A REFINED VERSION OF GROTHENDIECK’S BIRATIONAL
ANABELIAN CONJECTURE FOR CURVES OVER FINITE FIELDS

MOHAMED SAIDI and AKIO TAMAGAWA

Abstract. In this paper we prove a refined version of Uchida’s theorem on isomor-
phisms between absolute Galois groups of global fields in positive characteristics,
where one “ignores” the information provided by a “small” set of primes.
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§0. Introduction. Let k be a finite field of characteristic p > 0 and X a proper,
smooth, and geometrically connected algebraic curve over k. Let K be the function
field of X, with separable closure K, and let k be the algebraic closure of k in
K*°P. We have the following exact sequence of profinite groups:

1—>6K—>GK£>G]€—>1

Here, Gy, is the absolute Galois group Gal(k/k) of k, Gk is the absolute Galois

group Gal(K*P/K) of K, and G is the absolute Galois group Gal(K*?/Kk) of
the function field Kk of X % X X1, k. The following result is fundamental in the

birational anabelian geometry of curves over finite fields.

Theorem A (Uchida). Let X, Y be proper, smooth, and geometrically connected
curves over finite fields k, 1, respectively. Let K, L be the function fields of X, Y,
respectively. Let G = Gal(K*P/K), G = Gal(L*P /L) be the absolute Galois
groups of K, L, respectively. Let

o:Gr = Gy,

be an isomorphism of profinite groups. Then o arises from a uniquely determined
commutative diagram of field extensions:

[,sep ~ y  sep

T

i which the horizontal arrows are isomorphisms, and the vertical arrows are the
natural field extensions.

This theorem was proved by Uchida [Uchida]. A stronger result involving fun-
damental groups of hyperbolic curves over finite fields was proved by Tamagawa
[Tamagawa] and Mochizuki [Mochizuki| (see also [Saidi-Tamagawa2] for a survey
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of recent results in the anabelian geometry of hyperbolic curves over finite fields).
Uchida’s theorem implies in particular that one can embed a suitable category of
curves over finite fields into the category of profinite groups via the absolute Galois
group functor. It is essential in the anabelian philosophy of Grothendieck, as was
formulated in [Grothendieck], to be able to determine the image of this functor.
Recall that the full structure of the absolute Galois group Gi is unknown, though
one knows the structure of the closed subgroup G of Gx by a result of Pop and
Harbater. Namely Gk is a free profinite group on countably infinitely many gen-
erators (cf. [Popl], [Harbater]), though one has no precise description of a free set
of generators of Gx. Thus, the problem of determining the image of the above
functor seems to be quite difficult, at least for the moment. It is quite natural to
address the following question:

Question 1. Is it possible to prove any result analogous to Theorem A where
Gk is replaced by some (continuous) quotient of Gx whose structure is better
understood?

The first quotients that come into mind are the following. Let PBrimes denote the
set of all prime numbers. Let ¥ C Primes be a set of prime numbers not containing
the characteristic p. Let C be the full class of finite groups whose cardinality is

divisible only by primes in . Let @IE( be the maximal pro-C quotient of G . Here,

the structure of @i is well understood: éi is isomorphic to the projective limit
of the maximal pro-Y quotients 71(U)* of the fundamental groups 71(U), where
U runs over all non-empty open subschemes of X, and 7;(U)* is isomorphic to
the pro-X completion of a certain well-known finitely generated discrete group (i.e.,

either a free group or a surface group).

Let Gg) ef G /Ker(Gg — @IE() (Note that Ker(Gx —» @i) is a normal

subgroup of Gk since it is a characteristic subgroup of G.) We shall refer to Gg)

as the maximal geometrically pro-X quotient of the absolute Galois group Gi (or,
in short, the geometrically pro-¥ Galois group of K).

Question 2. Is it possible to prove any result analogous to Theorem A where Gg

is replaced by Gg), for a given set of prime numbers ¥ C Brimes (not containing
the characteristic p)?

The first set 3 to consider is the set ¥ Primes \ {char(k)}. In this case we shall

refer to Gg{) def G%) as the maximal geometrically prime-to-characteristic quotient
of the absolute Galois group Gx. We have the following result which was proved
by Saidi and Tamagawa (cf. [Saidi-Tamagawal], Corollary 3.10).

Theorem B (Prime-to-p Version of Uchida’s Theorem). Notations as in

Theorem A, let Gg?, Gg) be the maximal geometrically prime-to-characteristic quo-
tients of G, Gp,, respectively. Let

oG 3Gy

be an isomorphism of profinite groups. Then o arises from a uniquely determined
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commutative diagram of field extensions:

IO~ ;O

T T

L —— K

i which the horizontal arrows are isomorphisms, and the vertical arrows are the
extensions corresponding to the Galois groups G(L/), Gg{), respectively. Thus, L") /L
(resp. K" /K) is the subextension of L*" /L (resp. K*P /K ) with Galois group
Gg) (resp. Gg/())

Let ¥ C Primes be a set of primes, and set Y’ def Primes \ X. We say that ¥
is k-large if the following condition is satisfied: the YX'-cyclotomic character s :
Gr = Tliesn Z; is not injective (p = char(k)). We say that ¥ satisfies the
condition (ex) if the following holds:

(ex): For each finite extension k’ of k in k, there exists an (infinite or finite)
extension k" of k" in k, such that 28(Jx (k”){¥'}) < (k") < oo (hence, in particular,
8(Jx (K){%}) < 00),

where Jx denotes the jacobian variety of X over k and Jx (k”){¥'} denotes the
Y/-primary part of the torsion group Jx (k).

Sets of prime numbers ¥ C Primes which are k-large and satisfy the condition
(ex) (in the above sense) include those such that Brimes \ ¥ is a finite set. There
exist sets of primes ¥ which are k-large and satisfy (ex) such that Primes \ ¥ is an
infinite set. However, a finite set of prime numbers is never k-large.

Our main result in this paper is the following refined version of the above The-
orems A and B.

Theorem C (A Refined Version of Uchida’s Theorem). Notations as in
Theorem A, let X x, Xy C Primes be sets of primes. Assume that Xx is k-large

and satisfies the condition (ex). Let ng) (respectively, G(LEY)) be the maximal
geometrically pro-Xx quotient of Gx (respectively, the mazimal geometrically pro-
Yy quotient of G ). Let

o G%EX) =5 G(LEY)

be an isomorphism of profinite groups. Then o arises from a uniquely determined
commutative diagram of field extensions:

L~ ——= 5 K~

I I

L ——» K

in which the horizontal arrows are isomorphisms and the vertical arrows are the field
extensions corresponding to the Galois groups G(LEY), G(I?X ), respectively. Thus,
L~/L (resp. K~/K) is the subextension of L*P/L (resp. K°P/K ) with Galois
group GS:EY) (resp. ng))'



Note. When the authors announced the result of the present paper in [Saidi-
Tamagawa2] (cf. loc. cit. Theorem 1.5), they overlooked the necessity to assume
condition (ex ). For the time being, they do not know if one could remove this extra
assumption in general. (It is not difficult to see that we can remove it at least when
the genus of X is < 1.)

Strategy of Proof. In what follows we explain the steps/ideas of the proof.
Step 1. Starting from an isomorphism

o GO 5 a)

between profinite groups, one can first, using well-known results on the group-
theoretic characterization of decomposition groups in Galois groups (the so-called
local theory), establish a set-theoretic bijection

¢: X5y

between the sets of closed points of X, Y, respectively, such that o(D,) = D)

where D, Dy, denote the decomposition groups of z, ¢(z) in ng ), G(LEY),

respectively (which are only defined up to conjugation).

Step 2. Tt is not difficult to prove that p ' char(k) = char(l), that X Ly =

Yy, and that X is both k-large and [-large and satisfies both (ex) and (ey ).

Step 3. Using global class field theory (one could also use Kummer theory
in this step) one can reconstruct, naturally from o, finite index subgroups H g,
Hp of the groups of principal divisors K*/k*, L*/I*, respectively, finite in-
dex subgroups H}, H) of the multiplicative groups (K*)®) def K> /(k*{X'}),

(L)) def L*/(1*{X'}), respectively, and a commutative diagram:

/ p /
HK HL

| !

EK—ﬁ>ﬁL

where the vertical arrows are the natural surjective homomorphisms and the hor-

. . . . def oy .
izontal arrows are natural isomorphisms induced by o. Here ¥/ = Primes \ X,

and k*{X'} (resp. [*{X'}) is the ¥'-primary part of the multiplicative group
k* (resp. [*). Using, among other facts, that the set ¥ is k-large and satisfies
(ex), we show that the equalities Hyx = K*/kX, Hy, = L*/I1*, Hj = (K*)®),
and H, = (L*)®) hold. Thus, one deduces naturally from the isomorphism
o: Gg) = G(LE) a commutative diagram:

(KX)(E) _r (LX)(E)
K* /> p y L /1%

where the vertical arrows are the natural surjective homomorphisms and the hori-
zontal arrows are the isomorphisms induced by o.
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Step 4. One shows that the isomorphism p : K> /k* = L* /I* between principal
divisors has the property that it preserves the valuation of the functions, or equiva-
lently divisors, with respect to the set-theoretic bijection ¢ : X! 5 Y established
(in Step 1) between the sets of closed points of X, Y, respectively.

Step 5. We think of the elements of (K*)*) = K*/(k*{%'}) and (L*)®) =
L*/(1*{X¥'}) as “pseudo-functions”, i.e., classes of rational functions modulo 3'-
primary constants. In particular, given a pseudo-function f’ € (K*)®*) (resp.
g € (L)), and a closed point x € X (resp. y € Y'°!) it makes sense to consider
the Y-value f’'(x) (resp. ¢'(y)) of f' (resp. ¢’) (cf. discussion before Lemma 4.6).
Then the isomorphism p : (K*)®) 5 (L*)*) has the property that it preserves
the Y-values of the pseudo-functions with respect to the set-theoretic bijection
¢ : X 5 Yl established between the sets of closed points of X, Y, respectively.

Step 6. We think of the elements of K*/k* (respectively, L* /I*) as points of
the infinite-dimensional projective spaces associated to the k (resp. [)-vector spaces
K (resp. L). Using again, in an essential way, the fact that the set ¥ is k-large,
and satisfies (ex), as well as the above property of the isomorphism p : (K>*)*) 5
(L)), we show that the isomorphism p : K* /k* = L* /I* in the above diagram,
viewed as one between points of projective spaces, preserves colineations. Thus, by
the fundamental theorem of projective geometry (cf. [Artin]), it arises from a
uniquely determined y-isomorphism

([ (K’ +) = (La+)7 ¢(1) =1,

where 1y : k = [ is a uniquely determined field isomorphism and % is an isomor-
phism of abelian groups which is compatible with y. Finally, we show that the
isomorphism 1 : (K,+) = (L,+) preserves multiplication so that it is a field iso-

g) and G(LE) which correspond to

morphism. By passing to open subgroups of G
each other via o, one constructs a field isomorphism K~ = L~ which is compatible
with 1, and the inverse L™~ = K~ of this isomorphism is the desired isomorphism.

Note that the above idea to resort to the fundamental theorem of projective
geometry is not new in anabelian geometry (see, e.g., [Bogomolov], [Pop2]), while
the above idea to consider “pseudo-functions” and “k-largeness” is (to the best of
our knowledge) new in anabelian geometry.

This paper is divided in two main parts. Part I is mostly of local nature. In
Part I, §1, we review some basic facts on the Galois theory of function fields of
algebraic curves and the main (well-known) results of the so-called local theory on
the characterization of the decomposition subgroups in Galois groups. In Part I,
§2, we reconstruct, using the local theory in §1, various information encoded in
the geometrically pro-X absolute Galois group of a function field of a curve over a
finite field. Part II is of global nature. In Part II, §3, we define and give various
characterizations of the notions of small and large sets of primes, and we also prove
the main Proposition 3.11 which plays a crucial role in the proof of our main result.
Finally, in Part II, §4, we state and prove our main result Theorem 4.1.

PART I

In this first part we describe the local information encoded in the geometrically
pro-% absolute Galois group of the function field of a curve over a finite field, and
how much of this information is preserved under isomorphisms between geometri-
cally pro-X absolute Galois groups.

5



§1. Generalities on Galois Groups of Function Fields of Curves. In this
section we fix some notations that we will use in this paper, and review some basic
facts on Galois groups of function fields of algebraic curves. Let k be a finite field
of characteristic p > 0. Let X be a proper, smooth, and geometrically connected
curve over k. Let K be the function field of X. Let n = Spec K be the generic point

of X and 7 = Spec £2 a geometric point of X above . Write K (resp. k = k*°P)

for the separable closure of K (resp. k) in 2. Write G = G et Gal(K®°P/K) and

G & Gal(k/k) for the absolute Galois groups of K and k, respectively. We have

the following exact sequence of profinite groups:
(1.1) 1-GoG5 G, =1,

where G is the absolute Galois group Gal(K®?/Kk) of Kk, and pr : G — Gy
is the canonical projection. It is well-known that the kernel G of the projection
pr : G — G is a free profinite group of countably infinite rank (cf. [Popl] and
[Harbater|). However, the structure of the extension (1.1) is not known.

We shall consider a variant of (1.1) above. Let C be a full class of finite groups,
i.e., C is closed under taking subgroups, quotients, finite products, and exten-
sions. For a profinite group H, denote by H¢ the maximal pro-C quotient of
H. Given a profinite group H and a closed normal subgroup H of H, we set
HO L /Ker(H —» Fc). (Observe that Ker(H —» HC) is a normal subgroup of
H since it is a characteristic subgroup of H.) Note that H (©) coincides with HC if

and only if the quotient A L /H is a pro-C group. Let Primes denote the set of
all prime numbers. When C is the class of finite X-groups, where > C Primes is a
set of prime numbers, write H> and H®*), instead of H¢ and H(©), respectively. (In
later sections, the notation H*) is used for a slightly more general setting where H
is a (not necessarily profinite) topological group and H is a closed normal subgroup
of H which is profinite.) By definition, we have the following commutative diagram:

1 s H s H A s 1
| | al
1 s HC H©) y A 1

where the rows are exact and the columns are surjective.
Lemma 1.1. Let ¢ be a prime number and i > 0. Assume either cdg(N) < 1 or
F, & C, where N e Ker(H — ﬁc),
(i) Let M be a finite discrete (-primary H  -module. Then
Hi(ﬁc,M) _ { H'(H,M), z:fIFg €C ori %0,
0, if Fp € C and i > 0.

In particular, .
250 e
(ii) Let M be a finite discrete (-primary H€)-module. Then
Hi(H, M), ifF,ec,

Hi(A,MH), ifF, &C.
6
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In particular,

. (H<C>){ < cdy(H), FoeC,
C
‘ —cdy(A), F,éC.

Proof. (i) If Fy ¢ C, then H° is of order prime to ¢, hence

. _¢ 0, 1> 0,
HH M)y={ .  _ _
ME = M7 = HO(H, M), i=0,
as desired. If Fy € C, then cdy(N) < 1 by assumption, hence H?(N, M) = 0 for
j > 1. Further, H'(N, M) = Hom(N, M) = 0, as HC is the maximal pro-C quotient
of H. From these, we have

Hi(H, M) = H(H, H'(N,M)) = H (H®, M),

as desired (cf. [Neukirch-Schmidt-Winberg], (1.6.6)Proposition). The second as-
sertion follows from the first.

(ii) If F¢ & C, then, by (i),

HY(H©, M) = H'(A,H'(H ,M)) = H'(A, M),
as desired. If Fy € C, then, similarly to the proof of (i),
HY(H,M)=H'HS, H'(N,M)) = H'(H©) M),

as desired. The second assertion follows from the first. (For the inequality cdy(H(©)) >
cdg(A), note that any finite discrete ¢-primary A-module M can be regarded nat-

urally as a finite discrete ¢-primary H(©)-module with M H =M ) g

Applying the above construction to (1.1) we obtain the exact sequence:
—c
156G =GO 2 g, —1.

We shall refer to the quotient G(©) of G as the maximal geometrically pro-C quotient
of G. Let U be an open subgroup of G(©) and H the inverse image of U in G via
the canonical map G — G(©). Then H is an open subgroup of G corresponding to
a finite extension K'/K of K. Further, H (resp. U) is naturally identified with the
absolute Galois group Gal(K®P/K’) of K’ (resp. with H©) = Gal(K®®P/K")©)).
Let
3 C Primes

be a set of prime numbers. Set
st 2\ {p}
and

> X Brimes \ .
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Write

5 def
7> = HZ@
ey

For a field x of characteristic p > 0, with a separable closure x*°P, we shall write

MZe def Hom(Q/Z, (k*P)™) ® 7=

Thus, MZ., is a free 7= -module of rank one. Further, M., has a natural structure

of G, & Gal(k*°P /k)-module, which is isomorphic to the Tate twist Zzﬁ(l)7 ie.,

G, acts on M,fsep via the Y-part of the cyclotomic character yy : G, — (ZET)X. In
particular, we write

MZ = Hom(Q/Z, k*) @, 2%

Similarly, we shall write
M3 < M., = Hom(Q/Z, (K*P)%) @, 2% .

Note that M% has a natural structure of G-module, which is naturally identified
with the G-module MEE (the natural G- and Gi-module structures of J\JEE are
compatible with respect to the natural projection pr: G — Gj).

For a scheme T denote by T° the set of closed points of T. Let K~ /K be the
subextension of K5°P /K corresponding to the subgroup Ker(G — G®*)) of G, and
let X be the normalization of X in K~. The Galois group G*) acts naturally on
the set X< and the quotient of X by this action is naturally identified with X¢.
For a point & € X°, with residue field k(Z) (which is an algebraic closure of the
residue field k(z) of ), we define its decomposition group Dz and inertia group I
by

D; € {7y € G | 1(#) = 7}

and

o {v € D; | v acts trivially on k(Z)},

respectively. We have a canonical exact sequence:
1= I; = Dy = Gy < Gal(k(%)/k(z)) = 1.

For a profinite group H we write Sub(H) for the set of closed subgroups of H.
Let ¥ C Primes be a set of prime numbers. The following are well-known facts
concerning the decomposition and inertia subgroups of the geometrically pro-X
Galois group G,

Proposition 1.2. (Properties of Decomposition and Inertia Subgroups) Let & €
X and x the image in X of & € X°.
(i) Let X' be the normalization of X in K and 2’ a point of (X')! above T. Let

I, C Dy C G be the inertia and the decomposition subgroups of G at «'. (Thus,

D, & {veG|~E) =12}, and I def {y € Dy | v acts trivially on k(x')}.)
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Then we have Dz = DJ(S,E). More precisely, we have the following commutative
diagram:
1 — I, — Dy — Gk(:c) — 1

i I I

1 = IZ — p® Grzy — 1

1 - Iz — Dz — Gpa — 1

where the horizontal rows are exact and the vertical arrows are surjective.
(ii) The inertia subgroup Iz possesses a unique p-Sylow subgroup I¥. The quotient
It def I3 /I¥ is isomorphic to sz, and is naturally identified with the Galois group
Gal(K!/KY), where KX (resp. K.) is the mazimal unramified (resp. tamely
ramified) extension of the x-adic completion K, of K. We have a natural exact
sequence:

1 — Iy — Dy — Gy — 1,

where D}, L Gal(Kt /K,).
In particular, It has a natural structure of Gr(x)-module. Further, there exists
a natural identification It = Mkz(j) of G(x)-modules.

Proof. (i) The only nontrivial point in the assertion is that the natural homomor-
phism 1% — G (whose image coincides with I;) is injective. A proof of this fact
is as follows.

Step 1. First, if p ¢ X, this follows from [Saidi-Tamagawa3|, Lemma 1.3.

Step 2. Next, consider the special case ¥ = {p}. Then we have

edy(Iz) < edy (G < ed, (@) < 1.

Indeed, the first inequality follows from the fact that I; C g ([Serrel]), the sec-

ond inequality follows from Lemma 1.1 (i) (and the fact that Ker(G —» @{p})
is the absolute Galois group of a field of characteristic p ([Serrel])), and the
third inequality follows from the fact that G is the absolute Galois group of a
field of characteristic p ([Serrel]). In particular, the surjective homomorphism
1 if’ Yo 7 of pro-p groups admits a section s : Iz — I if’ YN ow, the homomorphism
I ifo b @Y induces a homomorphism (I g })ab /p — (@{p})ab /p of pro-p abelian
groups killed by p. By Artin-Schreier theory, the (Pontryagin) dual of this last
homomorphism is identified with Kk/p(Kk) — (Kk)z/9((Kk)z). Here,  denotes
the image in (X xj k) of # € X!, (Kk);z denotes the Z-adic completion of Kk,
and @ : a +— o — a. Observe that p((Kk)z) D 9(Oz) = Oz by Hensel’s lemma,
where O denotes the ring of integers of (Kk)z. Now, since the natural homomor-
phism Kk — (Kk)z/O;z is surjective (as follows from the Riemann-Roch theorem),
the homomorphism Kk/p(Kk) — (Kk)z/o((Kk)z) is also surjective. Thus, we

have (I{p})ab/p — (é“’})ab/p, hence, a fortiori, (I{p})ab/p — (I3)*/p. Thus,

x! x’/
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(Ia;{,p})ab/p 5 (I;)**/p. In particular, s(I;) must surject onto (Iifj})ab/p. By the
Frattini property, this implies that s(Iz) = I if) }, hence 1 i? it Iz, as desired.

Step 3. Finally, consider a general . By Step 1, we may assume that p € .
For a profinite group H, denote by H =T-by-{p} the (unique) maximal quotient of
H which is an extension of a pro-XT group by a (normal) pro-p group. Let H(p)
denote the kernel of HE'-bv-{P} — F=' 1Ip general, the natural homomorphism
HE — HE"-b-{P} is not an isomorphism. But we have == Ig'by'{p}, since the
wild inertia subgroup (i.e. the p-Sylow subgroup of the inertia group) is normal.
Thus, we have the following commutative diagram

1 — ILs/p) — I - 13 51
1 3 \J
_ 5 by i
1 - G — C N o N |

where the horizontal rows are exact. Here, the right vertical arrow is injective by
Step 1, as p € 1. On the other hand, the left vertical arrow can be obtained as

the projective limit of homomorphisms (I, N H){P} — F{p}, where H runs over all

_ _ ot
open subgroups of G that contain the kernel of G — G Thus, the left vertical

"by-{p} .

—%
arrow is injective by Step 2, hence the middle vertical arrow 1% — G is also

injective. Now, the homomorphism [ E, — @2 is, a fortiori, injective, as desired.
(ii) This follows from (i), together with well-known facts on ramification theory (cf.
[Serre2], Chapitre IV). O

In fact, the decomposition subgroups of G**) are completely determined by their
group-theoretic structure. More precisely, we have the following fundamental result.

Proposition 1.3. (Galois Characterization of Decomposition Subgroups) Consider
the natural map D = D%) : X — Sub(G®™), &+ Dj.
(i) The map D is Galois-equivariant. More precisely, for g € G® and i € X, we
have Dyz = gDzg™'.
(ii) Assume X # (0. Then D is injective. More precisely, let T # &1 be two elements
of Xd, then Dz N Dz, is pro-Y' and is of infinite index both in Dz and in Dgz, .
(iii) Assume LT # 0 and £ € XF. Let Decy(G*)) € Sub(G™)) be the set of closed
subgroups ® of G*) satisfying the following property: There exists an open subgroup
Do of D such that for any open subgroup ®' C Dg, dimp, H*(D',Fy) = 1. Define
Dec(G®)) € Decy(G™)) to be the set of mazimal elements of Decy(G™)) with
respect to the inclusion relation. Then the image of D coincides with Decy™ (G*)),
(In particular, Dec)™ (G*)) does not depend on the choice of £ € XF.)

Thus, D : X — Sub(G®)) induces a natural, Galois-equivariant bijection
X' 5 Dec™(G®).

Proof. (i) This follows from the definition of decomposition group.
(ii) Let £ € 3. If £ # p, then Dz N Dy, is of order prime to ¢ by [Saidi-Tamagawa3],
Proposition 1.5 (i). The case £ = p can be treated along the same lines, by resorting
to Artin-Schreier theory instead of Kummer theory. More precisely, let D, be a
p-Sylow subgroup of Dz N Dj,, and suppose that D, # 1. We have

cdy(Dy) < edy(GP)) < cdy(G) <1 < .
10



Indeed, the first inequality follows from the fact that D, C G*) ([Serrel]), the

second inequality follows from Lemma 1.1 (ii) (and the fact that Ker(G —» 52) =
Ker(G — G)) is the absolute Galois group of a field of characteristic p ([Serrel])),
and the third inequality follows from the fact that G is the absolute Galois group
of a field of characteristic p ([Serrel]). In particular, D, is torsion-free, hence is
infinite. Thus, one may replace G®*) by any open subgroup, and assume that
the images z,z1 in X of &, € X< are distinct, and that the image of D), in
(G*3))2b /p is nontrivial. In particular, this implies that the natural map

Db /p x D2 /p — (G))2P /p

induced by the group operation of (G*)2P/p is not injective. By Artin-Schreier
theory and Proposition 1.2 (i), this last condition is equivalent to saying that the
natural map

K/p(K) — Ky /p(K;) X K, /9(Kz,)

is not surjective, where p : a — of — a. (Observe that by Hensel’s lemma p(K,)
(resp. p(K,)) contains the maximal ideal of the ring of integers of K, (resp. K, ),
hence is open in K, (resp. K,,).) This contradicts the approximation theorem (cf.
[Neukirch], Lemma 8).

Thus, Dz N Dz, is pro-X/, which also implies that it is of infinite index both in
Dz and in Dz, . (Note that for £ € ¥ the pro-¢-Sylow subgroups of Dz and Dz, are
infinite.) In particular, D must be injective.

(iii) This is a special case of [Saidi-Tamagawa3|, Proposition 1.5 (ii). (This result
goes back to [Uchidal], where the case ¥ = Primes is treated.) O

Remark 1.4. For other characterizations of decomposition groups, see [Saidi-
Tamagawa3], Remark 1.6.

§2. Isomorphisms between Geometrically Pro-YX Galois Groups. In this
section we follow the notations in §1. Let k, [ be finite fields of characteristic py,
p1, respectively, and of cardinality g, q;, respectively.

Let X, Y be smooth, proper, and geometrically connected curves over k, I,

respectively. Let K, L be the function fields of X, Y, respectively. We will write

Gx ¥ Gal(K*?/K), G, et Gal(L®°P /L) for the absolute Galois groups of K, L,

respectively.

Let Yx,Yy C Primes be sets of prime numbers. We assume that the X x-
cyclotomic character xs, : G — H@ezx\ (pr} Z; is injective. (In the terminology
of §3 (cf. Definition/Proposition 3.1), this is equivalent to saying that ¥ x is not
k-small.) Write Gg)‘) (resp. G(LEY)) for the maximal geometrically pro-Xx (resp.
Yy) quotient of Gk (resp. G',). Thus, we have exact sequences:

15 G > G 2,

and s
15 G, =GP 2 g,

where Gj, &' Gal(k/k) (resp. G et Gal(l/1)) is the absolute Galois group of k
(resp. [), and @ix (resp. @iy) is the maximal pro-Xx (resp. pro-Xy) quotient
11



of the absolute Galois group G Lt Gal(K*°? /Kk) (resp. G, Lt Gal(LP/Ll)) of
Kk (resp. Ll).

For the rest of this section we will consider an isomorphism of profinite groups
o G%X) = G(LEY)

between the maximal geometrically pro-X x (resp. pro-Xy ) quotient of the absolute
Galois group Gx (resp. Gr). We write X (resp. Y) for the normalization of X
(resp. Y) in K~ (resp. L"~). Here, K~ /K (resp. L~ /L) is the subextension of
K®P /K (resp. L*P /L) with Galois group ng) (resp. G(LEY)).

Recall B§ = ©x \ {pr}, and =1 = =y \ {p;}.

Lemma 2.1. (Invariance of Sets of Primes)

(i) We have Z} = 2{,, SxN{pr} = Sy {p}, and Lx = Sy . Set X7 def Z} = 2{,,

S LYy =%y, and ¥ X Primes \ 3.

(ii) X s infinite.
Proof. (i) It follows from global class field theory for K that (for a prime number ¢)

the maximal pro-¢ quotient (ng))ab’é of the maximal abelian quotient (ng))ab

of GgX)is described as follows:

Zéa 14 ¢ EX?
(G(EX))ab,ﬁ ~ 7 infini : T
K ~ ¢ X (infinite torsion group), £ € Xy,
Z?O, gEExﬂ{pk}.

Here (infinite torsion group) denotes the closure of the torsion subgroup (which is
infinite) of (ng ))abvg. A similar description holds for (GS;EY))ab’K. This implies
ot =30, Sx n{p} =Sy N {m}, and x = Sy

(ii) This follows immediately from the assumption that the ¥ x-cyclotomic character
Z =G = [les o\ (e} Z) is injective. O

Lemma 2.2. (Set-Theoretic Correspondence between Points) The isomorphism o
induces naturally a bijection:

such that 3
o(D;) = Dy, Vi € X,

where Dy (resp. Dy) is the decomposition subgroup of Gg) (resp. GS-JE)) at T (resp.
7), and ¢ induces a bijection

gb:Xd:)Yd, Ty,

where x (resp. y) is the image of T (resp. ) in X (resp. Y!). Thus, in particular,
o induces naturally a bijection:

¢ . DiVX :> DiVy
12



between the groups of divisors of X and Y, respectively.

Proof. This follows from Proposition 1.3 and Lemma 2.1 (to ensure X = ZTX =
.I.
sto£0). O

Let x € X, and y def o(z) € Y. Write K, (resp. L) for the completion of
K (resp. L) at x (resp. y). Denote the ring of integers of K, (resp. L,) by O,
(resp. Oy). Write D, ' D, (resp. D, dof Dy) and I, L (resp. I, dof Iy) for
the decomposition and the inertia subgroups of Gg) (resp. GS;E)) at T (resp. 7),
where 7 € X¢! (resp. g € f/d) is a point above x (resp. y). Thus, D, (resp. D,) is
defined only up to conjugation. By Proposition 1.2 (i) and local class field theory
(cf., e.g., [Serre3]), we have natural isomorphisms

()M 5 D,

and

(L)~ = DP,
where (K)" (resp. (L;j)/\) is the profinite completion of the topological group
K (resp. L; ), and we set

(K2)M® €KX Ker(OF — (0)F)

x

and ot
,(X2) del =
(L)) S (L) Ker(OF — (0)),

Y

where (0)*, (O;)* stand for the maximal pro-X quotients of the profinite groups
Oy, O, respectively.
More concretely, we have

()M = (KN Ne, (05)% = O /N,

with
N, & Ker(OQX — (0X)%) =

x

U (07t {z'}), ©=xT,
{ Oxtr{¥}, > # 3
and we have a similar description for (L, )M Here, UL is the group of principal
units in O, and O5*"{3'} is the group of ¥/'-primary torsion of OX. (Observe
that O {¥} 5 k(x)*{X'}.)

We have the following commutative diagram

o - O0f —  Kf - Z — 0

xT

\ } N
0 — (09 = (KM 5 2 — 0

R 2 AN

0 — Im(l,) — Db - G — 0,
13



where the horizontal rows are exact. Here, the map K — Z is the z-adic valuation,
Im(I,) is the image of I, in D3P and the map Z = G}, sends 1 € Z to the g-th
power Frobenius element in Gy.

Further, the natural filtration

(k(x))™, (Uz)* € (07)” C (K1) € ()M,

where (U!)* denotes the maximal pro-¥ quotient of U} and (K)®) is the image
of KX in (KX)™®), induces, via the above isomorphism (KX)M*) 5 Dab 4
filtration

Im((k(2)*)¥), Im((U;)*) € Im((0;)%) C Im((K;)®) € Im((£;)*)) = D3,

Here, Im((O*)*) coincides with the image Im(I,) in D2 of I,. Similar statements
and filtrations hold for (L;)A’(Z) and D2P.
Let
Opy Dy 5 D,

be the isomorphism of profinite groups induced by ¢ (which is only defined up to
conjugation) (cf. Lemma 2.2). Write

ab . ab ™~ ab
Opy Dy — Dy

for the induced isomorphism between the maximal abelian quotients of D, and D,,
respectively.

Lemma 2.3. (Invariants of Isomorphisms between Geometrically Pro-Y Decom-
position Groups)

(i) The isomorphism o3b : Da> — D3P preserves the images Im((k(x)*)*) and
Im((k(y)*)*) , hence it induces naturally an isomorphism

Toy + (k(2))™ 5 (k(y))™

between the maximal pro-Y quotients of the multiplicative groups of the residue fields
at x and y, respectively.

(ii) The isomorphism o4, induces naturally an isomorphism MICE(T) =5 Mkz(—y), which
is Galois-equivariant with respect to o, .. In particular, o, commutes with the X-
parts of the cyclotomic characters x, : Dy — (ZET)>< (resp. Xy : Dy — (ZET)X) of
D, (resp. Dy), i.e., we have a commutative diagram:

27y == (%)
| w|
D, *» D,
(iii) The isomorphism o, preserves I, and I,,.

Proof. The proofs of (i)(ii)(iii) are similar to those of [Saidi-Tamagawa3], Proposi-
tion 2.1 (iii)(iv)(v), respectively. More precisely:
14



(i) By Proposition 1.2 (i) and local class field theory, Im((k(z)*)*) C D2P coin-
cides with the torsion subgroup D2Pt" of D3P and a similar statement holds for
Im((k(y)*)*) C DaP. From this, the assertion follows.

(ii) By applying (i) to open subgroups of D,, D,, (which correspond to each other
via 0, ,), and passing to the projective limit, we obtain a natural isomorphism
MICE(T) = Mkz(—y) between the modules of roots of unity. More precisely, let E be
a finite extension of K, corresponding to an open subgroup H of D, and h the
residue field of E. Then the following diagram commutes:

(hX)E C (EX)/\,(E) = Hab

! ! !
(k(z))® < (KM D3P,

12

where the map H*® — D2P is induced by the natural inclusion H C D, and
the map (EX)M®) — (KX)M®) is induced by the norm map EX — KX. The
map (h*)* — (k(z)*)* is induced by the (norm) map (EX)V®) — (KX)M&),
hence coincides with the e-th power of the map (h*)* — (k(x)*)* induced by
the norm map h* — k(z)*, where e denotes the ramification index of E/K,.
Thus, if we consider the projective subsystem formed by the open subgroups of
D, that are obtained as the inverse image of an open subgroup of D2P/(torsion),
we get a projective system ((h*)*¥) with surjective transition homomorphisms
(as all the ramification indices are powers of p) whose limit is identified with
MEW Indeed, (again as all the ramification indices are powers of p) the limit
is unchanged if the projective system is replaced with the subsystem indexed by
the open subgroups H C D, obtained as inverse image of open subgroups of
D /I, = Gy(y). Then the above norm map h* — k(x)* is just the a-th power
map, where a = ZE’;’S("””* |k(z)|* = |h*|/|k(z)*|. [This sort of precise argument
involving suitable projective subsystems should have been inserted also in the proof
of [Saidi-Tamagawa3|, Proposition 2.1 (iv).] Further, this identification is (by con-
struction) Galois-compatible with respect to the isomorphism o ,, as desired. The
second assertion follows from this Galois-compatibility.

(iii) The character x, : D, — (ZET)X (resp. xy : Dy — (ZET)X) factors as
Dy — D/l = G e (ZET)>< (resp. Dy — Dy /I, = Gy X (ZET)X),
where Xp(z) (resp. Xg(y)) is the X-cyclotomic character of G,y (resp. Giy))-
Further, since the Y-cyclotomic character of Gy is assumed to be injective, xj(a)
is also injective. Thus, I, coincides with the kernel of x, and I, is included in the
kernel of x,.

Now, it follows from (ii) that o, ,(I;) D I, hence

Ox,y

AS Grz) = D /I, - Dy/0yy(1y) « Dy/l, = Ghr(y) =~ Z.
As any surjective homomorphism 7 — 7 is an isomorphism, this shows o, ,(I;) =
I,, as desired. [J
2.4. Invariants of Isomorphisms between Geometrically Pro-% Galois Groups.

Lemma 2.4.1. The following diagram is commutative:
15



27y == (%)
XkT XLT
(2.1) Gy Gy
i | o |
¢ 2 ¥

where xi (resp. xi) is the X-part of the cyclotomic character of Gy, (resp. Gy).

Proof. For each & € X, with § def gf;(i) € Y, we have the following diagram:

(27 =—= (2"")*

| o]

(2.2) ¢ e, g®
| |

Dy 2L, Dy

where the maps Dz — Gg) and Dy — GS:E) are the natural inclusions, the lower
square is commutative, and xx (resp. xr,) is the X-part of the cyclotomic character
of Gg) (resp. G(LE)). Since the restriction of xx (resp. xr) to Dz (resp. Djy)
coincides with the ¥-part of the cyclotomic character of D; (resp. Dy), the exterior
square of (2.2) is commutative by Lemma 2.3 (ii). Hence the upper square of (2.2)

is also commutative, since Gg) is (topologically) generated by the decomposition

subgroups Dz, VI € X<l as follows from Chebotarev’s density theorem. The
commutativity of the diagram (2.1) follows from this, since yx o prx = xx and

xiopry; =xr. U
Lemma 2.4.2. The isomorphism o commutes with the canonical surjections Gg) —
m(X)® (resp. G — m(V)®), where m(X)® € 1(X)/ Ker(m (X) —

71(X)*) (resp. m (Y)*) f m(Y)/Ker(m (V) — m1(Y)*)) is the mazimal geomet-
rically pro-X quotient of the fundamental group 71 (X) (resp. m(Y)) of X (resp.
Y') (with respect to the geometric point Spec(K*P) — X (resp. Spec(L*P) —Y)).
More precisely, we have a commutative diagram:

G — 5 m(X)®

G —— my)®
where the vertical arrows are isomorphisms.

Proof. Let Zx (resp. Zy) denote the closed normal subgroup of Gg) (resp. G(LE) )
(topologically) generated by the inertia subgroups. Then the isomorphism o maps

Tx onto Ty by Lemma 2.2 and Lemma 2.3 (iii). Since 7 (X)®) = Gg)/lx and
7 (V)®) = G(LE)/Iy, the assertion follows. [
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Lemma 2.4.3. The isomorphism o commutes with the canonical projections pry :

Gg) — G and pry, : G(LE) — Gy, i.e., we have a commutative diagram:
G P, gy

(2.3) al l

$)  pr
G P, g
where the vertical arrows are isomorphisms.

Proof. This follows from Lemma 2.4.2, since we have G}, = m;(X)®)2P /(torsion)
as a quotient of Gg) (cf. [Tamagawa], Proposition 3.3 (ii)). Similarly, G; =
71 (Y)®)2b /(torsion) as a quotient of Gg). Here, 71 (X) )20 (vesp. 1 (Y)*):2P)
is the maximal abelian quotient of 71 (X)) (resp. 71(Y)®)). (Alternatively, this
follows from Lemma 2.4.1. Indeed, since xx o prx = Xk, X1 © P = XL, and pry,

pr; are surjective, Im(xx) C (ZET)X coincides with Im(yy) (similarly, Im(xz) C
(Z=")* coincides with Im(x;)). By assumption xy, is injective. Since this injectivity
condition is equivalent to requiring Im(y) ~ 7 (as abstract profinite groups), we
see that both y, and x; are injective. In summary, we have

A

G, % Im(xx) = Im(xx) C (2%)"
and -
G = Im(x;) = Im(xz) C (Z27)*.
Now, the assertion follows from the commutativity of the diagram (2.1).) O

Lemma 2.4.4. For each subset T' C X, the isomorphism o commutes with the
canonical surjections G(KE) —» Gg), and G(LE) —» G(LT), i.e., we have a commutative
diagram:

Gy —— G

d |
G(LZ)) G(LT)
where the vertical arrows are isomorphisms.

Proof. This follows from Lemma 2.4.3, since the quotient Gg) —» Gg) can be
characterized as

Gg) = Gg)/Ker(Ker(er) — (Ker(prg))"),

and a similar statement holds for G(LZ) —» G(LT). O

Lemma 2.4.5. The bijection ¢ : X' = Y commutes with the degree functions
degy : X = Zuo, > [k(x) : k], and degy : Y = Zwg, y = [k(y) : 1].

Proof. This follows from Lemmas 2.2 and 2.4.3. Indeed, for each x € X l take
7 € X above z and set y = ¢(z) and § = ¢(Z) (which is above ). Then we have

degx (z) = (Gr 1 pr(Dz)) = (G : prr(Dy)) = degy (y). U

17



Lemma 2.4.6. For each integer n > 0, let k C k,, C k (resp. | C I, C 1) denote
the unique extension with [k, : k| = [l,, : ]| = n. Then we have §(X (k,,)) = 4(Y (1))
for all n > 0.

Proof. This follows from Lemma 2.4.5, since

H(X (kn)) = ) d-t(degx'(d)),

0<d|n

and

HY (In) = > d-f(degy'(d). O

0<d|n
Lemma 2.4.7. (i) We have qr = q;. In particular, p = p;.
(ii) Notations as in Lemma 2.4.6, we have §(ky) = §(l,,) for all n > 0.

Proof. (i) This follows from Lemma 2.4.6 (cf. [Pop2|, Lemma 2.3). More precisely,
by the Weil estimate, we have

L+q; —29xq; < §(X(kn)) <1+ q; +29x45,
where gx denotes the genus of X, hence

—ﬁ(X(kn)) — 1 (n— o0)
a5 ’

and similarly ﬁ(Yq(%)) — 1 (n — o0). Now, by Lemma 2.4.6, we obtain
l

(q—k> :q—k—>1(n%oo),

q q;

which implies ¢ = ¢q;, as desired.
(ii) This follows immediately from (i), as #(ky,) = ¢ and §(l,) = ¢’ O

Set p = pr, = pr and ¢ = g4 = q1.
Lemma 2.4.8. The bijection ¢ : X' 5 Y commutes with the norm functions
Nx : X = Zug, o+ 4(k(x)), and Ny : Y — Zo, y > #(k(y)).
Proof. This follows from Lemmas 2.4.5 and 2.4.7 (i). O

Lemma 2.4.9. The isomorphism Gy, — G| induced naturally by o (cf. Lemma
2.4.3) maps the q-th power Frobenius element oy, of Gy, to the q-th power Frobenius
element ¢; of Gy.

Proof. As shown in the (alternative) proof of Lemma 2.4.3, xj : G — (ZET)X and
x:: G — (ZZT)>< are injective. Thus, ¢y € G} can be characterized by the property

Xk(pr) =q € 7= and similarly xi(¢1) =q € 7=". Now, the assertion follows from
the commutativity of the diagram (2.1) in Lemma 2.4.1, and the diagram (2.3) in
Lemma 2.4.3. 0O

18



Lemma 2.4.10. In the notation of Lemma 2.4.6, we have §(Jx (k,)) = #(Jy (1))
for all n > 0, where Jx (resp. Jy ) denotes the jacobian variety of X (resp. Y ).

Proof. By Lemmas 2.4.2 and 2.4.3, the isomorphism 7T1_(X)(E) 5 m(Y)®) induced
by o preserves m1 (X)* = Ker(m1 (X)) — G) and 71(Y)* = Ker(m (Y)®) — G).
It follows from this that ¢ induces an isomorphism

T(Jx)® = (m(X)%)* 5 (m(Y)%)* = T'(Jy)*
(where T(Jx) = Tlyeqeimes Te(Jx) (resp. T(Jy) S Tleqeimes Te(Jy)) is the full
Tate module of Jx (resp. Jy) and T(Jx)* (resp. T(Jy)¥) is its maximal pro-2
quotient), which is Galois-equivariant with respect to the isomorphism Gj — G; in

Lemma 2.4.3. Thus, it follows from Lemma 2.4.9 that Px , = Py, for all n > 0,
where Px ,, (resp. Py,,) denotes the characteristic polynomial for the action of ¢}

(resp. ¢}') on the free 2= module T(Jx)=' (resp. T(Jy)*'). Now, we have

ﬁ(JX(kn)) = PX,n(l) = PY,n(l) = Ij(JYan)),
as desired. [

Remark 2.4.11. Let ¢ be a prime # p = pr. When X = {£}, most of the results
presented in Lemmas 2.4.1-2.4.9 are proved in [Pop2|, Part I, 2, without resorting
to Lemma 2.3 which relies heavily on local class field theory. (In fact, in [Pop2],
function fields with arbitrary transcendence degree are also treated.)

Further, when ¥ = X (i.e., ¥ # p), the quotient Gg) — (G can be identified
with G(KE) — (Gg))ab/(G(KE))ab’tOf, where (G(I(E))ab’tor is the torsion subgroup of
(G%))ab and (G%))abvtor is its closure in (G%))ab (cf. the proof of Lemma 2.1
(i)). It follows from this that for each ¢ € ¥, the quotient Gg) —» G%e}) can be
recovered group-theoretically from Gg). Thus, most of the results presented in
Lemmas 2.4.1-2.4.9 for this case could be reduced to the case ¥ = {¢} basically.

However, in the general case where ¥ may contain p, the authors do not know
any quick way (without establishing Lemma 2.3 first) of reconstructing the quotient

G%) — G, and reducing to the case ¥ = {/}.

Lemma 2.5. (Invariance of Filtrations of Geometrically Pro-Y Decomposition
Groups) Let the notations be as in Lemma 2.3 and the discussion before Lemma
2.3. Then the isomorphism aiﬁlj’y : Db — Dzb preserves the filtrations

Im((k(x)*)®),Im((U})*) € Im((0;)¥) € Im((K)*)) € Im((K)>*)) = D3P,
and

n((k(y)*)%), Im((U1)®) € Im((07)%) € Tm((L;)®) € (L)) = D
Proof. First, 025 preserves Im((k(x)*)*) and Im((k(y)*)*) by Lemma 2.3 (i).
Next, 025 preserves Im((O))*) = Im(1,) and Im((O;)*) = Im(I,,) by Lemma 2.3
(iii), and preserves Im((U;)*) and Im((U,})*) by Lemma 2.4.7 (i), since Im((U,)*)
(resp. Im((U})*)) is the pro-p Sylow group of Im((O;)*) (resp. Im((O))>)).
Finally, 02° preserves Im((K)®)) = pry'(¢%) and Im((L;)(E)) = pry (p7) by
Lemma 2.4.3 and lemma 2.4.9. [
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PArT 11

In this part we introduce the notion of “small” and “large” sets of primes, and
we state and prove our main results.

§3. Small and Large Sets of Primes. Let Primes be the set of all prime

numbers and ¥ C Primes a subset. Set X/ = et Primes \ 3. Let &k be a finite field of
characteristic p > 0 and set ©T = X\ {p}. Write

7T & I1 ..

lex

For a prime number ¢ € Primes \ {p} let
X - Gk — ZZ

be the l-adic cyclotomic character of k, and define the »-part of the cyclotomic
character of k by:

def
Xz € (Xe)rext 1 Gr — (Z7) = 1] z&

Lext

Thus, we have
EKer(Xz) = ky d:efkj((:gj | le ZT;.Y € ZZO)'

For a prime number ¢ € Primes, let G, o C Gy, be the pro-¢-Sylow subgroup of Gj.
(Recall that G ~ Z and Gy ¢ ~ Zs.)

Definition/Proposition 3.1. (Small Set of Primes) Let ¥ C Brimes be a set
of prime numbers. We say that the set ¥ is k-small if the following equivalent
conditions are satisfied:

(i) ks # k.

(ii) The X-part xx of the cyclotomic character is not injective.

(iii) There exists a prime number ¢, € Primes, such that §(xx(Gre,)) < 00.

(iii') There exists a prime number £y € Brimes, such that fy ¢ X1 and that there
exists Nog € Zs>q satisfying that for any ¢ € X1, the order of pmod/{ € F,* is not
divisible by ).

(iv) There exists a subfield k C k' C k such that (Gy : Gp) = oo and that

(x=(Gr) : x=(Grr)) < 00.
Proof. Easy. [0

Definition 3.2. (Large Set of Primes) Let ¥ C Primes be a set of prime numbers.
We say that the set ¥ is k-large if the set ¥ = Primes \ 3 is k-small.

Proposition 3.3. Let X C Primes be a set of prime numbers. Consider the fol-
lowing conditions:
(i) X is cofinite, i.e., ¥/ is finite.
(il) X is k-large.
(ii") X is not k-small.
(i") X is infinite.
Then we have the following implications: (1) = (i) = (ii') = (i').
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Proof. To prove the implication (ii) = (ii’), suppose that ¥ is k-large and k-
small at a time, or, equivalently, that both ¥ and Y’ are k-small. This contradicts
[Grunewald-Segal], Theorem A, as Primes = ¥ U X/. To prove the implication
(ii') = (i'), suppose that ¥ is finite, then there is no injective homomorphism
7 — (ZET)X. In particular, yx : Gp — (Zzﬁ)X is not injective, i.e., ¥ is k-small,
which is a contradiction. The implication (i) = (ii) is obtained by applying the
implication (ii') = (') to ¥’. O

Remarks 3.4.

3.4.1. Consider the following conditions:
(i) X is cofinite.

(ii) X is k-large.

(iii) X is Fp-large

(iv) X is of (natural) density 1.

(iv’) ¥ is of (natural) density # 0.

(iii") ¥ is not F,-small.

(ii") X is not k-small.

(') ¥ is infinite.

en we have the following implications:

—
=

(i) < (i) = (i) < (i)
f \

i) = @y = W) = ()

(iii) = (iv'), and (iv) = (ii{").

Indeed, the implications (i) = (ii), (ii’) = ('), and (iii) = (iii") are proved

in Proposition 3.3. The implications (ii) <= (iii) and (i) = (vi) = (vi’) = (i')
are immediate. To prove the implication (iii) = (iv’), suppose that X is of density
0. Then by [Grunewald-Segal], Theorem A, xx : Gr, — (Z(E/)T)X is injective.
This is equivalent to saying that 3’ is not Fp-small, or that ¥ is not F,-large.
The implications (iv) = (iii’) <= (ii’) are obtained by applying the implications
(il) <= (iii)) = (iv’) to X".
3.4.2. The implication (ii) = (i) in 3.4.1 does not always hold. To construct such
an example, set k = [F,, (for simplicity), consider a prime number r # p, r{ p — 1,
and define ¥ to be the set of prime numbers which do not divide p”" — 1 for any
m > 0. Then Y’ is infinite. Indeed, we have

m m—+1
-0 -1 =D -1,
,r,m+1
-1
r >
p" 1
and o
m p’rm —1 m
(pr —Lprm—_1>=<p7" ~Lr)=(p-1r)=1

by the Euclidean algorithm. (Here, to prove the second equality, use the fact
that p" = p (mod r).) Thus, for each m > 0, there exists a prime number
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st such that £,.q | (p7"" — 1) and that €,,.1 1 (p"" — 1). This implies that
¥ 3 l1,09,...,4,,,... is infinite. On the other hand, ¥’ is k-small. Indeed, take
any fo € X\ {r} (e.g., ¢o = p). Then we claim that xs/(Grs) = {1}. To
prove this, it suffices to show that xs(Gke,) = {1} for all prime number s €
(¥)T. Further, since Ker((Z,)* — (F,)*) is pro-s and £y # s, it suffices to show
that xs(Gre,) mods = {1}. But xs(Gk,e,) mod s is the fy-Sylow subgroup of
Xs(Gr) mod s = (p mod s) C (F,)*. Since s | (p" — 1) for some m > 0, the order
of (pmod s) C (Fs)* is a power of r. Now, as g # r, Xs(Gk) mod s = {1}, as
desired.

Taking ¥/ in this example as X, we also see that the implication (i) = (ii’) in
3.4.1 does not always hold.

3.4.3. The implication (iii) = (iv) in 3.4.1 does not always hold. In fact, for

any € > 0, there exists a set of prime numbers ¥ of density < e, such that X is

[F)-large. Indeed, for each N € Zw, set X;(IV) def {¢ € Primes | £ =i (mod N)},

i =1,...,N. Then the density of ¥;(N) is 1/p(N) (resp. 0) if (i, N) = 1 (resp.

(i, N) # 1). Now, choose a prime number N such that p(N) = N —1 > 1/¢, and

set ¥ & Y1(N)UXg(N) =31(N)U{N}, whose density is 1/p(IN) < e. We claim

that ¥ is IF,-large. To see this, we have to prove that xs/ : Gp, — (Z(EI)T)>< is

A

not injective. But this follows from the fact that Gy, (~ Z) has a nontrivial pro-
N-Sylow group (=~ Zy), while (ZE))* (= [Loe(syi Z;°) has trivial pro-N-Sylow
group. (For the latter, observe that, for each ¢ € X', Z; has trivial pro-N-Sylow
group, since ¢ # 1 (mod N), and ¢ # N.)

Taking ¥’ in this example as 3, we also see that the implication (iv') = (iii’)
in 3.4.1 does not always hold.

3.4.4. The implication (iii’) = (iv’) in 3.4.1 does not always hold. In fact, there
exists a set of prime numbers ¥ of density 0, such that ¥ is not Fp-small. To
see this, take a sequence of positive integers Ny | Ny | -+ | Ni | -+ such that
Ni. — 0o (k — 00), hence ¢(Ng) — oo (k — o). Identify {1,...,N} = Z/NZ by
¢t — imod N and set

I(N) ¥ {i € Z/NZ | £;(N) is not F,-small}.
(See 3.4.3 for the definition of ¥;(N).) Then, by [Grunewald-Segal], Theorem
A, I(N) # 0. Tt is easy to see that (I(Nk))g=1,2,.. is a projective subsystem of
(Z/NpZ)g=1,,.... As I(Ny) # 0 for all & > 1, we see that lim I(N}) # 0. Fix any
element (ix)g=1,2,... of this projective limit. Then, for each k > 1, ¥;, (N},) is not F,-
small, hence there exist r, > 1, l 1,...,lkr, € Xi, (Ni)T, and €kls- €k € L0,
such that the order of pmod f;’fil B (Z/ﬁ;’ff . ﬁikr;’“ Z)* is divisible by k!.

k7rk
Now, set

S E>1,1< 5 <}

Then it follows easily from the construction that X is not F,-small. On the other
hand, for each k£ > 1, we have

B, (Ne)Ullej [ 1<K <k, 1<j<rg}.

Since the density of ;, (Ny) is (at most) 1/p(Ng), we see that ¥ must be of density
0, as desired.
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Taking ¥ in this example as ¥, we also see that the implication (iv) = (iii) in
3.4.1 does not always hold.

In particular, the implication (iii’) == (iii) in 3.4.1 does not always hold.
(Namely, there exists a set of prime numbers which is neither k-large nor k-small.)
Indeed, if it held, then, combining it with the implication (iii) = (iv’), we would
have the implication (iii’) == (iv’), which is absurd.

Next, and throughout the paper, for a subfield x C k, we write K*{¥%'} C K>
for the ¥/-primary part of the (torsion) multiplicative group x* and (k*)* def
k> /k*{¥'} for the maximal ¥-primary quotient of K*.

Let X be a proper, smooth, and geometrically connected curve over k. In the

following discussion f,g: X — P! will be non-constant k-morphisms. Define the

open subschemes U e x \ (f1(c0) Ugt(o0)) and U’ et U\ (f~1(0)ug=1(0)) of

X. We have the following commutative diagram:

(f9): X = PBixP

U U
U — Al xAl
U U

u — Gm,k X GmJg

where (f,g) : X — P x P} is the natural morphism determined by f and g,
the vertical inclusions are the natural open immersions, and the squares are fiber
products.

Definition/Proposition 3.5. We say that the pair (f,g) has the property Ps
(respectively, Qx, Qox, Q1,5 and Q x) if the following holds:

Ps(f,g): Ja,b € k*{X'}, such that f = a + bg.

Qx(f,9): Yo € U, Jay, by € k(x)*{X'}, such that f(z) = a, + byg(x).
Qox(f,9): Vo € (U, 3ag, b, € k(z)*{X'}, such that f(z) = a, + b.g(x).
Q1x(f,9): V' € UY, Jay, b, € k(x)*{X'}, such that f(z) = a, + byg(x).
Qoos(f,9): Joo z € U, for which Ja,,b, € k(z)*{¥'} such that f(z) = a, +
bag(z).

Here the sign V' means “for all but finitely many” and the sign Joo means “there
exist infinitely many”.
Further, We say that the pair (f, g) has the property Py, (respectively, Qs, @012,
Q. x and Q x) if the following holds:
Ps(f,9): Ja,b € kX{X'}, such that f = a + bg.
Qs (f,9): Vz € UY, Ja,,b, € k*{X'}, such that f(z) = a, + byg(7).
Qoxs(f.9): Vo € (U), 3az, b, € K*{¥'}, such that f(z) = a + byg().
@1’2(]“, g): V' € UY, 3a,,b, € kX{X'}, such that f(x) = a, + brg(x).
Qoo x(f59): Foo € UY, for which ag, b, € k*{X'}, such that f(x) = az+byg(x).

Then we have the following implications:
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PZ(f?.g) — PE(fug)
I T
QE(f?g) = QE(f?g)
Y 4
Qox(fi9) = Qux(f,9)
) T
Ql,zﬁf,g) ==  Qx(f.9)
Qoo,E(fag) — Qoo,E(fvg)

Proof. For the proof of “ <= 7 in the first row, consider the action of Gal(Kk/K) =~
G, where K denotes the function field of X, and resort to the fact that g is non-
constant. The remaining implications are immediate. [

Proposition 3.6. Assume that ¥ U {p} C Primes. Then the property Qoo x(f,9)
(hence also the property @oo’z(f,g)) always holds.

Proof. First note that the condition ¥ U {p} C Primes is equivalent to saying that
k*{X'} is an infinite set. For the proof it suffices to consider the following three
cases: 1) f — g is a non-constant function. 2) % is a non-constant function, and

finally 3) both f — g and % are constant functions. In case 1, consider the non-

constant (hence dominant) k-morphism f — g : U — A}. For all but finitely many
a € kKX{¥'} C k = A'(k), there exists € U(k) that maps to a. Then, for the
image x of Z in U, we have f(x) —g(z) = a, or f(z) =a+1-g(x). This completes
the proof of case 1, as the equality f(z) — g(z) = a also shows a € k(z). The
proof of case 2 is similar to that of case 1: consider the non-constant k-morphism
% : U’ — Al and take a point in the fiber at b € k*{>'} C k = Al(k). In case 3,
we have f = ag+ g = 1+ bgg for some ag, by € k. As g is non-constant, the second
equality forces ag = by = 1, or, equivalently, f = 14g¢. Thus, Ps(f, g) holds, hence,
a fortiori, Qo n(f,g) holds O

Proposition 3.7. (i) Assume that ¥ is k-small. Then the property Qg x(f,9)
holds.
(ii) Assume that ¥ is finite. Then the property Q1 x(f,g) holds.

Proof. Fix x € U’ and write ¢ = f(x),d = g(x) € k(z)* C EX.
(i) Since ¥ is k-small, we have k C 3k’ C k, such that (G : G/) = oo and that
(x2(Gk) : xu(Gr)) < oo. Here, the first property says that [k’ : k] = co, while the

second implies that N’ %' #((K')*{¥}) < co. Replacing k" by the finite extension
K'(c,d), we may assume that k(c,d) C k’. Consider the k(c,d)-curve

Zne € {(u,0) e =0 +dvV'} C Gy x G,

This is a twist of the N’-th Fermat curve (minus cusps), hence, in particular, it is

smooth and geometrically connected. Thus, (by means of the Weil bound) we have

8(Zn (k') = oo. Take (uo,vo) € Zn/ (k') and set a & ud’ b &t vd". Then we have

¢ = a+ bd. This completes the proof, since we have a,b € (k')*{%'}(C k*X{X'}) by
the definition of N’.
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(ii) The proof of (ii) is similar to (i) but a little bit more subtle. First, for each

n € Zsg, we define ny, to be the greatest divisor of n all of whose prime divisors

belong to . Next, set g 2o e.d 2ef #(k(c,d)) and N af N aef t(k(c,d)*{X}).
Thus, we have N = (¢ — 1)x.

As in (i), consider the k(c, d)-curve

Zn YL, v) e =uN + dvN} C Gy x Gy

This is a twist of the N-th Fermat curve (minus cusps), hence, in particular, it is
smooth and geometrically connected. The genus g of Zx equals (N —1)(N —2)/2,
and the cardinality r of the set of geometric points which are cusps is 3N. Thus,
by means of the Weil bound, we have §(Zn(k(c,d))) > 0, if 1 + ¢ — 2g,/q — 7 > 0.
This last inequality can be rewritten as:

¢>N*yG— (3N —2)(a - 1) - 1}.

Thus, it holds if ¢ > 4 and ¢ > NQ\/Q hold, or, equivalently, if ¢ > 4 and ¢ > N*
hold. By Lemma 3.8 below, these inequalities are satisfied (hence §(Zn (k(c,d)) > 0)
for all but finitely many ¢ = p™. (Here, we resort to the fact that ¥ is finite.)

Thus, for all but finitely many pairs (c,d), 8(Zn(k(c,d))) > 0 holds. For such
(c,d), take (ug,vg) € Zn(k(c,d)) and set a Lef udl b et v}’. Then we have ¢ = a+bd.
This completes the proof, since we have a,b € k(c,d)*{X'}(C k(x)*{X'}) by the
definition of N = N. 4. O

Lemma 3.8. Let p be a prime number, and X a finite subset of Primes. Then
there exists a constant C > 0 depending on p and X, such that, for all m € Z~y,
(p"™ — 1)y < Cm holds. (For the notation ny,, see the proof of Proposition 3.7 (ii).)

Proof. Let f be the order of the image of p in the multiplicative group [[,c s (Z/0Z)*,
where =T €' % \ {p} and ¢ L (resp. 2) for £ # 2 (resp. £ = 2). Then

P =D < @™ -Ds=0 - s -mg <@ - 1)s-m.

Here, the first inequality follows from the fact that p™ — 1 divides p/™ — 1 and the
equality is obtained by considering the structure of the multiplicative group Z, for
¢ € X7, (More precisely, we have an isomorphism 1+ ¢¢¢Z, = (*¢Z, (say, the f-adic
logarithm), which maps 1+ ¢¢Z, onto ¢°Z, for each e > ¢,. It follows from this that
a € (L+£7Z)\ (1 +¢71Zy) implies a™ € (1 +mlZy) \ (1+mlct1Zy), as desired.)

Thus, C def (pf — 1)y, satisfies the desired property. [

Remark 3.9. The proof of Proposition 3.7 (i) can be viewed as a down-to-earth,
(2-dimensional) torus version of the proof of [Raynaud], Proposition 2.2.1.

Remark 3.10. (i) The proof of Proposition 3.7 (ii) shows that we may replace
the assumption that ¥ is finite by the following: For all m > 0, (p™ — 1)y < p™/*
holds.

(ii) Under the weaker assumption that ¥ is k-small, Q1 x(f,g) does not always
hold. To construct a counterexample, set k = I, and consider a prime number
r# p, r{p—1 and define ¥ to be the set of prime numbers dividing p”" — 1 for
some m > 0. Then, as in 3.4.2, ¥ is (infinite and) k-small. We define &’ to be the
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union of the finite fields F,,m (m € Z>o). (Namely, &’ is the unique Z,-extension of
the finite field k.) By definition, we have (k')*{%¥'} = {1}. Now, take any X, f, g

as above such that f # 1+g. Then U, Lt {r e U | f(z) # 14+g(x)} is a non-empty
open subset of X. Thus, (by the Weil bound) we have §(U;(k’)) = co. Moreover,
for any = in the image of U;y(k’) in U, there does not exist a,,b, € k(z)*{¥'}
such that f(z) = a; + byg(x). (Observe k(x)*{¥'} C (k')*{¥'} = {1}.) Thus,
Q1x(f,g) does not hold.

The following is the main result in this section, which plays a crucial role in the
proof of the main Theorem 4.1 of this paper.

Proposition 3.11. Assume that X is k-large. Then the implication

@l,Z(fv g) = ﬁZ(f7 g)

holds.

Proof. For each non-constant rational function h on X X x4 k, we define deg(h)
to be the degree of the non-constant k-morphism h : X — P! associated with h (or,
equivalently, the degree of the pole divisor (h)). Set d = deg(f) + deg(g). Then,
for any a,b € k, either f — (a + bg) is a constant function or deg(f — (a + bg)) < d.
Assume that the property @1,2( fyg) holds. Then there exists a non-empty open
subscheme Uy C U, such that Vo € (U)!, Ja,,b, € k*{X'} such that the equality
f(x) = ap + brg(x) holds. First, consider the case where f — (a, + b,g) is constant
for some x. Then, by evaluating at x, we see that this constant must be 0. Namely,
f = a, + b,g holds, which implies that the property Px(f,g) holds, as desired.
So, suppose that f — (a; + b,g) is non-constant for any x. Then the non-constant
morphism f — (a; + byg) : X — P! is defined over k(ay,b,) C ks/. (For the last

inclusion, note that & {3’} C ks by definition.) Considering the fiber at 0 of this
non-constant morphism over k(a,,b,) C ky/, we deduce:

(ks () + ksr] < [k(ag, be)(7) @ k(ag, by)] < deg(f — (az + bzg)) < d.

Now, since Gy, is (pro)cyclic as a closed subgroup of G}, ~ Z, we conclude that
there exists a finite extension &’ of ky/, such that k(z) C ks/(x) C k' holds for any
x € US'. By the assumption that ¥ is k-large, we have ks, C k, hence [k : kx/] = oo.
(Observe that G does not admit a nontrivial finite subgroup.) So, we also have
k' C k. This contradicts the previous conclusion. Indeed, since Uy is an affine curve
over k, it admits a finite k-morphism ¢ : Uy — Al. Take a € k\ k' C k = Al(k)
and x € ¢~!(a). Then we have a € k(a) C k(z) C k', which is absurd. O

We will also use the following slight generalization of Proposition 3.11 later.

Definition/Proposition 3.12. For a pair (f, g) as in the discussion before Defini-
tion/Proposition 3.5, a positive integer m, and a set of prime numbers 3 C Primes,
we define the following properties:

P (f,9): 3a,c € k*{X'}, such that f = a(1+ cg)™.

5(m)

Py '(f,9): 3a,c € k*{X'}, such that f = a(1 + cg)™.

A(m)

15 (f,9): Va €U, 3aq,¢cp € k*{X'}, such that f(x)
26
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Then:
(i) The implications

PU(f,9) < P (f.9) = QY (f.9)

hold.
(ii) If ¥ is k-large, then the implication

QN (f9) = PV (f,9)

holds.

Proof. (i) Similar to the proof of Definition/Proposition 3.5.
(ii) Similar to the proof of Proposition 3.11. [

§4. The Main Theorem. In this section we state and prove our main result. We
follow the notations in §1, §2, and §3.

Let k, [ be finite fields of characteristic px, p;, respectively, and of cardinality g,
qi, respectively. Let X, Y be smooth, proper, and geometrically connected curves
over k, [, respectively. Let K, L be the function fields of X, Y, respectively. We

will write Gx & Gal(K*®?/K) for the absolute Galois group of K, and similarly
G, = Gal(L*°?/L) for the absolute Galois group of L.

Let Yx,Xy C Primes be sets of prime numbers. Write G%EX) (resp. G(LZY))
for the maximal geometrically pro-Xx (resp. pro-Xy) quotient of Gg (resp. Gp).
Thus, we have exact sequences:

1 a@ix — G(EX) 2 Gr > 1,

resp.
15G,” -G PG

where G < Gal(k:/k:) (resp G L Gal(l/l)) is the absolute Galois group of k
(resp. 1), and G~ % (resp. G, 1) is the maximal pro-Xx (resp. pro-Yy) quotient of
the absolute Galois group G &t Gal(K*°? /Kk) (resp. G, &t Gal(L**?/Ll) of Kk
(resp. Ll). Our aim in this section is to prove the following Theorem:

Theorem 4.1. Assume that X x is k-large (cf. Definition 3.2). Assume also that
Y x satisfies condition (ex) (cf. the discussion before Theorem C in §0). Let

o ng) 5 GS;EY)

be an isomorphism between profinite groups. Then o arises from a uniquely deter-
mined commutative diagram of field extensions:

L~ ——= 5 K~

T I

~

L — K
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i which the horizontal arrows are isomorphisms, and the vertical arrows are the

eld extensions corresponding to the groups G\ and G(EX), respectively. Thus,
L K

L~/L (resp. K~/K) is the subextension of L*P/L (resp. K°P/K ) with Galois
group G(LZY) (resp. ng))_

For the rest of this section we will consider an isomorphism of profinite groups
o: G(KEX) = G%EY).

We write X (resp. Y) for the normalization of X (resp. Y) in K™ (resp. L™).

We already know the following: X def Yx =Xy (cf. Lemma 2.1), p def DL = DI,

and ¢ & ¢, = ¢ (cf. Lemma 2.4.7 (i)). Moreover, there exists a bijection ¢ :

X 2 vel &+ ¢, such that o(Dz) = Dy, which naturally induces a bijection
¢ : X 5 Y and an isomorphism ¢ : Divy — Divy (cf. Lemma 2.2).

Lemma 4.2. (Invariance of Global Modules of Roots of Unity) The isomorphism
o induces naturally an isomorphism:

Y~ ass
My — My

between the (global) modules of roots of unity which is Galois-equivariant with re-
spect to o.

Proof. Let Jg def [T,cxa KX be the idele group of K and Jg) 2o H;EXd(KwX)(Z)

(cf. discussion before Lemma 2.3 for the definition of (K)*) and the various
notations below) which is a quotient of Jx. The Artin reciprocity map ¥ : Jx —
G3> of global class field theory induces naturally a map @[J%) 2 J % ) Gg)’ab.
(When H is a profinite group, H*" denotes the maximal abelian quotient of H.)
The exact sequence

1= KX = Ji 25 G

from global class field theory induces naturally an exact sequence

1=k — [ 05 =GR —m(X)*™ =0,
.TGXCI

where the map G4 — m(X)?" is the natural one, the map [],.ya OF — G3°

is the restriction of the reciprocity map ¢k, and the map k* — J[ OJ is the
CL‘EXCI

natural diagonal embedding. (Here we recall that for each * € X° the map
VYx @ Jk — G maps the component KX of Ji into the decomposition group
Db C 8P associated to z via the local reciprocity map K — D2P.) This latter
sequence induces naturally an exact sequence

1 — ()% = H (0% = G 5 1y (X)P)2b 5 0,
reXcl

where the map [] (OX)* — Gg)’ab is naturally induced by the above map
ZEGXCI
%) : J[({E) — G%)’ab, and the map (k*)* — [ (OX)* is the natural diagonal
{IZEXCI
embedding. Further, we have the following commutative diagram:
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(4.1)

L —— ()% —— I (0)® —— G —— m)® —— 0
JZGXCI

! l | l

L 1) —— I (05) —— 67" —— m(y)® —— 0
yGYcl

where the map Gg)’ab — GSLE)’ab is naturally induced by o : Gg) = Gf) (hence is
an isomorphism), and the map [] (0¥)* — [] (O))* maps each component
zeXxel yeyel
(OF)* isomorphically onto (O)* , where y &t ¢(z) (cf. Lemma 2.2 and Lemma
2.5). In particular, this map is an isomorphism since ¢ : X 5 Y is a set-
theoretic bijection. Thus, the far left vertical map in the diagram (4.1) gives an
isomorphism (k*)* = (I*)*. Passing to the open subgroups of G(KE) and G(LE),
corresponding to extensions of the constant fields, to corresponding diagrams (4.1),
and to the projective limits via the natural maps, we obtain the desired isomorphism
M)E( = M?, which is Galois-equivariant with respect to o as is easily verified by
construction. [

Lemma 4.3. (Rigidity of Inertia) Let x € X and y def o(x). The following

diagram is commutative:

My —— Mkz(x)

l l

b b
My —>M@

where the left vertical arrow is the isomorphism in Lemma 4.2, the right vertical
arrow is the isomorphism in Lemma 2.3 (ii), and the horizontal maps are the nat-
ural identifications. Further, this diagram is Galois-equivariant with respect to the
commutative diagram:

Dy — G

where & € X is a point above x € X, § def qz;(i), and the horizontal maps are the

natural inclusions.

Proof. Indeed, the far left square in the diagram (4.1) induces a diagram:

(5*)* —— (k(z)*)*

l l
() —— (k(y)*)*

where the vertical arrows are the isomorphisms induced by ¢ and the horizontal
arrows are the natural inclusions (cf. Lemma 2.3 (i) and Lemma 4.2). Passing
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to the open subgroups of G(KE)’ab and G(LE)’ab, corresponding to extensions of the
constant fields, and corresponding diagrams as above, and to the projective limits,
we obtain the desired Galois-equivariant diagram. (Observe that the above diagram
is commutative cofinally.) [

For an abelian group A, write A{X¥'} for the ¥'-primary part of the torsion

subgroup of A, and set A™ def {a" | a € A} for each n € Z~(. Applying the notation
H®) in the beginning of §1 to the (discrete) group H = K* (resp. H = L*) and
a (pro)finite subgroup H = k* (resp. H = %), we have (K*)®) = K> /(k*{%'})
(resp. (L)) = L /(I*{%'})).

Lemma 4.4. (A Power of the Multiplicative Group modulo ¥'-primary Torsion).
(i) We have m ' §(m; (X)* 1o {3}) = f(m (V)">or (1)),

(ii) The isomorphism o induces naturally an injective homomorphism
V()P o (L)

between multiplicative groups.
(iii) The homomorphism ~' fits into the following natural commutative diagram:

() s (1))

! !

(Kx/kx>m ' y LX /1

where the vertical maps are the natural surjective homomorphisms and
(KX k7)™ — L*/1* is an injective homomorphism naturally induced by +'.

Proof. (i) As m(X)2>tr 5 Jx(k), we have

B(m (X)) {E}) = 4(Ix (R){E'}) = 8(Tx (K))s

where, for each n € Z~, we define ny/ to be the greatest divisor of n all of whose
prime divisors belong to ¥’'. Similarly

3 (V)™ {EY) = 4(Jy (D{Z')) = Iy (1))s/

Thus, the assertion follows from Lemma 2.4.10.
(ii) We have the following commutative diagram:

1 —— Ker( %)) _ J(E) G(E)’ab

w2 L

=)
1 —— Ker( (LE)) — Jf) —r G(LE)’ab

where the horizontal rows are exact. Here, Jj- (%) def [Texa(KX)®) (vesp. Jp () def
H;eYcl(L )*)) is a quotient of the idele group Jg (resp. Jr) of K (resp. L), and

the map 1/)(2) (E) G(KE)’ab (resp. the map 1/)(2) (E) — G(E)’ab) is naturally
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induced by Artin’s reciprocity map in global class field theory (cf. proof of Lemma
4.2). The far right vertical map is naturally induced by o, and the middle vertical
map JI((E N éz) maps each component (K X)) isomorphically onto (L;)(E);
where y Lof ¢(z), via the natural identification in Lemma 2.5, which is induced
by o. In particular, the map J g ) T éz) is an isomorphism. Thus, the far left

vertical map in the diagram (4.2) is a natural isomorphism Ker(w%)) — Ker(QpéE))
between kernels. We claim:

Claim 1. There exists a canonical exact sequence:
1 (K*)®) = Ker(@3)) — m (X)2 {5} — 0

(resp.
1= (L) = Ker(p{) = 7 (V)™ (2'} = 0).

Assuming this claim, we then have a commutative diagram:

1 —— (K9)® —— Ker(p¥)) —— m(X)abtor {3} — 0

|

1 —— (L) —— Ker(pV) —— m(Y)rbtor{s/} — 0

where the horizontal rows are exact, and the vertical arrow is the above isomor-
phism. This isomorphism has, a priori, no reason to map (K*)*) into (L*)®).
However, since 71 (Y)2P°r {3’} is a finite abelian group of exponent dividing m, we
can conclude that the above isomorphism Ker( g)) — Ker( g)) maps ((K*)>))m
injectively into (L*)(*). Thus, we obtain a natural injective map /' : ((K*)*))™ —
(L*)®). It remains to prove Claim 1. We will only prove the assertion concerning

Ker( %)) (the assertion concerning Ker(ng)) is proved in a similar way).
We have the following commutative diagram:

1 1
I —— Ker(pr) —— In(e)(C GF) —— (wic)(C Gi™) —— 1

w o] 3

I —— Jloexa Noe —— JK — JI({E) — 1
I I I

1 —— Y — K~ — Ker(y>)
I I |
1 1 1

where the vertical and horizontal rows are exact. Here, the map Vg : Jx —
G3> is Artin’s reciprocity map in global class field theory, and the map pr :
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Im(¢g) — Im( %)) is the restriction of the natural map G2 —» G(KE)’ab. Fur-

ther, Jx — J%) is the natural map which maps each component K canoni-
cally onto (KX)*) = KX/N, (cf. the discussion before Lemma 2.3 for the def-
inition of N,.). In particular, we deduce that the cokernel of the injective map
(ILeexe No)/(E*{X}) < Ker(pk) is naturally isomorphic to the cokernel of the

injective map (K *)®) < Ker( g)) Observe that Ker(pg) is naturally identified
with the kernel Ker(G3> —» G%)’ab). Further, we claim:

Claim 2. The cokernel of the above injective homomorphism ([, ¢ yor No)/(E*{X'}) —
Ker(py) is naturally isomorphic to 7y (X)ab-ter {3/},

Indeed, we have the following commutative diagram:

1 —— Ker(vy) —— m(X)*» —ZEo mx)®2b 1

1 1 1

where the vertical and horizontal rows are exact. Here, the maps G2 — 71 (X)2P

and Gg)’ab — 71 (X) )P are the natural maps, the map [], . ya OF — G% is the
restriction of Artin’s reciprocity map, and the map k> — ] . ya O is the natural
diagonal embedding. Further, the kernel Ker(vx) of vx is canonically isomorphic to
mp (X)2P-tor37) | as follows from the structure of m1(X)2". Note that the maximal
pro-¥ quotient i (X)%r% of 7y (X)aP:tor is naturally isomorphic to the torsion
subgroup my (X) )bt of 7, (X)(*)2b Thus, Claim 2, hence Claim 1, are proved.
This completes the proof of (ii).

(iii) This follows from the fact that (K <)) (resp. (L*)®)) modulo its torsion sub-
group (which is naturally identified with (k*)* (resp. (I*)¥)) is naturally identified
with K> /k* (resp. L*/1*). O

We have a commutative diagram:

1 —— (K9)® —— Ker(¢)) —— m(X)*or{x} —— 0

/|

1 —— (L9® —— Ker(@?) —— m(Y)™tor {2/} —— 0
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where the horizontal rows are exact, and the vertical arrow is an isomorphism
naturally induced by o (cf. proof of Lemma 4.4). Let

Ry = Ker(ypi))/(Ker(vi) " {3})

where Ker( {X} is the group of ¥-primary torsion of Ker( g)), which is con-
tained in (K*)®) (since 7 (X)2P:*or {5’} is ¥/-primary), and is naturally identified
with (k*)*. Thus, Rx naturally inserts in the following exact sequence:

1 = K*/E* — Rg — m(X)*™r {2} — 0.
We define R in a similar way which sits in the following exact sequence:

1 — L*/1* = Ry — m (V)™ {3} 0.

E or
%))t

The above isomorphism
p: Ker(@bg)) 5 Ker(w(LZ))

induces naturally a commutative diagram:

1 —— K*/k~ Ry m (X)) tor{3} —— 0
d
1 —— LX/I® > R, y m(Y)abterfyl 5 0

where the horizontal rows are exact, and the vertical arrow is an isomorphism.

Further, define Hx C K*/kE* to be the kernel of the composite homomorphism

K*/k* < R 5 Ry, — (V)@ {2} and set Hy “ p(Hg). Then it is easy

to see that Hy C L*/I* and that (K*/k* : Hg) = (L*/1* : Hr) divides nz_d:ef

f(m (X)abtor Iy 1) = f(my (Y)2Ptor{3}). In particular, we have (K> /kX)™ C H.
In the following, we will think of the elements of

PDivy & K* /K~

(resp. PDivy Lt X /1) as principal divisors of rational functions on X (resp.

Y'), and denote them by f,g,..., where f,g,... are rational functions on X (resp.
Y). We will also denote the elements of (K <)) (resp. (L*)*)) by f’,¢,..., and

refer to them as “pseualo—ﬁmctions”Ol:ef classes of rational functions on X (resp. Y)
modulo constants in k* {3’} (resp. [*{¥'}). We define

Hy € {f e (K*)® | fe Hg},
and . B
H S {f € K| [ € Hy}.
We define H; C (L*)®), and H} C L*, in a similar way. Since H  is a finite index
subgroup of K*/k*, H} (resp. H}) is a finite index subgroup of (K*)*) (resp.
K*). Note that (k*)* C Hj and k* C H;; by definition. Similar statements also
hold for L. Moreover, the isomorphism

p: Ker( g)) = Ker( (LZ))
restricts to an isomorphism
p:Hjy = HJ.
In summary, we have the following:
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Lemma 4.5. (Almost-Recovering the Group of Principal Divisors). The isomor-
phism o naturally induces isomorphisms:

p:Hjs = Hf

and o o

p: Hg 5 Hiy
where Hy (resp. Hy) and Hy (resp. H} ) are defined as above, which fit into the
following commutative diagram:

/ p !
HK HL

(4.3) l l

HK—ﬁ>ﬁL

where the wvertical maps are the natural surjective homomorphisms. Further, p
mduces naturally an isomorphism:

(4.4) T T

where x € X, y ot o(z) € Y, 1., is the isomorphism in Lemma 2.3 (i), and the

vertical maps are the natural ones.

Proof. For the last assertion, observe that (k*)* (resp. (I*)¥) is naturally identified
with the torsion subgroup of Hj (resp. H;). O

Given a principal divisor f € K* /k* and 2 € X°, we define v,(f) € Z to be
the order v,(f) at = of a representative f € K> of the class f € K*/k*. Thus,
vz (f) is well-defined and does not depend on the choice of the representative f of
the class f. We shall refer to v, (f) as the valuation at z of the principal divisor
f. Similarly, we define the valuation vy(g) of a principal divisor g on Y at a point
y €Y

Given a pseudo-function f' € (K*)*) and z € X°' with v, (f) = 0 where f is
the image of f’ in K* /k*, we will denote by f’(x) the image of f(z) in (k(z)*)*,
where f € K* is a representative of the class of f/ € (K*)®) = K*/(k*{%'}),
via the natural surjective map k(x)* — (k(x)*)*. Thus, f'(x) is well-defined and
does not depend on the choice of the representative f of the class f’. We shall
refer to f’(x) as the X-value at = of the pseudo-function f’. We define the X-
value ¢'(y) € (k(y)*)* of a pseudo-function ¢’ € (L*)*) at a point y € Y with
vy(g) = 0 in a similar way.

Further, for z € X (resp. y € Y) we will think of elements of (k(x)*)*
(resp (k(y)*)*) as classes of elements of k(x)* (resp. k(y)*) modulo elements of
k(x)*{%'} (resp. k(y)*{X’'}) and denote them by ', (', ..., where n,(,--- € k(z)*
(resp. € k(y)*) are elements of multiplicative groups of residue fields.
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Lemma 4.6. (Recovering the Valuations and the 3-Values of Pseudo-Functions)

Consider the commutative diagram (4.3) in Lemma 4.5. Letx € X, andy ot o(x).
Then the following implications hold:
(i) For f e Hx and g € Hy,:
p(f) = 3= vs(f) = vy (9).
In particular, in terms of divisors, if:

/ /
f=x14+x2+-+zp —2]— - —2,,

then:
g=vityet oty =Y =Y,
where y; def od(zi) (resp. Y dof o(zl)) forie {1,...,n} (resp. ' € {1,...,n'}). In
other words the map p preserves the valuations of the classes of functions in H
with respect to the bijection ¢ : X' 5 Y between points.
(ii) For f' € Hj and ¢’ € H} :
ve(f) = 0 and p(f') = ¢' = vy(9) = 0 and 7, (f'(x)) = ¢'(y),
where
Tuy : (K(2))" 5 (k(y)*)*
is the isomorphism in Lemma 2.3 (i) and f (resp. g) is the image of f' (resp. g')
in K*/k* (resp. L*/1*). In other words the map p preserves the X-values of the
pseudo-functions in Hb- with respect to the bijection ¢ : X' = Y between points.

Proof. As shown in (the proofs of) Lemmas 4.4 and 4.5, we have the commutative
diagram
def

Hy < (K9 - g [T, e xa (K2))

\ \

Hy, (L) = I E [eya(Ly)®
where the vertical arrows are the isomorphisms induced by o. More precisely,
HY = H is p/, and Jg) =5 éz) maps each component (KX)*) isomorphically
onto (L;)(E), where y &' ¢(z). Further, the isomorphism (KX)*) = (L;)(E)
arises from Lemma 2.5. It follows from this that p preserves the valuations by
Lemmas 2.4.3 and 2.4.9 and that p preserves the »-values by Lemma 2.5. [

Let U be an open subgroup of G%), and let V &' o(U). Let K'/K (resp. L'/L)

be the finite subextension of K~ /K (resp. L™ /L) corresponding to U (resp. V'), k'
(resp. !’) the constant field of K’ (resp. L’), and X’ (resp. Y”) the normalization of
X (resp. Y) in K’ (resp. L’). Then o induces, by restriction to U, an isomorphism

o:U=GCEH 3 v(=a6W),
which naturally induces by Lemma 4.5 the following commutative diagram:
H}(/ % Hi/

(4.5) l l

HK/ _— HL/
where the horizontal arrows are the isomorphisms induced by o, and the vertical
arrows are the natural surjective homomorphisms.
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Lemma 4.7. The above diagram (4.5) is compatible with the diagram (4.3) in
Lemma 4.5. More precisely, the natural injective homomorphisms (KX)(Z) —
(K95, (L)) = (L)) (resp. KX [k* — (K')*/(K')*, L*/IX —
(L") /(I")*) map H}y into Hy,, Hy into H}, (resp. Hy into Hy:, and Hy, into

Hy/) and the resulting diagrams

Hj., —— Hj,
(4.6) | |
and

Hygr — Hyp
(4.7) T T

Hy —— Hj

are commutative.

Proof. First, consider the diagram

JE g

(4.8) T T

I —— I,

where the horizontal arrows are the natural isomorphisms induced by o and the
vertical arrows are induced by the natural inclusions Jx — Jg/, Jr — Jp of
idele groups. This diagram is commutative, since the vertical arrows arise from the
(local) transfer maps. Now, the diagram (4.6) commutes as a subdiagram of (4.8),
and the diagram (4.7) commutes as a quotient diagram of (4.6). O

From now on, we shall assume that ¥ satisfies condition (ex) (cf. discussion
before Theorem C in §0). Then, by Lemmas 2.4.7 (ii) and 2.4.10, ¥ also satisfies
condition (ey). We shall use the following lemma.

Lemma 4.8. Let k C k C k be an (infinite or finite) extension of k, and K ' K.
Let U C K* /KX be a finite index subgroup and assume #(k) > 2(K*/k* : U). Then
there exists f € K* \ k%, such that f, 1 + f € U, and that deg(f) = gon(X xy k),
where gon(X Xy k) denotes the gonality of X Xy k over k and deg(f) is the degree
of the finite map f : X xx K — PL (equivalently, deg(f) is the degree of the pole
divisor of f).

Proof. Take any g € K that attains the gonality: deg(g) = gon(X Xy k), and

consider the set {g —a | a € K} C K*. Since #(k) > 2(KX* /< : U) by assumption,
there exist three distinct values a, b, ¢ € k such that the images of g —a,g—b,g —c
in the quotient group (K*/k*)/U are the same. Now, define U to be the inverse
image of U in K> and set
plra=b 9=c
b—c g—a
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Then we have

a—c g—2b

1+ f= e U.

b—c g—a
Finally, as f is a linear fractional transformation of g, we have deg(f) = deg(g) =
gon(X Xy k), as desired. [

Lemma 4.9. Let

7 (K2 5 (1)
be the isomorphism in Lemma 4.5 between the mazximal X-primary quotients of the
multiplicative groups of the constant fields, which, by Lemma 4.7, extends to

7 () 5 (1)

naturally (by passing to the open subgroups of Gg) and GS;E), corresponding to each
other via o). Forn € k* and { € I*, if

14+n#0and ()=,

where 1’ (resp. (') is the image of n (resp. C) in (k*)* (resp. (I*)%), then there
exist a, B € [*{X'}, such that

a+B¢#0and 7(1+1n)) = (a+ B8C).

Proof. Take a finite extension k" of k (resp. I’ of I) such that gon(X xj k) =
gon(X xyp k') (resp. gon(Y x; 1) = gon(Y x;1")). By replacing k¥ and [’ with
suitable finite extensions, we may and shall assume that o : Gg) = G(LE) induces

an isomorphism G(KEIE, = G(LEZ,) (cf. Lemma 2.4.3). Since ¥ satisfies condition
(ex), there exists an extension k" of k' in k, such that #(k") > 24(Jx (k"){Z'}).
In particular, §(Jx(k"”){¥'}) < oo, hence, by replacing k” by a suitable subfield
containing k&’ if necessary, we may and shall assume that k" is a finite extension

of k'. Let I” be the finite extension of I’ corresponding to k" via o: O(G(Kz,z,,) =

Gg,),. Set K %' Kk” and £ < LI”. Now, by Lemma 4.8, there exists f € KX\

(K")*, such that f, 1+ f € Ker(K*/(k")* — 7w (Y x; I")*>tr{¥'}) and that
deg(f) = gon(X xj k") = gon(X xj, k). Similarly, there exists g; € £*\ (I")”,
such that g, T+ g1 € Ker(L*/(I")* — (X x3 k”)2Pt7{5/1) and that deg(g;) =
gon(Y x;1") = gon(Y x;[) (use again Lemma 4.8). Here we used the fact that
7T1(Y X l//)ab,tor{zl} ; Jy(l//){zl} and 7T1()( X Jo k//)ab,tor{z/} :> JX(/{”){Z/}.

We may write p(f’) = ¢’ for some g € £*/(I")* and p~1(g}) = f; for some
f1 € K*/(k")*. Thus, we have

gon(X x k) = deg(f) = deg(g) > gon(Y x; 1)

and
gon(Y x l_) = deg(g1) = deg(f1) > gon(X Xy E),

where the second equalities follow from Lemmas 2.4.5 and 4.6 (i), hence

n gon(X xp k) = gon(Y x;1).
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Further, again by replacing k" and [” by suitable finite extensions corresponding
to each other, we may assume that the zeros (C X) of 1 + f are k”-rational and
that n € (K”)* and ¢ € (I")*.

From now on, we may and shall assume that ¥ = k, and [ = [, by replacing
K and L by K and L, respectively, and o : G%) = G(LZ) by the isomorphism
G,(CE) = GE:E) induced by o. Thus, f € Hp C K*, g€ H C L™, p(f') = ¢’ and
p(f) =3
Claim. We have

p((L+f)') = (a+ Bg)

for some «, B € [*{¥'}.

Indeed, as 1 + f € Hg, we have (1+ f)' € H};, hence we may write p((1+ f)’) =
h' for some h € Hj C L*. Write 1 + f =21 + - + 2, — (f)oo as a divisor, where
(f)oo denotes the pole divisor of f which is equal to the pole divisor of 1+ f. Note

that 21, ..., x, are k-rational by our choice. Then h = y; + - + ¥, — (9)o0, Where

Vi def ¢(x;) (observe that g and h have the same pole divisor by Lemma 4.6 (i),

since f and 1+ f do). Note that y,...,y, are [-rational by Lemma 2.4.5. Let

c g(y1) € I*. Note that —c¢ € [*{¥'} by the preservation of the ¥-value of
pseudo-functions (cf. Lemma 4.6 (ii)) and the fact that f(x1) = —1. (Observe
that 7, ,(—1) = —1.) Thus, g —c has a zero at y; and g —c =y1 + £ — (¢)o as

a divisor, where F is an effective divisor of degree n — 1. Consider the function

h1 def h/(g —c). Then hy = ys + -+ + y, — E as a divisor. Thus, deg(hy) < n,

which implies that h; = § € [ is a constant (by the minimality of n as the degree
of a non-constant function), and h = 8g + B3(—c). Further, let w € X! be a zero of

f and set z oo #(w) € Y. Then z is a zero of g by Lemma 4.6 (i), and
B =hi(z) = h(z)/(—c) € " {X'}

by Lemma 4.6 (ii) and the fact that (1 + f)(w) = 1. Thus, « &t B(—c) € X{X'},
and the above claim is proved.

Let f € Hj and g € H/ be as above. In particular, p(f") = ¢’ and p((1+ f)) =
(a+ Bg)’ for some a, B € I*{X'}. Now, let n € k*, ¢ € [* such that 1 +7 # 0 and
7(n") = ¢'. Let x € X be a zero of f—n and set y def ¢(x). We have f =7 (mod x)
which implies that 14 f = 1+7 (mod z), and g = ¢ (mod y) where ¢/ = ¢ € (IX)*
by the preservation of the ¥-values of pseudo-functions (cf. Lemma 4.6 (ii)), i.e.
there exists € € [*{X'} such that £ = (. Then

T((14n)) = 7((A+1) () = p(1+ 1)) y) = (a+B9)'(y) = (a+BE)" = (a+BeC)’,

where the second equality results from the preservation of the 3-values of pseudo-
functions (cf. Lemma 4.6 (ii)). As «, fe € [*{X'}, the assertion follows. [

Lemma 4.10. The isomorphisms
Tuyy + (k(2))" = (k(y))™,
in Lemma 2.3 (i) satisfy the following property: Forn € k(z)* and ¢ € k(y)*, if

1+n#0 and 7, 4(n") =,
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then there exist o, B € [*{%'}, such that

a+B¢#0 and 7,4 ((1+n)") = (a+ B8C).

Proof. After passing to finite extensions of scalars, this follows directly from Lemma
4.9 and the commutativity of the diagram (4.4) in Lemma 4.5. [

Next, recall the definition of Hj:
X def X T~ TT
Hie ={feK"|feHk}

Then Hj is a finite index subgroup of K*, and the (finite) quotient K*/H is
killed by m 2o #(7ry (X)2Ptor{3}) = f(my (Y)2P:*r{3}), hence is X/-primary.
Lemma 4.11. Let f € Hy, and assume that 1+ f #0. Then 1+ f € H:.
Proof. Write p(f') = ¢’ with ¢ € H;. First, we have ((1 + f))™ € H}. Thus,
we may write p(((1 + f)))™) = b’ with h € H. Next, let z € X such that z is

neither a pole of f nor a zero of 1 + f and set y def ¢(x). Then we have

W (y) = p((L+ £))™)(y)
=70y (L4 )™ (@) = 70y (L + f())™
=((ary + Byg(y))™

for some ay,, B, eil_X {¥’}, by Lemma 4.6 (ii) and Lemma 4.10. Equivalently, for
some vy, By, v, € 1*{¥'}, we have

h(y) = vy (ay + Byg(y))™.

Thus, we have
h(y) = ay(1+cyg(y))™,

where a, dof Yyaut € {¥'} and ¢, Lt By/ay, € *{X'}. By Definition/Proposition
3.12 (i)(ii), this implies that h = a(1 + cg)™ for some a,c € [*{¥'}. Accordingly,
p((L+ ))™) =1 = ((L+cg))™ in Hy C (L*)®), hence p((1+ f)")™ = ((1 +
cg))™ in Ker(wg)), where wéz) : J]gz) — Gg,z)’ab is naturally induced by Artin’s
reciprocity map in global class field theory.

Now, since Ker( (LE)) C Jg) = Hlyeycl

Y/-primary torsion, we conclude p((1+4 f)’) = (1+¢cg)’ in Ker( (LE)). As (1+cg) €
(L)) we have (14 f) € H} by definition, as desired. [

(L;)(E) does not admits a nontrivial

We set
def

Hie € HIU{0} CK,

and
def

H, ©HXU{0}CL
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Lemma 4.12. (i) The subset Hi of K is a subfield.
(ii) We have Hx = K, Hy, = L, Hy = (K*)®), H, = (L*)®), Hyi = K*/k*,
and Hy = L* /1%,

Proof. (i) First note that £ C Hg, and Hg is closed under multiplication by its
definition. Also, Hy is closed under addition. Indeed, let us show f + g € Hg for
any f,g € Hg. This is clear if either one of f, g, f 4+ ¢ is zero. So, assume that none
of f,g, f + g is zero. Then, as g € Hp and 1+ g f+g # 0, Lemma 4.11 implies

that 1 + g € Hj, hence f+g = f(l-l— ) e H>< C HK Thus, Hy is a k-subfield
of K.

(ii) Since H; is a finite index subgroup of K *, there exist finitely many f1,..., f, €
K* such that K = Hg f1U---UHK f, holds. In particular, K = Hg f1+---+Hg [,
hence Hx C K is a finite field extension. This implies that Hy is an infinite field.
Then K cannot be covered by finitely many proper H g-vector subspaces. Thus,
the equality K = Hg f1 U---U Hg f, implies that K is 1-dimensional over Hy, i.e.,
K = Hg, as desired. In particular, H} = (K*)*) and Hx = K*/k*.

As (K*)®) : Hy) = (Ker( 9) p Hpe) /A(ma (X)) ror {3 }) and ((L*)®)
Hy) = (Ker(¢p”) : Hp) /8(m (V)™ {5'}), we have ((K*)®) : Hje) = (L) -
H}). Thus, H; = L*/% also holds, from which H;, = L and Hy = L*/I* fol-
low. [

It follows from Lemma 4.12 above that p is an isomorphism:
p: K*/k* = L*/1*

which is naturally induced by o.

Next, we will think of elements of K* /k* (resp. L* /I*) as points of the infinite-
dimensional projective space over k (resp. [) associated to the vector space K (resp.
L) over k (resp. 1). In particular, points of this projective space correspond to one-
dimensional k-linear (resp. [-linear) subspaces in K (resp. L), and lines correspond
to two-dimensional k-linear (resp. [-linear) subspaces of K (resp. L).

Lemma 4.13. (Recovering the Additive Structure of Function Fields) The natu-
ral isomorphism p : KX /k* 5 LX/1* which follows from Lemmas 4.5 and 4.12,
viewed as a set-theoretic bijection between points of projective spaces, preserves co-
lineations. Accordingly, p arises from a g-isomorphism

Vv (K, +) 5 (L, +),

where Vg : k = 1 is a field isomorphism. Namely, 1 is an isomorphism of abelian
groups which is compatible with g in the sense that Y (ax) = Yo(a)y(zx) for a € k
and x € K. Further, g is uniquely determined and v is uniquely determined up
to scalar multiplication.

Proof. In order to show the first assertion that the map p preserves colineations, it
suffices to show that for a non-constant function f € K* \ k%, if p(f) = g, then
p(1+ f) = a+ Bg, where «, 8 € I. By replacing g € L* if necessary, we may and
shall assume that p(f’) = ¢’ holds. Write p((1+ f)") = b/ with h € L*. Let x € X¢

with f(z) & {00,0,—1}, and set y def ¢(z). Then 7, ,(f'(x)) = ¢'(y) and 7, ,((1 +

) (z)) = h'(y) by Lemma 4.6 (ii). Let n def f(x) and ¢ d:efg(y). Then 7, (1) = (.
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But 7, ,((1 + 1)) = (ay + B,¢) by Lemma 4.10, where oy, 3, € [*{X'}. Thus,
h(y) = ay, + byg(y), where a,,b, € *{¥'}, ¥’z € X°. But this implies that
h = a + bg for some a,b € [* {3’} by Proposition 3.11 and Definition/Proposition
3.5, as required.

The second and the third assertions follow from the first assertion and the fun-
damental theorem of projective geometry (cf. [Artin]). O

Lemma 4.14. (Recovering the Field Structure of Function Fields) If we normalize
the isomorphism
b (K, +) = (L, +)

in Lemma 4.13 by the condition (1) = 1, it becomes a field isomorphism such that

the diagram

K Y.

[

ot g

commutes.

Proof. (See also the end of the proof of Theorem 5.11 in [Pop2].) Take any f € K*,
then topy and juy(p)o1) are yg-isomorphisms (K, +) = (L, +), where 4 denotes the
g-multiplication map. The isomorphisms K* /k* = L*/I* they induce coincide
with each other:

Yoy =pOopF= )P = Hy(f) VY,

where the second equality follows from the multiplicativity of p. Further, we have

Your(l) =v(f) = pyr)(1) = pycr) 0 P(1).

Thus, the equality oy = piy ()01 follows from the uniqueness in the fundamental
theorem of projective geometry, which shows the multiplicativity of .
For any a € k, we have

Pla) = ¢(a-1) = vo(a)P(1) = Yo(a) - 1 = ho(a),

which shows the commutativity of the diagram. [

Let U be an open subgroup of G%), and let V &' o(U). Let K'/K (resp. L'/L)

be the subextension of K~ /K (resp. L™~/L) corresponding to U (resp. V). Then
o induces, by restriction to U, an isomorphism

c:USV.

Note that it is unclear in general if 3 satisfies condition (ex/), where X’ denotes
the normalization of X in K’. However, this condition is only used to establish
Lemma 4.9 by resorting to Lemma 4.8. Since the assertion of Lemma 4.9 for

o:U(= G(KE,)) S V(= G(LE,)) is just the same as that for o : Gg) = G%E), we
can deduce from o : U = V, by Lemma 4.14 (without the need to assume that ¥
satisfies condition (ex-)), a natural field isomorphism:

WK S
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Lemma 4.15. (i) The following diagram is commutative:

K Y

[

K —*“5 L
where the vertical arrows are the natural inclusions and 1, " are the field isomor-
phisms induced by o.

(ii) If, moreover, U is normal in G%), then V' is normal in GELE) and the above
diagram is Galois-equivariant with respect to the isomorphism Gg) JU = G(LE) /V
induced by o.

Proof. (i) Let k' (resp. !’) denote the constant field of K’ (resp. L’). Then, the
commutativity of the diagram (4.7) in Lemma 4.7 implies that the diagram

—/

() (k') —F— (L) /(1)

(4.9) T T

) Gal) Ta———— S}

commutes.

Now, write 7 : K — K’ and j : L — L’ for the natural inclusions. To prove
' o4 = j o, we shall first show that the image ¢/(K) of the left-hand side map
¥" o7 and the image j(¢(K)) = L of the right-hand side map j o ¢ coincide with

each other. But by the commutativity of (4.9), we have at least: ¢/'(K*) - (I')* =

L* - (I')*. Set H % y/(K) N L, which is a subfield of ¢/(X) and a subfield of

L at a time. Further, H* = ¢/(K*) N L* is of finite index (dividing #((I')*))
both in ¢'(K*) and in L*. Thus, as in the proof of Lemma 4.12, we deduce
Y (K)=H = L.

Finally, the desired equality ¢’ o i = j o 1) follows from the uniqueness in the
fundamental theorem of projective geometry, since the diagram (4.9) commutes and
P oi(l)=1=j09(1).

(ii) Assume that U is normal in G(KE), then V' = o(U) is normal in GS:E) and o
induces an isomorphism Gg) JU = GSLE) JV.

Since the action of Gg)/U (resp. G%E)/V) on JI({E,) (resp. Jg)) arises from
the conjugation on the decomposition groups, the isomorphism J ) Jg) is
Galois-equivariant.

Further, since the diagram

(K /() e (K)o g
) 1 4
(LYW (L)) = g
is commutative, the isomorphisms p’ : (K')*)® 5 (L)) and o : (K')*/(K')* 5

(L")*/(I")* are Galois-equivariant.
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Finally, it follows from the uniqueness in the fundamental theorem of projective
geometry that the isomorphism ¢/ : K/ = L’ is Galois-equivariant, as desired. O

By considering various open subgroups of Gg) and G(LE) as above, corresponding
to each other via o, and using Lemmas 4.14 and 4.15 (i), we obtain naturally a field
isomorphism .

i K~ S LY.
Lemma 4.16. The following diagram is commutative:

I I

K —% .

where the vertical arrows are the natural inclusions and 1, zﬁ are field isomorphisms
induced by o. Further, ¢ is Galois-equivariant with respect to o : Gg) =5 G(LE).

Proof. This follows directly from Lemma 4.15. [
Thus, from Lemma 4.16 we deduce a commutative diagram

7—1

L~ Y K~

I I

-1
L — K

which is Galois-equivariant with respect to o : Gg) = GSLE). This completes the
proof of the existence part of Theorem 4.1. For the uniqueness part of Theorem
4.1, suppose that for j = 1,2 there is a commutative diagram

P!
LN J KN

I I

LLK

as above, where the horizontal maps are isomorphisms, and which is Galois-equivariant
with respect to o : Gg) = G(LE). Set & 1/;2_1 othy € Aut(K™) and « def ¢2—10¢1 €
Aut(K). Then they fit into the following commutative diagram

K~ —% , g~

I I

K 23 K

which is Galois-equivariant with respect to id : Gg) = G(I?). Namely, & commutes
with G%) (= Gal(K~/K)) in Aut(K "), or, equivalently, the conjugation action of &

on G%) is trivial. Then, in particular, every finite Galois extension K C¢ K’ ¢ K~
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is preserved by a. Further, considering the action of & on JI(?,) — (K& -
(K")* /(K")*, we conclude that the action of & on (K’)*/(k')* is trivial. Now,
it follows from the uniqueness in the fundamental theorem of projective geometry
that the action of & on (K’)* is trivial. Since K C K’ C K~ is an arbitrary finite
Galois extension, we conclude that the action of @ on K™ is trivial, i.e., @ =1, as
desired. This completes the proof of Theorem 4.1. [
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