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Abstract. We consider simple modules for a Hecke algebra with a parameter of quantum
characteristic e. Equivalently, we consider simple modules D)‘, labelled by e-restricted
partitions X\ of n, for a cyclotomic KLR algebra RQO over a field of characteristic p > 0,
with mild restrictions on p. If all parts of A are at most 2, we identify a set DStde p(\) of
standard A-tableaux, which is defined combinatorially and naturally labels a basis of D*.
In particular, we prove that the g-character of D* can be described in terms of DStde,p(A).
We show that a certain natural approach to constructing a basis of an arbitrary D* does
not work in general, giving a counterexample to a conjecture of Mathas.

1. Introduction

Let K be a field with a Hecke parameter 0 # £ € K of quantum characteristic
e € Z>5. We consider the Iwahori-Hecke K-algebra H,(§). An important special
case occurs when £ = 1 and K has characteristic e, which implies that H,, () =
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KG,, is the group algebra of a symmetric group.

The Specht #,(£)-modules S3;, parameterised by partitions A of n, play an
important role in the representation theory of #H,(£). In particular, if A is an e-
restricted partition, then S;}t has a simple head D*, and all simple H,, (£)-modules
occur in this way. The Specht module S;\{ has a Murphy basis indexed by the set
Std(\) of all standard A-tableaux. In this paper, we investigate whether there is a
subset of Std(\) that naturally labels a basis of D?*.

This question can be made much more precise via the language of Khovanov—
Lauda-Rouquier (KLR) algebras [18,24], which is used throughout the paper.
Given an arbitrary commutative ring O, we consider the cyclotomic KLR O-
algebra Rﬁ,oo of type A((al_)l, which has a natural Z-grading, see §2.2. Brundan
and Kleshchev [3] and Rouquier [24] proved that RQ?K is isomorphic to H,(€).
Further, Kleshchev, Mathas and Ram [19] constructed a universal Specht RQ’UO—
module Sg by explicit generators and relations such that, in particular, S7 is
isomorphic to the H,(£)-module S3,. We denote by Dy the (simple) head of Sk
if the partition \ is e-restricted and set Dy := 0 otherwise.

The algebra Rﬁf’o is equipped with an orthogonal family of idempotents {1; |

i € I}, where I := Z/eZ. The g-character of a finite-dimensional Rﬁf’o—module
M is defined by
chy M := )" dimg(1;M) i € (I"), (1.1)

icln

where (I™) is the free Z[g, ¢~ ']-module with basis I" and dim,(1;M) € Z[g,q ]
is the graded dimension of 1; M, see §2.1.

Let A be a partition of n. To each standard tableau t € Std(\) one attaches
its residue sequence i© € I™ and degree deg(t) € Z, which are both defined
combinatorially, see [5] or §2.3. Then the Specht module Sg has an O-basis
{v* | t € Std(\)} such that 1;0* = §; ;+v* for any ¢ € I"™ and v* is homogeneous of
degree deg(t) for each t. In particular, defining the g-character of any finite set
T of standard tableaux by

chy 7= g 4t (1.2)
teT
we have
ch, S% = ch, Std()). (1.3)

Therefore, it is reasonable to require that a desired subset of Std(\) corresponding
to a basis of D% should have g-character equal to chq D7%. Our main results give
a combinatorial construction of such a subset of Std(A) for an arbitrary field K
(as above) when A = (Aq,..., ;) satisfies A; < 2; we refer to such partitions \ as
2-column partitions. We refer the reader to [14, §3.3] for a further discussion of
the problem in general.

In §3.3, we give a combinatorial definition of a subset DStd.(A) of Std()\)
for every 2-column partition A. In order to describe DStd.(\), we represent
standard tableaux as paths in a weight space of Dynkin type A; and construct a
reqularisation map reg, on standard tableaux, which plays a key role throughout.
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The following theorem shows that, when char K = 0, the set DStd.()\) labels
a basis of D7 and, moreover, the composition series of S can be lifted to an
arbitrary commutative ring O in an explicit way.

Theorem 1.1. Let A be a 2-column partition of n.
(i) The O-span U} of {v® | t € Std(\) \ DStdc(\)} is an Rﬁ?o—submodule of
S
(ii) If char K = 0 then there is an isomorphism Sy /Ux = Dy of graded
RQ?K:modules. In particular, chy D7 = ch, DStd.()).
(iii) Set DY = S}/UJ. Let A = (2%,1Y) with y = —j — 1 (mod e) for some
0 < j <e. There is an isomorphism of graded Rﬁf)o—modules

DA DY if §#0 and x> j§;
o= .
0 otherwise,

where p = (2°79,19%727) and D (1) denotes DY with the grading shifted
by 1.

Remarkably, the aforementioned construction of DStd. () also leads to a combi-
natorial description of the g-character of D}‘( when K has positive characteristic.
Indeed, given a prime p and a 2-column partition A, define

DStde ,(A) := () DStdep: ().

ZGZ;O

Theorem 1.2. If char K = p > 0 then ch, Dy = ch,DStd. ,(\) for every 2-
column partition \.

Now suppose that char K = p > 0 and let A be a 2-column partition. James [15],
[16] and Donkin [7] determined the ungraded composition multiplicities of Sp.
In particular, each D% appears as a composition factor of Sy with multiplicity
at most 1. Moreover, in the case when p = e (i.e., that of symmetric groups),
Erdmann [9] has given a more direct description of the dimensions of simple
modules labelled by e-restricted 2-column partitions: she proved that these dimen-
sions are coeflicients in certain explicitly determined generating functions.

Theorem 4.10 extends the results of James and Donkin to give graded decomposi-
tion numbers. Thus, whenever D appears as an (ungraded) composition factor of
S7, there is an explicitly described integer 7 p ., € {0,1} such that D% (re , x )
is a graded composition factor of Sx. Combining this fact with Theorems 1.1(ii)
and 1.2, we obtain the character identity

chy S* =" g chy DStd. (1), (1.4)
n

where the sum is over 2-column partitions p such that D¥; is a composition factor
of S, and where we set DStd, (1) := DStd.(u). In Section 4, for any 2-column
partitions A, p, we identify an explicit subset Std.p ,(A\) of Std()), which may
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be seen to correspond to the composition factors D% in Sp. More precisely,
Stdep . (A) # @ if and only if D% is a composition factor of Sy, and if this is the
case, then

chy Stde p (X)) = ¢"¢»*# chy DStd, (1), (1.5)

see Theorem 4.22. The identity (1.5) is proved via an explicit bijection
reg'e’p’A’“: Stde,p,u(A) = DStde ().

Furthermore, there is a decomposition

Std(A) = | |Stde (N,
"

which may be viewed as a combinatorial lifting of the identity (1.4).

The sets Stde 5., (\) are defined in terms of a map reg, ,, from the set of 2-column
standard tableaux to itself, which generalises the aforementioned regularisation
map reg,. In fact, graded decomposition numbers for 2-column partitions can also
be described in terms of reg, ,,, see Theorem 4.2. The simple module Dy is self-
dual, which implies that ch, D = ch, DStd, ,()) is invariant under the involution
given by ¢ — ¢~!. A combinatorial proof of this fact is given in Remark 4.24.

The paper is organised as follows. In Section 2, we review cyclotomic KLR
algebras, their Specht modules and the connection with representations of Hecke
algebras. In Section 3, we associate a path in a weight space of type Ax_1 with
every standard tableau whose shape is a k-column partition (for k € Z>3) and
describe the degrees of standard tableaux in the language of paths. We define the
aforementioned regularisation map reg, on Std(\) and the set DStd.(A\) when A
has at most 2 columns.

Section 4 is combinatorial: we prove Theorem 1.2 and the results outlined after
the statement of that theorem. The order in which the results are proved is different
from the one above. In particular, Theorem 1.2 is obtained as a consequence of
the identities (1.4) and (1.5).

In Section 5, we consider homomorphisms between 2-column Specht modules.
Using a row removal result from [10], we construct a homomorphism from S%, to
S, where A and p are as in Theorem 1.1(iii), and we describe explicitly the kernel
and image of this homomorphism, see Theorems 5.6 and 5.14. This leads to a proof
of Theorem 1.1. We also construct exact sequences of homomorphisms between
2-column Specht modules, see Corollary 5.17.

Finally, in Section 6, we remove the condition that A; < 2 and consider a natural
approach to extending the definition of the set DStd.(\) to an arbitrary partition A
of n, based on the structure of Sa and its radical rad S@, in the spirit of [14, §3.3].
We give an example showing that in some cases the resulting set DStd. () is ‘too
big’, which yields a counterexample to a conjecture of Mathas [23].

Throughout, given a,b € Z, we write [a,b] ;= {c € Z | a < ¢ < b}. If b > 0,
we often abbreviate a, ...,a (with b entries) as a®. If X is a collection of elements
of an O-module, we denote the O-span of X by (X)». The Z-rank of a free Z-
module U of finite rank is denoted by dimz U. If 1 < r < n are integers, we set
sr := (1,7 +1) to be the corresponding elementary transposition in the symmetric
group &,,.
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2. KLR algebras and Specht modules

Fix an integer e > 2 throughout the paper. We set I = Z/eZ = {0,1,...,e—1},
abbreviating i + eZ as ¢ (for 0 < ¢ < e) when there is no possibility of confusion.
For any n € Zso, we write I" = I x --- x I. We define (I") to be the free
Z|q,q ']-module with basis I™. The symmetric group &,, acts on the left on I"
by place permutations. An element of I™ denoted by % is assumed to be equal to
(i1,...,1,); we adopt a similar convention for other bold symbols.

2.1. Graded algebras and modules

By a graded module (over any ring) we mean a Z-graded one. If V is a graded
module and m € Z, we denote the m-th graded component of V' by V,,. The
graded dimension of a finite-dimensional graded vector space V is dim,V :=
> mez(dim Vin)g™ € Zlg, ¢ .

Let A be a graded O-algebra, where O is a commutative ring. If M = @, o, Mm
is a graded A-module then, for any k € Z, we write M (k) to denote the graded
shift of M by k, which has the same structure as M as an A-module and grading
given by M(k),, = M, for all m € Z. If M and N are graded A-modules,
then Hom4 (M, N) denotes the O-module of A-homomorphisms from M to N as
ungraded modules. Moreover, if M is finitely generated as an A-module, then
Hom (M, N) is graded by the following rule: given ¢ € Hom 4 (M, N) and m € Z,
» € Homg (M, N),, if and only if ¢(M}) C Niim, for all k € Z. If O is a field, then
by a composition factor of a finite-dimensional A-module M we mean a composition
factor of M as an ungraded module, unless we explicitly specify otherwise.

For every f = f(q) € Zlq,q" '], we write f(q) := f(¢”!). This yields an
involution

I (I, > firie Y ficd (2.1)

icIn icln
2.2. KLR algebras

Consider the quiver I' that has vertex set I, an arrow ¢ < i 4+ 1 for each i € I and
no other arrows. We write ¢ — j and j < i if there is an arrow from ¢ to j but
not from j to i, and we write ¢ < j if there are arrows between ¢ and j in both
directions (which only happens for e = 2). Further, we write ¢ £ j if ¢ # j and
there is no arrow between i and j in either direction. The quiver I' corresponds to
the Cartan matrix C' = (c;;)i jer of the affine type széljl, given by

2 ifi=j;

-1 ifi—jorj—i;
T 22 sy

0 ifit]

Let O be a commutative ring and let n € Zx>q. The KLR algebra R,, = R, o is
the O-algebra generated by the elements

{LilieI"tU{ |1<r<n}U{y. |1 <r<n}
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subject only to the following relations:

11 = 6; 514, Z 1, =1, (2.2)
icln

yrli = Liyr, (2.3)
Yrls = 15,49, (2.4)
Yrls = YsYr, (2.5)
YrYre1ls = (Yrthr + 63 iy ) 14, (2.6)
Yrp1¥rls = (Yryr + 63, iy ) s, (2.7)
VrYs = YsPr if s #7rr+1, (2.8)
Yrths = sty if r—s| > 1, (2.9)

0 if 4 = 4413

1; if iy A iy
VPl = < (Yrs1 — yr)Ls if iy — dry; (2.10)

(Yr — yra1)1s if 4 4= dpy1;

Wr1 = Yr)(Wr = Yr1) s i ip Sipya,

(rthrp1¥r — Yrp1brbri1) 14

15 if ipqo = 1p = tpp1;

_ )L if ipyo =iy ¢ dpp1; (2.11)
(=2Yr1 +Yr +Yri2)ls i ipgo = ip Sipya;
0 otherwise

for all ¢ € I"™ and all admissible 7, s (see [18], [24]).
Consider a root system with Cartan matrix C, with simple coroots {3y, ..
.., B4}, see [17]. To each fundamental dominant weight A of this root system,
one attaches a cyclotomic quotient R2 of R,,. In this paper, we will only consider
the cyclotomic KLR algebra R}, where Ag is a (level 1) weight satisfying (Ao, Y )=
8i0 for all i € I. The algebra R}o = Rﬁ”o is defined as the quotient of R,, by the
2-sided ideal that is generated by the set

{1i | el iy 75 0} @] {yl}

The algebras R,, and R} are both Z-graded with

deg(1;) =0, deg(y,) =2, deg(¥rls) = —ci i,

for all 2 € I and all admissible 7.

We fix a reduced expression for every w € &,, i.e.,a decomposition w =
Spy - .- 8, as a product of elementary transpositions with m as small as possible.
Define

Yu = p, ... Pr,, € Ry, (2.12)

noting that (in general) v, depends on the choice of a reduced expression for w.
By definition, the length of w is £(w) := m.
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2.3. Partitions, tableaux and Specht modules

A partition is a non-increasing sequence A = (A1,...,\;) of positive integers. As
usual, we write [A| = 37, \; and say that A is a partition of n := [A|. The unique
partition of 0 will be denoted by @. We always set A\, := 0 for all » > [. We
say that X is e-restricted if A\, — A\.41 < e for all » € Z~y. We denote the set of
partitions of n by Par(n) and the set of e-restricted partitions of n by RPar.(n).
Given k € Z~, define

Parci(n) :={\ € Par(n) | \y <k} and RPar. ¢i(n) := RPar.(n) N Pargy(n).

The dominance partial order < on Par(n) is defined as follows: for any A u €
Par(n), we set pp SN if 370, py <375 A for all 7 € Zo.

The Young diagram of X is the subset [A] = {(a,b) | 1 <a <, 1 <b< Ay} of
Z~o X Z~o. When drawing diagrams, we represent a node (a,b) as the intersection
of row a and column b, with the rows numbered from the top down and the columns
from left to right.

A standard tableau of size n € Zx¢ is an injectivemap t: {1,...,n} = ZsoxZ>o
such that

(i) the image of t is the Young diagram of some partition A of n; and
(ii) the entries of t are increasing along rows and down columns, i.e., whenever
(a,b),(c,d) € [A] are such that a < ¢ and b < d, we have t™(a,b) <
t~1(c, d).
In this situation, we refer to t as a standard tableau of shape A and write A =
Shape(t). If 0 < m < n, we denote by tl,, the restriction of t to {1,...,m}. The
set of all standard tableaux of shape A is denoted by Std(\). For any k € Z~¢, we
set Stdgy(n) = U)\epargk(n) Std(A). If t,s € Std(\), we write t & s and say that

t dominates s if Shape(tl,,) = Shape(sl,,) for all 0 < m < n. We define t* as
the standard A-tableau obtained by filling each row successively, going from the
top down, so that t*(A; + -+ + A\s_1 + b) = (a,b) for all (a,b) € [A]. Similarly,
ty € Std()) is obtained by successively filling each column, going from left to
right, so tA(A] + -+ A,y +a) = (a,b), where X, := #{r € [L,I] | A, > j} for all
J € ZL>o.

The symmetric group &,, acts on the set of all bijections t: {1,...,n} — [A]
as follows: (gt)(r) =t(g~'r) for all g € &,, and 1 < r < n. For every t € Std()),
let d(t) € &, be the unique element such that d(t)t* = t.

By a column tableau of size n we mean an injective map t: {1,...,n} — Zso X
Z~o such that, whenever (a,b) € t({1,...,n}) and a > 1, we have (a — 1,b) €
t({1,...,n}) and t71(a — 1,b) < t71(a,b). (That is, in particular, t is required
to increase down columns.) For any k € Zs, we denote by CT¢y(n) the set of

column tableaux t of size n such that the image of t is contained in Z~ox{1,...,k}
(i.e., the entries of t all belong to the first k columns). Note that Std<y(n) C

The residue of a node (a,b) € Zsg X Zsg is defined as res(a,b) =b—a+eZ € I.
We refer to a node of residue i as an i-node. The residue sequence of a column
tableau t is

i* = (res(t(1)),...,res(t(n))) € I".
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The set of all standard A-tableaux with a given residue sequence ¢ € I" is denoted
by Std(\, 2).

For each standard tableau t € Std(\), the degree deg,(t) of t is defined in [5] as
follows. A node (a,b) € Z~ is said to be addable for A if (a,b) ¢ X and [AJU{(a,bd)}
is the Young diagram of a partition. We say that (a,b) is a removable node of \ if
(a,b) € [A] and [A] \ {(a,b)} is the Young diagram of a partition. A node (a,b) is
said to be below a node (a’,b’) if a > a’. If (a,b) is a removable i-node of A, define

d(a,p)(N) := #{addable i-nodes for A below (a,b)}
— #{removable i-nodes of A below (a,b)}.

Finally, we define the degree of the unique @-tableau to be 0 and define recursively

deg, (t) := dy(n)(A) + deg.(tdn-1)

for t € Std(\).

If t € Std(A) and 1 < 7 < s < n, we write r —¢ s if t(r) and t(s) are in the
same row of [\]. We also write 3 := it

Let O be a commutative ring. We refer the reader to [19, Section 5] for the
definition of a Garnir node A € [A] and the corresponding Garnir element g €
R, = Rn0. The universal row Specht module S* = S} is defined in [19] as the
left R,,-module generated by a single generator v* subject only to the relations

L = 6; 0™, (2.13)
Y =0 if 7 = 7 1, (2.14)
Y0 =0, (2.15)
gt =0 for all Garnir nodes A of [A], (2.16)

for all 4 € I"™ and all admissible r € {1,...,n}. By [19, Cor. 6.26], the action
of R, on S* factors through R2°, so S is naturally an R2°-module. For each
t € Std(A), we set

0% =Ygy,
noting that in general v* depends on the choice of the reduced expression for d(t)

made in (2.12). In particular, o =t

Proposition 2.1 ([19, Prop. 5.14 and Cor. 6.24]). Let A € Par(n). The Specht
module S* is free as an O-module, with basis {v* | t € Std(\)}. Moreover, S* is
a graded R2o-module, with each v* homogeneous of degree deg,(t).

Corollary 2.2. Let A € Par(n). The graded Rﬁfz—module S2 is isomorphic to the
Z-span of {v* @1 |t € Std(N\)} in the Rﬁf’z-module S2 @7 Q.
2.4. Hecke algebras at roots of unity, a cellular basis and simple modules

Let F' be a field such that—setting p := char F—we have that p = 0, p = e
or p is coprime to e. Let the field K be an extension of F', and assume that
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¢ € K\ {0} has quantum characteristic e, i.e., e is the smallest positive integer
such that 1 + &+ .-+ &1 = 0.
The Iwahori-Hecke algebra #,,(£) is the K-algebra generated by

Ti,...,Th 1
subject only to the relations

(T, =T +1) =0,
TrTTJrlTr = Tr+1TrTr+17
T,T, = T, T, if r—s| > 1

for all admissible 7 and s. The algebra H,(£) is cellular, with cell modules S
parameterised by the partitions A of n; see [22].

By the following fundamental results, much of the modular representation theo-
ry of Iwahori—-Hecke algebras at roots of unity can be phrased in terms of questions
about KLR algebras and their universal row Specht modules.

Theorem 2.3 ([3, Thm. 1.1], [19, Thm. 6.23]). Let K be a field of characteristic
p, and suppose that £ € K\{0} has quantum characteristic e, where either p = e or
p is coprime to e if p # 0,e. There is an algebra isomorphism 0: H, (&) = Rﬁ?K
such that if H,(§) is identified with Rﬁf’K via 0, then the RQf’K—module 57)-\1 is

isomorphic to Sy.

We remark that graded modules over RQ:’K which can be identified with the
modules S;, were originally constructed in [5] and that the proof of the identifica-
tion of Specht modules in Theorem 2.3 uses results from [5].

Simple H,,(§)-modules were classified in [6], and a corresponding classification
of graded simple modules RQOK—modules up to isomorphism and grading shift is
given by [4, Thm. 4.11]. For our purposes, it is convenient to use the description of
simple R, z-modules resulting from the graded cellular basis of RQ"F constructed
by Hu and Mathas [13], which we now review. Let A € Par(n) and define #* :=
{rel,n] | tX(r) € Z x eZ}. Set y* := [[,coryr € RQOF There is an anti-
automorphism * of RQ?F defined on the standard generators by

1: = 1ia 1/’: = 1/% y: = Yr.
For s,t € Std(\), set

wst = wd(s)li’\y)\w;;(t) € RQ,OF
Then ¥}, = s

Theorem 2.4 ([13, Thm. 5.8]). The algebra RﬁfF is a graded cellular algebra with
weight poset (Par(n), =) and cellular basis {1)st | s,t € Std(X), A € Par(n)}.

Let A € Par(n). The cell module corresponding to A in the graded cellular
structure of Theorem 2.4 is isomorphic to Sf} as a graded RQ?F—module: this
follows from [13, Cor. 5.10] and the proof of [19, Thm. 6.23]. In the sequel, we
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identify S with the corresponding graded cell module. The cellular structure of
Theorem 2.4 yields a symmetric bilinear form (-, -) on Sp. This form is determined
by the equation

(W8, 008 = agv® = 1o M a0t (8,5 € Std(N)), (2.17)
cf. [23, (3.7.2)]. The form (-, -) is homogeneous of degree 0 and satisfies (zu,v) =
(u, zv) for all z € RA® % and u,v € Sy, see [13, §2.2].

The radical of (-,-) is the Rm =-submodule

rad Sp := {u € Sp | (u,v) =0 for all v € Sp}.

Define

Dp = Sp/rad Sp.
If Df} # 0, then D;‘; is an irreducible graded Rﬁ"’F—moduIe. Moreover, by [6] and
[13, Cor. 5.11], D # 0 if and only if X is e-restricted. Hence, by [13, Thm. 2.10],
we have:
Theorem 2.5. The family { Dy | A € RPar(n)} is a complete set of graded simple
Rﬁ’“F—modules up to isomorphism and grading shift.

Let M be a finite-dimensional graded Rfl‘f’F—module. Given p € RPar.(n), the
graded composition multiplicity of D', in M is

[M : D] = arg® € Zlg,q7"],
kEZ

where aj, is the multiplicity of D%.(k) in a graded composition series of M, see [4,
§2.4]. Since the algebra RQ(’F is cellular, it is split, so

[Sp: Dh], =[Sy : Ditl, (A€ Par(n), u € RPar.(n)). (2.18)
It is well known that [Sp : D/:], = 0 unless u < A, see, e.g., [22, Cor. 2.17].

Remark 2.6. Li [20] proved that RAO is cellular for any commutative ring O,
generalising Theorem 2.4. Both of these results hold with Ay replaced by an
arbitrary dominant integral weight A, as do the aforementioned results from [3-5,
19).

3. Standard tableaux and paths in the weight space

In this section we fix an integer k > 2. In §3.1-3.2, we attach to each standard
tableau t with at most k£ columns a path 7 in a weight space for the Lie algebra
sli. We show that the degree of t can be non-recursively described in terms of
interactions of 7y with certain hyperplanes in that weight space (Lemma 3.3) and
that the residue sequence of a tableau is invariant under certain reflections of the
corresponding path (Lemma 3.2). In §3.3, we specialise to the case k = 2, which
is the only one used in the rest of the paper, and define a regularisation map on
paths, which plays a key role in the sequel.
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3.1. The affine Weyl group
Let A = (a;5)1<i,j<k—1 be the Cartan matrix of finite type Ag_1, so that

2 ifi=j;
ay =<4 -1 ifj=i+1;

0 otherwise.

Let ® be the root system of the Lie algebra sl;(C) with respect to the Cartan
subalgebra b of diagonal matrices in sl (C), with {a1,...,ar—1} being a set of
simple roots. We consider the (real) weight space V := R® = b, where hg is the
set of matrices in f with real entries. Foreachi =1,...,k, let ¢; € V be the weight
sending a diagonal matrix diag(tq,...,tx) € hr to t;. Then e; + -+ 4+ ¢, =0, and
we may assume that a; = ¢; —¢;41 fori =1,...,k—1. The set of integral weights
is the Z-span V7 of 1, ...,e5. The set of positive roots is @+ = {e; —¢; | 1 <i <
j < k}. Let (-,-) be the symmetric bilinear form V' determined by (e, o) = ai;
fori,j € {1,...,k—1}. Note that

1 ifi=r
(€iver —er) =< —1 ifi=t (3.1)

0 otherwise

foralll <i<kand1l<r <t<k. The Weyl group W = Sy, of @ is the subgroup
of GL(V') generated by the simple reflections s, for a € ®, where s,v = v—(a, v)a
for all v € V. The Z-submodule Z& C V is W-invariant, and the corresponding
affine Weyl group is Wog := W x Z®. The group W also acts on the set {1,...,k}
in the natural way.

Let p = Zf:_ll(k: — )&, so that (a;,p) =1foralli=1,...,k—1. Thereis a

faithful action of W,g on V defined by
w-v:=w(v+p)—p, B-v:i=v+ef (weW, BeZd, velV).
If & € ® and m € Z, consider the hyperplane
Hoym={veV|(w+pa)=me}CV.

We refer to Hq,n as an a-wall or simply a wall. For each oo € ® and m € Z there
exists (unique) Sq m € Wag such that s, ,,, acts on V' by reflection with respect to
H o, e,

Sagm v =0— ((v+ p,a) — me)a (3.2)

for all v € V. We consider the set
C={veV|(w+pa;)>0forl<i<k},

which may be viewed as the dominant chamber of the Coxeter complex correspond-
ing to ®. Using (3.1), we see that

C={cie1+---+eereV e, ...,cr€R, ¢;j>cjp—1 for all j=1,...,k—1}. (3.3)
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3.2. Paths
Let r,s € Z. Recall that [r,s] ;= {t € Z | r < t < s}. We define Py, 5 to be
the set of all maps 7: [r,s] — V7 such that w(a + 1) — 7(a) € {e1,...,ex} for all
a € [r,s — 1]. Further, set

P+

[r,s]

={m €Pq | 7(a) €C for all a € [r, s]}.
Let n € Z>o. We define
Pn:={m € Py | 7(0) =0} and Pl :=P,N P?{),n],

so that P} is the set of all maps m: [0,n] — Vz N C such that 7(0) = 0 and
m(a+1)—m(a) € {e1,...,ex} for all a € [0,n — 1].
Given t € CT¢g(n), for any 0 < a <nand 1 < j <k, set

Cayj(t) = |t({1v M '1a}) N (Z>0 X {J})‘v

i.e., ¢q(t) is the number of elements of t({1,...,a}) in the jth column. Define
s € Py, by

me(a) 1= cq1(t)er + -+ + co i (t)ek (a=0,...,n).

Note that the end-point 7 (n) of the path m, depends only on the image of t
(i.e., only on the shape of t in the case when t is a standard tableau).

Lemma 3.1. The assignment t — my is a bijection from CT¢i(n) onto P, and
restricts to a bijection from Std<g(n) onto P;.

Proof. The first assertion of the lemma is clear from the definitions. For the second
assertion, let t € CT¢,(n) and observe that t is a standard tableau if and only if
Ca,j(t) = cqjt1(t) foralla=1,...,nand all j =1,...,k —1. The lemma follows
by (3.3). O

Let m € P,, and suppose that 7(a) € Hy,y, for some a € @ and m € Z. We
define the path sg ,,, - m € P, by setting

u 7(b) for 0 < b < a;
(Sa,m : W)(b) =
Sa,m - m(b) fora <b< m.

That is, sg, ,, - 7 is obtained by reflecting a ‘tail” of m with respect to Ho .
The residue sequence i° of t € CT ¢, (n) may be described as follows: if we have
1 <a < n, then
it =7 — cq,j(t) + €Z, (3.4)

where j € {1,...,k} is determined by the condition that t(a) is in the jth column.
The following lemma shows that reflecting a tail of a path as above does not change
the residue sequence of the corresponding tableau.
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Lemma 3.2. Let « € @, m € Z and a € [0,n]. Suppose that t € CT<i(n) and
me(a) € Hom- If s € CT(n) is determined by g = s, ,, - T, then ©° = it

Proof. Let 1 < r <t < k be such that & = ¢, — &;. Since m¢(a) € Hy, m, we have
Ca,r(t) — Ca(t) =1 —t+me. Clearly, if = if for 1 <b< a. Let b€ [a+1,n].
For any j € {1,...,k}, we have

cb,j(t) if j ¢ {rth
cvj(s) = S cpi(t) — car(t) + car(t) =coi(t)+r—t+me ifj=r;
Cb,r(t) - Ca,r(t) + Ca,t(t) cb,r(t) +t—r—me lf.j =t.

Now, if j € {1, ..., k} is determined by the condition that t(b) is in the jth column,
then s(b) is in the (sqj)th column, and it follows using (3.4) that i§ = i} in all
cases. O

Let u,v € VzNC be such that v — u = ¢; for some ¢ € {1,...,k}. For every
ac dT, set

1 if u € Hy m and (v + p, @) < me for some m € Zo;
deg, o(u,v) =< =1 if v € Hypy and (u+ p,a) > me for some m € Zxo; (3.5)

0 otherwise.

Write deg, (u,v) := Y co+ dege o (u,v), and for every m € P/ define

[r:s]

deg,(m) := idege (m(a), 7(a+1)). (3.6)

Lemma 3.3. For every t € Std¢x(n), we have deg, () = deg,(t).

Proof. Let X be the shape of t. Arguing by induction on n, we see that it is enough
to show that de(,)(A) = deg, (m¢(n — 1), me(n)) when n > 0. For j =1,...,k, let
¢; be the size of the jth column of [A], i.e., ¢; = ¢, j(t). Let ¢t be such that
t(n) = (ct,t). Then ¢ :=t — ¢, + eZ € I is the residue of t(n). It is easy to see
using the definitions and (3.4) that

dt(n)()‘) :#{J € [17t_1] |j—Cj+QZ:i+1}—#{j € [17t_1] |j_cj+€ZZi}‘

Since 7 (n) = me(n — 1) + &4, we have deg, ,(m(n — 1), m¢(n)) = 0 for all & € &
such that a # ¢; — &, for any j = 1,...,t — 1. Moreover, using (3.1) we see that
foreach j=1,...,t—1,

1 ifcij—c,+t—j=-1mode;
deg ., ., (me(n—1),m(n)) =< -1 if¢; —¢+1—j=0mode;

0 otherwise.

Since t —c¢; +eZ = i, we deduce that dy(,)(\) = deg,(me(n—1),7¢(n)), as required.
O
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Remark 3.4. The correspondence between standard tableaux and paths, as above,
is considered in [12, Sec. 5]. The degree function (3.6) is similar to the one defined
in [2, Def. 1.4] in a somewhat different context. Also, consider a path © € P, such
that 7(n) does not belong to any wall H, ,, and 7w(a) ¢ Hqm N Hyr py for any
distinct walls H,, ,, and H, ,,» whenever 0 < a < n. Then one can associate with
7 a Bruhat stroll as defined in [8, §2.4], and deg, () is precisely the defect of the
corresponding Bruhat stroll.

3.3. Two-column tableaux

In this subsection, we assume that £k = 2, and we again fix n € Zxo. Then
&t = {01}, and we write @ = a;. We identify V with R by sending &7 to 1 and &
to —1. Then p =1, and a wall H, ,, is the singleton set {me — 1}. Furthermore,
C= R>(,1) and

Pl ={r:[0,n] = Zso | 7(0)=0and 7(a+1) =7(a) £ 1 for all 0 < a < n}.

We write s,,, s%,, Hy, instead of sq n, Sovm> H,, ,, respectively.
Let
H = U H,, ={me—1|m € Zso}. (3.7
meEZso

We define a map reg,: P,/ — P as follows. Given 7 € P;', we set reg, (1) =7
if m(a) ¢ H for all a € {0,...,n}. Otherwise, let a € {0,...,n} be maximal such
that w(a) € H and, if m € Zs¢ is given by the condition that 7 (a) € H,,, define

() T if m(n) > me — 1;
e =
FeBelT st om ifw(n) < me—1.

Less formally, we consider the last point at which the path 7 meets a wall H,, (if
such a point exists) and, if this point is greater than the endpoint of 7, we get
reg, (m) by reflecting the corresponding ‘tail’ of = with respect to H,,. Further, we

set
0 ifreg,(m)=m;
re(m) = .
1 ifreg,(m) # 7.
The following is clear from the definitions:
Lemma 3.5. We have deg, (reg,.(r)) = deg,(7) — re(m) for all m € P} .

By Lemma 3.1, there is a well-defined map reg,: Stdga(n) — Stdga(n) deter-
mined by the condition that m.e, (x) = reg,(m) for all t € Std<a(n). We also have
amap r.: Stdga(n) — {0,1} defined by r.(t) := 7 (7).

For any A € Parga(n), set

DStdc(A) := {t € Std(\) | reg.(t) = t}.

We refer to the elements of DStd.(\) as e-regular standard tableaux. The following
is easily seen:
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Lemma 3.6. Let u = (2%,1Y) € Parga(n) and s € Std(p). Write y = me — 1+ 7,
where m € Zxo and 0 < j <e. Ify > e—1, let a € {0,...,n} be mazimal such
that ws(a) = me— 1, and let t be the standard tableau determined by the condition
that Ty = sg - 5. Then

%) if s ¢ DStde(1);
reg; *(s) = { {s} if s € DStd. (1) and either y < e or j =0;
{s,t} ifseDStd.(u), y=>e andj>0.
Moreover, if y > e — 1 then Shape(t) = (2¢+7, 1me=177),

Example 3.7. Let e =4. A pathr € Pfg and the path reg,(7) are depicted below
on the left and right, respectively. The weight space V' = R is identified with a
horizontal line, but—for presentation purposes—the height at which 7(a) is drawn
gradually increases as a = 0,...,n increases. (We use this convention throughout
the paper.) The vertical lines indicate the walls H,,, = {4dm — 1}, m € Z3o. In
each picture, the steps from 7(a) to m(a + 1) for which deg,(m(a),7(a + 1)) is 1
or —1 are marked by + or —, respectively; these steps are highlighted for clarity.
The degree of any unmarked step is 0.

-10 1 2 3 4 5 6 7 8 9 10 11
deg,(regy(m)) = —1, ra(regy(m)) =0

The standard tableau t such that 7 = 7, and the tableau reg,(t) are the transposes
of

21346 7]8 9|12|13|14|19\
5 [10[11|15[16[17]18

and

20346 7|8|9|12|13|14|16|17|18\
5[10[11]15[19

respectively.
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4. Characters and graded decomposition numbers for
2-column partitions

Let F be a field of characteristic p > 0. We assume that p =0, p = e or p is
coprime to e, cf. §2.4. We fix n € Z>( and use the notation of §3.3 throughout the
section. In particular, P} is a set of paths in a weight space of type Ay, and there
is a bijection Std<a(n) = P, given by t — 7, see Lemma 3.1.

4.1. (e, p)-regularisation
We now define the (e, p)-reqularisation map reg - P — P, which is needed to
state the main results of this section. If p = 0, then set reg, , := reg,. If p > 0,
then reg, , is defined recursively, as follows. For all 7 € P}

(1) If reg,,: (m) = 7 for all z € Z3o, then set reg, ,(7) := 7.

(2) Otherwise, reg, ,(7) := reg, ,(reg.,-(m)), where z is the largest non-nega-

tive integer such that reg,,.(m) # 7.

Note that the recursion always terminates because any map reg,, either fixes a
path or increases its end-point. We also have a map

reg, ,: Stdca(n) — Stdca(n)

determined by the identity reg, ,(m:) = Teg, (v) for all t € Std<a(n).
Given 7w € P;l', we have

rege’p(w) =Tegepon (... reg, = (regepz1 (m))...) (4.1)

where, for each r = 1,...,h, the integer z. > 0 is maximal such that the path
reg, =1 (... 1€g,= () ...) is not an ep*-regular path. Note that z; > --- > 2.
When p = 0, we use the convention that ep® = e; in this case, 0 < h < 1. We refer
to (4.1) as the regularisation equation and to Z = {z1,..., 2z} as the reqularisation
set of m. If t € Std¢a(n), then the regularisation set of t is defined to be that of
7y, and the regularisation equation of t is also defined to be that of 7y, with
replaced by t on both sides.
For any A € Parga(n), we set DStd, o(A) := DStd.(\) and, if p > 0,

DStde () := (7] DStdep- (A) = {t € Std()) | reg, ,(t) = t}.
220

Example 4.1. Suppose that e = p = 2 and A = (2,2,1,1). Then Std(\) =
{t1,...,te}, where

| | | | | |
A I = Sl R ==
012 345 012 345 01 2 345
| | | | | |
=l B w1 e -
012345 0i234é 012345
| | | | | |
Ty, = : g :’ Tty = : — :’ Tty = ‘ :
012345‘ 0i234£3 01234‘5
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Here and in the sequel, the thicker the wall H,, = {em — 1} is in the diagrams,
the greater the p-adic valuation of m; if this valuation is 0, the wall is dashed.

We have DStds 2(A) = {t1,t2,ts3,ts}. So Theorem 1.2 implies, in particular,
that dim D* = 4. The regularisation equation of g 1S

regz,Q(th) = regy(regy (1)),
with
| | |
e —— and  regy o(m,) =| e ———
0123456 0123456

vegy(mey) = |

Finally, the tableaux ts, tg, t7,ts all have regularisation set {0}, and the images
of these tableaux under reg, , have shape (2, 14).

One of the main results of §4 is the following theorem, which gives a combinatori-
al description of the graded decomposition numbers [S* : D#], (when A € Par<a(n))
in terms of the map reg, .

Theorem 4.2. Let A € Parga(n), p € RParga(n), and suppose that either p = e
or p is coprime to e if p# 0,e. If s € DStd, , (1), then

[Sj} : Diplg = Z g ®.
teStd(A)
reg, ,(t)=s

In particular, the right-hand side does not depend on the choice of s.

As we will see, the sum on the right-hand side always contains at most one
non-zero term.

In §4.2, we give a description of graded decomposition numbers for 2-column
partitions that does not use the map reg, ,, and refines a known result on ungraded
decomposition numbers, see Theorem 4.10. In §4.3, we use this description to prove
Theorem 4.2.

Given A, i € Stdga(n), define the set

Stde p,u(A) == {t € Std(A) | reg, ,(t) has shape p}. (4.2)

In §4.4 we show that the subsets Std. , (1)) satisfy the properties stated in §1 and
use these properties to prove Theorem 1.2.

4.2. Decomposition numbers
Set
DP(q) := ([Sp : Dit]g) xeParca(n), neRPar.. <3(n):

so that DP(q) is the submatrix of the graded decomposition matrix of RQ?F corres-
ponding to partitions in Parge(n). Let DP = DP(q)|,=1 denote the corresponding
ungraded submatrix of the decomposition matrix.

In this subsection, we prove a formula for the entries of DP(g). Recall that for
p > 0, there is a unique square matrix AP—known as an adjustment matrix—
such that DP = DC®AP. Similarly, there is a unique graded adjustment matrix
AP(q) such that DP(q) = D°(q)AP(q), see [22, Thm. 6.35], [4, Thm. 5.17]. Write
AP(q) = (axu(q))x,ueRPar, <o (n)- The following is a special case of [4, Thm. 5.17]:
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Theorem 4.3. For every A\ € Parga(n) and p € RPar <2(n), we have ax,(q) =
axu(q)-

Our strategy is as follows. The ungraded decomposition matrices DP for all p >
0 are known by the work of James [15,16] and Donkin [7]; the graded decomposition
matrices DY(q)—and hence the ungraded decomposition matrices D°—are given
in [21]. As we see below, all entries in the former matrices are either 0 or 1,
so it follows by Theorem 4.3 that AP(q) = AP, i.e., every entry of AP(q) is a
constant (Laurent) polynomial. Hence we are able to compute the matrix DP(q) =
D%(q)A*(q).

We begin with some notation. Given a,b € Zx( and assuming that p > 0, we
say that a contains b to base p and write b =<, a if, writing

a=ag+ap+ap’+--- and b=by+bip+byp®+---

(with 0 < a;,b; < p for all i), for each i > 0 either b; = 0 or b; = a;. We write
b <9 a whenever a > 0 and b = 0.

For any integer s > 0, let s, denote the integer part of s/e. For p > 0 and
non-negative integers s and [, define

1 ifse <, (I+1)e, and either e | sore|l+1—s;
fep(lss) = " (4.3)
0 otherwise.
We also define a graded version of these numbers:
1 ifse=,({+1) ande]s;
d(ls):=9q ifse 2p(+1)e,e|l+1—sandefs; (4.4)

0 otherwise.

Note that fg,(l,s)|q=1 = fe,p(l,5) and fZ,(1,0) = 1. The ungraded decomposi-
tion numbers when p > 0 are given by the following theorem. This theorem
was proved by James in the case when p = e (see [15, Thm. 24.15]) and—under
certain additional conditions—when p # e (see [16, Thm. 20.6]). The result for
p # e in full generality follows from a theorem of Donkin [7, Thm. 4.4(6)] together

with (2.18). We follow the statement given by Mathas in [22, p. 127].

Theorem 4.4. Assume that p > 0 and either p = e or p is coprime to e. Suppose
that A = (2%,17) € Parga(n) and p = (2%,1¥) € RPare <2(n), with u > x. Then

[S%\‘ : Dllf"] = fe,p(yvu - ‘r)

Our aim is to prove that [S3 : D3]y = f&,(y,u — x) under the hypotheses of
Theorem 4.4. We do so with the aid of alternative descriptions of fg (y,u — z),
which are given by Lemmas 4.6 and 4.7 (for p > 0 and p = 0 respectively) and are
used in the rest of the paper. First, we note the following elementary fact:



BASES OF SIMPLE MODULES

Lemma 4.5. Assume that p > 0. Let ag,...,as,l € Zxo for some s € Zxq satisfy
0<a;<pfori=0,...,s and 0 <l <e. Ifdy,...,0541,00,-..,0,41 €{0,1} and

S S

(v e+ (i = (D% )e+ (0%, (@)
=0 i=0
then
(i) diy1 = 0,1 whenever 0 <i < s and a; # 0;
(i) 0 = 8 if 1 #0.

Proof. Assume that (i) is false, and let i be the largest index such that d;41 # d;
and a; > 0. Without loss of generality, d;41 = 0 and d;,; = 1, and hence the
difference between the left-hand and the right-hand sides of (4.5) is at least

i—1 i—1
2a;p'e — Z2ajpje — 21 > 2ep’ — 2e(p — 1) ij —2(e—1)>0.
3=0 3=0

This contradiction proves (i), and (ii) follows immediately. O

Definition. Let y € Z>o. If p > 0, then we define the (e, p)-expansion of y to be
the expression

y=(asp® +as_1p" +---Fap+ag)e+1—1,

where 0 <l <e,0<a; <pforalli and if y > e — 1 then as > 0 (cf. [7, §3.4]).

Lemma 4.6. Assume that p > 0. Let p = (27,1¥) € RPar. <2(n) and A =
(2%,1Y) € Parga(n). Suppose that

y = (asp® +as1p* "+ FapFagle +1-1
is the (e,p)-expansion of y. Then f2 (y,u—x) # 0 if and only if v is of the form
v=(asp® *a,1p° P E---Faptag)etl—1

for some choice of signs. Moreover, in this case

1 if1=0;
do(yu—z) =<1 df0<i<e and v=_(asp*+a, 1p* ' +---+ag)e+l—-1; (4.6)
q if0<i<e and v=(asp**tas_1p* 14 -Fag)e—I—1.

We note that the last two cases in (4.6) cannot occur simultaneously by Lem-
ma 4.5.
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Proof. We may assume that u > z. If y <e, then f¢ (y,u—x) =0 unless u = z.
So we may assume that y > e. Writing
u—xz = (bsp® +bs_1p* '+ +bip+bole+k,

where 0 < k < e and 0 < b; < p for all 7, we have
v=y—2@u—=zx) = ((as72bs)ps+(a3_1—2bs_1)p571+~ . ~+(a0—2b0))6+(l72k)71.
Moreover,

(1) (u—2x)e =p (y+ 1), if and only if by =0 and b; € {0,a;} for all 0 < i < s;

(2) e|u—x if and only if k = 0;

(3) e|ly+1—wu+xif and only if k = 1.
The result now follows from (4.4). O
Lemma 4.7. Let A = (2%,1V) € Parga(n) and p = (2%,1Y) € RPar. <2(n), with
u=zx.

(i) We have

1 ifu—a=0;
flolyu—2)=9¢q f0<u—r<e<y+lande|y+l-u+tuz;
0 otherwise.
(ii) The equality fg’o(y,u — &) = q holds if and only if there exists an integer
m > 1 such thaty =me+j—1 andv=me—j—1 for somel <j<e.

Proof. Part (i) follows from (4.4), and (ii) follows easily from (i) because e | y +
1—u+zifand only if 2¢ |y +v+2. O

If p=0, the 2-column graded decomposition numbers are given in [21, Thm. 3.1],
if that result is interpreted in view of [4, Cor. 5.15]:
Theorem 4.8. Suppose that p = 0. If A = (2%,1V) € Parga(n) and p = (2%,1Y) €
RPar. <2(n) are such that u > x then

[S*: DMy = feo(y,u— ).

The notation in [21, Thm. 3.1] is different from that of Theorem 4.8 or Lem-
ma 4.7, but it is not difficult to see that the results are equivalent. Alternatively, a
direct proof of Theorem 4.8 can be easily obtained via the fact that the decomposi-
tion numbers [Sp : Dh], are certain parabolic Kazhdan-Lusztig polynomials,
see [26] or [12, Thm. 5.3], together with Soergel’s algorithm [25] for computing
those polynomials.

For p > 0, define a matrix AP = (&i ) with rows and columns indexed by
RPar. <2(n) as follows. Let A = (2%,1"), u = (2%,1¥) € RPar. <2(n) and let

y=(asp® +as—1p* '+ +ap+ag)e+1—1
be the (e, p)-expansion of y. Then we set

{1 if v=(asp*+as_1p*" 1+ - -Fa;ptag)e+I—1 for some choice of signs;

0 otherwise.
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Lemma 4.9. Let p > 0 and B = (bxu)reParcs(n), ueRPare. <o(n) = DO(q)AP. If X =
(2%,17) € Parga(n) and p = (27,1Y) € RPare <2(n), with u > x, then

b/\u = fg,p(ya U= 93)

Proof. In view of Lemma 4.5, the result follows from Lemmas 4.6 and 4.7 together
with Theorem 4.8. [

Theorem 4.10. Suppose that either p = e or p is coprime to e if p # 0,e. If
A= (2%,1V) € Parga(n) and p = (27,1Y) € RPar, <2(n) with u > x, then

[Sp : Dilq = fa,(y,u—a).

Proof. If p = 0, then this is Theorem 4.8, so we assume that p > 0. Setting
¢ =1 in Lemma 4.9, we have DP = DYAP_ so that AP = AP is the RPar, <o(n) x
RPar, <2(n)-submatrix of the ungraded adjustment matrix corresponding to 2-
column partitions. Since the entries of AP are either 0 or 1, it follows from
Theorem 4.3 that AP = AP = AP(q), that is, D?(q) = D°(q)AP. The result
then follows by another application of Lemma 4.9. O

Example 4.11. Suppose that e = p =2 and A\ = (2,2,1,1). We have f;,(2,0) =
f34(6,2) = 1 and f3,(4,1) = ¢, so by Theorem 4.10 the composition factors of

S* are D, D(2’14), D) and their graded composition multiplicities are 1,¢,1
respectively. The reader may wish to check, using Example 4.1, that Theorem 4.2
holds in this case.

4.3. Proof of Theorem 4.2

We fix a partition p = (2%,1Y) € RPar, <2(n) and prove Theorem 4.2 for this fixed
. Recall the sets Std. , (M) for A € Parga(n) defined by (4.2). If p = 0, then the
statement of Theorem 4.2 is an immediate consequence of Lemma 3.6, Lemma 4.7
and Theorem 4.8. If p > 0, then we set

y=(asp® +as—1p* '+ +ap+ag)e+1-1

to be the (e, p)-expansion of y.

Lemma 4.12. Assume that p > 0. Let A = (2%,1") and let t € Stdc , ,(N). If
rege’p(t) = Tegepen (... reg,, = (regepz1 (t))...)
is the reqularisation equation of t, then a,, > 0 for all 1 <k < h and
v = (a;p® + (—1)%ag_1p" 4 4 (=1)%2a1p + (—1)‘51a0) e+ (—1)%1—1,

where §; = #{1 < k< h|zp =i} forall0<i<s.
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Proof. We use induction on h, the result being clear when h = 0. Assuming that
h >0, set T = reg,,:, (t) so that

reg, ,(t) =1eg. =, (.. 1ege,zs (Teg, = (T)) - . .)

is the regularisation equation of r, and set v := Shape(r) = (20, 1d). By the
inductive hypothesis,

d= (asps + as—lPSi1 + -
+ azsz2 + (_1>€z2 azgflpzz_l + et + (—1)€1a0)e + (—1>€0l — 17
where a,,,...,a,, >0and ¢, = #{2 < k< h |z, >4} forall 0 <4 < 29.

Let m = asp® +---+a,,p**. Then d =me+ j— 1 for some 0 < j < ep®'. Since
T =reg,,- (t) # t, we have

v=2(me—1)—d
= (asp® + as_1p° '+ + a4z, p™ —az,1p o= az,p”
— (—1)2az,_1p™ " — - = (=1)ag)e — (1)l — 1

Zlfl _

by Lemma 3.6. Also, a., > 0, for if a., = 0 then either t ¢ DStd,,:+1(A) or
t € DStdep=1 (A), contradicting the hypothesis on the regularisation equation of t.
The result follows. O

The following lemma is an easy consequence of the definitions in §3.3.

Lemma 4.13. Assume that p > 0 and let b € Zxq.

(i) Let t € Stdga()) and s := reg,,u(t), and suppose that b is mazimal such
that s = reg,,» (t). Let ¢ > b be an integer. Then t is ep®-regular if and
only if s is ep®-reqular.

(ii) Let t € Stdga(n). Suppose that s :=reg, 1 (t) #t and e {mg(n) + 1. Then
t is e-reqular if and only if s is not e-reqular.

Lemma 4.14. Let A = (2%,1%) € Parca(n) be such that Sy has a composition
factor DY

(i) Ifs € DStd. ,(p) then there exists a unique t € Std(\) such that reg, ,(t) =
s.
(ii) All elements of Stdc , ,(A\) have the same regularisation set.

Proof. If p =0, then the result holds by Lemma 3.6. So, assume that p > 0.
By Theorem 4.10 and Lemma 4.6,
v = ((_1)65+1asps + (—1)65(13_1]?571 4ot (—l)alao) e+ (_1)6ol -1

for some dy, ..., 0541 € {0, 1} satisfying the following conditions:

(1) 6s+1 = 0;
(2) 0o =01 if 1 =0, andéi“ :5i+2 ifa;=0and 0 <i < s.
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By Lemma 4.5, such g, ...,ds41 are uniquely determined by v. Let
7 = {ie [0,8] | 5i7é6i+1} :{2’1 > - >Zh}.
By Lemma 4.12, if t € Stdc;, ,()), then the regularisation set of t is Z, proving
(ii).
To prove (i), we argue by induction on h. If h = 0, then A = p and there is
nothing to prove. So, assume that h > 0. Set

d= (asps + as—1p571 + -+ ay, p?
—(=1)%=1a,, _1pP Tt — o = (=1)%2ayp — (71)51(10)6 —(=1)%1—1
and let v := (2°19) € Pargy(n), with ¢ = (n — d)/2. By Lemma 4.6 and
Theorem 4.10, D% is a composition factor of S%, so by the inductive hypothesis,

there is a unique r € Std(v) such that reg, ,(r) = s. Moreover, by Lemmas 4.12
and 4.5,

reg, ,(r) =reg = (... rege,e (T) .. )
is the regularisation equation of r. In particular, reg,,.(r) = r for all z > z5. Let
m = asp87Z1 + a‘9—1p5717Z1 +- Az -
Since 05, # 05,41 = 0541 = 0, we have §,, = 1 and so
mep™ —1 <d< (m+1)ep* — 1.
By Lemma 3.6,
1"«3ggplz1 (r) ={r,t} (4.7)

for a certain tableau t € Std(\). By Lemma 4.13(i), reg,,-(t) = t for all z > 2.
Hence, reg, ,(t) = reg, ,(r) = s.

To prove the uniqueness statement in (i), recall that any t’ € Std(\) such that

regewp(t’ ) = s has regularisation set Z. By the inductive hypothesis, this implies
that reg,,-, (t') = r, and by (4.7) we have t' =t. [

Lemma 4.15. Let A = (2“,1") be a partition of n such that D is a composition
factor of Sp. Ift € Stde ,(N) then [Sp : D], = q"<®).

Proof. If p = 0, then the result holds by Theorem 4.8 and Lemma 4.7, so we
assume that p > 0. Consider the regularisation equation of t:
s :=T1eg, ,(t) =Tegpm (- - TOE p=s (TEg e (E)) - 1)
By Lemma 4.12,
v=(asp® + (=1)*as1p* " -+ (=1)2ap + (=1)ag)e + (-1)*1 — 1,

where 6; = #{1 < k < h | z; > i} for 0 < i < s. Noting that s € DStd.(u) and
applying Lemma 4.13(ii) h times, we see that

0 ifl=0;
re(t) =¢0 ifl >0 and h is even;
1 ifI >0 and h is odd.
Observe that dg = h. By Theorem 4.10 and Lemma 4.6, the result follows. [
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Proof of Theorem 4.2. By Theorem 4.10 and Lemmas 4.6 and 4.12 (or by Lem-
ma 3.6 and Theorem 4.8 in the case p = 0), if Stde ,(\) # @ then Di is a
composition factor of Sp. The converse also holds, by Lemma 4.14(i). Moreover,
that lemma asserts that, given s € DStd. , (1), there exists a unique t € Std(\)
such that reg, ,(t) = s. Further, by Lemma 4.15, we have [S} : D], = ¢"=(®*) in
this case, completing the proof. [

4.4. Characters of simple modules

Recall the notation of §§3.2-3.3 applied to a weight space of type A;. Let u < r <
s < v be integers and 7 € P[Jr - Denote the restriction of 7 to [r, s] by =[r,s], so

[R)
that «lr,s] € P[J; g+ We refer to every such restriction m[r, s] as a segment of .
The following is clear:

Lemma 4.16. Ifu=c; <--- < ¢ =v are integers, then

-1
deg,(m) =Y _ deg,(m[ci, cita)).
=1

Definition. Let r < s be integers. Let n € P[t 5 be such that n(r) = n(s) = me—1
for some m € Zq, so that n(r) € H,y,.

o If me—1 < n(c) < (m+1)e—1 whenever r < ¢ < s, then we call n a positive
are.

o If (m—1)e—1 < n(c) < me—1 whenever r < ¢ < s, then we call n a negative
arc.

If one of the above two statements holds, we say that 7 is an arc.

Let m € Z~¢ and 7 € P[t e Recall the reflections s, = sq.m from (3.2). We
define sy, - m € P, ) to be the path obtained by reflecting m with respect to the
wall H,,, so that

(5m - 7)(@) = 8- (n(@) (u<a<o).

Lemma 4.17. Let t € Std<a(n). Suppose that 0 < r < s < n are integers and
me[r, 8] is an arc, with w(r) = m(s) = me — 1 where m € Zs¢. If s € Stdga(n) is
defined by the conditions that

7s[0,7] = [0, 7],  7ws[r, 8] = Sy - W[, 8], Ws[s,n] = we[s, n],

then i° = i*.
Proof. Since ms = s, - s}, - Ty, the result follows from Lemma 3.2. 0O

If 7€ P} o We define At () and A~ () to be the sets of segments of 7 that

are positive and negative arcs, respectively. Recalling (3.7), let
B(m)={b1 <---<by}:={be€u,v]]|n(b) € H}. (4.8)

Then every element of AT (m)UA™ () is of the form (b, by+1] for some 1 < k < N.
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Lemma 4.18. Let 7 € PF; o be such that m(u),m(v) € H and let B(n) = {b; <
-+ <bn}. Then:
(i) deg.(m) = |A™(m)| — | AT (m)|.
il) If m € Zwo and sy, -7 € PH ., then deg(sy, - m) = — deg(n).
[u,v]

Proof. Tt is easy to see from (3.5) and (3.6) that, whenever 1 < k < N,

1 if w[bk, bgt1] is a negative arc;
deg, (m[br, bgt+1]) = ¢ =1 if w[b, bx+1] is a positive arc;
0 if W(bk) #W(b[ﬂ_l).
Part (i) follows by Lemma 4.16. Part (ii) follows from (i) because the reflection

sm transforms positive arcs into negative arcs and vice versa. [

The following result describes the degree of a path in terms of the number of
its positive and negative arcs.

Corollary 4.19. If 7 € P}, then deg,(n) = | A~ (7)| — | AT ()| + 7o (7).

Proof. Let the integers 0 < by < --- < by < n be defined as in (4.8). Then
deg,(7[0,b1]) = 0. Furthermore, deg,(w[bn,n]) = re(m). The result follows from
Lemmas 4.16 and 4.18(i). O

Our next goal is to describe the effect of the map reg, , on the degree of a
standard tableau. If p > 0, then given n € P} and a subset Z = {z; > -+ > z;,}
of Z>q, we define the tuple

w(Z,n) = (wi,...,wp) € [0,n]"

by setting w; to be the maximal element of [0, n] such that n(w;) € |
for each i = 1,..., h, with w; = 0 if no such element exists.

Hmpz'i )

meZso

Lemma 4.20. Assume that p > 0. Let 7 € P} and n = reg, ,(m). Suppose
that Z is the regularisation set of m and w(Z,n) = (w1,...,wp). Let wg =0 and
Wht1 € [0,n] be mazimal such that m(wpy1) € H, with wp41 = 0 if no such number
exists. Then

deg, (nws, wi1]) = (—1)° deg, ([w;, wit1])
for all0 < i< h.
Proof. Let Z ={z > --- > z,} and, for any 0 < ¢ < h, set
i =1z, (- - - (1€Zeper () -+ ),
so that mg = m,7m1,...,m, = n are the ‘intermediate steps’ in the calculation of
reg, (7). Given 1 < i < h, let m; € p*Zs¢ be defined by the condition that
7Ti_1(wi) =m;e — 1. Then
Nwi, wit1] = Sm; - Smy - T[Wi, Wi

whenever 0 < ¢ < h. Using Lemma 4.18(ii), we deduce the required identity. [
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Let Z = {z1 > -+ > z,} be a finite subset of Z~o. We define a map pz: P} —
P, as follows. If p = 0, we set pz to be the identity map. Assuming that p > 0 and
givenn € P, let B(n) = {by <--- <bn} and w(Z,n) = (w1,...,wp). Set wg =0
and wp11 = by (with by := 0 if B(n) = @). Then we define pz(n) € P by the
conditions that pz(n)[0,b1] = 7[0,b1], pz(n)[bn,n] = n[bx,n] and for 1 < k < N,

Sm - N[k, be1] i w(bg) = w(bg41) € Hyy, for some m € Zwg
and [by, bg+1] C [w;, w;y1] for some odd
i € [1,h];

N[k, be+1] otherwise.

pz(M)[bk, bres1] =

In other words, pz(n) is obtained from 7 by reflecting each arc that is a segment
of n[w;, w;41] for odd ¢ with respect to the wall where the arc begins and ends.
We consider the corresponding map

pz: Stdgg(n) — Stdgz(n)

on standard tableaux, defined by the condition that pz(m) = 7,, () for all t €
Std<a(n). Since pz(n)(n) = n(n) for all n € P, the map py leaves Std(w)

n
invariant for each p € Parga(n). Moreover, pz leaves DStd,. ,, (1) invariant because

(n
Blpz(n)) = Bln) and p(n)(b) = n(b) for all 5 € P and b'€ B(r).
Let A € Parga(n) and p € RPar. <2(n) be such that Stde p,u(A) # @. Define

Tepap = Te(t) € {0,1} (4.9)

for any t € Stdcp, ,(A). By Lemma 4.15, the right-hand side does not depend on
the choice of t and
g"erre = [Sp Dy (4.10)

Let Z be the regularisation set of any t € Std., ,(A). Note that Z does not
depend on t by Lemma 4.14(ii). Define the map

reg’e’p’)\yﬂ: Stde p,(A) = DStde (1), t — pz(reg, ,(t)). (4.11)

If p =0, then regé7p7>\7u is simply the restriction of reg, o = reg, to Stde p . (A).
Lemma 4.21. Let A € Parga(n) and pn € RParga(n). If t € Stdep, (), then

dege(reg’e7p7)\,u(t)) =deg,(t) — Teprpu-

Proof. When p = 0, the result follows from Lemma 3.5, so we assume that p > 0.
Let s = reg, ,(t) and Z be the regularisation set of t, so that reg, ,, (t) =
pz(s). Write w(Z,m) = (w1, ..., wp). Let wpp1 € [0,n] be maximal such that
e (why1) € H, with wp41 = 0 if no such number exists. By Lemma 4.18(ii), for
any 0 < i < h we have

deg, (7, (s)[wi, wi1]) = (—1)" deg, (s wi, wit1]).
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Hence,

h h
deg, (7, () = Y _(=1)" deg, (wswi, wig1]) =Y deg, (melws, wit1])

i=0 =0
= deg(t) —re(t) = deg.(t) = Tepru

where the second equality is due to Lemma 4.20 and we have used Lemma 4.16
for the first and third equalities. O

Recall the definitions (1.1) and (1.2) of g-characters.
Theorem 4.22. Let A € Parga(n) and p € RParga(n) with Std. , ,,(N) # @.
(1) The map regy , , = Stdep,u(A) = DStde (1) is a bijection.
(ii) For all t € Stdep . (N), we have §*Bern(®) = 4F.
(i) We have ch, Stde p, ,(A) = ¢"e» > chy DStde ,(1).

Proof. By Lemma 4.14(i), reg, , restricts to a bijection from Std., ,(A) onto
DStd, ,(1). Clearly, pz restricts to an involution of DStd. ,(u) for any set Z
as in (4.11), and (i) follows. Part (ii) follows from Lemmas 3.2 and 4.17. Part (iii)
follows immediately from (i), (ii) and Lemma 4.21. O

Example 4.23. Let ¢ = 3, p = 2, n = 29 and A = (2'!,17). Suppose that
t € Std(\) is determined from

(-

Ty =

!
!
|
| |
01 23456 7 8 910111213 141516 17 18 19 20 21 22 23

Then the regularisation set of t is Z = {2,1,0}. Further, w(Z, m) = (w1, we, w3)
with wy =13, ws =23 and ws =28, and B(m,) ={2,5,7,10,13, 16, 18, 21, 23, 26, 28}.
Thus,

=

Uizreg3,2(77t) = |

)

!

|

1 ~ |

012345678 91011121314151617181920212223

so that t € Stds 2, (\) where p = (24,121). (We use the same convention on
thickness of walls as in Example 4.1.) Further,

=

g S

7rr3gé,2,>\,“(t) =

|

|

!

|

T

012345678 91011121314151617181920212223
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Here, Tyeq, o (®) is obtained from 7 by reflecting the arc n[16, 18] with respect to
the wall Hs = {14} and the arc 7|21, 23] with respect to the wall Hs = {18}. We
have degs(t) = 3, degs(n) = —2 and degy (regg’z’)\’u(t)) =2 =deg3(t) — 3.2 x4

cf. Lemma 4.21. Also, this example illustrates Lemma 4.20, as
deg(n[0, w:]) = —1 = deg(m[0, w1]),
deg(n[wy, ws]) = —2 = — deg(m[wr, ws]) and
deg(n[wsy, ws]) = 1 = deg(me[we, ws)).
Proof of Theorem 1.2. We use induction on A\ with respect to the dominance order

<, recalling that [Sp : D] = 0 unless < A. Observe that if u € Par(n) and
<A, then p € Parga(n). Then

chy Djy = chy Sp — > _[Sp : Dlp]q chy Dy

JT20N
i Std(N) — 3l DSt 1)
JT20N
= chy Std(A) — > chy DStde (M)
JT20N

— ch, DStd, ,()),

where the first and last equalities follow from the definitions, the second equality
is due to (1.3), (4.10) and the inductive hypothesis, and the third equality holds
by Theorem 4.22(iii). O

Remark 4.24. Recall the involution (2.1) on (I™). Given X € Parga(n), the simple
Rﬁf’F—module Dy is self-dual by [4, Thms. 4.11, 5.13, 5.18], which implies that
ch, D3 = chy D3. By Theorem 1.2 (and Theorem 1.1(ii)), it follows that

ch, DStd.,(\) = ch, DStd, ,(\). (4.12)

The last identity can also be proved combinatorially via the involution ¢: P} — P}
defined as follows. Given 7 € P\, let B(w) = {b1 < --- < by} and define «(7) € P;}
by the conditions that

t(m)[0,b1]=7[0,b1], ¢(m)[bn,n] = w[by,n],

() [biy bit1] Sm T|biy bip1] if w[bi, bip1] is an arc, with 7w(b;) =m(bi1) € Hpm;
7 )|0i, 03 = )
o 7[bs, biy1] otherwise

whenever 1 < ¢ < N. That is, ¢(7) is obtained from 7 by reflecting all arcs. As
usual, this yields an involution ¢: Stdga(n) — Stdga(n) determined by 7,y =
t(my) for all t € Stdga(n). Then ¢ restricts to an involution on DStd. , ().
Moreover, by Lemmas 4.17 and 4.18(i), for all t € DStd. () we have

i) = it deg(i(t)) = —deg(t),



BASES OF SIMPLE MODULES

which implies (4.12). Combining (4.12) with Theorem 4.22(iii), we obtain the
inequality
D deg(t) >0 (4.13)
teStd(\,2)

for any fixed ¢ € I". It is proved in [14, Cor. 3.16] via determinants of Gram
matrices for Specht modules that this inequality holds for an arbitrary (multi)parti-
tion A, but in general no combinatorial proof is known (even when X is an e-core,
in which case (4.13) becomes an equality).

5. Homomorphisms between 2-column Specht modules

Let O be an arbitrary (unital) commutative ring and n € Z>q. We recall a row
removal result from [10] for homomorphisms between Specht modules, applied in
the special case of the algebra RA0 := RQ?O.

Let A\, € Par(n). Recall from Proposition 2.1 that S}y has a basis {v* | t €
Std(A)}. Also, recall the tableaux t* and t, from §2.3. A standard tableau t €
Std(\) is p-row-dominated if, whenever t~!(a,b) = (t*)~!(c,d) for some (a,b) €
[A] and (¢, d) € [p], we have a < ¢. Denote the set of y-row-dominated elements
of Std(X) by Std”(X). A homomorphism ¢ € Hom a0 (5%, 5%) is said to be (row-)
dominated if p(v*) € (v* | £ € Std"(A))o. We denote by DHom pa, (S%,52) the
set of dominated homomorphisms lying in Hom Rio (S5, 5).

If A = (A1,...,\) is a partition and t € Std(\), let A := (Ag,...,\;) and let
t € Std()) be the tableau obtained from t by removing the first row and decreasing
all entries by A;.

Theorem 5.1 ([10, Thm. 4.1]). Let A\, u € Par(n) be such that A\y = p1. There is
an isomorphism

DHom 5, (55, 53)  DHomya (55.,55). ¢ = @
of graded O-modules. Moreover, if ¢ € Hom ga, (Sh, Sg) is given by
p(") = Z ayv*
t€Std(N)
for some coefficients ay € O, then
p(vh) = Z av’®.
+E€Std(M)

Remark 5.2.

(i) This result is stated in [10] in terms of column Specht modules when O is a
field. However, the proof works for an arbitrary commutative ring O and can be
translated to the present set-up by transposing all partitions and tableaux. The
second assertion of Theorem 5.1 is clear from the proof of [10, Thm. 4.1].

(ii) By [10, Thm. 3.6], whenever e > 2, we have

DHom 1, (S, D) = Hom ao (S5,53)  for all A, pu € Par(n).

Our next goal is to apply Theorem 5.1 to 2-column partitions.
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Lemma 5.3. Let A € Parga(n). Suppose that t,s € Std(X) satisfy s < t, and let
w € &, be determined from s = wt. Then £(d(s)) = £(d(t)) + £(w).

Proof. We may assume that s # t. Let r € [1,n] be smallest such that s(r) # t(r).
Then s(r) = (a+1,1) and t(r) = (b+1,2) for some a,b € Zxq. Let v =t~ 1(a+1,1)
and u = s,_1t. Then £(d(u)) = ¢(d(t)) + 1. We claim that s < u. Indeed, for
J € [1,n]\ {v—1}, we have Shape(ul;) = Shape(t],) &= Shape(s];). On the other
hand, the second column of Shape(s],_1) has size at most b+ v — 1 — 7, which
is equal to the size of the second column of Shape(ul},_1). This proves the claim.
Arguing by induction, we may assume that the lemma holds with t replaced by u,
whence it follows that

(d(s)) = €(d(w)) + Lwsy_1) = L(d(w) + €(w) — 1 = £(d(t)) + Lw). O

Lemma 5.4. Let A € Parga(n) and t € Std(\).

(i) The element v* € S} does not depend on the choice of a reduced expression
for d(t) € &,,.

(ii) Let s € Std(A) be such that s < t. If w € &, satisfies wt = s then
YVt = V5.

Proof. By (2.9), in order to prove (i) it suffices to show that w := d(t) is fully
commutative, i.e., that every reduced expression for w can be obtained from any
other by using only relations of the form s;s; = s;s; for 4,57 € [1,n — 1] with
|i —j| > 1. By [1, Thm. 2.1], this is equivalent to showing that for no triple
1 <i<j< k< nitis the case that wi > wj > wk. This last statement is
clear since two of 4, j, k must lie in the same column of t. Part (ii) follows from (i)
because a reduced expression for d(s) can be obtained by concatenating reduced
expressions for d(t) and w, by Lemma 5.3. O

We note that the statements of Lemmas 5.3 and 5.4 are generally false for
partitions with arbitrarily many columns. An analogue of Lemma 5.4(i) for 2-row
partitions is [19, Lem. 3.17].

In the rest of the section, we assume that O = Z and write RA° := Rﬁf’z. The
results proved over Z below may be seen to hold over an arbitrary commutative
ring by extending scalars.

Lemma 5.5. Suppose that n = j — 1 mode with1 < j<eandn > j—1. Let
p = (1") and X\ = (27,1"%). Then there is a dominated R2°-homomorphism
0: S — S given by v* — v**. Moreover, ¢ is homogeneous of degree 1.

Proof. By Theorem 4.8 and Lemma 4.7(ii), the RﬁoQ—module S(S) has exactly two
graded composition factors, namely Da and D&(l), so there is a non-zero homo-

morphism of degree 1 from 5’6 to S@. It is easy to see that t is the only standard
M-tableau with residue sequence #*, so a scalar multiple of this homomorphism
sends v* to v**. In view of Corollary 2.2, the lemma follows. [

Consider a partition A = (2%,1Y) € Parga(n) such that y = —j —1 (mod e) and
x > j for some 1 < j < e. We define T2 to be the tableau obtained by putting
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@) on top of the tableau t(2; 1v), with all entries in the latter tableau increased
by 2(x — 7). In other words, for all (a,b) € [\], we set

2@—-1)+b fa<a—4g;
(T2) Ma,b) =Sz —j+a ifa>x—jand b=1;
r+y+a ifa>z—jand b=2.

Theorem 5.6. Let A = (27,1Y) € Parga(n). Suppose thaty = —j—1 (mod e) for
some 1 < j <e and that x > j. Let p = (2*77,1Y72). Then there is a dominated
R2-module homomorphism

. A ™
oap: Sh = Sy, vt vle,

which is homogeneous of degree 1.
Proof. This follows from Lemma 5.5 and Theorem 5.1 applied x — j times. [

Remark 5.7. Up to scalar multiples, the only non-zero homomorphisms between
Specht modules S()J:) and Sg for distinct A, u € Parga(n) are obtained from those
given by Theorem 5.6 by extending scalars. This follows from a consideration of
composition factors of these Specht modules given by Theorem 4.8.

The aim of the rest of this section is to describe the kernel and image of the
homomorphism ¢, from Theorem 5.6 in terms of e-regular tableaux.

Fix A = (2%,1Y) and j € [1,e — 1] satisfying the hypotheses of Theorem 5.6.
Let m € Z~o be such that y = me — j — 1. Recall the set H from (3.7). Given
0<r<z—j,set

Q. :={t € Std(\) | m(2r + me — 1) € H,,, and
me(a) ¢ H whenever 2r + me — 1 < a < n}.

That is, a standard A-tableau t lies in @, if and only if the path 7 hits the wall
H,, at step 2r + me — 1 and does not hit any walls at later steps. Then

Std(A) \ DStd. () = Tj Q- (5.1)
r=0

If e=2,then j =1and Q, = @ for all r < x — j. If e > 2, then each set @, on
the right-hand side of (5.1) is non-empty.

Lemma 5.8. Suppose that 0 < r < x — j and that t,s € Q, satisfy tlertme—1=
slortme—1- If w € &, is such that s = wt, then v® = 1, V°.

Proof. First, note that we can turn t into s by a series of elementary transpositions
of the form s, with 2r + me — 1 < a < n. Hence, it suffices to prove the lemma
when w = s, = (a,a + 1) is an elementary transposition with a > 2r + me — 1.

If a + 1 lies in the first column of t and a lies in the second, then t > s, so
v® = av* by Lemma 5.4(ii), as required. So we may assume that a lies in the
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second column of s, whence it follows that v* = ¥,v®. Let k and | be determined
from s(a) = (k,2) and s(a+ 1) = (I,1), and set ¢ := i*. Then

(m—1e—1<ms(a)=l—k—1<ms(a+1l)=l—k<m(a)=1—k+1<me—1.
We have i, =2 —k+eZ and igy1 =1 —1+€Z, so
iqg—tgr1=14+1—k+eZ¢{0,1,-1}.

Hence, ¥,v° = 92v® = v* by (2.10). O

Definition. Suppose that e > 2. For each r = 0,...,2 — j, we define a special
element T, € @Q, as follows:

(a) Ty—j:=T).

(b) Suppose that 0 < 7 < x—j. Then we set v" := (2", 1™~ 1) € Par(2r+me—1)
and define T, to be an arbitrary (fixed) element of Std(\) satisfying the
following conditions:

(1) T'r‘\lr2r+mefl: tyr;
(ii) 2r+me and 2r+me+1 are in the second column of T,, and 2r+me+2
is in the first column;
(iii) whenever 2r4+me+2 < a < n, we have (m—1)e—1 < 7 _(a) < me—1
(or, equivalently, T, € @,.).

Further, for 0 < r < z — 7, define

Sr11 := S2rtmeS2rtmetr1Tr € Qr+1~

Example 5.9. Let e = 5 and A = (2°,1%). Then z — j = 2, and the paths 7r,
and 7s,. (for a possible choice of Ty and T;) are as follows:

o L | |
n= S | IR g L
0123456789 0123456738910
T, = | = sy = | :
— 1 [ L
0123456789 0123456738910
1o = %

01234567289

Lemma 5.10. Assume that e > 2. Suppose that 0 < r < x—j and t € Q,. If
t = wT,, where w € &,,, then v* = P, V.

Proof. Since t,T, € Q,, we can write w = wywsy, where wy fixes the set [2r+me, n|
pointwise and wy fixes [1,2r + me — 1] pointwise. Set t; := w1 T,. By definition
of T,, we have T, o ime_1=t* , where v/ = (2", me — 1). Hence, T, > t1, so by
Lemma 5.4(ii) we have t,,, v = v*1. Lemma 5.8 yields 1),,v*1 = v*, whence the
result follows. [
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Lemma 5.11. Ife>2 and 0 <r <z — j then o mev™ = 0.

Proof. Let i = i'" and 4’ = 82,4 met, 0 that (1 — 13) Y2 1mev™ = 0. Tt suffices to
show that {t € Std(\) | i* =14’} = &, for then 1,9 = 0.

Suppose for contradiction that t € Std()\) has residue sequence i’. First, we
claim that t(a) = T,(a) whenever 2r +me +2 < a < n. Assuming the claim to be
false, we choose a to be maximal such that the equality fails. By maximality of a,

Shape(tla) = Shape(T, ) = (2°,1%)
for some ¢,d € Z>o. Since a lies in different columns in t and T, and & = il",
the residues of the bottom nodes of the two columns of (2¢,1%) must be equal.
However, since (m — 1)e — 1 < mr_(a) < me — 1, we have d Z —1 (mod e), from
which it follows that these two residues are not equal. This contradiction proves
the claim.

Using this claim, we obtain

r+me—1 1r+2
2 ,1712)

Shape(t~|r2r+me+1) = Shape(Tr¢2r+me+l) = ( =7.

Hence,
W pmes1 = b2rpme = 18(T,(2r + me)) =res(r +1,2) =1 —r + €Z.

Therefore, res (t(2r +me+1)) = 1 —r+ eZ. However, t(2r +me+ 1) must be the
bottom entry of either the first or the second column of -, and these two entries
have residues 2 — r + eZ and —r + eZ respectively, a contradiction. [

Lemma 5.12. Ife>2 and 0 <r <z — j, then v™ = —tha, ey 1057+,

Proof. 1t is easy to see that S,; <T.. So, by Lemma 5.4(ii), we have v5+1 =
Yortmetorimer1v . Further, note that

res (T, (2r +me)) = res(T,(2r + me+2)) = res(T,(2r+me+1)) +1 = —r+1+e€Z.

Hence,

[

S T
_¢27'+7ne+ 1V _w27'+m6+1 ¢27'+me¢27'+7ne+ 1v

- _(¢2r+mew2r+me+1w2r+me - 1)UTT

T
:’UT’

where we have used (2.11) for the second equality and Lemma 5.11 for the third
equality. O

Proposition 5.13. Ift € Std()\) \ DStd.(\) then v* lies in the RA-submodule of
S2 generated by vTe.

Proof. If e = 2, then T dominates every element of Q,—; = Std()\) \ DStd.(\)
(cf. the proof of Lemma 5.10), so the result follows from Lemma 5.4(ii).

Assume that e > 2. Let U be the submodule in the statement of the proposition.
By Lemma 5.10, it is enough to show that v € U for all 0 < r < 2 — j. We use
backward induction on r and note that vT+—i = v™¢ € U, so we may assume that
r < x —j and v+ € U. By the inductive hypothesis and Lemma 5.10 applied
again, S,41 € U. Hence, v™* € U by Lemma 5.12. [

The hypotheses of the following theorem are the same as in Theorem 5.6.
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Theorem 5.14. Let A = (2%,1Y) € Parga(n). Suppose that y = —j — 1 (mod e)
for some 1 < j < e and that x > j. Let p = (2°77,19¥%27) and let oy .: Sy — 53
be as in Theorem 5.6. Then

ker(px,,) = (v° | t € Std(p) \ DStde(p1))z  and
Pau(5z) = (v° | s € Std(A) \ DStde(A))z.

Proof. We use backward induction on y. Note that the kernel and image of ¢ ,
are free Z-modules by Proposition 2.1. By Proposition 5.13,

%7“(55) D (v® | s € Std(\) \ DStd.(A))z. (5.2)
Hence,

dimgz ker(¢x ) = | Std(u)| — dimz (e . (57))
< | Std(p)| — | Std(A) \ DStde(A)] (5.3)
= | Std(u)| — [ DStde(p)| = [ Std(p) \ DStde ()],

where the penultimate equality holds because, by Lemma 3.6, the map reg, rest-
ricts to a bijection Std()) \ DStd.(\) = DStd.(u).
We claim that

ker(gx,) 2 (v° | £ € Std() \ DStde(1))z. (5.4)

Let m € Zsg be such that y = me —j — 1. If x < e, then for all t € Std(u)
and 0 < a < n we have my(a) ¢ H,,41, from which it follows that t € DStd.(u)
and (5.4) holds trivially, as its right-hand side is 0. So, suppose that > e and
let v := (2%7¢,1¥72¢), noting that y + 2e is the image of y + 2j under reflection
with respect to Hy, 1. By the inductive hypothesis, the right-hand side of (5.4)
is exactly the image of ¢, ,. Now ¢y ¢, = 0 because, by Theorem 4.8, S@ and
S have no composition factors in common. Thus, the claim follows.

Using (5.3) and (5.4), we obtain the first equality in the theorem. Also, (5.3) is
an exact equality, so the two sides of (5.2) have the same Z-rank. This completes
the proof since the right-hand side of (5.2) is a pure Z-submodule of S3. O

Remark 5.15. Let A € Parga(n). It is not difficult to show that if t € DStde())
and s € Std(\) \ DStd.()\) then i* # 4° (cf. the claim in the proof of Lemma 5.11).
This leads to a more direct proof of the first equality in Theorem 5.14.

Proof of Theorem 1.1. Let A = (2%,1Y), where y = me — 1 — j for some m € Zsq
and 0 < j<e If j=0orz < j, then DStd.(A) = Std(A) and parts (i) and (iii) of
the theorem hold. Also, in this case Sy = Dy by Theorem 4.8 and Lemma 4.7,
so (ii) holds as well.

On the other hand, if j # 0 and > j, then (i) and (iii) follow from Theorems 5.6
and 5.14, and (ii) again follows from Theorem 4.8. [

Remark 5.16. Theorem 1.1(ii) is true with K replaced by any field of characteristic
0.

Recall the reflections s,, from §3.3: we have s,,, - (me — 1+ j) =me —1—j for
allm € Z-o and j € Z.
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Corollary 5.17. Let \' = (27,1%') € Parco(n). Suppose that y3 = me — 1+ j
for some m € Zsg and 1 < j < e, and that x1 < e—j. Fork =1,...,m, let
Yk = Sm—k * - Sm - y1 and N\ = (275 1Yk) € Pargo(n), where zp = (n — yi)/2.
Then the following is an ezact sequence of RA-homomorphisms:

m

1 Pr2 a1 2 Pr3 52 3
0— Sy Sy Sy == S

Proof. The hypothesis ensures that DStd.(A!) = Std(A!), whence the result follows
from Theorems 5.6 and 5.14. [

6. Partitions with more than two columns

In this section, we outline a natural approach to extending the definition of
DStdc(A) to the case when a partition A has more than two columns and give
an example showing that this approach does not always work. For simplicity, we
consider algebras over Q only, though all statements below are true with Q replaced
by any field of characteristic 0.

Fix n € Z>o and A € Par(n). Given t € Std(\) and u € S@, we say that u is a

t-element if
u ="+ Z asv®
seStd(N)

s>t
for some coefficients as € Q. It is important to note that, whereas the elements
v* depend on certain choices of reduced expressions, the set of all t-elements on
S@ does not depend on such choices. This is the case because if one changes
the reduced expression for d(t), causing v* to be replaced by v}, then v} = v* 4+
D _sestd(n), svt Asv° for some coefficients as € Q (by [5, Prop. 4.7]).

Recall from §2.4 the bilinear form (-,-) on Sa and its radical rad S()i' Note
that, by the properties of the form stated after (2.17), for any t,s € Std(\), we
have (v%,v®) = 0 unless deg(t) + deg(s) = 0 and i* = 3°. These facts are used
repeatedly in the sequel. Define

IStde () := {t € Std(A) | rad S@ contains at least one t-element}.

For each t € IStd,()), choose a t-element w® € rad 53. The set {w® | t € IStd. ()}
is always linearly independent over Q. In the sequel, we call the partition A e-
agreeable if {w® | t € I1Std.(\)} is a basis of rad Sa or, equivalently, if | IStd.(\)| =
dim(rad S@) Whether or not {w® | t € IStd.(\)} spans rad S(a) does not depend
on the choice of the elements w*. Note that for each t € Std(\) one can choose
w"® in such a way that w® is homogeneous of degree deg,(t) and 1;:w® = w®.

Whenever A is e-agreeable, it is reasonable to define DStd. () as the complement
Std(A) \ IStde(A). Then ch, DStd.(\) = chy D@ thanks to the last observation in
the previous paragraph. Theorem 1.1 shows that, if A € Parga(n), then A is e-
agreeable and the definition of DStd.()) just given agrees with the combinatorial
one in §3.3.



M. DE BOECK, A. EVSEEV, S. LYLE, L. SPEYER

Remark 6.1. 1f we replaced the dominance order by an arbitrary total order on
Std(\) in the definition of a t-element, then {w® | t € I1Std. ()} would automatical-
ly be a basis of rad S@ by elementary linear algebra. This construction is discussed
in [14, §3.3].

Hu and Mathas [14, Sec. 6] construct a distinguished homogeneous cellular basis

L] {Bee | 5,5 € Std(u)}

pePar(n)

of Rﬁf’Q, which does not depend on any choices of reduced expressions. This new
cellular structure yields a basis {B; | t € Std(A)} of S@. It follows from [14,
Prop. 6.7] that By is a t-element for each t € Std(\).

A conjecture of Mathas [23, Conj. 4.4.1] implies, in particular, that for every
A € Par(n) there is a subset 7 of Std(\) such that {B; | t € 2} is a basis of
rad S@. Since each By is a t-element, this in turn implies (via elementary linear
algebra) that every partition A is e-agreeable. However, Example 6.2 below shows
that (for e = 3) not all partitions are e-agreeable. Hence, there is a counterexample
to [23, Conj. 4.4.1].

The following example was discovered using a GAP [11] program for calculating
Gram matrices of Specht modules. The program uses results from [14], especially
a certain seminormal basis, and is available on the fourth author’s website.? Below
we give a self-contained and computer-independent verification.

Example 6.2. Let ¢ = 3, n = 8 and A = (4,3,1). Counsider the tuple ¢ =
(0,1,2,2,0,1,0,1) € I8. The set Std(),) has exactly two elements of degree 2,
namely

235\ 7

8 and to =

t1 =

BEE
’OO»J;)—I
(=2}

Further, Std(\, %) has exactly one element of degree —2, namely

2(4|7
5

(/]
|
’®|w =

Note that y* = y3y7. We use the reduced expressions
d(tl) = S¢S5754, d(tg) = S6S554, d(S) = 557555354.

Using (2.17), we compute (cf. [23, Example 3.7.9]):

(0%, 0% = 1 ysyrtbarp@rbs hthav®™
= ysyr¥a¥7(ys — y7)Vrs3thav™

2http: //www.people.virginia.edu/~ls2zz/papers.html
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= —y3y7¢4¢7y7¢7¢5¢3¢40tA
= ysyrthathrihsihzhav™

= —3/3d’ﬂ/&-ﬂ//?ﬂ/)wtA
= Yathsthgv®
= (Vs59atps + 1)11tk

= vt)\ ,
where we have repeatedly used the relations (2.13)-(2.15), and moreover we have
used (2.10) for the second equality, (2.8) and (2.10) for the third equality, (2.5)—
(2.8) for the fourth, fifth and sixth equalities and (2.11) for the seventh equality.
Further,

(052, 0%)0% = 1o yayr s 2rdspspav®
= ysyraths (Yo — yr)Yrstaav®
= YsyratsystrsPatar®

= Yayrhatsrpspav®

:Ut7

where we have used (2.10) for the second equality, (2.8), (2.9) and (2.10) for the
third equality, (2.5)—(2.8) for the fourth equality, and the final equality repeats the
end of the previous computation.

Hence, (v**,v%)=1=(v*2,v®). Therefore, the degree 2 component of 1;(rad Sa)
is 1-dimensional and is spanned by v*' — v*2. However, since neither of t; and ts
dominates the other, neither of these two tableaux belongs to IStd. (). Hence, A
is not e-agreeable.
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