
Strathprints Institutional Repository

Coutts, Fraser K. and Corr, Jamie and Thompson, Keith and Weiss, 

Stephan and Proudler, Ian K. and McWhirter, John G. (2016) Multiple shift 

QR decomposition for polynomial matrices. In: 11th IMA International 

Conference on Mathematics in Signal Processing. Institute of 

Mathematics and its Applications. (In Press) , 

This version is available at http://strathprints.strath.ac.uk/57613/

Strathprints is  designed  to  allow  users  to  access  the  research  output  of  the  University  of 

Strathclyde. Unless otherwise explicitly stated on the manuscript, Copyright © and Moral Rights 

for the papers on this site are retained by the individual authors and/or other copyright owners. 

Please check the manuscript for details of any other licences that may have been applied. You 

may  not  engage  in  further  distribution  of  the  material  for  any  profitmaking  activities  or  any 

commercial gain. You may freely distribute both the url (http://strathprints.strath.ac.uk/) and the 

content of this paper for research or private study, educational, or not-for-profit purposes without 

prior permission or charge. 

Any  correspondence  concerning  this  service  should  be  sent  to  Strathprints  administrator: 

strathprints@strath.ac.uk

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by University of Strathclyde Institutional Repository

https://core.ac.uk/display/77033816?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://strathprints.strath.ac.uk/
mailto:strathprints@strath.ac.uk


Submitted to 11th International Conference on Mathematics in Signal Processing 1

Multiple Shift QR Decomposition for Polynomial Matrices

Fraser K. Coutts∗, Jamie Corr∗, Keith Thompson∗, Stephan Weiss∗, Ian K. Proudler∗,†,

and John G. McWhirter‡

∗Department of Electronic & Electrical Engineering, University of Strathclyde, Glasgow, Scotland
∗,† School of Electrical, Electronics & Systems Engineering, Loughborough Univ., Loughborough, UK

‡ School of Engineering, Cardiff University, Cardiff, Wales, UK

e-mail: {fraser.coutts, stephan.weiss}@strath.ac.uk

ABSTRACT

Polynomial matrix representations can elegantly express broadband multichannel problems. The use of

such formulations can be found in multichannel factorisation [1], broadband MIMO precoding and equal-

isation [2], polyphase analysis and synthesis matrices for filter banks [3], broadband angle of arrival esti-

mation [4], broadband beamforming [5], optimal subband coding [6], and channel coding [7] to name but

a few. For polynomial matrix problems that require an extension of the the QR decomposition (QRD), a

polynomial matrix QR decomposition (PQRD) has been defined in [8, 9]. The PQRD uses finite impulse

response (FIR) paraunitary matrices [10] to approximately upper-triangularise a polynomial matrix.

Algorithms to compute the PQRD include the original PQRD by steps (PQRD-BS) algorithm [8] and its

successor, the PQRD by columns (PQRD-BC) algorithm [9]. Both of these algorithms employ an iterative

approach to approximately upper-triangularise a polynomial matrix, stopping when some suitable threshold

is reached. In both algorithms, the elements beneath the diagonal in each column of the input polynomial

matrix are made approximately zero in succession, moving from left to right across the matrix. This is

achieved through the use of a sequence of row shift and Givens rotation pairs, which are applied at each

iteration using the location and value of the largest element in the search space of PQRD-BS and PQRD-

BC. The largest element in the search space is zeroed by this process, and its energy is transferred to the

upper-triangle of the matrix. The search space of PQRD-BS contains only the elements of one polynomial

beneath the diagonal in the column of interest, and the search space of PQRD-BC contains all elements

beneath the diagonal in the column of interest.

Applying a multiple shift approach to the sequential matrix diagonalisation (SMD) polynomial eigenvalue

decomposition (PEVD) algorithms for parahermitian matrices has previously proven beneficial [11, 12]. At

each iteration, a sequence of shifts is applied to maximise the transfer of of-diagonal energy onto the diagonal.

This paper describes a similar shifting approach applied to the PQRD-BC algorithm to create a multiple

shift PQRD-BC (MS-PQRD-BS) algorithm. By applying a number of row shifts at each iteration of MS-

PQRD-BS, the largest element in each row beneath the diagonal in a single column can be transferred to

the zerolag at once. A series of Givens rotations can then be applied to approximately zero each shifted

element in the column of interest. This process can be repeated for each column of the matrix until a similar

stopping criterion to PQRD-BC is reached.

We demonstrate that using the developed shifting approach, increased performance relative to PQRD-BC

can be achieved without significant accuracy loss. Fig. 1 underlines this increase in upper-triangularisation

performance when using the proposed MS-PQRD-BC algorithm versus the standard PQRD-BC algorithm

for a 9×5 polynomial matrixA(z) of order 60. The metric E
(i)
norm divides the energy below the diagonal at the

ith iteration by the total energy of A(z). Simulations were performed over an ensemble of 103 instantiations

of A(z), which was constructed as a random paraunitary matrix using the source model in [13].

The full paper will provide insight into the algorithm and investigate metrics for both accuracy and com-

plexity over an ensemble of general rectangular polynomial matrices. We will derive a suitable source model

that yields non-paraunitary polynomial matrices, i.e. matrices where the conditioning can be problematic

and therefore be realistic for applications such as broadband MIMO channels.
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Fig. 1: Upper-triangularisation metric vs. algorithm execution time for the proposed and

standard implementations for the example of 9× 5 polynomial matrix of order 60.
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