growth condition), which

can be written in divergence form as
divF'(Du) = 0. (1.3)

See Chapter 2 for details on the relevance of this growth condition in the derivation
of the Euler-Lagrange equation.

In Necas’ example the minimiser and the solution to (1.3) is Lipschitz continuous
but not C! for the dimensions n > 25 and N > 625. These were later improved
ton > 5and N > 25 in [32]. The fact that in his example the minimiser @ and
solution to (1.3) is Lipschitz means that @ is not a counter example of De Giorgi’s
Theorem. However it does highlight the fact that the De Giorgi-Nash-Moser approach
to regularity is not an option in the vectorial case N = n > 2 for the regular variational
problem specified in (1.1).

The fact that Necas’ example is Lipschitz opened the question of whether a non-
Lipschitz solution to (1.1) satisfying (i) and (ii) exists. This was answered in the
affermative by SVERAK and YAN [64,65]. They found an example of a minimiser of
the regular problem with analytic F', which is not even bounded.

In their first result [64], the counterexample is non-Lipschitz and holds for dimen-
sions n > 3 and N > 5. It is their second result [65] where they construct a counter
example that is unbounded. In this case the dimensions are n > 5 and N > 14.

From Morrey’s regularity result of n = 2 and N > 1, we see that the first result
of Sverdk and Yan, [64], is close to optimal (i.e. n > 3). In the case of their second
result [65] we can see again that it is close to optimal (i.e. n > 5), by considering the
following special cases: Due to CAMPANATO minimisers of the regular variational
integral (1.1) satisfying (i) and (ii)) belong to I/Vf)’CQJ”S for some 6 = d§(n, N, %) > 0,
thus are locally Hélder continuous for some o € (0,1) when n < 4, N > 1, see the
lecture notes of KRISTENSEN [40] (for a dimension-free integrability improvement
see [41]). In fact the closeness of ¢/L to one is a factor in determining the regularity
of minimisers of the regular variational integral. This is illustrated by Kristensen [40],

showing we have everywhere Holder continuity of such minimisers provided

and N > 1.



The examples serve to show that for N > 1, quite unlike the scalar case (n = 1)
minimisers of “regular problems” (1.1) with (i) and (ii), need not be regular every-
where. However all is not lost! Despite the above, and a considerable time after De
Giorgi’s and even Necas’ first counter example, EVANS’ 1986 paper [22] showed the
first partial regularity result for minimisers of (1.1) satisfying (i), p growth rather
than the standard quadratic growth condition (that follows from (ii)), and a notion
of convexity first noticed by Morrey for its relevance in the existence of minimisers
but in a stronger form.

Morrey’s notion of convexity, quasiconverity and it’s stronger form, that Evans [22]
called uniformly strict quasiconvexity and we will call strong quasiconvezity (following
[42]), proved the key for the current regularity program in the case N > 1. Owing
in part to its close relationship with the existence of minimisers it is the natural
substitute for the condition (ii) of the regular variational problem in the vectorial
case N > 1.

Given the move away from (ii) it makes sense to consider the wider class of Sobolev
spaces WP, p > 1 in which to frame our minimisation problem. We consider a new
set of hypotheses for the minimisation problem of the variational integral (1.1) based

around quasiconvexity, where F': RV*" — R for n, N > 1:
(H1) F € C%
(H2) |F(&)| < c(1+ |¢P) for every € € RV*™ some constant ¢ and p > 1;

(H3) For some constant v > 0, every & € RV*" and every ¢ € CL(R",RY),

v [ (DoP+1DeP) < [ (Fle+ Do)~ F©) whenp =2 (1)

v [ (QHIEPHIDGR) F Dol < [ (Fle+Dp)=FIe) when 1 <p<2. (19

n

These three hypotheses, in one form or another, will from now on form the con-
ditions of all minimisation problems that we discuss in this thesis. We have already
mentioned (H2) in the quadratic case and point the reader in the direction of Chap-
ter 2 for a fuller discussion. Hypothesis (H3) is the condition we will call strong

p-quasiconverity introduced by Evans [22] in the form of (1.4) and generalised first



by ACERBI and FUSCO [2] and later adapted to the 1 < p < 2 case, (1.5), by
CAROZZA, FUSCO and MINGIONE [14]. Often when p is clear from the context we
simply speak of strong quasiconvexity. We discuss this condition in the final section of
Chapter 2 and for now draw attention to the fact that as in (ii), strong quasiconvexity

implies rank-one convexity and the Legendre-Hadamard condition

FU(©)\A] > 2001, p>2,
FUOIA 2 201+ EP) P, 1<p<2,

for every ¢ € RV*™ and all A € RV*" with rank()\) < 1 (see end of Section 2.2).
In the case N = 1 this condition is equivalent to the left-hand inequality in (ii)
and associated with uniform ellipticity of (1.2) in the manner discussed immediately
after our introduction of (1.2). It is a property of A-Harmonic functions essential for
ensuring their regularity (see see Chapter 3 Section 3.2, Lemma 3.4 and Theorem 3.2).
In general for the existence discussion of Chapter 2 only Morrey’s weaker version of
quasiconvexity, W!P-quasiconvexity (Definition 2.2) is necessary. In Section 2.2 we
discuss at some length the relationship between the notions of convexity and the

implication chain
convexity = polyconvexity = quasiconvexity = rank-one convexity .

In the N = 1 case all these notions are equivalent. However this is not the case for
N > 1. Showing that the reverse implications do not hold [in the case of rank-one and
quasiconvexity] is not trivial matter. However SVERAK provided a counter example
in [63] showing that rank-one convexity does not imply quasiconvexity in the cases
n>2, N2>3.

It is important to note that for N > 1 strong quasiconvexity does not imply

u»—>/ Du

on Wl’p =g+ W P for a given g (Dirichlet boundary condition), except in some

convexity of

special cases (see Proposition 2.1 of Chapter 2 and Corollary 3.2 of Chapter 3). Hence
there are differences between the notions of critical points (weak solutions to the
Euler-Lagrange equation) and minimisers. In fact, there are even differences between

various notions of local minimisers, a point we shall be concerned with here.



First we will briefly discuss the interplay between critical points and the local min-
imisers of (1.1) considered in by KRISTENSEN and TAHERI in [42] and motivated
by questions raised by BALL and MARSDEN [10]. This discussion will be relevant
to the significance of our theorem on the positive second variation and our regularity
result. In [42] it was shown that a priori Lipschitz critical points, @, admitted by
the Euler-Lagrange equation associated with (1.1) where I at @ has strongly positive
second variation, for F satisfying (H1) and (H3), are W'BMO-local minimisers. Here,
by a W!BMO-local minimiser, we mean a minimiser u of (1.1) minimising amongst

all u e Wﬂl’p (2, RY) while satisfying for some § > 0 the condition
|Du — Dl gpo@n gy < 0

where BMO denotes the space of bounded mean oscillation defined in Chapter 3,
Section 3.1. Compare this with the definition for W'4-local minimisers, Definition
2.3 of Chapter 2, Section 2.1.1.

It had already been shown by MULLER and SVERAK [53], that for N, n > 2 there
is a very irregular Lipschitz critical point of (1.1) satisfying the hypotheses (H1)-(H3)
but which is nowhere C. Also a recent result of SZEKELYHIDI [59] has shown that
even for polyconvex F', Lipchitz critical points of (1.1) can be similarly irregular. See
Definition 2.2 and Theorem 2.6 in Chapter 2 for polyconvexity and its relation to the
other notions of convexity.

Given the above Kristensen and Taheri [42] showed that Miiller and Sverdk’s
example can be used to construct an F of (1.1) still admitting a Lipschitz critical
point W that is nowhere C' and that satisfies the same hypotheses (H1)-(H3), but
with an additional condition. This extra condition is much stronger than the condition
of strong positive second variation of I[-,Q] at @, and so it follows by Theorem 4.2
of Chapter 4, Section 4.2, that @ is actually a W!BMO-local minimiser. Note that
Theorem 4.2 is taken verbatim from Kristensen and Taheri, [42].

As a consequence the Lipschitz W!BMO-local minimisers of Kristensen and Taheri’s
theorem, are not necessarily C! anywhere, as concluded in [42]. Further given
Székelyhidi’s result [59] we cannot even expect an improvement in the situation when

we strengthen the notion of quasiconvexity to polyconvexity.



In tackling the regularity problem for local minimisers Kristensen and Taheri found
in the same paper [42] that a partial regularity result is however possible provided a
regularity condition excluding the examples of [53] and [59] is assumed a priori on the
local minimiser. In the case of Lipschitz critical points that are local minimisers, this
a priori condition insures that we can use comparison maps that are as irregular as
the local minimiser potentially could be.

A recent result on sufficiency conditions for strong local minima with positive sec-
ond variation was obtained by GRABOVSKY and MENGESHA [31], settling a con-
jecture of Ball [7]. Their result assumes a priori that the critical point 7 € C1(Q, RY),
see Theorem 4.1 , Chapter 4, Section 4.1. If this is the case and the conditions of p-
coercivity, (H1)-(H3) are satisfied by F' and (1.1) has strong positive second variation
at u, then u is a strong local minimiser as defined in Definition 4.1 of the same section.
An earlier result of theirs proved sufficiency for a related class of local minimisers [30].
Before these results ZHANG [66] showed that critical points of (1.1), for a certain class
of Fin C2% satisfying (H2) and a version of (H3), strong W'?-quasiconvexity (com-
pare (H3) with Definition 2.2, Chapter 2), that are C? on small balls with centres in
(1, are absolutely minimising on those small balls. For W!BMO-local minimisers these
results are not sufficient to show that they are strong local minimisers even when the
above mentioned a priori regularity condition, allowing for partial regularity of the
minimisers in the interior of €2, is satisfied. For more on extending the Weierstrass
sufficiency conditions to the vectorial case see [10,60] and the references there in. Also
for further discussion on the question of existence of local minimisers see Section 2.1.1,
Chapter 2 on a necessary condition for local minimisers, as well as TAHERI [62] and
for a review of the problem BALL [8].

In the final two chapters of this thesis we prove our results, two theorems extending
results in [42]. In the first of our two theorems, Theorem 4.3, Chapter 4, Section
4.2, we extend the result that shows Lipschitz critical points of (1.1) satisfying (H1)
with strongly positive second variation are W!BMO-local minimisers, to the non-
Lipschitz case where critical points belong to WP(Q,RY) for p € [1,00). In our
second theorem, Theorem 5.1, Chapter 5 on partial regularity of local minimisers,

we also extend the a priori regularity condition for Lipschitz critical points from [42],

10



discussed above, to the non-Lipschitz case (this time p € (1,00)) by assuming they
are W!BMO-local rather than W*-local minimisers. This is appropriate for those
critical points with strongly positive second variation. In actual fact we find that the
partial regularity results of these local minimisers are a special case of the results for
the class of W!LP#-local minimisers, where £P* denotes the Campanato space with
exponents p and p > 0, that satisfy an a priori regularity condition which we will
introduce shortly, (1.8), along with a statement of the result.

The background for our results is discussed in Chapters 2 and 3. To make this
document as self contained as possible we will limit our discussion to the functional
(1.1) although much of the background theory in Chapters 2 and 3 has been developed
in the general case where the integrand F' is also dependent on z,u and thus applies
equally to that case, with suitable qualification of the conditions of F' in the variables
x and u. Note that the corresponding proof’s are generally more technical. For a
good general overview of the state of regularity theory including the z,u dependent
case see [47].

In Chapter 2 we discuss conditions for existence of minimisers of (1.1) satisfying
the hypotheses (H1)-(H3). In particular the importance of W1P-quasiconvexity for
lower semicontinuity of (1.1) and the partial regularity theory of later chapters, as
well as its relation to other forms of convexity.

In Chapter 3 We introduce Campanato, Morrey and BMO spaces and their rela-
tion to Holder continuity and the regularity of the A-Harmonic solutions to uniformly
elliptic second order partial differential systems of equations with constant and con-
tinuous coefficients. These will be important in theory of the partial regularity of
(1.1), see the final chapter. BMO spaces are also necessary for the result of Chapter
4.

Introducing the main results

As we have mentioned our partial regularity result is based around KRISTENSEN
and TAHERTI'S proof [42] of partial regularity of W!'%local minimisers. This was
extended to the subquadratic case 1 < p < 2 by CAROZZA and PASSARELLI DI
NAPOLI [13] from CAROZZA, FUSCO and MINGIONE [14] for absolute minimisers

11



in the subquadratic case. We base the subquadratic part of our proof on their work.
In addition to these results further strong W '%-local minimiser (1 < g < oco) partial
regularity results for (1.1) satisfying (H1) with strong W1%-quasiconvex F', and for the
relaxed functional strong p-quasiconvex F', but with (p, ¢)-growth have recently been
obtain by SCHEMM and SCHMIDT [56]. Note that by the relaxed functional of (1.1)
we mean the Lebesgue-Serrin extension of I[u,]. A further paper by SCHMIDT
[57] extends the result for the relaxed functional (compare definitions 2.2 and 2.4
of Chapter 2 for the difference between strong p-quasiconvexity and strong W14-
quasiconvexity). For a recent review of (p,q)-growth partial regularity results for
absolute minimisers we refer the reader to [47].

The main result of this thesis is a proof of partial regularity for a special class of
local minimisers 7 € W?(£2, RY) of the multiple integral (1.1) where Q2 C R" is a
bounded open set, F': RV*" — R and satisfies (H1)-(H3) for p > 1, see Chapter 5.

Let (X, || - ||) denote a normed space continuously embedded in LY (Q, RV*"). By

loc

a W!X-local minimiser we mean a map u for which there exists a > 0 such that
I, Q] < Iu, Q] whenever
u €T+ WyP(Q,RY) (1.6)

and

|Du — Da|| < 6. (1.7)

In Chapters 4 and 5 we will focus on a special class of W!X-local minimisers u €
WEP(Q,RY) with X = LP#(Q,RN*") the Campanato space with exponents p and
1 > 0, for which we prove partial regularity for ¢ < n under a -smallness condition
of the £LP*-norm of Du over all open balls B C () in the limit as radius of the balls
approach zero. It is important to note that the ¢ here is not arbitrarily small as, for
example, in MOSER [51]. It is fixed by the local minimiser condition (1.7) and we
impose no additional condition on its size to prove the above result.

We will show that the equivalent regularising condition for Bounded Mean Oscil-
lation type local minimisers, X = BMO(Q, RN*") is (1.8) and that in the context
of partial regularity such minimisers are interchangeable with W*!£P"-local minimis-
ers. Note that condition (1.8) was introduced in the context of partial regularity

of local minimisers in a remark by Kristensen and Taheri [42]. In subsequent work

12



Moser [51] proved regularity of critical points, @ € W2(2,RY), of (1.1) for rank-
one convex F'| when the BMO-norm of the gradient Du is small (see comment of
previous paragraph). We clarify the partial regularity result for the case u = n by
extending a sufficiency condition for Lipschitz critical points to be local minimisers
of X = BMO(Q, R¥*®) type to the non-Lipschitz case, with a view to showing that
there exists a local minimiser of (1.1) that is not strong in the sense of [42] and not

partially regular without the regularising condition

limsup [ sup ][ |Du — (D), |dy | <6 (1.8)
R—0t zeQ’  JQ(z,r)
re(0,R)

for every open set €' compactly contained in €2, and where § corresponds to (1.7).

A regularity theorem for a new class of local minimisers.

For any normed space Y we let Y(, RY) denote the space of vector valued maps
u: Q — RY and Y(Q, RY*") the space of matrix valued maps u:  — RY*". We use

| - | to denote the usual euclidean norms, e.g for matrices £ € RV*" we let

€] := \/trace(€7€).

The main result of this thesis, Theorem 5.1 of Chapter 5, is a consequence of
the various embeddings and isomorphisms linking Campanato, Morrey and BMO
spaces on balls (see Section 3.1), Poincaré’s inequality and standard compactness
arguments, allowing the extension of the local minimiser version [13,42] of the “blow
up method” for quasiconvex functionals I[-, Q] [2,4,14,22], to a class of local minimisers
characterised by the Morrey-Campanato metric. We state it here for the convenience

of the reader:

Theorem 1.1. Consider the functional I[-,] of (1.1) satisfying the hypotheses (H1)-
(H3). Suppose that u € WHP(Q,RYN) for p € (1,00) is a WLLPH-local minimiser of
I[-,Q: There exists a 6 > 0 such that I[a, Q] < I[u, Q] whenever u € T+ Wy (Q,RN)
and ||Du — Dl|, .0 < 6, so that Du satisfies the reqularising condition

1

1
limsup | sup (—/ | Dt — (Du)qem[* d:v) <o (1.9)
R—=0+ | aper \T" Joa,m
re(0,R)

13



for every open set Q' compactly contained in . Then for p < n there exists an open
set Qo C Q of full n-dimensional measure, such that the minimiser u € Cl’O‘(QO,RN)

loc
for every a € (0,1), and |2\ | = 0.

Note that condition (1.9) of the above theorem is a generalisation of (1.8), c.f. [42]
Remark 4 on partial regularity for local minimisers.

Partial regularity of non-Lipschitz W!BMO-local minimisers follows from Lemma
5.3 in the proof of the above theorem and the isomorphism £™?( B, R¥*") = BMO(B, RN*")
on balls B C R" (see Section 3.1.1 and Proposition 3.3 for details):

Corollary 1.1. Consider the functional I[-, 2] of (1.1) satisfying the hypotheses (H1)-
(H3). Suppose that u € WHP(Q,RY) for p € (1,00) is a WBMO-local minimiser of
I[]: There exists a & > 0 such that I1[a, Q] < I[u, Q] whenever u € @ + Wy(Q,RN)
and ||Du — Dl..q < 0, so that Du satisfies the reqularising condition (1.8). Then
there exists an open set Qg C ) of full n-dimensional measure, such that the minimiser

7€ Co%(Q,RY) for every v € (0,1), and |\ Qo| = 0.

loc

As mentioned above, our proof of Theorem 1.1, will be based on the standard blow-
up argument to show a decay estimate on the excess defined for every ball B(z,r) C €2
by
W vom,P 1<p<2

E(z,r)

f(pu- Du., P Du-(Du..P)  pz2
\ B(sz)
Here

V(E) = (1+[EP)Te  ceRV

From this decay estimate it is well known that partial regularity follows (see Chapter

5, Section 5.3).

Significance of the regularity result

In [42] partial regularity for Wh9-local minimisers u € WP(Q,RY) (¢ > p) was
proved by assuming Du € LI (Q,R¥*"). Given the Sobolev class W14(Q, RY) for

loc

q > p, the inclusion Wh4(Q, RY) ¢ WiLr#(Q RY) follows directly from Holders
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inequality for the exponents p < n(1 — p/q). Thus for each ¢ > p, WILPF (u <
n(1—p/q)) possess a weaker topology than W4 and thus in this case a W LP# local
minimiser is a stronger notion of a local minimum than a W4 local minimiser. The
a priori d-smallness condition (5.1) is certainly a weaker requirement than condition
7 € WEI(Q,RY) when p < n(l — p/q) as the later condition implies the arbitrary

smallness condition (5.2). However it is not clear that the Wllo’z condition placed on
the Wh4-local minimisers of [13,42] is necessary for partial regularity. In any case our
a priori condition for the general Morrey-Campanato class of minimisers fits in neatly
with previous results for weaker notions of local-minimisers, namely the results for
WIBMO, W local minimisers of Lipschitz class derived in [42]. In fact given the
equivalence of Campanato and BMO spaces when Campanato exponent pu = n we
will show that the results for W!BMO local minimisers follow when the minimiser u
is of class WHP(Q), 1 < p < oo.

From previous discussion it is clear that a regularising condition like (1.8) is neces-
sary for partial regularity for Lipschitz W!BMO-local minimisers. The second result
of the thesis justifies the regularity result for W!BMO-local minimisers in the more

general non-Lipschitz case. Following the spirit of [42] we extend the sufficiency con-

dition for W'BMO-local minimisers.

Positive Second Variation

It is shown in [42] that for C? integrands F of the functional I[-, Q)] that positivity
of the second variation of I[-,Q)] at a given Lipschitz critical point @ implies that @
is not only a weak local minimiser, which is well known, but is in fact a W!BMO
local minimiser. A similar result was also proved by FIROOZYE [26] but the proof
requires stronger assumptions on the integrand F'.

In the following we extend the result of [42] for critical points @ of I[-, Q)] that
are in WHP(Q,RY) for 1 < p < oo by adding a uniform continuity condition to the
second derivative of F'. We assume that F” is uniformly continuous with a modulus

of continuity w: [0,00) — R, which is continuous, increasing, w(0) = 0 and

Sl;1>l%)) u;((%:;) < 00. (1.10)
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This extra condition on top of the uniform continuity is not as limiting as it first
appears. It excludes exponential growth of w. However we can accommodate the
subclass of piecewise polynomial growth (not necessarily increasing) that do not satisfy
(1.10) but instead satisfy

() = sup (5~ supestr) ) < o

s>1 r<st

(see Remark 4.2 of Chapter 4, Section 4.2 for details). The result is as follows

Theorem 1.2. Let the integrand of (1.1), F: RN — R be a C? function, Q C R"
be open and bounded and © € WHP(Q,RY) 1 < p < oo be a critical point of (1.1)
with strong positive second variation: for some s > 0 and all ¢ € WBMO(R®,RN)N
Wy (2, RY),

/QF’(DH)[D@] ~ 0 (L11)
| Fonepg = 6 [ D6l (112)
Q Q
Further for p < oo assume
[F"(&) = F"(n)] < w(l€ —nl) (1.13)

for all £, m € RNX". Then there exists a 6,(n, N,c,q) > 0 such that

/QF(DE—I—Dgo) Z/F(Dﬂ)

Q

holds for all ¢ € WBMO(R®, RY) N Wy (0, RY), with | Dy||pyo@s gy < ds.

Finally this straight forward corollary to the above theorem gives the sufficiency

conditions for non-Lipschitz critical points of I[-, Q] to be partially regular.

Corollary 1.2. Let the integrand of I[-,Q], F: R¥*" — R be C?, Q C R™ open and
bounded Let u € WYP(Q,RYN), 1 < p < oo be a critical point of I[-,Q] with strongly
positive second variation such that for some §s > 0 and all ¢ € WIBMO(R", RY) N
Wi (Q,RY) we have (1.11) and (1.12). Suppose also that we have

[F7(§) = F'(n)] < w(|€ —nl) (1.14)
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such that F satisfies (H1)-(H3). Then u is partially reqular in the sense of Theorem
5.1 provided Du satisfies the regularity condition (1.8) with § = d,. where d, is given

i Theorem 1.2.

We will start with the following chapter to explain the importance of quasicon-

vexity of F'in (1.1) for the existence of minimisers in the case N > 1.
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Chapter 2

Existence of minimisers by direct
method as motivation for

quasiconvexity

2.1 Quasiconvexity as necessary condition for ex-
istence of minimisers.
We consider the problem
inf {I[u,Q] = /QF(DU(:C)) de:ueu+ Wol’p(Q,RN)} : (2.1)

As discussed in EVANS’ book [23] for the case n = N = 1, the existence of a minimum
‘point” of a continuous function F' : R¥*" — R (n, N > 1) is guaranteed by the

coercivity condition
1 Nxn
F(S) > _’§|p_c’ for allSGR )
c

and some constant ¢ > 0. However this does not guarantee existence of a minimum
function of the functional I in the Sobolev space.

The coercivity condition gives for all u € W1?(Q, RY)

1 b
/S)F(Du(w))dxzz/ﬂ|Du(x)| dzx — c|Q|.
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For some fixed g € W'P(Q,RY) let WP(Q,RY) := g + Wy (Q,RY). Choosing
{ur} € W}P(Q,RY) as a minimising sequence:

Iug] — inf Iu],
ue€Wy P

one may obtain by coercivity that such a sequence {uy} is bounded in W1P(Q, R")

and hence admits a weakly convergent subsequence (for convenience not relabelled)
up — U in WHP(Q, R™).

We recall that when 2 C R" is abounded Lipschitz domain, then this amounts to that
uy, — Wstrongly in L and Duy, — T weakly. It follows that @ € W,?(Q, RY) (and thus
is an admissible map) by Mazur’s theorem from which it follows that W, is weakly
closed. This means that since u, —g € Wy™(Q, RV*") for {u,} € W2#(Q,R¥*"), and
u € ng’p(Q, RY) we have 1 — g € VVO1 P To guarantee existence one needs a condition
to ensure that the limit of the functional

liminf Iuy] = inf I[u]
k—oo UEWE}’p

is no smaller than I[z]. This condition which is both necessary and sufficient for

existence in this context is precisely weak sequential lower semi-continuity.

Definition 2.1 (Sequential weak lower semicontinuity). For open and bounded §2 C
RY let u € WHP(Q;RY) for p > 1 and F : RN*™ — R be continuous. The functional
I[-, Q)] is said to be sequentially weakly lower semicontinuous in WP (;RY), p < oo,

if for every sequence uy — u in WHP
liminf I(ug) > I(u).
k—o00

If p = 0o and the above inequality holds for every sequence uy — u in W, I is said

to be sequentially weak * lower semicontinuous in W5 (Q; RY).

We next present a necessary condition for sequential weak lower semicontinuity for
both the scalar (n =1 or N = 1) and vectorial (n, N > 2) cases. First we will need
the following lemma on approximation of affine functions by piecewise affine functions

found in DACOROGNA’S book [15, Lemma 3.11]. By the notation Aff,;..(2, RY) we
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will denote the space of piecewise affine functions over Q (that is, u € Aff ;..(Q, RY)
if u is Lipschitz and if there exists a finite partition Q@ = S; U--- U Sxg UN where S;

are open, || =0, and so u equals an affine function on each Sj).

Lemma 2.1. For an open set Q C R™ with finite measure, let A € [0,1] and o, f €
RN with rank(a — 8) = 1. Let ug be such that

Dug(z) =& :=Xa+ (1-N\)B, Vre.

Then for every e > 0 there exist piecewise affine u € Affpiec(ﬁ, R™) and disjoint open
sets 1y, 25 C Q) such that

19 = 0|, [I261 = (1= NjQl|< e
u = ug near 0, ||u — ugl|po < €
a i §,
Du(x) =
6 mn Q/g,
| dist(Du(x), co{a, 8}) <€ for a.e. Q2

where co{a, B} = |a, B] is the closed segment joining o to 3.

Notation. Throughout we will write | - | to denote either the Euclidian norm or
the Lebesgue measure. The precise meaning will be clear from the context.
Thus as a consequence of the Riemann-Lebesgue Lemma one obtains the following

necessary conditions for (sequential) weak lower semicontinuity of I on WP due to
MORREY [48] for p = oo, see also DACOROGNA [15, Theorem 3.13] and BALL &
MURAT [9] for 1 < p < oo

Theorem 2.1. Let F : RV*" — R be continuous, bounded from below and let Q C
R™ be open and bounded. If 1]-,Q)] is (sequentially) weakly lower semicontinuous in

Whe(Q; RY), then:

(i) For every bounded open set D € R™ with |0D| =0 and ¢ € Wy P (D, RN):
| Fléa+ Dota)ydn = |DIF (). 22
D

(ii) F is rank-1 convex. Thus for N =1, orn =1, F is convex.
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To prove the theorem we follow [15].

Proof. First we note that once (2.2) is shown to hold for a specific open bounded
domain D C R¥ it holds for all open and bounded domains in RY, (see Proposition
5.11 of [15] and Proposition 2.3 of [9] for W!P-Quasiconvexity).

Step 1: Let D be an open cube in 2 with faces parallel to the co-ordinate axes
and let ¢ € VVO1 P(D;RY). Denoting the length of the cubes edge by d we make the

following periodic extension of ¢ to the whole of R¥:
oz +dz) =p(x), foreveryze D, zeZ"

and let ¢, = 1¢(kz). Since ¢ = 0 on dD, the extension ¢, € W(Q,RY), and by

the Riemann-Lebesgue lemma
or — 0 in WHP(Q, RY).
Now defining @ = ug, where ug, = §yz, and letting

ug, () reQ\D
ug, () + pr(x) x €D

U ‘=
we have
up — ug, in WH(Q,RY). (2.3)

We also have

Tug] = /Q F(Dug(x)) dz = /Q P dss / F(& + Dey) de.

D

Making the change of variables y = kx we have

Tl = 1\ DIF(&) + 15 | F(&+Dolu)dy

— 12\ D|F(&) + / Fés + Do(y)) dy.

D

Thus by sequentially weak lower semicontinuity

timinf 7fuy] = [\ DIF(&) + /D F(é + Dip(y)) dy
> |Q|F(&)
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Hence we arrive at (2.2) proving part (i).

Step 2. We want to show rank-one convexity of F' i.e.
FAa+ (1 =X)p) < AF(a)+ (1 = NF(p) (2.4)

for every o, € RM*" with rank(8 — a) = 1 and A € [0,1]. From the affine
approximation lemma, Lemma 2.1, we construct an affine piecewise function ¢, €

Affice(D; RY) € WEe°(D;RY) with disjoint open sets D,, and Ds such that

(
1Dal = AID|

- IDsl = =Dl < e
pe=0mear 09, o~ < e, [Dgdllie <,
(1=M)(a—B) in D,

—Ala = B) in Dy,

(2.5)
Dpc(z) =

{
with constant v > 0, independent of e. Put ¢.(x) := u.p(x) — ug, (), where ug €
Affice(D; RY) and wug, is the affine map defined as in step 1. Thus for every a and 3
such that rank(a — 8) = 1, da + (1 — \) corresponds to some & € RY*" for which
the piecewise affine function ¢, is associated. Therefore by (2.2) of (i),

IDIFOa+ (1 — A)8) < /D FOa+ (1= A+ De.(z)) do

:/QF(a)der/DﬁF(B)dac

+/ Fa+ (1 =X+ Dec(x)) dx.
D\DaUDj

Given the continuity of F' and ||Deg||r~ < v the right hand integrand is bounded
from above for a.e. © € D and € > 0. Thus since |D \ D, U Dg| < € by (2.5), taking
€ — 0 the right hand integral converges to zero. Hence, given that in the limit ¢ — 0,
|Do| = A|D|, |Ds| = (1 — A)|D|, we arrive at (2.4) with rank(ow — ) = 1. Now
rank(a — ) =1 for all o, 5 if N =1 or n = 1 proving (ii). ]

Condition (2.2) in Theorem 2.1 is known as W'P-quasiconverity. We outline the
various relevant notions of convexity including W1P-quasiconvexity in the following

definition:
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Definition 2.2 (Notions of Convexity). (i) We say that F : R¥N*" — R U {400}

is polyconvex provided there exists a conver G : R™™N) 5 RU {+o0} such that

where T : RV*" — R™(%N) s defined to be

T(g) = (67 ade 57 R aden/\N 5)

Ran

Here adjs & represents the matrix of all s X s minors of £ € written as

a vector in some fived order. Accordingly 2 < s < n AN = min{n, N} and
7(n,N) := ZZQ{VO'(S), where o(s) := W

(i) Let Q@ C R™ be open and bounded with |02 =0, and 1 < p < co. We say that

F is WYP-quasiconvex provided it satisfies
/QF(§ + Do(x)) — F(€)dz >0, Yo e WP (Q,RY) and V¢ € RV, (2.6)
When p = oo we often merely talk about quasiconvexity.
(iii) We say that F is rank-one convex provided
F(Aa+ (1 =X)B) < AF(a) + (1 - N)F(B)
for A € 10,1] and every a, B € RN*™ such that rank(a — 3) < 1.

(iv) We say a function F: R — R U {+oo} is separately convex if it is convex in

each variable &;, fori=1,....d, i.e.

gi'_>F(517€2--'§i---5d7175d)

1S convez.

(v) We say the function F' is poly-affine, quasi-affine or rank-one affine if F' and

—F'" are both polyconver, quasiconvex or rank-one convez, respectively.

Remark 2.1. (i) WP-quasiconvezity is equivalent to saying each affine function,
denoted upg, minimises I[-, E| over WHIAPH(E,RN) for every open bounded E C
R" with |OE| = 0. Note that the condition of WP-quasiconvezity becomes
weaker for increasing p and that it really changes with p. Indeed on R"™",

F(&) := | det&| is WhP-quasiconver if and only if p > n. See [9].
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(ii) Rank-one convexity implies separate convezity, i.e. (iii) => (iv). We make the

obvious identification RVN*" =2 R?® with d = Nn.

Clearly Theorem 2.1 shows that for sequentially weak lower semicontinuous I the
corresponding integrand F' is both quasiconvex and rank-1 convex. We will discuss
the relationship between the two notions of convexity in the next section.

The above shows that WP-quasiconvexity is a necessary condition for sequential
weak lower semicontinuity on W'?. Now let  C R” be open and bounded and
let 1 < p < oco. In the following we will discuss a well known result of Ball and
Murat [9], which supplies quasiconvexity as necessary condition for for existence of

WlP_minimisers for the functional

ﬂmleﬁﬂhmn+M@M@Mx 2.7)

over the set of WP(Q, RY) functions with affine boundary values Wi’fzf’ ={u:u—¢&x e

Wy P(Q;R™)} and arbitrary perturbation function ¥ : Q x RN — R.

Theorem 2.2 (Ball & Murat). Suppose that |0Q| = 0. Let £ € RY*™ and suppose
that F is not quasiconvez at &. Let U(z,u(z)) = ®(|u — x|?) where ® : R — R is
continuous and bounded such that ®(0) =0, and ®(t) > 0 if t #0. Then J[-, 2] does

. .. 1
not attain a minimum on WA’f’f’.

Proof. We follow the proof of Ball & Murat, [9]. Let I[u,Q] := [, F(Du(x))dx
and \ := infuewjg I[u, Q. Since every u € Wi’f’; can be written as £x + ¢ for some
pE I/VO1 P(Q, RY), by assumption that F is not quasiconvex at & we must have A\ < co.
Step 1. We claim that

inf J[u, Q] = A\ (2.8)

ueWw, 2

Let v = £z + ¢ where ¢ € WyP(Q,RY) and for € > 0 let v satisfy

angA+§ (2.9)

By Vitali, given j € N\ {0} such that 0 < ¢ < % there exists a finite countable

disjoint sequence of closed subsets of €2, z; + ¢, such that
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Consequently as |02 = 0, we must have ) . €' = 1. Now define

x4+ (=), ifx €z +eQ

uj(z) = “ _
Ex, otherwise.

Then uj(z) € W 2 and

I[u;, :Z/‘+ ,ﬁF (§+€z‘D90 <x;$z)) dx+/ﬂ‘1>(|uj—§x|2) dx

= <Z€?> /QF(SJrDsD(y)) dy+/ﬂ<1>(|uj —gal) dx

i

= I[v, Q] + / ® (|u; — Az|?) dz,
Q

where we have used |0€2] = 0. Now for 1 < p < 00

r — T
oy~ ol o= 3"t 90( )
/f; ! Zz:; (Eri»eﬁ Ei

= Ze?ﬂ’/ o (y)|P da
- 0

p

dx

< 7Pl Lo (,rny-

Thus @(|u; — x[*) — 0 in measure as j — oo and by the dominated convergence
theorem

lim [ @ (Ju; — &x|*) da = 0.

Jj—=oo Jq
Hence by (2.9)
Ju, ) <A+e€ Ve>0
proving claim (2.8).
Step 2. We will now use the claim for a contradiction of our assumption that F'is

not quasiconvex at . Suppose J|-, 2] attains it’s minimum with some @ € ng, ie.

J[u, Q] = inf ey J[u, ). Then by claim (2.8)

A:][E,Q]+/q)(|ﬂ—§x|2)dx
Q

by O(|lu — &x|?) du.
> +/Q (7 - €x?) da
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Therefore © = &x for a.e. x € Q and [[éx] = inf e Iu, Q). Hence F is Wr-

quasiconvex at & contradicting our assumption. ]
By taking the contra positive we immediately have the following Corollary.

Corollary 2.1. Let |09 = 0, € € RN*". [If J[-,Q] attains a minimum on Wk for

all smooth nonnegative ¥ then F is W'P-quasiconvex.

Of course for ¥ = 0 the above statement is trivial if J attains an affine minimum.

The Euler-Lagrange equation and full existence for minimisers

In the following we write F’, F” for the derivatives of an integrand F. In particular,

we interpret F’(£) as an N x n matrix, and F”(§) as a symmetric bilinear form on

Ran

Theorem 2.3 (Euler-Lagrange). Let F' : RN*" — R be C' and satisfy the growth
condition

[F'(E)] < c(L+[eF™h), Ve e RV (2.10)
Ifu e ng’p(Q,RN) is a minimiser of I[-,Q)], then

F'(Da) € IP (Q,R), p' =L,

I—p
and

/ F(Du(2))[Dg] dz = 0, Vg € WP, RY). (2.11)

Proof. First part is clear from the growth condition. To prove (2.11) fix p € W, * (€, RN).
Then uw +ty € ng’p(Q, RY) for all t € R. Given that u is a minimiser
/ F(Du)dx < / F(Du+tDy)dx.
Q Q

Thus by the fundamental theorem of calculus we have

1
/t/ F'(Du + stDy)[Dpl]dsdx > 0.
a Jo

Since t may be either positive or negative in R,

1
/ / F'(Du + stDyp)[Dy] ds dz = 0.
aJo
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Finally we show that the integrand is bounded by an L' function. Let [{| < 1 and
using the growth condition (2.10) together with ab?~! < aP + bP

|F'(Du + stDy)||Dy| < c|Du + Dp|P~'| Dyl
< c(|Dg| + |Dul” + 2[ D)

< c(L+|Duf” +3[Del?),

where in the final estimate we have used |Dg| < (1+ |Dg|P). Hence (2.11) follows by

dominated convergence as s — 0. [

One can show as an immediate corollary to Theorem 2.6 part (iv), stated later in

Section 2.2, that

Lemma 2.2. Let F': R™ — R be separately convex and satisfy the growth condition
[F(E)] < L1+ [¢)

for every € € R"™, p > 1 and any L > 0. Then there exists a ¢ > 0 such that

[F(&) = F(OI < e(T+ [g~ + [CPHIE = <.
for every £,¢ € R,

Thus for rank-one F, the growth condition (2.10) used in the derivation of the

Euler-Lagrange system of equations (2.11) follows from the standard growth condition
on F',
[F(&)] < L(1+ [§]7) (2.12)

for all £ € RV*™ and with ¢ in (2.10) dependent on n, N, p and L. With this the
control on F' we are able to state, by an amalgamation of the results of MORREY
48], MEYERS [46] and FUSCO [27], that in fact quasiconvexity is both necessary

and sufficient for squential weak lower semicontinuity on ngvp for some fixed g €

Whr(Q,RY):
Theorem 2.4 (Morrey , Meyers & Fusco). Let F: RV*" — R be continuous and

[FEI < L+ [€7), V¢
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where 1 < p < oo and L < co. Fiz g € WHP(Q,RY). Then

Iu, Q) :/QF(Du)dx

1s sequentially weakly lower semicontinuous on W;’p(Q,R”) if and only if F is WP-

qUasiCoOnveL.

We remark that the generalisation of this result to x,u-dependent F', F' : R" x
RY x RV*" — R with F' measurable in x and continuous in (s, &) € RY x RV*" was
initially proved by MARCELLINI & SBORDONE [44] for the scalar case (N = 1),
where the condition of quasiconvexity is equivalent to convexity. The result was then
proved in the full generality of the vectorial case (N > 1) by ACERBI & FUSCO [1].

After confirming existence of global minimisers the next natural question to ask
is that of uniqueness. However as it turns out global minimisers are not unique, even
for problems with strongly polyconvex integrands and when the domain €2 is an open
ball. Examples to this effect were obtained in [58] by modification of classical examples
of non-uniqueness for minimal surfaces. The reader is referred to the aforementioned
paper for the relevant details. We will now move our discussion from global minimisers

to the theory of local minimisers of I[-, ], which is the topic of this thesis.

2.1.1 A necessary condition for existence of local minimisers

It should be noted that all previously mentioned theory holds in the local case. How-
ever existence of local minimiser that are not absolute minimisers cannot be shown

from the above.

Definition 2.3. Let 2 C R" be open and bounded, 1 < p < 00, 1 < q < oo and let
u e Whr(Q,RN). If there exists a 6 > 0 such that

1.9 < 1{u. )
whenever u € WrP(Q,RY) and
(i) lu—llwra@ryy < 0, then T is said to be a W'-local minimiser;

(1) ||u—Tllwreepryy < 0, then U is said to be a W>-local minimiser.
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From [42] we have the following necessary condition for local minimisers:

Theorem 2.5 (Necessary condition for local minimisers). Let F' : RV — R be

lower semicontinuous and assume that
1 p
YeP e < PO (2.13)

for all € € RN*" where ¢ > 0 is a constant and p € (1,00). Put

Iu, Q] ::/QF(Du)da:.

If u € WWP(QRN) with I[u,Q] < oo is a W'P-local minimiser then there exists a
0 > 0 such that
Ia, Q) < Ifu, Q)

for all u € WP (Q,RN) with |Q N {|Du — Dal|} > §| < 6.

Proof. Suppose that the theorem is false, then there exists a sequence of u; € Wﬂl’p (Q,RY)

such that Du; — Du in measure on €2 and
[[uj, Q) < Iu, Q). (2.14)

For a contradiction we set f;(z) = F'(Du;) and fx(x) = F(Du). From the coercivity
assumption (2.13) it follows that sup; || Du||r»@ry<n)y < oo. Thus we infer that
u; — win WHP(Q, RY) and so u; — @ in measure. Now given the lower-semicontinuity

of F' it follows that
liminf f;(z) > fo(x).
‘]*)OO

Thus by Fatou’s lemma together with (2.14), we have

/L mﬁ/m

Thus f; — fs strongly in L*(€2) and once again from coercivity of F' we conclude that
{u;} is p-equiintegrable. Hence by Vitali’s convergence theorem Du; — Du strongly

in LP(Q, RY¥*") and together with (2.14) this leads to a contradiction. O

Remark 2.2. (i) This implies that all W'P-local minimisers, u € W'P(Q,R"Y),

of I[-,Q] with integrand F satisfying the lower semicontinuity and p-coercivity
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conditions of the theorem, are in fact global minimisers locally in 2. The ob-
servation that C? critical points of I with certain strong WP -quasiconvex inte-

grands F are absolutely minimising on small balls with centres in € is due to

ZHANG [66].

(ii) If uw € WH1(Q,RY) is a W4-local minimiser of I[-,$2] then it is not necessarily
a global minimiser locally in ) due to the p-coercivity condition, (2.13), not

quaranteeing a bound in WH4 for g > p.

Given the above, the class of local minimisers that are not subsumed in to the
theory of global minimisers are those W14-local minimisers, u € W?(Q, RY), where

q > p. Indeed by Holder’s inequality,

_ 1 g
| Du — DUH%Q(Q’RNM) < Q||| Du — DUH%W(Q’RNM), for any r > 1,

where the norm on the right hand side of the inequality is bounded by |[Du —

Dﬂ||’2p(9 RN xn) only if ¢ < p. In which case there exists a 4 > 0 bound as dic-

tated by the theorem. The first partial regularity results for such minimisers with

q

2(Q,RY) were also presented in

the condition that the minimisers also belong to W;.
Kristensen and Taheri [42] along with an example of a strong L'- local minimiser,
u € WHP(Q,RY), on an annulus, €2, that is not also a global minimiser. In a second
paper Taheri [61] proved uniqueness for stationary points with affine boundary values,
and thus uniqueness of W!P-local minimisers, where F' strongly quasiconvex and [
is defined on the Dirichlet class W,LP(Q,RY), where Q is a star shaped domain. In
particular as a consequence of [61], a W1?-local minimiser on a star shaped domain
with affine boundary values, wuyg, is affine (and thus coincides with wug). However for
the case p < ¢ < oo, existence of Wh4-local minimisers that are not global seems
to be an open problem (see [42, pp65-66]). In the paper [20], focusing on partial
regularity, we made an improvement on the additional W,>%(Q2, RY) condition of [42]

mentioned above, and that for certain classes of minimiser showed this improvement

to be necessary for their partial regularity. We will discuss this in full in Chapter 5.
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2.2 Basic Properties of Quasi-Convexity.

In this section we shall discuss a collection of auxiliary background results for the

various classes of convex functions encountered in the calculus of variations.
Theorem 2.6. Let F : RV*" — R be continuous. Then
(i) F convex = F polyconvex —> [ quasiconver —> [ rank-one convex.
(i) If N =1 orn =1 all the above notions of convexity are equivalent.

(iii) If F € C?(RN*™), then rank-one converity is equivalent to the Legendre-Hadamard

condition

OF
2 oee 5 (Du)ni¢n;¢” > 0. (2.15)
i 6]

for everyn € R™ , ¢ € RY and & € RV*",

(iv) If F : RV*" — R is rank-one conver, F is locally Lipschitz.

Proof. We will prove (iv) here. Note that for (i) we have already shown that qua-
siconvexity implies rank-one in the proof of Theorem 2.1. The remaning parts are
straight forward, see for example [15].  Proof of (iv): We rewrite F' as a function
F:R?Y — R with d := nN. Then let F be separately convex (see Definition 2.2 (iv)).
Following [15] let

|€]oo == max{{; and a=1,...,nN}

Step 1: We first prove that if £ € int(domF), then F' is bounded from above in
a neighbourhood of ¢&. Without loss of generality suppose that & = 0. Thus as

0 € int(dom F), there exists an € > 0 such that
{€ e R™ ;€] <€} C domPF. (2.16)
Now setting
a = max{F(e,€,...,e,n) : €, = —€,0,¢, forevery i =1,...,nN}
we find from (2.16) that a < +00. We now claim that

€l < e = F({) <a. (2.17)
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In order to prove the claim (2.17), observe that if 0 < &,y < € and ¢; = —¢,0, € then
the separate convexity of F' with respect to the last variable implies that

F(El, €9, ... 7€nN—17£nN) S gn—eNF(El, .., €EQN—1, E) + (1 — én—eN)F(El, ey EnN—lao)

§éﬂa+(l—§n—N)a:a
€ €

Using the above inequality and the separate convexity of F' with respect to &,ny_1 and
letting 0 < &,n_1 < € we have

SnN—l

F(€1; €2,...,EpN-2, anfh an) < F(El, -, EN—2, €, £nN)

+(1-— gnzl)F(El, co €N-2,0,6nn)

< a.

Thus iterating the process with respect to all the variables we arrive at (2.17) provided
& > 0. We can use a similar argument If any & are negative. Hence we have
claim (2.17) implying that if ¢ € int(domF) then F' is bounded from above in a
neighbourhood of ¢ completing step 1.

Step 2: We next claim that if £ € int(domF) then F' is continuous at £. Once
again without loss of generality assume £ = 0 and F(0) = 0. Since F' is bounded

above in a neighbourhood of £ = 0, there exists a A > 0 and a > 0 such that
oo <A = F(¢) <a. (2.18)

Fix € > 0 and without loss of generality assume that ¢ < anN2"" (otherwise choose
a even larger). We now show that

€

o < ————\ = |F <e. 2.1
e <~z A = [F(] < (219)
We let
€
0= ——— <1.
anN2"N —
Using the separate convexity of F', we have

F(&)=(&,....6w~)=F (5(%7527 oo &an) (1 =0)(0,&, .. an))

§5F (%,52,---,§nzv) +(1_5)F(07£2:"'7£n1\7)
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Repeating the process on the second term on the right with the second variable

F(€) < 6F <51 bor. ,an) (1-0)6F ( & m) F—0F(0,0,6.. .. Eun).
Thus by iteration we obtain
<5Z Z lF ) a§Z7€Z+1 £nN)+(1_6)an(0770)
If we now assume that
P
< - < 2.20
e <A = s < (220

we find given F'(0) = 0 and the fact that F' is bounded from above, (2.18), that

niN
F() < &LZ(l — &)t < danN < e

i=1
which is the bound in the inequality bounding F' from above in (2.19). To obtain

(2.19) completely it remains to show that F'(§) > —e. In a similar way to the above

0= F(0,...,0)

1 1 gnN
= F | ——(0,. —
<1 F(0,...,0,&n) +6F(0,...,0 _ﬁﬁN)
—_ 1+ ) ) ) SN ) ) ) 5

Thus proceeding with the &,y_1 variable we get

F(O,...,0,60) = F (#«), 0 ey ) + 1j (0,....0, ﬂ,fnm)

1+6 J 0
<__-Fm.uoquganﬁ—m”.o_&leN»
_1+5 ) ) Y SN Y12 1—{—67 b 5 Y 1

and thus combining the two estimates we obtain

0<

F<07"'707§nN—17§7ZN) +
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[terating we deduce that

niN
1 Z 0 —&i
< ——F .oy, Cn —F yooos Uy =, Gi+15---5Sn
0 — (1+5)N (517 75 N) + — (1+5)N—z+1 (O 0 5 £+1 §N
So if
€
< OAN=——— < A
€loo < 0 anN2nN — 77
by (2.18) we have
nN

F(&,.. &) = =0 (146)71F(0,...,0, —%,giﬂ, o bnn)

i=1

nN
> —da Z(l +6)7 > —fanN2N = —e.

i=1
From the above inequality we infer that

€

< -
€lee = anN2mN

A= F(§) > —e

Thus (2.19) holds implying the continuity of F' at £ = 0.

).

Step 3. Finally we show that F' is locally Lipschitz in the interior of the domain

F. Let £ € int(dom F). From continuity of F' at x, there exists an a, 8 > 0 such that

€ = ¢l €268 = [F(Q)] € a < +o0.
Let z and z; be such that
21 = 2|00y |21 = €loo < B,
implying that |z — {|, < 2. Therefore (2.21) and (2.22) lead to
|21 — Z]oo, |21 = €loo < B = F(2) — F(z1) < 2a.

Let € > 0 be chosen later. Combining (2.23) and (2.19) of step 2 we have

Be
|21 = 2]oo, |21 — €loo < Y NN — |F(z2) — F(n1)| <e.
Choosing
2anN2"N| |
€= ———|21 — ?|oo
8
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we obtain from (2.22) and (2.24) the following

2anN2"N

21 = 2|oc, |21 = €l £ B = |F(2) = F(Z)| < :

|21 — 2|oo- (2.26)
Now let z5 be such that |z — {|o < 5. Let
Uy, Us, ..., upr € |21, 2]
(the segment in R™ with endpoints z; and 23) be such that
Uy = 21, U,y .. upy = 2o and |ty — Upi1]oo < B, m=1,...,M — 1.
Since |21 — &|oo, |22 — €|oo < S, then

U — Tloo < B, m=1...M.

Thus using (2.26), we immediately get

2an N2V
‘um - uerl‘oo < ﬁ — |F<um) - F(uerl)‘ < T|um — Um+1|oo-
Hence summing the above inequalities, we obtain
2anN2"N
|21 = Eloos [22 = &loo < B = [F(21) — F22)] < lel — Z2]00
proving the result. O

From Lemma 3.1 of the next chapter and its corollary we can conclude that for
any I[-;Q] with quadratic rank-one convex integrand F: RY*" — R F is Wb
quasiconvex and the integral functional []u; €] is convex on the Dirichlet class u €
W,2(Q,RY). However in a fundamental result by SVERAK [63] it was shown that
rank-one convexity does not in general imply quasiconvexity. In particular [63] pro-
vides a counter example to the hypothesis that rank-one convexity implies quasicon-
vexity, in the form of a quartic polynomial on RY*" when N > 3, n > 2 which is
rank-one convex but not quasi-convex. The question of the validity of the hypothesis
remains open for the case N =2, n > 2.

In fact it is known that for N > 3, n > 2 there can not even be a local condition
which is equivalent to quasiconvexity within the class of C'™ functions, see [38]. The

same is true for polyconvexity, see [39].
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The notion of quasiconvexity therefore is a bit of a mystery. There are many
functions in the literature that are known to be rank-one convex, but not polyconvex,
and where the issue of their quasiconvexity is completely open and related to some
deep questions in harmonic analysis and geometric function theory [6,34,35]. However,
for N = n = 2 there are some interesting recent positive results, see [52] and [24].

Despite the underlying mystery around quasiconvexity of many rank-one functions,
we are able to present a simple positive result that appears to be neglected in the

literature.

Proposition 2.1. Rank-one convexity = quasiconvezity for rank-one polynomials

F RV 5 R of degree 3.

Proof. Let t > 0. Then £ — t3F(&£t€) are rank-one convex. As t — oo,
tF () = Fy(£6) = £15(€)

point-wise in &, where
and

Thus both +Fj3 are rank-one convex. But then Fj is rank-one affine and hence poly-
affine (see [15]). In conclusion F'(§) = |, <5 ca&® + F3(€) is quasiconvex by Theorem
2.6, (i). n

For the purposes of regularity we need to strengthen the quasiconvexity condition.

Accordingly we define:

Definition 2.4 (Strong Quasiconvexity). If F' is called strongly p-quasiconvez for

some constant v > 0, every & € RN*™ and every ¢ € CL(R*,RN),

v [ (Dol + Dby < [ (Fl6+ Do)~ PlO)do whenp=2 (227

n

y/ (1+ €2+ |D¢|2)%;2;D¢|2da: < / (F(&+ D) — F(€))dx when 1 < p < 2.
(2.28)
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The conditions (2.27) and (2.28) of the definition are known as strong quasiconvex-
ity and were first introduced by EVANS in his paper on partial regularity of absolute
minimisers of I[-] (p > 2), [22]. He called it uniform strict quasiconvexity. Note that
for p > 2 (2.27) is the weaker of the two conditions. Strong quasiconvexity in the
form of (2.28) was used to prove partial regularity of absolute minimisers in the sub-
quadratic, 1 < p < 2, case, by CAROZZA, FUSCO and MINGIONE [14] and later
in [13] for local minimisers.

It follows that if F' is strongly quasiconvex then it is strongly rank-one convex and

the associated Legendre-Hadamard condition is:

FI(E)[A Al = VAP, p=2,

Y (2.29)
FUENA 2 v(L+ € AR, 1<p<2,

for every £ € RV*™ and all A € RV*" with rank()\) < 1.
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Chapter 3

Holder regularity, Morrey and

Campanato spaces.

3.1 Morrey-Campanato spaces and spaces of bounded
mean oscillation.

In this section we will introduce three closely related spaces and summarise how they
can be used to characterise Holder continuity within the space of Lebesgue integrable
functions. A more general discussion can be found in [28]. The first of these is due

to Morrey [49]:

Definition 3.1 (Morrey Space). Let Q C R™ be open and bounded define 2(xq, R) :=
QN B(xg, R). Then for p > 1 and pn > 0 the Morrey space LP*(QY) [12, 28], consists
of all f € LY (Q) such that

1
1 P
1lpwa = sup (— / Iflpd:v> ‘o
o 29€ RE Jo(e,R)

0<R<diam(Q)

We say that f is locally LP* in Q), denoted f € L2H(Q), if for each open Q) compactly

loc

contained in Q, || f|lp.0 < o0o.
Remark 3.1. LP" is isomorphic to L*™°.

To understand how this space relates to Holder continuity we introduce the fol-

lowing space due to Campanato:
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Definition 3.2 (Campanato Space). Let 0 C R"™ be open and bounded and define
Q(xg, R) := QN B(xg, R). Then for p > 1 and pu > 0 the Campanato space LPH(Q)
[12, 28], consists of all f € LY () such that

loc

1
1 »
ai= s (g [ 1= fual ) <
zQ € Q(zo,R)

0<R<diam(2)

The LP#(2)-norm is given by

[ fllpe = 1 fllLe + [flpua-

We say that f is locally LP* in Q), denoted f € LYH(Q), if for each open Q' compactly

loc

contained in Q, [f]p .0 < 0.

Using these definitions we can proceed to describe the so called Campanato char-
acterisation of Holder continuity which will be central to the regularity proof for linear
elliptic systems, the Schauder estimates, discussed in full in the next section and a
fundamental component of our regularity program for nonlinear systems (linearisa-
tion, perturbation, comparison). These spaces together with the space of functions of
bounded mean oscillation defined below, which is closely related to a special case of
Campanato (see Proposition 3.3 of this section), also play a central role in our main
result discussed in the final chapter. It turns out that they are deeply involved in the
partial regularity of local minimisers in the vectorial case. The definition of the space
of functions of bounded mean oscillation on an open and bounded set 2 C R™ or the

entire space R" is as follows:

Definition 3.3 (BMO Space). Let Q be open and bounded or the entire space R™.
Then the John-Nirenberg space BMO(Q) [28, 36] consists of all f € L () such that

[fls0 := sup (][ |f = fBldl") < 00,
Bco \JB

where the supremum is taken over all open balls contained in Q. The BMO(Q2)-norm
s given by

[fllee = 1l @) + [flea-
We say that f is locally BMO in Q if for each open Q' compactly contained in €0,

[fls0r < o0
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Notation We have used f,, r to denote the integral average of f over Q(z, R)

1
fon=f =g [ f@ds
o Q(z0,R) 120, B)| Jogzo,r)

Depending on the context we may also write f,, for the average over the ball B =
B(xz,r). Alternatively we may write this as fp and we will denote the unit ball as
By = B(0,1) to avoid confusion with B. We may also drop the zq in Q(zo, R) and
fzo,r and use the short hand Qp and fr where appropriate. Note that the same
definitions apply verbatim to vector valued functions with | - | denoting the Euclidian
norm.

The relationship between Morrey and Campanato spaces can be summarised as
follows. For p < m and a sufficiently regular boundary 052, the Campanato space
LP#(Q) is equivalent to the Morrey space LP#(€2) In this case we refer to the space

as Morrey-Campanato space. The inclusion LP#(2) < LPH(§2) is a trivial result of

][ |f = fao.r|P < 2P inf ][ |f = ¢JP (3.1)
Q(zo,R) EERn O(z0,R)

and holds for all open 2. Note the inequality (3.1) follows directly from the Minkowski
inequality. For the opposite inclusion some work is required to derive the relevant
inequality,

£y < e, p, ) (@iam(@) 5[ F e + [Flpsen) (32)

which only holds for exponents 0 < 1 < n and for domains without external cusps, e.g
domains with Lipschitz boundary (see [28, §2.3]). To properly frame the conditions
necessary for (3.2) we must define what we mean by sufficient regularity of the bound-
ary for the open and bounded set {2 C R"™. We do this with the following measure

density condition:

Definition 3.4 (No External Cusps.). We say that the set € has no external cusps
if there exists a constant A > 0 such that for every xo € Q and every r € (0, diam(Q)]

we have

’Q(xoa T)‘ 2 A‘B(l’m 7’)‘

We now can state the following proposition
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Proposition 3.1. Let f € LP(2,RY) and suppose Q has no external cusps. Then for
(3.3)

0<u<n
1l < (s A, p, 1) (diamn(Q) 75 |l + [Floec) -

As a direct result of (3.1) and the above proposition we have the following corollary:

Corollary 3.1. If Q) is bounded open, has no external cusps, and if 0 < u < n, then
LP#(Q, RY) s isomorphic to LPH(Q,RY).

Proof of Proposition 3.1.
1

(Tiu |f|de);§ 7 |f — folPda %+ | frlPda : (3.4)
Q. re Q, Q,

1 1
= —|Q || |
re

Estimating the second term using |€2,.| < |B,|,

1

1 »

(_/ |fr|pdx)
rH Q,

<7 v | Bl f].

Let R = diam(€2). Introducing fr into the above we have
1 P w0
(5 [ 1) <5 Bl U 1+ 15l 35
(3.6)

To estimate |fr — f,| we split it further

\fr = fr] < |fo-rr — frI +|fr — fosgl

for some k= 0,1.... Estimating |fy-xz — fr| we have

k
| fo-rr — Rl < Z | fo-ir = fo-in1R]

i=1

3=

v—ﬁ%WMM>

Q,—it1p



Next using Definition 3.4 for sets without external cusps,

k
|fokr = frI <D ATP2 [ulpaprma(27 T R) (A Ba|) v

i=1

(3.7)
=c(A,n,p,|B1])] papmszZ e R,
Referring back to the second term of (3.5)
Balor P Ul 1B Al < B (AR B e,
which provided p < n, is bounded b;
c(A, p, | Bi|)diam ()7 [| 0. (3.8)

Now setting o = ap + n, implies o = £ < 0. Referring back to (3.7) we see that
when o = 0, the inequality cannot provide a uniform bound for |fy-xz — fg| over k.
Since in the following we must allow for k& to be arbitrarily large we are forced to set

a < 0 translating to u < n (indeed for © = n the proposition is false see Remark 3.2).

Now noting that 7 < 27*R for some k = 1,2,..., otherwise |fy-rgz — fr| = 0 (case
k =0), we have

R < 2Fape,
Therefore

| fa-rr — frl < c[f MQZ (25

where the sum

k
1 — <2a)k 2
2k 7,+1 — 2a )
2 Z:: [—20 ~1_2a

Thus

p—n

|f2*kR - fR| S C(A7n7p7 |B1|7 M)[f]P#;Q TP (39)
for arbitrary k£ € Nj.

Next to estimate |f. — fo-kpg| in (3.5) we choose k € Ny such that 27 1R < r <

2-kR. We have
1
|fr - fzf’cR‘ < (]{2 ‘f - fsz|p>

O
S <| |§2k|R| ’f_kaR‘p>
r Qykp
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Thus by our choice of k, || > [Qy-+-15| and

Q1
o

_1

1y~ foenl < ( ) B flpaps - (2-FR)°

n 1 _1 _ a
<20 A7r - (AIBi)) " [flpue - (27°R)
where we have used Definition 3.4 as before. Finally given o« < 0 and our choice of k,

(27*R)® < r* and
\fs = fomrr| < (A, p, | B [flpger 77 (3.10)

for k € Ny such that 2% 'R < r < 27*R.
Hence setting k € Ny such that 27" 1R < r < 27*R, combining (3.9) and (3.10)
in (3.6) with (3.5),
1 P nu 1
(o5 [ (o) < ctn Bl Ul 5 Bl ol
Q.
Thus, given the LP-norm bound (3.8) on the second right hand term above, the
result follows from (3.4) by taking the supremum over 0 < r < R := diam(Q2) and
o € . O

Remark 3.2. The isomorphism does not hold in general for the case p = n. For
a counter example take n = N = 1. Then log(x) belongs to L2((0,1)) but not to
LY1((0,1)) since LY1((0,1)) is isomorphic to L>((0,1)).

3.1.1 Morrey, Campanato embeddings and BMO.

We now discuss some more well known relationships between Morrey, Campanato and
BMO spaces important for our main result descussed in the final chapter (for further
reading see [28, §2.3-2.4]). The following proposition provides the inequality between
Morrey space norms (Campanato space semi-norms ) of different exponents and is

easily derived with Holders inequality:

Proposition 3.2 (Morrey-Campanato embeddings). Let 2 C R™ be open and bounded,
1<p<g<ooand E — 222 >0 then L%(Q) is continuously embedded in LP*(Q2)
and L2 (§2) is continuously embedded in LPH($2) with

nop_n—v

I fllppe < c-diam(Q) 7 7 [ fllgwe . f€L(Q) (3.11)
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and

n—p__n—v

flppo <c-diam(Q) > ~ 7 [flguo , feLP(Q) (3.12)

respectively, where c 1s a positive constant depending only on n, u, v, p and q.

Proof. By Holder with p/, ¢ > 1

and p' = ¢/p (g > p) we have

—n P Q 510 (1—§)< q)z
) / P el IO, o) E 100, ) / o

o

bv_p - e
= c(n, 1, v, p, Q)| Q(w, p)|na—n TP/ (p / mq)
Q(zo,p)

= e (1260, )1 o [
Q(zo,p)

1 (=)=t g .

— (192, p)1) (e [ )
Q(zo,p)

where ¢ depends only on n, u, v, p and ¢q. Given that

Q3

P
q

[

Q7 > |Q(x0, p)| 7, VQz0, p)

we have, provided ”p%“ > %, that

— P

_ 1\ ()= a

o [ el p 117)"
Q(z0,p) Q(z0,p)

Hence taking the supremum over all Q(xg, p) on both sides concludes the proof of

(3.11). The Campanato space equivalent (3.12) follows in the same way. O

The next proposition summarises the relationships between Campanato and BMO

spaces:
Proposition 3.3 (Campanato-BMO Isometry). Let 1 < p < oo:

(i) For general Q@ open and bounded in R™, LP™(QY) is continuously embedded in
BMO(Q).

(i1) IfQ = By where By is an arbitrary ball in R™, LP™(Q) is isomorphic to BMO(Q).
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Proof. Given the open bounded set 2 C R", it follows from definitions 3.2 and 3.3

and Proposition 3.2 that

1 1

[fleo < —==I[flina < N

|Bl| [f]p,n,(l

for f € LP™(§2) proving (i). Given

1 n
Bl (37) <lBan s

for B of radius 0 < r < diam(By), centre xy € By we may use of a result of [37] that

shows [f]7 5, is equivalent to

sup ][ 1 — For de.
BNBy

BeR™

Thus part (ii) follows from the inequality, bounding LP(B, RY*") by BMO(Bg, RN*"),

]i 1 falP < P, (3.13)

for all B C By. This inequality can be shown with a well known argument, reproduced
here for the convenience of the reader, that uses the celebrated result of John and
Nirenberg [36]. This result states that for every f € BMO(By) and o > 0 there exists

a positive A and « that are independent of f and ¢ such that

(670
Aol < Aexp | — Bl,
Do < p( m*,BO)' |

where A\, g := {x € B : |f — fg| > o}. Given this we have by standard formula for

integrals in terms of distribution functions

[1r=saP=p [ omrnslio
B 0
SpA/ P texp (—ﬂ) | B|do
0 [ﬂ*,BO

p o]
—A. (—m*’BO)> |B| -p/ tr~le tdt
o 0

< ¢ B[f1+.80;
where the improper integral of the penultimate estimate is equal to the Gamma

function of p. Thus ¢, is dependent on p, a and A proving (3.13). n
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3.1.2 Campanato Characterisation of Holder Continuity.

The main interest in Morrey and Campanato spaces centres around the following
Lebesgue integral characterisation of Holder continuity, due to Campanato [12], and

Meyers [45]:

Theorem 3.1. Let Q be a bounded open set and f € LPPT(Q RYN) for 1 < p < oo,
0 < a < 1, then the precise representative f* belongs to Coa(Q RY).  Further

loc

more assuming that Q is without external cusps LPPT(Q,RY) is isomorphic to
Co(Q,RN).
Proof. Step 1. We claim that if f € £PoPT(Q, RY), then

|f(x1) = f(z2)| < cfrr — 22|” (3.14)

for any Lebesgue points of f, 1,2, € B(x, £) such that B(z,2R) C Q.
Let x1,29 € B(x,r) C Q be Lebesgue points and estimate |f(z1) — f(z2)| by

introducing the integral average f,,,, for a second ball B(zq, 1) C €2,

|f(z1) = fz2)| < |f(21) = fagm | + [f(22) = froml- (3.15)

It is then a case of estimating |f(y) — f,.~ | for the Lebesgue points y € B(x,r). Once

again to estimate |f(y) — fuor| We split it using the triangle inequality,

‘f(y) - .f:co,m‘ S ‘f(y) - fy,%‘ + ‘f ,%1 - fxo,?‘ll' (316)

Starting with the second term on the right hand side we set B(y, 5-) C B(xo,71) and

make the estimate

1
P
ot = b < (f1F= ol
B(y,5)

|B .1'0,7’1 ‘ > (317)
( y’ 2 ][:EOT1 |f fx0r1|

n

<27 [flpaprna - 7T
We are left with the task of estimating the first term of (3.16). To start with we

estimate [ f, -5 — f, = | in a similar fashion to (3.10) in the proof of Proposition 3.1,

B e 320 = (5)

=1

[fyoen = fym

2 Y 2
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Taking k£ — oo the sum on the right hand side converges provided o« > 0. Thus for

every Lebesgue point of f, y € B(z,r) we have

|f<y> - fy,%l| S c[f]p,ozp-i—n;Q ' r(ll7 o > 07 (318)

n _
27 |B|

1
with ¢ = 221" Thus the result of (3.17), (3.18) and (3.16) is

|f(z1) = f(z2)| < e(n,p, [ Bil, @) [flp.apine - 7T

for @ > 0 and the Lebesgue points of f, z1 and x5. Set r; = |x; — x3|. From the above

we must have B(xz;, 5) C B(xo,71) C Q for x1,25 € B(z,7) CQ,i=1,2. Set g =

where ¥ = “”2“”2 and fix r = % then figure 3.1 clearly shows the possible case where

B(zo,m) ¢ B(z, R) but that B(ze,m1) C B(z,*28) C B(x,2R). Thus claim (3.14)

follows with ¢ dependent only on n,p, a and [f], apt+n:-

Step 2. We will prove all points in B(z, %) are Lebesgue points of f. Fix any
y € B(z, &) and for B(y,r) C B(y,s) C B(z, §) choose a Lebesgue point = € B(y, §).
Then

‘fy,s - fy,r‘ < ’fy,s - f(f)‘ + ‘f(f) - fy,r‘

< [ flpapina - 8"+ c|flpaprna - ¢

i.e. (fyr)r>o is Cauchy in R™.
Step 3. Finally to extend the result to any pair z,y € ' CC € we note that for
each € there exists a sufficiently small Rq > 0 dependent on dist(€2', 0Q2) and a finite

R“’) with the property that

covering of balls B(y;,

k
chB% U (yi, Roy) C
and z;, ;41 € B(y, %), i = kywithe =2y and y = x4 (1 = |2 — )
k
/() Z [ (@)l
=1
Assuming |z — y| > 2 otherwise (3.14) trivially holds, we have

k
> = wig | < kle —y)*.

i=1
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B(xh %1)

(z, R)

Figure 3.1: The diagram shows a case when B(Z, 1) is not quite contained in B(z, R).
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for some k dependent on €2 and €2, completing the proof for the local Holder continuity
result.

Step 4. To prove f* € C%(Q) for Q without external cusps let zy,z, € €.
As above set Z = 322 and 1 = |z, — xp|. It follows that z1, 2, € Q(z,71). In
addition Q(z;, %) C Q(z,r) and Q(z;,27%2) C Q(x;, %) for ¢ = 1,2. Thus using
|Q(x, 7))t < A7 B(x,7)|7" from Definition 3.4 for domains without external cusps,

we can proceed by making comparable estimates to those of (3.17) and (3.18). Hence

we find

n 2 _1 .
‘f;u% - f;,ﬁ’ S ZZA p’Bl‘ p[f]p,ap—i—n;ﬁ . 7"(11, 1= 1,2

n 2 _1
and (3.18) with y = z;, i = 1,2 and ¢ = %. The conclusion then follows

from (3.15) and (3.16). O

Remark 3.3. From the Hélder characterisation of Campanato spaces it is clear that

for ;> n+p, the Campanato space LPH(Q) corresponds to the set of constant functions

on S).

3.2 Minimisers, Elliptic systems, Regularity of A-

Harmonic functions and the Schauder estimates.

In the regularity theory of minimisers of strongly convex or quasiconvex variational
integrals a crucial step is to compare the minimiser with the solution to a linear homo-
geneous elliptic equation or system of equations with constant coefficients. These class
of solutions to elliptic systems satisfying the Legendre-Hadamard condition (2.15) of
Chapter 2.1, with F” constant and defined to equal the tensor A, associated with

symmetric bilinear form A € £,(RY*"), are known as A-Harmonic functions.

Definition 3.5 (A-Harmonic functions). Let A : RV*" x RN*" — R be a symmetric

bilinear form satisfying the Legendre-Hadamard condition

AN A > A%, rank()) < 1 (3.19)
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with v > 0. Let Q C R, then u € WY2(Q,RYN) is A-Harmonic if and only if
/ A[Du, Dpldz =0, VYo € CHQ,RY). (3.20)
Q

Notation. We will write £2(RY*") to denote the space of symmetric bilinear
forms on RY*". We may also write A[),n] as the bilinear form (A\, ), for all \,n €
RY*™ where A € L2(RY*") and (-, -) denotes the inner product over RV*",

It is straightforward to show that for strongly convex functions the associated

elliptic operator satisfies
VAP < (AN X) S LAP, VA e RV (3.21)

See the following Proposition for details. We can use the above estimate to prove
regularity of A-Harmonic functions. However in the case that the associated F'is only
rank-one convex then the left hand side of (3.21) only holds for rank-one A € RN*" i e.
the Legendre Hadamard condition (3.19). In this case we cannot use the lefthand side
of (3.21) directly and we need the following classical lemma saying that for quadratic
forms, rank-one convexity implies quasiconvexity. Here we follow the presentation

found in [28]:

Lemma 3.1 (The Garding Inequality). Let A € L2(RN*") be a constant tensor
satisfying Legendre-Hadamard condition (3.19) with v > 0. Then for every ¢ € Wol’2

/A[DC,DC]dx > u/\DCPdw. (3.22)
The proof uses the Fourier transform.

Proof. In (3.19) we make the extension to complex rank-one matrices of the form
n=A®a where A € CN and a € R*". Thus A[n,7] > |n|*> where 7j denotes the
complex conjugate of n with |n|?> = (n,7). We estimate the integral as follows

) (1) OCB(z
[ aipcw. o = 3 ay, [EDEAD 4,

ox; 0x;
i7j7a75 Z ]

where according to the Plancherel Theorem for the Fourier transformation

/ 0¢*(x) 0¢° (x)
(‘)xi 8xj

dz = / yiy; [ FCIIFCP] dy.

20



Thus applying the Legendre-Hadamard condition (3.19) to the complex rank-one ma-
trix n = FC @y = {y; F¢°}, we have

[ aipcw). el de > v [ FPP
Hence the result follows from the Plancherel formula. ]

Corollary 3.2. Let F: RV*® — R be a rank-one convex quadratic form, and let

g € WL2(Q,RYN). Then the functional

T Q) = / F(Du) dz
Q
is convex on the Dirichlet class W,*(Q, R").

Proof. Take u € W}?(Q,RY) and ¢ € Wy*(Q,RY). Then we have

d2
— I tp; Q] =21p; Q2 >0
7|, Tl te Y ;2] >0,
where the last inequality follows from Lemma 3.1. O

We require the following standard iteration result that we state as a lemma:

Lemma 3.2. let f : [r,R] — [0,4+00) be bounded and such that for all t and s
satisfyingr <t < s < R,

A B
(5— 19 + L + C’} (3.23)

with constants A,B,C >0, a > >0 and 0 <9 < 1. Then

fp) < cla, ) l(Rilp)a + (Rf}p)ﬁ +C’} . (3.24)

Proof. Let A € (0,1) and choose the sequence t; such that ¢y, = r and

f(t) <9f(s) +

Then by iteration of (3.23) we get

A B
=N R—r9  T=NP(R=r)p

flr) <95 f(t) +

Choosing A such that A= < 1, the partial sum on the right hand side converges as

k — oo. Hence passing to the limit we get the conclusion with ¢ = O

1
=N (1—ox )
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Definition 3.6 (Difference Quotients). For open @ C R™ and 1 < p < oo let f €
LP(2), h € R and x; be the sth component of v € Q. Then the difference quotient of

f with respect x4 is defined to be the function

f(x+hes) B f(ZL’)

As,hf(x) = h

where ey denotes the unit vector taking the direction of the x4 axis.

We can use difference quotients to characterise W1? with the following classical

result, see [28] for a proof.
Lemma 3.3 (Difference quotient characterisation of Sobolev spaces). Let 2 C R"

be open and bounded and let ¥ CC Q and |h| < hy = ﬁdist(E,@Q). Then for

v € WHP(Q) there exists a positive constant c(n) such that
185 w0llpn < el Dsvllpo-

We will now prove that A-Harmonic functions are smooth. Note that (3.20) is
merely the weak formulation of the second order elliptic partial differential equation

in divergence form with constant coefficients
div(ADu) =0, in Q. (3.25)

Here the divergence is taken row-wise.
The following lemma is a generalisation of Weyl’s Lemma for A-Harmonic func-

tions extended to W1 (Q, RY). The extension follows the observations made in [14].

Lemma 3.4 (Generalised Weyl’s Lemma). Let A be a symmetric bilinear form sat-

isfying (3.19) with v > 0 and
A& )] < L], VEn € RM™.
Suppose u € WHH(Q, RYN) is a solution to the variational system
/QA(DU, Dy)dx =0, Yo e CLQ,RY) (3.26)

Thenu € C*(,RYN) and for any B(xg, R) C Q and 0 < r < R the following estimates

hold

sup |Dul < c][ |Du| dx, (3.27)
B(zo,R)

B(Z‘Q,R/Q)
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n+2
/ 1D — (D), |2 dz < c (%) / 1Du — (Du)p pl?de,  (3.28)
B(zo,r) B(zo,R)

where ¢ 1s dependent only onn, N, v and L.

Proof. Step 1. We start by proving the first inequality for A-Harmonic v € W12(Q, RY).
Let Br C ) and take a smooth cut off function p satisfying 1z , < p < 1p,

and |Dp| < ﬁ. Note that as v € WH2(Q,RY) the identity (3.26) holds for

all o € W32(Q,RY). Now choosing ¢ = p?v then ¢ € W, *(Bg,RY), and hence

0:/ A(Dv, Dy)dx
Br

= / (ADv,2pv ® Dp + p*Dv) du (3.29)
Br

= / (ApDv, pDv) dx + 2/ (ApDv,v ® Dp) dzx.
Br

Br

Re-writing the first term above,

/B A[D(pv) —v® Dp, D(pv) — v ® Dp|dx = / A[D(pv), D(pv)] dz

Br

- Q/B A[D(pv),v ® Dp|dx

+ / Alv ® Dp,v ® Dp|dzx.
Br
Re-writing the integral of the second term

/ A(pDv,v ® Dp)dx
Br

= / A(D(pv),v® Dp)dx — / A(v® Dp,v ® Dp)dz.
Br

Br

Thus
/B A(D(pv), D(pv))dx — / A(v® Dp,v® Dp)dx = 0.

Br
By Lemma 3.1 and the definition of p

y/ Duf? < L/ (w2 Dp|2da.
B:r Br

2
(

Now since |Dp| < m We have

1
Dul* < L)y———— 2 .
[ 1o < et 1) g [ o (3.30)
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for all B C Q with ¢(v, L) = %. Next we use the difference-quotient method to

prove

1
ko 12 2
/B |D™v|* < ¢(v, L) (1= 7)1 203 2T /BR | Dv|*dx. (3.31)

rk—1p

Accordingly we set ¢ = A_,p?Apv. Thus

0:/ A(Dv, Dy)dx
Br

= (AALDv, 2pApv @ Dp + p* DARv) dx (3.32)

Br

:/ (ApDAyv, pDARv) dz + 2/ (ApDARv, Apv ® Dp) dex.
Bgr

Bgr
Comparing with (3.29) we see that by replacing v with A,v in the derivation of (3.30)

and then taking h — 0 we obtain,

1
|DDw|* < c(v, L)—/ Dl
I, T J, P

Therefore by summation of DDsv from s =1,....n
1
|D?v|* < c(v, L)—/ | Dvl?,
/BTR (1—7)2R2 Br
Thus Dy € W,2(92) and by integration by parts w = Dgv satisfies
div(ADw) =0, fora.e. Q' ccCQ (3.33)

w is A-Harmonic and we may preceded as above with ¢ = A_,p?A,w € Wy (Q).

Thus by iteration with 7 arbitrarily close to 1, v € VVIIZCQ(Q) for every k = 1,2,...

hence v € C*(Q2) and we have inequality (3.31) for every k = 1,2,... . Given that
v —¢&, for any £ € RV is a solution of (3.33), by combining (3.30) and (3.31),
1
DM> < (v, L - 2. 3.34
f, 1P < D) g 10 Ol 639

When 2(k—1) > n, i.e. k> 241 we have By the Sobolev embedding W#?(B) <
Wh>(B), so for 0 < r < R,

sup | Dvl? §T—c2 (7“2’“” ; | D¥v|* dx

T

+ " lv — (U)BT|2 dx) )

B,
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Thus in light of (3.34) with »r < 7R and s = R we have
sup |Dv|* < c(TkR)_(”+2)/ lv — (v)p,|* dz,
B, Br

where ¢ = ¢(7, k,v, L). Thus by Poincaré’s inequality

2
sup |Dv| < ¢ <][ \Dv\de)
B Br

for ¢ = ¢(r,k,v,L). Applying Holder’s inequality followed by Young’s inequality

ab < 1(a® + b%) we arrive at

1 1 c
sup |Dv| < =sup |Dv| + =— Dvldzx.
up D] < gowp| Dol + S [ |

Thus by Lemma 3.2 with % <r < 7*R < R we have

sup | Dv| < i/ | Dv|dx (3.35)
B% RTL Br

for fixed 7 € (-, 1) where ¢ otherwise depends on k, v and L. Finally by setting
2k

k = n we have ¢(n,v, L).

Step 2. Suppose now that v = u * p. for v € WHH(Q, RY) satisfying (3.26) on
Q= {z € Q: dist(x,00) > €} where p is a symmetric mollifier p : R* — R. Then v
is smooth and A-Harmonic and satisfies inequality (3.35). Taking € — 0 in (3.35) we
arrive at (3.27). Consequently u € C*(€2).

Step 3. To prove the second inequality of the lemma, (3.28), we start by applying
Poincaré’s inequality:

/ |Du — (Du),g|*dx SC(TR)Q/ | D?ul*dx
Brr

BTR

(3.36)
< ¢(7R)?*|B.g|sup | D?ul?.

B:r

Next given that Du — &, £ € RV*" is also a solution of (3.33), (3.31) can be written

as

1
k, 2 2
/BR |D U| S C(V,L,k)m/;RLDU— (DU,)BR| dz.
2
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Thus for k > % + 2 by the Sobolev embedding W*?(B) — W>(B)

c -n
sup | D?ul? S@ R / | DFul|? da
Br Bpgr

2

+R2_”/ |Du — (Du)p, |*dz |,
Bg z

and it follows that
sup |D*ul?* < cR("+2)/ |Du — (Du) g, |* d.
By Br

Combining with (3.36) and taking 7 = & we obtain the result.

]

Now from Schauder estimates and the results of the previous section, namely Cam-
panato’s characterisation of Holder continuity, Theorem 3.1, together with Morrey’s

embedding we obtain the following regularity result for continuous coefficients.

Theorem 3.2 (The Schauder estimates.). Let k € N and 0 < a < 1 and A €
CEbo(Q, L2RN*)) with A satisfying the Legendre-Hadamard condition (8.19) for

loc

ever z € Q and f € CEV(QRYM). Ifu € W2(Q,RY) and

loc loc
/ﬂ (A(x)[Du, D] + (f, D)) dz, Vo e CLHQ,RY), (3.37)

then u € CE%(Q,RN).

loc

For the proof of the theorem we need the following iteration lemma

Lemma 3.5. Let @ : (0, Ry] — [0,00) be non-decreasing and assume that for some

constants A, B,a, 5 > 0,
o(r) < Ale+ (%)a] ®(R) + BR®

for all0 <r < R < Ry. If a > B there exists an ¢y = €o(A, o, 5) > 0 such that if

€ < €, then
T

O(r) < c {(}—%)ﬁ O(R) + Brﬂ}

for all 0 < r < R < Ry, where c¢(a, 3, A) is a constant.
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Proof. Let 0 <7 <1and 0 < R < Ry. Then

®(TR) < A(e+7*)®(R) + BR”?

= A7* (er™ + 1) ®(R) + BR”.

For v € (B, a), we take 7 such that
2A7% =17,

Thus by setting €g := %7‘0‘ < T,
d(TR) < 77®(R) + BR”.
So by iteration
O(t"R) < 7®(7"R) + Br* RP
k
< ’r(kH)VCI)(R) + BrFORP Z Fi(=8) (3.38)

J=0

7B RB

(k+1)y L
<7 q)(R)—i_Bl—T“f—ﬁ

where ¢ := 1. Given r € (0, R) we choose k € N such that 7R < r < 7"R to

arrive at the conclusion. O

Proof of Theorem 3.2. Step 1. We prove the theorem for k£ = 1 using a perturbation
argument around the fixed point xy € €2. For A(zg) there exists a unique A(xg)-
Harmonic function h € W'?(Bg,RY) which we compare with u. Let ¢ = u — h,

then

/B A[Du, D] + (f, D) dx = /B A(zo)[Du — Dh, Du — Dh] d
+ / (A — A(xg))[Du, Du— Dhl]dz
+ / A(zo)[Dh, Du — Dh)dx

+/BR (f, D) dx.
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By the assumed properties of h the penultimate integral is clearly zero. Thus

/ A(zg)[Du — Dh, Du — Dh| = / (A(xg) — A)[Du, Du — Dh|

Br

—/BR<f—§,D90> dx

for arbitrary fixed ¢ € RV*". Thus estimating the left hand side using Lemma 3.1
and the right hand side by the Holder continuity of A we have

y/ |Du — Dh|? dz < 2°[A]p.a:, R* | |Du||Du — Dh|dx
Br

Br

+/ \f — €||Du — Dh| da.
Bgr

Next using Cauchy’s inequality ab < %(a2 + b?) within the integral we have

1
/ |Du — Dh|*dz < = (220—11/—2[A]O,Q;BRRQQ/ 12Dul* dw
Br 2 B

R

1
+/ ]Du—Dh|2dI+—/ \2f—2§|2dx).
Br 2 Br

Since f € L2227 (Q, RV for o/ < a we set &€ = fg,. Thus

1 /
/ |Du — Dh|* dz < cha/ |Dul? dz + = [f13 00 4mip, B2 T (3.39)
BR BR 2 ) )

Step 2: Starting from the above we aim to prove

/ |Du?dz < e (B + (1)n) / Duldz + el s B2, (3.40)
B, R Bg ’

from which Du € L2N(Q) for A < n follows from Lemma 3.5. We start by showing that

for h € Wi 2(Bg), || Dhll12(8s) < cl|Dullr2(sy), see Remark 3.4, then from inequality
(3.27) of the generalised Weyl’s Lemma, Lemma 3.4,

][ |Dh|? < sup|Dh* < c][ | Dul?. (3.41)
By B% BR

We can then use the triangle inequality, estimating || Du||12(p,) from above by the left
hand sides of (3.39) and (3.41), to deduce (3.40) as required.
Showing || Dh|| 12,y < c||Dul|12(,): The definition of A-Harmonic functions with
@ :=u — h implies
/ A[Dh, Dh|dx = /B A[Dh, Du] dx.
. R
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Thus by the Garding inequality, Lemma 3.1,

y/ |Du — Dh|* < / A[Du — Dh, Du — Dh|dx
BR BR
< / (A[Du, Du — 2A[Dh, Du] + A[Dh, Dh)) dz
Br
_ / (A[Du, Du] — A[Dh, Du]) dz
Bgr

< L/ |Du|2d:v+L/ |Dh||Dul dz.
Br Br

Thus

1// (\Du|2 —2|(Du, Dh) | + ]Dh]2) dr < L/ (\Du!z + \DhHDuD dz.
BR BR
Once again by Cauchy’s inequality from within the integral

L+2
1// |Dh|? < (L — V)/ | Dul? dx + M/ |Z%Dh||Du|dx
Bg Bg [z Br

L +2v)?
< Z/ |Dh|? dz + (L -v+ M) / |Dul? dx.
2 /g, 21 Br

Thus the inequality follows with ¢ = % (L —v+ %)

Step 3: We will now prove

n+2
/ Du— (D), [ de <c (%) / \Du — (Du), |
B, R Br

a— [A]O,Q;B «a a’+n

+ 2 1TRR2 M Dull3 ap, + [fl220n R
(3.42)

From the triangle inequality and (3.39) we deduce
/ D — (Du)p, 2 dz < 2/ \Du — Dh|? dz + 2/ \Dh — (Dh) . da
BT- BT’ BT'
o— AO,OGB o
= z 1[]y—2RR2 +>\||Du’|2,2a+7’b;BR <3'43)
+ [f]%,Qa’+n;BRRza/+n + |Dh - (Dh)B'r|2 dz.

B,
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In an analogous way to (3.41) we calculate,

r n+2
/ Dh— (D), [*de < e (%) / Du — (Du)g, | da (3.44)
B, R Br

using (3.28) and ||Dh — (Dh)p,|| < c||Du — (Du)p,|| which, since Dh — &, is also
A-harmonic and Du — &, is a solution of (3.37) for any &, &, € RY*", follows from
| DRl 2By < ||Dul|pgof Step 2. Thus (3.42) follows from (3.43) and (3.44) as re-
quired. Finally we set 2o/ +n = 2a+ A. Thus, given A < n from step 2, o’ < o and

once again by the iteration Lemma 3.5,

2a/+n
/ |Du — (Du)p, |*dx < c (%) / |Du — (Du) g, |* dw
B Br

a— AO,a;B a’+n
+ (22 1[]]/—2R||Du||2,>\;BR + [f]%ga’-‘rn;BR) T2 ! )

Thus Du € C?(;‘C)‘/(Q) follows immediately from The Campanato characterisation of
Holder continuous functions, Theorem 3.1 of the previous section. Local Holder con-
tinuity implies that Du € L2.(Q) thus we may take A = n in (3.43) whilst keeping
| Du||2,» finite, (L>(Q2) = LP™(Q2) for all p > 1). Hence it follows that we may take
a = «'. As a consequence we can apply the iteration lemma for any o < 1, applying
Theorem 3.1 once more to obtain the result for k = 1.

Step 4. In the case k > 1 we take a multi-index 3 of length k—1, let ¢ € C°(Q, RY)

and proceed with DPp € C%°(Q, RY) in place of ¢ in (3.37). Thus

0= /Q (A(:v)[Du, D(DPp)] + <f, D(Dﬁgp)>) dx
= (01 [ (DA@D). D) + (D1, D)) do (3.45)

= (—1)’f-1/Q (A(z)[D(Du), Dg] + (D’(A(x)Du+ D’ f, D)) dz.

Therefore we may set F(x) := (=1)*"1DP(A(z))Du+ D? f. Since we have shown Du
is smooth in the previous steps, F' € C’O’O‘(Q,RNX"). Hence substituting u for D%u

loc

we are back to the case k = 1. O

Remark 3.4. || Dh| 12, < c||Dul|r2(py) implies that A-harmonic functions are @
minimisers of the Dirichlet integral. See for example [28] for the definition of Q

MINIMISETS.
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A particular consequence of the Schauder estimates is, once the regularity of u is
determined it is possible, for u € C* say, to rewrite the Euler Lagrange system of F,
provided F' is regular enough, as a system of continuous coefficients to obtain further
regularity of w. This is sometimes referred to as boot strapping, [23]. We can apply
this to the partial regularity results of the final chapter, Chapter 5, provided we make

suitable assumptions on the continuity of F'.
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Chapter 4

Positive second variation and an
improved sufficiency result for

WI1BMO-local minimisers.

4.1 Positive second variation: A sufficiency theo-
rem for the existence strong local minimisers.

In this section we will state the recent result of GRABOVSKY and MENGESHA [31],
which as we have mentioned in the introduction settles a conjecture of BALL [7] for
the vectorial case N > 1. First we clarify the classical notion of strong and weak local

minimisers with the following definition:

Definition 4.1 (Strong and weak local minimisers). Let @ C R™ be open and bounded
and let u € C1(Q,RN). If there exists a § > 0 such that

1w, Q] < Ifu, Q,
whenever u € Wa™(Q,RN) satisfies
(i) ||u — 1| oo (rrxny < 6, then u is said to be a strong local minimiser.

(ii) |[Du — Dl poo(qrnxny < 0, then U is said to be a weak local minimiser.
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Remark 4.1. Strong local minimisers are W4-local minimisers in the sense of Defi-
nition 2.3 when q > n. However W4-local minimisers with ¢ > n are not necessarily

strong local minimaisers.

Before stating the theorem we refer once again to the previous result of ZHANG
[66] who showed that critical points of (1.1), for a certain class of F in C2% satisfying
p-growth and strong WP-quasiconvexity, that are C? on small balls with centres in €2,
are absolutely minimising on those small balls. In the following theorem of Grabovsky
and Mengesha [31] the critical point % is assumed to be C1(£2, RY) up to the boundary
of Q. The result is for the general x, u dependent case but we state the theorem in the
x,u independent case F' = F(Du) and make the slightly stronger assumption that
F is C? everywhere in R¥*". It is also assumed that F' is strongly p-quasiconvex
with p = 2, has p-coercivity and p-growth for p > 2 and has a strong positive second
variation at . Note that the result shows that critical points u satisfying the above are

strong local minimisers of the functional I on the whole of €2. The precise statement

of the theorem is as follows:

Theorem 4.1. Let F': RVM*" — R be C? and satisfy for some p > 2 and ¢ > 0 the
growth condition

[F(E)] < e(1+[¢17)
the coercivity condition
1
el — e < F(€)
and strong quasiconvexity
/ F(+ Dy)— F(§)dz > 6/ |Dol|? dz
B B

for some B >0, all £ € RY*™ and every ¢ € C>(B,R™), where B denotes the open
unit ball in R". Assume u € C'(Q,RY),

/ F'(Du)[Dy] =0
Q

and
t/F%mmD%DQZZQ/OM%HDM5~
Q Q

for every o € CHQ,RN). Then u is a strong local minimiser of I[-, ).
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In the following section we consider a sufficiency theorem for the existence of a
separate class of local minimisers, the W!BMO-local minimisers extending the Lips-
chitz case first presented by KRISTENSEN and TAHERI in [42], for which there is
a very irregular example of MULLER and SVERAK, [53], to the non-Lipschitz case
1 < p < oo from the paper of DODD [20].

4.2 An improved sufficiency result for the exis-
tence of W'BMO-local minimisers.

Our theorem, extends the result of Kristensen and Taheri [42] for the Lipschitz case

to the non-Lipschitz case, 1 < p < oco. We state their theorem here for completeness:

Theorem 4.2 (Kristensen and Taheri). Let F': RV*" — R be a C? function, Q C R"
be open and bounded and u € WY°(Q,RY) be a critical point of (1.1) with strong

positive second variation: for some §; > 0 and all ¢ € Wy (Q,RY),

JRACDERY

and
[ Fronie. D = 6. [ Do
Q Q

Then for every M < oo, there exists 0p; > 0 such that

/QF(DE—I—D@) Z/F(Dﬂ)

Q
holds for all p € W5°(Q,RY) with || De||pec@rrxny < M and || Dollgmomsry) < Oar,
where Dy is extended by O off §2.

To make our extension of the theorem to the non-Lipschitz case we assume uniform
continuity of F” and that the modulus of continuity w: [0,00) — R, is continuous,
increasing, w(0) = 0 and satisfies the doubling condition

w(2t)
ot w(t)

< 0. (4.1)

The theorem is as follows:
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Theorem 4.3. Let F: RV*" — R be a C? function, Q C R™ be open and bounded
and © € WHP(Q,RN) 1 < p < oo be an critical point of (1.1) with strong positive
second variation: for some 6 > 0 and all o € W'BMO(R®, RN) N W' (Q, RN),

/Q F(DD)[Dy] = 0 (4.2)
[ Fwnie.ngl = 6 [ D (4.3)
Q Q
Further assume
[F" (&) — F"(n)] < w(|€—nl) (4.4)

for all £,m € RN*". Then there exists a 6.(n, N, c,q) > 0 such that

/QF(DﬂJngo) z/F(Da)

Q

holds for all o € W'BMO(R®, RN) N Wy (Q, RN), with || Dy||pymo s zyy < O

Remark 4.2. (i) The space WIBMO(R", RY) ﬂWé’q(Q, RN) is ezactly the space of
WIBMO(R®,RYN) functions f, for which f and Df are extended by 0 outside of
Q.

(ii) Beside excluding exponential growth of w the doubling condition also excludes
certain classes of piecewise polynomial growth. However we can accommodate
the subclass of piecewise polynomials w (not necessarily increasing) that do not
satisfy (4.1) but instead satisfy

5(t) = sup (sk supw(r)) < 0

s>1 r<st

for some k> 0 and allt > 0. In this case one may easily show that w(t) < @(t)
and &(at) < of@(t) for a > 0. Thus we can replace w with & in the proof of

the theorem.
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4.2.1 Proof of Theorem 4.3

Following [42], we use Taylors formula together with (1.11) to obtain
/(F(Du+D<p F(Du)) // (1 —¢)(F"(Du+ tDyp)
Q
— F"(Du))[Dy, Dgldt (4.5)

/Q F"(Du)[ Dy, Dy,

l\DI)—t

Thus by the uniform continuity condition (1.13) and positive second variation at ,
(1.12), we have

| @0+ Do)~ PDw) 2 5 [ (0106l ~w(DeDIDOR).  (16)
Q

n

Note that we have used the fact that Dy = 0 off (2.

We next we use the Orlicz version of the inequality of FEFFERMAN and STEIN
[25] derived in [42]. Noting that the derivation does not require f to be bounded or
have compact support in R™ we reproduce the relevant lemma for the convenience of
the reader, omitting those conditions that are not relevant here. First we introduce
the required notation.

The Hardy-Littlewood and Fefferman-Stein maximal functions of f: R® — RV*n

are respectively

F) = sup ][ )|y
{B:zeB}
and
@) = sup ][\f — faldy
{B:xeB}

where we have taken suprema over all open balls B C R" containing .

Lemma 4.1. Let ®: [0,00) — [0,00) be an increasing and continuous function with

®(0) = 0 and consider the Borel map f: R™ — RN*" then

[aurp<Z [ oLy sosme [ a2 an

We include the proof of the lemma which can be found in [42] for the convenience

of the reader.
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Proof. Asin [42] we let \*(¢t) = L"({z : f*(x) > t}) and \#(t) = L"({z : f#(x) > 1})
for t > 0, then from (4.4) and (4.8) in [25] and explicit constants obtained in pp.305-
309 of [33] we have

N (t) < 5"AF (et) +2- 5"eA (27" 57 (4.8)

for all t > 0. Now since f is in L? so is f* and f# thus integrating (4.8) with respect
to dP(t) over [0,00) we obtain (4.7) by the usual formula for integrals in terms of

distribution functions. O

Now returning to (4.6), by applying Lemma 4.1 to ®(t) = w(t)t* with sufficiently
small € together with condition (4.1), we have the following for some positive finite

constant c,

| (F@a+De)— FDw) 2 5 [ @6 — el DANIDPHE) . (49)

n

Now as in [42] we remark that by the Hardy Littlewood-Wiener maximal inequality

there exists a constant cg(n, N) > 0 such that
[ petza [ Doy
n Rn
and since (Dp)# < 2(Dyp)* we have

[ was D) - Fom) 2 5 [ (5 - cwtipe®h ) (00#E (w10)

The final integral is positive when

cw(|Dyt|) < % (4.11)
It follows that integral is finite when
sup [(De)"| <w = 0y (4.12)
Rn 46*
0

The following sufficiency conditions for non-Lipschitz critical points of I[-, Q] to
be partially regular are a result of combining the above theorem with Corollary 5.1

of Theorem 5.1 of the final chapter.
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Corollary 4.1. Let F: RV — R be C?, Q C R" open and bounded Let u €
WLP(Q,RN), 1 < p < oo be a critical point of I[-] with strongly positive second
variation such that for some 8, > 0 and all € WBMO(R®, RN) N W' (Q, RN) we
have (1.11) and (1.12). Suppose also that we have

[F"(&) = F'(n)| < w([§ —nl) (4.13)

such that F satisfies (H1)-(H3). Then u is partially regular in the sense of Theorem
5.1 provided Du satisfies the reqularity condition (1.8) with § = d, where d, is given

i Theorem 1.2.

We will prove this corollary at the end of the following and final chapter, after we

have established our partial regularity result, Theorem 5.1.
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Chapter 5

A priori Morrey-Campanato Type
regularity condition for local

minimisers.

In this chapter we prove our main result that can also be found in the paper of
DODD [20]. The potential class of W!'LP#-local minimisers with g > 0 are distinct
from W1t4-local minimisers and yet are not absolute minimisers even locally on €.
Comparing these minimisers with W4-local minimisers in the case ¢ > p, by using
Holder and the various embeddings discussed in Section 3.1 of Chapter 3, we observe

the following:

(a) For0 < pu<n (1 — §>, W1LPH Jocal minimisers are a stronger notion of local
minimisers than W'9-local minimisers (but a weaker notion than W'?-local

minimisers).

(b) For u = n we have locally and for domains 2 satisfying the measure density
condition, Definition 3.4, Section 3.1 of Chapter 3, that W!£P#-local minimisers
are equivalent to W!BMO-local minimisers (in context of our interior regularity
result they are essentially no different from W!BMO-local minimisers). Clearly
WIBMO-local minimisers are weaker than W' %local minimisers for any ¢ < oo,

but stronger than W*°-local minimisers.
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In the context of the partial regularity result for W'4-local minimisers, the real value
of looking at this new class of local minimisers is related to the condition that the local
minimiser is in I/VI})(?(Q, RY) currently used to prove partial regularity for local min-
imisers. It is not clear that this condition is necessary for the proof of partial regularity
of W14-local minimisers. For our class of minimisers, in the case u < n (1 - %), the
Wb condition implies (5.2). Thus in this case our condition (5.1), below, is weaker

loc

than the assumption that the minimiser is in W’l})’f(Q,RN ). In the special case of
W!BMO (u = n) we have already remarked that this condition is necessary to allow
for weak W!BMO-local minimisers that are also Lipschitz continuous. In particu-
lar to exclude the irregular examples of critical points with positive second variation
discussed both in the introduction and the previous chapter.

However, as we have already remarked in Chapter 2, for p-coercive F', existence of
Whti-local minimisers (u € W) for p < ¢ < oo and of W' LP#-local minimisers for
1 < m appears to be an open problem regardless of the regularity conditions VVlif and
(5.1). For W!BMO-local minimisers we have the sufficiency theorem of the previous
chapter and thus the irregular example of a Lipschitz critical point that is a weak
WIBMO local minimiser.

In the theorem we assume that F' the integrand of I[-, )] satisfies the usual hy-
potheses, that F' € C?, has p-growth see (2.12) and is strongly p-quasiconvex (Defi-

nition 2.4, Section 2.2 of Chapter 2). The precise statement is as follows:

Theorem 5.1. Consider the functional I[-,Q] of (1.1) with F in C? and satisfying

[FE <e(1+EP)

and strong p-quasiconvexity (See Definition 2.4). Suppose that u € WHP(Q,RY) for
p € (1,00) is a WILPH local minimiser of I[-,Q]: There exists a 6 > 0 such that
1[4, Q) < I[u, Q) whenever u € @+ Wy (Q,RN) and | Du — Dil|, .0 < 6, so that DT

satisfies the reqularising condition

1

1 P
limsup | sup (—/ | D — (D) qyzm [P dm) <90 (5.1)
R—0+ zoeQ/ Tk Q(z,r)
re(0,R)

for every open set Q' compactly contained in 2. Then for p < n there exists an open
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set Qo C Q of full n-dimensional measure, such that the minimiser @ € C1%(Qq, RN)

loc
for every o € (0,1), and |2\ Qo| = 0.

Partial regularity of non-Lipschitz W!BMO-local minimisers follows from Lemma,
5.3 in the proof of Theorem 5.1 and the isomorphism £"?(B, RY*") = BMO(B, RN*")
on balls B C R" (see Section 3.1.1 and Proposition 3.3 for details):

Corollary 5.1. Consider the functional I[-,Q)] of (1.1) with F in C? and satisfying

[FE <c(T+5P)

and strong p-quasiconvexity (See Definition 2.4). Suppose that u € WHP(Q,RY) for
p € (1,00) is a WBMO-local minimiser of I-,Q]: There exists a § > 0 such that
1[G, Q] < Iu,Q] whenever u € @+ WyP(Q,RY) and ||Du — Diil|.q < 6, so that
Du satisfies the regularising condition (1.8). Then there exists an open set Qo C Q

of full n-dimensional measure, such that the minimiser u € Cl’a(Qo,RN) for every

loc
a € (0,1), and |2\ Q| = 0.

Remark 5.1. By Proposition 3.2 Section 3.1.1, the embedding inequality for Morrey

and Campanato spaces, condition (5.1) is satisfied if we assume Du € L7 (Q, RN ™)

for v > . In this case the condition reduces to

1
) 1
limsup [ sup (—/ | DU — (D)o [* dx) i (5.2)
R—0+ 2g€EQ rH Q(z,r)
re(0,R)

for every open set Q' compactly contained in €.

5.1 Preliminaries
We will use the following function in the sub-quadratic case (1 < p < 2);
VE) =1+IEP)TE  gerV™ (5.3)

As in [13] we will use the properties of V' highlighted in the following lemma. The

lemma is proved in [14], for 1 < p < 2.
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Lemma 5.1. Let 1 < p < 2 and V: REX* — REX* pe defined by (5.3). Then, for
any n,& € REXF ¢ > 0:

(i) 2" min{|¢], [¢]2} < [V(€)] < min{l¢], |¢]5};
(ii) |V (t€)| < max{t, 2}V (€)];
(iii) [V(€+m)] <25 [[V(E)]+[V(n)]);

(p—2)

4 ‘5 - 77|;

(p—2)

T =l S V) = V()| < (X + [5]* + Inf?)

(iv) §(1+[€]* + Inf*)
(v) V(&) =V ()] < cV(E=n)l;

(vi) For each M > 0 there exists a cpy < 0o such that

VI —=m)l < emnlV(E) = V)| if [n| < M.
where ¢ depends on k and p and cpr on M and p.

Proof. Inequalities (i) and (ii) follow easily from the definition of V. To prove in-

equality (iii), without loss of generality let |n| < |£|. If [£| < 1 then by (i)

V(E+n)] < 1§ +n| < 2[E[ < c(p)[V()]

If |£] > 1 then once again by (i)

VE+m)| < [E+n]% < cp)lé]? < c@IV(E).

Inequality (iv) implies (v). Inequality (iv) is proved in Lemma 2.2 of [4].
Inequality (vi): We have

& —nl” = €7+ n]> —2(&m) .

and for e > 0
& —en® = &> + |enl” — 2(&, en) .
Thus
1 €
< —|€P + =|nl>.

Put € = 4, then using |n| < M we have

3 3
& —n* > Z’f\z —3[n|* > Z|£’2 — 3M°.
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Thus

(1+1¢—nP)T | —nl = (1 +AM2(1+ [ —n)?)

1+ 402 KN
) & —n)

2—p p=2
< (L+4AM*)T (L+4AM* + 1€ —n?) " € ]

2—p 3
< (1+4M*) T (1 + M? + Z|§|2)

2—p 3
< @+ (1 i+ )

p—2

p—

2
4
1€ —n)

p—

2
4
1€ — 1

3\ 1 3—p p=2
< (Z) (L +4M*)7T (140> + €)= 1€ —nl.

2-p

p—2 P . . . .
Finally setting ¢ = % (3) * (14 4M?)77 and using the left-hand inequality of (iv)

we arrive at

V(€ —=n)| < clp, M)IV(E) = V(n)l.

[]

In the sequel we will refer to the excess of @ defined for every ball B(x,r) C Q by

Definition 5.1 (The Excess of w). Let Q@ C R"™ be open and bounded. By the excess

of w over the ball B(x,r) C £ we mean,

( f VDm V(D

E(z,r) =

][ (|Dﬂ - (Dﬂ):(:,r|2 + |Dﬂ - (Dﬂ)a:,r|p>
\ B($7T)

Here
VE) =Q+[ER)Te,  £eRV

and the exponent p is understood from the context.

5.2 Proof of Theorem 5.1

l<p<?2

(5.4)

p>2

The proof is based on a blow-up technique originally developed by DE GIORGI [18§]

and ALMGREN [5] in the context of geometric measure theory, see [28, §9.6] and the
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references therein, and adapted to the setting of partial regularity for elliptic systems
by GIUSTT and MIRANDA [29]. Specifically once the following proposition is proved

partial regularity follows as we will show in the sequel.

Proposition 5.1. For every L > 0, there ezists C' = C(L) > 0 with the property that
for each T € (0,3), there exists € = e(L,7) > 0 such that for all B(z,r) C Q with

|(D)yr| <L and E(x,r) < €, we have
E(z,7r) < C(L)T*E(x, 7).

The proof is indirect and was originally adapted for minimisers of the quasiconvex
integral I[-, Q2] by EVANS [22]. The basic idea is to assume blow up of the solution for
a sequence of small balls around z and study the convergence in the unit ball of the
sequence of solutions for suitably re-scaled functionals so to obtain a contradiction.
This argument involves 3 main steps. In step 1 we show that the limit of the blow up
sequence of solutions converges weakly in WP(Q, RY) for 1 < p < 2 and WH2(Q, RY)
for p > 2. In step 2 show that the weak limit of these solutions satisfies a linear
uniformly elliptic system with constant coefficients. Finally in step 3, show the strong
convergence of the sequence of solutions to obtain the contradiction. To show this we
use the standard construction of comparison maps from a suitably rescaled version of
the minimiser u € W?(€2), and thus must prove that these maps satisfy the Morrey-

Campanato local minimiser condition
| Du — Duflp 0 <6

for allu € Wﬂl’p (2, RY). Tt is in showing that the local minimiser condition is satisfied,
Lemma 5.3, that it is necessary to introduce the condition (5.1), a generalisation of
the condition for Lipschitz maps introduced in [42]. Having verified this we can
proceed with the methods of [13,42] without modification, deriving a pre-Caccioppoli
inequality and using the measure theoretic argument therein to obtain our result.
Given the growth condition (2.12) and strong quasiconvexity we have shown that
growth on F”, (2.10), follows (Chapter 2, section 2.1). As in [14] for the 1 < p < 2

case, a simple manipulation of (2.10) results in

IF'(€)] < co(1+ €)= (5.5)
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for p > 1. In the sequel we will use the following Lemma, a consolidation of Lemma
3.3 [14] and Lemma 2.3 [3] for functions satisfying the above estimate. Note that

Lemma 3.3 of [14] is proved in the same way as Lemma 2.3 of [3].

Lemma 5.2. Let F: REX* & R be a function of class C? with
F© <+, px1.
Then for any X > 0 and & € RE** with |&| < L, setting
Fga(§) = A2 [F(& + AE) — F(&) — AF'(&)¢] (5.6)
there exist constants ¢1 and co dependent only on co, L, p such that for p > 1,
Foal@)] < min {es(14 PP P ealleP + 2} (67)

Proof. We prove the lemma in two steps. First with |A¢| < 1, then with [A{| > 1.
Step 1: |X¢] <1, p>1. Let

k(&) := sup F"(§),
[€1<1+(€ol

then we have

1
Fya(€)] = A2 / (1= OF"(& + A dE

<

k(&)I€f?

N | —

k(&) (1 + [AE[2) 7 |2

<

DN | —

< k(&) (1+ N7 (14 [AE?)z[e)?

DO | —

< B(&)V2(1+ [AED) T €]
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Step 2: For |A¢| > 1, p > 1 we have using (5.5) that

|Feop| = A2 (F (& + XE) — F(&) — AF'(&)[€))

1
<A / F'(& +tXE) — F'(&)[AE] dt
0
1 p—1 p—1
< A% / (4 160+ )= + (L&) =) e de
0

<A lg [(1 +2(I6f* + |/\§|2))% +(1+ |§0|2)%1} <l

p—1

< Ao (2(1+216/%) T (1+ AP Ig]
< e(p, Lycg) AN (1 + NPT 31+ [AEP) ¢
< ATWVR(1+ NPT |AENg|

= (1 + [AEPD)"T [,

where ¢y depends only on p, L and ¢y. Now define ¢; := max{v/2L, cs}. Since |&| < L

we have
p—2
|Feo (&) < er(1+ [N = [€) (5.8)
Step 3: In general for p > 1 we have

A0+ )7 <14+ P2 < B(1+ )T

with the constants A,, B, > 0 dependent only on p. Thus by (5.8) from the previous

steps, we have
|[Feon(©)] < e AL (L + [P

Setting ¢ := A, 1. ¢, completes the proof. n

Proof of Proposition 5.1. Suppose the proposition is false. Then there exists

an L > 0 and a sequence of balls { B(x;,7;)} with the properties that
(D7), | < L for all j
and

E(xj,r;)) > 0asj— o0
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such that for every C' > 0 there exists a 7 € (0, 3) with
E(xj,7;7) > CT*E(x;,7;) for all j. (5.9)

We look for a C' that contradicts this.

STEP 1: We suppose the sequence of balls satisfies the above with vanishing radii,
r; — 0 as j — oo. We rescale the minimiser on each ball to a sequence of maps, u;,
on the unit ball in the usual way

U(x; +rjy) —u(z;) — &y
AjTj

uj(y) = ’ Yy E Bl

where the scaling is given by )\]2- = E(zj,7;), and §; := (D), ;-

By assumption |{;| < L, so for a subsequence (for convenience not relabelled)
§j — £ as J — oo0.
From the definition of u;, (u;)o1 = 0, (Du;)o1 = 0, so for p > 2
][ (IDuy]? + X272 DuylP) < 1 (5.10)
By
and for 1 < p < 2, utilising part vi.) of Lemma 5.1,

VD) < alp g f. VDD - V(DAL

(5.11)
= ¢(p, L).

This implies
[ Du;

LS(P)(BL]RNWI) < CB(Z% L)7 p> 1 (512)

where s(p) := min{2,p}. Note that part i.) of Lemma 5.1 is used in the derivation
for 1 < p < 2. Thus by weak compactness (5.12) implies for a further subsequence
(again not relabelled)

Duj — Du in Ls®) (B, RV*™), (5.13)

Now setting Fj := Iy, in (5.6) of Lemma 5.2, so that F} satisfies the associated

growth estimates, we replace the integral (1.1) with the sequence of integrals

L] = /B Fi(Du). (5.14)
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It follows using strong quasiconvexity of F' that each Fj satisfies a quasi-convexity

condition
v [ (Do +XDeP) < [ (F(€+ Do) = F(©)
B1 B
for all p € Wo?(By,RY) when p > 2 and

v [ @l g+ D) FIDGE < [ (Bi(e+ Do) - Bi(e)  (519)
B By

for all ¢ € Wé’p (B1,RY) when 1 < p < 2. Finally using the local minimality of % it
follows that u; is a W!X-local minimiser of I; defined at (5.14). Precisely, I;[u;] < I;[u]

whenever
=g X=LPHBy), p<n
1Du—Du<6,=1 (5.16)
%j, X = BMO(B,),
with
u € u; + Wy (B, RY). (5.17)

STEP 2 (u solves linear elliptic system) : We wish to show that the limit u satisfies
/ F"(&x) [Du, Dg] = 0, Vi € Cy(Q,RY) (5.18)
By

since it then follows (given F' € C? and strongly quasiconvex) that u is A-Harmonic

and by Lemma 3.4 of Section 3.2 Chapter 3 that it is C* and
][ |Du — (Du)o . |*dy < C*? (p>1). (5.19)
B(0,7)
From this we may use part (i) of Lemma 5.1 to attain
][ V(Du — (Du)y.) Py < C*72 (5.20)
B(0,7)

for the case 1 < p < 2. The proof of (5.18) is given in [13] for 1 < p < 2 and [42] for
p > 2 and remains unchanged in this case. It only uses the following properties: that
u € WLP(Q RY) is a critical point of I ; F € C? and satisfies growth condition (5.5).

As a consequence of the growth estimate (5.7) on F; (Lemma 5.2) we are able, using
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the dominated convergence theorem, to take the first variation of I; (5.14). Writing

in terms of F' this results in
1
5 [ (P& + Dusa)) = F(&) (Do =0, (5.21)
J

for all p € Wy (B,RY) satisfying || Dy| < §;. In the following, so that we may use
Lemma 3.4, we fix ¢ € C}(B,RY) and note that this implies ¢ € WH*(B,R"Y), then
we aim to show that taking j — oo results in the elliptic system (5.18). We cannot
use the dominated convergence argument on (5.21). Instead, following [13] we split

the domain of integration in (5.21) into the sets
By :={x € B: X\|Du;| <1} , Bf :={x € B:\j|Du;| > 1}.

Our proof of (5.18) has two parts. In the first part we consider the set B;-“. We
will show that

L (F(g + \Du(@) - FI&)) [Dg] >0, Voe CHB.RY).  (5.22)

that is the B;T contribution of the integral has no effect in the limit. This allows one
to complete the proof by showing

= (F'(& + AjDuj(x)) — F'(§)) [Dg] — /BF”(éoo)[Du, De] (5.23)

for all p € C§(B,RY).
Part I. Showing (5.22). By inequality (5.12) of step 1,

IBY| < Xeg(p, L). (5.24)

We now make the following estimate using (5.24), the growth estimate for F”’ (5.5),
the elementary inequality ab?~! < a? + P followed by (a+0b)P < 2771 (a? +bF), || < L

and once again by inequality (5.12),

Aij| /B_+ (F'(§ + A Duy(w)) — F'(&5)) [De]]

1
<o <|Bj“| + (/ |A;~Dujlsd:r>> [ D[ o
i B

J

< ep(p, L)X Dol Lo
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Noting that s > 2, this proves (5.22) completing part 1.

Part II. To show (5.23) we re-write the B; part of integral on the left hand side
of (5.23) as follows

L[ (P + 7 Duy() - F(&)) (Dl

Ao [
j JB;

B /B /o (F"(& + tAjDu;) — F"(&5)) [Duy, Dyldt

+ [ P&)Dw. D)

We want the first term on the right hand side to tend to zero as j — oo. Let [ be

such that % + % = 1, then we have

/B_/O (F"(& + tA;Duy) — F"(&;)) [Duy, Dedt

< (/B </01 |F" (& + tA;Duy) — F"(fj)|dt|DS0|)l)
: (/B Duj5>i-

Clearly, by (5.12) we can bound the Du; term by cg(p, L). Thus we would like to

1
[

show
1
1y / (€ + tA\;Duy) — F"(€)]dt| Dol = — 0 (5.25)
7 0

in measure and boundedly. Indeed it clearly follows from our estimate (5.24) on B},

that 13- — 1p in measure and boundedly. Thus (5.23) is true provided

1

L lim [ [F"(§ + 1A Duy) — F"(&5)|dt|| Dep| o = 0
0

J—00

(5.26)

for L™ a.e. x € B. This follows from the dominated convergence theorem. Thus we

have (5.26), implying (5.25) and (5.23), completing part II.
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Having shown parts I and II we conclude that

/ F//(goo)[Du, DQD] =0, Vpe€ C&(BJ:RNXn)
B

as required.

Having shown (5.18) we note as a consequence of strong p-quasiconvexity and
the continuity of F' that F' is strongly rank-1-convex, i.e. F” satisfies the strong
Legendre-Hadamard condition, F”(£..)[n,n] > 2v|n|* with rank(n) < 1. Further by
the continuity of F”, we have |F"(§x)| < M(L) where M (L) := supy <, [F"(§)]. Thus
the coefficients of the Legendre-Hadamard condition are finite (and constant) and we
may apply Lemma 3.4, Section 3.2 of Chapter 3, to the system (5.18), obtaining
immediately that u € C*°(B;,RY), and by (3.28) and (3.27) of the same lemma,

][ |Du — (Du),|*dy SCTZ][
B(0,7) B(0,1

< 672][ | Dul”
B(0,3)

2
<cr? | sup |Dul
B(0,3)

2
s(p)
S 01T2 (][ ‘Du’S(P)) P .
B(0,1)

Lo (B rVxny < cp for all j , inequality (5.19) follows. Hence we

s

| |Du — (Du)

Finally, by ||Du;

have the estimate (5.20) for a constant C* that only depends on v and L (and n, N,
F”).

As we mentioned earlier we are looking for a constant C' that contradicts (5.9).

By part (v) of Lemma 5.1 and the definition of u; we find,

E(z: 77
lim sup w < RHS (5.27)

Jj—0o0 -

81



where

( timsup _][ N(Duj — (Dugho )P 1<p<2
j—o0 B(0,7)
RHS <
lim sup c][ (|Duj — (Duj)o-I” p=2
j—o0 B(0,7)
k +AT | Duy — (Duj)07T|P).

We will show at the end of step 3, with a simple argument, that if Du; converges
strongly in L*®) (B, RV*"), (5.20) together with (5.27) gives the desired contradic-
tion (recall )\JQ» := E(x;,r;)). Therefore our third and final step in proving proposition

5.1 is to show suitable strong convergence of Du; in L*®)(B;, RV*") as defined below.

Step 3 (Strong convergence of u;): In this step we will show that, for every o < 1.
lim i2|V(Aj(Duj — Du))|*=0 (5.28)
I JB(0,0) V)
for 1 < p < 2 and similarly
lim (IDuj — Dul® + X:7%|Du; — Dul?) =0 (5.29)
I JB(0,0)
for p > 2. The standard way to obtain (5.28)-(5.29) for global minimisers is by use
of a Caccioppoli inequality. In the local minimiser case we can not use the standard
method to obtain an inequality of full Caccioppoli type (see [42]). Instead we stop
short of deriving the full inequality and use direct techniques introduced in [42] and
modified for 1 < p < 2 in [13] to complete our proof. This ‘pre-Caccioppoli’ inequality
is proved as in the global minimiser case with the construction of suitable comparison
maps.

Fix a € (0,1), B(zg,7) C B(0,1) and let a;: R® — RY be the affine map such
that Da; = (Du;)z,» and (uj — a;)g, = 0. It follows from (5.12) that there exists a
constant M such that

|Da;| < M, for all j. (5.30)

Now let p: R"™ — R be a Lipschitz cut off function satisfying 1p(g,ar) < p < 1Bz
and |Dp| < . The standard comparison maps ¢; and v, are defined by

;= p(u; —a;) and ;= (1 —p)(u; — a; ).
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We prove that u := a; + 1, satisfies the local minimiser condition (5.16) according to

the following lemma

Lemma 5.3. Define ¢; as above and I; as in (5.14). Let B; = B(z;,r;) and assume
that
limsup [D7],, , 5 <0 (5.31)

Jj—0o0
where § > 0 is given by (5.1). Then if p < n, u:= a; + 1; satisfies the W LP+-local
manimiser condition i.e. condition (5.16) with X = WILPH(By), so that I;u;] <

Lila; + 1.
Corollary 5.2. Let

lim sup[Dul,,p;, < 0

Jj—00
Then u = a; + v; satisfies the W'BMO-local minimiser condition i.e. condition

(516) with X = WIBMO<B1>, so that Ij[Uj] < Ij[aj + %]
Proof. First note u; — a; = ¢; + 1;, thus

[Du — Duj]p,u,Bl = [DSOj]p,u,&

=[p(Duj — Da;) + Dp ® (u; — a;)]p .5 -

For y < n,
I B B ) »
[Duj = Dajlpup = sup | s |Du — (D) per)l ) - (5.32)
zE€B] 9 i B(z,R)
Re(0,2)
Therefore it follows that
1 . _
[Du - Duj]p,M,Bl < n—p ([Du]p,,u,Bj + Rj [u> a, 7"]) ) (5'33)
)\j?"j P
where -
_ N
Rlu, a,r] = m[lB(xo,r) (uj — a;)]p B, - (5.34)

Clearly the first term in (5.33) is bounded by 5/(/\jrj%) for sufficiently large 7 > J
as a result of (5.31). To show that u satisfies (5.16) we must show that R;[u, a, ] — 0

as j — oo for arbitrarily fixed o, € (0,1). Although it is only necessary in the proof
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of Theorem 5.1 for a subsequence of {R;} to converge to zero, we prove that the full
sequence converges to zero in the case pu < n.

Case u < n: For convenience we rewrite the sequence of functionals R; as the
functional Rq, of the sequence of functions f7 ie. we set Ra,[f]] = R;[w, o, 7]
where f; is given by

fi = Nrd e (U — a;). (5.35)

J

Our strategy is to show first that {f/} is bounded in W'?(By) as are all subsequences
(it is actually uniformly bounded in r but this is not important here). Then show
the full sequence {fJ} converges strongly to zero in L?(B;), 1 < p < oo. We do this
by using Rellich-Kondrackov to show that given any subsequence of {f]} a further
subsequence converges strongly to zero in LP(B;), 1 < p < oo. Following from
the boundedness of {f/} in W'?(B;) we then show that {f} is also bounded in
W1ILPH(By). This allows the use of strong convergence to zero in LP(B;) to prove
[f11.p — 0 for the full sequence {f;}.

In particular for the first step using (u; — a;)B(z,») = 0 and (5.31), it follows by
Poincarés inequality on balls that {f7} and any subsequence is bounded in W"?(B;)
for 1 < p < oco. Thus for any subsequence { f }, using A\;Du; — 0 L™ a.e. and once

again (u; — a;)B(z,r) = 0, we have by Rellich-Kondrachov

T = 0inLP(B), 1<p<oo

for a further (suitably relabelled) subsequence. Therefore the full sequence {ff}
converges strongly to zero in LP(B;), 1 < p < oo. Next, given boundedness of the
full sequence {f7} in W'?(B;) we use the following estimate derived from Poincarés

inequality and the Morrey-Campanato inclusion (3.2) applicable to bounded domains

) without external cusps and valid for Morrey-Campanato exponent 0 < y < n,

C(p7ILL7 Q)HDf]THP,Q’ ILL Sp
i lpue < (5.36)
(.01, (107 1D f o + [Df ) » 11> p.

This gives us boundedness of {f7} in W'LP#(By) since

[Df;]p,u,& < [Da]p,uaBj
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and
[Df;]p,u—p,B1 < C[Df;]p,u,Bp w>p

by the Campanato embedding (3.12). Finally to prove [f]],, 5 — 0 we split the
family of intersections of balls with By over which we take the supremum in the semi-
norm [-], .5, into the family of balls with radius s € (S, diam(B;)) and s € (0,5). We
deal with these two cases separately. In the first case diam(B;) > s > S, by strong

convergence of {fj} to zero in LP(B),

g H /Bl(%s) |fJT - (f;)x,rlp < ¢(9) /Bl(x#) ‘f]’" — (f;‘)mvr‘p

<2 1e(s) ( [igr+ ] !f}"|p> S0

as j — oo. For the second case the boundedness of {f} in W'LP#(B,) allows us
to write the following. Given e > 0, take S such that ¢S < € where ¢ is a constant

defined according to the inequality

/ T = (FD)al? < cs?™.
Bi(z,s)

Using Poincarés inequality for balls the above inequality follows from the Morrey-
Campanato isomorphism (on balls and their intersections) and the boundedness of

{fj}in W1LLPH(By). Hence given any € > 0 there exists a J such that for j > J

[f;]PuHuBl <€

for the full sequence defined in (5.35). We remark that J is independent of r since
convergence is uniform in 7. However this is not the case for R, [ f7] which converges
to zero for each pair («,r) as required, but not uniformly in either o or 7.

Case u = n: By the Campanato-BMO isometry, Proposition 3.2, Chapter 3,
Section 3.1.1 there exists a ¢ € [|By|, 2P*"| By |c,] such that

[uj — a;lpm,B, = clu; — ajlip,. (5.37)

We estimate the above semi-norm using the L norm,

[u; — a;]sp, < sup (ess sup |(u; — a;)(x) — (u; — aj)B]) : (5.38)
BCB, \  z€B
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To make sense of this estimate we use the fact that W'BMO(Q) — W4(Q) for all
1 < g < oo and general open and bounded 2. We set ¢ > n, then make use of
Morrey’s inequality. Our aim is to show that the sequence

{ess sy - )01} (539

rE€EBy
converges to zero as j — oo (note that direct estimation of (5.38) results in sup;[u; —
ajlep, < 0o, not sufficient to show A;[u; —a;l. g, — 0). We start by showing that the

sequence is bounded. By Morrey’s inequality

1

(= 0)(@) ~ (1~ a)0)| < B (f  |Duy=Dayft)”  (5.40)

B(0,Rq,y)
for L™-a.e. x,y € By and every R,, > 1. The integral on the right may be estimated

as follows

( | Du; — Daj|q) " < |(Du; — Day)p, | + ( |Duj — Daj — (Du; — Daj)Bl|q> g
Bl Bl

By noting that (Du;)p, = 0 and |Da;| < M we see immediately that the first term
on the right is uniformly bounded. For the remainder we apply the equality of (5.32)

for change of variables. Thus

1

( |Du; — Daj|q>g < M + [Du; — Daylyn 5
(5.41)

Therefore, given that we can extend Du; — Da; = 0 off B;, choosing R, , = 2|z — y|

(so that B(0, R.,) C B(0,4)), we find that \;(u; — a;) where u} denotes the precise

representative of u;, has a uniformly bounded (1 — %)th—Hélder semi-norm over Bj.

Thus by the implied continuity of u} there exists for each component (uj— aj)(k), k=
(k) k)

1,..., N, apoint y, € By such that (u} — a;)® (yp) = (uf — aj)zor = (u; — aj)éo,r =0

and so
[(u = a;) ™ ()] < [(u} = az)(2) = (uf — a;) (ye)|- (5.42)
Therefore by taking R,, = 1 and substituting u} for u; in (5.40) it follows from

(5.42) and (5.41) that the sequence {A;(u} — a;)®} is bounded uniformly on B
for each & = 1,..., N. Thus the whole sequence (5.39) is bounded as required. It
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now follows that A;(uj — a;) has a uniformly bounded (1 — ¢)th-Hélder norm over
By and thus the sequence {);(u} — a;)} is Holder equicontinuous on B;. Therefore
{\j(ur —a;)} € C(By) and by its boundedness can uniquely be extended to C(By) as
can any subsequence {\;, (v}, — a;,)}. Hence, after extracting a further subsequence
if required, by Arzel-Ascoli combined with the properties A\;Du; — 0 L"- a.e. and
(45 = @5)ao,r =0,

)\jk (u;k - ajk) —0

uniformly on B;. This means, after extracting to a subsequence where necessary, that

(5.39) tends to zero as required and R, [@,r, a] — 0 then follows from (5.38). O
Now it is straight forward to prove the Corollary to Lemma 5.3:

Proof of Corollary 5.2. From the proof of Lemma 5.3 it is clear, as a result of equiv-
alence of £P" and BMO on B; and in particular equivalence relation (5.37), that we
may replace [-],n5;, and [-],n 5, semi-norms with [-], 5, and [-], p, semi-norms in the

proof of the Lemma. O

Using Lemma 5.3/Corollary 5.2 we can now follow the method of [13] and derive

an inequality of pre-Caccioppoli type presented here for 1 < p < 2:

/ V(A (Du; — Du))?
B(zo,ar)

B(zo,r) B(zo,r)

V(N (uy —a))))?
+c/ e e V(A (Day))?
B(zo,r) Q) r B(zo,r)\B(zo,ar)

With 6 < 1. In the case p > 2 one simply replaces the function V(£) with [£]* + |€]P.

We summarise the proof of (5.43) given in [13,14]. To start we estimate

1 p-2
e[ VOG- DaE = [ (@ D) D
j J B(zo,ar) B(zg,ar)

in terms of Fj using quasiconvexity of F}, (5.15). Given |¢;| < L and (5.30) for all j,

there exists a constant ¢; > 0 dependent only on p, L and v of (5.15) such that for
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j > J (J sufficiently large), 1 < c;v(1+ & + )\jDaj|2)¥. Thus

1 p=2
2 /B( ) [V(\j(Du; — Day))|* < CJV/ (14 |& + AjDajl* 4+ |\;Dg;|*) = | Dyy|?
zg,ar

J B(xo,?")

<cr [ (B(Da;+Dg)) - Fi(Day).
B(zo,r)
(5.44)

To guarantee § < 1 in (5.43) we estimate the right hand integral in such a way that
we may remove B(xg, ar) from the domain of integration B(zy, 7). By construction,

Da;+ Dy; = Duj on B(xg, ar), thus

/ (Fj(Daj+Dy;) — Fj(Day))
B(zo,r)
S/ Fj(Daj + Dyj) — Fj(Duy))
B(zo,r)\B(zo,ar)

n /B (D)~ F(Da)

Now given Lemma 5.3/Corollary 5.2 (implying that for sufficiently large j, I;[u;] <
1

;[u] where u := a; + ;) and using D1); = 0 on B(zo, ar) we obtain

/ (Fj(Daj+Dy;) — Fj(Day))
B(zo,r)
S/ Fj(Da; + Dy;) — Fj(Duy))
B(zo,r)\B(zo,ar)

+ / (Fj(Daj + D) — F3(Day)).
B(zo,r)\B(zo,or)
Next by (5.7) of Lemma 5.2 and properties of V|, Lemma 5.1 (and |Dp| < 2/(1 —«)r)

/B( )(Fj(Daj + Dy;) — Fj(Day))
xo,T

c(c1,p)

< | (V0D — D) (5.45)
i B(zo,r)\B(zo,ar)

_|_

‘V()\j(uj —ay)|* n |V(>\jDaj)]2).

(1—a)r
Finally to obtain (5.43) with 6 < 1 we first add and subtract Du within the first

instance of V' on the right hand side of (5.45). Thus using Lemma 5.1, combining the
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result with (5.44) and then adding

1

2 V(A (Du — Day))|?
5 J B(zo,or)

to both sides, we obtain

% /B(x ar) <|V(>\j(Duj — Day))|* + [V (A (Du — Daj))|2>

C
<5/ (VD Day)E + VO (D, ~ D)) (5,46
B(zo,r)\B(zo,ar)

J

c V(A (uj —aj)
+ p/ (|—(1] L0 |? 4 |V(/\jDaj)|2)
i J B(ao,r)\B(zo.ar) a)r

where the constant ¢ depends only on p, ¢; and ¢;. Now using Lemma 5.1

p+1

1 2
F/ [V(\j(Duj — Du))* < e / (IV(\j(Duj — Day))|?
j J B(zo,ar) J B(zg,ar)

+|V(X\j(Du — Day))f) .

Thus by multiplying (5.46) through by 2°*! and combining with the above we finalise
the calculation by filling the hole. I.e. by adding

3 V(3 (Du; = Du)f?
>‘j B(zg,ar)
to both sides (where ¢ := 2P - ¢). Hence obtaining (5.43) with § = =%

Weak Convergence of measures: We follow precisely the argument of [13] for
1 < p < 2 and [42] for the case p > 2. Once again we reproduce it here for the
convenience of the reader. In the case 1 < p < 2 [13] required a Sobolev-Poincaré
type inequality for the auxiliary function V' as introduced in [14]. We present a refined

version of this inequality proved in [21]:

Lemma 5.4. Let p € (1,2), B(zo,r) C R™ withn > 2 and set p? = nz—fp. Then

. =
(][ v (L a0y p# dx) <c (][ IV (Du)|? dx) (5.47)
B(zo,r) r B(zo,r)

for any u € WYP(B(xg,7),RY) and where ¢ depends only on n, N, and p.

N|=
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Unlike the inequality of [14], the radius of the ball is not increased on the right
hand side but is kept the same. Note that this refinement marginally simplifies, but
is not critical for, the proceeding proof.

First we claim that
Ai?\vuj(mj — Du)PL" — i in Co(B)' (5.48)
for 1 <p < 2 and
(|Du; — Dul? + )\i-’*z]Duj — Duf?) £* — p in Co(B)* (5.49)

for p > 2 where 1 is a Radon measure.
As in [13], this claim follows from the bound imposed on the sequence of measures in

(5.48) by

1 1
| 52VOu(Du; = Du)P < 24 aulp DIB VD0V (D)
B A B, ]

J
4 2ptt / | Dul?
B

and estimate (5.11). Similarly the bound for the sequence in (5.49) follows from
(5.10).
It is now straightforward to show that limit form of the pre-Caccioppoli inequality

matches that of [42]. For 1 < p < 2 using properties of V' as in [13]

1
lim —/ IV (\;(Du — Da;))|* < / |Du — Dal?
B(zo,r)

j—o0 )\? B(wo,r)
= e (r)r"
) 1 2 2,.n n
lim — V(A Day)? < | Daf’r" (1~ a)
J—00 >\j B(zo,r)\B(xo,ar)

=e(r)r"(1 —a)"
The final estimate follows from the Sobolev Poincaré inequality (5.47) of Lemma 5.4,

Rellich-Kondrachov compactness theorem and Vitali’s Lemma.

From Sobolev Poincaré inequality (5.47)

1
| Vs —a)pr <a
B(zo,r)

J
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and since p** > 2,

1
[ VO - a)P e
B(zo,r) “\j

Thus given nz—f’p > 1, the sequence {v;} defined by

is eqi-integrable. Now by Rellich-Kondrachov compactness theorem u; — w in L(By).

Thus for a suitably relabelled subsequence it follows from the definition of V' that
vj(x) = (u—a)(z) for L -a.e. z € By.

Hence by Vitali’s lemma

1 V(A (1 — a;))]? 1
lim —2/ VOt~ F 2 2/ u=af
j—oo A% B(zo,r) (1 — Oé) r (1 — Oé) r B(zo,r)

1 n
= ES(T)—<1 — a>2r
for a suitably relabelled subsequence, where
1 2
€= — |Du — Dal*,
r B(zo,r)
€ : = c|Dal?,

1
€31 = n+2/ |Du — Dal*.
r B(xzo,r)

If we make the transformation V(£) — [£]? + [¢|P it is easily verified that these limits

hold for p > 2. Thus by the pre-Caccioppoli inequality (5.43)

e3(r)
(1-a)?

for p > 1, and following the direct methods of [42] and [13] we obtain

lim inf —M(B[IO’ )
r—0+ rm

(Blan, ) < Ou(Blao. 1) + Fal)i-a) +a())

=0.
Hence by Vitali’s covering theorem

p(B[0,0]) =0
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for each fixed o € (0, 1) implying (5.28) and (5.29), completing step 3.

We finish by recalling the estimate (5.27) from which

. l;(ZEj, T ’I“j) . & 2
jhloo“ )\JQ jhnool /\3 (o) |:| ()\j( Uj U))|

+[V((Du = (Duo,.))|”

+ V(D)o = (Dug)o)) ]
by iii.) of Lemma 5.1, and (a + b)? < 2P~!(a? + b?). Thus by (5.20), (5.28) and (i) of
the same lemma

hm E(ZE], Tr])
j—+o0 A?

< C*(p, L)7* + lim |(Du)o, — (Du;)o-|*. (5.50)
Jj—o0
Similarly we show for p > 2 that

B, A
lim M < C*(p, L)7-2 + lim (|(Du)077 — (Duj)o,7|2

j—oo )\? J—0o0

(5.51)
+X72|(Du)or — (Duy)o ) -

Now since Du;j — Du weakly in L*®)(B(0,1),R¥*") (s(p) = min{2,p}) the right
hand limits in (5.50) and (5.51) are zero.

Thus
j—+00 )\?

which contradicts (5.9) with Cf, = 2C*(p, L). O

< C*(p,L)7?

5.3 Proof from Blowup

Having proved the proposition we are in a position to prove Theorem 5.1, using the
well established method first used in this context by EVANS [22] for the case p > 2.
Extending the exposition in [3] to the case 1 < p < 2 we will prove the following

lemma

Lemma 5.5. Let u satisfy Proposition 5.1, 0 < a < 1 and take constant C(L) of the
proposition and constant ¢(p, L) of Lemma 5.1. If for each L > 0 and T € (0, i) such
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that C(L)T* < 72, there exists an eo(L,7) € (0, min{7"(1 — 72%), ¢(p, L)*QT%(I -
7)2}), such that for B(xg, R) C Q with

[(DW)z,r| < L (5.52)

and

E(zo, R) < €(L,T), (5.53)

then for every k € N we have
E(z0, 7" R) < 7**E(x0, R), and |(D),, +5| < L+ 1.

Proof. By iteration of the triangle inequality

l

’(Da)mg,‘rlR’ < ’(Da)mo,R| + Z ‘(Dﬂ)xo,TkR - (Dﬂ)x,fk—lR’
k=1

| :
+ ][ D@ — (D), 5 2d:c)
S (L, 1pa= (D)

k=1
(5.54)
l

+ (T‘"][ |Du — (D), +-15|> dm)
1 B(zo,7*~1R)

IN
h
=
[NIE

l’(), k IR)%

||
ol

e
Il
—

Let [ = 1 and assume that
‘(Dﬂ)xo,R‘ < L, E(.ﬁEo,R) < €g.
Then (5.55) implies

1

|(DW)yyrr| <L +7 262
1 n 1
Put ¢ < 7ze2 to get |(DU)y, - r| < L+ 1. Let [ =2 then (5.55) implies
1 n L
|(DU)J1072R| <L+O( )§ 5602'
L,
Put ¢ < 721 ez to get |(DU)gyrr| < L+ 1.
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Now assume that
(D)sl < Ly (D) pon] < L+ 1.
for k < [ and
E(x, 7" R) < (C(L)7*)*E(z, R) < 7 E(x, R), Vk <.
Then for the [th iteration

(72a(1€_1)E(x’ R))%

MN

(D), g < L+ T2

=
Il

1

<L4+—— ¢
(1 —729)2

w[3
Ol

Thus |(Du),,z] < L+ 1 provided ¢¢ < 7"(1 — 72*) < 4. Thus by induction,

Proposition 5.1 implies the result for p > 2.

Case 1 < p < 2: We will need to split the domain of integration into two parts.
Let B (zo) := B(zo,7) N{z : |Du — (DU)y, | < 1} and B, (z9) := B(zo,r) N {z :
|Du — (D)., | > 1} and proceed by induction. Assume that (5.52) and (5.53) hold,
then

|(Dﬂ)xo,TR’ < |(Dﬂ)xo,R‘ + |(Dﬂ)xo,TR - (Dﬂ)xo,PJ

< L+][ |Du — (D)4, r| dz +][ |\Du — (D) g| dx
BjR(ﬂcO)

B g (x0)

<L+ 2—”42][ V(DT — (D). py)| d
Bty (20)

- <][ | D = (D)o rl" dx)
B g(@o)
<L+27 % <][ V(DU — (D), 1)) I dx)
B(zo,7R)

n (][ IV (Da — (Da)m,Rde) ]
B(zo,7R)

where Lemma 5.1 part (i) has been applied in the last two inequalities. Using the

(5.55)

3=

1
2

bound on the integral average of the gradient (5.52) we may apply part (vi) of the
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Lemma 5.1. Thus

NI

(D)l < Lt clp, L) (77" Blwo, R)? + (77" B(o, ))?)

33
O3 =

< L+ ¢(p, L)(T*%Gg +7

)

€
1 1 n
Since €} < €2, put € < c(p,L)"'72 to get |(DU)sy-r| < L+ 1. Now assume
|(Dﬂ)xo,7'k—1R| S L+1

for kK <I. Then in a similar way to (5.55) case p > 2

l
|(Dﬂ)mo,’rlR| < |(Dﬂ)$0,R| + Z |(Dﬂ)xo,TkR - (Dﬂ)x,Tk*1R|
k=1

<L+ Z][ |Dﬂ — (D) gy rh-15| d
(zo,7F

D=
N——

!
< Lelp, L+ 1) (7" Elwo, 7 R)E + (77" Elzo, 7' R))
k=1
Where we have used Lemma 5.1 as in (5.55). Assume also that
E(zo, 7" 'R) < 72V E(xo, R), Vk <.

Then

1 n
we have |(Du),, +p| < L+ 1 provided ¢ < ¢ '77(1 — 7). Thus once again by

xo,T

induction, Proposition 5.1 implies the result. ]
Proof of Theorem 5.1. Set

Qo = {:v € Q: lim (D), = Du(x), lim, ot f, ) |DT— (D)., [Pdy = o}.

r—0+t
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By the first condition within the braces we have that the precise representative of Du
coincides with Dw on €)y. Therefore given the first condition, points that satisfy the
second condition are Lebesgue points and |2\ €| = 0. Note that from the definition

of the Excess in the p > 2 we simply have by Jensen’s inequality

E(x,r) <2 (][ Dt — (Dﬂ)w|pdy) "
B(z,r)
and in the case 1 < p < 2 by Lemma 5.1,

V(D — (D) 4y ,)|? d < c][ |Du — (D), . |* d.

B(zo,r)

E(xg,7) < c][

B(zo,r)

Let xg € € then for each L,7 > 0 of Lemma 5.5 we can fix a sufficiently small
R € (0,dist(xg,$2)) so that (5.52) and (5.53) are satisfied with ¢y < min{7"(1 —
72 c(p, L)*QTQTn(l — 7*)?}. Thus in view of Lemma 5.5 let zgp € Qo, r € (0, %)
and 0 < a < 1. It then follows that there exists a unique & € N such that for

"R < r <1 IR,

E(xo,7) < 7 "E(x, 7" 'R)

< T_nT2a(k_1)E(ZE, R)
(5.56)
= 7 r2e¢-U (e R)

<7t " (%>2a E(z,R),

where R depends on L and 7. Therefore
E(zo,7) < c(1,L,n) - r*.

For p > 2, direct application of Jensen’s inequality implies

1

2
Lopu wntde < (f  pu 0usPac) <o
B(zo,r) B(zo,r)

with 0 < a < 1 and r € (0, £) where R € (0, dist(xo, R) is sufficiently small. Hence
applying Campanato’s characterisation of Holder continuous functions, Theorem 3.1,

we find the precise representative Du € C%%(B(x¢, R)), for any 0 < a < 1. Left with
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the case 1 < p < 2 we see once again by Lemma 5.1

][ DT — (D), | do < ][ DT — (D), gl dz + ][ DT — (D), | da
B(zo,r) B:_rR(xo) B_p(%0)

< 27% ’V(Dﬂ — (Dﬂ)mo,R))‘ dx

BjR(xo)

+ <][ |Du — (D0)y, r|° dm)
B g(x0)
_ 2
<o 7 [(][ \V(Du — (Dﬂ)xo,R))Fd‘T)
B(zo,7R)
n (][ V(D — (Da)xO,Rsz) ’
B(zo,7R)

< c(p,L)[E(xo,r)? + E(xo,7)7]

P

1

< C(p> n, L7 7—) -

1
where we have used (5.56) and assumed that ¢ < 1 and r < 1 in the final inequality.
Again this applies for 0 < a < 1 and r € (0, ) where R € (0, dist(xo, R) is sufficiently
small, whence Du € C%*(B(zg, R)), for any 0 < o < 1. This completes the proof. [

Finally we can now prove Corollary 4.1 of Theorem 4.3 and Corollary 5.1. The
proof is straight forward and requires one to take note of the distinction between

| - llsMo and [-].q. We restate the Corollary here for the convenience of the reader:

Corollary 5.3. Let F: RV — R be C?, Q C R" open and bounded Let u €
WEP(QRY), 1 < p < oo be a critical point of I[-] with strongly positive second
variation such that for some 8, > 0 and all ¢ € WBMO(R®, RN) N W' (Q, RN) we
have (1.11) and (1.12). Suppose also that we have

[F"(§) = F'(n)] < w(|€ —nl) (5.57)

such that I satisfies (H1)-(H3). Then u is partially regular in the sense of Theorem
5.1 provided Du satisfies the reqularity condition (1.8) with § = d, where d, is given

in Theorem 1.2.
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For f € BMO(Q, RV we clearly have the inequality

[flea < |l fllBmo-

Obtaining a reverse inequality for functions of the type BMO(R®, RN*®) restricted
to zero off €2, is not so easy and depends on the boundary of €). Luckily the latter

inequality is not required here.

Proof. By Theorem 4.3 we have Du € W'P(Q,RY) is a W!BMO-local minimiser
of I[-,Q] for all ¢ € W!BMO(R",RY) N W' (Q,RY) (for any 1 < p < oo) with
| D¢|lsmo < 0.. This implies [Dyl. o < 0. and therefore is true for all

© € WIBMO(Q, RN) n Wi (2, RY) with [Dyl..q < 6,. Hence all conditions of Corol-
lary 5.1 are satisfied. ]
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