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Simple analytic expressions for the polarizability of metallic nanoparticles are in wide use
in the field of plasmonics, but the physical origins of the different terms that make up the
polarizability are not obvious. In this article expressions for the polarizability of a particle
are derived in the quasistatic limit in a way that allows the physical origin of the terms to
be clearly seen. The discussion is tutorial in nature, with particular attention given to the
role of particle shape since this is a controlling factor in particle plasmon resonances.

I. INTRODUCTION

A flu virus cannot be seen by eye, even with the best
optical microscopes but, amazingly, a metal particle of
the same size (~100 nm) can be seen with ease, how
so? Light impinging on such a particle sets the elec-
trons within it into a ringing motion: this ringing mode,
known as a plasmon mode, is at the heart of a field of
study called plasmonics. Just as a ringing bell has a
particular note, the ringing electrons scatter light of a
particular colour, the specific colour depending on the
size and shape of the particle, and the particle’s imme-
diate environment. Classical and medieval craftsmen ex-
ploited this effect unwittingly; the colour in some me-
dieval stained glass arises from light scattered by metal-
lic nanoparticles, particles that formed from impurities
when the glass cooled; a beautiful example is the Lycur-
gus cup, a legacy of the late Roman period.! In more
recent times, the different colours that arise when light is
scattered by gold colloids suspended in water was keenly
studied by Faraday,? and understood through the appli-
cation of electrodynamics by Mie,? see Fig. 1.

In addition to scattering, the interaction between light
and metallic nanostructures can lead to the concentra-
tion of light into sub-wavelength volumes.*® It is this
control over light deep into the sub-wavelength (nanome-
tre) regime that is behind much of the recent excitement
in the field of plasmonics. In addition to light being
confined, the strength of the light is also enhanced, by
up to several orders of magnitude. This enhancement
of the (electric) field associated with the light is at the
heart of phenomena such as: surface enhanced Raman
scattering (SERS),% plasmon-mediated absorption” and
emission®? of light; plasmon-mediated strong coupling;'°
THz generation'! and some forms of scanning probe
microscopy.'? Scattering is being pursued as a means
to enhance the efficiency of some types of solar cells,'?
whilst absorption is being exploited for its potential as
a photo-thermal treatment for cancer.'* Particle plas-
mon dominated extinction, the combination of absorp-
tion and scattering, is a powerful and maturing tool for
bio-sensing.!® Silver nanoparticles are even being consid-
ered as a means to simultaneously imbue fabrics with
antibacterial properties and color via plasmon modes.'®

Although it has a long history, plasmonics is still
rapidly expanding, for example the use of plasmonic
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‘atoms’ in metamaterials.!” Those new to the field may
find it difficult to assimilate the latest results whilst at
the same time trying to develop a deep understanding
of the fundamentals. This tutorial-style article provides
a starting point by looking at the simplest description
of the plasmonic response of metallic nanoparticles - one
based upon the quasistatic polarizability.

The polarizability determines how strongly a particle
scatters and absorbs light, and the degree to which the
incident field is enhanced in the vicinity of the particle.
Scattering (see Fig. 1 (middle)) and absorption spectra
are calculated from the polarizability, «, using,
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where 0., and o.,; are the scattering and extinction
cross-sections, kg is the free-space wavevector, ¢ is the
permittivity of free space and €7 is the relative permit-
tivity of the medium in which the particle is embedded,
and $(«) is the imaginary part of the polarizability. The
formula for the scattering cross-section will be derived be-
low. From the extinction cross section of Ref 6 (Eq. 5.35),
the absorption cross-section is given by o4ps = Tert —0sca-

In the quasistatic approach the analysis is carried out
in the static (DC) regime but the material parameters
are taken to be frequency dependent. Perhaps surpris-
ingly, this approach is found to be applicable in many
experimental situations, even at optical frequencies (see
6, section 5.1.4). However, care needs to be taken over
the derivation of the polarizability if we are to appreci-
ate the physical origin of the different terms involved; an
example may illustrate the point. The polarizability, «,
of a small spherical object of relative permittivity e, sur-
rounded by free space, is given by Le Ru and Etchegoin
(see 6 eqn 6.17) as,
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where R is the radius of the sphere. One can see from
equation (3) that a resonance will occur if the denomi-
nator goes to zero, i.e. if ¢ = —2 (often known as the
Frélich mode, see 1 p 327). When the object is metallic
such a resonance is known as a particle plasmon reso-
nance (often referred to as a localized surface plasmon
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FIG. 1. Upper. A dark-field microscope image of a suspension
of gold and silver nanoparticles, courtesy of the Mulvaney re-
search group, Melbourne. The colour of the particles depends
on their size, shape, environment and composition. Middle.
Calculated scattering cross-sections for TiOz (refractive in-
dex assumed to be 2.0) and Au particles, both 100 nm in
diameter, in water. Note that the cross-section for the TiO2
particle has been multiplied by 700. Lower. Time-averaged
electric field strength around a 100 nm gold nanosphere in
water, the particle is illuminated on resonance (wavelength
= 550 nm) from the right by an electromagnetic plane wave.
The colour bar shows the strength of the electric field relative
to the incident field, in the plane that contains the particle
centre and the direction of the incident field. Note how the
field is tightly confined to the vicinity of the particle (central
circular region). The asymmetry is a result of the size of the
sphere (100 nm) being too big for the quasistatic approxima-
tion to hold. The field distribution was calculated numerically
using COMSOL™ . The minimum relative field strength is
0.0, the maximum is 7.55. The relative permittivity for these
calculations was based on.!®

resonance). Why does resonance occur at ¢ = —27 One
of the main purposes of this article is to answer this ques-
tion. The approach adopted here is somewhat less than
conventional, though not entirely new.2°

The polarizability is one measure of how easily the
charge within an object may be displaced by an applied

electric field. The low mass of conduction electrons (com-
pared to the more massive ion cores) means that in metals
we usually consider the conduction electrons to be free to
move against a fixed background of net positive charge.
The conduction electrons move in response to an external
field, producing a net positive charge on one side of the
particle and a net negative charge on the other. This dis-
placement of negative and positive charge means that a
dipole moment is created, the strength of which depends
on the polarizability.

Resonance occurs due to the restoring force (Coulomb
attraction) between the displaced positive and negative
charges, the strength of the force determines the fre-
quency of the resonance whilst the damping determines
the width of the resonance. Here the restoring force is
related to the electric field inside the particle that arises
due to the displaced charges. The field outside the par-
ticle does not act on charges within the particle, it is the
motion of charges within the particle that is of interest
here.

For an infinite slab the accumulation of electrons on
one surface produces a surface charge density —S, given
by —S = —nez, n being the number density of (dis-
placed) electrons, e the magnitude of their charge and z
the displacement. The deficit of electrons on the other
surface produces a surface charge density +.5. If we con-
sider the motion of one electron under the influence of
an external applied electric field E then, using Newton’s
second law,

— = —¢F, (4)

where m, is the mass of the electron. The resonance
condition is given when the external applied field is set
to zero, in which case the field is solely that due to the
polarization charge, i.e. Epy. The strength of the field
E,, depends on (i) the charge density on the surface
and (ii) the shape of the surface. For a planar surface
Epor = S/eo (see 2! sec 4.2.2). For a non-planar surface
the field will be different by some factor, let us call it L.
For a sphere L = 1/3 (for a slab L = 1). We can now
write equation (4) in terms of the surface charge density
S, and hence in terms of the displacement =,
d*x eLS  elLnex
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If we now assume a time dependence of the form e,

equation (5) leads to a resonance frequency, wyes,
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for a slab, L = 1 and we recover the standard result for
the plasma frequency, wp,
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For a sphere L = 1/3 and we find the resonance frequency
to be,

wp

Wres = 7 (8)
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FIG. 2. The complex permittivity of silver as a function
of wavelength. The real and imaginary parts, R(e) (open
squares) and (e) (open circles) are shown. For a sphere in
free space resonance occurs at $(¢) = —2, indicated by a
dashed line. Data are taken from.'® It is also possible for the
response of the material to be dominated by holes rather than
electrons, particle plasmon resonances still occur.??

We can estimate the resonance frequency for a metal
such as gold; the free-electron density of gold is ~ 1028
m~3 so that, using equation (7) the resonance frequency
is ~ 10'°Hz, i.e UV /visible. The resonance condition
given by equation (3), can not be met in the static limit,
i.e. at zero frequency. The DC response of dielectrics
yields a positive value for the relative permittivity (di-
electric constant) i.e. € > 1 whilst that of metals gives
€ ~ —ioo. Meeting the resonance condition is a matter
of looking for a dynamic resonant response, i.e. finding
a frequency for which the denominator of equation (3) is
minimised, see Fig. 2.

Il. THE POLARIZATION OF A SLAB OF MATERIAL IN
FREE SPACE

Let us begin by looking at the electric dipole moment
induced in an atom or molecule, p,,, when subject to an
applied electric field E. This is usually written as (see?!
Eq. 4.1).

Pm = ank, (9)

where ay,, is the polarizability of the atom/molecule, and
is a measure of how easily the charge distribution of the
molecule may be distorted by an electric field. Next con-
sider a slab of material made from such molecules; what
happens when this slab is placed in a uniform electric
field, e.g. inside a charged parallel-plate capacitor.?3
The dipole moment per unit volume of our material, P,
also known as the polarization, is given by P = Np,,,
where N is the number of molecular dipoles per unit
volume. For a slab the field that acts to polarize the

molecules is no longer just the applied field, Ey; we also
need to take into account the field at the site of any given
molecule that arises from all the other charges that make
up the material. The question is thus, what is the electric
field inside a neutral dielectric material in the presence
of an external field??*
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FIG. 3. A slab of a polarizable dielectric material (shaded
region) placed in a uniform applied electric field Ey (solid ar-
rows). The induced surface charges on the dielectric lead to
an additional electric field in the material, E,., as indicated
by the dotted arrows. The infinite parallel-plate nature of the
system means that, as with the applied field (Ey), the induced
(depolarising) field E,,; only exists between the charged sur-
faces that produce it. Inside the dielectric the net field is the
sum of the applied field Ey and the depolarising field Epq;.
Also shown is a Guassian pill-box, used to evaluate the field
produced by the surface charges. The inset shows how the
charges associated with the molecular polarization cancel in
the bulk leaving a charge density of = P per unit area at the
surfaces.

The surface charges lead to a field inside the dielectric,
E,;, often known as the depolarization field (depolariza-
tion because, in the static limit, the field produced by the
displaced charges acts to counter the applied field). The
net field inside the slab, E,.¢, is the sum of the applied
field and the depolarization field, i.e.,

Enet = EO + Epol- (10)

To find E,, we take a Gaussian pill-box that spans the
interface between the dielectric slab and free space (Fig.
3), and apply Gauss’ law,

fE.dA A (11)
€0
S

The field in the integral is the net field, however the ap-
plied field makes no contribution to the integral since the
charges that produce the applied field are not contained
within the pill-box volume, thus only the depolarization
field contributes to the integral. If we consider a unit



area of the surface then the charge enclosed in this area,
Q, is given by P, (the units of P are charge per unit
area, see 2! sec 4.2.2, so that numerically P is equivalent
to S). Further, if we take the limit that the sides of the
pill-box normal to the surface of the dielectric have zero

extent then equation (11) becomes,

Fpot = ——, (12)
€o
where the minus sign indicates that the induced polar-
ization is in the opposite direction to the applied field
(see Fig. 3). The net field in the slab is then found from
equations (10) and (12) to give,

E,.. = Ey— B (13)

€0
We want to find the polarization in terms of the applied
field Ey, but (13) also involves the net field in the par-
ticle. To write the net field in terms of the applied field
we consider the susceptibility of the material, x, which is
another measure of the ease with which the material may
be polarized. The susceptibility links the polarization P
and the net field in the material, E,¢, through (see 21

equation 4.30 and ' equation 2.9),

P =egoxFEper- (14)

Notice that the permittivity of free space, €9, appears
in equation (14) as a scaling factor, ensuring that the
susceptibility is dimensionless (in SI units). To make the
link between the polarization and the applied field rather
than between the polarization and the net field, we need
to re-express the net field of equation (14) in terms of the
applied field. We can use (14) to solve (13) for E, in
terms of Ey, we find,

Ey
(T+x)

(Note that vector notation has now been dropped, in the
slab geometry all fields lie on the same axis, perpendicu-
lar to the material surfaces, and the direction of the field
due to the polarization is accounted for through the neg-
ative sign in equation (12)). Equation (15) shows that
the strength of the field inside the slab of material is re-
duced by a factor of 14y when compared to that outside.
With € = 1 + ¥, then,

Enet = (15)

Ey
Fpet = —. (16)
€
The quantity ¢ is the relative permittivity of the slab. In
terms of the relative permittivity, the polarization (see

equation (14)) can be written,
P=c¢o(e —1)Epe. (17)

We can now write the polarization in terms of the applied
field, i.e. the field in the surrounding medium FEj, by
substituting (16) into (17),

Ey

P:ao(s—l)?. (18)

scaling factor net field inside

material in terms

susceptibility of applied field

FIG. 4. The different terms that make up the polarization
of a slab of dielectric material, of relative permittivity e, sur-
rounded by free space. It is the net field in the particle, Ey/e,
that diverges on resonance.

By comparing (18) with (14) we can see that the terms
comprising the polarization are as shown in Fig. 4.

If we define the polarizability of the slab in a manner
similar to that of an atom, see equation (9), then,

P = aon, (19)

where ay is the polarizability per unit volume. By com-
paring equations (18) and (19) we find,

(c-1)

9

ay =€y (20)
The (¢ — 1) term is the difference in susceptibility be-
tween the slab and its surroundings whilst 1/¢ is there
to relate the strength of the electric field inside the slab
to the field outside. There is a resonance in this polariz-
ability when ¢ = 0, this is the bulk plasmon resonance,
a longitudinal mode that can not couple to light. The
absence of a means to couple to light can also be seen
by noting that there is no field associated with the sur-
face polarization outside the slab (see Fig. 3); however
such modes can be observed using electron energy-loss
spectroscopy,?® a technique that has seen a recent up-
surge in interest in plasmonics with the advent of much
improved technology.?628

IIl. THE POLARIZABILITY OF A SLAB OF ONE
MATERIAL EMBEDDED IN A SLAB OF A DIFFERENT
MATERIAL

At this point we could proceed to look at the polariz-
ability of a particle rather than a slab. However, although
there are some situations where a metallic nanoparticle
may be suspended in free space, e.g. in an optical trap,?”
in general the particle will be embedded in some dielec-
tric medium. We thus have to deal with (i) a change
from slab geometry to particle geometry and (ii) embed-
ding the object in a dielectric other than vacuum. Let
us examine the problem of embedding before considering
the problem of geometry.

We are interested in the polarization of the object
(medium 2) relative to its surroundings (medium 1), see
Fig. 5 (left). For the slab in free space we found the net
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FIG. 5. Left: A slab of a polarizable dielectric (medium
2) embedded in a different dielectric (medium 1), both are
immersed in the same uniform applied electric field Ey (not
shown), and the net field in medium 1 is F;. Note that in
medium 2 the net field, Es, is shown (dashed lines), this is in
contrast to Fig. 3 where the applied field and the depolaris-
ing field are both indicated. Right: A sphere of a polarizable
dielectric (darker region) embedded in a different dielectric
(lighter region), both are immersed in the same uniform ap-
plied electric field Ey (not shown), and the net field in medium
1 is Ei. Note that, as for the slab, in medium 2 the net
field, FE», is shown (dashed lines). On resonance the parti-
cle presents a cross-section to the applied field that is greater
than its geometric cross-sction.>°

field in the slab to be given by equation (13). For the
embedded slab it is the embedding material (medium 1)
rather than vacuum that is our reference material since
it is the difference in material properties between the
object and its immediate surroundings that gives rise
to the scattering etc. of light. As a result the field
Ep in (13) needs to be replaced with Ej, i.e. we need
to use as reference the field in the embedding medium.
Further, at the interface between the two media there
will be surface charge contributions from both materials
leading to a net surface charge (polarization difference)
P,et = P, — P;. In addition, this surface charge, when
referenced to medium 1, will be screened by the material
of medium 1 so that the effective surface charge will be
Pret/e1 (see 2! section 4.4.1). The expression for the net
field in the inner slab (medium 2) with reference to the
embedding material (medium 1) is thus,

Pne
B, = By — —2<t (21)
€0€1
Next, following equation (14) let us write,
Pnet - EOchitfz‘neh (22)

where the net susceptibility, xpet, is the difference in sus-
ceptibility of the two materials, i.e. Xnet = X2 — X1-
Substituting (21) into (22) and solving for P,..; gives,

Xnet

Pt = g————F.
net 1+ Xnet/fl !

(23)

If we now make use of the fact that (1 + x1) = 1 and
(1 + XQ) = &2, then, Xnet — X2 — X1 = €2 — €1, SO that
(23) becomes,

E
Pnet = E0(52 - 51)516 - . (24)
2

If we compare (24) with (18) we see that if they are to
take the same basic form then the final term in equation
(24), €1E1 /g2, should be equal to the net field in the
material, F5, written in terms of the applied field which,
in this case, is E1, the field in the embedding medium.
Is €1 E1 /e2 equal to Ep? Consider each slab on its own,
embedded in vacuum, as we did in section II. Then by
analogy with (16) we can write E; = Ey/e; and By =
Ey/e5. These relationships will still apply in the present
case since, if we butt one slab up against another, no new
effects are produced; all the (surface) charges involved are
bound charges, we thus have, ¢1 F1 = e3F>. We can now
see that the term at the end of (24), 1 F; /e is indeed
the field in medium 2, i.e. F5. The terms comprising the
polarization of the embedded slab are shown in figure 6.
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FIG. 6. The different terms that make up the polarization
of a slab of one material (medium 2) embedded in a different
material (medium 1). Note that the resonance condition, for
which the field in the particle diverges, occurs when €2 = 0, it
is thus independent of the embedding medium, this is because
there in the slab geometry there is no field associated with the
(surface) polarization in the embedding medium.

Finally let us work out the polarizability (per unit vol-
ume). For a slab in free space the polarizability is defined
as P = ay Ey, see equation (19). For the slab embedded
in a dielectric of relative permittivity €1 we can write,

Pnet = avEl. (25)

Comparing (25) and (24) we find that the polarizability
per unit volume of the embedded slab is thus,
ay = 5051M. (26)
€2
As with the slab in free space there is a resonance if
€o = 0. The term (g2 — 1) comes from the difference
in susceptibility of the two materials whilst the €5 in the



denominator relates the field inside the slab to that out-
side; €¢ is a scaling factor and the remaining ; arises
from our choice of reference material, i.e. we are working
with reference to medium 1.

Equation (24) can be obtained from (18) by (i) replac-
ing e (perhaps more properly £/1) with e3/e1, and (ii)
ensuring that the applied field is appropriate to the sit-
uation, i.e. Fy when free space is the bounding medium
and E; when medium 1 is the bounding medium. If this
prescription is followed then expressions (18) and (24)
are the same (see 20 and section on p 41 of 31).

IV. THE POLARIZABILITY OF SMALL SPHERE OF
ONE MATERIAL EMBEDDED IN A DIFFERENT
MATERIAL

We now look at a small (relative to the wavelength
of interest) sphere of the material and the polarization it
acquires in the presence of a uniform applied electric field,
see Fig. 5 (right) above. As for the dielectric slab, we
assume the field inside the sphere is homogeneous. The
change from a planar geometry leads to a modification of
the surface charge distribution around the sphere which
in turn leads to a change in the field produced inside the
sphere. The change in geometry also means that these
surface charges will produce a field outside the sphere,
thereby providing a means for external fields to couple
to the polarization of the sphere.

The last term in equation (21), Ppet/c0€1, is the field
that arises in the embedded slab due the the surface
charges (P,.t) as seen from the perspective of medium
1. In the case of our small sphere of material, this field
will be different from the slab by some multiplicative fac-
tor L (the shape factor), the depolarizing field is thus,>?

Pnet

E ;
€1€0

pol = —L (27)
We can now modify the equation for the net field (16)
to give the net field in the sphere, with reference to the

embedding medium (medium 1), as,

Pnet
€o0€1

Epe=E — L (28)

If we use equation, (28), instead of (21) and proceed

with the analysis that follows (21) then we find that the
polarization of the sphere is given by,

1k

g1+ L(ea —e1) (29)

Pret = ¢eo(e2 —€1)

By comparing (29) and (24) we can see that the different
terms in this expression for the polarization are the same
as those for the embedded slab, with the exception of the
field inside the object, see figure 7.
The polarizability per unit volume of the sphere can now
be found with the aid of (25), it is,

goe1(e2 —€1)
(614 L(ez —€1))’

ay = (30)
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FIG. 7. The different terms that make up the polarization of a
sphere (or other shape) of one material (medium 2) embedded
in a different material (medium 1).

so that the polarizability is,

., €oci(e2 —e1)
a—V(€1+L(€2_61)), (31)

where V is the volume of the particle. As before, the
(e2 — £1) in the numerator arises from the difference in
susceptibility of the two materials, whilst the denomina-
tor, (g1 + L(e2 — 1)), is associated with the electric field
inside the particle. The resonance condition now occurs
when,

€9 = <_Ll + 1) €1. (32)

For a spherical object where L = 1/3 then, if we as-
sume that the embedding medium is vacuum, (¢; = 1),
and we substitute L = 1/3 into (31), and further note
that to find the polarizability (rather than the polariz-
ability per unit volume) we need to multiply by the vol-
ume of the sphere, then we recover the expression we
began with, equation (3). Having carried out the analy-
sis above we can see that in (3) the e — 1 term arises from
the difference between the susceptibility of the material
from which the sphere is made and the susceptibility of
its surroundings (here vacuum), whilst the € + 2 term
arises from the way the shape of the particle, and in par-
ticular the resulting surface-charge distribution, dictates
the net field inside the particle.

Standard textbook treatments of how electromagnetic
fields behave in matter have something very similar. In
particular, the Clausius-Mossotti relation provides an ex-
pression for the polarizability per molecule, a.,, of a ma-
terial, which is usually derived by finding the electric field
inside a small spherical void in the material.3® The simi-
larity of the Clausius-Mossotti relation and equation (3)
comes from the fact the the Clausius-Mossotti equation
for the molecular polarizability involves the susceptibil-
ity x (= € — 1) in the numerator, and, because it uses
the same spherical geometry, the factor € + 2 appears in
the denominator (see for example®® and®7). The value of
the permittivity at which resonance occurs is g5 = —2,
and the frequency (wavelength) at which this occurs will
in turn be dictated by the dispersion of the relative per-
mittivity of the material, i.e. how the permittivity varies
with frequency (wavelength), Fig. 2. For a simple free-



electron metal where the frequency dependent permittiv-
ity may be described by the Drude-Lorentz formula,3®

2
w

ew)=1-L, (33)

so that the frequency at which o = —2 occurs is w =

wp/v/3. The effect of shape on the resonance frequency
is shown in Fig. 8.

Resonance in a particle is thus determined by the de-
polarization field, which in turn depends on the shape
of the particle; it is for this reason that shape is such a
powerful controlling factor in determining resonance fre-
quencies in plasmonics.

At this point it is worth taking some input from the
fuller solution to the problem. Finding the polarization
of a small ellipsoidal particle®® in the electrostatic limit
is usually accomplished by solving Laplace’s equation for
the electric potential, making use of the boundary con-
ditions at the material interfaces. Working out the value
of L for particles of different shape is easily done.*! For a
general ellipsoid the shape factor depends on the symme-
try axis considered. There are three shape factors, one
for each symmetry axis j, the factors L; satisfying the
sum rule Zj L; =1, the L; are given by, 19:42

[, Tirers / ds
o2 ) Ve i)
(34)
where 7; are the radii of the ellipsoid, see Fig. 8.

For rod shaped particles (r3 > r1,73) excited by an
electric field along their long axis, the relevant depolar-
ization factor is L3 and is smaller than that of a sphere.
From equation (32) we see that resonance for such a par-
ticle requires a more negative permittivity which, looking
at Fig. 2, will occur at longer wavelengths - the change in
the shape results in the resonance being redshifted. An-
other common particle geometry is the disc or platelet
(r3 < r1,72). When the applied electric field is paral-
lel to the short axis the relevant shape axis is again Lg
but now it is larger than 1/3 and the resonance is blue
shifted. However, for discs and platelets the axis of in-
terest is usually across the disc/platelet. In this case the
appropriate L; is Li(= L2) so that the resonance will
again be redshifted. The extent of the changes in the
resonance condition arising from different particle shapes
are illustrated in Fig. 8.

So far we have ignored damping, however the permit-
tivity of the metal is in general a complex quantity owing
to damping of the free-electron response. Including this
complex nature leads to the following expression for the
permittivity,3®

w? io(w)

—1- P 35
e(w) T i 0w (35)

where v is the scattering rate. (For comparison the per-
mittivity is also been given in terms of the complex con-
ductivity, o(w)). The complex nature of the permittivity
has two consequences. First, the resonance condition can
not be perfectly met.*? Second, the resonance has a finite
amplitude and width.
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FIG. 8. Upper panel (a). The depolarization factors, Lj,
for spheroids (r1 = r2 # r3) as a function of the aspect ratio,
r3/r1. For a sphere r1 = ro = r3, the aspect ratio is 1, and the
depolarization factors are all equal to 1/3. Lower panel (b).
Absorption spectra caluclated using equations 1 and 31 for
three different spehroids: a sphere, a platelet and a rod having
aspect ratios of 1, 1/3, and 3 respectively (corresponding to
the three vertical dottred lines in (a)); the platelet and rod
are illuminated with E along a long axis. The relevant shape
factors are indicated. Also shown in (b) are synthetically
rendered images where the colour is based on the calculated
spectrum.

If the embedding medium has a permittivity of eq,
then the resonance condition for the sphere becomes
€9 = —2¢e1, the resonance condition is thus sensitive to
the environment, an effect that is exploited in particle-
plasmon based biosensors where target molecules bound
to the particle change the effective permittivity of the
medium surrounding the particle, thereby altering the
resonance condition.? 4546

Finally, we should consider some of the limitations of
the quasistatic approach. For gold and silver spheres, the
quasistatic approximation for the polarizability seems to
hold reasonably well up to a diameter of ~ 50 nm,*” for
other shapes the size range over which the quasistatic
approach holds is more restrictive. Modelling the re-
sponse of larger particles requires radiative damping and
dynamic depolarization to both be taken into account
(dynamic depolarization refers to the fact that the depo-
larising field at a given time depends on the charge distri-



butions at some earlier time, i.e. it is retarded). This can
be done in an analytic (and approximate) way using, for
example, the modified long-wavelength approach*® ex-
ploited by Kuwata et al.*® and discussed in detail by
Moroz.?® The most accurate method is the full electro-
dynamic solution to the polarizability, based on solving
Maxwell’s equations, thereby allowing a greater range
of particle sizes to be considered,® and effects such as
higher order plasmon modes to be included.??

Many interesting aspects have been left out of the dis-
cussion above: the role of substrates,® the role of coat-
ings on particles (i.e. metallic cores with a dielectric
coating), and proximity to adjacent particles.®* There
is also the fascinating topic of interactions between par-
ticles in arrays.?® Alternative approaches are needed for
modelling these systems, such as the boundary-element
method,’® the finite-difference time-domain technique,?”
and the discrete dipole-approximation.®® In addition,
these alternatives also allow particles of arbitrary shape
to be investigated.

Despite its many shortcomings the quasistatic model
for the polarizability of metallic nanoparticles is a help-
ful and often appropriate model in plasmonics. Perhaps
its greatest asset is that it allows a range of properties
to be explored analytically. Seeing where the different
terms in the polarizability come from helps to build an
appreciation of the underlying physics.
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APPENDIX: CONVENTIONS

The expressions for the polarizability (per unit vol-
ume) derived here agree with those given by Le Ru and
Etchegoin,® but are different from those given by others,
for example Bohren and Huffman,'® Myroshnychenko et
al.*? and Kreibig and Vollmer;®® different authors adopt
different conventions (see® p 74), specifically by adopt-
ing different definitions of the polarization. Here we de-
fined the polarizability (per unit volume) through the
equation, net polarization = polarizability X applied field,
i.e. equation (19). Le Ru and Etchegoin adopt the
same convention, as do Novotny and Hecht. Bohren and
Huffman chose to define the polarizability (per unit vol-
ume) through the equation, net polarization = permittiv-
ity of embedding medium X polarizability x applied field
(their equation 5.15), consequently their polarizability
(per unit volume) is, ay = (g2 — €1)/(e1 + L(ea — £1)).
Kreibig and Vollmer chose to define the polarizability
(per unit volume) through the equation, net polariza-

tion = relative permittivity of embedding medium X po-
larizability x applied field (their equation 2.12a), conse-
quently their polarizability (per unit volume) is, ay =
eo(e2 —e1)/(e1 + L(ez — €1)). Lastly, Myroshnychenko
et al. state their polarizability (per unit volume) as,
ay =¢e1(e2 —e1)/(e1 + L(e2 — 1)), from which we infer
that they have assumed the polarizability to be defined
through net polarization = permittivity of free space X
polarizability X applied field. Since the different conven-
tions adopted by various authors can easily lead to con-
fusion it is worth looking at an example, the scattering
cross-section.

Light incident on a particle creates an oscillating dipole
moment, and oscillating dipoles radiate; it is this re-
radiated light that we refer to as scattering. The scat-
tering cross-section is defined as the ratio of the power
radiated by a dipole, W, to the intensity of light incident
upon it, I, i.e.,

w

sca — T - Al
The (time averaged) power radiated by a dipole is (see
41 gquation 8.71),

24,3
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where p is the dipole moment of the particle, w is the an-
gular frequency of the incident light, n is the refractive
index of the medium in which the dipole (particle) is em-
bedded, and ¢ is the relative permittivity of the medium
in which the dipole is embedded. (The dependence of the
radiated power on the refractive index of the embedding
medium is discussed by Barnet et al.%Y). Re-writing this
last equation in the notation used in the present article,

2wt e
w = PEVEL (A3)

12meqc?
The (time averaged) intensity of a plane wave is given by
(see ®! equation section 28.4),

1 Je
I=-,/-F (A4)
2V
Again, rewriting this in the notation used in the present
article and, providing we assume p = o (i.e. the relative

permeability of the embedding medium is unity), then,

1
I= iﬁsocEQ. (A5)
Substituting (A3) and (A5) into (Al) we obtain,
41,12
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Now recall that for a particle the dipole moment p is
just the polarization P per unit volume of the particle
multiplied by the volume, i.e. p = VP, and that from
(19) we have that P = ay F with ay the polarizability
per unit volume. The polarizability is then a« = Vay, so



that p = VP = aE. Substituting p = «F into (A6) we
recover equation (1),

kgl
sca = . 1
7 6med S
The expression given by Bohren and Huffman (see °
equation 5.19) is,
]4}4 2
Oaea = T2l (A7)
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where kj; is the wavevector in the embedding medium
(kv = koy/ear). Expressions (1) and (A7) give exactly
the same result, provided the polarizability appropriate
to the definition of the polarization in each case is used.
Notice that the equation for the scattering cross-section
contains k* = w?/ct ie. the strength of the scatter-
ing depends on the 4th power of the frequency. This is
Rayleigh scattering and accounts for the variation with
wavelength, for example that of the scattering from a
TiO5 nanosphere shown in Fig. 1. The resonance fea-
ture for the gold sphere in Fig. 1 arises from the (plas-
mon) resonance in the polarizability, superimposed on a
background of Rayleigh scattering.
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