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Abstract

Let G be a p-divisible group over a scheme of characteristic p, and assume that it is endowed
with an action of the ring of integers of a finite unramified extension F' of Q,. Let us fix the
type p of this action on the sheaf of differentials we. V. Hernandez, following a construction
of Goldring and Nicole, defined partial Hasse invariants for G. These are sections of invertible
sheaves. The product of these invariants is the p-ordinary Hasse invariant, and it is non-zero
if and only if the p-divisible group is p-ordinary (i.e. the Newton polygon is minimal given the
type of the action).

We show that, if one assumes the existence of a certain filtration refining the Hodge filtration,
each of these partial Hasse invariants can be expressed as a product of other sections, the refined
partial Hasse invariants. Over a Shimura variety, the condition is satisfied if one considers an
explicit closed subscheme of a certain flag variety.

As an application, we relate these refined partial Hasse invariants to the partial degrees of the
canonical filtration (if it exists).
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Introduction

Let E be an elliptic curve over an algebraic closed field k of characteristic p. There are two possi-
bilities for the number of k-points of the p-torsion of E : it is either p or 1. In the first case, we say
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that the elliptic curve is ordinary; otherwise we say that it is supersingular. This condition can also
be seen on the group structure of the p-torsion of E : if it is a product of a multiplicative group
and an étale one, then the elliptic curve is ordinary. An equivalent condition is the fact that the
Eisenstein series E,_; is non-zero at E (if p > 5).

More generally, if G is a p-divisible group over k, we say that G is ordinary if its p-torsion is the
product of a multiplicative part by an étale part. One can associate to G several invariants. The
first one is the Newton polygon, and G is ordinary if and only if this polygon has slopes 0 and 1.
The second one is the Hasse invariant ha(G); it is a section of the sheaf (det wg)P~!, where wg is
the sheaf of differentials of G. The section ha(G) is induced by the map V : wg — wg), where V' is
the Verschiebung, and the superscript denotes a twist by the Frobenius. Then G is ordinary if and
only if the Hasse invariant is non-zero.

Assume now that F' is an unramified extension of degree f of Q,, and that G has an action
of O, the ring of integers of F'. The sheaf wg thus decomposes into wg = @lewai, where wg ;
is the subsheaf of wg where Or acts by o’, where o is the Frobenius. Let d; be the dimension of
wq,; for all 1 < ¢ < f. If there exists an integer d with d; = d for all d, then the Hasse invariant
is the product of partial Hasse invariants ha;(G). The element ha;(G) is a section of the invert-

ible sheaf (detwg i—1)P(detweg )™t and is induced by the Verschiebung, which decomposes into

Viiwag,i — wg)i_l. We will refer to this case as the ordinary case.

The general case is more involved. Indeed, if the previous hypothesis is not satisfied, the Hasse
invariant ha(G) is always 0 (because at least one of the V; can never be an isomorphism). There
is then an obstruction for the p-divisible group G to be ordinary. Looking at the Newton polygon
of G, one can see that this polygon lies always above a certain polygon depending on the collection
of integers p := (d;);, the Hodge polygon. If it is an equality, one say that the p-divisible group is
p-ordinary. It roughly states that the structure of the p-divisible group is the best possible given
the constraints of the action of the ring Op. The construction of a Hasse invariant in this situation,
i.e. a section of an invertible sheaf such that its non-vanishing is equivalent to the fact that the
p-divisible group is p-ordinary, has been initiated by Goldring and Nicole ([GN]). Actually, they
construct this invariant over a Shimura variety. A local construction has then been done by Her-

nandez ([Hel).

Let us recall the main idea of this construction. The iterated of the Verschiebung V/ induces
a map wg,; — o.)g?, for all 1 <4 < f. If d; is the minimum of the (d;);, then there is no ob-
struction for this map to be an isomorphism, and taking the determinant gives a section Ha;(G)
of (det wgﬁi)pf’l. If it is not the case, the determinant of this map is always 0. However, using
crystalline cohomology, one can lift this map to a ring where p is not a zero divisor. Then one can
show that the determinant of the map is divisible by an explicit power of p. Making the adequate
division gives a section Ha;(G) of (det wgyi)pf’l for any integer i. The product of these sections is
then the p-ordinary Hasse invariant. This construction is actually valid over an arbitrary scheme of
characteristic p, not just the spectrum of an algebraically closed field. Note that the construction
in |[GN] is valid over the special fiber of Shimura varieties of PEL type, and that Koskivirta and
Wedhorn (JKW]) constructed p-ordinary Hasse invariants for Shimura varieties of Hodge type.

In the ordinary case, the section Ha;(G) is equal to a product of powers of the sections ha,(G),
1 < j < f. This suggests that the situation is not optimal, and that one should be able to define
analogues of the ha;(G) in general. This is indeed possible if one assumes moreover the existence



of a certain filtration on the (contravariant) Dieudonné crystal £ of G evaluated at k. Recall that
€ is a k-vector space of dimension the height of GG, and that it decomposes into & = 69{:151-.

Theorem. Let S be a scheme of characteristic p, and let G be a p-divisible group over S. Assume
that G has an action of O, and fix the type of this action. Let € be the Dieudonné crystal of G
evaluated at S, and assume the existence of adequate filtrations on the sheaves £;. Then there exist
sections hg] (G) of invertible sheaves for 1 <k < f and 1 <i < f, such that
Hay(@) = W (hL )P (7

We refer to Hypotheses [[LT.T] and for the precise definition of the adequate filtrations. Let
us just make explicit the case f = 2. The Hodge filtration give subssheaves F; C & and Fa2 C &,
locally free of rank respectively d; and do, and assume for example that dy < dy. The existence of
adequate filtrations on & and £ amounts to the existence of F; C }'1[2] C & and ]-"2[1] C F3 such
that ]-"1[2] is locally a direct factor of rank A + d; — d2 containing the intersection of £ with the
image of the Frobenius F', and f2[1] is locally a direct factor of rank dy — dy included in the kernel

of the Verschiebung V. The sections h[ll] and h[;] are then induced respectively by the determinant
of the maps

ViF = (B/FEN® v R/FN o FP

The sections h[12] and h[22] are then induced respectively by the determinant of the maps

F:(&)F)? - FA/Fr Fo(FP/F)P 5 &) F.

If one considers the usual special fiber of a Shimura variety of type (A), then the existence of
adequate filtrations is in general not satisfied. Indeed, Hernandez proved in that the elements
Ha;(G) are irreducible in the generic case. But if one considers a certain closed subscheme of a flag
variety (see [EV]), then the hypotheses are satisfied and the sections Ha;(G) are no longer irre-
ducible. Note that the full flag variety for some Shimura varieties, stratifications on this space, and
the construction of generalized Hasse invariants on strata, have recently been studied by Goldring
and Koskivirta in [GK].

We have thus constructed f2 refined partial Hasse invariants. Actually, there may be fewer of
them : the section hgz] depends only on k and the integer d;. In the ordinary case, we just get the
usual partial Hasse invariants. On the other hand, if the elements d; are pairwise distinct, there
are f2 distinct refined partial Hasse invariants.

The Hasse invariant plays a central role in the theory of the canonical subgroup. Indeed,
let K be a finite extension of @, with ring of integers O, and let G' be a p-divisible group defined
over Og. One can look at the Hasse invariant of G x o, O /p, and taking its (truncated) valuation
gives a well defined rational between 0 and 1. Fargues ([Fa2]) proved that if this valuation is small
enough (and p > 3), then there exists a canonical subgroup C' in the p-torsion of G. Moreover, one
can relate the degree of C' to the Hasse invariant.

If the p-divisible group has an action of Op, in the ordinary case, there is no obstruction for
the p-divisible group to be ordinary and to have a canonical subgroup. One can then define the
partial degrees (deg; C)i<i<s of C, and relate them to the partial Hasse invariants ha,(G) (see



[Bi]). In the general case, Hernandez proved in [He2| (under some assumptions on p) that if the
valuation of the p-ordinary Hasse invariant of G is small enough, then the p-torsion of G admits a
canonical filtration. There are thus several canonical subgroups (C;), each of them being of height
fd;. Actually, Hernandez proved that if the valuation of Ha;(G) is small enough, then there exists
a canonical subgroup C; of height fd;. He also relates the valuation of Ha;(G) to a certain linear
combination of the partial degrees of C;, but is unable to compute each of these partial degrees.
They are in fact related to the refined partial Hasse invariants.

Theorem. Let G be a p-divisible group over Ok with an action of O, and assume that there exist
adequate filtrations for G Xo, Ok /p. Let 1 < i < f be an integer, and assume that there exists
a canonical subgroup C of height fd; (in the strong sense of Definition [321]). Then we have for
1<k<f

deg;, CP = max(d; — dy,,0) + v(h%]).

We need the existence of adequate filtrations for G x o, Ok /p, so that the refined partial Hasse
invariants over Ok /p can be defined. We prove that such filtrations always exist, and that the valu-
ations of the refined partial Hasse invariants obtained do not depend on any choice, if the valuation
of the p-ordinary Hasse invariant is small enough.

Let us now talk about the organization of the paper. In the first section, we define adequate
filtrations and the refined partial Hasse invariants. We also prove their compatibility with duality,
and relate them to the invariants constructed by Hernandez. In the second section, we prove the
existence of such filtrations for p-divisible groups over a valuation ring, and prove an uniqueness re-
sult. In the third section, we relate these invariants to the partial degrees of the canonical filtration.

I would like to thank Valentin Hernandez and Benoit Stroh for interesting discussions.

1 Refined partial Hasse invariants

1.1 Definition

Let F be a finite unramified extension of Q, of degree f, O its ring of integers and k = [, the
residue field. Let T be the set of embeddings of F into Q,; it is a cyclic group of order f generated
by the Frobenius o. We will thus identify 7 and Z/fZ. Let S be a k-scheme, and G a p-divisible
group over S of height hg. Let £ be the evaluation of the contravariant Dieudonné crystal of G at S
(see [BBM] section 3.3), it is a locally free sheaf over S of rank hy. The Frobenius and Verschiebung
induce morphisms

Vi.E— WP F: W ¢

where the superscript denotes a twist by the Frobenius. Let F C £ be the Hodge filtration; it is a
locally free subsheaf of £, and induces the exact sequence (see [BBM| Corollary 3.3.5)

0> we—=E—=win—0

where w¢ is the sheaf of differentials of G, GP is the Cartier dual of G, and wé p is the dual of the
sheaf wgp.



Assume now that G has an action of Op; the sheaf £ thus decomposes in & = EBl-f:lEi, with Op
acting on & by ¢’. The morphisms F and V decompose in

Vi & — EP, Fi: &P 5 ¢

for 1 <i < f, with & being identified with £¢. The height of G in this case must be a multiple of
f; let us note hg = fh. Let ¢ be an integer between 1 and f; the sheaf &; is locally free of rank h
over S. Let F; = FNE&,, it is a locally free sheaf over S. Let us assume that the rank of this sheaf
is constant over S, equal to an integer d;. The dimension of G is thus d = Ele d;. The subsheaf
Fi induces an exact sequence

0= wei—=E& = whp,; =0

where wg ; is the subsheaf of wg on which OF acts by o’
Let F; = KerVj; it is a locally free subsheaf of &£ and is also equal to the image of F;. Recall the
equality }'i(f )1 = ImV; = Ker F; (see [EV] section 3.1). The applications F; and V; thus induce
isomorphisms

Vii&)Fi 2 FY Fii () Fi)P = F

The subsheaf F; will be called the conjugate filtration, and induces the exact sequence

0= (Wep ;)P —= & — wg,)zq -0

If G is a subsheaf of F;_1, then V;l(g@)) is a subsheaf of &; containing ]T"Z Similarly, if G is a sub-
sheaf of &£,_1 containing F;_1, then E(g@)) is a subsheaf of F;. One can then see that a filtration
on &;_; refining the Hodge filtration gives a filtration on &; refining the conjugate filtration.

Let r be the cardinality of the set {d;,1 < < f} N[1,h — 1], and let us write §; < --- < d, the
different elements of this set. Define also 69 = 0, 6,41 = h. For any 1 <14 < f, there exists a unique
integer 0 < s(i) < r + 1 such that d; = d,(;).

We will now make the following hypothesis.

Hypothesis 1.1.1. For each 1 <1 < f, there exists a filtration
ocrFrONec.cFlcrcFlc...cFFOtcg,
such that
o the sheaffi[j] is locally a direct factor of &;, and is locally free of rank d;—d; for 1 < j < s(i)—1.

e the sheaf fz-[j] is locally a direct factor of &;, and is locally free of rank h+d; —6; for s(i)+1 <
J<r.

Let ¢ be an integer between 1 and f. We will also set fi[s(i)] =0 and ]—'1-[0] = .7-'1-[”1] = F;. Note
that the sheaves fi/fllj} are locally free of rank §; for 0 < j < s(i), and the sheaves .7-'1[]]/.7:1- are
locally free of rank h — §; for s(i) +1 < j < r + 1. From our previous remark, these filtrations
refining the Hodge filtration induce filtrations refining the conjugate filtration :

0c fi[r] C.c ]_’Zi[s(ifl)Jrl] c }N'i c }N-i[s(ifl)fl] C...C }N—i[l] c&



More precisely, we define .}N"i[j] = V'Z-_l((fi[{}l)(p)) for 1 <j <s(i—1), and .}N"i[j] = E((fi[z]l)(p)) for
s(i—1)+1<j <r. We will set ]?i[O] = &; and }N'Z-[T'H] := 0. Note that }N'Z-[S(i_l)} — F,. For each
0 < j <r+1, the sheaf &/f}ﬂ is locally free of rank §;.

We will also make the following hypothesis.

Hypothesis 1.1.2. For each integer i between 1 and f, we have fi[j] - .}N"i[j] if 1 <7 <s()-1,
and fim - fim if s(i)+1<j<r.

The filtrations satisfying these two hypotheses will be called adequate. Before going any further,
let us make some remarks.

Remark 1.1.3. If there exists an integer 0 < d < h, with d; = d for all 1 <i < f, then s(i) =r =1
for all 1 < i < f and the two previous hypotheses are empty. We will refer to this case as the
ordinary case.

Remark 1.1.4. Assume that f =2 , and suppose that 0 < d; < d2 < h. The first hypothesis is the
existence of filtrations

ochrcrlces ocFlcrRcs
with FI? locally free of rank h — dy + dy and Fi locally free of rank dy — dy. The conditions in
the second hypothesis are ]-'1[2] D .7-'1 = Im F; and .7:2[1] C .7?2 = Ker V5.
Remark 1.1.5. Let 1 <i < f, and 1 < j < s(i) — 1; the condition (]—'i[j])(p) C (.77'1-[]'])(”) is equivalent
to the fact that the Verschiebung V;1; sends }N'L_]l into (]?im)(p). Similarly, if s(i) + 1 < j <r, the
condition (flb ])(1’) C (fi[j ])(p) is equivalent to the fact that the Frobenius Fjy; sends (.}N'Z[J ])(p) into
7,
Adequate filtrations thus induce refinements of the conjugate filtration stable by the Frobenius and
Verschiebung.

Definition 1.1.6. Let 1 <i < f. If 1 < j < s(i), we define £ := det(F;/F7); if s(i)+1 < j <r,
we define LZ[-]] = det(&/]—'i[]]) @ det(F;).

We have thus defined an invertible sheaf Egj] forall 1 < i < fand 1 < j < r. Note that
£l = det 7.

Proposition 1.1.7. Let 1 <i< f and 1 < j <r. We have
det(€i/ 7)) = (£2,)7

Proof. Assume that j < s(i—1). Then we have &/ﬁi[j] ~ (fi_l/fl-[i]l)(p), hence the result. Suppose
now that j > s(¢ — 1). We have

det(&;/FP) ~ det (&) F;) @ det(Fi JF) ~ det(F;_1)P @ det(&_1 /F2)P = (£
O

Definition 1.1.8. Let 1 < i < f;if 1 < j < s(i) we define the application Him : }'i/Fl[j} — Ei/fi[j].
If s(i) < j <r, we define Him : }N'im — .7-'1-[]]/}"1-.



Note that these applications are well defined thanks to Hypothesis (recall that fi[s(i)] =0).

Proposition 1.1.9. Let 1 < i < f, and let 1 < j < r. The determinant of HZ-U] gives a section
hhe HO(S, (£ )P e .

%

Proof. The result is clear if j < s(i). Suppose that s(i) < j < r; the determinant of Him gives a
section of the invertible sheaf

FI T @det(F) " @det(FI) 7! = det(&/F)eo (V) !

K2 K2

det (]:F] /Fi)@det (fi[j] )~ I~ det (&) @det(E;/

and this sheaf is isomorphic to (£ )P(£V)-1. O

K2

We will call the elements (th ])w- the refined partial Hasse invariants. Actually, the section hgj )

might be expressed as a product of other sections.

Definition 1.1.10. Let 1 <i < fand 1 < j <r. If j < s(i), we define ng] = det(fi[jil]/.ﬁ-[j]) ®
det(]—'ib 1 / ]—'1-[7 ])_1, and mEJ ) the section of this sheaf induced by the determinant of the map

FU=11) Ul _y Fli-1 0

If j > s(i), we define ./\fi[j] = det(]—'i[j] /]-"i[jﬂ}) ® det(fi[j]/fi[jﬂ])_l, and ngj] the section of this
sheaf induced by the determinant of the map

}f:i[j]/}f:i[jJrl] N ]:l[J]/]:l[JJFl]

We also define /\/Z—[s(i)] = det(é‘i/fi[s(i)ﬂl) ® det(.%l-[s(i)]/.fi[s(i)ﬂ])’1, and ngs(i)] the section of this
sheaf induced by the determinant of the map

j_’-i[s(i)]/fi[s(i)-l-l] N EZ/]_-l[s(z)-l-l]
The next proposition is immediate.

Proposition 1.1.11. Let 1 <i< fand 1 < j <r. If j < s(i), we have

If 5 > s(i), we have

The definition of the partial Hasse invariants, using a refinement of the Hodge filtration, might
seem odd. It is in fact more natural to use the conjugate filtration, but one only gets these invariants
to the power p.



Proposition 1.1.12. Let 1 < i < f be an integer, and let 1 < j < r. If j < s(i), then the
determinant of the map ‘ ‘
Vier : EnntJFL = (& F)W

gives the section (hij])p. If j > s(i), then the determinant of the map
Fuvr « (B0 s 71,

gives the section (hij])p.

Proof. Assume that j < s(i). The section hgj l'is induced by the determinant of the map F;/ ]-"Z-[j [N
&if fl_[a]_ The section (hgj])p is thus induced by the determinant of the map

(F/FP &/ FHP
But the Verschiebung induces an isomorphism

Vier : Eipt [F = (R FH®

hence the result. The case j > s(i) is similar. O

1.2 Compatibility with duality

The goal of this section is to prove the compatibility of the sections hgj ] with duality. The contravari-
ant Dieudonné crystal of GP evaluated at S is £V (see [BBM] section 5.3). We have a decomposition
£V = @f_ &Y; the Verschiebung and Frobenius on £¥ are given respectively by FY : £/ — (£ ,)®
and V¥ : (£Y.,)®) — &Y for 1 <i < f. Let i be an integer between 1 and f. The Hodge filtration
is given by F;- C £, and the conjugate filtration by .%ZJ- C &. These two sheaves are locally free
of rank respectively h — d; =: d} and d;_;. The filtrations on &; will induce filtrations on &. Let
us start with a lemma.

Lemma 1.2.1. Let 1 < i < f be an integer. Let A C F;_1 be a locally free sheaf, and let
A=V Y AP). Then (A)*t = VY ((A+H)®P),
Let B> Fi_y be a locally free sheaf, and let B := F;(B®)). Then (B)* = (FY)~'((B+)®).

Proof. One can work locally and assume that S = Spec R for some ring R, and that all the
sheaves are free R-modules. Let f € . Then f € (A)* if and only if f = 0 when restricted to
A= V, 1 (A®). This is equivalent to the fact that f = g o V;, for some g € (£ ;)™ with g = 0
when restricted to A®). This last condition is equivalent to g € (A+)®). Thus

fe (At s f=V"Y(g) for some g € (AP
The proof of the second assertion is similar. O

The adequate filtrations give a filtration on &£ for each 1 <7 < f :

0c(FHI o cFHY cR cEH) o c(FHYT cE



We also have the filtration B
oc(FMtc...c(Fhtcey

K2

From the previous lemma, these two filtrations are compatible in the sense that (]?lb ) = (E)H(F []_]

for 1< j < s(i— 1), and (FP) = v/ ((FI ) 7) for si— 1)+ 1< j <.

Proposition 1.2.2. The filtrations on £, 1 < i < f, are adequate.

Proof. Note that the set {d},1 <4 < f}N[l,h— 1] consists in h — J, < --- < h — ;1. Let us denote
h —d; by &% Let 1 <i < f, and let s(i) +1 < j < 7 be an integer. The sheaf (.7’-'1-[]'])L is locally
free of rank 0; — d; = d — 0%. If 1 < j < s(i) — 1, then the sheaf (}'i[j])L is locally free of rank
h —d; +d; = h+ d; — d%. This proves that the first hypothesis is satisfied.

If 1 <j < s(i) — 1, the inclusion ]-"[J] C ]-"lm implies that (]—'[ ]) C (}'m)L. Similarly, one has
(]-"i[j]) (]-"m)l for s(i) + 1 < j < r. This allows us to check the second hypothesis. O

and sections hg]D of

N

For each 1 < ¢ < f and 1 < j < r, we thus have invertible sheaves £Y

(L (Ll )7

GD 77

Theorem 1.2.3. Let 1 < i< f, and 1 < j < r be integers. We have an isomorphism

(e 2 egs T = (el e

Using this isomorphism, one has the equality h[r-’_1 - h£ 1

Proof. First assume that j < s(¢). The application Him is the natural map }"Z-/}"i[j] — Ei/fl[j}. The
application Hg;li_ﬂ is the natural map (]?im)l — (]—"im)L/}'il and is thus equal to the dual of
Hl-[j I Since a map and its dual induce the same section of the same sheaf, the result follows.

The case j > s(i) is similar (or can be treated by duality). We are left with the case j = s(i).
The map Hi[s(i)] is the natural map F; — Ei/.%z-[s(i)], and the dual of Hg;li_s(m is the natural map

]?i[s(i)] — &;/F;. The result then follows from [Bi3] Proposition 1.3. O

We also have the following compatibility for the sections (mEJ]) i; and (n £]) For1 <i<f
and 1 < j <r+41—s(i), we have an invertible sheaf MGD i

1<i< fandr+1—s(i) <j<r, we have an invertible sheaf NgD ;» and a section N ; of this
sheaf.

, and a section m[ 7] b of thls sheaf. If

Proposition 1.2.4. Let 1 <i < f, and 1 < j <r be integers. If j < s(i), we have an isomorphism

ng] ~ g;fli‘j], under this isomorphism, one has mm = [GTngl a1, If j > s(i), we have an
isomorphism /\/;[j] ~ M[Grglz 3. under this isomorphism, one has nm = m[GTHl .

Proof. Let 1 <i < f,and 1 < j < s(¢). The section my] is induced by the determinant of the map

FU=1)Fll _y Fli-1



The section n[GTng;j I'is induced by the determinant of the map

(ﬁ[j])L/(ﬁ[j—l])J_ - (]:[J])J_/(]:[J—H)J_
But the dual of this map is precisely the map f}jfl}/fl-[j] — .}zi[jfl]/fi[j]. Since a map and its dual
induce the same section of the same sheaf, the first part of the proposition follows. The second part
is similar. O

1.3 Relation with the p-ordinary partial Hasse invariants

Recall that we have a decomposition
/
v = Do
i=1

where wg,; is locally free of rank d;, for each 1 < i < f. Let us call p = (d;)1<i<y; the u-
ordinary partial Hasse invariant attached to i, Ha;(G), is constructed in [He| and is an element in

HO(S, (det we ;)P =) for each 1 < i < f with d; # 0. The product of these invariants is the total
p-ordinary Hasse invariant

Ha(G) € H'(S, (detwg)?' —1)

Note that this last invariant was constructed for some Shimura varieties in [GN]. We will first recall
the definition of the elements Ha;(G); actually, we will use the construction in [BH]|. In this article,
the authors gave a simpler construction of these invariants, and extended it to the ramified case
for p-divisible groups with Pappas-Rapoport condition. We will then relate these elements to the

sections hgj J. More precisely, we will show that Ha,;(G) is equal to the product of some powers of
RO for 1 <k < f (where 1 <i < f is an element with d; ¢ {0, h}).

Proposition 1.3.1. Let 1 <i < f, and let d;—1 < d < h be an integer. Then the map

di—1 d—d;—1 d
/\ &) /\ .%i — /\51-@1

(@A ANwa, ) @ (Fiyr Ao A Fiya—a, ) = (Vizr A= AViza, ) A (g A+ Aya—d, )
is well defined, and factors through the natural surjection N*~* (&) & N4 Fi — N &;.

This proposition follows from [BH] prop. 2.2.10. In that case, we will call f¢ : /\d & — /\d 51-(5)1 the
induced map. If d < d;_1, we will define fid to be /\d V.

Definition 1.3.2. Let 1 < i < f with d; # 0. The p-ordinary partial Hasse invariant attached to
i, Ha;(G), is the section induced by the map

f=2y d; vl

_ iV,
al g/ A"V 4 7
/\ gi-‘,—l /\ 7

(Fli)®
>

d
/\di Fi = /\di & LN /\di 81,(3)1 —

The p-ordinary partial Hasse invariant Ha;(G), is thus a section of (det fi)pf’l.
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Theorem 1.3.3. Let 1 <i < f with d; ¢ {0,h}. Then we have

s(7 s(7 s(i f—1
Hau(@) =1 0y 0l

Proof. We will prove this statement by giving an alternative description of the maps hg}. Let
1 < k< f,and 1 < j < r be integers. First assume that j < s(k). Then the element hgj} is
induced by the natural map det(fk/f,[j}) — det(é‘k/.f’-:,[f]). Suppose now that j > s(k). We have

isomorphisms of sheaves
det(FY/F) @ det(FY) ™1 ~ det(&) @ det(Ex/FP) ' @ det(Fi) ™' @ det(FP) !
~ det(E,/FI) ® det(E,/FI) ™ ® det(Fy)

The element hg} is obtained by taking the determinant of the natural map .}N"][CJ LN f,[cj ] /Fi. Using
the previous isomorphism, it is also induced by the natural map

det(Ex/FY) @ det(Fr) — det(Ex/F)

We are left to unravel the isomorphism det(Ex/ }N'Igj]) o~ (ngl_l)p from Proposition [LT71 Assume

that j < s(k —1). The isomorphism det(é’k/}z,[cﬂ) ~ det((fk_l/fl[ﬂl)(p)) is given by A% V.
Now let us suppose that j > s(k — 1). There are isomorphisms

det(Ex/F) ~ det(Ex/ Fi) @ det(Fi/F) ~ det(FP)) @ det((Ex_1/FEL)P))

Assume that we work locally, and let ey, ..., es; be a basis of Ek/.f,[cﬂ. This can be done such that

€dj_1+1,- - - Cs; arein fk. Since this space is the image of F};, we have ¢; = Fjx; for some z; € 5,511)1,
for all dy—1 +1 <1 <6;. The image of e; A--- Aes, by the previous isomorphism is then

(Vk(el) TARSRNA Vk(edk—l)) ® (xdk—l"l‘l TARSRNA ‘Tlsj)
This concludes the proof. O

Remark 1.3.4. If d; = h, then the sheaf (det o.)g,i)pf_l is trivial, and the element Ha;(G) is a
non-zero section of this trivial sheaf. Indeed, the map f! induces an isomorphism between det &;
and (det&_1)P forall 1 <i < f.

2 Properties of adequate filtrations

2.1 Existence

In this section, we prove that locally, adequate filtrations always exist. Let S = Spec R, where R is
a ring of characteristic p such that if z,y € R, then x divides y or y divides z (for example, R can
be a valuation ring of characteristic p). In particular, R is local. Let G be a p-divisible group over
S, endowed with an action of O as in the previous section. The module wg thus decomposes into
wg = EBl-f:leJ-, and let d; be the rank of wg; for all 1 < ¢ < f. We will keep the same notations
as in the previous section.
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Theorem 2.1.1. There exist adequate filtrations on the spaces (E;)1<i<f-

Proof. We will explicitly construct adequate filtrations on the spaces &. We will construct by

induction the spaces (]:i[]])lﬁiﬁf’ for 1 < j <r. Let j be an integer between 1 and r, and assume

we have constructed the spaces f}k] for1 <i< fand 1<k <j—1. We have to construct the
space f}j] for 1 < i < f. Note that if s(¢) = j, there is nothing to be done (as fi[s(i)] is defined to be
0). This proves that there is at least one element ¢ for which the space ]-"Z-[j Jis constructed. Suppose
that the space ]—'i[i]l is constructed, and we will construct the space ]—'i[j I This will conclude the
construction.

If s(i) = j, there is nothing to be done. Assume that j < s(7). We look for a direct factor f}j] of
&; of rank d; — ¢; such that fi[j] - .7-'1-[7‘71} N .}N"i[j], with ]—'1-[0] = F; by convention. But .7-'1-[7‘71} is free
of rank d; — 91, and is included in }N'i[j_l]. Since }N'im is of corank §; — d;—1 in ]?i[j_ll, the space
]-"Z-[j “Un ]T"Z[J I contains a subspace which is free of rank d; — ;. We have thus constructed }'l-[j] in
this case.

Suppose now that j > s(i). Let G := ]-"i[j_ll if j>s(i)+1,and G :=&; if j = s(i) + 1. We look for
a direct factor }'i[j] of & of rank h + d; — §; such that F; C ]-"i[j] C G and ]?i[j] - }-i[j]_ Note that we
have fim C f}j_l} C G. The condition on f}j] is then

Fi+FlcFlcg

But inside G, there is a free space of rank d; + h — d; containing both F; and .%1[] !, This allows us

to construct the space }'im, and concludes the proof. |

2.2 Uniqueness

We will now prove that the reduction of the adequate filtrations modulo a certain ideal is unique.
Let K be a valuation field, which is an extension of Q,, v be the valuation (normalized by v(p) = 1),
and let Ok be the ring of integers. For all real w > 0, let us define m,, := {x € Ok, v(z) > w} and
Ok {w}y = Ok /my,. In particular Og (1) = Ok /pOx. If M is a O-module, and w > 0 is a real,
then we will note M{w} =M ®Qo, OK,{w}-

Let G be a p-divisible group defined over Ok (1}, and assume that G has an action of O as before.
We will keep the same notations as in the previous sections. Assume the existence of adequate

filtrations (f-['])lgigf on the spaces (&;)1<i<f. We define

wi = v € 10,1)
(5]

;  is the section of an invertible sheaf on
Spec Ok {1}, a choice of a trivialization of this sheaf allows us to see hy] as an element of Ok (1.

The valuation of this element is then independent of the choice made. We will also define

f r
o

i=1 j=1

for 1 <i< fand 1 < j < r. More precisely, since h

Let us start with a lemma.
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Lemma 2.2.1. Let (]:i[.]/)lgigf be other adequate filtrations on the spaces (€;)1<i<y. Let1 <i < f
. !
and 1 < j < r beintegers, and let wm < a<1beareal. Assume that f,&l]{a} = f,[gl]{a} for1 <k <i

and 1 <1< j5—1, andthat]—'bl{a} —f[ Ci{a} Then
I[J _ .7:[]
i{a— w[]]} i{a— w[]]}

Proof. If s(i) = j, the result is obvious. Assume that j < s(i). The space ]-"[J{] y lies inside the
kernel of the map
[i—1] [G—1]
6 i) = Foia) 1y
The matrix of this map is of the form
(0 M)
where this matrix is written with respect to the decomposition ]—' {ay © ]—'ZJ {al} The matrix M is

associated to the map ]-"[J U /.7:1[]{&} — fzj{al} /.7:1[]{ }

be in the kernel of ¢. Then Mxy = 0 so the coordinates of x5 are of valuation greater than o —w;
This implies that

In particular v(det M) < w[ I Letz = (I1>

€2

[J]

(4] " _ 7l
]:i,J{oz—ij]} - ]:i,J{oz—ij]}

L
Suppose now that j > s(i). We keep the notations from the previous section. The space fi[J%a} /Fi{a}
contains the image of the map

7]
¥ Filtay = Gtay/ Fiday
The matrix of this map is of the form
N
0

where this matrix is written with respect to the decomposition ]—' {a}/]:- {a} € G(a}/Fifa}- The

matrix NNV is associated to the map ]-'l[J{a} — FUl }/]: {a}- In particular v(det N) = wm Now let

i, {a
(X1X32) be the matrix of a basis of ]-"[J% } e Since this space contains the image of v, there exists a

matrix Z with N = X1Z and 0 = X5 Z. This implies that v(det Z) < wE Il and that the coefficients

of X5 are of valuation greater than o — [ I This implies that
I[J _ .7:[]
i{a— w[]]} i{a— w[]]}

O

!/
Proposition 2.2.2. Assume that w < 1, and let (]-'Z-['] Ji<i<s be other adequate filtrations on the
spaces (E;)1<i<y. Then we have

(4] (4]
‘Fz A1— w} ‘Fz Al—w}

for1<i< fand1<j<r.

13



Proof. We use successively the previous lemma. More precisely, we will prove by induction on j
that

[ .
f‘,{l—aj} Fil1-a;)

with a; =5, Ek<] M for all 1 <i< fand1l<j<r. Letl<k<r, assume that the previous
relation is true for 1 § i< fand1<j<k-—1. Let ¢ be an element with s(¢) = k; then the space

]-"i[k} needs not to be defined. From the previous proposition, we have

[k K
i+1,{l-ap_1— “’¢+1} i+1,{l-ap_1— “’¢+1}

Applying successively the previous result, one gets

[K] " rlK
i+l7{1_ak*1_w£)ﬂl_"' 'Ei]l} i+l7{1_ak*1_w£)ﬂl_"' 'Ei]l}
forall 1 <1< f—1. Hence the result. O

Remark 2.2.3. We could have replaced w by

> 3 b

i=1 j#s(i)

Of course the proposition is also valid if we replace w by the valuation of the total y-ordinary Hasse
invariant.

Corollary 2.2.4. Assume that w < 1/2. Then the elements (w;")1<i<f1<j<
the choice of adequate filtrations, and are thus invariants of the p-divisible group G.

/ 1/
Proof. Let (}'i['] )i<i<s be other adequate filtrations on the spaces (&;)i<i<s, and let (hgj] )i,; be
the sections computed with these filtrations. Let 1 < ¢ < f and 1 < j < r be integers, and assume

./
that j < s(i), the other case being similar (or can be treated by duality). Let wy I be the valuation

51

of hij] . The elements wlm and w,;” are respectively the valuations of the determinants of

FUF S EFD FIED o ey Y
From the previous proposition, the reduction modulo 1 — w of these maps are equal. Thus

[]]1— w) = min(w; 1’ ,1—w)

min(w

Since wl[»ﬂ <w < 1—w, we have wl[j]/:wl[j]. O

3 The canonical filtration

Let K be a valuation field, which is an extension of Q,. We will keep the same notations as in
the previous section, and we will consider a p-divisible group G over Og. We will also assume
that there are adequate filtrations associated to the group G x o, Ok /p (the existence of adequate
filtrations follows from the previous section).
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3.1 Raynaud group schemes

In this section, we recall some results concerning finite flat group schemes over Ox endowed with an
action of Op. If H is a finite flat group scheme over O, its degree has been defined in [Fa] and will
be denoted by deg H. When H has moreover an action of O, one can define the partial degrees of
H, noted deg; H, for 1 < i < f. We refer to [Bi] section 2 for the definition and properties of the
partial degrees.

We now recall the structure theorem from Raynaud ([Ra]) concerning finite flat group schemes of
height f over Ok, of p-torsion and with an action of Op.

Proposition 3.1.1. Let H be a finite flat group scheme of height f over O, of p-torsion and
with an action of Op. Then there exist elements (a;,bi)1<i<s of Ok such that a;b; = pu for all
1<i< f (where u is a fized p-adic unit), with H isomorphic to the spectrum of

OK[Xl, . ,Xf]/(X-p — auL'JrlXiJrl)

K2

where we identify Xr41 and X1. The dual of the group with parameters (a;,b;)1<i<s is the one
with parameter (b, a;)1<i<f. Moreover, we have wg,; = Ok /a;, and therefore deg, H = v(a;),
deg, HP = v(b;) for all 1 <i < f.

We will refer to such group schemes as Raynaud group schemes. We will also need a description of
the Dieudonné crystal of these group schemes.

Proposition 3.1.2. Let G be a p-divisible group over O with an action of O, and let H C G|p]
be a Op-stable Raynaud group scheme with parameter (a;,b;)1<i<y. Let Ey be the (contravariant)
Dieudonné crystal of H xo, Ok /p evaluated at Ok [p; it decomposes into Eg = @{':15}1_,1-, with
each Em,i a free O [p-module of rank 1. Let i be an integer between 1 and f. The Verschiebung

Vit €mi — 8}5171 sends a generator to an element of valuation pv(b;—1); the Frobenius F; :

Eg)i_l — &, sends a generator to an element of valuation pv(a;—1).

Proof. Let €& = @leé'i be the Dieudonné crystal of G x o, Ok /p evaluated at Ok /p. Let F C&
and Fp; C £, be the images of the Frobenius. We have &;/F; ~ wg))i_l and have surjective maps

& — €y wg),)zel - wg,)ifl

Thus _
gH,i/]:H,i ~ w}(;)i_l ~ OK){l}/af_l

This gives the result for the Frobenius. The result for the Verschiebung can be obtained by duality.
O

3.2 Definition of the canonical filtration

We will now recall some definitions and properties of the canonical filtration. Recall that G is a p-
divisible group over O with an action of Op. The module wg thus decomposes into wg = @if:lwgﬁi,
where wg ; is a free Og-module for all 7 between 1 and f. Let d; be the rank of wg ; forall 1 <¢ < f.
We keep the notations from the section[I} in particular, one has an integer r, and integers 1, . . ., d,.

15



Definition 3.2.1. Let 1 < j < r, and let C C G[p] be a Op-stable finite flat subgroup of height
f6;. We say that C' is canonical (of height fd;) if

f
1
deg C'P 8, —d;,0)+ =
eg <§maX(J ,)+2

i=1

It is a strong canonical subgroup if we have

f
1
degCP < §; —d;,0) + ——
eg ;max(J ) o

We say that G admits a (strong) canonical filtration if there exist (strong) canonical subgroups of
height fo;, for all 1 < j <.

Let C C Gp] be any Op-stable finite flat subgroup of height fd;, where j is an integer between 1
and r. Note that since deg;, C' < deg, G[p] = d;, we have deg, CP > 0; —d; for all 1 < ¢ < f. The
degree of CP is thus always greater or equal than Ezle max(d; — d;,0); the subgroup is canonical
if this degree is close to that value.

In the ordinary case (i.e. if there exists an integer 0 < d < h with d; = d for all 1 < i < f), this
definition agrees with the definition of the canonical subgroup given in [Bi] section 3.1.

Proposition 3.2.2. Let j be an integer between 1 and r; there exists at most one canonical subgroup
of height f&;. If C is a canonical subgroup of height f8;, then C+ C GP[p] is canonical of height
f(h—13,).

Let 1 < j <k <r be integers, and assume that C; is a canonical subgroup of height f&;, for each
le{j,k}. Then C; C Cj.

Proof. This is a local analogue of [Bi2] Proposition 1.24 and 1.25, and the proof is similar. O

In particular, if G admits a canonical filtration, one has
0cCycC---CC. CGlp]

where C; is the canonical subgroup of height f§;, for 1 <j <r.
The main result of [He2| is the existence of a canonical subgroup (of height fd;) if the valuation of
Ha;(G) is sufficiently small. We recall this theorem here.

Theorem 3.2.3 (JHe2] Théoréme 6.10). Let 1 < i < f be an integer with d; ¢ {0,h}. Assume that
p > 4h, and that the valuation of Ha;(G) is strictly less than 1/2. Then there exists a canonical
subgroup C; of height fd;. Moreover, one has

-1
Zpk(degi_,C CP —max(d; — d;_1,0)) = v(Ha;(G))
k=0

Remark 3.2.4. This theorem is actually valid under weaker conditions, see [He2] Théoréme 6.10 for
the precise statement.
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3.3 The partial degrees of the canonical filtration

In this section, we will relate the refined partial Hasse invariants constructed previously to the
partial degrees of the canonical subgroups (if they exist). Recall that we assumed the existence
Ul the valuation of the section A7), for

7 i

of adequate filtrations for G xo, Ok /p, and we noted w
1<i<fand1<j<r.
First let us start with two lemmas.

Lemma 3.3.1. Let 1 < j < r, and assume that C' is a canonical subgroup of height fé;. Let
a=degCP — Zle max(d; — d;,0). Then for all 1 < i < f, we have

deg; O < max(§; — d;,0) +a

Proof. Let ¢; := deg; CP — max(§; — d;,0) for 1 <i < f; this is a non-negative real. Moreover, we

have
f

E g =«

i=1
We conclude that ¢; < o forall 1 << f. O

Lemma 3.3.2. Let 1 < j < r, and assume that C' is a canonical subgroup of height fé;. Let
a=degCP — Zle max(d; — d;,0), and let 1 <i < f be an integer. If j < s(i), then we; 1-a) 8
a quotient of wg i {1—a}, which is free of rank §; over Ok (1_qy-

If j > s(i), then WeL i {1—a} 18 a quotient of wgp ; (1—ay, which is free of rank h—4&; over Ok (1 ay-

Proof. By duality, one can assume that j < s(i). From the previous lemma, we have
deg,C > 0; —

Since we,; is generated by d; elements, by the elementary divisors theorem, there exists elements
T1,...,Ts; in Ok with valuation less than 1 such that

3
we,i @ Ok /xy,
k=1

We thus have Zijzl v(xy) = deg,; C, so v(xy) > 1 — a for all 1 <k < §;. This implies that

wei{l—a} = (OK,{l—a})aj

O

In particular, the existence of a canonical filtration for G' implies that both modules w¢ 153 and
wgp (1-p} are filtered by free quotients, for some real 3 depending on the canonical subgroups.
This gives adequate filtrations on & 15y, 1 <1 < f.

We can now state the main theorem of this section, which relates the partial degrees of a canonical
subgroup to the refined partial invariants. Note that in the ordinary case, the partial degrees of
the canonical subgroup have been computed in [Bi] section 3.2.
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Theorem 3.3.3. Let 1 < j <7, and assume that C is a strong canonical subgroup of height fé;.
Then for all 1 < i < f, we have

deg; CP = max(d; — d;,0) + wEﬂ

Proof. Let a = deg CP —Z{Zl max(d; —d;,0), and we keep the notations from the previous sections.
Let 7 be an integer between 1 and f, and consider the surjective morphism

Eifi—ay ~ ECiif{1-a}

Let @7{1_&} be the kernel of this map. This is a free O {1_4)-module of rank h — ;.

From the previous lemma G; {1_qy 1= g:-’{l,a} NFif1—a} is a free Ok (1_qy-module of rank d; — 9
if j < s(i). Thus V;;}(Gi1-a})?) is a free O 1_qy-module of rank h — d; + d; — §; = h — §;
containing g~i+17{1_a}. Since this last module also free of rank h — §;, this is an equality. Note that
one has G; (1o} = Fi {1-a} and gi+1,{1—a}~: Fit1,{1-ay if s(i) = j.

By duality, if j > s(i), then G; (1_a} = Gif1—a} + Fi{1—a} is a free Ok (1_4}3-module of rank
h—6; +di, and Fi1(Gi (1-a))® = Git1 {1-a}-

Assume now that j < s(i). Then the map

Vigr giJrl,{lfa}/fgviqu,{lfa} — (gi,{lfa}/fgvi,{lfa})(p)

can thus be identified with the map

Vit1 1 €cit1,(1—a) = (5C,i,{1—a})(p)

Moreover, the determinant of this map has a valuation equal to pdeg; C” < pa. This can be proved
by filtering the group C' by Raynaud group schemes and using Proposition B.1.21 But this map can
also be identified with the natural map

(]:i,{l—a}/gi,{l—a})(p) — (5i,{1—a}/§i,{1—a})(p)
Since pa < 1 — «, one deduces that the determinant of the natural map
Fii—ay/Giq1—ay = Eif1—a}/Gi{1-a)

has a determinant of valuation deg; C'P.
By duality, if j > s(i), the determinant of the map

Fi—i—l : (fgviy{l,a})(p) — fgviJrl,{lfa}

has a valuation equal to pdeg,(C+)P = p(d; — §; + deg; CP) < pa. This map can be identified with
the natural map

(Ji,{l—a})(p) — (gi,{l—a}/]:i,{l—a})(p)

Since pa < 1 — «, the determinant of the natural map

gi,{l—a} — gi,{l—a}/‘Fi,{l—a}
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has valuation equal to d; — §; + deg; CP.
We would be able to conclude if the filtrations (G; {1-a})1<i<y and (]'—-[J{]l,a})lgigf were equal. In

3
the general case, using the same proof as in Proposition 2.2.2] one proves that

(4] _
]:i,J{l—2oz} = Gi.{1-20)
for all 1 <7 < f. Let i be an integer with s(i) < j. The map Hi[j] agrees with the map

G Fii-ay/Gif1-a) = Ei1—ad/Gif1-oy

after reduction modulo m;_o,. But we have seen that the valuation of the determinant of ¢; is

deg; CP. The reduction modulo m;_s, of H i[j ] has thus a determinant of valuation deg; CP. Since
deg; CP < a <1 - 2a, one gets
deg, CP = wl[]]

The case with s(7) > j is similar or can be obtained by duality. O

Note that the relation in Theorem [3.2.3]due to Hernandez then follows from this last result together
with Theorem

Corollary 3.3.4. Assume the existence of a strong canonical filtration
0cCycC---CC. CGlp]
Then for all 1 <i < f and 1 < j <r, we have

deg; CP = max(6; — d;,0) + ng}

In particular, the elements (U/Ej])lgigf,lgjgr are well defined.

Remark 3.3.5. There is no assumption on p in this corollary (and in our definition of the canonical
subgroups), unlike the result of Hernandez (Theorem [B.2.3]).

Remark 3.3.6. The partial degrees of the graded parts Cj,/Ck_1 are related to the valuations of the
(K] (K]

invariants m, -~ and n;

. More precisely, one has

deg;(Ci/Cr—1)? = v(m!")

K2

for 1 <i< fand 1<k <s(i) (with Cy :=0), and

deg; (Crs1/Cr) = v(nl)

for 1 <i < fand s(i) <k <r (with Cry1 := G[p]).
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