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Filamentary plasma eruptions in tokamaks

Abstract

The nonlinear MHD ballooning model [1-3] is exploited for two distinct studies: firstly,
the interaction of multiple filamentary eruptions in magnetised plasmas in a slab geometry
is investigated and secondly, this model is examined quantitatively against experimental
observations of ELMs in MAST and JET-like geometries.

The model consists of two differential equations which characterise the spatial and tem-
poral evolution of the displacement: the first differential equation describes the displace-
ment along the field line, the second differential equation is a two-dimensional nonlinear
ballooning-like equation which is often second order in time, but can involve a fractional
derivative in a tokamak geometry.

Filaments always evolve independently in the linear regime and equally sized filaments
evolve independently in the nonlinear regime. However, we find that filaments with vary-
ing heights interact with each other in the nonlinear regime: Smaller filaments are slowed
down and eventually are completely suppressed by the larger filaments which grow faster
due to the interaction. This mechanism is explained by the down-draft caused by the
nonlinear drive of the larger filaments which pushes the smaller filaments downwards.

To employ the second differential equation for a specific geometry one has to evaluate the
coefficients of the equation which is non-trivial in a tokamak geometry as it involves field
line averaging of slowly converging functions.

The coefficients of a Type I ELMy equilibrium from MAST and a Type II ELMy JET-like
equilibrium have been determined. In both cases the two coefficients of the nonlinear terms
are negative which would imply imploding rather than exploding filaments. By changing
the equilibrium the signs of these coefficients can be inverted. This suggests that either the
nonlinear Ballooning model does not capture the behaviour of Type I and Type II ELMs,

or that the calculation of the coefficients are too sensitive to a given equilibrium.
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1. Introduction

1.1. Motivation: CO,, climate change and energy demand

The carbon dioxide (COg2) concentration in the atmosphere has reached its highest histor-
ical level since the Industrial Revolution, see Fig. 1.1. The global temperature has also
increased, which is a symptom of climate change, also called global warming, see Fig. 1.2.

It is very likely that the major cause for the increase in temperature is carbon dioxide and

380 CURRENT — RECENT GLOBAL MONTHLY MEAN CO,

340

HIGHEST HISTORICAL CO, LEVEL

300
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CO, (parts per million)
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180
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“April 2016

385

2012 2013 2014 2015 2016 2017
YEAR

Thousands of Years before today (0 = 1950)

(a) The data presented are reconstruction from
ice cores. Shown are the ice age cycles in
COs. The minima indicate ice ages. see [9]
and [10].

(b) The monthly mean COy which is globally
averaged over marine surfaces sites is dis-
played, see [10]

Figure 1.1.: Global mean COy development in the atmosphere.

other greenhouse gas emissions [13]. This change in temperature and therefore the climate
has ramifications such as extreme weather conditions, therefore it must be a priority for
the world to decrease COs emissions. The high increase of carbon dioxide concentration is
mainly due to burning fossil fuels such as coal, oil and natural gas for energy production
and transportation [14]. Additionally, the world’s energy demand is quickly rising, and
could increase by 33% by 2040 [15]. Therefore, it is necessary to develop energy sources

which have reduced or no COq emissions. Solutions could involve an increased use of fission
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Global Land—Ocean Temperature Index

1.0
8 —=— Annual Mean
5 —— 5-year Running Mean

Temperature Anomaly (°C)

-4

1880 1900 1920 1940 1960 1980 2000

Figure 1.2.: Increase of the global mean temperature over the last 130 years, see [11] and [12].

power and renewable energy sources, since they do not produce COy. However, both of
these have disadvantages.

LLLLL LLL LLL Renewable energy sources depend highly on the weather (solar panels
need sun, wind turbines need the right wind speed, etc) and hence they do not always
deliver a steady supply of energy. This intermittency means renewables are insufficient to
meet the energy demand without the development of energy storage or the use of supple-
mentary energy sources. Additionally there are debates on whether exclusively renewable
energy sources can deliver enough energy for the human demand [16, 17]. The main dis-
advantages of fission power stations are the long lived radioactive waste they produce and
the potential safety risk (e.g. melt down).

Since both renewable energy and fission have drawbacks, it is advisable to explore other
options. Fusion as an energy source has very good features: it has no COs emissions and
the readily available fuel would be sufficient to provide energy for thousands of years. Ad-
ditionally it has the advantage over fission power that it could only produce short lived
radioactive waste, and with the current power plant designs it is not vulnerable to human

failure or natural disasters [18].



1.2. NUCLEAR FUSION

1.2. Nuclear fusion

The mass of an atomic nucleus is less than the sum of the masses of its isolated nucleons
(protons and neutrons). The mass m is related to the energy E by E = mc? where c is the
speed of light, and the difference in mass measured when forming an atom corresponds to
the binding energy Ep which would be needed to separate the nucleons. The experimental
observed relation between the binding energy per nucleon and the number of nucleons A

in an atom is presented in Fig. 1.3. The element iron (A = 56) represents the maximum

“B
A

S N A OV O

L 1

0 40 80 120 160 200 4

Figure 1.3.: Binding energy Eg per nucleon versus number of nucleons in an atom A [19].

of this curve, which means that its nucleus is the most tightly bound. With this plot one
can understand why fusion and fission can provide energy. If one splits atoms which are
heavier than iron into two elements, one moves from the far right of the plot towards iron.
The difference in energy is the energy release per nucleon one gains during this process
which is called fission. On the other side, if one fuses two elements which are lighter than
iron, the difference in the binding energy is released and therefore one can also gain energy.
With this figure it also becomes clear why the energy release per nucleon for fusion is larger
than for fission since there are larger differences in the binding energy.

The fusion reactions with high cross sections o (which means they are more likely to happen
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than other reactions) are as follows:

SHe +n  +3.3MeV(50%)

D+ D —

T+p  +4MeV(50%)
D +3He —4He + p + 18.4MeV
D+ T —*He + n + 17.6MeV

where D stands for deuterium, a hydrogen isotope with one additional neutron, T denotes
tritium, the hydrogen isotope with two additional neutrons, n indicates neutrons, p stands
for protons and the numbers next to the He (Helium) indicate how many nucleons there
are in the helium isotope. The energy displayed after the reaction is the released energy.

We understand now why we can gain energy through fusion, but why does it not happen
frequently if it causes a more optimised state of energy? The reason is the repulsive

Coulomb force between protons, see Fig. 1.4. This force has to be overcome first before

e? [
4megry
Tunneling
I .
- | Repulsive Coulomb force
2 I
Q |
ol |
i I
& |
e 1
% Tm Nuclear separation
o
-17.6 MeV

Figure 1.4.: A sketch of potential energy for deuterium - tritium.

nucleons fuse together, which means that the nuclei must come very close to each other.
It is not necessary to actually overcome the barrier as the particles can tunnel through it

if they have high enough energy, which is a quantum effect. The probability of tunneling

27TZ1 Z2 62
hv

is the relative velocity [20]. Therefore the tunnelling, and with it fusion, can be achieved

4

is proportional to exp <— > where Z; is the charge of the reacting particle and v
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at high enough temperatures.
The reaction rate of fusion, which indicates the likelihood of a reaction, is proportional to
(ov), which is displayed in Fig. 1.5. It is clear from Fig. 1.5 that the D-T reaction is more

likely than the others at the considered temperatures. Additionally it produces the second

NET

T

i helil

Figure 1.5.: {(ov) versus temperature for D-T, D-D and D-3He [21]

highest amount of energy per reaction compared to the other reactions presented before.
This makes the D-T reaction a promising candidate for fusion devices. Another important
feature is how available and lasting the fuel is. Deuterium can be easily extracted from
ocean water, however, tritium is rarer as it is radioactive with a half life of 12.26 years

with the following decay process:

T—3He+e” + Ue

where T, is an electron antineutrino. During the D-T reaction a fast neutron is created
with 14.1 MeV kinetic energy and a He-atom with 3.5 MeV. This fast neutron can be used

in combination with lithium to breed tritium:

n(slow) +5Li —1He + T + 4.8MeV

n(fast) + Li —*He + T +n — 2.5MeV
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Natural lithium consists of 7.4% SLi and 92.6% "Li [19]. However, the Li reaction needs
energy to be initiated and one finds that the SLi reaction is the dominant reaction in
fusion relevant conditions [19]. With this in mind one can build a fusion power plant
with a lithium coated wall to provide the required tritium and with that the fuel for D-T
reactions would last for thousands of years.

The state of matter we are interested in to achieve fusion is plasma which is an ionised gas
and will be described further in Sect. 1.3. The energy W in the plasma is roughly given
by

W = / 3nTdV

where n is the density, T is the temperature and V' the volume of the plasma. We denote the
energy lost from the plasma as Py, the energy used for external heating as Py and the en-
ergy gained from the « particle produced during the D-T reaction as P, = [ %nQ (ov) EQdV
where F,, is the energy of an « particle. One can define the confinement time, which is a

parameter describing how well the plasma is confined, as:

w
TR = —
E i

The power balance for a steady state plasma is:
P, =Py + P,

The point when no external heating is needed is called ignition. This means Py = 0 and

we obtain:

[ 3nTdV

1
/ Zn2 (o) E,dV = -

Estimating the density and temperature to be constant we obtain the ignition condi-

tion [22]:
12T

> R
"TE 2 1ov) Bq
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where the dependency of (ov) on the temperature is presented in Fig. 1.5. One can

approximate this behaviour in the range of 10 — 20keV:
(ov) ~ 1.1 x 10~ #T%m3s7 L,

where the temperature 7' is measured in keV. With E, = 3.5MeV we obtain the ignition

condition for temperatures in the range of 10 — 20keV:
nTrg > 3 x 102'm3keV's

With this condition it becomes clear that the triple product of density, temperature and
confinement time must be large. This allows some freedom to achieve fusion; for example
one can choose a very high density and short confinement time (used in inertially confined
fusion) or a very high confinement time but low density (used in magnetically confined
fusion).

A common measure of the energy produced in a plasma is the parameter ) defined as
Q = ]Z;L; where Py, is the thermonuclear power produced in the plasma. Py, is five

times higher than P,. Therefore we can write

5P,

OBy

There are several important values of () representing important plasma conditions. Ignition
is equivalent to  — oco. Another important value of Q) is () = 1 which indicates the state
when the heating power is the same than the thermonuclear power produced due to fusion.

This is called break-even.

1.3. Plasma physics

Sustainable fusion requires the fuel to be in a state of matter called plasma to obtain the
required triple product. A plasma is an ionised gas with some additional characteristics.
It has to be quasi-neutral which means that there are approximately as many positively as
negatively particles in a volume element. Furthermore charge exchange, which is the pro-

cess when a neutral particle and a charged one collide and become charged and neutralised

7
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respectively, is not too frequent. This just means that the particles remain charged for
long enough to behave significantly different than a gas [23].
It is very useful to consider a single charged particle first to understand the behaviour of
plasmas. The force acting on a charged particle in a given magnetic field B and electric
field F is the Lorentz force F':

F =q(E+vxB)

where ¢ is the charge of the particle and v is its velocity. Ignoring the electric field and
assuming that the magnetic field has only one component pointing in the z direction

(B=Bz) one obtains an orbit around the magnetic field lines for the particle (see Fig. 1.6):
v = v (sin(Qt)x + cos()y) + vz

where v =, /v2 4+ vg is constant in an homogeneous magnetic field and 2 is the cyclotron

or (gyro-) frequency given by:

where m is the mass of the particle. The parallel component of the velocity v is never

r B

Figure 1.6.: Orbital path of positive and negative charges. For electrons the Larmor radius is much
smaller than for protons. Additionally they rotate in opposite directions around the
magnetic field line because ) depends on the charge.

affected by a homogeneous magnetic field as its force only influences the perpendicular

components. The radius of the particle orbit around the magnetic field lines is called
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Larmor radius r,:

V1
rp = —

Q

In a homogeneous, straight magnetic field without electric fields, a particle simply follows
the magnetic field line. However, there are effects which lead to a change of direction, or
drift of particles.

The most common particle drifts are:

. E x B
FE x B-drift: VExB — 7 (11)
muv? R.x B
curvature drift: Ve = qB! % (1.2)
. 1 B x VB
VB-dI'lft: vvpB = §TL’UJ_T (13)

where R, is the radius of curvature vector which points away from the centre of curvature
and R, is its magnitude. The sign of the curvature and VB drifts depend on the sign of
the charge which therefore can cause charge separation. However, the F x B-drift is the

same for both positive and negative charged particles.

1.3.1. Magnetic confinement

Magnetic confinement fusion (MCF) is the approach to obtain fusion through the use of
magnetic coils to achieve good confinement of plasma at fusion relevant temperatures and
densities.

Two useful quantities to understand MCF are the magnetic moment ;. and the total energy
& since both quantities are conserved. The magnetic moment is given by

2
muvy

2B

M:

and the total energy is:

1
&= imv2 +q¢

where ¢ is the electrostatic potential and v? = vi + vﬁ. With these two expressions we
can obtain a condition for the turning point of charged particles in a magnetic field with

spatially varying magnetic field strength. We begin by neglecting the electric field and
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assuming a particle moves in the z-direction with a starting velocity vg in a region where
the magnetic field is initially By towards a stronger magnetic field B. Exploiting the

expressions for the magnetic moment leads to:

=22
- 0
By

and from the energy conservation neglecting ¢ we obtain:

B v?
When Uﬁ changes sign the particle turns around since the velocity cannot be imaginary.

This turning point is at a magnetic field strength given by:

B— B()U%

2
Ylo
This process of reflecting particles due to a stronger magnetic field is called a magnetic

mirror. This effect can be used to confine the plasma, which has been done before in linear

mirror devices, see Fig. 1.7 which shows a sketch of a simple linear mirror. However, we

Figure 1.7.: A mirror with two sets of coils such that the plasma is confined in between [19].

can determine the maximum magnetic field strength B, such that all particles with

2

2
) Bz

10
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are lost since the magnetic field is not strong enough to reflect them. Due to collisions
2

v
there will always be particles which have a small enough speed ratio % to escape and
Yo
therefore there will always be lost from the plasma. The basic solution to losing particles
at the ends is to connect the ends of a magnetic mirror which leads to a toroidal magnetic

confinement device. One such kind of toroidal confinement device is called the Tokamak.

1.4. The tokamak

Tokamak (a Russian acronym meaning "Toroidal chamber in magnetic coils") is a toroidal
magnetic fusion device with helical magnetic field lines which are located on nested flux
surfaces. To understand why tokamaks need helical fields, one can investigate the particle
drifts introduced before. Let us assume a purely toroidal field (see Fig. 1.8 for the definitions

of toroidal and poloidal direction). This purely toroidal field has a gradient in the magnetic

~—— =~
R, a

Figure 1.8.: A sketch of a tokamak. a denotes the minor radius and Ry denotes the major radius.
In a cylindrical coordinate system with the conventionally used variables ¢, R and Z,
the toroidal direction points in the ¢-direction and the poloidal is the 0-direction. The
poloidal cross section is described by a radius r and the angle 6.

field strength since its magnetic field is stronger for smaller radii R. This gradient causes
a VB-drift, see equation (1.3), which causes a charge separation. If the magnetic field
points in the direction of the cylindrical coordinate ¢, see Fig. 1.8, positive particles drift
vertically up and negative particles drift downwards. This charge separation causes an

FE x B drift, which for both types of charged particles points outwards, see Fig. 1.9b.
11
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Therefore particles are not very well confined. If we consider positively charged particles

(a) The magnetic field strength is stronger at the
inside of the tokamak than on the outside be-
cause it decays like ~ %. Charge separation
is generated through VB drift.

(b) The created electrical field and the toroidal
magnetic field causes a E x B drift outwards
for both positive and negative particles.

Figure 1.9.: The particle loss due to a purely toroidal field.

in a helical field instead, the VB force still exists and it still points upwards, but it shifts
the positive particle onto another flux surface. If it is on the top half it will drift onto a
flux surfaces with a larger radius, and if it is on the bottom half it will drift onto a flux
surfaces with a smaller radius. Therefore the net-drift of such a particle averages to zero.
The same is valid for a negative particle but with opposite drift-directions.

To characterise tokamaks one uses the aspect ratio which is defined as:

. Ro
aspect ratio = —
a

where Ry is the major radius and a is the minor radius, see Fig. 1.8. Tokamaks with a
tight aspect ratio (1.2-1.5) are called spherical tokamaks. Tokamaks with larger aspect

ratios (2.5-3.5) are considered conventional tokamaks.

1.4.1. High confinement mode (H-mode)

Two main operational regimes exist in a tokamak fusion device: the low-confinement mode
(L-mode) and the high-confinement mode (H-mode) which has an improved energy con-
finement time compared to the L-mode. This improvement is due to altered transport
processes which also changes the appearance of the edge, see Fig. 1.10. Fusion devices aim
to operate in H-mode because the improved confinement increases the performance. The

L-mode was achieved first, then the H-mode was unexpectedly detected for the first time

12



1.4. THE TOKAMAK

Figure 1.10.: Image of MAST plasma during (a) L-mode (b) H-mode (c) ELM [24]. The visible
plasma edge differs in all three cases due to diverse transport processes.

H-Mode

Pedestal
~—

Plasma Pressure

Normalised minor Radiusr/fa 1

Figure 1.11.: Schematic pressure profile for L- and H-mode.

on the ASDEX experiment in Garching in 1982, [25]. The transition from L- to H-mode
occurs when a power threshold is reached [26], although it is not fully understood why this
transition exists [27]. The main difference between these regimes is a steep edge pressure
gradient region caused by an edge transport barrier in the H-mode, called the pedestal
(Fig. 1.11). The transport is reduced due to a sheared perpendicular rotation caused by
a radial electric field E, (E, x B rotation) [28]. Because of the shear the large, turbulent
eddies are suppressed and therefore the turbulent transport is reduced as well [29]. Though
an improvement in confinement is desirable, there are negative side effects of the H-mode.
The steep pressure gradient can drive instabilities such as Edge Localised Modes which

can damage the device’ but can also help to control density and impurities, |30].

13
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Edge Localised Modes

Edge Localised Modes (ELMs) are quasi-periodic instabilities which have a filamentary
structure and grow very rapidly, see Fig. 1.10. They release a large amount of energy
and particles which decreases the confinement of the plasma and can erode plasma facing
components on future fusion devices, such as ITER [31]. Therefore it is very important to
understand the nature of ELMs and how they can be controlled.

We will discuss the latest understanding and research relevant to ELMs in Sect. 2.4.

ELMs are an ubiquitous phenomenon and have been observed in many tokamaks such as
ASDEX-Upgrade in Germany (32, 33|, DIII-D [34] and NSTX (National Spherical Torus
Experiment) in the USA [35, 36] , and MAST [37] and JET [38] in the UK. Next we
discuss MAST and the EU device JET in more detail since we investigate data from these

experiments in Chapter 5.

1.4.2. MAST

MAST (Mega Amp Spherical Tokamak) is a UK spherical tokamak based at CCFE (Cul-
ham Centre for Fusion Energy) in the UK [39-41]. MAST is currently being upgraded [42]

Z(m)

i ._‘2 ._1 OAJ_I_LAJ_I_LJ_i_L i i 2
A(m)

MAST

Figure 1.12.: MAST (Mega Amp Spherical Tokamak) plasma and its dimensions [21]. The results
from this configuration are used in this thesis.

14
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MAST

Major radius 0.85 m
Minor radius 0.65m
Aspect ratio >1.3

Plasma current 2 MA
Toroidal field 0.52 T

Table 1.1.: Parameters of the spherical tokamak MAST [41]

and any references to MAST in this thesis will refer to the older version which is shown
in Fig. 1.12. MAST has a high speed, wide angle camera which captures pictures of the
entire plasma including ELMs, as shown later in Fig. 2.7.

MAST and NSTX [43, 44] at the Princeton Plasma Physics Laboratory are the two largest
spherical tokamaks in the world. MAST itself has an aspect ratio of 1.3, see Table 1.1.
This and the large vacuum vessel are why it is possible for MAST to have a wide angle

camera which can show the entire plasma cross section [41, 45].

1.4.3. JET

The JET (Joint European Torus) is the largest tokamak currently in operation worldwide
and it is a joint research device between 16 European countries [46]. It has an aspect ratio

of about 2.96 and therefore it is a conventional tokamak, see Fig. 1.13 and Table 1.2. The

JET

Major radius ~ 2.96 m
Minor radius ~ 1lm
Aspect ratio ~ 2.96

Plasma current | ~ 7 MA
Toroidal field ~38T

Table 1.2.: Ballpark parameters of the original JET design [21]

first plasma in JET was produced in 1983 [47], the first operation with D-T in 1991 [48],
and it achieved the world’s record peak fusion power of 1I6MW in 1997 [49, 50].

JET has undergone several upgrades such as implementing different types of divertors [51],
and changing the plasma facing components from carbon (mainly carbon fibre-reinforced
carbon composite (CFC)) to an ITER-like wall (tungsten and beryllium) [52]. These

changes were made to examine the consequences of the design of the next generation

15



1.4. THE TOKAMAK

tokamak ITER which is currently being built in the south of France [53]. ITER is designed
to achieve ) &~ 10 in order to prove that tokamaks can be viable fusion power plants which
will attempt to produce even higher fusion gain (Q ~ 30).

The data used in this thesis were obtained with the carbon wall and with the MKII-
HD divertor which allows a quasi-double-null configuration (which is approximately an

up-down-symmetric configuration) to be produced [54].

Transformer
limb
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.
o it .
\
“ye ® %' ; )
Mechanical i AT
structure -- 7
it e ofpih TR i
1‘ SSES ) Vacuum
i'e =3 ssel
LIRS v
l | ‘v >
I;. ¢ |- ﬂ( .
Toroidal — 39 [+3y ﬁ"ﬂ
fieldcoils  |fle o] T3¢ 51N
L'. e 3.8
L | e
@ ;\.i'\"" Outer poloidal
,-ﬂ; v ’ field coils

Inner poloidal field coils
(primary winding)

Figure 1.13.: Original JET (Joint European Torus) [21].
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1.5. Outline of the dissertation

This thesis uses an analytical model to simulate the nonlinear dynamics of ballooning in-
stabilities and attempts to apply this model in realistic tokamak geometries to compare
it with experimental observations of ELMs. Chapter 2 provides the background material
for this thesis. It starts with a description and overview of coordinate systems used in
tokamaks (Section 2.1). Then a short introduction to magnetohydrodynamics is presented
(Section 2.2) as this model is the starting point of the derivation provided in Chapter 3.
Chapter 3 presents the derivation of the nonlinear ballooning model for tokamak geome-
tries. This model was derived by Cowley and Wilson [2] from ideal MHD. However, a
detailed description of the derivation for tokamak geometry has not been published previ-
ously and therefore it will be provided in this thesis.

Chapter 4 presents results for how filaments with different sizes interact. These calcula-
tions have been done in slab geometry for which the nonlinear ballooning model has been
derived separately.

The last research chapter (Chapter 5) starts with an outline of how the coefficients, needed
for the nonlinear ballooning model in tokamaks, are determined. The results of simulations
in both MAST (Type I ELMs) and JET (Type II ELMs) geometries are presented.

Chapter 6 contains the conclusion of this thesis and an outlook for future work.

17



2. Background

2.1. Common coordinate systems in tokamaks

Several coordinate systems and basis vectors for tokamak geometries are used in this thesis.
To make it easier for the reader to follow which variable names correspond to a certain
coordinate system, an overview of all coordinate systems is presented here. A more detailed

description of the coordinate systems can be found in [55].

2.1.1. Clebsch coordinate system (v,  and [)

Figure 2.1.: Spatial components of the coordinate system where By = Vi x Va. (Thanks to
Brendan Shanahan for producing the Figure.)

In the Clebsch coordinate system the magnetic field is written as [55]:

By = Vi x Va (2.1)

where « labels the magnetic field lines on a certain flux surface ¢, see Fig. 2.1. « is chosen

18
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to be:

a=q()d — ¢ (2.2)

where ¢ is the toroidal angle, 8 is the poloidal angle in straight field line coordinates and
q is the safety factor which describes how many times a certain magnetic field line goes
around the torus for one poloidal revolution. It is defined as:

1 T’B¢
=— ¢ do
2T RBy

q (2.3)

where By is the magnetic field component in the toroidal direction and By is the component
in the poloidal direction.

So far we have only chosen two variables for the Clebsch coordinates: ¥ and a. The third
one can be chosen freely. Here we choose it as [ which measures the distance along a
magnetic field line. Later, in Sect. 2.1.2, we will define another variable .

The Jacobian in this coordinate system is given by:

1
T V¢ -Vax Vi
_ 1
-5

J

Therefore the operator By - V is:

1 8
By V=——
0V By 0l

Contravariant coordinate system of ¢, « and [

The contravariant basis vectors are given by:
e* = Vo eV =V el =vi

Contravariant basis vectors are perpendicular to the surfaces on which the corresponding

coordinate is constant. In this system one can represent the nabla operator V as:

) )
—| +Vl

0
V=Va— awml a0

% + Vo

’%l a,p
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2.1. COMMON COORDINATE SYSTEMS IN TOKAMAKS

A more detailed explanation can be found in reference [55].

e|,exand By

We generate new basis vectors: e, ex and By to decompose the quantities into perpen-
dicular and parallel components relative to the magnetic field line. The first two vectors

are defined as:

_VOZXBO
EJ_:TO
eAEBQXV’(/J

By

e, and e, are vectors perpendicular to the equilibrium magnetic field lines By whose

components are along the magnetic field lines. One can show that (see Appendix A):

el = |Val?

lenl? = [Vl

To determine what e - V and ex - V are we can use equation (2.4) and equation (2.1) to

obtain the useful relations:

0 ew-B[)
-V =By — - By-V
€l oaw . Bg ( 0 )
8 ea'Bg
-V =By — — By - 2.
6/\V Oaa¢l Bg ( OV) (5)
BO-V:BOQ
ol an
where we have defined two new vectors:
e =VIixVy ey, =Vax Vi

2.1.2. The y-x-¢ coordinate system

Lets replace [ by the variable y where x is a poloidal angle which increases by 27 every
time a field line goes around poloidally. It is chosen such that Vy is orthogonal to Vi) and

V¢. All equilibrium quantities are periodic with respect to x. In this coordinate system,
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the (B - V)-operator becomes:

1
Bo . V = = g
J 8X 17[)7@
where J is given by
A 1
J=—ro——
Vi - Vx x Vo
and the representation of the nabla operator is:
0 0 0
X 1o ¢ X9 ¥ X,®
The absolute values of the contravariant basis vectors are:
Ul = = (2.7)
N7 B, '
1
Vo| = —= 2.8
Vol = & (28)
VY| = RB, (2.9)

where B, is the poloidal component of the magnetic field. The variable o can be written
as:

a=q(x—x0)+Y —¢ (2.10)

where g is a constant and the periodic function Y is defined as:

X
YE/O vdx — q(x — Xo)

J
with v defined as v = % with f = ByR. v is related to the safety factor defined in
1
Eq. (2.3) by the relation: g = > $vdx (see [56]).
T

With these quantities we can rewrite e and e, as:

. Va x BO B BO A
e = Bo = |vw’2v7/) - BOBO x Vb (211)
en=BOXVY _fW) g pep s (2.12)
By Bo
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where the quantity A is given by A = ¢’x + Y’ with the prime denoting a derivative with

respect to ¥. And we can show (see Appendix A):

lel |> = |[Vaf? (2.13)
B% 2 P2 N2
= R + A*R’B?
lenl? = [Vl
= R’B}

2.1.3. Straight field-line (or toroidal flux) coordinates system (v, # and ¢)

One can construct toroidal flux coordinates in which the magnetic field is straight. In
axisymmetric devices one can choose the flux surface label v, the toroidal angle ¢ and a
poloidal-like angle 6 which was mentioned in the definition of o (Eq. (2.2)). Exploiting
the Clebsch representation of the magnetic field (2.1), we can see that magnetic field lines
are described by constant o and 1 surfaces. Using equation (2.2) we obtain the following

equation for a magnetic field line on a given flux surface:
a = constant = ¢q(¢)0 — ¢.

This equation describes a straight line. This means that the coordinate system consisting
of ¥, 6 and ¢ is a straight field line system. Using again equation (2.1) we obtain for the
magnetic field:

By = q(¢)Vi x VO + V¢ x Vi
with

1 1
V| = B,R |Vo| = = Vo = 7B,

where B), is the poloidal component of the magnetic field, R is the radial component of a

cylindrical coordinate system, where the origin is at the axis of the toroidal symmetry and
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J is the Jacobian determinant of this coordinate system:

1

‘]:vgb-wxve

(2.14)
Because of axisymmetry the following equations are valid:
Vip- Vo =0 V¢ -V0=0

However, it is generally not true that V1) is perpendicular to V6. Therefore this coordinate
system is not an orthogonal one. Since Vi and V6 are both orthogonal to V¢, the vector
given by V6 x V1 is parallel to V¢ and can therefore be written as: V¢ x V8 = sV¢. By

using the equation of the Jacobian determinant (2.14), we can obtain an equation for s:

With that the representation of the magnetic field becomes
By = fV¢+ V¢ x Vi (2.15)

with f = f(¢) defined as f = 9% and B, = £.

2.2. Magnetohydrodynamics

In Sect. 1.3, we analysed the plasma behaviour with a particle picture. A more realistic
treatment would take into account the interaction of the particles with each other and the
electromagnetic fields. The inclusion of these interactions greatly increases the complexity.
Because of this we exploit a reduced model which is called magnetohydrodynamic (MHD).
In this section we summarise the most important aspects of the MHD description of plas-
mas. This model describes plasma as a single fluid, which means it combines the electrons
and ions. Furthermore ideal MHD neglects all dissipative effects such as resistivity and
viscosity. It is commonly used to determine the stability of a plasma with respect to small

perturbations. Detailed reviews of MHD can be found in [57-59]
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2.2.1. Eulerian MHD

Kinetic theory describes the position @ and velocity v of each particle in a fluid with a
distribution function fj(x,v,t). fj(x,v,t) gives the number of particles per unit volume
in a phase space where j stands for electrons "e" or ions "i". The density n;, the flow

velocity u; and the pressure tensor gj are defined by the zeroth, first and second moments

of the distribution function in the following way:

nj(r):/fj(r,v,t)dv
uj = Ti/vfj(r,v,t)dv
J

(2,),,,=ms [ 500 (@) (), (), (wy), ] do

The distribution function can be changed by sinks, sources or collisions. If there are no
sources or sinks, f can be described by:

df;

g = Gilh)

where C' is the collision operator. Without collisions the RHS is zero and one can derive
the so called Vlasov equation (or collisionless Boltzmann equation):

of; 1
(.;;—F(U'V)fj—FW(F-VU)fj:O

where F' is a force and the total derivative has been expanded into inertial and advective
components.
If one integrates the Vlasov equation over the velocity space (which is equivalent to taking
the zeroth moment) one obtains the continuity equation:

(9nj

W+V~(njuj):0
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If one multiplies the Vlasov equation by m;v and then integrates over the velocity space

(or taking the first moment) one can obtain the force balance (or momentum) equation:

Ou,;
myn; | —5F + (u; - V) u | = =Vp; +njq; (B +u; x B)

where the Maxwellian distribution was assumed to reduce the pressure tensor to a scalar
with p; = n;jkgT;. To obtain an expression for the pressure p; one could take the next
moment of the Vlasov equation. Instead we assume an adiabatic behaviour which is given
by ijF = constant = C' where V' is the volume and I' is the ratio of the specific heats.
The pressure is then given by:

r
pj = C’nj

To obtain the MHD model from a two-fluid model (with electrons and ions) one must use

the following approximations:

N; X MNe =N
Mele <K MiU;

Me K My
and one can use the following definitions:

pv = n (Mele + miu;)

pP = nm;
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where p is the mass density of a fluid element. With these definitions and approximations

and Maxwell’s equation, one obtains the MHD equations:

0
Conservation of mass: 875 +V-(pv)=0
: dv
Momentum equation: p% =JxB-Vp
d
Energy equation: 7 (;}) =0 (2.16)
Ohm’s law: E+vxB=0 (2.17)

Maxwell’s equations:

B

(Maxwell-Faraday equation) VxE= —aa—t (2.18)
(Ampére’s law) VxB=J
(Gauss’s law for magnetism) V-B=0

where p is the mass density, v is the fluid velocity, J is the current density, p is the pressure,

d
I' is the ratio of specific heats and F is the electric field. The convective derivative 7 can

0
be written as: FTRrT + v - V. Additionally one can use Ampére’s law to replace the
B2
current density J in the expression J x B=B-VB — V?. Therefore the momentum

equation can be written as:

2
p(?t]+v-Vv>:—V<p+B2>+B-VB. (2.19)

With an additional kinematic, scalar viscosity term that is included to provide simple

viscous dissipation [60] the momentum equation becomes:

0 B?
p<£+v-V'v> =-V <p+2)+B-VB+VpAv.

where the Laplace operator A is defined as A = V? and v = %’; is the velocity and v is

the scalar viscosity.

26



2.2. MAGNETOHYDRODYNAMICS

2.2.2. Lagrangian MHD

We choose to perform the calculation later in this thesis in Lagrangian variables. In this
approach all quantities can be expressed in terms of the displacement & of a fluid element.
The position vector of a fluid element, r(t), is related to its initial position vector, 7,

through r(t) = ro + &(7o,t) (see Fig. 2.2), so that the components of the Jacobian matrix

Figure 2.2.: The movement of a fluid element with its starting position rq, its position r at time
t and the vector connecting the two position vectors: &, which is the displacement
vector.

Jij are
0¢;
8in ’

Jij = (Vor)ij = bij +

where xg; are the components of 7y and ¢, j run from 1 to 3 to label z, y and z coordinates
of a Cartesian system. The operator Vj is defined as derivatives with respect to xg, yo
and zg and in general the subscript "0" indicates an equilibrium quantity when we use the

Lagrangian description. The Jacobian J is the determinant of the Jacobian matrix J;;.
1
J=14V0- 6+ [(Vo €+ (6 Vo) (Vo-€) = Vo- (€ V)| + 06" (2:20)

A unit volume at = is given by: dr = Jdrg. Conservation of mass is equivalent to:
podro = p(r,t)Jdry where the density at position r at time t is p(r,t) and the equilibrium

density at r¢ is po(zo). This yields

27



2.2. MAGNETOHYDRODYNAMICS

Exploiting Eq. (2.16) and the expression for p(r,t) we obtain:

The conservation of magnetic flux yields (using equations (2.17) and (2.18)):

B()(T‘()) . V()T'

B(r,t) = 7

With these results the ideal MHD momentum equation in the Lagrangian description is:

5 By - Vor)|?
%O(VOT) ' GTS = -V, B% + |(02J20)|]
+ (V()’I“) . I:;(Bo . VO) <;(Bo . V()’I“)):| . (2.21)

A complete derivation of the Lagrangian MHD can be found in [61].

2.2.3. Equilibrium

At this point it is useful to discuss the equilibrium case as it will be used later. The

equilibrium is characterised by % ~ 0 in Eq. (2.19). This leads to:

32
v <p + 2) -~ B-VB (2.22)

or

Vp=Jx B (2.23)
The right hand side of Eq. (2.22) defines the so called magnetic curvature k:

k=B -VB

=V (p + B;) (2.24)

That the curvature is equal a gradient of plasma pressure and magnetic pressure is used

many times in the nonlinear analysis later in this thesis.
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Flux surfaces

Using Eq. (2.23) one can easily see that magnetic field lines lie on constant pressure surfaces
since:

B-Vp=0

The same is valid for the current J as:
J-Vp=0

These surfaces on which the currents and magnetic field lines lie are called flux surfaces

and they are usually labelled with :

B V¢ =0

J- V=0

In axisymmetric equilibria these flux surfaces can be closed and nested. However, this is
not always the case in non-axisymmetric scenarios. Several quantities are so called flux

quantities since they only depend on # like the pressure p = p(v)) or the quantity f defined
in 2.1 f = f(¥).
Grad-Shafranov equation

A very important equation which describes equilibrium in an axisymmetric plasma is the

Grad-Shafranov equation [62]. It is given by:

A= () = R ) - 11W) (2.25)

where the primes denote a derivative with respect to the flux variable 1.

2.2.4. Energy principle

One can calculate the change of potential energy W caused by perturbation to determine
the stability of the plasma [63]. If dIV is negative it means that the plasma has lost

potential energy, converting it to kinetic energy and therefore it is unstable. If 6W for any
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possible perturbation is positive the plasma is stable and if it is equal to 0, it is considered

marginally stable, see Fig. 2.3. The plasma contribution to the energy in the intuitive form

9

Figure 2.3.: Mechanical analogues for a stable, an unstable and a marginal stable case.

is given by [57]:

1
oW =5 / dV{]Bl\Q Field-line bending > 0
+BYV-¢, +2¢, k| Magnetic compression > 0
+Tpo|V - |2 Plasma compression > 0
—2(&, -Vp)(K-&)) Pressure gradient+ or — (2.26)
—B;- (&, xb) j”} Parallel current drive + or —

where By = V x (€ x By), the * indicates a complex conjugated vector, and K = b - Vb

B R
with b = B| and kK = —R—zc [57]. The first three terms can only be stabilising since they
C

are always positive. The last two terms can be either stabilising or destabilising.

2.3. Ballooning instability

2.3.1. Ballooning modes

Ballooning modes are pressure driven MHD instabilities which appear in toroidal devices.
They are driven by a combination of the pressure gradient and field line curvature and

typically have high mode numbers. Additionally they set a limit on the maximum stable
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3 which is defined as:
2p
B = B
B is therefore a measure of how strong the magnetic field pressure %2 is compared to the

plasma pressure p. The geometry of ballooning modes is caused by good and bad curvature

and typically takes the form shown in Fig. 2.4 [64], which is the reason for their name.

Figure 2.4.: Ballooning structure at a poloidal cross section. The instability is smaller at the
inboard side (good curvature) and larger at the outboard side (bad curvature).

Good and bad curvature

If one assumes a perturbation on the plasma edge with the pressure gradient Vp pointing
in the same direction as the curvature K, one obtains a charge separation by the curvature
drift (equation (1.2)), which then leads to a destabilising F x B drift (equation (1.1)),
see Fig. 2.5. This is called bad curvature. However, if one assumes the pressure gradient
Vp to point in the opposite direction relative to the curvature £, one obtains a stabilising
E x B drift (Fig. 2.5). This combination of pressure gradient and curvature is called good
curvature.

The same can be observed when investigating the pressure gradient term in the energy
equation (see Eq. (2.26)). If the vector of the pressure gradient and the curvature vector
have the same sign the entire term is negative and therefore destabilising. However, if
they point in different directions, this term becomes positive and therefore stabilising. In
a tokamak the bad curvature normally lies on the low field side and the good curvature
normally lies on the high field side, see Fig. 2.6. This explains why the ballooning modes

are mainly found at the outboard side of a tokamak, as shown in Fig. 2.4.
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Figure 2.5.: A sketch for an intuitive picture of bad (top) and good (bottom) curvature. a) a
small perturbation; b) the radius of curvature crossed with the magnetic field creates a
curvature drive (see Eq. (1.2)) in opposite directions for positive and negative charges
which leads to an electric field; ¢) Bad curvature (top): the E x B drift reinforces the
perturbation because of the pressure gradient; Good curvature (bottom): the E x B
drift reduces the perturbation because of the pressure gradient.
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Figure 2.6.: Good and bad curvature in a circular cross section tokamak.

2.3.2. Ballooning stability

With the MHD energy principle one can determine if a plasma is unstable to certain

instabilities. The so called Mercier criterion is a necessary but not sufficient local condition
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2.3. BALLOONING INSTABILITY

for interchange stability in tokamaks [65] which was derived from the energy principle
(similar to the Suydam criterion [66] which is the cylindrical limit of the Mercier criterion).
The Mercier criterion is:

1

DM<Z

where D) is the Mercier coefficient! [65] which only depends on equilibrium quantities [57].
One has to test each flux surface for Mercier stability. If a plasma is Mercier stable (which
means none of the flux surfaces are Mercier unstable), then the linear ballooning mode
differential equation is applicable to test ballooning stability. This equation is of the
following form:

ell? 2

(Bo - Vo) |52 (Bo- Vo)X |+ Bii (el ko) (eL Vopo) X =0 (2.27)
0 0

where X describes the leading order radial displacement? and 1(1)) is the so called balloon-
ing eigenvalue which has to be determined. If 1 — p is positive the plasma is ballooning
unstable, if it is negative the plasma is stable and if it is equal to zero, the plasma is

marginally stable [57].

2.3.3. Nonlinear ballooning theory

In this subsection an overview of the development of the nonlinear ballooning model is out-
lined. But since there is an entire Chapter which describes the derivation of the nonlinear
ballooning model in tokamak geometries (Chapter 3) and an Appendix deriving the nonlin-

ear ballooning model in slab geometries (Appendix D), this subsection is relatively concise.

Cowley et al.[l, 67] used nonlinear calculations to determine a mechanism for the be-
haviour of a plasma detonation (such as solar flares or precursors of tokamak disruptions),
exploiting a Rayleigh-Taylor instability in a line tied equilibrium. After this, Hurricane et
al.[3] described the filamentary eruptions with the nonlinear ballooning approach, but for
generalised magnetic field geometries. Fong et al. [68, 69| investigated how a finite Larmor

radius affects the evolution of the filaments. In 2003 the nonlinear envelope equation for

1See Eq. (3.9) for more detail.
2The leading order radial displacement can be separated into two function ¥ and X where only X depends
on the field aligned variable, see Eq. (3.30) for more detail.
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some toroidal cases was derived by Cowley et al. [70], which mentioned the potential appli-
cation for ELMs. Wilson and Cowley [2| continued these calculations for a more complete
tokamak geometry and therefore presented the nonlinear ballooning differential equations
for tokamaks. In [4] (or for more details [71]) there is a more detailed description of how
filaments behave in plasmas including the nonlinear ballooning model with an additional
scalar viscosity term. The investigation of the viscosity and how it changes the evolution
is presented in more detail in Section 4.2 of Chapter 4. Additionally how filaments with
different initial sizes interact with each other has been investigated [5], and is presented in
Chapter 4.

The nonlinear ballooning model has been derived by using the momentum equation (4.2).
To solve the incompatibility problem of shear and periodicity®, we assume that the in-
vestigated filament lies on a non-rational magnetic field line or that the filament decays
sufficiently fast along the field line so that there is no problem of overlapping.

This model is not just used to determine stability, but to predict the early evolution of
filaments with their explosive growth. Some indications that this model describes ELMs
are that it can explain why the inter-ELM times are long compared to explosive growth of
the ELMs, why the ELMs have filamentary structures, and why the spacing between ELM
filaments are larger than the ELM filament width.

To allow, however, a quantitative comparison between this nonlinear ballooning theory
and experiments (e.g. ELMs) one must evaluate the coefficients of the nonlinear balloon-
ing equation for tokamak geometries. Previously only one of the coefficients has been
evaluated for a model JET-like equilibrium [73|. A full study of all relevant coefficients

has now been done and is presented in Chapter 5.

2.4. Current knowledge of ELMs

ELMs are quasi-periodic instabilities which grow very rapidly and have a filamentary struc-
ture 37, 45, 74|, see Fig. 2.7, which was correctly predicted by the nonlinear ballooning
model [75]. They release a large amount of energy (e.g. approximately 15% of stored

energy during Type I ELMs in JET [77]) which is still tolerable in current tokamaks but

3This problem is usually solved with the so called ballooning formalism [56, 72]. However, we analyse
nonlinear terms, for which the ballooning mode formalism is not applicable.
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Figure 2.7.: High speed camera image of an ELM in MAST [76]. Filamentary structure of the
ELM is evident.

is a potential issue for future tokamak devices such as ITER |31|. However, there are also
advantages to ELMs since they do not only release energy but also flush out impurities [78].
This is needed because the high Z impurities radiate energy from the core decreasing the

energy confinement.

Types of ELMs and ELM mitigation

There are different kinds of ELMs including Type I or large ELMs (e.g. in MAST and
ASDEX Upgrade [45, 74]), Type II or grassy ELMs (e.g. in JET [79, 80|; in ASDEX
Upgrade [54]), Type III or small ELMs (e.g. in JET [81]), and small Type V ELMs at
NSTX [82]. They are characterized by the dependence of the repetition frequency on
heating power and by different kinds of ancillary effects, [83, 84]. For example Type I
ELMs are large and less frequent, and Type III ELMs are smaller and more frequent.
Additionally, each of these types has a preferred operating regime [76, 85, 86].

Ideally Type I ELMs should be suppressed because they are the most harmful ones. Other
mechanisms to decrease the impurities should instead be identified, such as smaller ELMs.
There are several approaches to mitigating Type I ELMs [87]. One of them is to trigger the
smaller ELMs via pellet injection in the regime of the Type I ELMs [88]. These pellets could
be used to inject the fuel needed in future fusion power plants. Therefore, it is possible to
maximize the confinement without having the large ELMs. Another approach is magnetic

triggering or vertical kicks which uses a vertical movement of the plasma to change the
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plasma conditions such that a less harmful type of ELM is triggered [89, 90|. One method
which can not only mitigate but also suppress ELMs is resonant magnetic perturbations

(RMPs) which create a stochastic magnetic boundary to suppress the ELMs [91-93].
2.4.1. ELM theory and simulation

Theory

The leading theory for the Type I ELMs is the peeling-ballooning model [94-96]. It com-

(b) (c)
Strong Shaping — ELM Crash
— ELM Recovery/ -

Peeling
Unstable

J ped

Ballooning
Unstable

P ped Pped

Figure 2.8.: Left: Sketch of peeling-ballooning stability limits for different shaping. The peeling
limit is reached by increasing the pedestal current (y-axis) and the ballooning limit
is reached by exceeding certain pressure gradients (r-axis). Right: A model of ELM
cycles of Type I, II and III is shown. Type I ELMs appear at a peeling-ballooning
limit, Type II ELMs appear at the ballooning limit, and Type III ELMs are caused by
the peeling limit [96].

bines the boundaries of two instabilities: ballooning instability and the peeling instability,
[30, 94], see Fig. 2.8. These modes are driven by different sources of free energy. The
ballooning instability was discussed before in Sect. 2.3. In H-mode a large edge current
(Bootstrap current) exists which can drive peeling modes that are typically driven by the
edge current density and stabilized by the edge pressure gradient. Peeling modes have
rather small toroidal mode number (8-10). The peeling-ballooning model can also provide
an ELM cycle model for the other types of ELMs, see Fig. 2.8. The MHD stability code
ELITE can evaluate at which stability boundary an equilibrium is located [97] and there
has been good agreement of the peeling-ballooning model with experiments [96, 98|.

Furthermore the nonlinear ballooning theory describes the early nonlinear evolution of

ELMs, see Sect. 2.3.3 for more details.
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Simulations

There are many simulations of ELMs with less reduced models than the nonlinear bal-
looning model for example: there have been ELM simulations with BOUT++[99-101];
BOUT [102] which produces qualitatively the same results as analytic nonlinear ballooning
theory predicts [73]; with JOREK [103] and with NIMROD [104]. However, it seems that to
reach the point where ELMs self-consistently develop in the simulations one must change
the plasma parameters in such a way that the plasma is beyond the peeling-ballooning
boundary. The initial growth depends on how far beyond the stability boundary the pa-
rameters where chosen. Therefore these simulations cannot be used to predict ELM sizes

with certainty at this stage [105].

2.5. Computational background

For the research presented within this thesis, enhancements have been made primarily to
two different codes. In this section, some of the fundamental methods used in these codes

are described.

2.5.1. Deton8

Deton8 was written in Fortran90 to investigate one of the two differential equations of the
nonlinear ballooning model [2| and edited and benchmarked [106]. Deton8 evaluates the
ballooning envelope equation for up-down symmetric equilibria of the following form:

o
o2

A ETRY: 2 -
DOH;ASZ (Dl—w>§—D28 " 4 Dy (52—§2>+D4§

X2 90 (2.28)

where ¢ is the displacement which depends on the spatial variables «, 1 (see Sect. 2.1.1),
the time ¢, and the quantity A which can only be between 1 and 2 in this model [2]. The

2 . . . . .
%, the overbar is indicating an average over the « variable,

variable v is defined by u =
the A-term originates from a Taylor expansion of the eigenvalue p and therefore A has

to be determined from equilibrium quantities, and x = I'(2 — \) is the complete gamma
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function. The fractional derivative in the LHS of Eq. (2.28) is given by:

A 2t /
Sl )= F(21—>\)(‘§t2 /0 dt’(t_i(i&n

Each of the coefficients D; in Eq. (2.28) depends on the equilibrium. However, one can

modify the variables «, v, t and the displacement £ in a way such that all the coefficients

disappear. Then the equation is a generic equation with the exception of the parameter A.

The code itself can compute this generic ballooning envelope equation by simply setting

all coefficients equal 1.

Predictor-corrector method

The code exploits a finite difference method for solving this partial differential equation.
More precisely this method is an iterative predictor-corrector algorithm [107]. This nu-
merical method is a combination of an explicit and implicit method. In our case, Euler’s
method is the first step which is explicit and is used to solve problems of the following
form:

dy(t)

“ar = f(t,y(?)) (2.29)

with an initial condition: y(t9) = yo and the time ¢,+1 = t, + At with n being the label
for the time steps with size At.

The first guess for the solution at the next time step with Euler’s method is:

y M =y + At f(tn, yn)

where the (1) labels that it is the first iteration value for y,41. This subsequent correction

is an implicit method of the following form:

i 1 i—
ySLJ)rl =1Yn + §At f(tna yn) + f (tn+1a y,(1+11)):|

where ¢ labels the iteration step and starts with 2.
This expression is an average of the right hand side of equation (2.29) for the previous time

step (n) and the n+ 1 time step of the previous iteration multiplied by the time difference
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At. This implicit method is called the trapezoidal rule.
Deton8 solves a set of two first order differential equations of the form (2.29) with this

predictor corrector method. For A = 2 the set of differential equations is:

d b~ )’ " o4 p
(f;:(Dl_( AQO)>€—D23¢1;+D3(§2—52)+D4§W
d¢
a—y

For A = 1 the second equation changes to: £ = y and therefore Deton8 only solves one

differential equation in that case.

2.5.2. Mercier-Luc formalism

The Mercier-Luc formalism [108] is a technique to provide equilibrium quantities of ad-
joining flux-surfaces by expanding the Grad-Shafranov equation (2.25) locally near to the
reference flux surface, which enables one to calculate radial derivatives. These are required
to determine the coefficients of the ballooning mode envelope equation for tokamak ge-
ometries (Chapter. 5), in particular the second order expansion is needed. The original
Mercier-Luc formalism uses only a first-order expansion of the flux-surface [108, 109], how-
ever, the results of the second order expansion are derived in [97] since the code ELITE
requires the second order derivatives.

The Mercier-Luc coordinate system is introduced to expand the Grad-Shafranov equa-
tion (2.25). This orthogonal coordinate system consists of p, [ and the toroidal angle
¢, see Fig. 2.9. p is the radial distance from the reference flux surface 1y and [ labels
the poloidal position on the flux surface ¢y (Fig. 2.9). The tangent vector of the refer-
ence flux surface 19 on the poloidal cross section, which is labelled by R4(l) and Z(1),

is given by T = <d]23l(l), dstl(l)> where the subscript s indicates the reference flux surface.

The angle u which is introduced to make the calculation clearer can be defined such that

T = (—sin(u),cos(u)). Therefore deSl(l) = —sin(u) and del(l) = cos(u). It follows that
%1; = —R% since the derivative of a tangent vector with respect to [ is inversely proportional

to the radius of the curvature R.. The Jacobian of the Mercier-Luc coordinate system with

O(z,y,2)
A(p,l,¢)

approach to obtain analytic expressions for the adjoining flux surfaces is to expand v with

respect to the Cartesian coordinate system is given by J = ’

:R(1—RLC). The
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Figure 2.9.: Mercier-Luc coordinate system.

respect to p:

VY =1pg + p1 + pPho + pIihs + . ..

The magnetic field is described by B = V¢ x Vi + f(¢)V ¢ (see equation (2.15)). There-

fore the poloidal component B, can be expressed as:

B, = V¢xVy

R| ol ol

l[ /3 |:8¢1 8¢)2 2
R

U1+ 209p + 3ihgp®] — = p+—p } +0(p”)

The lowest order of this equation determines 1)1:

1 = Rs(1) Bps(l)
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The Grad-Shafranov equation (2.25) is expanded up to the second order in p to obtain

and 13:
i) = 5 | (G +sin(w) By — B2/ (00) ~ 11/ (00)
ws(l) = é { 2B, sin(u) <Sh;§‘) + ;) + daby (Sh;z(j) + ;)
gy () - Rt (T - )
#1500 (22 4 1) = BB (B2 (00) + (7Yl

2.5.3. Algorithm for determining the ballooning eigenvalue x

In this section we present an algorithm to determine numerically the ballooning eigenvalue
w and the function X, which describes the radial displacement (see Eq. (3.30)) and is
determined by Eq. (2.27). The differential equation and Ag depend on the eigenvalue. For
the first iteration n = 1 we set the first two eigenvalues to one and just below one: pg =1

and pp = 0.999. We start the algorithm by determining X for x > 0.

Shooting method for xy > 0

The Runge-Kutta-Nystrom method (e.g. [110]) is used to solve the linear ballooning equa-
tion (2.27) which is a second order differential equation for the shape of the displacement
along the magnetic field line. This method is an initial value solver, however, the bound-
ary values are given for the displacement instead. This is why the shooting method is
exploited, as it can convert a boundary value problem to an initial value problem, [111].

Starting with a second order differential equation:

X" =pX' +q¢X +r (2.33)

with the boundary conditions: X(0) = 1 and X'(x,) = D where D ~ —Ag X (Xa)/Xa 18
determined in Chapter 3 via an asymptotic treatment of the derivative of X with respect

to x, which is the field aligned variable. x, is the largest value of x in the numerical
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calculation and \g is defined as:

As == 41/> — Dy.
s=gty\g—Pu

The function X can be split up into two functions: X = X; + ¢ Xy with the following

properties of X7 and Xo:

X{/:pX{+qX1+T

Xy =pXs+qX,

and the boundary conditions:

X1(0) =1, X3(0)=0
(2.34)

X,(0) =0, X}(0) =1
The sum of X; and ¢Xy satisfies (2.33) which can be easily seen by substituting X =
X1+ ¢ X into equation (2.33). The boundary conditions (2.34) are exploited to determine

the scaling factor ¢. The boundary condition of the original function is

X'(Xa) = D = —Xs X (Xa)/Xa (2.35)

Now X = X + ¢ X is substituted into equation (2.35):

X1(Xa) + ¢ X2(Xa) = — As X1(Xa)/Xa — ¢As X2(Xa)/Xa

X a (ZX/ a

Xa X2(Xa) + As X2(Xa)

The numerical procedure to find the solution of the linear ballooning equation for y > 0
is to determine the functions X; and Xo with the Runge-Kutta-Nystrém method, then
calculate the scaling factor ¢ with equation (2.36). The solution of this iteration n of the
linear ballooning equation for xy > 0 is then given by X' = X; +cX5 where the + indicates

that the function X is calculated along the positive x range.
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Secant method for y < 0

For negative x ones solves the differential equation (2.33) again with the Runge-Kutta-
Nystrom method with the boundary condition X™(0) = X7(0) where the — indicates
the negative x range and X’ "(0) = X/, "(0). Analytically we know that X’ = ’\STX for

X < —1. Therefore we define a function A:

A(Nn) = _XGXE(_XG) + /\SX/—H(_XOL)

With the correct eigenvalue p this function A is zero. We use the secant method to find

the root of A [110]:

. B Mn — HUn—1
et = = Blin) K0 S A )

After updating the eigenvalue p we must re-apply all of what was presented: re-calculating
X and then X_. This entire routine is iterated until the correct eigenvalue p is obtained

for which A(u) = 0.

2.6. Summary

We have now provided a technical background: of the coordinate systems used in this thesis
and of the MHD description which is needed to derive the nonlinear ballooning model. A
physical description has been given of the ballooning instability which is described by the
nonlinear ballooning model, and the current experimental knowledge of ELMs since we
will examine whether the nonlinear ballooning model can describe ELMs quantitatively.
Furthermore we provided some background on the computational methods used.

In the next chapter the nonlinear ballooning model for tokamak geometries is derived.
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model for tokamak geometries

The derivation of the nonlinear ideal MHD ballooning model for tokamak geometries is
outlined in this chapter. This theory is originally derived by Wilson and Cowley [2] and
builds on previous work [1, 3, 70]. However, a detailed description of the derivation for
tokamak geometry has not been published yet and therefore it will be provided here for
the convenience of the reader.

The result of the derivation is two differential equations: the linear ballooning equation
which describes the displacement of the filaments along the field lines and the nonlinear
ballooning mode envelope equation, which is a two-dimensional, nonlinear differential equa-
tion which can involve fractional temporal-derivatives but is often second-order in time and
space.

This chapter starts with the ordering and boundary condition used for the derivation
(Sect 3.1). Onme of the basic ideas of the derivation is to divide the magnetic field line
into segments where different physical mechanisms are dominant (shown in Section 3.2
and Fig. 3.1): the nonlinear region is discussed in Subsection 3.2.3, the inertial region in
Subsection 3.2.1 and the matching region of inertial and nonlinear solutions is discussed
in 3.2.2; 3.2.4 and 3.2.5. In the final section, where the matching of the two main regions
is described, the final ballooning envelope equation is derived.

The following Chapter 4 applies the ballooning envelope equation to investigate the in-
teraction between these filaments. The coefficients of this equation are field-line averaged
quantities and depend strongly on the geometry. To get quantitative results we must de-
termine these coefficients, which will be described in Section 5.1 of Chapter 5 for tokamak

geometries and then used in the following sections.
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Figure 3.1.: Regions along a magnetic field line. Region I: nonlinear region(Section 3.2.3); Region
II: matching region (Sections 3.2.2, 3.2.4 and 3.2.5) and Region III: inertial region
(Section 8.2.1).

In this chapter all the coordinate systems presented in Section 2.1 are used.

3.1. Ballooning ordering and boundary conditions

In this section we introduce the common ordering of ballooning modes and the boundary

conditions which will be used in the entire chapter.

3.1.1. Ordering

A dummy small parameter € (which is related to n of Chapter 4 by n ~ €2) is com-
monly used in ballooning theory to simplify the MHD momentum equation, in our case
the Lagrangian momentum Eq. (2.21). This parameter € exploits the geometry of the lin-
ear ballooning mode, as the ballooning instability varies slowly along the magnetic field,
moderately radially outwards and rapidly in the remaining spatial direction perpendicular
to the field lines. This can be expressed by ordering the spatial derivatives as well as the

order of the Lagrangian displacement [56]:

9 o

0 ~ O(e7?) = ~0(1).

da
where the coordinate system with 1, a and [ is described in Sect. 2.1.1 and their derivatives
are given by equations (2.5) where they are related to the basis vectors e, e, and By
(see Equations (2.11) and (2.12)).

With Lagrangian variables all quantities can be expressed in terms of the displacement
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& of a fluid element. The position vector of a fluid element, r(t), is related to its initial
position vector, rg, through r(t) = r¢ + &€(7o, t), so that the components of the Jacobian
matrix J;; are Ji; = (Vor);; where 4, j run from 1 to 3 to label z,y and z coordinates of a
Cartesian system. The Jacobian J is the determinant of the Jacobian matrix J;;.

Expanding the components of the displacement § = {ye; +&Bo+{xen and the Jacobian

J in powers of € we anticipate:

o=odg)) =y dg) =) T=14) 0.
=2 i=2 =3 i=1

If we only have one region because the displacement is decaying fast enough along the
magnetic field line, then we describe the inertia as a perturbation. The growth rate ~y
of the most unstable position is of order e since the ballooning instability initially grows

slowly as we assume the plasma to be close to marginally stable. Thus

in case of a perturbed inertia.
If, however, the displacement decays slower, then we use the three regions as in Fig. 3.1.

The inertia must only be considered in the inertial region and is of order:

To derive both possible solutions we will include a perturbed inertia in the nonlinear
region. However, this only needs to be considered for a fast decaying displacement along

the magnetic field line, where the terms arising from the inertial region can be neglected.

3.1.2. Assumptions and boundary conditions

We use the geometry of the ballooning instability to determine the boundary conditions
(needed to solve the two differential equations derived in this chapter). The ballooning
instability is assumed to be highly localised in the radial direction which is motivated by

the filamentary geometry, (see Section 1.4.1) which is equivalent to the following boundary
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condition:

lim E=0 (3.1)
|p—tpfit| o0

where 9 ¢; is the flux surface, labelling the initial position of the filament. It is not possible
to apply the Ballooning Transformation (see [56]) to a nonlinear equation. To avoid the
problem of combining shear and periodicity, we require the filament to be on a high order
rational surface so that we can assume that the magnetic field line (on which our filament
is positioned) is effectively infinitely long. This implies that the filament will vanish before
it could overlap with itself, which is the next boundary condition:

lim ¢ =0 (3.2)

|{| =00

where [ measures the distance along a magnetic field line.
In the next section, the variable x described in Sect. 2.1.2 is mainly used instead of [.

increases by 27 each time one has moved once around poloidally.

3.2. Regions along the magnetic field line

The magnetic field line can be divided into three regions to simplify the mathematical
description of the displacement, see Fig. 3.1. Far along the magnetic field line when [ ~ UTA
or x ~ %‘f‘y (where ~y is the linear growth, R is a typical length scale, and v4 is the Alfvén
speed indicating that inertia cannot be neglected) the displacement is assumed to be small
since we expect it to decay rapidly. Therefore the nonlinear terms are negligible, but
the inertia cannot be treated as a perturbation — hence the name "inertial region"(see
Section 3.2.1).

In the nonlinear region, where |x| < , we can treat the inertia as small as we assume the

vA
Ry

equilibrium to be close to marginal stability. The derivation of these differential equations
follows that of [3] and is described in Sect. 3.2.3. The final solution for the displacement
of this region needs to match to the inertial region at the matching region.

The matching region is where y satisfies 1 < |x| < %. The two expressions for the
displacement £ from the inertial and nonlinear region must match in this region. The

matching procedure is described in Section 3.2.2.
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3.2. REGIONS ALONG THE MAGNETIC FIELD LINE

3.2.1. Inertial region

This region is characterised by a small amplitude of the displacement so that the nonlinear
effects can be assumed to be small but the inertia is expected to be large, hence the name
for that region. This description is only needed to get a boundary condition via a matching

procedure for the nonlinear main region.

Asymptotic Equations

In this section we discuss the differential equations for the displacement and for the Jaco-
bian far along the field lines.
Analysing the Lagrangian MHD momentum equation (2.21) up to the third order yields

the following three differential equations!:

el Py leL|? 2
— (B - B, - “ (e - .
"B a2 (Bo - Vo) B2 (Bo-Vo)y| + B (el ko) (€L Vopo)y
2r
+ —B];O (ko-el)dJ (3.3)
0
, 0%
pOBOW =I'po (Bo - Vo) dJ (3.4)
r :
(Bo- Vo) ¢ = <p20 + 1) 5J +250 2L (3.5)
B2 B3

where kg is the magnetic field curvature, pg is the equilibrium pressure, I' is the ratio of
specific heats and we have defined y = £|Bo| and 0J = J — 1.

The variable y, which denotes the position along the equilibrium magnetic field line, can be
divided into two variables, as there exists a periodic (#) and a nonperiodic (v) behaviour of
all the quantities, see Fig. 3.2. All the equilibrium quantities only depend on the periodic
variable 6 which is due to the variation of these quantities along a field line from the low
to the high field side of a tokamak. The nonperiodic part is caused by the perturbation.

0

The derivative with respect to x can be written as By = % + % since df = %dv + %d@.

Therefore (By - V) can be written as:

10 1 /0 0
(BO'VO)—jaX—j(av-i-ae>.

IThe derivation for this set of differential equations is not presented here since it is basically the same as
for the nonlinear region. The difference is that the inertia enters in the parallel component in second
order and the e -component in third order, see Sect. 3.2.3 and Appendix C.1.1.
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3.2. REGIONS ALONG THE MAGNETIC FIELD LINE

Iul'””|||||IIH ly ‘
=N X
X ! v 0

Figure 3.2.: Here is a sketch of the nonperiodic and periodic behaviour together (on the left) and
separated (on the right).

All quantities which depend on v can be written as inverse orders of v, i.e.,

A(0,v) = (ilo(e) + Alv(e) + Aj}(f)) +- > f)

Aq (6 A
1( ,v)+ 2(9,v)+
v v

= AO(Q, U) +

By evaluating the components of the momentum equation (3.3), (3.4), and (3.5) and using
the expressions (A.1), (A.2), (A.3) and (A.4) we can show that the lowest orders of y and
6.J do not depend on the periodic variable #. Additionally the lowest order of £ can be

written as a sum with one term independent of 6 and a second part depending on 6:

y(0,v,1) = Yo(v, 1) + Yl("vvﬂ N
3J(0,v,t) = Jo(v,t) + ‘71(01’)1)’” I

1 Vv’ -
§1(0,v,t) =Z_1(v,t) +¢'T <32 - <Bg>0> vYy(v,t) +Zo(0,v,t) +

where the angled brackets are defined as:

1 - 1 dl
— — pAJAI= — $ A—
W% Jdo 27’[‘% B(]

where [ is defined in 2.1.1. Only the lowest order terms of y, 4/ and | are needed since the

other orders are small in comparison. These lowest orders (Yp,Z_; and Jp) only depend
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3.2. REGIONS ALONG THE MAGNETIC FIELD LINE

on v and are determined by the following differential equations:

0%Yy 0 [ ,0Y - N/
20°Yy 0 0 9Jo
Agv 52 = 3o [v 60] + Dy [YO } + Av 5 (3.6)
0= (VY
(%1 Aoy + AgYy + 4, 200%0) (3.7)
0?24 0Jo
Aot = As 0 (3.8)

with the coeflicients defined as:

=n (i), [< - B,
<\th!2>e - <\V312!2>e <g§§0

(e, (i), ~(awee)
Vol /g \IVOR/y \BIIVYP/,

I'po

_ Po Bj 2

%W<WW%@M

2 _p6 / 1 / £2 1 2 B2 ! £2 1
2 L Vi -V Bg 3.9
oo o ) - (),

where D)y is the Mercier coefficient at marginal stability [65]. To solve the differential
equations we need boundary conditions which can be determined by investigating the far

inertial region.
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3.2. REGIONS ALONG THE MAGNETIC FIELD LINE

Far inertial region

To solve the set of differential equations in the inertial region, we must estimate their
asymptotic behaviour. In the far inertial region we have:

Va

>
1 ’R’Y

When solving the differential equations (3.6) - (3.8), it is useful to replace Yy by f defined
as [ = Ypv. If we take the second time derivative of Eq. (3.7) and a derivative with respect

to v of Eq. (3.8) we can eliminate the =Z_; dependency:

*f _f =~ [f  Tn N[
AO@ - W +DM |:1)2 + p6U ‘.70:| +A1W (3'10)
2 2 2 3
A58‘70_A8‘70+@3f+14 o°f (3.11)

As vz oz Ty o2 1 9vor?

The solution of the homogeneous part of these differential equations is proportional to

+70 (where 7 is a constant). This means that the

an exponential dependence of v: ~ e
derivative with respect to v is not changing the order of that term. Therefore the Dy
term and the Az term are of a lower order and can be neglected for high values of wv.
Additionally we can take the second derivative in Eq. (3.10) and another derivative with

respect to v of Eq. (3.11). This leads to a fourth order differential equation for f = Ypv

which is independent of Jy:

0?02 o?f  0°f otf
2 7 27 L2 L) =2 12
(TAatz 81}2) <TS a1 01)2) T on2or (312)
and for Jo:
0%f  0°f 0
AU@ = W + Al%jo
with
AsA A1 ALA
2 — 2 _ 72456 2 _ 147446
T = Ao TS = P T" = A (3.13)

This differential equation (3.12) has four general solutions of which only two are decaying

in v and therefore fulfil our boundary conditions (3.2). So we are left with two general
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3.2. REGIONS ALONG THE MAGNETIC FIELD LINE

solutions for Yj.

Solutions of inertial region

We must find the solution of the inertial region in order to match it to the solution of
the nonlinear region so that our final differential equation already includes the matching.
One way to solve the set of differential equations (3.6), (3.7) and (3.8) is with a Laplace

transform:

Yb(v,p)z/ e PYy(v, t)dt
0

Jo(v,p) E/ e P Jo(v, t)dt
0

[1]x

o0
i(vp) =p / eI (v, £)dt
0

which leads to:

Agz’Yy = 2 wZ% + Dy | Yo + F}?O Jo| + Alx% (3.14)
ox or 2 Ox
=4 4B > d(zYp)
or AsTJo + AsYy + Ay o7 (3.15)
= 0Jo
AgE_ | = As— 1
6=—1 5 r (3.16)
where zx is defined as:
T =vp

Note that all equations (3.14), (3.15) and (3.16) only depend on z and not on v or p
separately. We expect a solution growing in time. Therefore the initial (time) values are
set to 0 as they are negligible.

To solve the set of differential equations, the boundary condition in the far inertial region
is needed. For that we can take the Laplace transform of equation (3.12). Then it is easy
to see that the solution for Yy is:

lim ¥y = Alte-ne | A2t o (3.17)
T x

T—00
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3.2. REGIONS ALONG THE MAGNETIC FIELD LINE

with
1
7'12 = 2 {(7'3 7'52 7'2) + \/(73 + 72 +72)2 4737'52}
1
7'22 = 2 {(Tg +7'52 +7'2) - \/(Tg + 72 +7'2)2 _4737'52}

where the 7’s are defined in equations (3.13), and for Jp:

N 72— 4o T$ — 40
lim Jo = A1 (f‘l> e 4 Ay, ("“) e " (3.18)
T

T—r00 T1

We need the solutions (3.17) and (3.18) to calculate the solution of the differential equation
numerically. Including the equations for x < 0, we have four unknowns: A;;, A;_, Asy
and A_. We also have three equations given by connection conditions for Yy, Jy and Z_1
of the positive and negative regions. Therefore we can reduce the four constants to one
unknown constant ag with the following relations: for v > 0: Yy(v,p) = ao(p)Yoy () and
for v < 0: Yo(v,p) = ao(p)Yo_(z). We have equivalent expressions for Jy and Z_;. We
will show shortly that ag can be eliminated and therefore does not need to be determined.
For the matching process to the nonlinear region, we can set the inertial terms of equa-
tion (3.15) equal zero (Agz?Yy and Ag=_1) since the inertial component is relatively small.

The leading order solutions for Yy are then:

> I'poz  [Ys+ | Yy

Y =—— 3.19
O-‘r(x) P6 J |:$,\S + T L ( )
-~ . Fpo S YS_ YL_

To evaluate .J , Ys1 and Y74 we must calculate the solution of the set of differential equa-
tions numerically and then solve for the three variables analytically.
3.2.2. Nonlinear limit of the inertial regions

Here we describe the solution of the inertial region in the limit of the matching region.
1%

This region is characterised by 1 < |v| < A In this limit the inertia terms are small and
vy

can be neglected when evaluating the differential equations. Therefore the lowest order
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3.2. REGIONS ALONG THE MAGNETIC FIELD LINE

results become:

 —Tpo—,,. . ys(t)  yL(t) vRy?
Yoo ) = =T 0 + 50 + 0 o vy (321)
_ Rf}/ 2 _
A
- _ = — >\S' yS(t)
o = H(t) + Agvj(t) + —= (A3 + (1 — )\5)144)1) 3
DM VNS
AL yL(t) Ry\? ys(t)
+ E(Ag + (1 — )\L)A4)’U Y + O(U <V;4> v NS )

where the bars indicate constants along v. ys and y; are the small and large solution for

Yo(v,t) where the Ag/;, are the small and large Mercier solutions which are defined with

Mngid — Dy (3.22)

If we compare equation (3.19) and (3.20) with the nonlinear matching region equation (3.21)

the Mercier coefficient D M

p—
=

and recalling that the numerical solution differs by a factor ag we obtain:

apYs /Oo —pt’ N4
= e P ysy(t)dt

prs 0

apYp 4 Ra—

L :/0 e Pypy (¢)dt’

To eliminate the coefficient ag we can use the (Mellin’s) inverse formula for Laplace trans-

form, [112], which leads to:

Y; Y. e’} 100+Ppo .
yri(t) = L+/5+/0 dt’yg+(t’)/ PPty

27 —ico+po
where

A=As — AL

with Ag and Az, given by equation (3.22). It is easy to show that this is equivalent to:

Yiy/Ysy 07 / / ’ /Z ro A—2_p(t—t'
t) = = dt t pt=t)q
yr+(t) omi 02 J, Yys+(t) » +p0p € P

The inverse Laplace transform from the right integral can be found in a table (see [113]).
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3.2. REGIONS ALONG THE MAGNETIC FIELD LINE

It has the following form:

Vi /Ysi & [ yse(t)H(t 1)
yL+(t) = — 3752/0 dt’ (t — )12
_ YL+/YS+a2/t g Ys+(t)
ko0t )y o (t—t)1HA2

Here k = I'(2 — \) where I' is the gamma function and H(t — t') is the Heaviside step
function which can be absorbed into the limit of the integral. For a simplification of the

equation, we can introduce the definition of the so called fractional derivative, [114]:
A 1 2 t t/
if(t) = 8/ dt/L
ot kOt o (t—t)M1

Therefore we obtain the shorter expressions:

yr+(t)  Yii/Ysy 0 ysy
5y = — s

ys+(t) Ys+ 8t (3 23)
5 y-(t) _ Vi /Ys Olys. '
T ys—(t) ys—  oth

In an up-down symmetric case we expect d4(t) = d_(t) = 0(¢).
The results from here are used to match the small and large solutions to the solution of

the nonlinear region which will now be derived.

3.2.3. Nonlinear region

In this subsection the derivation of the differential equations for the nonlinear region is
outlined. The first three orders will lead us to the linear ballooning equation. With the
fourth and fifth order we can finally obtain the nonlinear ballooning equation by matching
the results of these orders with the inertial region.

For the nonlinear region we need to take again the components of the momentum equation

(i.e. the Lagrangian form) (2.21):

2
@(Vor) 0% _ _v, | 0

n (B - Vor)[? 1
J ot?

T 2J2] + (Vor) - E(Bo - Vo) <J(Bo ' Vm‘))}
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3.2. REGIONS ALONG THE MAGNETIC FIELD LINE

where the viscosity and gravity are neglected.

We can re-write this equation to make the calculation more clear:

2

0 1 By-V
&;(VOT)'(?TEZVOFJrj(BO'VO) [(OJO)T] —Vo[

1

PP (.0

J
(3.24)

with the scalar function F' defined as

_ _bo 1 5 1 1
F=—-—-———|(Bg- —-£-(By - — (By - .
JT 2]2‘( 0 Vo)T‘ + J£ ( 0 Vo) I:J( 0 Vo)r

First Order: Incompressibility

The lowest order for the e; component (O(e?)) and for the e, component (O(e 1)) are

given by:

(e1 - Vo) | (Tpo + B3) JM] =0

0

(en - Vo) [(Fpo + B2) J(l)}

where the equilibrium relation (2.24) was used.
If these equations are integrated over a perpendicular variable to far away from the field
line we find that J(!) has to be equal to a constant divided by I'pg + B(Q). However, the

chosen boundary condition, (3.1), implies that J has to go to zero as well, which means:
JU =0

This means that the lowest order of the parallel component of Eq. (3.24) is zero.
By using the ordering (2.20) we find that the lowest order of V - £ is equal to zero which

allows us to write: @)
ey %y

This relation is a lowest order incompressibility condition on the plasma. Averaging this

expression with respect to « (in the range of —7 to ), we can see that fl(i) is constant
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3.2. REGIONS ALONG THE MAGNETIC FIELD LINE

with respect to ¢ (as well as to a). Using the boundary conditions leads to

P =0 (3.26)
where the overbar is defined by
_ 1 T
A= — Ad 3.27
3 | Ada (3:27)

which is an averaging with respect to a.

Second order

The lowest relevant order of the parallel component of Eq. (3.24) is of order O(¢?) and
given by:
(Bo- V) J® =0

Therefore J@ is constant along the magnetic field lines. The perpendicular components

of order O(¢) and O(e%) are:
OF®)
" 5y

a,l

3.28
s (3.28)

B
0 "9

w?l

where F(2) is:
F2) — (Tpo + Bg)J(Q) — (By - Vo) (ng‘(‘?)) 1 2K - 5(2)

Note that the equations (3.28) contain higher order terms, which must be subtracted at
the appropriate order.
Following a similar argument to that in the previous order, it follows that F(2) = 0. This

gives a relation between §|(|2) and 57(;):

2
2677([; )eJ_ - Ro - Ppo + B(Q) J(Q)
B§ B

(Bo - Vo) §|(|2) - (3.29)

We can average this equation with respect to a using 51(;) = 0, then integrate with respect

to the field-aligned variable. We use the fact that J2) is constant along By and that §|(|2)
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3.2. REGIONS ALONG THE MAGNETIC FIELD LINE

must vanish far along the field lines at the matching region. This yields J(2) = 0 and
(2
&7 =o.

Third order: The ballooning equation

Since the derivation of the equations of this order is slightly longer, a summary of the
results is given here, and a full derivation can be found in Appendix C.1.1.

With the terms of the third order we can show that J® = F®) = (0. Additionally we can
obtain a second order differential equation of 51(;) with respect to [. Therefore a separation
of variables is applicable. Since §ﬁ2) is related to ff) by an equation containing only
derivatives along the magnetic field line (C.3), we can also use the separation approach for

the parallel component of £€? which leads to:

£®) = £(¢, ast) [goq + GBo] = (¢, ast)H (3.30)

where H is defined as: H = B%e L+ GBy. The ratio BLO is independent of a fast variation
of ¢, a and t and is determined by the linear ballooning equation:
2 2

(Bo - Vo) [|e§g\ (Bo - VO)X] + B/g* (eL - ko) (eL - Vopo) X =0 (3.31)

where p is the so called ballooning eigenvalue. Since we assume the plasma to be close to
marginal stability, we set 1—p close to zero and of the order €2. To introduce this eigenvalue,
we added a term of a higher order (¢*) which will be subtracted in the appropriate order.

The equation describing the parallel component of 5(2) is:

1 ley|?

G=—
npy Bj

(Bo- Vo) X (3.32)

By using the separation (3.30) we can also determine an expression for f,(\g) by using
equation (3.25) which leads to:
@ OuX

TN

—~
w
=

where v is defined as u = %

Jda
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Fourth order

A summary of the results of the fourth order are given here, and the full derivation is found
in Appendix C.1.2.

We can show that the third order of the Jacobian is independent of «:

oJ®)

Oo =0

Note a shift of the a variable by a function f = f(¢) does not affect the equilibrium
(i.e. the magnetic field By), which means that the equilibrium is invariant under this

transformation. However, by shifting the variable «, the ballooning eigenfunction u, e,

and the function X change. We can show that %‘jﬁ = —ep where f' = g—i. Additionally
it is possible to show that

0

7/1/ ~ 0

af’

This means that we must calculate p for each flux surface to find the most unstable one,
which then will be used for this model.
The final main result is a representation of the third perpendicular order of the displace-

ment: _
3) 1 (‘)u@(XeL) +@H28752

—gudirel) @)
U= Boe ap T2l apettien

£

where the second and third terms are the « independent parts of f(f). This relation is used

in the fifth order to achieve an equation only depending on é .

Fifth Order: The nonlinear ballooning equation

This is the last order from the nonlinear region which will be used to calculate the bal-

looning envelope equation. After some algebra which is presented in the Appendix C.1.3

99



3.2. REGIONS ALONG THE MAGNETIC FIELD LINE

we can derive the following equation:

VAR AN ¢
eL-[I( a;)—e/\'£< L +ﬁ(1—u)(eL'ﬂo)(€L'Vop0) v
0

oY da

+ [(eggBo)(Bo Vo) + ég(q - K;O)] [BloeA L (g@ﬂ + 230855) en- L (%g)
= Po\eleéigf + B(;l,;po (Bo - Vo) [E{ (Bo - Vo) J(4)]

= les P + 3 (Bo- V) [les PG| 2 0% (3.33)

where L is the linear operator which is defined acting on a perpendicular vector W | (with

only e; and e, components) as:
2

L (WJ_) = By-Vy [B() - Vo (WL)]—(V()K,())-WJ_—F[BO (BQ . V()) + 2%0] [BQ (K:O . WJ_):|
0

Z | is defined as:

i i Ipo
A O J@e
=8 Py Bo +

where the third order of this quantity satisfies:

en (7@ _ X0&
BO £<ZL>_B0817Z)6/\ E(HL)

(4)

We separate the a derivative of Z into its e and e, components:

=——e; +—ep (3.34)
0
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The function Z will be determined asymptotically and the quantity U which is given by

(4)
U =By 853 is given by the following equation, where we used J3 = 0:

(3) : 2) 2)
U=_B 08, (er- Vopo)g(m _ L vox 4B ¢, o¢t) 9%y 9ed)
"oy B Y By - ° O\ 90 9y 9y da
1 aE?

Equation (3.33) is the last equation needed to determine the nonlinear ballooning envelope
equation. To achieve it we must find a solution for the nonlinear solution as it approaches
the inertial limit and match that with the solution in the inertial region as it approaches

the nonlinear limit. These steps are presented in the next two subsections.

3.2.4. Inertial limit for the nonlinear region

In this section the solutions for the functions X, G' (and therefore H) and Z are presented
for the limit y — oo. These solutions are needed to match the inertial solution to the
nonlinear solution. To evaluate the nonlinear equations as the inertial region is approached
the asymptotic forms (|x| > 1) for the functions X, G and Z are derived next, since these
functions appear several times. We again use the separation of x into § and v (see Sect. 3.2.1

for more detail).

Asymptotic form of X

Here we outline the steps of the derivation of the asymptotic form of X. The more detailed
description can be found in Appendix C.2.1. The function X is described by the linear
ballooning mode equation (along field lines) at marginal stability (3.31). This equation
can be exploited to determine the behaviour of X for high values of x. Expanding X with
respect to v: X = Xo+ % + % +--- and using the relations (A.1), (A.2), (A.3) and (A.4)
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we obtain:

(2, N[ 1
~\ov 06

2
JR?B?

R*B
1+ P (q'U+Y’)2

J B? 10 (1
2 / s 3 - - . / Y/
2| g (VY V)<p+ 2>+289<BQ>(qv+ )

(3.36)

The next step is to examine each order of equation (3.36). From the lowest order we can
obtain that Xy only depends on v: Xy = Xg(v).
Exploiting the next higher order we can obtain the expression for the 6 derivative of the

second lowest order of the displacement X:

1

0X1  July 2<R2B§ >9 JB? 1 0Xo

59 ~ 2Bl < = > —1| Xo+ —RQBZ%7< = > —1{v2= (337)
RBE /g R2Bj /g

where (- - -), is the 6 average. Determining the next order and using the expression for %

we can obtain, after some algebra, the differential equation for Xj:

8X0
2220 —
" |:U " :| +DMXO 0 (3.38)

where Dy defined by Eq. (C.15) is the Mercier coefficient including the ballooning eigen-

value, [65], where Dy; =~ Dy for pu &~ 1. The general solution for equation (3.38) is:

(3.39)

with

AL =-+4/-—Dy (3.40)

Since we assume our system to be close to marginal stability we will refer to the small and

large solution A\g (=~ Ay) and A\p (= A_) respectively.
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Asymptotic form of GG

The asymptotic form for the parallel component of the lowest order displacement is deter-
mined here. We can use equation (3.32) to evaluate the leading order of G. Using Eq. (A.4)
and expanding G into its orders we obtain:
R2

Bj

G+ﬁ+~-=— 1 1+ g(’U+Y’)2
0T R2B? e

8X0+38X1 b
ov v 00

where we can easily determine the lowest order of Gy by using Eq. (3.37):

1
2 / oy 2
q- o | Jufp 2<RZB§>9 Xo JB 1 0Xo
Go = — 750 232,/ g LT e (3.41)
By | B*Bjq B v R’B} <R§;Q>e v

Asymptotic form of Z

Here we determine the asymptotic behaviour of the function Z given in Eq. (3.34). Starting
with the final equation of the previous section (3.33), but including only the leading orders,

we obtain:

107 e |2 By ) d 8%
. —_— F(v,0) = —X+ —By- —_—
e, - L <Bo % €l> + F(v,0) = po |: Bo + p{) 0- Vo [|6L‘ G] 90 92

where F(v, ) represents the terms including e - £ (B%e/\). There are two larger contri-
butions which makes this second order differential equation an inhomogeneous equation.
First we consider the inertia term on the right hand side. If we ignore the inertia term, we

can solve this differential equation with Zr as its special solution given by:

0ZF 1

B~ gol"

where U is the dominant term of U containing only the last term of Eq. (3.35). By adding

the Zp to our solution Zy we can eliminate F'(v,#) in the differential equation:

0 9%
Oa Ot2

1 07 ley|? By 5

L =——— = X+ —F—By-V G

€L (Bo Ja eJ‘) po [ By * Do 0o Ueﬂ ]

Note, that the homogeneous part of this differential equation is of the same form as the

asymptotic equation for X, Eq. (3.31). Therefore we proceed in the same way and apply
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our results for X to the inertia term, which enters our calculation at order O(v). The

highest order O(v?) looks exactly like our equation for X:

7B, 02y
JB? 96

/28

1 59 =0

We find that Zy only depends on v: Zy = Zy(v). We can obtain an expression for the

derivative % by investigating the next order:

1
0z,  JIp 2<Tsz> JB? 1 07y
= B o _ 1|z S N S
T °F | RZB? () "o
RQBIQ7 0 RQBZQ, 0

<BgG0>9 JBg 325
< B2 > R2B2 | ot?
R2Bj /g

(3.42)

—i—%v JB2Go —

The result for % has an additional term compared to % which is due to the inertia.

Using the next highest order and averaging over 6 we obtain:

9 | 20%Z _ Bg R2B§ 2 10 9, m
% [U av:| +DMZO_p0{<RQBg ) Bg G’U XO_'_%% (U <B0G0>9)
! BEN S/ 1 2 9%
+ q/U <G0>0 <R233 . q RQBE) . v <BOG0>9 ot2

If we assume that X, only consists of the small solution (left term of Eq. (3.39)) which is

discussed in the next section, we can write:

a 2% = (Z) 2_>\S
BN [U 81):|+DMZO_Q (9)1} .

where we defined the function Q) (0) such that it includes all the periodic quantities of

the right hand side. The general solution of that differential equation is:

CY) Céz) Q(z),l)Qf)\s

Z0= 05 T T a3 - 2ng)

(3.43)

3.2.5. Matching of the nonlinear and inertial regions

In this section we merge the solutions of the inertial and nonlinear regions by using the

solutions of the limits (Equations (3.21), and Equations (3.39), (3.41), (3.43)) which leads
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3.2. REGIONS ALONG THE MAGNETIC FIELD LINE

to the final ballooning envelope equation for tokamak geometries.

X and Zj can each consist of large (Ar) and small (Ag) solutions. However, we can choose
them in such a way that the entire small solution only enters the displacement in Xy and
that the entire large solution only enters the displacement in Zy. That choice is consistent
since the coeflicient of the small solution is assumed to be large — valid close to marginal

stability. With that approach we obtain:

Cq
Xo = 44
Go=d <g2 + fo> vXo (3.45)
with foy defined as:
Asq 1 <RQIB2>
fo= 2o (3.46)

= '/ B2 a B2
worl (wbs), ()
R2Bj /g R2BY /g

The constant C’éz) from Eq. (3.43) needs to be matched to the solution of the inertial
region which means it is of this form Ay & § where § is given by Eq. (3.23) and assuming

up-down symmetry. Therefore our complete solution for the lowest order of Z is:

AL 6D Qu>*s 1
Zy = nY) + 2(3 — 2)\5) — (]/7 /dOéUo (347)

Now using Equation (C.16), which is derived in the Appendix C.2.2, we can show that the

following terms of equation (3.33) can be written as:
X 1 07 ler]? .o X 5 0 0%
<B03J_ L (Boaa‘”>> Po [<BOX + o (Bo- Vo) (leLl’G) 90 02

X el
+<Z306J_£< Do (SN

0 9%¢ s B2\ toe ol X
- _ o5 _ A A 12 0 ) A X “
00604 912 +()\S )\L)(;( ++ _)q <‘V@/J’2>9 60é+ Do en ﬁ(BOeJ_>
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3.3. DISCUSSION

where (---) is an integral along the magnetic field line. With this relation and equa-

tion (3.33) we obtain the final equation: the nonlinear ballooning mode envelope equation:

9 9% o o[ [t , &) B o 0% 0%
Co +C [/Odt(]_c*l{ﬂl—u)aag—

0a 02 " P 9a otn t—¢/)IFA-n df2 02
d o\ 0%u o . 10%2 a¢ 02¢2

The coeflicients can be found in Chapter 5.1 where a method to calculate them is presented.
The Cy, C3 and C coefficients are not always needed. The C coefficient has to be used if
A > 2 otherwise it would not appear in the derivation. If A < 2 we must evaluate and use
C5 instead, see Sect. 3.2.1. Cs needs to be determined only if the geometry of the plasma

is not up-down symmetric, otherwise it is close to zero and can be neglected?.

3.3. Discussion

To obtain an initial intuitive interpretation of this model we will discuss the physical mean-
ing of the relevant terms of the nonlinear ballooning envelope equation (3.48), [2, 67, 69].
The linear terms (Cy, C1 and C5) of this equation are discussed first. The Cy and Cj
terms represent the inertia of the filaments. The first term in C is the "linear drive term"
which drives the filaments initially. Its physical origin is a balance between stabilising field
line bending and the destabilising pressure gradient in the ballooning case (in Chapter 4
the pressure gradient drive is replaced by the Rayleigh-Taylor drive). The second term in
(4 is the so called "1/n-correction term" as it is a higher order linear term. It originates
from filaments pushing surrounding field lines aside, which causes field line bending in the
perpendicular directions. This is why we also call this term the "field line stability term".
The two nonlinear terms are the Cy and Cy terms. The quadratic Cs term is the "nonlinear
drive term" (or "quadratic nonlinear term") which is the explosive drive in the nonlinear
regime. It is mainly caused by a change of the field line bending force depending on the
equilibrium structure. The sign of Cs is responsible for the direction of the nonlinear drive.

If C is positive the field line bending force is nonlinearly weakened due to an expanding

2To obtain the equation calculated in the code Deton8 (see Sect. 2.5.1), we are using the Taylor-expansion
of the quantity x4 and calculating its values and the second derivative of u with respect to f’ numerically.
We can set C3 = 0 since we only analyse up-down-symmetric cases. Furthermore we integrate with
respect to o and exploit the fact that £ = 0 (see Eq. (3.26)).

66



3.3. DISCUSSION

flux tube as it moves radially outwards and therefore accelerates the filaments outwards.
However, if the coefficient is negative the filament implodes instead. The cubic Cy4 term is
the "quasilinear nonlinearity term" which stabilises the filaments at the most unstable flux
surface but drives them radially further away from this flux surface; therefore it causes the
filaments to broaden in the v direction and to narrow in the « direction as long as Cy is
positive. It is a physical mechanism which couples the flux surfaces in the 1 direction such

as the flattening of any steep pressure gradients.

In Chapter 5 we analyse each coefficient and discuss it in more detail so that we can

calculate them for real equilibrium cases. But first in Chapter 4, we investigate how the

nonlinear terms change the behaviour of interacting filaments.
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4. Nonlinear interaction of filamentary

eruptions

In this chapter the interaction of multiple filamentary plasma eruptions is investigated by
modelling the nonlinear MHD ballooning mode envelope equation with a mixed Eulerian
and Lagrangian characterisation of the boundary conditions. The study of multiple plasma
filaments is performed in a specific slab equilibrium susceptible to Rayleigh-Taylor insta-
bilities. We will argue that our main results are quite generic, independent of geometry
and drive mechanism (within ideal MHD). We therefore demonstrate the essential physics
with the relatively simple slab Rayleigh-Taylor-model, employed in [67]. We extend that
calculation to derive the system with Eulerian boundary conditions, as employed in [4].
We shall find that if the unstable system is initiated with three equal sized filaments, they
erupt at the same rate, independently of each other, even in the nonlinear regime. How-
ever, if one is initiated very slightly larger than the other two it causes a down-draft as it
erupts upwards, which suppresses the smaller filaments. This suggests that those filaments
which first enter the nonlinear regime will dominate the plasma eruption dynamics.

In section 4.1 the equilibrium is described with the boundary conditions and the derivation
of the nonlinear ballooning model in slap geometry is outlined (a more detailed derivation
can be found in Appendix D). In the next section (4.2) the influence of the included scalar
viscosity is quantified. Section 4.3 is the main section of this chapter which shows how
the so called "three filament system" is initialised and quantifies the interaction of the
filaments. Section 4.4 provides two examples of experimental observations that potentially
can be explained by our simulations. This chapter finishes with the conclusion in section
4.5.

Some parts of the viscosity section (4.2) have been reported in [4] and parts of section 4.3
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4.1. THEORETICAL MODEL

have been published in [5, 6].

4.1. Theoretical model

4.1.1. Nonlinear equation with mixed Eulerian and Lagrangian boundary

conditions

In this Section, we derive the nonlinear equation for the slab Rayleigh-Taylor model using
mixed Eulerian and Lagrangian boundary conditions. Specifically, we employ boundary
conditions with no vertical plasma displacement and no perturbed density or pressure at
the walls.

We analyse a system with an equilibrium of a simple one dimensional line tied magnetised
plasma atmosphere which is given by a magnetic field By = By(x) 2, the pressure py =
po(x), the density pg = po(z) and the gravitational acceleration g = —g 2 where the

subscript “0" indicates equilibrium quantities, as shown in Fig. 4.1. Our starting point is

By

B2 .
% () %0

>

z2=0 z =1L

Figure 4.1.: Slab geometry: Straight field lines represent the equilibrium. The curved field lines
visualise a perturbed system. The displacement £ is a measure of how much the
magnetic field lines or filaments have moved away from the equilibrium position. The
gravity g is pointing downwards and a density gradient is pointing upwards which
results in a Rayleigh-Taylor drive. In the equilibrium case this drive is balanced by
the pressure and magnetic field line gradient.

the ideal MHD momentum equation considering gravity and with an additional kinematic,

scalar viscosity term that is included to provide simple viscous dissipation [60]:

ov B? .
P E+U~V'v =-V p—f—? + B - VB — pg& + vp Av.
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4.1. THEORETICAL MODEL

where v = %—? is the velocity and v is the scalar viscosity. We choose to perform the

calculation in Lagrangian variables. In this approach all quantities can be expressed in
terms of the displacement € of a fluid element. The position vector of a fluid element,
r(t), is related to its initial position vector, rg, through r(t) = r¢ + &€(r¢,t), so that the
components of the Jacobian matrix J;; are

9¢;
8in ’

Jij = (Vor)ij = dij +

where z(; are the components of 7y and 4, 7 run from 1 to 3 to label x,y and z coordinates
of a Cartesian system. The Jacobian J is the determinant of the Jacobian matrix J;;. We
choose the boundary conditions so that & = 0 and J = 1 at the walls where z = 0 and
z = L, corresponding to unperturbed density p and pressure p. We assume that gradients
in the p and p profiles are in the z-direction and that the process is isothermal as the
thermal conduction along the field lines is fast. This implies that the ratio of specific heat,
I', is equal to one.

We measure the distance above marginal stability by a dummy large parameter n where
the growth rate of the most unstable perturbation I' is order n~'/2. Thus

5~ (")

The order of the spatial derivatives as well as the order of the Lagrangian displacement
is set by the localised geometry of the most unstable linear mode structure [67] which is

similar to the ballooning mode structure [56|:

9 172 9 9
. (’)(n ) by~ g~ On) o~ 0. (4D

Expanding the components of £ = £, X + £.2 + §,¥ and the Jacobian J in powers of n1/2

we anticipate:

§x = Zn—im&(cx’/z) ¢ = Zn—i/2§§i/2) = Zn—i/zfy/z) J=14 Zn_m‘](i/z)-

i=2 i=2 1=3 =1
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4.1. THEORETICAL MODEL

The viscosity is treated as small v ~ O(n~%/2) so that it only enters in our envelope
equation for &,.

Conservation of mass yields p(7,t) = po(xo)/J where the density at  at time ¢ is p(r, t) and
the equilibrium density at rg is po(zo). Similarly pressure evolution is p(r,t) = po(xo)/J
using p(x,y, z,t) = p(z,y, z,t)To(xg) and the assumption of an isothermal process which

sets the ratio of specific heats to one: I' = 1. The conservation of magnetic flux yields

B(r,t) = BO(TO}' Vor _ BOSxO) [z +

%3
=

A full derivation can be found in [61].

With these relations the MHD momentum equation becomes:

o ¢ _ g [P0, |(Bo-Vor)?
7 (Vo) G == Vo [J e
1 1 0
+ (Vo’l") : |:J(Bg : Vo) <J(BO : Vo’l")) + pJOg:| + vaé (4.2)
Dotting Eq. (4.2) with By = Byz and multiplying by J yields:
. 061 %€ 9 2 0¢:
poBo(xo) |:Z + 82’0:| Tl = BO(:CO)TZO [poInJ — pog&s] + vBoJV§ ot

Dropping terms O(n~3) and higher we can solve for J using the boundary conditions:

pogés | Po 828) _3
J = ex +——1]14+0(n 4.3
P < Po po Ot? () (4.3)

where s = fozo &.dzg. The use of the Eulerian z boundary condition distinguishes this
calculation from previous derivations and simplifies the calculation as we have a specific
form of the Jacobian. The steps include analysing the different orders of n of the xg-
component and the yp-component of Eq. (4.2). This derivation is a simplified version of
the one summarised in Chapter 3 due to its boundary conditions and the simpler geometry

and the full calculation is reported in Appendix D which derives the following equation for
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4.1. THEORETICAL MODEL

the evolution of the filament in the direction perpendicular to the magnetic field lines:

Inertia Term . . . Field Line Stability Term Viscosity Term

o Linear Instability Drive o SR,

. 52 —— ~ O%u 0% 0
0075 = F2(.TO)£ - 0272 + Vji
ot Oxg Oyg ot
(4.4)

. 022 V(2
+ Coe 5o + o G(e-2)
Ox;;

——————
—_—— . .
Quasilinear Nonlinearity Term Nonlinear Growth Drive

Here we have &, (xq, Yo, 20) = £(x0, Yo, t) H(z) where the function H(z) describes the vertical

displacement along the field line and is given in Appendix D: H(z) = sin(7Z). We have

also defined £2 is the y average of the squared displacement, £2 and giy% = £. The local
0

linear growth rate I', which is also derived in Appendix D, is given by, [71]:

Bir* | pg® | 9 dpo
pol?  po  podxg

The first term describes the stabilising effect of field line bending, the second term is the
Parker instability drive! and the third term is the Rayleigh-Taylor instability drive.

The coefficients C’g, C’g, C’g and Cy are given by:

2 2712 2,2
A po9°L A Bym
Co=1(1 Cy = —
o= (1+55) =~ ()
- Byn* v _ A (g dp  pig’
Oy = Co=— (=5 - 2%~ 4.5
3 <8p0L2> T <p0 da? P2 ) (45)

Notice that the Eq. (4.4) has the same form as the one derived in Chapter 3 except that
it always has a second time derivative. Sect. 3.3 provides a discussion of the physical
interpretation of this Eq. (4.4). Also, this is one reason why the results shown in this
Chapter are generic and are considered to be relevant for tokamak geometry (especially

for strong shaping where A\, — Ag > 2 [2]).

!The Parker instability is also known as "magnetic Rayleigh-Taylor" instability. A simplified explanation
is that the supporting pressure gradient is replaced by a gradient in the magnetic pressure which can
lead to an unfavourable density distribution [115, 116].
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4.1. THEORETICAL MODEL

4.1.2. A model equilibrium

To obtain results for a specific situation we calculate coefficients for a simple model at-
mosphere in a slab geometry, which is an extension of that used in [71]. The equilibrium
density and magnetic field are given by:

=2
2 By

plag) = ——F—— Bi(wo) =By — —— 22—
cosh? { 2 ”] cosh? [LZ”]
13 13

From the equilibrium equation a% (po + %3) = —gpo we obtain the following for the
EadPPCLLLEN
20f .°°..’
15fF ‘.‘-‘

1.0

0.5

»
H-'-'-."'I"' "rrrsaam

1 2 3 4 5

Xa

Figure 4.2.: Sketch of the unperturbed density p(zg) = (blue, dashed), magnetic

____p
cosh? [LJL_:P}
=2
B

2[zo—=p
cosh [ T, }

gpoL, tanh {ML;’J%} (black, dotted).

ol

field B2(zo) = E? - (red, solid) and pressure po(xo) = Py —

equilibrium pressure profile:

B} 2o — azp}

po(wo) = P — 5 gpoL, tanh [ 7
p

Similar to |71], we define normalised variables and constants:

- 0 - Yo 7 g 52 §1 : §
o=+, Yo = 7+, t= 7t7 = — 6277
L, L, L, 29p0 L, L,
—=2
~ B = Zp Ly 52 By
= — = — A = — =
B e L’ 2970 L,
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4.1. THEORETICAL MODEL

With these normalised variables the form of Eq. (4.4) would change unless we make the

following transformation:

- - . L
Co = o2 Cy = Gy 220
2 2gp
2
? et Cy= 02
2gp 2gp
= L

With these expressions we obtain:

L RE 2 0% - 0% . . = 8 of
Cormr =T2(70)€ — Cymg + O3 + Cu(€2 — ) 41—y —
057 (Z0)§ 281’8 + C5¢ 9i2 +Cy(§° — &%) + ”agg 5
where g;% = £. To derive the normalised coefficients C; we use equations (4.5) and assume
0

a large pressure to ensure that the Rayleigh-Taylor instability dominates over the Parker

instability drive. We obtain:

cosh®(Zg — ) cosh’(Zg — Z,)

Gy= 10 _ 1
200 2 cosh®(Zg — @)

02 — _i <B§7r2> — | A%2B2 — LB% 2
2gpp \ L? ! cosh?(Zg — @)

Cs = s <B37r2> :1 A’BY - A2B§ 2
16gp, \ L? 8 Y cosh®(i — @p)

- 2L d%py 8 Btanh®(Z —F,) — 1

~ 3mpy ded 3w cosh®(ig — 7,)

The linear drive coefficient f‘Q(aco) can be expanded about the position z,,,; where the

growth rate has a maximum:

- ~ dr? (0 — Trmaz)?
2 ~ T2 (Zmax U maz)
= (jO - -i'max)
i G
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4.2. SCALAR VISCOSITY

We adopt the same choice of variables as Ref. [71] to enable comparison: Z, =2, Zp = 0.8,

A2§§ = 0.07834 and A2§§ = 0.04701. With these parameters we obtain:

Co = 0.248 C;=19x%x10""* Cy = —0.352
Cs5 = 0.044 Cy = 0.216
A = 0.017 Fmax = 1.1118

and we chose the viscosity to be 7 = 10719,

4.2. Scalar viscosity

In this section the influence of the small scalar viscosity on the system is analysed. For
an investigation on how the viscosity changes the evolution of the filaments we perform
a simple balancing of the nonlinear terms of the ballooning mode envelope equation (4.4)
(i.e., inertia, viscosity, quasilinear nonlinearity and nonlinear growth drive term) which

leads to the following relations:
€ o (tg—t)72 — x ¢ Ay o (tg — 1)%5 Az o (tg — )%™ (4.6)

where Ay is the width of the filament in the Vy direction and Ax is the width of the
filament in the Vx direction; tg is a quantity that depends on initial conditions. The
inclusion of viscosity allows for the derivation of the last two relations. We can define the

widths Ay and Ax as follows to calculate these quantities from our simulations:

_ fdy g(xmama Y, t)2
&(Tmaz, 0,t)?

_ fdxfdy (v — xmax)fz

a [dz [dy&?

Ay

Ax

where the z-integrals are over the whole regime of the simulation which should be a good
estimate since £ decays to zero before the end of the numerical domain. The y-integrals are

over one periodic interval. Using these definitions we can estimate the numerical results
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4.2. SCALAR VISCOSITY

to compare it with the indices of the relations (4.6):

2
§ o (to—t) > AAL o (tg—t) " Ay o (to—t)H0 Az o (tg—t) 707
y

(4.9)
To refer to the indices we introduce the indices p, for each of the asymptotic forms: £ ~
(to—t)Pe, Ay ~ (to—t)Pv and Az ~ (t9—t)P=. The predicted indices (see (4.6)) indicate that
the width Ay is shrinking and the width Az is growing as the finite time singularity, t — tq,

is approached. Numerical simulations confirm this (Fig. 4.4 and (4.9)). The results always

0.0006 T 0.030
0.025 ]
0.0004 - 0.020 ;
o {=]
S £ 0.015 :
0.0002 . 0.010 7
0.005F ]
0.0000 . . . . 0.000 . . . .
0 100 200 300 400 500 0 100 200 300 400 500
Time Time
Figure 4.3.: Evolution of the width Ay de- Figure 4.4.: Evolution of the width Ax de-
fined by Eq. (4.7). The process fined by Eq. (4.8). The broad-
of narrowing, but not the rate ening, but not the rate of nar-
of marrowing, agrees with the rowing, agrees with the relation
relation given in (4.6). given in (4.6).

exhibit an explosive behaviour of the filaments independent of whether or not viscosity
is included. However, the simple balancing of terms does not give accurate quantitative
results for the individual indices pg¢, p, and p,. This can be seen as a measure of how
dominant the viscosity term is in the nonlinear regime because the predicted indices p,
and p, are only valid if the influence of the viscosity is significant. Additionally numerical
errors can be introduced in the simulation which can also affect the determined indices.
This means that with the chosen values the viscosity term seems not as dominant as the
other two nonlinear terms. This is in agreement with comparing the energy of each term
to determine which terms are dominant. We can show that the energy of each term is

described by this expression where the dissipated energy is equal to the viscosity term on
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4.2. SCALAR VISCOSITY

the right hand side:

—\ 2
dE  d 9EN? oo u\? 1 a2 2 4
92¢ \?
= —y/dV ((%yo) (4.10)

where [dV = [dzodyoL. is a volume integral. This relation enables us to quantify which

terms dominate the evolution of the filaments at different times.

Fig. 4.5 shows the evolution of the energies of each term. The left side shows the time

e 11.0x10° "2
-17[ 4 ] _ 3}
2x107 "1 , P il {5.0x10
) Ji -
E rerrsrrrrrsrrrrrrr ] : :
5 0 e il "
> [ | + C,—term | i :
g —2x10" 17| = l"g—term . 1F ] —5.0x10"13
5 [ | o C,—term : |
L A ci—term -
_4x1o-17_- an-term ] __ e
[ | * viscosity 1t ]
_6X10-17- 1 X | 1F I ] _1'5x10_12
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Time

Figure 4.5.: Evolution of the energies of each term (see Equation (4.10)). On the left: the change
of linear to nonlinear regime; On the right: reaching the singularity in time in a very
nonlinear regime.

up to when the nonlinear drive overtakes the linear drive. The right hand side shows the
energies deep in the nonlinear regime.

The relation (2172”07_“’)

~ 1, which comes from balancing the nonlinear growth drive term
and the quasilinear nonlinearity term, is very robust, agreeing well with simulations with
and without viscosity. This indicates that these two terms are dominating the evolution
close to the finite time singularity.

In summary the small viscosity influences the nonlinear evolution as it determines the
behaviour of the widths Az and Ay in the nonlinear regime. However, the viscosity

chosen here has only a minor impact on this.
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4.3. INTERACTING FILAMENTS

4.3. Interacting filaments

In this section the interaction of filaments with slightly different initial heights is investi-
gated. Previous research [5] using this nonlinear ballooning model studied the evolution of
single, isolated filaments in time and space. In a real plasma system it is more likely that
several filaments will erupt, and interact - ELMs are a classic example [37]. This motivates
our study to determine how the interaction of filaments affects their evolution, extending

the studies of [69].

4.3.1. Initiation - linear solution

A linear stability analysis of Eq. (4.4) (neglecting the last two terms of Eq. (4.4)) provides
an eigenmode structure of the displacement which can be used to initialise the simulations.

To solve the linear differential equation, one can use a separation of variables:

£ = X(w0) Y (yo) T(t)

Using the ansatz that Y (yg) = cos(ny) and T'(t) = exp(7yt), where n is the mode number

and v the linear growth rate, one obtains a Weber differential equation for the xg component

[112]:
CQ 82X(x0 rog— T 2
ﬁialtg ) + 00’72 + n21/7 -Ci1- 7< AQma;r) X(z9) =0
22
Its solution is a Gaussian function: X (zg) = exp(—Q—%). Combining, we initialise the
o
2

displacement £ with &(xo,y0,t = 0) = h cos(nyp) exp(— i ) where the Gaussian width

202
VAN 2 VCi|C 42
o%(n) = . |gj| and a linear growth rate v(n) = _% + \/g; - Coil‘Aﬂ + ZC% ;

see Fig. 4.6. h is an arbitrary constant which has to be chosen sufficiently small so that

the linear terms of Eq. (4.4) are dominant. To explore the nonlinear evolution predicted
by Eq. (4.4) we initialise the system at ¢ = 0 with the linear eigenmode and evolve in time.
We wish to explore how filaments of different heights evolve in time. We therefore initialise

four distinct systems with

1. a superposition of two linear eigenmodes, with two mode numbers ni, ny and two
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growth rate y

0.014-

0.012+

0.010

- - - - - - — mode number n
4000 5000 €000 7000 8000 9000 10000

Figure 4.6.: The linear growth rate v vs the mode number n. Highlighted are the growth rates
for the mode numbers chosen in this section. Note that the three filament mode has
a higher linear growth rate and therefore should be dominant if the linear drive is the
full story.

heights hy and hs:

&init = h1 cos(niyo) e(_‘flz%‘*‘ﬂt) + hy cos(nayo) e(—02w8+72t)’

2. a single mode with the mode number n; and height Ay,
3. a single mode with the mode number ny and height ho,
4. and a single mode with the mode number ny and the height h = hy + ho.

Case 1 is the new case we are mainly interested in. Cases 2 and 3 are simulated to
identify when the nonlinear regime is starting, and how the nonlinear interaction changes
the behaviour. Case 4 is used to show how the interaction changes the behaviour compared
to a case where the tallest filaments have the same heights, to exclude that as the reason
why the main filament grows faster.

Case 1: A superposition of two linear eigenmodes:

If we select no = 3n1, this provides a perturbation which repeats every three oscillations
in the yg-direction. Thus, our simulation domain in this direction needs to contain only
three oscillations, or filaments. If we take h; = 0, all three filaments will initially have the
same amplitude (i.e. hs). By introducing a small amount of hy, we can enhance the initial
amplitude of the central filament compared to the two side filaments. We select ny = 2600

and ny = 7800 which have linear growth rates v; = 0.0033 and ~5 = 0.0136, see Fig. 4.6.
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4.3. INTERACTING FILAMENTS

This ensures that the linear evolution reinforces the three filaments, so any deviation from
this must be a nonlinear effect.

We initiate our perturbation with ho = 50 h; which ensures the filaments are initially
very close in amplitude, but the central one penetrates slightly further than the two side
filaments, see Fig. 4.7.

Case 2 and 3: two single mode initiations

All parameters are chosen as in the first case, but the two cases are simulated separately
rather than superimposed. Therefore case 2 has n = n; and h = hy, see the blue line in
Fig 4.7 and case 3 has n = no and h = hs, see the black line in Fig. 4.7.

Case 4: another single mode

L L L
I jmo Vooos [ o.0000 \i? o.oK

(a) Superposition (red) of two modes with ny =
3n1 and ho = 5hy. Blue: ny and black no-
mode. In the middle is the main central fila-
ment with two side filaments.

(b) Superposition (red) of two modes. This time
with the actual heights ho = 50hy which pro-
duces a less than 2% larger main filament.

Figure 4.7.: Initiation of the filaments for two different choices of relative amplitude.

This time we chose the mode number and the height so that the mode is the same as the
dominant mode in case 1 but also the height is the same as the largest filament in case 1:

n=mny and h = hy + hs.

4.3.2. The evolution of multiple filaments

As the perturbation evolves, the energy is dissipated by the viscosity according to Eq. (4.10).
The dominant terms are those involving Cy and Cy which arise from the inertia and the
quadratic nonlinearity of Eq. (4.4), respectively. Figure 4.8 shows their evolution. We
estimate that the nonlinear regime starts when the energy of the quadratic nonlinear drive
term overtakes the energy of the linear drive term, which occurs at around ¢t = 260. After

this time, the behaviour of a filament approaches a finite time singularity & ~ (to — t)~%,
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Figure 4.8.: The two dominant drive terms of the energy Eq. (4.10) are shown. When the quadratic
nonlinear drive term (Cy; blue, O-symbols) intersects with the linear drive term (Cy;
black, *-symbols) we assume that the nonlinear dynamics start to dominate the evo-
lution of the filaments

where « is positive [67, 68]. We can fit this asymptotic form to the amplitude of the

281 This is somewhat faster than our

main central filament to determine &, ~ (9 — 1)
earlier simulations with a single, isolated filament where we found & ~ (to — t)=252 [71]
(equivalent to taking h; = 0). Thus, simply enhancing one filament relative to the others
by even a small amount has a significant impact on its subsequent nonlinear evolution. To
explore this further, we plot in Fig. 4.9 the height of the main filament above the “ground
level". We see that the main filament accelerates continuously throughout the simulation.
To understand what we mean by the “ground level", we note that in the nonlinear regime,
¢ is negative and roughly constant over much of the region away from the three filaments
along xy = Tymqs [67]. This effectively reduces the “ground level" compared to the initial
equilibrium. Thus we define H,,#(t) = £(z0 = Zmaa,y = 0.0,t) — min(&(Tmax,y,t)), see
Fig. 4.10.

We now consider the height of the side filaments (H,y is defined in the same way) which,
recall, were initiated with a height just 1.5% less than that of the main, central filament.
While the side filaments grow with the main filament in the linear phase (at the linear
growth rate) their growth rate reduces as they enter the nonlinear regime (at ¢ ~ 260),

and ultimately they are completely suppressed (beyond ¢ =~ 370), see Fig. 4.9. Fig. 4.11
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Figure 4.9.: The normalised height at *o = Tmaz of the main filament Hp,; (black, O-symbol)
and the normalised height of the side filament Hgy (red, \-symbol) vs time where the
heights are shifted by the minimum value of & at each time.
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Figure 4.10.: The main filament height H,,; and the side filament height Hsy on the most unstable
flux line is plotted. Note how the "ground level” is reduced compared to zero — the
starting point.
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(b) Central, main filament is initialised slightly
larger (less than 2%) than the two side fila-
ments (case 1). At the later time the two
side filaments are much smaller than the
main central filament and the amplitude of
the main filament is approximately 5 times
larger than in case 4.

The flux surfaces in the x-y plane at z = L/2 (half way between the plates). The

colour visualise additionally the displacement.

The top is at the beginning of the

nonlinear regime t ~ 260. The bottom shows the end of the simulation at a time
t = 370, which is deep in the nonlinear regime, just as the perturbed flux surfaces of
case 1 are about to overtake each other.

shows a contour plot of the flux surfaces at a later time (i.e. t = 370). We see that the

side filaments each form a double peak away from the most unstable x¢g = .4, and are

much smaller than the main one. Fig. 4.12 shows how this double peak structure develops

through the nonlinear regime - the motion of the fluid element reverses direction at the
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Figure 4.12.: Evolution of a side filament vs xg in the nonlinear regime at yo ~ +£0.0008. The
height is mainly reduced at the centre.

position of maximum drive xg = Tyq: leaving two peaks either side. The evolution of the
ratio of the heights of the side and main filaments py = 5—5’; is shown in Fig. 4.13. During
the linear phase this ratio is close to 1, as expected, but by the time overtaking occurs

at t =~ 370 the side filaments have negligible amplitude. To compare the solution of the

combined modes with the sum of the two individual mode solution, case 2 and 3, we define

Ag = §n1+n2 - (£n1 + gTLQ)

Here &, 4+n, is the displacement developed from the interaction of the two modes and &,
and &,, are the solutions from two separate nonlinear simulations for each n = n; and
n = ng. The plasma is in a linear regime at the beginning of the simulation as we start
from close to marginal stability with a weak linear growth rate. Therefore we are expecting
A¢ to be nearly zero at the beginning when the linear terms dominate as the modes evolve
independently since they satisfy the superposition principle: F(>, z;) = >, F'(x;), where
F represents the solution of the differential equation and x; are different initiations. As
the plasma enters the nonlinear regime the superposition of the modes will deviate from
the sum of the two distinct solutions. We are interested in how the interaction between the
two modes changes their evolution. To explore this we examine A, as shown in Fig. 4.14.

Positive values of A¢ imply that the coupled filaments grow further than the sum of the
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Figure 4.13.: The ratio of the normalised height of the side filament to the main filament (py =

Hpp,
vs time (p; = =25— ) (black, *-Symbol).

fnl +ng

f) vs time (green, +-Symbol) and the interaction-coefficient for the main filament
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Figure 4.14.: The spatial structure of A& deep in the nonlinear regime. Note the holes at the
position of the side filaments which indicate that they get "eaten" by the main-
filament.

two individuals modes and negative values of A mean that they grow slower. In Fig. 4.14
we show the spatial structure of A{ deep inside the nonlinear phase. The main filament
is indicated by the positive A& peak, and clearly grows stronger, suppressing the two side
filaments for which A¢ < 0. To quantify this effect further, we introduce the interaction

A
coefficient p; = 3 for the main filament, which characterises the fraction of the main
ni+n2
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filament height which is due to the coupling to the side filaments. In the linear phase p;
is expected to be zero, as shown in Fig. 4.13. However, deep in the nonlinear regime, at
t = 370, the height of the main filament is mostly (over 80 %) due to the interaction with
the side filaments.

To understand this behaviour, let us return to Eq. (4.4). There are two key terms: the
quasilinear nonlinearity term Cs& 32%(2)2 and the nonlinear growth drive term Cy <§2 — ?)
Apart from the weak effect of viscosity, these are the only terms that couple in the y-
direction, through the averaging of £2. This is therefore the dominant effect driving the
interaction between the filaments. Later in time €2 is mainly dominated by the contribution
from the main filament peak as it is the largest contribution and there is little contribution
from the side filaments. Therefore, for values of yg in the vicinity of the main filament
peak, where £2 > €2, this provides a drive. Elsewhere, €2 < €2 so the term is negative
which explains the reduced “ground level" mentioned previously. It also serves to damp the
side filaments. The quasilinear nonlinearity coefficient (C3) is stabilising for both signs of
& when & = T4, where the second derivative of ?2 is negative. It does, however, drive the
disturbed region to broaden in z since the second derivative of €2 is positive and therefore
destabilising at the edges of the disturbed region.

To understand the physics, we return to our earlier statement that the £2 averaging is
a consequence of the incompressibility of the plasma. As the main filament pushes up
into the background plasma above it, it must displace that plasma. This causes a down-
draft of plasma (represented by 57) that pushes back to either side of the main filament.

This downwards flow of plasma suppresses the two side-filaments, particularly around

T = Tmaz, Where the main filament is situated.

4.4. Experimental observation

In this section, we want to present experimental observations which may be described by
our simulations shown in the previous subsections. We present two selected examples: Type
V ELMs in the NSTX tokamak [82] and ELMs in KSTAR [117]. The small, Type V ELMs
in NSTX involve fine-scale filaments that one would typically associate with higher toroidal

mode number n. However, these ELMs only consist of one or two filaments, see Fig. 4.15,
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Figure 4.15.: From [82]: "Visible camera pictures in unfiltered light of a single-filament Type V
ELM with a wide-angle midplace view."

which is in disagreement with what one would expect, ~ n filaments, from linear theory.
While their preliminary stability calculation indicates the dominant instability drive is
current density rather than ballooning modes, it is possible that a similar mechanism to
that identified here acts to limit the number of filaments.

Another example which might be described by the nonlinear ballooning mode with inter-
acting filaments are ELMs in KSTAR [117|. They observe slowly growing "fingers" out
of the plasma, see Fig. 4.16 which at some point suddenly transforms into a more irregu-
lar formation and then it seems that the filaments are being suppressed, which could be

explained by the results presented here.

4.5. Conclusion

In summary, we have shown how the interaction between plasma filaments of slightly differ-
ent amplitudes influences their evolution by solving the nonlinear ballooning mode envelope
equation with a mixed Lagrangian-Eulerian boundary condition. We have quantified this
effect for a three filament system by introducing the quantity p; which characterises the
difference between the two-mode simulation and the two independent single mode simula-
tions. We demonstrated that the larger filament gains amplitude from the interaction with
the smaller filaments, which are suppressed. The larger filaments grow faster by devouring
the smaller ones. It is expected therefore, that the filaments which first enter the nonlinear
regime will dominate the physics of plasma eruptions. This is in agreement with Ref. [69],
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Figure 4.16.: From [117]: First row: "Initial growth (frames 1-3) and saturation (frame 4) of mul-
tiple ELM filaments. The short arrows identifying individual filaments illustrate the
apparent counterclockwise rotation of the filaments (also indicated by the long dashed
arrow in frame 1)". Bottom row: "Changes of the filament structure through a short
transient period. All frames are plotted in the same color scale.”

In frame 5 one can see a single filament on the top, which is not in the next frame.
It is possible that the single filament is still there, but out of the view and returns in
frame 7.

where it is shown that if one starts with random small fluctuations, the filament with the
biggest amplitude at the transition from linear to nonlinear grows fastest, and suppresses
the other filaments. The qualitative behaviour of the main filament is similar to the single
mode calculation, but it does grow faster as the finite time singularity is approached.
Although our results are derived from a simple slab plasma model, it has the same features
as more complex magnetic geometries, including tokamaks |2, 3]. We therefore believe the
phenomenon of large filaments feeding off the smaller ones is a generic feature of ideal MHD.
Supporting our model we presented two examples of experimental observations (Type V
ELMs in NSTX and ELMs in KSTAR) which show dominant filaments where one would
expect a higher mode number from linear theory.

We note that the theory is only valid in the early nonlinear stages of the evolution, and

it requires that the dominant filaments will have time to have formed before the model
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becomes invalid. It is therefore important to test these ideas in full, large scale simulations,

close to marginal stability.
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5. Simulation of ELMs in real tokamak

equilibria

In this chapter we investigate whether the nonlinear ballooning model can capture quan-
titative features of Edge Localised Modes (ELMs) by applying this model to real tokamak
equilibria. To exploit this model we must analyse the coefficients of the ballooning equa-
tion (3.48). The first part of this chapter (Sect. 5.1) presents the methods used to investi-
gate the coefficients. Next, the coefficients of a MAST Type I ELMy H-mode equilibrium
are calculated to verify the methods introduced previously (see Section 5.2). Finally, a

JET-like Type II ELM case is studied in Section 5.3.

5.1. Coefficients of the nonlinear envelope equation

The coefficients of the nonlinear ballooning equation, derived in Chapter 3, are given by:

_ ‘eHQ 2 22 £o 2 |V¢|2 3 v2 22 Px
COP0< Bg X +B0G (3_2>\5) q Bg 01) XO +'U<B0G0>9 .

Cy = <<elB.6fO)(€L ' Vopo)X2>

XpP
By
X? X
o= (e (o))
X X?
04 =2 <XT/\6/\ L <B06L)> — <Boel . ,C(TL)>

-1
Oy = -0 (A2 +A2)q/2< B§2>
VY2 /g

X

Co
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5.1. COEFFICIENTS OF THE NONLINEAR ENVELOPE EQUATION

where the brackets (---) denote integrals along the field aligned variable x, £p, are the

limits of these integrals, and:

TJ_ETwBJ_—i—T/\e/\

X
e/\'E(TJ_):Xe/\,C/( el)

B
2
T, = oo
by — 11t
Yot
);D =H[(eL-V)H]|-(Bo-V)[(Bo-V)H] - 1/2H(e.-V)[H - (Bo-V)[(Bo-V)H]|
+ 2;0 (H - V)H] - Vae, - £ (He.) + 2(e, - ko)c%H
with
Q== 3 [H(By- V) (Bo - V)H) + |(By - V) H’
H = EEL + GBO

By

with A = Ag — Ar (Ag and Ay, defined by (3.40)) and where Y7, and Yg, are the large and
small solutions of the set of differential equations (3.14), (3.15) and (3.16) of the inertial
region.

Two coefficients (Cy and C9) have slowly converging integrands as their leading orders are

2-2)\g 2-3\g)

proportional to |y|( ) and |[y|( respectively, where Ag is between 1 and 2. To
minimise the numerical calculations we divide the integrals into numerical evaluated parts
and remaining integrals which can be evaluated analytically. This is described in the next
section. For the coefficients C4 and Cs we must solve differential equations to calculate
T, and by as presented in Section 5.1.6 and 5.1.7.

The Cy, C3 and C5 coeflicients are only used under certain conditions. The Cy coefficient
must be used if A = 2. If A < 2 we compute and use Cj5 instead, see Sect. 3.2.1. C3 must
be determined only if the geometry of the plasma is not up-down symmetric, otherwise it

is close to zero. Since we only evaluate up-down symmetric equilibria in this thesis, this

coefficient and its corresponding term are neglected.
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5.1.1. Dividing the integrals into numerical and analytic components

The integrands of the coefficients Cy and Cs converge slowly to zero with respect to the

field aligned variable x over which we integrate. Therefore we divide the integral at the

00 —Dx Dy o0
/ Ia dX = / Ia dX +/ Iq dX +/ 14 dX (5.1)
—0 —o0 —Dx Py

where 1,4 represents the integrand. For this estimation the point p, must satisfy p, > 1

points £p,:

so that an asymptotic expansion of I, can be used in the first and third integrals on the
RHS of Eq. 5.1. If p, is too small the asymptotic approximation is invalid. For higher
values, however, the calculation becomes increasingly more numerically expensive.

We separate the coordinate x, which labels the coordinate along the field line, into v and
6, where 6 labels the periodic variation and v labels the secular (asymptotic) variation (see
Section 3.2 for more details).

The standard trapezoid rule is used for the numerical calculation of the integrals | P ;X Lq dx
which will not be discussed [110]. Here we want to concentrate on how the asymptotic
part (first and third term of the RHS of Eq. (5.1)) are determined. We expand the in-
tegrands in % < 1 and use the dominant, asymptotic expression of the integrand to find
an analytic expression for its integral. The integrands of all coefficients can be expressed
asymptotically (v >> 1) in the form

ha=a? 0% 10 () (52)

’Uﬁ+1

where C, = Xo|v|* (see Eq. (3.44)) with X being the dominant order of X in an expansion
in % < 1. a, o and B are constant and @ is a periodic function which means that it only
depends on 6. Since we assume p, >> 1 we can exploit the expression (5.2) for the integrand

of the coefficient for the first and third term of Eq. (5.1):
(5.3)

Furthermore the Reynolds decomposition states that every quantity can be divided into
its mean @ and its fluctuating part Q: Q = Q + Q visualised in Fig. 5.1. In general,

the fluctuation has an average of zero. By using the expression (5.3) and the Reynolds
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Figure 5.1.: Reynolds decomposition of Q = Q + Q. The fluctuating part is periodic because Q
itself is periodic.

decomposition for the quantity Q we obtain for the third term on the RHS of Eq. (5.1)

(dropping the constants C, and a for now to make the steps easier to follow):

/°° cxe))dxz/“wéz(@)dx

Px X/B Xﬁ
>~ Q * Q)
= —d —=d
/px Xﬁ X " Px Xﬁ *
Q > Q)
= ——=d A4
(B = 1Pk ! /Px W o4

Here we have assumed that (8 — 1) > 0 where [ is the power of v in the integrand, see
Eq. (5.2). If (8—1) < 0 the integral would diverge and this method is not applicable since
the nonlinear effects cannot be considered small for large values of x [2] and our procedure
becomes invalid.

Now we show that the second term of Eq. (5.4) is higher order than the first term which
implies that it can be neglected. Using integration by parts for the second term on the

right hand side of Eq. (5.4) we obtain:

/oo Q(Q)dxz [fé(g)dxloo _/W(_B)IQ(G)dXdX (5.5)

1
Dy X/B X/B Py Xﬁ'i‘

The second term on the right hand side is of the same form as the starting term but with a

higher order in p,. If we can show that the first term in (5.5) is also of a higher order than

the first term of Eq. (5.4) we have proven that the second term of (5.4) can be neglected.

The integral of the first term of Eq. (5.5) can be divided into its average and its fluctuating
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part. The fluctuation is again periodic because the average of Q(G) is zero, see Fig. 5.2.

(a) Reynolds decomposition of F =
[Q(0)d0 = F + F(0) where F repre-
sents the constant of integration. The
fluctuation is again periodic because the
average of Q(Q) is zero.

(b) Reynolds decomposition of G
[Q(0)d0 = G + G. The fluctuation is
not periodic because the average of Q) is
not zero.

Figure 5.2.: Differences of the Reynolds decompositions of function with zero average and non-zero
average.

We can write F = [ Q(0)df = F + F(6). Therefore the first term on the RHS of Eq. (5.5)

can be written as:

o

[f dero P F
XB

Both terms have a higher order with respect to p, than the first term of Eq. (5.4). Therefore

we obtain the following expression for the third term on the RHS of Eq. (5.1):

~Q@ce qes »
/ v X PO >0

with @Q given by:

™

Q dx

—T

— 1
Q=5

The derivation of the first term of Eq. (5.1) is equivalent to the one shown here.

To utilise expression (5.6) for the evaluation of the integral of the coefficients, we must

determine the asymptotic form a}% of the coeflicients.
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5.1.2. Note on the implementation of the asymptotic function X,

All the asymptotic quantities depend on the lowest order asymptotic term, Xy, of the
function X given by equation (3.31). However, it is not fully determined analytically as

we must estimate the constant C as
C, = Xo|v|.

X itself is not fully defined as it has an arbitrary boundary condition which we usually
choose to be X (x = 0) = 1. To obtain the constant C, such that Xy is consistent with the
function X, we exploit this numerically calculated function X.

One way would be to use the value of X at the highest numerically available x: Xmaz-
That approach would be sensible as the asymptotic expression Xy becomes increasingly
valid for larger values of x: xh—>Holo X = Xp.

However, X has a periodic behaviour which Xy does not have, see Fig. 5.3. To account

SEaS

Xmax—27m Xmax

Figure 5.3.: The functions X and Xy near the numerical mazimum of x.

for this we can use an averaged value of X and X for the last period in the numerically
analysed range: [Xmaz — 27, Xmaz]-

To implement this behaviour we average both X and ﬁ with respect to x over the last
periodic range of the largest x to obtain (X), ~~ (Xo) and <ﬁ>xm1. The ratio of

(X) e tO <ﬁ> gives the coefficient C;. With this method we have a consistent
Xmaz

asymptotic function Xy for the numerically calculated function X. It is also clear that the
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function X is better approximated for higher values of X.naz-
Another approach is to use higher orders of X in the fitting procedure. This has been

tested and did not lead to significantly better results.

Having shown we can split the terms into numerical and analytical components, we are

now able to begin evaluating each coefficient.

5.1.3. Inertial coefficient ()

In this section we discuss the inertial coefficient Cjy which only has to be calculated if A = 2.

C)y is defined as:

‘61_’2 2 22 Po 2 | ;¢’2 3v2 2G2 Px
CO 0 < Bg OG (3 — 2A5) 1 Bg Gv ‘ ° < ‘ 0>6 —p

For p, — oo the boundary term (second term on the RHS) only diverges for A < 2.

X

Interestingly, investigating the dominant asymptotic part of the first term on the RHS! we

find that it cancels the divergent boundary term. Therefore Cjy always has a finite value.

5.1.4. Linear coefficient C,

The linear coefficient C7 has the form:

C = <(6LB;O)(6L : Vopo)X2>

The dominant asymptotic term of its integrand is of the order O(’U_z()‘s )‘H) which means
that it converges quickly and does not need an asymptotic treatment.
The linear ballooning equation (3.31) is used to obtain a second expression for C;. The

following expression can be derived by integration by parts:

o= (e vom)x?) = oL (S (B0 wx7)

Therefore we have two expressions for C; which have both been used to verify the code.

lusing the expressions for |e  |* (equation (A.1)), X (equation (3.44)) and G (equation (3.45)) and
equation (5.6)
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5.1.5. Quadratic nonlinear coefficient 5

The quadratic, nonlinear coefficient Cs is investigated here, which is given by:

Cy = <);3> (5.7)

where %f — HP is defined as:

HP =H (e - V)H] - (Bo-V)([(Bo-V)H] —1/2H(e. - V) [H - (Bo - V) [(Boy - V)H]|

+ 220 (H-V)H]-Vaenr-L(He )+ 2(ey - RO)QB?H
with
Qs = 5 [H(Bo-V) (B V)H) +|(Bo- V)H[’ (53)
H = ;)ej_ + GBy

The lowest order of the asymptotic expression of the integrand of the nonlinear drive
coefficient is proportional to v2~3*s | which will be shown later. This means that the integral
converges very slowly and therefore we need the analytic expression for the remaining
integral beyond the numerical range [—p,,py]. Since this coefficient consists of many
terms it is sensible to divide the coefficient into a sum of terms called (Q;) which makes

the treatment clearer:
XP
Co=(— )= E i
2 < By > , (@)

where we define six terms:

1= (320-BoVolxn)) Q= (| o+ B T2

oY 3
Qu=-(x50:) Q1= ([By- Vo (XM)]S) (5.9)
Qs = <§;;}JT> <[BO-V0X]68w(H) [BO-VOH]>
Qe = % <;u w>
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with A = ¢/(x — x0) — Y’ and the following definitions:

S ={[Bo-VoH][R(e,  V)H]} T =|By-VoH|?

u={[(H-V)H]-Va} w=ep-L(Hey)

Appendix E presents the proof that the sum of these six terms is equivalent to the original
equation, (5.7).

The next step is to evaluate the analytic expressions for the integrands of Egs (5.9) at
large v. The expressions for X and H are derived in Chapter 3. The remaining task is
to determine the analytic expressions for Q4+, S, T, v and w. We start by determining
Q@+, which appears in @1, Q2 and @3 and is defined by equation (5.8). By investigating
the orders of Q4 we find that Q1 ~ Qo+(6)(vX()? which means that the highest order is

2-2Xs) - Qg is purely periodic and given by:

Qot = %‘IQ [(foBo + Rey) - [(foBo + Rey) - Vko] = |Bo - Vo (foBo + Rey) [°]

where fy is defined as (see Eq. (3.46)):

1
b= Asq 1 <R2Bg>
0= / BQ - 32
hor' (i) ()

By using equations (A.9), (A.10) and the fact that fy does not depend on x we can re-write

the expression of Qo+ as:

12 2
q? fe 2 2012 2 2
Q- =5 {(R+4f0B¢) KR+ 5 Bo- Vo [Bo- VoB*| = 2fg|rol* — B, - B¢}

where Bp is defined as Bg = B - VR and kg is given by kg = k- VR.
The variable S is defined as S = R[Bo- VoH] - [(ey - V) H], which appears in Q4, and

can be expressed in the form lim S = Sp(0) (vXp)? with Sy given by:

X—00

So = ¢*{fo (—Rkr + Bh + B}) + RBy — [ Bskr}
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where we used the following expressions:

B B
(es-V)B=—F R+ ey
1 .
V)ey,=—-—R
(eg-V)ey=—5

(B-V)(esR) = —BgR + Bre,

These are derived by using the expression of the material derivative in the cylindrical

coordinate system?. The variable T is defined as T' = |Bg - VoH|?. It appears in Q5 and

can be written in the same asymptotic form as the other quantities li_)m T =Ty(0) (UX0)2
X—00

with Tp:

Ty = ¢ [f§|kol* — 2foBykr + B + BZ]

The function u = [(H - V)H] - Va (appearing in Q)g) is of a lower order compared to the

previous quantities since its asymptotic expression is lim u = ug(f)v (vXo)Q, where we
X—>00

can show that:

0
W:¢3ﬁmg%w(+§yuR+mﬁ@R&

Here we have used (ey - V) (Rey) = —Rand VR-V¢ = —RB,.

Finally, we need the asymptotic form of w = eA -L ( e J_) which requires more steps than
for the previous terms>.

Using Eq. (A.11) we can write w as:

X 1 0 o R232 o P X, X,
Bo£<Bo >~7<39+8v) T IR (q’U—i—Y)<—|—v)<X0+U+UQ+...

X, X
+U(Xb+;—+vj+~~>] (5.10)

2The material derivative in the cylindrical coordinates is given by
A.VB = (ARE)BR + A¢ E)BR _’_Azagj _ Ad,Bd,)R i (ARBB% n Ad, 8B¢ +Azaé32¢ Ad)RBR)eqb I
(A aBz+f;€>aBz+Az 82)2

3The equation needed to derive the following expressions are: The expressions derived in Appendix B and
Section C.2.1. From Appendix B we used Eq. (B.5) which is the ex-component of the linear operator
L used on e -components. From Section C.2.1 we used the linear ballooning mode equation of order
O(v) (Eq. (C.12)) and of order O(1) (Eq. (C.14)), and the relations (A.11), (B.6) and (A.12) derived
in A
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5.1. COEFFICIENTS OF THE NONLINEAR ENVELOPE EQUATION

Eq. (5.10) is divided into its order of v since we are seeking the leading order of w. The

lowest order is equal to zero as Xy is constant in 6:

10 ( RB, 9
j@@( 7B a0 ) =Y

and therefore we must investigate the next order O(1) which is:

X 10 [RB2/, 9 )
BOE<BO L>_jae < Vg, X0+ d 5% )

o .
752 3 —o+0{w )
Exploiting Eq. (A.12) and Eq. (C.12) we find that this order is also zero. Therefore we

00

+ Xo

must calculate the next order O(v~1):

en, ieL _ o) R2B§q, QXI_RQBI% . _RQBgy,g Xy
By~ \ B, j 00| T2 1%, B2 150 JB2 " 96 \ v
R*B2 0 o ( RB} R 9 %,
T | Tl T T 80 B2 V9,70

8 X1 8 -2
—i-% (Uv) —i—aavXo} + 0 (v7?%)

We already have the analytic, asymptotic expressions for Xy and X7, but not for X,. Using
Eq. (C.14) and Eq. (C.12) we finally obtain:

X 1| ,R?BZ (10X, AsXp 10X;  AsXo
iy N ——Q U — - +po | ——&5 —
B() Bo J JB2 \v 00 v v 00 v
pp'J i 2
q/UBQ 61/} (2p + B ) XO

Now that we have the asymptotic forms of all the quantities appearing in all the terms of

(5, we present the equations for the analytic parts of the integrals (C5°Y = > (Q;)**)
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given by equation (5.6):

1 0X
e e (e () ) o
as — 2

6m(Ag — 1)p§<3(>\5—1))

(Q1)

(@2 SR D
QR2)" =2

6m(Ag — 1)p§<3(/\571))

6m(As — 1)pfrs ™) 187(As — 1)2p0s ™)

@) = ([ (s (550))])o

6m(\s — l)p&S()‘S_l))

0 0 -
(J <8Q0+ + %J:acx>>cg JQ(HC?’QZ (1+3(As — 1) log(py))
(Qs)*Y =2 Ld Ld —4

<T08J>C§§
(Qs)"Y =2 e 3(As—1
6m(rs — AP0

(up wo)Cs

<Q6>a5y — 2
6m(Ag — 1)p§<3()‘s_1))

We have made use of the fact that the equilibria are up-down symmetric and to eval-

uate (Q3)*Y we have exploited the relation d(b;f)) = b“(lnb)dqil—(xx), and [ 2%logzdr =

2t (—14(14a)logx)
(I+a)? '

5.1.6. Quasilinear nonlinearity coefficient C;

In this section the quasilinear nonlinearity coefficient is investigated:

o2 (Xt e (o)) (X e

To be able to evaluate this coefficient we must determine the quantity T'| by evaluating

its differential equation, which is described in the next section.
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Determining 71"

T, is defined so that it satisfies the following two equations:

X
en L(T1) = XenL ( §L> (5.11)
X2
Ty, = — 5.12
v=3p (5.12)
with

K
T, = —e/\—kTweJ_ (5.13)

By

where we defined K = Ta|By| to simplify the subsequent calculation. By using these

relations (equations (5.11), (5.12) and (5.13)) we obtain:

en K _ Xep Xe| en X3%e,
o (Ko} 2 N (Xer) enp (X o0

Using the expressions for the e, components of the linear operator £ acting on vectors

with either e, or e components (equations (B.2) and (B.5)), Eq. (5.14) can be re-written

as:
2 . X2
JBy -V, {'j%’QJBO : VOK} - —622? [JBo - VoX]* + = JBo- Voo

We will show that only the derivative By - VoK is needed. To determine it numerically,

we can integrate the right hand side along a field line and multiply the result by %.

Determining the integrals

In this subsection the two terms of the quasilinear nonlinearity coefficient are simplified so
that the coefficient can be easily implemented.

First term of the coefficient Cy
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By dividing Cy = Cy/y + Cy/o the first term of the fourth coefficient can be written as:

K X
C4/1 =2 <XB0€/\ L <BOEL>>
en K en X?
29/ K |=4A. el =N =
< [BO £<BOGA>+BO £<2306L>}>

2 1 : 1
=2 <K {BO Vo ('eBAQ'BO : V0K> +5B0- Vo [‘”BfABO - VoX?| + 5By Vo (UXZ)}>
0

using Eq.s (B.2), (B.5) and (5.11). It is evident that each term is of the form (K By - Vo F)

where F' is a place holder for any expression. This can be re-written in the following way:

0
(KBy - VoI') =~ (FBy- VoK) + (Bg - F))

~ —<FBOVOK>

The term (B - Vo (KF)) can be neglected since the asymptotic parts of the variables go

to zero at infinity. It follows that:

enl? e -e 1
04/1 = — <’B?\2‘ [BO . V(]K]Q —+ % [BO . VoK] [XBO . V(]X] + 5 [BO . VOK] O'X2>
0 0

Second term of the coefficient Cy

The second term of the fourth coefficient is:

X2
C4/2 = — <B06J_ £(TJ_)>
X? K X2
:‘<Bo (“'5(3069 *“"*‘<2Bﬁ>>>

Using the relations for £ of the basis vectors (B.4), (B.3) and integration by parts leads

to:

e| -e
Cype = 2< lBQ "By - VoK][XBp- VOX]> +{[By - VoK]oX?)
0

+ <2X2 [(Bo - Vo) X)? je;é> - <B26‘ (eL - ko) (€1 - Vo) );4>
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Combining the two terms of Cy and using Eq.s (A.2) and (A.3) leads to the full expression

for this coeflicient:

_ lenl? 2 X4Af]3/3732
Ca = 2< [Bo- VoK) +( 5751 59

2e? X2 9 X4 (, 10B?
+ (B B0 w?) - (5 (V4557 ))

5.1.7. Fractional derivative coefficient C5

The final coefficient Cs, which is the fractional derivative coefficient, is given by:

Abg 2 o\ o/ Bj -
Co=——""_(A A
5 T2— )\ ( T+ _)q VYR /,

with A = Ag — Ar. To obtain by = % we must evaluate Y7 and Ysy which can be found
by solving the set of differential equations (3.14), (3.15) and (3.16) of the inertial region.
To solve this set of differential equations we reduce it by using Eq. (3.16) to eliminate the

=_, dependency in Eq. (3.15). The remaining set of two differential equations is given by:

R Y% - Tpo -~ .
A022%y = 2 2220 4 Dy ¥+ 22 7| + 410200
oz ox 2 ox
92T, . . (Y
A57j20 = AsJo + AsYo + Ag (o)
ox oz

This can be solved numerically by exploiting a coupled Runge-Kutta-Nystrom method [110]
combined with the shooting method [111], see Sect. 2.5.3. We must use the shooting method
since the boundary conditions (3.17) and (3.18) are used which gives asymptotic relations
for )70 and jo.

To obtain by we must evaluate the ratio % using the numerical solutions. We define

S+
three of these numerical solutions y; for small x; which have the form of equation (3.19):

Y Y™
yi:_A+( L, g;)
x; x;

3 (2

—As

)

AL

where A, Yo, and Y7!, are constant. Defining a; = = and b; = x; ** we obtain for the

ratio:
Yoo _asz(y1 —y2) +ai(ye — y3) +a2(ys — y1)
Yor  b3(y2 —y1) + ba(y1 — y3) + b1(yz — y2)
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Therefore, we must determine the function Y numerically and calculate three solutions at

points with z; < 1 to then evaluate by using equation (5.15).

5.1.8. Conclusion

A method for the calculation of each coefficient has been presented which includes a division
into numerically and analytically treated parts of the integrals for the coefficients. The next
step is to verify that the asymptotic expressions are correct and that each of the coefficient
converges with respect to the cut off p,. These tests are performed using the Type I
ELMy MAST equilibrium case presented in the next section. After these verifications the
coefficients are investigated for Type I ELMs in MAST and Type II ELMs in a JET-like

equilibria.

5.2. Type | ELMs in a MAST equilibrium

In this section a MAST Type I ELMy H-mode equilibrium is investigated (shot 24763).
The fits of the profiles were produced by the standard equilibrium reconstruction code
EFIT [118] and the equilibrium was calculated with the fixed boundary equilibrium solver
HELENA which solves the Grad-Shafranov equation [119, 120]. We start by examining the
asymptotic expressions and the convergence of the coefficients with respect to the value p,,
in Sect. 5.2.1. Then we investigate the coefficients of this MAST equilibrium in Sect. 5.2.3
and study how they depend on the local pressure gradient (Sect. 5.2.4). Lastly we present

methods for comparing our results with experiments in Sect. 5.2.5.

5.2.1. Convergence verifications

In this subsection the implementation of the methods derived in Sect. 5.1 are tested.
In the first part we compare the asymptotic versus the numerical integrands derived in
Section 5.1.1. The method is found to be correct because the asymptotic integrands match
the numerical integrands for higher values of y.

The second verification is that of the convergence with respect to the value p,.. As indicated

in the previous section, when p, goes to infinity the integrals should become exact.
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Comparison: Asymptotic vs Numerical Integrands

In this subsection we compare the integrands (and not the integrals) of the asymptotic and
numerical quantities to verify that the asymptotic expressions derived in 5.1.3 and 5.1.5
are accurate. If they are correct they should match for sufficiently high values of .
The asymptotic treatment has only to be implemented for the inertial and the quadratic
nonlinear coefficients (Cy and Cy), therefore only these integrands are investigated.

Inertial coefficient, Cy

1400F - - -

AR ical
o 1200F| C Cimntotic
1000}

5000y M UBVE
600 F .
400} ]

LWL L
0
X

integrands of C

-20 -10 10 20

Figure 5.4.: The integrands of the inertial coefficient. Black: integrand calculated with the nu-
merical functions. Red: integrand calculated with the dominant order of the analytic,
asymptotic functions. After half a period (x = ) the relative error is only 1.2%.

The integrand of the inertial coefficient presented in Section 5.1.3 is displayed here to verify
the calculations. We found that the asymptotic description of the integrand coincides with
the numerical integrand well, figure 5.4. We can define the relative error as:

asy
C(0

num
CO

Erel = ‘1_

where Cj*¥ represents the asymptotic integrand and CJ™™ represents the numerical inte-

grand. After only half a period (half way around the poloidal circumference) the relative

error of the asymptotic integrand is F,. ~ 1.2%. After 80 periods the relative error is
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Figure 5.5.: The relative error of the asymptotic form of the integrand relative to the numerical
form. Note that after around x = 60 the relative error is throughout smaller than 1%.
Since the integrand of the Cy coefficient is an even function, only the positive values
of x are shown.

~ 0.28%. This is evidence that our method is sufficient.

Quadratic nonlinear coefficient, Co

The integrand of the quadratic nonlinear coefficient presented in Section 5.1.5 is displayed
here to verify the calculations. Since this coefficient was divided into six components la-
belled as @Q;, we display each to ensure that all of these integrands are in agreement with
their asymptotic form.

The relative error is not useful here since the numerical form of the integrand of @); is zero
periodically which means the relative error is not defined at these locations. Therefore the

absolute error is evaluated instead:

Eops = Q;'lsy - Q?um

The absolute error converges to zero quickly for all @;, see Fig.5.6.

Fig. 5.4, 5.5 and 5.6 suggest that the analytical forms of the integrands are correct. How-

ever, we still must verify that the asymptotic form is accurate enough so that the total
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Figure 5.6.: The numerical (in black) and analytical (in red) form of each Q; integrand, and the
difference between them in green. We can see that the two forms agree quite well as
the difference converges to zero quickly

value calculated for the coefficient (i.e., by evaluating the integrals) converges.
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(a) The calculated value of the linear coefficient.

By fitting we estimate the limit of the real
value to be 5.50144 and that it converges
slowly with ~ Pi%' The approximate value
of 5.5 is reached for a p, around 10 which is
equivalent to two to three turns around the

torus.
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The calculated value of the fractional deriva-
tive coefficient. This coefficient does not de-
pend on the cut-off of py since it is calcu-
lated with a differential equation. However,
its results improve as well if the function X
is evaluated further along the magnetic field
lines. It converges to 2.878.
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(b) The calculated value of the quasilinear non-
linearity coefficient. We can see that the ap-
prozimate value is —1.4 and we can use a fit-

ting to estimate its convergence to be ~

0.003

2.26

which indicates that it converges qm’cklyx to

its value.
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(d) The calculated value of the nonlinear drive

coefficient.

It converges very quickly to its

value of —33474 because of the asymptotic

treatment.

Figure 5.7.: Coefficients vs the cut off value p,,.

Convergence test of the coefficients

Here we present the convergence of all coefficients as a function of the integration range.

Only the inertial and the quadratic nonlinear coefficients have additional asymptotic parts.

We show that the other coefficients converge as well and therefore do not require an ex-

tension for the numerical integration.

We find that all coefficients converge, as shown in Figs. 5.7 and 5.8. By using a fitting

method we determine the values of the coefficients as p,, — 0o. We estimate the limit of
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the real value of the linear coeflicient Cy to be 5.50144 and it converges slowly with ~ ]ﬁ.
The approximate value of 5.5 is reached for a p, around 10 which is equivalent to two to
three turns around the torus.

The approximate value of the quasilinear nonlinearity coefficient Cy is —1.4 and we can

use a fitting to estimate its convergence to be ~ 2023 which indicates that this coefficient

2.
X

converges quickly.

The fractional derivative coefficient Cs does not need the asymptotic treatment. Never-
theless it depends on the cut-off of p, since its results depend on the function X which
becomes more accurate if it is evaluated further along the magnetic field lines. The frac-
tional derivative coefficient converges to 2.878.

The nonlinear drive coefficient C'y converges very quickly to its value of —33474 because of
the asymptotic treatment.

In summary the values for each coefficient are:

C = 5.501 Ci~-14

Cs ~ 2.878 Co ~ —33474

5.2.2. Note on the order of coefficients

A careful reader might notice that the nonlinear explosive coefficient Cs has a larger magni-
tude than the other coefficients. However, this depends on the chosen boundary condition
of the function X and can be changed by scaling this function. Since the displacement &
is given by £ = f B%’ the real displacement stays the same if é is scaled inversely to X.
Therefore the scaling of X does not change the physics if f is changed with the inverse
scaling factor. Thus we can choose the boundary condition of the function X for y = 0,
since the initial displacement is freely chosen under the constraint that it has to be small.
The values presented are for the boundary condition X (x = 0) = 1.

All the terms of the nonlinear differential equation determining é are of the form

(F()X (x)") AE™
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Figure 5.8.: The convergence of each Q; of the nonlinear drive coefficient.

where F'(x) is a function and A is an operator. The averaged term (F'(x)X (x)%) represents
the coefficient. One can see that changing X and inversely changing é does not change
the equation. However scaling X will influence the coefficients. This effect is larger for
nonlinear terms when one deviates away from 1 since o > 1.

If for instance we change it to be X (x = 0) = 10~* and multiply the whole equation by a

scaling factor 10%, we obtain the equivalent coefficients:

C ~ 5.501 Cy~—14-10"8

Q

Cs ~ 2.878 Cy ~ —3.3474

Q

If we use these coefficients the final displacement at y = 0 would be é multiplied by
X = 10* with this treatment. We see that the nonlinear explosive coefficient is of the same
order as the linear coefficients, but we also notice that the second nonlinear coefficient Cy
is very small after this treatment.

For the following results we have used the original boundary condition X (y = 0) = 1.
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5.2.3. Simulation with original coefficients

Here we discuss the results of the coefficients of the original MAST Type I ELMy equilib-

rium and we present the results of the simulations with these coefficients which are:

C1 =~ 5.501 Ci~—-14
Cs ~ 2.878 Co =~ —33474
u~0.74 A= 1.252

We notice that both nonlinear coeflicients are negative. If only the nonlinear drive coeffi-
cient were negative, the behaviour of the filaments would be the same as shown in previous
work [67, 68] but with the explosive drive inwards instead of outwards. To show this let’s

start with the nonlinear ballooning equation implemented in Deton8*, equation (2.28):

ol W — 2 H2 e 62?
Doﬁﬁf = (Dl - w> §— DQTJ; + D3 (52 - 52) +D4§87¢2

If we transform: a — aa, t — 7t, ¢ — py and £ — x€ with

D1 D4 « Dol'i
a=——\/= T=1{/——
D>V Dy D,
_ v D1Dy v — &
p D3 D3

and

A — zpA

we obtain a generic equation where A is the only parameter. This generic equation was
used previously [67, 68] and with it the qualitative results of filaments are similar. If Dj
reverses its sign, the filaments move in the opposite direction, which can be seen by replac-
ing £ = —&. The only term that changes sign by this transformation is the nonlinear drive
term. When the sign of the nonlinear drive coeflicient is negative, the filament implodes

rather than explodes.

4The nonlinear coefficients of deton8 are related to the nonlinear coefficients of the nonlinear envelope
equation as follows: D3 = C2 and Dy = Cy.
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However, if the quasilinear nonlinearity coefficient is also negative this leads to an imaginary
transformation in the generic equation. This means that the change of this sign leads to
a new generic equation. If the quasilinear nonlinearity coefficient is positive it leads to a

broadening in the radial () direction and a narrowing in the periodic («) direction. This

2¢2

W vs 1, see Fig. 5.9b. It is negative at the most unstable flux

can be seen by plotting

62

\
\

\ / U
=

0° &2 \|/
9, "L-:'f',!Q

. a2%¢e2 . . L.
(a) A sketch of €2 versus 1 which has a similar (b) A sketch of 3152 which is of a similar form
shape to a Gaussian. of the second derivative of a Gaussian.

Figure 5.9.: Sketches of quantities appearing in the nonlinear terms (nonlinear drive term and
quasilinear nonlinearity term)

surface (displayed at the middle). It then changes sign radially further away from the most
unstable flux surface, labelled with 1y. Multiplying by a positive £ leads to a negative sign
at the most unstable flux surface which means the filament is damped and further away it
leads to a positive sign which means the filament is driven. Therefore the filament becomes
broader in 1 which reduces the value of the quasilinear nonlinearity term as the second
derivative with respect to ¢ becomes smaller.

However, if this quasilinear nonlinearity coefficient is negative then it drives (instead of
damps) the filament at the most unstable flux surface and damps the filaments at other
flux surfaces. This means that the filament becomes very narrow in the v-direction which
therefore increases the quasilinear nonlinearity term as the second w-derivative becomes
large, see Fig. 5.10. Therefore the cubic term is the most dominant term (and not the
cubic together with the nonlinear drive term). This mechanism causes the model to break
almost as soon as the filament enters the cubic-drive regime since it leads to overlapping
flux surfaces which are not allowed in ideal MHD. As a result we cannot simulate the
filaments with this model in this cubic nonlinear regime if the quasilinear nonlinearity
coefficient is negative. Therefore this chapter concentrates more on the analysis of the
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Figure 5.10.: The quasilinear nonlinearity effect: the profile becomes sharply peaked due to the
negative sign of the quasilinear nonlinearity coefficient.

coefficients than on the simulation of these filaments.
To show that the negative quasilinear nonlinearity does indeed dominate the evolution of
the filaments at some time, we discuss the results of the simulation briefly. Since A is close
to 1 we choose to use the first order derivative instead, to reduce the run time. The energy
of each of the terms is given by:

dE o6\ ? ou\? 1 €2

2
d 2
— = — [dady)| Dy | =) —T%?+ Dy = Dy = | — D3¢
o dt/‘“/’ o\ o1 SrDalGy) TaPilgp ) "3

This relation enables us to quantify which terms dominate the evolution of the filaments
at different times.
Fig. 5.11a shows how the cubic nonlinear term overtakes the nonlinear drive term; thus

the cubic regime starts from about ¢ ~ 0.006. Fig. 5.11b shows how the cubic nonlinear
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(a) The energy terms vs time. The cubic quasi-
linear nonlinearity term overtakes the non-
linear drive term.

(b) The energy terms vs time. The cubic quasi-
linear nonlinearity term dominates the fila-
ment’s behaviour at the end.

Figure 5.11.: Energy evolution of each term of the nonlinear ballooning envelope equation, given
by Eq. (5.16).

term balances the inertial term which means that it dominates the behaviour entirely. This

change of regime can also be seen in the evolution of the displacement, Fig. 5.12, where

the beginning of the evolution is dominated by the quadratic nonlinear drive coefficient,

which forces the filaments inwards since it has a negative coefficient. Were we to display a

Displacement vs. Time
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Figure 5.12.: The displacement vs time. The beginning of the evolution is dominated by the
quadratic nonlinear drive coefficient. It forces the filaments inwards because it has a
negative coefficient. When the cubic term starts to dominate it drives the filaments
outwards.

position of an initial minimum of ¢ instead, we would see a larger (negative) growth. When
the cubic term starts to dominate it drives the filaments outwards which is in agreement

with Fig. 5.9b.
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To analyse why this quasi-linear nonlinearity coefficient (C}) is negative we investigate the

values of each of its terms:

= —1.344 < 0 always (5.16)
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)
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Comparing the last two terms we can see that the pressure gradient is larger than the
2
magnetic pressure gradient <> which leads to a large negative contribution from

oY 2
the second to last term.
We have presented why a negative quasilinear nonlinearity coefficient breaks the model as
soon as the filament enters the cubic regime. Additionally we have shown that a negative
nonlinear drive coefficient describes an imploding filament. Next we investigate if we can

find a positive nonlinear drive coefficient to compare this model with ELMs as we know

that these have an explosive nature.

5.2.4. Coefficient profiles

The nonlinear coefficients are negative for the current Type I ELM MAST case. Therefore
the profiles of each coefficient relative to the flux surfaces are investigated to determine if
they are negative on all relevant flux surfaces. Additionally we investigate the effects of
changing the local pressure gradient on the radial profiles of the coefficients.

The nonlinear ballooning model is valid if the ballooning eigenvalue p is close to but smaller
than 1 and if 2—1’2 ~ 0. p < 1 indicates that the plasma is ballooning unstable. 2—1’2 ~ 0
means that ¢ must be a minimum, see Chapter 3. This means that the values calculated for
the coefficients are less precise further away from the extreme of the ballooning eigenvalue.

We evaluated the profiles for the coefficients with p, ~ 250. The quantity A remains

between 1 and 1.5, Fig. 5.13a. The ballooning eigenvalue has a broad minimum and
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Figure 5.13.: Profiles of the coefficients with the original equilibrium.

differs by around 20% from 1, Fig. 5.13b. Additionally we observe that the nonlinear drive
coefficient continues to be negative on all flux-surfaces, but has a local maximum where
the plasma is ballooning unstable.

The profiles obtained by increasing the local pressure gradient no longer represent an
equilibrium, but help to understand the dependencies of the coefficients. The nonlinear
drive coeflicient changes if the pressure gradient is adjusted, as illustrated in Fig. 5.14.
Specifically, as the pressure gradient is increased the nonlinear drive coefficient is also
increased. Additionally A exceeds 2 (Fig. 5.14a) which means that the normal inertial
coefficient can be used, see Chapter 3. However, the quasilinear nonlinearity term remains
negative and its minimum decreases, see Fig. 5.14c.

Note that for this case there are flux surfaces which are ballooning unstable and have a

positive nonlinear ballooning drive, see Fig. 5.15. However, recall that the local pressure
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Figure 5.14.: Profiles of the coefficients with an altered equilibrium where the local pressure gra-

dient is increased by 60%.
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Figure 5.15.: Scaled nonlinear drive coefficient and 1 — p vs normalised fluz surfaces for a local
pressure gradient which is increased by 60%. The plasma is ballooning unstable which
means that the linear drive term is initially driving the filaments. Also the nonlinear
drive coefficient is positive, which means that it drives the filaments outwards.

gradient must be changed by 60% in this case. This is larger than we would expect from

experimental errors of the pressure gradient measurements which are around 20% [80].

5.2.5. Methods for experimental comparison

To compare our results with experimental measurements we must first determine a suitable
method. The most obvious one is to visualise the results of the simulations and compare
these structures with observed structures in experiments. Here we present a method for
direct comparison with MAST high speed camera measurements. This method is insuf-
ficient for quantitative comparison, therefore a heuristic energy model is presented. It is
used to calculate the energy released in an ELM from the simulated plasma. This energy
can be easily compared with energies released in experiments.

We use the coefficients obtained from the case of the increased local pressure gradient, as it
is a case which is ballooning unstable with a positive nonlinear drive. However, the reader
should keep in mind that the equilibrium pressure gradient is increased by 60% which
makes the comparison to experiments qualitative, at best. Nevertheless these methods are
presented to show that comparison between simulations and experiments is in principle

possible.
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3D visualisation of filamentary structures

To visualise the perpendicular displacement of the filaments in Cartesian coordinates we
first superimpose the solutions of the separated function BLO and é given in equation (3.30),
which are the solutions of the linear ballooning equation (3.31) and the nonlinear bal-
looning equation (3.48). The 1) meshes vary between the two codes (evaluating the linear
and nonlinear ballooning equations), but we only display the displacement from the most
unstable flux surface.

The next step is to switch from the Clebsch coordinate system to a Cartesian system.
We know that the cylindrical coordinate ¢ is related to the Clebsch coordinate a by the

following equation:

a=q(x—x0)+Y -9

With this relation we calculate the toroidal angle ¢ for each given a and x. Furthermore
we know the Z and R values for each given y as these values are given in the input files
for the coefficient code (in the MAST case produced by HELENA). We then exploit the

transformation relations for cylindrical coordinates to Cartesian coordinates:

x = Rcos(¢)
y = Rsin(¢)
Z =17

A typical result of displaying the filaments in 3 dimensions with an adjusted mode number®
is shown in Fig. 5.16 where the data are visualised on top of a high speed camera image
of an H-mode plasma in MAST. The brighter parts are regions with higher values of the

displacement.

Using this method, we could in principle compare simulations with fast camera obser-
vations, as long as the equilibrium used provided suitable coefficients for the nonlinear

ballooning mode envelope equation.

5The original mode number is reduced by a factor of approximately 20. This high mode number compared
to experiments is probably due to the Taylor expansion of the ballooning eigenvalue p. This could be
investigated in the future.
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Figure 5.16.: 3D wvisualisation of the filamentary displacement with an enforced mode number of
n = 10.

Heuristic energy model

This model was continued from work presented in Reference [7].
We know that the linear drive in tokamaks is caused by the pressure gradient. The linear
drive in our nonlinear ballooning envelope equation (3.48) is proportional to the ballooning

eigenvalue, described by the following equation:

1—p=

where p’ is the pressure gradient in the plasma and p. is the critical pressure gradient
which cannot be exceeded [121]. In our heuristic energy model we use observations from

experiments:

e The region of the steep pressure gradient (called pedestal) is increasing before an

ELM crash.
e We also know that the pressure gradient collapses during an ELM crash [121].

Therefore we introduce a pedestal that grows linearly with time in our model. It increases
until the nonlinear terms are of the same order as the linear terms. Then we make the

pressure gradient crash until the instantaneous force on the filaments is approximately
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Figure 5.17.: Evolution of the normalised width Aﬁw of the pedestal (top figure), the evolution
of the normalised pressure gradient where the drop of it is seen (middle figure), and
the evolution of the displacement (bottom figure). Note, that it is the very beginning
of the nonlinear regime where the crash of the pressure gradient is initialised.

zero, see Fig. 5.17.

To implement this model we must translate it into the correct form to input into our codes.
The 1 —p is replaced by the Taylor expansion: 1— u(1(0)) — (‘%‘é (v — wo)2 =D;— W_A#)Z,
which allows us to represent the width of the pedestal by A. To estimate the energy
released during the drop in the pressure gradient we make the approximation that the
released energy is proportional to the drop in pressure gradient, the pedestal width, and
the volume of the pedestal. With that we obtain from this heuristic model the energy
released in one ELM cycle of ~ 0.65kJ. Typical energy released during one Type I ELM
cycle in MAST are between 0.5-1.7kJ [45, 122].

At this point these values are not predictive. One has to compare several of the calculated
energies with experiments since we can adjust several quantities in the model. However,
it is already promising that it is possible to reach sensible values for the energy released,
especially if we consider that there is no kink-drive in our model. This could explain why

we had to increase the pressure gradient to find appropriate coefficients. A purely pressure
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driven ELM is typically a Type IT ELM [80, 96] which exists in a high collisionality regimes
and reduced bootstrap current. Type II ELMs typically release less energy during one ELM
cycle, which could explain why the obtained energy is at the lower range of the energies
released in MAST.

To evaluate if the missing kink-drive is the explanation for the negative coefficients we

investigate Type II ELMs on JET next.

5.3. JET-like equilibrium: Type Il ELMs

In this section the coefficients for a JET-like equilibrium with Type II ELMs are investi-
gated to examine if the missing kink drive in the nonlinear ballooning model is responsible
for the negative nonlinear coefficients. This is the motivation for investigating equilibria
susceptible to Type II ELMs, since they are considered to be purely ballooning driven [80,
96]. The coefficient code was constructed to analyse up-down symmetric equilibria, how-
ever, JET is not up-down symmetric. Fortunately the Type II case we are investigating
(#70500) is close to a double null configuration and is therefore close to being up-down

symmetric [80, 123, 124].

5.3.1. Obtaining up-down symmetric JET-like equilibrium

To obtain an up-down symmetric equilibrium to use for the coefficient code, we exploit the
code SCENE [8] which is a self-consistent equilibrium code including neoclassical effects.
As the input we have used an equilibrium created with HELENA and EFIT from shot
number 70500.

To symmetrise the original equilibrium we perform the following steps: We find the max-
imum and minimum radius and their corresponding indices ¢, where ¢ is the label of each
original point of the boundary, see Fig. 5.18. To simplify the description here we assume
that ¢ = 1 labels the point with the maximum radius R,,,, and the subsequent labels
follow anticlockwise along the boundary. We can always shift the index such that this is
true, and the method is equivalent if the labels increase clockwise. Defining a new radial

W where the new radii

grid with N points and an equidistant mesh spacing of

are Roym(j) = Rsym(% +1—7) for je[O, %] where j is the new label of the points. For each
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Figure 5.18.: Sketch of grid of the plasma boundary.
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Figure 5.19.: Sketch of old and new radii and vertical heights.

new radius Ry, we can find two original radii such that Ro(i) < Rsym (jtop) < Ro(i — 1)
in the top half and Ry(i — 1) < Rsym (Jbottom) < Ro(%) in the bottom half, see Fig. 5.19.
We can then define a scaling parameter s;,):

Stop = Rsym(jwp) - RO(itoz))
> RO(itOP - 1) — Ry (itop)
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and an equivalent scaling factor sy, for the bottom part of the boundary. We can now

estimate the vertical positions Z;,, of the new point as:

Ziop = Stop (Zo(itop — 1) — Zo(itop))

and equivalently for the bottom vertical position Zp,;. The new symmetrical position is

the average of these two values:

Ziop — 24
Zsym _ top 5 bot

The original and new boundaries for the equilibrium are shown in Fig. 5.20. To verify

JET 70500
2 T T T
1F
Gl
N
-1}
HELENA =
SCENE =
-2b0 vy s
2.0 25 3.0 3.5 4,0
R(m)

Figure 5.20.: The original boundary from HELENA in black with the new up-down symmetric
boundary produced with SCENE in red.

that the modified equilibrium is indeed similar to the unmodified equilibrium, we display
all the equilibrium quantities in Fig. 5.21, which also lead to a very similar ballooning
eigenvalue profile, Fig. 5.22. Closer to the edge the differences become very small, which
is preferable as the most unstable flux surface is in this region. Therefore we can produce
up-down symmetric JET-like plasma equilibria (or for any other tokamak device) with
SCENE. Additionally we can change certain parameters like the pressure gradient or the

density to determine how these changes affect the coefficients.
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Figure 5.22.: The ballooning eigenvalue vs the normalised flux surfaces. When 1 — p is positive,

the plasma is ballooning unstable which generates the initial linear drive.
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5.3.2. Results for the coefficients for JET-like equilibrium

For the up-down symmetric case we obtain the following coefficients:

Cy ~ 0.38 Cy ~ —0.0098
Cs ~ 0.5 Cy ~ —940
1~ 0.975 A~ 1.08

We find that the JET-like equilibrium again has two negative nonlinear coefficients. Since
we investigate Type II ELMs which are considered to be purely ballooning driven, we can
conclude that these negative coefficients are not (only) caused by the missing kink drive.
Furthermore we investigate how changing the density with either constant temperature or
with constant pressure influences the nonlinear coefficients. Since the first case is similar
to the change in the local pressure gradient we want to examine if it can also change the
coefficients similar to the MAST case. The second case is to evaluate how the coefficient
change with the same pressure gradient but with a modified bootstrap current. The orig-
inal density at the magnetic axis is n. ~ 0.36 x 102°°m=3, see Fig. 5.21a. We change the
density and and use SCENE to create a new equilibrium.

First, we increase the density with a constant temperature. The nonlinear drive coefficient
increases and the quasilinear nonlinearity decreases with increasing density, see Figures 5.23
and 5.24. Note that the most unstable flux surface varies depending on the density. This
change in the location of the most unstable flux surface also affects the coefficients.
Secondly, we change the density at a constant pressure. The nonlinear drive coeflicient
decreases and the quasilinear nonlinearity coefficient increases by increasing density, see
Figures 5.25 and 5.26. There exists positive quasilinear nonlinearity coefficients for which
the nonlinear ballooning model can describe the evolution of the filaments for longer.
However, the change of the most unstable flux surface affects the quasilinear nonlinearity
coeflicient stronger than the change in density.

This study is limited by the equilibrium profile, see Fig. 5.22. When the density is in-
creased further, the location of the 1 — y maximum moves outwards (¢n > 1).

In the first case, shown in Fig. 5.23 and 5.24, the bootstrap current increases with increas-

ing density and in the second case, presented in Fig. 5.25 and 5.26, the bootstrap current
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Figure 5.23.: The nonlinear drive coefficient vs the electron density [102°m=3] with constant tem-
perature. The green /\ has its most unstable flux surface at v =~ 0.9958; the blue
+ has its most unstable fluz surfaces at Y ~ 0.9966 and the red o symbol indicates
the most unstable flux surface at ¢y =~ 0.99827.
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Figure 5.24.: The quasilinear nonlinearity coefficient vs the electron density [102°m=3] with con-
stant temperature. The green /\ has its most unstable flux surface at ¥y =~ 0.9958;
the blue + has its most unstable flur surfaces at ¥ ~ 0.9966 and the red o symbol
indicates the most unstable flux surface at ¥ ~ 0.99827.

increases with decreasing density. Therefore we detect an increasing nonlinear drive coeffi-
cient with an increasing bootstrap current. This means the inwards drive of the nonlinear
drive term reduces when the equilibrium is changed towards an equilibrium which is more

likely to have Type I ELMs.
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Figure 5.25.: The nonlinear drive coefficient vs the electron density [10*°°m=3] with constant pres-
sure. The green A\ has its most unstable flux surface at ¢y =~ 0.9966; the blue +
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Figure 5.26.: The quasilinear nonlinearity coefficient vs the electron density [10*°°m=3] with con-
stant pressure. The green /\ has its most unstable flur surface at ¢y =~ 0.9966;
the blue + has its most unstable flux surfaces at ¥y =~ 0.997 and the red o symbol
indicates the most unstable flur surface at n ~ 0.9958.

5.4. Conclusion

We have presented the methods to calculate the coefficients of the nonlinear ballooning
envelope equation and the results for these coefficients for Type I ELMs equilibria in MAST
and for Type II ELMs equilibria in JET.

We described the method used to calculate slowly converging integrals for the Cy coefficient
in an efficient way. Additionally we confirmed that the methods for the calculation of
coefficients were successfully implemented and worked as predicted.

We presented methods to compare simulations with experiments in two different ways:
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visualisation of the filaments to compare filament width and growth rates and a semi-
heuristic energy model to compare the energies released during ELMs. However, the current
results suggest that the nonlinear ballooning model on its own cannot sufficiently describe

Type I nor Type II ELMs in a quantitative manner.
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6. Conclusion and future work

6.1. Conclusion

As ELMs are predicted to have detrimental effects on the plasma facing components in
future tokamak devices, obtaining a deeper understanding of this type of instability would
increase the feasibility of fusion energy produced by magnetically confined plasmas in toka-
maks.

A promising candidate to describe ELMs quantitatively is the nonlinear ballooning model
since its qualitative characterisation of explosive filaments are in agreement with exper-
imental observations of ELMs. This model is derived from ideal MHD assuming close
proximity to marginal stability, and consists of two differential equations to describe the
evolution of the displacement: one differential equation describes the spatial distribution of
the displacement along the field aligned variable and the second, two-dimensional, nonlinear
equation describes the perpendicular evolution of the filaments and can involve fractional
temporal-derivatives, but is often second-order in time and space. In a tokamak geometry
the first differential equation is the linear second-order ballooning mode equation [56] and
the second differential equation describing the perpendicular evolution is referred to as
the nonlinear ballooning envelope equation in this thesis and was derived by Wilson and

Cowley [2].

In this thesis two main questions regarding the description of ELMs with the explosive

filaments characterised by the non-linear ballooning model are investigated:

e Does the nonlinear interaction of explosive multiple filaments influence their evolu-

tion?

e Can the nonlinear ballooning model describe Type I and II ELMs quantitatively?
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The second topic is of special interest because the model, once derived, is quite simple to
analyse because one only has to solve two differential equations. Additionally it is easy
to modify this model to investigate the effects of other physical impacts, e.g., nonscalar
viscosity, in a way similar to what we have done by addressing the first question investi-
gated in the first part of this thesis. Therefore this model has the potential to increase our

understanding of ELMs significantly.

In the first part of this thesis we have investigated the interaction of multiple explosive
filaments with varying amplitudes in the linear and nonlinear regime by exploiting the
nonlinear ballooning model in slab geometry with an added scalar viscosity. We presented
the derivation of the ballooning model in the slab geometry with a mixed Lagrangian and
Eulerian boundary conditions |71]. This set of boundary conditions allows the flow to pass
through the boundaries and simplifies the differential equation describing the displacement
along the field aligned variable. To implement filaments with different initial amplitudes
we changed the initialisation in the code Deton8, which is exploited to solve the nonlinear
ballooning envelope equation. Specifically, we adopted a superposition of the analytical
solutions of the linear terms of the nonlinear ballooning envelope equation.

We have shown that the multiple filaments interact as soon as they enter the nonlinear
regime, where we could demonstrate that the filaments which are able to enter the nonlin-
ear regime first suppress the other, smaller filaments and additionally gain amplitude from
the suppressed filaments. We have quantified this effect in two ways for a three filament
system by comparing four different cases; by introducing the quantity p; which charac-
terises the difference between the two-mode simulation and the two independent single
mode simulations, and by taking the ratio of the superimposed simulation with the sum of
two single mode simulations. With the latter method we could show in the superimposed
case that 80% of the amplitude of the larger filament at the final time was due to the
interaction with the smaller filaments.

We identified the non-linear suppression mechanisms to be the down-draft caused by the
dominant central filament as it erupts pushing down plasma which suppresses the sub-
dominant smaller filaments.

Our results are qualitatively consistent with Ref. [69], which investigated the evolution of
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random small fluctuations. The filament with the biggest amplitude at the transition from
the linear to nonlinear regime grows fastest and suppresses the other filaments, but the
interactions were not quantified previously.

Although our results are derived from a simple slab plasma model, it has the same fea-
tures as more complex magnetic geometries, including tokamaks |2, 3|, because the form of
the nonlinear ballooning envelope equation is the same as for certain tokamak geometries.
We therefore believe the phenomenon of large filaments feeding off the smaller ones is a
generic feature of MHD. To support our model we presented two examples of experimental
observations (Type V ELMs in NSTX and ELMs in KSTAR) which show single dominant
filaments where one would expect a higher mode number from linear theory. These effects
could be potentially described by the methods shown in this thesis.

This theory is only valid in the early nonlinear stages of the evolution since it is derived
assuming a slow time derivative. Hence it requires that the dominant filaments will have
time to have formed before the model becomes invalid. It is therefore sensible to test these
ideas in large scale simulations with less reduced models, close to marginal stability, e.g.,

with a reduced MHD model similar to [101].

In the second part of this thesis we have studied whether or not the nonlinear ballooning
model can describe Type I ELMs in MAST and Type II ELMs in JET-like equilibria quan-
titatively. To this end, we have presented a method to calculate the required coefficients
of the nonlinear ballooning envelope equation to accomplish the comparison between the
model and experimental observations.

The coefficients of the nonlinear ballooning envelope equation are complicated, field line
averaged equilibrium quantities and two of their integrands decay slowly. Therefore we
presented a method to reduce the numerical domain of the field aligned variable by calcu-
lating the asymptotic form of the remaining integral analytically.

We examined whether the analytic description of the equilibrium quantities is appropriate
by comparing the numerical with the analytical integrands and found that they were in
agreement. Furthermore we successfully performed convergence tests on our code to ex-
amine if the method for the slowly converging integrals functions properly.

We determined the coefficients for a Type I ELMy H-mode MAST equilibrium where we
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found both nonlinear coefficients to be negative. We showed that this implies that the
filaments implode due to the negative nonlinear drive term and that the filaments do not
radially broaden which more quickly causes the model to enter a regime where the model is
invalid. By changing the local pressure gradient we obtained flux-surfaces with a positive
nonlinear drive coefficient, i.e. exploding filaments. We presented methods to compare
simulations with experiments in two different ways: visualisation of the filaments to com-
pare filament width and growth rates and a semi-heuristic energy model to compare the
energies released during ELMs.

Furthermore we investigated the coefficients for Type II ELMs in a JET-like equilibrium
since we know that Type II ELMs are considered to be purely ballooning unstable and
therefore could be captured more completely by the nonlinear ballooning model. We
changed the equilibrium so that it is up-down-symmetric and obtained again two nega-
tive nonlinear coefficients.

In summary, we obtained imploding filaments for which the description by the nonlinear
ballooning model breaks down faster than expected due to the second nonlinear coefficient,
but by changing the equilibria we were able to invert the signs. Therefore the results for
the ELM equilibria indicate that either the nonlinear ballooning model is not sufficient to
describe the explosive nature of the filaments or that the coefficients themselves are too
sensitive to the equilibria, since we can show that they can switch signs depending on the
input parameters. FEither way the current results suggest that the nonlinear ballooning

model alone is insufficient to describe Type I or Type II ELMs quantitatively.

6.2. Future work

While the work presented in this thesis has shown that Type I and Type II ELMs cannot
be described quantitatively with the nonlinear ballooning model, there are several other
types of ELMs which are worthy of investigation with this model. Promising candidates
for future research are Type V ELMs from NSTX and the ELMs in KSTAR which both
show the interacting behaviour featured by the nonlinear ballooning model. Since they
show characteristics which only the nonlinear terms could describe, it would be more likely

that this model can capture their evolution quantitatively.
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6.2. FUTURE WORK

Another possible application would be to investigate the equilibria of the ballooning pre-
cursors of disruptions which were found in the Tokamak Fusion Test Reactor (TFTR) [125].
Since disruptions can be very detrimental to tokamaks and can limit the operating regimes,

improving the understanding of disruptions is essential.

In addition to investigating more equilibria it would also be of interest to examine how the
neglected non-up-down-symmetric term would change the behaviour of the filaments. For
example we know that Type II ELMs can be reached in JET by creating a quasi-double
null configuration [80]. This could be explained by turning the non-up-down-symmetric
term on or off. Additionally one could investigate non-up-down symmetric equilibria in

general.

Lastly, the interacting filaments could be investigated with full, large scale simulations near
marginal stability, for example with BOUT++ [126]. This would address two purposes:
First one could then compare how much the evolution differs due to the neglected terms
in the analytic nonlinear ballooning model. This would help us to understand what effects
the different terms have on the plasma behaviour. Second one could determine how the

filaments behave, not only at the early evolution, but also throughout an entire ELM cycle.
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A. Common coordinate systems - useful

relations

The following relations are derived here:

leL ] 1 R'B, ., o
= 1 Y Al
B(Q] RzBI% + Bg (q v+ ) ( )
By B? I 0B}  , ,
e . Z0y =9 Y A2
el Ko Rng(Viﬁ V)(po +=7) 5B, 00 (dv+Y') (A2)
e - Vpo = Bp6 (A3)
1 OB} o (1
il - = A4
BI o6 a0 <Bg> (A4)
By . Bgr
VYB=_-"2p4+ 28 :
(e¢ V) R R+ R €s (A.5)
1 -
(e¢ . V) €p = ——=R (A6)
R
(B-V)(esR) = —ByR+ Brey (A7)
By -
By - Voes = —%R (A.8)
B
e¢ BO Volﬁ?o = KRR ¢ (A 9)
e¢Bo V()R = BT6¢ (A.lO)
2 2
e -ex R°B,
I T A (A.11)
1
B() VOU = —prBo Vo (BQ) (A.12)
where v = x — xo. The derivation of equation (A.4) is straight forward. To obtain

expression (A.3) one can use e = %VdJ — Aex and that pg only depends on the flux
P

coordinate 1.
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Now we will derive Eq. (A.1). Using the Eq. (2.6) which is the representation of the
operator V in the 1-x-¢ coordinate system and the expression for a (Eq. (2.10)) it follows
that:

Va=vVyx —-Vo+ Vi [q’v + Y’] (A.13)

Where the primes denote derivatives with respect to ¢. Now we use the values for |Vx| =
—, |Vo| = = and |V1| = RB, (equations (2.7), (2.8), and (2.9)) to calculate the square

of Va.
2

RZB2

(Va)? = +R?B2 [¢v+ V)’ (A.14)

With Eq. (A.14) and Eq. (2.13) we obtain the Eq. (A.1).

Now Eq. (A.2) is derived. To derive it we use the representation of the magnetic field:
Va x BO

= fV¢ + Vo x Vb (see Sect. 2.1.3). By using the definition of e; = B
0

(Eq. (2.11)) and by using Eq. (A.13) we obtain:

1 [/ f 1 1
_ L Vi + AV 1Y) B
‘L7 B [<R2RQBI% R2) v o= f(dv+Y) Bo|,

where we do not need to specify the quantity A as we will multiply this equation with k.
2

Ko can be written as V(pg + %) and we exploit that all derivatives with respect to ¢ of

equilibrium quantities are equal to zero.

Using VY x Vo = —JBQVX and Vy x V¢ = R2B ——=35—z V¥ we obtain:

1 [ B2 o 0 B
GL'kOZBO[RQ%%(Vi/J‘V) §(QU+Y)<89 8)}(1)04_20)

Using (889 + (981)) (po+ Bzg) 5 (%BO it follows Eq. (A.2). To derive the equations (A.5),

(A.6), (A.7) and (A.8) we only need to use the material derivative in cylindrical coordinate
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system:

B 0B Ay 0Bg OB AgBs)\ -

A VB_<AR3R R 0¢ A, R )E
0By Ay 0By 0B, AsBg

+ (ARaR +§ 90 + A, 92 + 7 ) e

9R " R 99 7 02

A
(ARﬁBz ¢ 0B, A 8BZ> 5

To derive Eq. (A.9) we can exploit that ey - kg = 0 because of symmetry and we can use

Eq. (A.8):

€y BO . V()K,O = —Kko - BO . V06¢

_VE
VL

_ kR
R
To derive Eq. (A.10) we only need to exploit Eq.s (A.6) and (A.8). Using the relation
e = Rg;gng—Ae/\ and that e, is perpendicular to Vi by definition we obtain Eq. (A.11).
The last Eq. (A.12) can be derived by using o’s definition (B.6): 0 = —J;L;O — f" and the
0

fact that the quantities f and py only depend on the flux coordinate 2.
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B. Components of linear operator £

B.1. Properties

It is useful to find relations for each component of the linear operator acting on each com-
ponent. In this appendix we present the different expressions and the derivations of the
expressions.

The linear operator acting on a perpendicular vector W (with only e; and e, compo-

nents) is defined as:

LW )= DBg-Vo[Bo-Vo(W_1)]—(Voko) W +[Bo(Bo- Vo) + 2K [Bzg (Ko - WL)}
(B.1)
One useful property of L is:
By-LW_1)=0

Another useful property of the linear operator is that it is self-adjoint, [63]:
(AL-L(CL)) =(CL-L(AL))

where A| and C are perpendicular vectors and (- - -) is defined as:

<...>E/Z...gi
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B.2. DESCRIPTION OF DERIVATIONS

where [ measures the distance along the magnetic field line.

By expanding the linear operator of the basis vectors e| and e, we obtain:

%t L (ZﬂL) = (Bo - Vo) _’33"2 (Bo - VO)W] * 323 (eL - ko) (e - Vopo) MB.3)

% r <}‘§;eA) _(By - Vo) @iB(Q)eA) (Bo-Vo)W] — 0 (By- Vo)W (B.4)

%/(; L <226L) = (B - V) :(QB'ge/\) (Bo- Vo)W + O'W:| (B.5)
where o is the parallel current given by:

o= Jé?" = —JE? —f (B.6)

B.2. Description of derivations

Firstly, we derive some useful relations which simplify the derivation of the components of

the linear operator.

Deriving relation for & - £ (Bmoel)

The derivation of Eq. (B.5) is very similar to the one for (B.4). However, one more relation

is needed to derive this equation:

B2§(eA-n0) (el - Vop) = —fpy(Bo - Vo) ( . )

Bj
= (B() . Vo) g
Deriving relation for V - e
Deriving: V-e = _Blg (e ko) + Bige - Vpo where e = % OR e = %g.

e, .
1st ?é'
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B.2. DESCRIPTION OF DERIVATIONS

We use the definition of e, Eq. (2.11):

e\ VO&XBO
(&) )

VQXBO 1
== m VB0+BgV (Va x By)
L (e, -V)B? LJ.v (B.7)
- 1 0— =554 ¢ « .
By B3

where the following vector identity V- (A x Bg) = Bg-(V x A) — A-(V x By) was used

twice. To get an expression for J we use the equilibrium relation Eq. (2.23):

Vpo X Va = (J x Bg) x Va
:(JVQ)BO
= (J -Va)BE = Vpy - (Va x By)

= Boe. - Vpo
Using this relation for J in equation (B.7) we obtain:

e 1
V- <Bi0> - ]83.3L V (po + Bj)

2
= e, - I‘u',()-i-

1
B —z€l VDo

BS

2nd %3:

Here we use the definition for en (Eq. (2.12)) and the same vector identity as above:

eny) Bowi
()T ()
B()XVQﬁ

- 0 VB +

1
V- (B \Y%
B B (Bo x V)

n2
0

V- (Byx V)=V (VxBg)—0

= Vi I(0)
=0
1

To get the more general relation for V - e we must show that e) - Vpg = 0 by using
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B.2. DESCRIPTION OF DERIVATIONS

Eq. (2.12):

en Vpy = (Bo — R?B{Ve) - Vo

=0

Therefore it follows:

Deriving a relation for (B - Vj)e

In this subsection the derivation of the following relation is described:

%% - )
(Bo-Vo)e=—By [ = RO] + B S V2p0 + (e : V0> By (B.9)
B2 By

To derive this expression we only need to use the vector identity:
VXx(AxB)=A(V-B)—B(V-A)+(B-V)A—-(A-V)B
where the third term on the right hand side is equivalent to the left hand side of Eq. (B.9):

e e e e e
By Vo) — = £ X By) - = (Vy-Bo)+ By Vo — ° .v,|B
(Bo o)BO V><<BO>< o> Bo( o-Bo) + 0< 0 Bo>+<Bo o) 0

Then we can use the fact that the divergence of the magnetic field is equal to zero: V -
By = 0, which eliminates the second term on the right hand side. By using the identity

_ Boxvy
en = Bo

ore; = %()BO and that Vi or Va is perpendicular to the magnetic field
By - V¢ = 0, we can show that the first term on the right hand side is equal zero. By

exploiting the expression (B.8) derived in the previous section we can transform the third

term on the right hand side to —2Bj 6;2"0 + By e'BVQPO, which means we are left with the
0 0

desired expression (B.9).
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B.2. DESCRIPTION OF DERIVATIONS

Deriving relation for €~ - £ (BmoeA> and G- - £ (Bmer
To derive the relation (B.2) and (B.3) we can use Eq. (B.9), e - By = 0 and the following

relation, which can be easily shown:

e

(Bo - Vo) [(BO - V0> Bo} - [(Bo Vo) Beo] - VoBo + (;) : V0> Ko

_ {(;).v()) BO] VB

€-KQ e-Vopo
R

— 9k <. V0> ko (B.10)

By

Deriving relation for & - £ (Bmoe/\>

To derive the relation (B.4) we can exploit Eq. (B.9), (B.10), ex = BLOBO — R?ByVyo
(Eq. (2.12)) , e, = Rg;ggvmp—AeA (Eq. (2.11)) and By = fVp+Vodx Voyp (Eq. (2.15)).

Additionally we can use the following equations, which can be easily derived:

A(BV)FLO:B(AV)FLO
Vo - (Vop-Vo)By =0

Voo (Vo - Vo)Bo = B f’
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C. Derivation of the nonlinear ballooning
model for tokamak geometries - Regions

along the magnetic field line

C.1. Nonlinear orders of the momentum equation in the nonlinear
region

In this Appendix the more detailed steps of the third, fourth and fifth order of the derivation
of the nonlinear ballooning equation are presented. Most of these steps follow the derivation

of Hurricane et al. [3].

C.1.1. Third order

In this section a more detailed discussion of deriving the terms of the third order of the

nonlinear region is presented. Starting as in the previous order with the parallel component:

parallel component (¢3)

The equation for the parallel component looks identical to the previous order:
By -V6J® =0

Therefore §J®) is also constant along the magnetic field line.
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C.1. NONLINEAR ORDERS OF THE MOMENTUM EQUATION IN THE NONLINEAR REGION

e -component (¢)

This order for the ex-component of the momentum equation takes the form:
en- VoF®) =0
which means that F®) is constant along a:
FB® — pGB)

e | -component (¢2)

This order has more terms than the previous orders:

—e; - VoF® +e, - [Bo Vo (Bo : VO€(2)) - 25J(2)H0} — &% (eL - Vo) Ko

_ 2<1B—2W (1 - ko) (e1 - Vopo) & (C1)
0

The term on the right hand side has been added so that we can find solutions for £ which
satisfy the boundary conditions. Since we are close to marginal stability the ballooning
eigenvalue p is close to 1, therefore we can estimate (1 — p) to be of order €2. By adding

this term, we obtain an eigenvalue problem.

By averaging equation (C.1) with respect to a and using @ =0,6J® =0and F®) = FO)

which we have shown previously, we obtain:

OF®)

oY 0

a,l

Integrating along ) and using the boundary conditions leads to F®) = 0 which is equivalent

to
26® .k Tpo + B2
(Bo- Vo) & - L 0 :[ p032 0}&](3) (C.2)
0 0

Using that F(®) = 0 and equation (3.29) we can obtain:

)y _ 2(1—p)

el - L&) 52 (el - ko) (eL - Vopo) 51(#2) —2I'—
0
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C.1. NONLINEAR ORDERS OF THE MOMENTUM EQUATION IN THE NONLINEAR REGION

with the linear operate £ defined as in (B.1). By using expression (B.3) we obtain a second

order differential equation for Boﬁf):

e |’ 2 I'p
By -V, [’ BlQ' By -V (Bofg)ﬂ + Bflﬁ (eL - ko) (eL - Vopo) 51(1,2) == Bf;f (ko-ey) o]
0 0 0
. . (e1-Ko)E :
By using equation (3.29) to replace Tw we obtain:
0
e |2
p(eL - Vapo) (Bo - Vo) §|(|2) +Bo- Vo [’52'30 Vo <BO€1(;)):|
0
I'po + B2 I'p
= %M (el - Vopo) — 2373?"»0 ey | 6J? (C.3)
0 0

By integrating along the magnetic field line and using the fact that the displacement at

this order must go to zero, we obtain that 6.J() = 0.

C.1.2. Fourth order

The steps in the derivation of the fourth order in the nonlinear region are discussed here.

parallel coponent (¢?)

The fourth order, and also the last order used, of the parallel component has the following

form: @)
2
poB3 97

ol oz~ (Bo-Vo) 5JW

which means that §J(®) is not constant along the magnetic field lines.

€2 of e -component

After some algebra we can show that this order takes the form:

aF(4) (SN (2)
aa'+E}£<§L)_O (C4)
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where F(4) is defined as:

PO = F(4) 26 [(By- Vo) (Bo- Vo) €]
= (Tpo + B) 679 + 3 [€2) - (Bo - Wo) (Bo - Vo) € — | (B - Vo) €]

— By (By- Vi)&W + kg - W

To obtain equation (C.4) it is useful to exploit the following relation which can be derived

with some straightforward algebra:
e-(Bo- Vo) (Bo- V)& —§ (e Vo)ko =2e- ko (Bo- Vo)

where e can be either €| or e, and £|| = fHBg. This relation is valid for each order of 5”.

By using equation (3.29) and 6J®) = 0 we obtain for the second order:

51(1,2)6L * ko
€ - (BO . Vo) (BO : Vo) €H - EH . (e . Vo)K}O = 4T € KQ (C5)
0
The other important relation which was used is:
9D L) 10 105 e
AL = [g Ag ]+HOT (C.6)

where HOT stands for "higher order terms", x for either a or ¢ and A for a linear,
equilibrium dependent operator. To derive this equation we can exploit the separation of
¢@ = g(a, ¥, t)H (,1). The higher order terms which are neglected must be retained at
the appropriate higher order. However, in this current case these terms are of order ¢ and

therefore smaller than we are going to evaluate.

To determine an expression for By - V0§‘(‘4) we can integrate equation (C.4) with respect

to a where a constant F'(4) appears:

(4)
2K - & =
By Voef? ~ T EL = (154 1)5W 4 58+ Bgew(HL) FO (0
0 0
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where

Q=-[H(By- Vo) (Bo-Vo)H —|(By- Vo) H]

% of e | -component

By using equation (C.6), (C.5) and (C.2) we obtain:

8F(4) e (3) 2
&L e 3) _
o9 + Bo L <€J_ ) + BOGL kol'B6J 0

where § = 2;%90. We again neglect higher order terms by using equation (C.6). These are
0

of order €* which is a relevant order for the e | -component. The neglected terms are:

) £2
B0§2%I(;I [(Bo- Vo) (Bo-Vo) H] — Boi;a [H (Bo- V) (Bo- V) H|

These terms must be carried into the fifth order.
To evaluate the results from the two perpendicular components and to eliminate the F(4),
we can differentiate the ex-component with respect to 1 and subtract the a-derivative of

the e | -component, which leads to:

O (en p (V] Z O feL pled)] -2 12, . ®| -
8¢[BO £<L)] 804[30£<€i) B | By ot oA =0

Consider that the first term can be written in the form:

0
o

cen ¥ en - 0 [ea
oL = o5 e e |5 L)

~€ ~e2

Note that the second term on the right hand side is of a higher order and therefore can be

neglected here but must be added at the higher order. Therefore:

O en _ 9 JeL e\ 9 2, . (3)
505 LHD =5 [BO ﬁ(g) + g | e - morsoT (C.8)
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C.1. NONLINEAR ORDERS OF THE MOMENTUM EQUATION IN THE NONLINEAR REGION

By integrating along the magnetic field line up to the matching region, which is indicated

by angled brackets (- -), and by differentiating with respect to o we can obtain:

o /2 .3 2T'po 96J)

where the term 5J(3)E
Oa

by using equation (C.2) and integrating along the field line, multiplying by p(:

<2£’§° (Ko -e ¢)> is neglected. We can obtain a similar equation
0

2
<Bg@-m%>+@&wmwwﬂ@=o
0

By comparing the last two equations it follows that:

86JB)

oo =0

We can exploit this result in equation (C.8) to obtain an equation to determine & 3).

O¢ en o [ey 3)
L(H ) = - . L ( ) C.9
508, FHL =54 [BO i (C9)
We use the ansatz (f’) = %} H f) + Ef’) and neglecting higher order terms again. Note

that these are not relevant for the next order since they appear to be two orders higher.

We obtain:

% en _er (P g
v Bo L(HL)= Bo ﬁ(awaaHL

Whereﬁzg—gandHL:BloeJ_:

en (X, \_eL 3)
Bo E(BOGL)_BO ﬁ(HL>

By using the results from the first order (3.25) we can derive the es-component of E(f):

To investigate the third order of the displacement we can exploit the fact that the equi-

librium is invariant under the transformation: o — « + f(¢) since the magnetic field is
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given by By = Vi) x Va. However, e ,;u and X depend on the choice of f where we can

show that dg}% = —ex where [ is given by [/ = &P Starting with the linear ballooning

equation (3.31) and differentiate it with respect to f’ we obtain:

2 1 0 2 8M 2
—en LED) +er- L <Bo(‘3f’ [XeL]> =By (e1 - o) (e1 - Vopo) €7

Note that terms with (1 — p) are of a higher order and therefore can be neglected. By

combining the last three equations we can obtain:

eL,( (e _ 9% __2op . @
BO£<< af e | = BIof (el - Ko)(eL Vopo)gw
By integrating along the magnetic field line we can show that

o

ap ="

Therefore we must calculate p for each flux surface to find the most unstable surface on

which to apply the model presented in this thesis. Since g}‘, ~ 0, 55’) is:

(3) 1 8u8(Xel) @
1 _B 31/) 3]” €1

To determine the a-independent part of E(f’) (second term on the right hand side) we can

examine the fact that §J2) =

o€ %W . X

2) — . (2) Y e

0J\" = By 81& + (Bo Vo) §|| + &V (BOBJ_>
9@ 5.03) 29

oo Oy 81/} Oa 2 8oz

which can be shown by evaluating equation (2.20). Averaging over a and using that £ ‘(‘2) =0

and f €@ _ = 0 leads to the final results of this order:

éa_B@m)
+ 2 O
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C.1.3. Fifth order

The derivation of the final order is presented in this section. Only the perpendicular
components are needed here.

3 of e -component

The ex component at this order has the following form:

0
3&

+ [ (en - V0)5<3>] [Bo VB - V0£(2)] ten L (s(f)) +2(en - ko) DB8JBYC.10)

0= By—F®) 4 [(e/\ Vo) 5<2>} [—25J(3)fc0 + By VB - VOE(?’)}

where ') is defined as:

FO) = pO) 1573 ¢@) . 5016@ By V673 By—¢@ By VoBy- Vot ® +£6) By VB V£?

From equation (C.10) we can derive a relation between E(f), 6JG), f and X which must be
satisfied. To derive this relation we must take the integral with respect to the fast varying

part of o, which eliminates the F(®) term:

L ((j”)) + [aism] £ () + (Voro) €] + [5163)] 1£(€?) + (Voro) 2]

2en - Ko

+ rBsJ3) =0

0

where we have used that 6J®) is independent of | and where the overbar is defined by

Eq. (3.27). We can combine the second parts of the second and third terms:

0e®@
oo

K

[(VORO)S(?’)} E( ) [(Vono)ﬁm)} - (5(2) (Vono)§(3))

The « average of the combination is zero, which leads to:

en ,(e® 9 40 (3) 9 @) , 2en Ko
o (60) + (ag®) £ (6) + (ue) £ () 25 ranso
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C.1. NONLINEAR ORDERS OF THE MOMENTUM EQUATION IN THE NONLINEAR REGION
By exploiting equations (3.25), (C.9) and (3.31) we obtain:

en (@) _ XL L enKops
Bo£<£L>_BoaweA R

We can simplify this equation by introducing a shifted displacement defined as:

I'po
Py Bo

7B — Ef’) + §J®e

which leads to: o
en 3) X 0€2
hAY 7 - 2% o .r(H
Boﬁ(i) Bo 09 £ HL)

¢* of e | -component

The e component of order € is:

825 a[: (5) e, B R
2 W (] 0 4
‘ 2 = Bo 1/} — 3 Bo . V()P( ) (C'll)

poleL
+[(en - Vo) €] [-2000 k0 + Bo - VoBo - Ve
+ [(eA Vo) 5(3)] [Bo -VoBy - Voﬁ(ﬂ —20JWey ko+el L ( f))
+2e] - Ko [Bo ' Vo§|(|4) - ggﬂo ' ST)] —3J®¥e, (By- Vo) (Bo- Vo) €?
—e1 (Bo- Vo) (Bo- Vo) (5J(3)€(2)> + 32(2](1 — wes - Koel - Vopoll

. F2
+ 3052%13 [(Bo- Vo) (Bg- V) H| — 3052880[ [H (By - V) (By - Vo) H|

The terms which were neglected at lower orders have been added to equation (C.11). We

can show that:

(Bo- Vo) (Bo-Vo)&=L(§, )+ (Voko) &+ [2k0 + BoBg - Vo] (I3 +1)6J
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C.2. MATCHING REGION

where all ¢ (and 6J) are either €2 (6J®) or ¢® (§J®). Using the last equation and

equation (C.7) to replace By- V& |(|4) and taking the derivative with respect to o we obtain:

2 2 (5) .B F(4) o (4)
09 (o )= g0 e By g O +el.£<ﬁ

090 o2 000y B2 da
2 &)
+2F/8(6J_'KIO)+BS,(eJ_"‘?O)e/\'ﬁ( y >
(2)
2 23
+ gzt = m) (e ko) (s - Vo) 52

o s we] - [o (€2) + (Fom- €]
+ [(GL ' Vo)ﬁ(g)} : [5( (f)) + (Vofﬁo)'ﬁ(f)} }

(e1- Vo)

Similar to the previous order we subtract the « derivative of the e -component from the
1-derivative of the e, component. We define the Z () the same way as for the third order

and find:

el B 92
e L (g‘j”) 2, -kolB0JD = e, - L (Z<4>) — o0 [(Bo Vo) ( ;, OG>] o%¢
0

with some algebra (using equation (3.25) and (C.9) again and equation (C.4)) we obtain

the final equation of this order before the matching procedure (equation (3.33)).

C.2. Matching region

C.2.1. Asymptotic form of the parallel component of the displacement

The equation (4.1) can be separated with respect to its different orders. The highest order

of (4.1) is O(v?):
0

00

R’B, 9X, |
JB: 06 |
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C.2. MATCHING REGION

Evaluating this equation we can show that Xy only depends on v: X¢ = Xo(v). The next

order has the following form:

0

00

R’B} py2 (0%o 10X
JBg v v 00

0 1
+ Mp{)f% (BZ> qvXo=0 (C.12)
0

The last term of this order can be expressed as: ,u,pf)f% (Bi?)) qdvXo = % (,upf)f (Bi?)) q’vXo) .

Integrating over 6 introduces a constant which depends on v:

0X1 JB% f,upIOJ 0Xy
=0 o) - Xo — 0220 (C.13)
00 R2B;q"v

RQng’ ov

C(v)

To determine C(v) we calculate the integral of the last equation: [ df, where we use the
definition: (---), = % ¢ -+ Jdf. Using the fact that Xy, po and f are periodic and ¢(v)) is
independent of y we find that the constant is given by:

q*v ufp6< 1 > 9Xo

Cv) = : Xo+v22

) <R§§;2> [q’ RB2/, 7T ow
p/6

Combining this relation with Eq. (C.13) we obtain the expression for 85;}, Eq. (3.37):

0X1  Jufpy 2<R%B§>

JB2 1 oX,

0 0 0

- S| X+ [P0 L g2

20 BB |0 B °F | ReBZ B "o
R*B} /g R2B /g

The next step is to calculate another order so that we can derive an equation for X7 so that
we can obtain a differential equation with only Xg and no X7, as we are only interested in
the highest order approximation for the asymptotic behaviour.

The next order has the following form:

R2B? R*B}
0 { ¢’ (8X2 + 8X1> +2——LqY" [aXl + 8Xo”

'=%6) B 90 2 " dv v gz T Va0 v T o

o |R*B; , (0 d (1

7 7X /7 . /X
a0 | T2 ¢ ”(ae 1) T 1pof 5 (Bg)q !

o |R*By , (0 J B\ 10 (1

9 “x Quph | —— . =9 -—— | = ) Y| X,
Yoo |t (81} °> T 2HPo BgRQBg(V¢ V) <p°+ 2)*209 (Bg) 0

(C.14)
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C.2. MATCHING REGION

We again calculate the integral with respect to 6 and notice that the first term of the right

hand side disappears:

1 o |R*B} , (9 d (1
— 7 7X / p . /X
0=15; v | JB2 ¢ U<8v 1) T HPoT 5 (Bg> !
1 0 |R°By 5 (0
T on o | Bz 1" <8vXO
J B2 10 (1
P : )= (=) Y| X

By using Eq. (3.37) to eliminate X1, the relation

5 <32>f__7{ <B289 >

0
and the equation %Y’ Y" =1V — ¢, we get the following equation (3.38):

g 50X
ov v* ov

}+DMX0—O

where D)y is the Mercier coefficient, [65], which has the following form:

[ 1 o/ 1 \? B2 ) 1
Dy = —2 ! — / / -
M q,2 fq <RQBIQ)>9 Np()f <R2BI2;>9+ <R2B12;>9 |:Mp0f RQBng ,
1 BZ l
ol L (v.v) <p0+0)> f< > ]) (C.15)
<R2Bng 2)/, "\JB

With the ansatz that Xy = ﬁ we obtain a general solution for Xj:

C1 Co

X:
O o T -

with AL = % + \/i — Djs where we will refer to the small Ag and large solution Ay,.
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C.2. MATCHING REGION

C.2.2. Useful equation for the matching region

The following expression will be derived here as it is needed for the matching region:

(e (o)) et

2 R2 2 2
Po 12 R Bp 3y2 22 0 f Bp / 8UO
—_— X B X — 1

I

B2 \ ! \
q’2< 0> (As — AL)oXZuluse
0

where [y sets the limits of the integral (---) and it is determined by the matching of the

non-linear and inertia regions. By integrating by parts we obtain:

(e (o)) et -

2
[’eg’ (XBy-VoZ - ZBy VoX) — Dle, 2XG
By Do

where the relation e - £ ( B € L) = 0 was used. These limits are non-zero for only the
highest order of the right hand side as Iy — oo. Therefore lower orders can be neglected

and we obtain:

X Z Po 2 lo
_ X =
<Bo’3L E(Bo“)> p e X

0Xo 10Xy PO 12 2 p2 2
— 7 - — R*B: XoG
0<8v+v89>} p()qv poM0

R2BZ 1
12 2 p

—Px,— (—— [ daU,
TR 086<q’v/a0>

Using the expression (3.42) for 8791 and equation (3.37) % axl leads to:

X Z Po lo
—e| - L| e - = XG =
<Bo - <Bo L>> Py leuFPxe],

po) JBENT (02  9Xo poXo o2¢
qv< 0 Xoav Zoav p0< G>8t2

R’B? 0Z, 107
q”JB?{ (8v+v80

_l’_
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C.2. MATCHING REGION

Using the expressions (3.47) and (3.44) for Zy and X we can derive the desired expression:
2/ JB§ o 21, 12X
(s ) (s = ARG
0

X Z Po 2 lo
“e . £ _ro X -
<Bo eL-£ (Bo 6L>> o [l GLZO R*B}

A 2 p2 2 P2
povXo 2 JR Bp 3yv2 2 ~2 2 2R Bp 9 1 /
X B;G ——Xo— | —— | daU,
+3—2>\s{q < Bl GU o +v(BiGg) ¢ +d%v TB2 059 v aly

)

where we additionally used the following relation which is easy to show by using the

expression of Gy once:

\g / JB2\ " fo /JB2\""/ 1 of
22\ _ J S 0 2 _Jv 0 2 vJ 2
<BOGO> = {p6 <R2B]§>0 v <B()G0> " <R2Bg>9 <RQBI%>9 <B()G0> + 7 (Go) ¢ Xoq
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D. Deriving the non-linear ballooning model in

slab geometry

Here we derive the ballooning mode envelope equation (4.4) and its coefficients (4.5) with
the Eulerian boundary condition. We start from the Lagrangian MHD momentum equa-
tion (4.2). To derive these relations we must calculate the different orders of the zy and
Yo components of (4.2).

The zo component of Eq. (4.2) to O(n~2) becomes

8¢, OF 2 0% | Py’ / 5 0%,  0J 9,
-9 (g Pog” _B2 (201 9 Oa
P52 = " oy +< 0322 T o §x+pog§x> 0( R 820>

&y <3282£x N pag* peg®

1
_|_ / + - 1/ 2 _ Fog 2
o \ 0522 P & pog€x> 5P095% 2 &r

¢ [ 0 3 pg s O 0,
| 2 (4 Pogos |, 0" O D.1
P05 [820 ( T azoﬂ e 02 Vg2 o (D-1)

_'_

Similarly the 3 component to @(n=3/2) becomes:

OF 9%¢ 23 ¢ | Py’
- _ BQ Y 5T B2 x Pod ;. / -
0 8y0 + ( 0 82’3 > + 8y0 < 0 82(2] + Do g + Pogf >

o8, | 0 &,

B2 — (1= D.2
ano |:(92’0 ( J+ aZO>:| ( )
where we have defined F' as

m, B 06 | (06" (0&’ e

Lowest Order: Incompressibility

F =

We now analyse the lowest order of F. It is given by: F(1/2) = —(po+ B?) J1/2) where the

superfix (i) indicates an order n~* term. From Eq. (4.3), we see that J(1/2) = 0. Therefore
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we can write

9D el
(1/2) _ 9% v _ D
J o+ ae =" (D.3)

where we have used the relation J = |Vr| and the ordering shown in Eq. (4.1). With
these relations we see that Eq. (D.2) is O(1) and Eq. (D.1) is O(n~1/?).

1, component to O(1) and =, component to O(n~1/?)
Integrating Eqgs. (D.1) and (D.2) we deduce:

el
(b0 + B = B — pogél) = —F Dz,

and from Eq. (4.3):

JO = Pog (1)
Po v

The boundary condition that J and € must vanish as zg — oo forces F(1)(zy,t) = 0

which then provides

eV pog
= = g = B2 D.4
D20 p 3 (D.4)

Using the expression for J() obtained from J = |Vor| we find:

_og? 0P ag’ o) og? o)

=0= (D.5)

8y0 61‘0 Oyo 61‘0 83)0 8y0 .

We now average Eq. (D.5) over yg, using the notation: A = Ylim ﬁ ffy Adyg. Noting
—00

from Egs. (D.3) and (D.4) that @ = @ = J1) = 0 we obtain:

1 oo

and from Eq. (4.3):

JG/2) = PO9(3/2)
Pbo
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1o component to O(n~'/?) and 2, component to O(n )

These orders provide the equations:

(3/2) Rk
B2)J3/2) _ B2 %3 (3/2) | = =0 D.7
o <<p0+ ) S P9 e (D7)
) a 2 2
i (P& = B} ; %&9) + pogtlt . (D.8)

From Eq. (D.7) we deduce F3/2) = F(3/2), Averaging Eq. (D.8) over 3o and observing that

M 1nust vanish as 2o — +00, we find that F3/2) = F3/2) = 0. In order to satisfy the

7r2B(2)
L2po

boundary conditions at the walls we introduce a small eigenvalue I'?(xg) ~ O(n™!)
into Eq. (D.8). The same term is then subtracted at higher order so the procedure is

consistent. This provides an equation for the vertical displacement of the filament:

BQa é-x

pol%(wo)e) = 022

2 2
%5&” + phgell). (D.9)

We must solve Eq. (D.9) subject to the boundary condition & = 0 at z = 0,L (with

z = 29 + &) corresponding to field lines frozen to the wall. A solution is:

(1) = sin (722)5(:60,3/0,15) (D.10)

where &(z0, yo, t) is a function to be found from the higher order equations. While Eq. (D.10)

satisfies the boundary conditions exactly it is not quite a solution of Eq. (D.9) since:

0 _ 020 _[(,, 06\ 0
D2 0z 92 0zp) 0z |

Our solution, Eq. (D.10) requires the second term, which is O(n~!), to be moved to higher

order. Specifically, Eq. (D.9) can be written in the form:

0°&;
pol? (o)€M = B3 8522 +%£(1)+p695§1)

825 oL 85(1)
B2 (2 = = —5/2). D.11
5o ( T4 023 + 0zp 0% + 0™ ( )
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The extra O(n~2) term will cancel with the second term on the second line of Eq. (D.1)
at the final order of interest. We therefore drop it here and reintroduce it at O(n=2) - see
Eq. (D.14) below. Finally using Eq. (D.10) we obtain the eigenvalue.

Bim® | pog® | phyg
() = ——2 + = + 22,
(o) pol? ~ po Po

Our procedure is only valid for equilibria close to marginal stability, such that I'? = O(n™1).

1o component to O(n ') and z, component to O(n /%)

Some straigthforward algebra yields:

2 2
asé”_p e _ B ocV\" B2 [oe . g(sé“?
020 055z 2 0z 2 0z 0 2

This allows us to write Eq. (D.2) at O(n™!) in the form:

R

2
oF® 0
Yo
and Eq. (D.1) at O(n~3/2) becomes:
OFC) 0% pRg?
+ + B 4 phgel3? =0, D.12
ze B0 oy & P09 (D-12)

Writing &, (3/2) _ (3/2 53/2) where 53/2 (the yo average) is given in Eq. (D.6). The

fluctuating part must satisfy:

282 7(3/2)
Bj
07§

ng2~32 (3/2
+ O 4 g = 0.

Thus & (3/2) obeys the same equation as f;l) to the order of interest (to this order " and
the difference between z and zp are not important)— thus we can absorb it into 59(61) and

(3/2) _

simply set & ° = 0. We could then solve Eq. (D.12) by integrating in xy — but we don’t

need to.
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1o component to O(n~*/?) and 2, component to O(n~?)
To O(n=3/?) Eq. (D.2) becomes:

HF©®/2) , 0%, (3/2) . o€ 852

_ B =
8y0 + 0 83 aayo 81’0

(D.13)

5( /2)

where the o term comes from substituting for in the second bracket of the second

line of Eq. (D.2) and we have introduced

B3r? o (T2 . (TZ . 3 (T2
=5 et () () = ()]

To O(n~2) Eq. (D.1) becomes:

L /T2 82§ oF(5/2) 9 L /TZ
Po S (*) w2 8330 + pol'* (o) sin (f)f

o€ O 2 3.3
+ o ii 4= <p6’g _ pOg) Sin2 (E) 52
Dy

8$0 8330 L
L?pkq? w2\ 0%¢ 0? o¢
— in(—)— — D.14
n2p? po s ( ) ot2 + V@y% ot ( )

where we have included the eigenvalue term poI'(z) sin(%2)¢ which was added to the
left hand side at O(n~!) in Eq. (D.11) and the higher order non-linear terms that we
dropped from Eq. (D.11) have been included in Eq. (D.14) (where they cancel the second

term in the second line of Eq. (D.1)). From Eq. (D.3), setting £ = 2%, we have 5(3/ ) =

2
ayZ )

— sin(%)afazo, so Eq. (D.13) provides:

———  B2n? ou 8{2
(5/2) — g(5/2) 0 :
F =F —|—72 sm( ) 0 + « 7{110.

From the gy average of Eq. (D.14) we obtain

OFG/2) Ly P%QS 2 (T2
o)
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Thus combining these expression for F(5/2) in Eq. (D.14) and annihilating the 59(02) terms

by multiplying by sin(’?) and integrating over z we obtain the final non-linear equation:

5% 922

0%¢
iR il
83:3 +Cs¢ 836(2)

o2

9> o¢

C ——.
0 oyt ot

=I?(z0)¢ 4 Cy + Cy (52 —?) +v

To reiterate, £2 is the o average of the squared displacement, &2, and giyg = £. The local
0
linear growth rate I'y is given by:

Bir® | pog® . g dpo

I2(xg) = — Z =
o(0) pol?  po  podxg

The coefficients Cy, Co, C3 and C4 are given by:

2 272 22
) (o)
Co=(1+ Cy=—
’ < P ? pol?
03:<B87r2> C4Z4<ng[)0_p(2)93>'
80 L2 3w \ po dzd P2
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E. Expanding the nonlinear drive coefficient

In this appendix it is shown that the coefficient Cy = <%§> can be divided into a sum of
functions: Cs = Z?:1 (Q;) which has been done to simplify the treatment of the numerical

and analytical calculations. We can determine the six terms as:

Qi=— <l§2Q_B0 : VO(XA)>
0

0 XQ_
Q2 = <[3¢ (2p0+33)} gf% >
0
Q35—<X8¢Q+>

Q1= ([Bo-Vo(XA)]S)

Qs = — <)§£ﬂJT> - <[Bo - Vo X] ;;(H) [Bo - VOH]>

1 1
Qe = 3 <BO“ w>
with the defined variables:

[Bo - VoH|[R(eys - V)H]} T =|By-VoH|?

S=A{
U={[(H-V)H] -Va} w=ep-L(He))
The coefficient is defined as Cy = <)§—0> where HP is given by:

HP =H|(ey - V)H] - (By - V) [(Bo- V)H] -  H(es - V) [H-(By - V)[(Bo- V)H]

+ 2;0 (H - V)H] - Vaey - £(He.) +2(e. - ko) QBgH

(E.1)

with

Q+ =< [H(Bo- V) ((Bo-V)H) £|(By - V)H|?|

| =
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We can use this definition to re-write the second term on the right hand side of Eq. (E.1):
1 1
—5H(eL V) [H-(Bo-V)[(Bo- V)H]] = (e, - V)Q- + ;(eL - V)| (Bo - Vo) H|?

The next step is to expand e into its components: e| = RE;%%VW — %Bo + ARBge,

in the terms of Hﬁ, where it appears as e - V in the first and second term of Eq. (E.1):

H((e, - V)H]- (By - V) [(Bo - V)H| + (e1 - V)Q_ + ~(eL - V)| (Bo - Vo) H?

2
= gz (90 ¥) HI- (B 90) (B Vo) H] = 5s (V0 90)| (By- Vo) HI(52)
+ ARBy (e ¥0) H] - (Bo- Vo) [(Bo- Vo) H) + g (Vo 9) Q- - (By - V1) Q-

Here we used the cancellation of the terms with the resulting B - V( - derivative and the
derivative with respect to ¢ vanishes because of symmetry.
By using:

R(ey-V)[(Bo- Vo) H = (By - Vo) [R (e, - V) H]

we can show that:
Rl(es-V)H] - (Bo-Vo)[(Bo- Vo) H| = (Bo-Vo){R[(es V) H]-[(Bo- Vo) H|}

which can be used for the last term of Eq. (E.2). To calculate the coefficient Cy we must
apply < -+ > to Eq. (E.1).The remaining steps to derive the terms (5.9) are integrating
OH 0

J’
o0 61/) (BO VoH)+ JB() VoH and

by parts and using the relations: (Bg- V) —
—|Bo-VoH> = Q.

165



Bibliography

Bibliography

1]

12|

3]

4]

[5]

(6]

7]

8]

19]

[10]

S. Cowley, M. Artun, and B. Albright. “Detonation: A mechanism for the explosive

release of energy in a plasma”. In: Physics of Plasmas 3.5 (1996), pp. 1848-1852.

H. R. Wilson and S. C. Cowley. “Theory for Explosive Ideal Magnetohydrodynamic

Instabilities in Plasmas”. In: Physical Review Letters 92.17 (2004), p. 175006.

O. Hurricane, B. Fong, and S. Cowley. “Nonlinear magnetohydrodynamic detona-

tion: Part I”. In: Physics of Plasmas 4.10 (1997), pp. 3565-3580.

S. Cowley et al. “Explosive instability and erupting flux tubes in a magnetized

plasma”. In: 471.2180 (2015), p. 20140913.

S. Henneberg, S. Cowley, and H. Wilson. “Interacting filamentary eruptions in mag-

netised plasmas”. In: Plasma Physics and Controlled Fusion 57.12 (2015), p. 125010.
S. A. Henneberg, S. C. Cowley, and H. R. Wilson. “Explosive Ballooning Mode
Instability inTokamaks: Modelling the ELM Cycle”. In: in 41st EPS Conference on
Plasma Physics. (European Physical Society, Germany, 2014), 2014.

S. A. Henneberg, S. C. Cowley, and H. R. Wilson. “Interaction of explosive multiple

filaments in magnetised plasmas”. In: in 42nd EPS Conference on Plasma Physics.

(European Physical Society, Portugal, 2015), 2015.

H. Wilson. SCENE Simulation of Self-Consistent Equilibria with Neoclassical Ef-
fects, Rep. Tech. rep. UKAEA-FUS-271, UKAEA Govt. Division, Fusion, Culham,
UK, 1994.

NOAA. Carbon Dioxide - PROXY (INDIRECT) MEASUREMENTS - Reconstruc-
tion from Ice cores. URL: http://climate.nasa.gov/vital-signs/carbon-dioxide/.

E. Dlugokencky, P. Tans, and NOAA/ESRL. Trends in Atmospheric Carbon Dioz-

ide. URL: www.esrl.noaa.gov/gmd/ccgg/trends/ .

166


http://scitation.aip.org/content/aip/journal/pop/3/5/10.1063/1.871980
http://scitation.aip.org/content/aip/journal/pop/3/5/10.1063/1.871980
http://dx.doi.org/10.1103/PhysRevLett.92.175006
http://dx.doi.org/10.1103/PhysRevLett.92.175006
http://dx.doi.org/10.1063/1.872252
http://dx.doi.org/10.1063/1.872252
http://dx.doi.org/10.1098/rspa.2014.0913
http://dx.doi.org/10.1098/rspa.2014.0913
http://dx.doi.org/10.1088/0741-3335/57/12/125010
http://dx.doi.org/10.1088/0741-3335/57/12/125010
http://ocs.ciemat.es/EPS2014PAP/pdf/P1.066.pdf
http://ocs.ciemat.es/EPS2014PAP/pdf/P1.066.pdf
http://ocs.ciemat.es/EPS2015PAP/pdf/P2.190.pdf
http://ocs.ciemat.es/EPS2015PAP/pdf/P2.190.pdf
https://inis.iaea.org/search/search.aspx?orig_q=RN:26023312
https://inis.iaea.org/search/search.aspx?orig_q=RN:26023312
http://climate.nasa.gov/vital-signs/carbon-dioxide/
http://climate.nasa.gov/vital-signs/carbon-dioxide/
http://climate.nasa.gov/vital-signs/carbon-dioxide/
www.esrl.noaa.gov/gmd/ccgg/trends/

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

Bibliography

J. Hansen et al. “Global surface temperature change”. In: Reviews of Geophysics

48.4 (2010).

GISTEMP Team and NASA Goddard Institute for Space Studies. GISS Surface

Temperature Analysis (GISTEMP). 2016. URL: http://data.giss.nasa.gov/gistemp/.

"OCLIMATE CHANGE 201/: Synthesis Report. Summary for Policymakers”. 2015.
URL: http://www.ipcc.ch/pdf/assessment-report /arb/syr/AR5 SYR FINAL
SPM.pdf.

C. L. Quéré et al. “The global carbon budget 1959-2011". In: Farth System Science
Data 5.1 (2013), pp. 165-185.

International Energy Agency. World Energy Outlook 2015 - Press Release. Interna-

tional Energy Agency, 2015.

D. MacKay. Sustainable Energy-without the hot air. UI'T Cambridge, 2008. ISBN:

978-0954452933.

O. Edenhofer et al. Renewable energy sources and climate change mitigation: Spe-
cial report of the intergovernmental panel on climate change. Cambridge University

Press, 2011.

I. Cook et al. “Safety and environmental impact of fusion”. In: FUR (01) CCE-
FU/FTC 8.5 (2001).

J. P. Freidberg. Plasma physics and fusion energy. Cambridge university press,

2008.

H.-S. Bosch and G. Hale. “Improved formulas for fusion cross-sections and thermal

reactivities”. In: Nuclear Fusion 32.4 (1992), p. 611.
J. Wesson. Tokamaks 3rd Edition by John Wesson. 2004.

J. D. Lawson. “Some Criteria for a Power Producing Thermonuclear Reactor”. In:

Proceedings of the Physical Society. Section B 70.1 (1957), p. 6.

F. F. Chen. “Introduction to Plasma Physics and Controlled Fusion”. In: Plasma

Physics (1984).

167


http://dx.doi.org/10.1029/2010RG000345
http://data.giss.nasa.gov/gistemp/
http://data.giss.nasa.gov/gistemp/
http://data.giss.nasa.gov/gistemp/
http://www.ipcc.ch/pdf/assessment-report/ar5/syr/AR5_SYR_FINAL_SPM.pdf
http://www.ipcc.ch/pdf/assessment-report/ar5/syr/AR5_SYR_FINAL_SPM.pdf
http://www.ipcc.ch/pdf/assessment-report/ar5/syr/AR5_SYR_FINAL_SPM.pdf
http://dx.doi.org/10.5194/essd-5-165-2013
http://www.iea.org/newsroomandevents/pressreleases/2015/november/low-prices-should-give-no-cause-for-complacency-on-energy-security-iea-says.html
https://www.withouthotair.com/
https://www.ipcc.ch/pdf/special-reports/srren/SRREN_FD_SPM_final.pdf
https://www.ipcc.ch/pdf/special-reports/srren/SRREN_FD_SPM_final.pdf
https://www.euro-fusion.org/wpcms/wp-content/uploads/2012/01/SEIF_report_25Apr01.pdf
http://ebooks.cambridge.org/ebook.jsf?bid=CBO9780511755705
http://stacks.iop.org/0029-5515/32/i=4/a=I07
http://stacks.iop.org/0029-5515/32/i=4/a=I07
https://global.oup.com/academic/product/tokamaks-9780199592234?cc=gb&lang=en&
http://stacks.iop.org/0370-1301/70/i=1/a=303
http://www.springer.com/us/book/9781441932013

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

Bibliography

G Hommen et al. “Optical boundary reconstruction of tokamak plasmas for feedback
control of plasma position and shape”. In: Review of Scientific Instruments 81.11

(2010), p. 113504.

F Wagner et al. “Regime of improved confinement and high beta in neutral-beam-
heated divertor discharges of the ASDEX tokamak”. In: Physical Review Letters

49.19 (1982), p. 1408.
ASDEX Team. “The H-Mode of ASDEX”. In: Nuclear Fusion 29.11 (1989), p. 1959.

F Wagner. “A quarter-century of H-mode studies”. In: Plasma Physics and Con-
trolled Fusion 49.12B (2007), B1.

R. Groebner. “An emerging understanding of H-mode discharges in tokamaks*”. In:

Physics of Fluids B: Plasma Physics (1989-1993) 5.7 (1993), pp. 2343-2354.

K. Burrell. “Effects of Ex B velocity shear and magnetic shear on turbulence and
transport in magnetic confinement devices”. In: Physics of Plasmas (1994-present)

4.5 (1997), pp. 1499-1518.

H. Wilson. “Edge Localized Modes in Tokamaks”. In: Fusion Science and Technology
61.2T (2012), pp. 122-130.

A Loarte et al. “Characteristics of type I ELM energy and particle losses in existing
devices and their extrapolation to ITER”. In: Plasma Physics and Controlled Fusion

45.9 (2003), p. 1549.

F Ryter et al. “H-mode results in ASDEX Upgrade”. In: Plasma Physics and Con-
trolled Fusion 36.7A (1994), A99.

H Urano et al. “Energy and particle losses during type-I ELMy H-mode in ASDEX
Upgrade”. In: Plasma Physics and Controlled Fusion 45.9 (2003), p. 1571.

T. H. Osborne et al. “H-mode pedestal characteristics, ELMs, and energy confine-
ment in ITER shape discharges on DIII-D”. In: Plasma Physics and Controlled

Fusion 40.5 (1998), p. 845.

R. Maingi et al. “H-mode pedestal, ELM and power threshold studies in NSTX”.
In: Nuclear Fusion 45.9 (2005), p. 1066.

168


http://dx.doi.org/10.1063/1.3499219
http://dx.doi.org/10.1063/1.3499219
http://dx.doi.org/10.1103/PhysRevLett.49.1408
http://dx.doi.org/10.1103/PhysRevLett.49.1408
http://stacks.iop.org/0029-5515/29/i=11/a=010
http://stacks.iop.org/0741-3335/49/i=12B/a=S01
http://dx.doi.org/10.1063/1.860770
http://dx.doi.org/10.1063/1.872367
http://dx.doi.org/10.1063/1.872367
http://www.ans.org/pubs/journals/fst/a_13499
http://stacks.iop.org/0741-3335/45/i=9/a=302
http://stacks.iop.org/0741-3335/45/i=9/a=302
http://stacks.iop.org/0741-3335/36/i=7A/a=011
http://stacks.iop.org/0741-3335/45/i=9/a=303
http://stacks.iop.org/0741-3335/45/i=9/a=303
http://stacks.iop.org/0741-3335/40/i=5/a=054
http://stacks.iop.org/0741-3335/40/i=5/a=054
http://stacks.iop.org/0029-5515/45/i=9/a=006

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

48]

Bibliography

R Maingi et al. “ELMs and the H-mode pedestal in NSTX”. In: Journal of nuclear
materials 337 (2005), pp. 727-731.

A Kirk et al. “Evolution of filament structures during edge-localized modes in the

MAST tokamak”. In: Phys. Rev. Lett. 96.18 (2006), p. 185001.

J. Pamela, J. Ongena, and J. E. Contributors. “Overview of JET results”. In: Nuclear

Fusion 45.10 (2005), S63.

M. Cox, MAST Team, et al. “The mega amp spherical tokamak”. In: Fusion engi-
neering and design 46.2 (1999), pp. 397-404.

B. Lloyd et al. “Overview of physics results from MAST”. In: Nuclear Fusion 47.10

(2007), S658.

G. Counsell et al. “Overview of MAST results”. In: Nuclear Fusion 45.10 (2005),
S157.

J. Milnes et al. “MAST Upgrade - Construction Status”. In: Fusion Engineering and
Design 96-97 (2015). Proceedings of the 28th Symposium On Fusion Technology
(SOFT-28), pp. 42 —47. 1ssN: 0920-3796.

M. Ono et al. “Exploration of spherical torus physics in the NSTX device”. In:

Nuclear Fusion 40.3Y (2000), p. 557.

D. Gates et al. “Overview of results from the National Spherical Torus Experiment

(NSTX)”. In: Nuclear Fusion 49.10 (2009), p. 104016.

A Kirk et al. “Structure of ELMs in MAST and the implications for energy depo-

sition”. In: Plasma physics and controlled fusion 47.2 (2005), p. 315.

F. Romanelli and on behalf of JET Contributors. “Overview of the JET results”.

In: Nuclear Fusion 55.10 (2015), p. 104001.

P. Rebut, R. Bickerton, and B. Keen. “The Joint European Torus: installation, first

results and prospects”. In: Nuclear Fusion 25.9 (1985), p. 1011.

P.-H. Rebut. “The JET preliminary tritium experiment”. In: Plasma Physics and
Controlled Fusion 34.13 (1992), p. 1749.

169


http://dx.doi.org/10.1016/j.jnucmat.2004.08.023
http://dx.doi.org/10.1103/PhysRevLett.96.185001
http://dx.doi.org/10.1103/PhysRevLett.96.185001
http://stacks.iop.org/0029-5515/45/i=10/a=S06
http://dx.doi.org/10.1016/S0920-3796(99)00031-9
http://stacks.iop.org/0029-5515/47/i=10/a=S14
http://stacks.iop.org/0029-5515/45/i=10/a=S13
http://www.sciencedirect.com/science/article/pii/S092037961500160X
http://stacks.iop.org/0029-5515/40/i=3Y/a=316
http://stacks.iop.org/0029-5515/49/i=10/a=104016
http://stacks.iop.org/0029-5515/49/i=10/a=104016
http://dx.doi.org/10.1088/0741-3335/47/2/008
http://dx.doi.org/10.1088/0741-3335/47/2/008
http://stacks.iop.org/0029-5515/55/i=10/a=104001
http://stacks.iop.org/0029-5515/25/i=9/a=003
http://stacks.iop.org/0029-5515/25/i=9/a=003
http://stacks.iop.org/0741-3335/34/i=13/a=002

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

Bibliography

A. Gibson, JET Team, et al. “Deuterium—tritium plasmas in the Joint European
Torus (JET): Behavior and implications”. In: Physics of Plasmas (1994-present) 5.5
(1998), pp. 1839-1847.

J. Jacquinot et al. “Overview of ITER physics deuterium-tritium experiments in

JET”. In: Nuclear Fusion 39.2 (1999), p. 235.

E Bertolini et al. “JET with a pumped divertor: design, construction, commissioning

and first operation”. In: Fusion engineering and design 30.1 (1995), pp. 53-66.

J. P. Coad et al. “Overview of JET post-mortem results following the 2007-9 op-
erational period, and comparisons with previous campaigns’. In: Physica Scripta

2011.T145 (2011), p. 014003.

R Aymar, P Barabaschi, and Y Shimomura. “The ITER design”. In: Plasma Physics
and Controlled Fusion 44.5 (2002), p. 519.

J. Stober et al. “Type I ELMy H modes on ASDEX Upgrade with good confinement

at high density”. In: Nuclear Fusion 41.9 (2001), p. 1123.

W. D. D’haeseleer et al. Flux coordinates and magnetic field structure: a guide to a

fundamental tool of plasma theory. Springer Science & Business Media, 2012.

J. W. Connor, R. J. Hastie, and J. B. Taylor. “High Mode Number Stability of an
Axisymmetric Toroidal Plasma”. In: Proc. Roy. Soc. A.365 (1979), p. 1.

J. P. Freidberg. Ideal magnetohydrodynamics. Cambridge University Press, 2014.

D. Biskamp. Nonlinear magnetohydrodynamics. Vol. 1. Cambridge University Press,

1997.

J. P. Goedbloed, R. Keppens, and S. Poedts. Advanced magnetohydrodynamics: with
applications to laboratory and astrophysical plasmas. Cambridge University Press,

2010.
L. D. Landau and E. Lifshitz. Fluid Mechanics. 2nd ed. Elsevier Ldt, 2010.

D Pfirsch and R. Sudan. “Nonlinear ideal magnetohydrodynamics instabilities”. In:

Physics of Fluids B: Plasma Physics (1989-1993) 5.7 (1993), pp. 2052-2061.

H Grad and H Rubin. “Hydromagnetic Equilbiria and Force-Free Fields”. In: Peace-

ful Uses of Atomic Energy—Proc. 2nd Int. Conf.(Geneva, 1958) 31 (1958).
170


http://dx.doi.org/10.1063/1.872854
http://dx.doi.org/10.1063/1.872854
http://stacks.iop.org/0029-5515/39/i=2/a=307
http://stacks.iop.org/0029-5515/39/i=2/a=307
http://dx.doi.org/10.1016/0920-3796(94)00401-R
http://dx.doi.org/10.1016/0920-3796(94)00401-R
http://stacks.iop.org/1402-4896/2011/i=T145/a=014003
http://stacks.iop.org/1402-4896/2011/i=T145/a=014003
http://stacks.iop.org/0741-3335/44/i=5/a=304
http://stacks.iop.org/0029-5515/41/i=9/a=301
http://stacks.iop.org/0029-5515/41/i=9/a=301
http://homepages.cae.wisc.edu/~callen/FluxCoordinates.pdf
http://homepages.cae.wisc.edu/~callen/FluxCoordinates.pdf
http://dx.doi.org/10.1098/rspa.1979.0001
http://dx.doi.org/10.1098/rspa.1979.0001
http://www.cambridge.org/us/academic/subjects/physics/plasma-physics-and-fusion-physics/ideal-mhd
http://ebooks.cambridge.org/ebook.jsf?bid=CBO9780511599965
http://www.cambridge.org/gb/academic/subjects/physics/plasma-physics-and-fusion-physics/advanced-magnetohydrodynamics-applications-laboratory-and-astrophysical-plasmas?format=PB
http://www.cambridge.org/gb/academic/subjects/physics/plasma-physics-and-fusion-physics/advanced-magnetohydrodynamics-applications-laboratory-and-astrophysical-plasmas?format=PB
http://switch2011.upa.edu.mx/biblioteca/Ingenier%C3%ADa/Landau%20L%20D%20&%20Lifschitz%20E%20M%20-%20Vol%206%20-%20Fluid%20Mechanics.pdf
http://scitation.aip.org/content/aip/journal/pofb/5/7/10.1063/1.860792
http://www-naweb.iaea.org/napc/physics/2ndgenconf/data/Proceedings%201958/NG900088.pdf

[63]

[64]

[65]

|66]

[67]

[68]

[69]

[70]

[71]

[72]

(73]

[74]

[75]

Bibliography

I. B. Bernstein et al. “An energy principle for hydromagnetic stability problems”.
In: Proceedings of the Royal Society of London A: Mathematical, Physical and En-

gineering Sciences 244.1236 (1958), pp. 17-40.
U. Stroth. “Plasmaphysik”. In: Vieweg+ Teubner: Wiesbaden, Germany (2011).

C. Mercier. “Un critere necessaire de stabilite hydromagnetique pour un plasma en

symetrie de revolution”. In: Nuclear Fusion 1.1 (1960), p. 47.

B. Suydam. “Stability of a linear pinch”. In: Conf. on Peaceful uses of Atomic
Energy 31 (1958), p. 157.

S. C. Cowley and M. Artun. “Explosive instabilities and detonation in magnetohy-

drodynamics”. In: Physics Reports 283 (1997), pp. 185-211.

B. H. Fong, S. C. Cowley, and O. A. Hurricane. “Metastability in Magnetically
Confined Plasmas”. In: Physical Review Letters 82.23 (1999), pp. 4651-4654.

B. H. Fong. “Metastable and Explosive Properties of Ballooning Modes in Labora-

tory and Space Plasmas”. PhD thesis. Princeton Unviersity, 2000.

S. Cowley et al. “Explosive instabilities: from solar flares to edge localized modes in

tokamaks”. In: Control. Fusions 45 (2003), A31.

S. C. Cowley et al. “Explosive Instability and Erupting Flux Tubes in a Magnetised
Plasma Atmosphere”. In: arXiv:1411.7797v1 [physics.plasm-ph/ (submitted to Proc.
Roy. Soc. A).

J. Connor, R. Hastie, and J. Taylor. “Shear, periodicity, and plasma ballooning

modes”. In: Physical Review Letters 40.6 (1978), p. 396.

H. Wilson et al. “ELM crash theory: relaxation, filamentation, explosions and im-

plosions”. In: paper TH/4-1Rb (2006).

A Kirk et al. “The spatial structure of type-I ELMs at the mid-plane in ASDEX Up-
grade and a comparison with data from MAST”. In: Plasma physics and controlled

fusion 47.7 (2005), p. 995.

A. Kirk et al. “Spatial and Temporal Structure of Edge-Localized Modes”. In: Phys.

Rev. Lett. 92 (2004), p. 245002.

171


http://www.jstor.org/stable/100249?seq=1#page_scan_tab_contents
http://link.springer.com/book/10.1007%2F978-3-8348-8326-1
http://stacks.iop.org/0029-5515/1/i=1/a=004
http://stacks.iop.org/0029-5515/1/i=1/a=004
http://www-naweb.iaea.org/napc/physics/2ndgenconf/data/Proceedings%201958/NG900088.pdf
http://dx.doi.org/10.1016/S0370-1573(96)00060-9
http://dx.doi.org/10.1016/S0370-1573(96)00060-9
http://journals.aps.org/prl/pdf/10.1103/PhysRevLett.82.4651
http://journals.aps.org/prl/pdf/10.1103/PhysRevLett.82.4651
http://iopscience.iop.org/0741-3335/45/12A/003
http://iopscience.iop.org/0741-3335/45/12A/003
http://arxiv.org/abs/1411.7797
http://arxiv.org/abs/1411.7797
http://journals.aps.org/prl/pdf/10.1103/PhysRevLett.40.396
http://journals.aps.org/prl/pdf/10.1103/PhysRevLett.40.396
http://www-pub.iaea.org/MTCD/Meetings/FEC2006/th_4-1rb.pdf
http://www-pub.iaea.org/MTCD/Meetings/FEC2006/th_4-1rb.pdf
http://dx.doi.org/10.1088/0741-3335/47/7/003
http://dx.doi.org/10.1088/0741-3335/47/7/003
http://dx.doi.org/10.1103/PhysRevLett.92.245002

[76]

[77]

(78]

[79]

[80]

[81]

[82]

[83]

[84]

[85]

[36]

[87]

Bibliography

A. W. Leonard. “Edge-localized-modes in tokamaks”. In: Phys. Plasmas 21 (2014),
p- 090501.

A Loarte et al. “Characteristics and scaling of energy and particle losses during
Type I ELMs in JET H-modes”. In: Plasma Physics and Controlled Fusion 44.9
(2002), p. 1815.

I Nunes and the JET Contributors. “Plasma confinement at JET”. In: Plasma

Physics and Controlled Fusion 58.1 (2016), p. 014034.

J. Stober et al. “Small ELM regimes with good confinement on JET and comparison
to those on ASDEX Upgrade, Alcator C-mod and JT-60U". In: Nuclear Fusion 45.11
(2005), p. 1213.

S. Saarelma et al. “MHD stability analysis of small ELM regimes in JET”. In:
Plasma physics and controlled fusion 51.3 (2009), p. 035001.

R Sartori et al. “Study of Type III ELMs in JET”. In: Plasma Physics and Controlled
Fusion 46.5 (2004), p. 723.

R. Maingi et al. “Characterization of small, Type V edge-localized modes in the
National Spherical Torus Experiment)”. In: Physics of Plasmas (1994-present) 13.9
(2006), p. 092510.

H Zohm. “Edge localized modes (ELMs)”. In: Plasma Physics and Controlled Fusion
38.2 (1996), p. 105.

J. Connor. “Edge-localized modes-physics and theory”. In: Plasma physics and con-

trolled fusion 40.5 (1998), p. 531.

N Oyama et al. “Pedestal conditions for small ELM regimes in tokamaks”. In:

Plasma Physics and Controlled Fusion 48.5A (2006), A171.

N Oyama. “Progress and issues in understanding the physics of ELM dynamics,
ELM mitigation, and ELM control”. In: Journal of Physics: Conference Series 123.1

(2008), p. 012002.

P. Lang et al. “ELM control strategies and tools: status and potential for ITER”.
In: Nuclear Fusion 53.4 (2013), p. 043004.

172


http://dx.doi.org/10.1063/1.4894742
http://iopscience.iop.org/article/10.1088/0741-3335/44/9/303/meta
http://iopscience.iop.org/article/10.1088/0741-3335/44/9/303/meta
http://stacks.iop.org/0741-3335/58/i=1/a=014034
http://stacks.iop.org/0029-5515/45/i=11/a=001
http://stacks.iop.org/0029-5515/45/i=11/a=001
http://iopscience.iop.org/article/10.1088/0741-3335/51/3/035001/meta
http://stacks.iop.org/0741-3335/46/i=5/a=002
http://dx.doi.org/10.1063/1.2226986
http://dx.doi.org/10.1063/1.2226986
http://iopscience.iop.org/article/10.1088/0741-3335/38/2/001/pdf
http://iopscience.iop.org/article/10.1088/0741-3335/40/5/002
http://stacks.iop.org/0741-3335/48/i=5A/a=S16
http://iopscience.iop.org/article/10.1088/1742-6596/123/1/012002
http://iopscience.iop.org/article/10.1088/1742-6596/123/1/012002
http://stacks.iop.org/0029-5515/53/i=4/a=043004

[33]

[89]

[90]

[91]

[92]

(93]

[94]

[95]

[96]

[97]

(98]

Bibliography

P. Lang et al. “Investigation of pellet-triggered MHD events in ASDEX Upgrade
and JET”. In: Nuclear Fusion 48.9 (2008), p. 095007.

A. W. Degeling et al. “Magnetic triggering of ELMs in TCV”. In: Plasma Physics
and Controlled Fusion 45.9 (2003), p. 1637.

P. T. Lang et al. “Frequency control of type-I ELMs by magnetic triggering in
ASDEX Upgrade”. In: Plasma Physics and Controlled Fusion 46.11 (2004), p. L31.

T. Evans et al. “Suppression of Large Edge-Localized Modes in High-Confinement
DIII-D Plasmas with a Stochastic Magnetic Boundary”. In: Physical Review Letters
92 (2004), p. 23.

M. Fenstermacher et al. “Effect of island overlap on edge localized mode suppression
by resonant magnetic perturbations in DIII-D)”. In: Physics of Plasmas (1994-
present) 15.5 (2008), p. 056122.

A. Kirk et al. “Effect of resonant magnetic perturbations on low collisionality dis-
charges in MAST and a comparison with ASDEX Upgrade”. In: Nuclear Fusion
55.4 (2015), p. 043011.

J. Connor et al. “Magnetohydrodynamic stability of tokamak edge plasmas”. In:
Phys. Plasmas 5 (1998), p. 2687.

J. Connor. “A review of models for ELMs”. In: Plasma physics and controlled fusion

40.2 (1998), p. 191.

P. Snyder et al. “ELMs and constraints on the H-mode pedestal: peeling—ballooning
stability calculation and comparison with experiment”. In: Nuclear fusion 44.2

(2004), p. 320.

H. Wilson et al. “Numerical studies of edge localized instabilities in tokamaks”. In:

Physics of Plasmas (1994-present) 9.4 (2002), pp. 1277-1286.

P. Snyder et al. “Edge localized modes and the pedestal: a model based on cou-
pled peeling—ballooning modes”. In: Physics of Plasmas (1994-present) 9.5 (2002),

pp- 2037-2043.

173


http://iopscience.iop.org/article/10.1088/0029-5515/48/9/095007/meta
http://iopscience.iop.org/article/10.1088/0029-5515/48/9/095007/meta
http://stacks.iop.org/0741-3335/45/i=9/a=306
http://stacks.iop.org/0741-3335/45/i=9/a=306
http://stacks.iop.org/0741-3335/45/i=9/a=306
http://stacks.iop.org/0741-3335/46/i=11/a=L02
http://stacks.iop.org/0741-3335/46/i=11/a=L02
http://dx.doi.org/10.1103/PhysRevLett.92.235003
http://dx.doi.org/10.1103/PhysRevLett.92.235003
http://dx.doi.org/10.1063/1.2901064
http://dx.doi.org/10.1063/1.2901064
http://stacks.iop.org/0029-5515/55/i=4/a=043011
http://stacks.iop.org/0029-5515/55/i=4/a=043011
http://dx.doi.org/10.1063/1.872956
http://iopscience.iop.org/article/10.1088/0741-3335/40/2/003
http://iopscience.iop.org/article/10.1088/0029-5515/44/2/014
http://iopscience.iop.org/article/10.1088/0029-5515/44/2/014
http://dx.doi.org/10.1063/1.1459058
http://dx.doi.org/10.1063/1.1449463
http://dx.doi.org/10.1063/1.1449463

[99]

[100]

[101]

[102]

[103]

[104]

[105]

[106]

107]

[108]

[109]

[110]

Bibliography

X. Xu et al. “Nonlinear Simulations of Peeling-Ballooning Modes with Anomalous
Electron Viscosity and their Role in Edge Localized Mode Crashes”. In: Physical
review letters 105.17 (2010), p. 175005.

X. Xu et al. “Nonlinear ELM simulations based on a nonideal peeling-ballooning

model using the BOUT++ code”. In: Nuclear Fusion 51.10 (2011), p. 103040.

B. Dudson et al. “Simulation of edge localized modes using BOUT++". In: Plasma
Physics and Controlled Fusion 53.5 (2011), p. 054005.

P. Snyder, H. Wilson, and X. Xu. “Progress in the peeling-ballooning model of edge
localized modes: Numerical studies of nonlinear dynamicsa)”. In: Physics of Plasmas

(1994-present) 12.5 (2005), p. 056115.

G. T. A. Huysmans et al. “Non-linear MHD simulations of edge localized modes

(ELMs)”. In: Plasma Physics and Controlled Fusion 51.12 (2009), p. 124012.

B. Burke et al. “Edge localized linear ideal magnetohydrodynamic instability studies
in an extended-magnetohydrodynamic code”. In: Physics of Plasmas (1994-present)
17.3 (2010), p. 032103.

A Kirk et al. “Current understanding of the processes underlying the triggering of
and energy loss associated with type [ ELMs”. In: arXiv preprint arXiv:1312.4300
(2013).

J. Leddy. “Nonlinear Modelling of Ballooning Theory: A Search for ELMs”. MA

thesis. University of York, 2012.

J. Jim Douglas and B. F. Jones. “On Predictor-Corrector Methods for Nonlinear
Parabolic Differential”. In: Journal of the Society for Industrial and Applied Math-
ematics 11.1 (1963), pp. 195-204.

H Luc et al. “Helicoidal approximation for general non-symmetric closed plasma

configurations”. In: Plasma Physics 16.5 (1974), p. 455.

R. Miller et al. “Noncircular, finite aspect ratio, local equilibrium model”. In: Physics

of Plasmas (1994-present) 5.4 (1998), pp. 973-978.

E. Kreyszig. Advanced engineering mathematics. John Wiley & Sons, 2010.

174


http://journals.aps.org/prl/pdf/10.1103/PhysRevLett.105.175005
http://journals.aps.org/prl/pdf/10.1103/PhysRevLett.105.175005
http://stacks.iop.org/0029-5515/51/i=10/a=103040
http://stacks.iop.org/0029-5515/51/i=10/a=103040
http://stacks.iop.org/0741-3335/53/i=5/a=054005
http://dx.doi.org/10.1063/1.1873792
http://dx.doi.org/10.1063/1.1873792
http://stacks.iop.org/0741-3335/51/i=12/a=124012
http://stacks.iop.org/0741-3335/51/i=12/a=124012
http://dx.doi.org/10.1063/1.3309732
http://dx.doi.org/10.1063/1.3309732
http://arxiv.org/abs/1312.4300
http://arxiv.org/abs/1312.4300
http://dx.doi.org/10.1137/0111015
http://dx.doi.org/10.1137/0111015
http://iopscience.iop.org/0032-1028/16/5/005
http://iopscience.iop.org/0032-1028/16/5/005
http://dx.doi.org/10.1063/1.872666
https://www.amazon.co.uk/Advanced-Engineering-Mathematics-Erwin-Kreyszig/dp/0470458364

[111]

[112]

[113]

[114]

[115]

[116]

[117]

[118]

[119]

[120]

[121]

[122]

[123]

Bibliography

W. H. Press et al. Numerical Recipes in FORTRAN. Cambridge University Press,

2nd edition. 1992.

I. Bronstein et al. “Taschenbuch der Mathematik, 7. vollsténdig iiberarbeitete und

ergianzte Auflage”. In: Verlag Harri Deutsch 1 (2008).

C. B. Lang and N. Pucker. Mathematische Methoden in der Physik. Spektrum,
Akad. Verlag, 2. Auflage 2005, korrigierter Nachdruck 2010.

R. Herrmann. “Fraktionale Infinitesimalrechnung”. In: Books on Demand GmbH

(2008).

E. J. Alfaro, E. Pérez, and J. Franco, eds. How does the galaxy work? Vol. 315 2005.

Springer Astrophysics and Space Science Library, 2005.

E. G. Zweibel and D. L. Bruhwiler. “The effect of line tying on parker’s instability”.
In: The Astrophysical Journal 399 (1992), p. 318.

G. Yun et al. “Two-dimensional imaging of edge-localized modes in KSTAR plas-
mas unperturbed and perturbed by n= 1 external magnetic fields”. In: Physics of

Plasmas (1994-present) 19.5 (2012), p. 056114.

L. Lao et al. “Reconstruction of current profile parameters and plasma shapes in

tokamaks”. In: Nuclear Fusion 25.11 (1985), p. 1611.

G. Huysmans, J. Goedbloed, and W Kerner. “Isoparametric bicubic Hermite el-
ements for solution of the Grad-Shafranov equation”. In: Proc. Furophysics 2nd

Intern. Conf. on Compputational Physics, 10-14 Sept. 1990 (1991), pp. 371-376.

C. Konz and R. Zille. HELENA - Fized boundary equilibrium solver. Max-Planck-

Institut fiir Plasmaphysik. Garching, 2007.

D Dickinson et al. “Towards the construction of a model to describe the inter-ELM
evolution of the pedestal on MAST”. In: Plasma physics and controlled fusion 53.11
(2011), p. 115010.

A Kirk et al. “Evolution of the pedestal on MAST and the implications for ELM

power loadings”. In: Plasma Physics and Controlled Fusion 49.8 (2007), p. 1259.

I Nunes et al. “Small ELMs in quasi-double null plasmas at JET”. In: Proc. 34th

EPS Conf. on Plasma Physics (Warsaw, Poland, 2007) 31 (2007).
175


http://www.cambridge.org/gb/academic/subjects/mathematics/numerical-recipes/numerical-recipes-art-scientific-computing-3rd-edition?format=HB&utm_source=shortlink&utm_medium=shortlink&utm_campaign=numericalrecipes
https://www.amazon.de/Taschenbuch-Mathematik-Ilja-N-Bronstein/dp/3817120079?ie=UTF8&*Version*=1&*entries*=0
https://www.amazon.de/Taschenbuch-Mathematik-Ilja-N-Bronstein/dp/3817120079?ie=UTF8&*Version*=1&*entries*=0
http://www.springer.com/us/book/9783827431240
https://www.amazon.de/Fraktionale-Infinitesimalrechnung-Eine-Einf%C3%BChrung-Physiker/dp/3837059588?ie=UTF8&*Version*=1&*entries*=0
http://link.springer.com/book/10.1007/1-4020-2620-X
http://adsabs.harvard.edu/full/1992ApJ...399..318Z
http://dx.doi.org/10.1063/1.3694842
http://dx.doi.org/10.1063/1.3694842
http://stacks.iop.org/0029-5515/25/i=11/a=007
http://stacks.iop.org/0029-5515/25/i=11/a=007
http://dx.doi.org/10.1088/0741-3335/53/11/115010
http://dx.doi.org/10.1088/0741-3335/53/11/115010
http://stacks.iop.org/0741-3335/49/i=8/a=011
http://stacks.iop.org/0741-3335/49/i=8/a=011
http://www.euro-fusionscipub.org/archives/jet-archive/small-elms-in-quasi-double-null-plasmas-at-jet

[124]

[125]

[126]

Bibliography

G. Saibene et al. “Characterization of small ELM experiments in highly shaped
single null and quasi-double-null plasmas in JET”. In: Nuclear Fusion 45.5 (2005),
p- 297.

E. Fredrickson et al. “Ballooning instability precursors to high 5 disruptions on the
Tokamak Fusion Test Reactor”. In: Physics of Plasmas (1994-present) 3.7 (1996),
pp. 2620-2625.

B. Dudson et al. “BOUT++: A framework for parallel plasma fluid simulations”.
In: Computer Physics Communications 180.9 (2009), pp. 1467-1480.

176


http://stacks.iop.org/0029-5515/45/i=5/a=001
http://stacks.iop.org/0029-5515/45/i=5/a=001
http://dx.doi.org/10.1063/1.871975
http://dx.doi.org/10.1063/1.871975
http://dx.doi.org/10.1016/j.cpc.2009.03.008

	Abstract
	Contents
	List of Figures
	List of Tables
	Acknowledgement
	Declaration
	Chapters
	Introduction
	Motivation: CO2, climate change and energy demand
	Nuclear fusion
	Plasma physics
	Magnetic confinement

	The tokamak
	High confinement mode (H-mode)
	MAST
	JET

	Outline of the dissertation

	Background
	Common coordinate systems in tokamaks
	Clebsch coordinate system (,  and l)
	The – coordinate system
	Straight field-line (or toroidal flux) coordinates system (,  and )

	Magnetohydrodynamics
	Eulerian MHD
	Lagrangian MHD
	Equilibrium
	Energy principle

	Ballooning instability
	Ballooning modes
	Ballooning stability
	Nonlinear ballooning theory

	Current knowledge of ELMs
	ELM theory and simulation

	Computational background
	Deton8
	Mercier-Luc formalism
	Algorithm for determining the ballooning eigenvalue 

	Summary

	Derivation of the nonlinear ballooning model for tokamak geometries
	Ballooning ordering and boundary conditions
	Ordering
	Assumptions and boundary conditions

	Regions along the magnetic field line
	Inertial region
	Nonlinear limit of the inertial regions
	Nonlinear region
	Inertial limit for the nonlinear region
	Matching of the nonlinear and inertial regions

	Discussion

	Nonlinear interaction of filamentary eruptions
	Theoretical model
	Nonlinear equation with mixed Eulerian and Lagrangian boundary conditions
	A model equilibrium

	Scalar viscosity
	Interacting filaments
	Initiation - linear solution
	The evolution of multiple filaments

	Experimental observation
	Conclusion

	Simulation of ELMs in real tokamak equilibria
	Coefficients of the nonlinear envelope equation
	Dividing the integrals into numerical and analytic components
	Note on the implementation of the asymptotic function X0
	Inertial coefficient C0
	Linear coefficient C1
	Quadratic nonlinear coefficient C2
	Quasilinear nonlinearity coefficient C4
	Fractional derivative coefficient C5
	Conclusion

	Type I ELMs in a MAST equilibrium
	Convergence verifications
	Note on the order of coefficients
	Simulation with original coefficients
	Coefficient profiles
	Methods for experimental comparison

	JET-like equilibrium: Type II ELMs
	Obtaining up-down symmetric JET-like equilibrium
	Results for the coefficients for JET-like equilibrium

	Conclusion

	Conclusion and future work
	Conclusion
	Future work

	 
	Appendices
	Common coordinate systems - useful relations
	Components of linear operator L
	Properties
	Description of derivations

	Derivation of the nonlinear ballooning model for tokamak geometries - Regions along the magnetic field line
	Nonlinear orders of the momentum equation in the nonlinear region
	Third order
	Fourth order
	Fifth order

	Matching region
	Asymptotic form of the parallel component of the displacement
	Useful equation for the matching region


	Deriving the non-linear ballooning model in slab geometry
	Expanding the nonlinear drive coefficient
	Bibliography

