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This paper investigates the mechanisms of facet nucleation through combining aero-engine manufac-
turer disc component test data with microstructure-sensitive crystal plasticity finite element (CPFE)
models. Full-scale component testing has been carried out in a manner representative of in-service con-
ditions. Elastic FE analyses of discs under these conditions and fully accounting for thermal and residual
processing strains have also been carried out. Disc facet nucleation sites have been identified and the
local stress states evaluated in order to establish crystal plasticity oligocrystal sub-models. The oligocrys-
tal RVE models provide knowledge of hard-soft grain stresses under dwell loading, and the consequent
load shedding in order to provide stresses required for the facet nucleation.
The disc component facet observations together with the crystal plasticity sub-model oligocrystal

approach provide persuasive evidence that a hard-soft grain combination is required for facet formation,
that the remote stress state influences the resolved shear stress on the soft grain initiating slip (with ten-
sile uniaxial stress state more damaging than a tension-tension biaxial stress state), and that the load
shedding which results is essential in pushing up the hard-grain basal stress to nucleate facets.
� 2016 The Authors. Published by Elsevier Ltd. This is an openaccess article under the CCBY license (http://

creativecommons.org/licenses/by/4.0/).
1. Introduction

In-service conditions of an operating gas turbine engine repre-
sent some of the most complex loading regimes of any thermo-
mechanical system. Titanium alloys are widely used in gas turbine
engines, often under extremes of loading, in components such as
discs and blades. They are utilised extensively in the aerospace
industry due to their low density, excellent corrosion resistance
and high fatigue strength [1]. However, it has been well recognised
over the past 40 years that titanium alloys suffer from a significant
failure mode known as cold dwell fatigue, often characterised by
facet crack nucleation and subsequent growth. The lifetime reduc-
tion resulting from the inclusion of load holds at maximum stress,
and at ambient temperature (<200 �C), during each loading cycle is
termed the dwell fatigue life debit. It continues to be a significant
industrial concern because its non-destructive evaluation manage-
ment is hugely costly, and it remains a safety-critical issue. The
compressor discs used in the intermediate pressure section of a
jet engine are among the components deemed to be ‘life-critical’,
meaning that rupture or failure is not an acceptable outcome due
to risk to the airframe integrity; the required reliability for these
components is 1 event in 108 flights [2].
Considered fundamental to cold dwell fatigue is the formation
of facets which are always associated with the failure initiation
site. The commonly utilised model for facet nucleation is an adap-
tion of the classical Stroh model for crack initiation due to disloca-
tion pile-up [3], introduced by Evans and Bache [4]. An important
subsequent modification to this model included the incorporation
of the dwell component, by Hasija and colleagues [5]. The time-
dependent stress redistribution, or load shedding, is now believed
to be key to the formation of facets and this is recognised in this
work. The facet nucleation process occurs on basal planes and is
argued to preferentially develop on a grain badly orientated for slip
(hard grain), with c-axis near or parallel to the local maximum
principal stress direction, adjacent to a soft grain well orientated
for slip, be that occurring on prismatic or basal systems. The stress
acting normal to the basal plane (and, as some authors argue, the
shear stress) during the dwell period, leading to load shedding, is
thought to be necessary (but not sufficient) for facet nucleation
[6,7].

Evans and Bache [4] were the first to explicitly attempt an
investigation of a multiaxial dwell loading regime. They performed
tension, torsion, and combined tension-torsion experiments and
were able to make a comparison of effective stress at failure and
lives-to-failure (Nf). For equal values of Von Mises effective stress,
it was observed that tension-torsion tests (i.e. the inclusion of an
in-phase shear loading component) often had a higher lives-to-
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failure value than simple uniaxial tension. However, as Doquet and
De Greef point out [8], shear loading resulting from torsion is not
particularly representative of aero engine in-service conditions so
these findings are not directly comparable with the dwell regime.
A study carried out by Doquet and De Greef [8] consisted of a series
of tests comparing uniaxial and tensile equibiaxial loadings in low
cycle fatigue (LCF) and dwell fatigue. The results obtained, while
providing valuable insight, were subject to quite considerable scat-
ter, but the indication from the biaxial loading testing in low cycle
fatigue was that tensile equibiaxial loading conditions have an
ameliorating effect, resulting in extended fatigue life. In many of
the dwell fatigue tests performed, the specimens ruptured prema-
turely, precluding conclusive interpretation. Doquet and De Greef
attempted to rationalise their findings in light of the classic multi-
axial theories (such as Fatemi-Socie, Sines and Crossland etc.) but
found that none of these was able to accurately capture the beha-
viour observed.

In further LCF (as opposed to dwell) work, Bonnand et al. [9]
tested a range of Ti-6Al-4V samples in combined tension-torsion
and equibiaxial tension under LCF and found that few of the theo-
ries predict, with confidence, observed behaviour. They developed
an ad-hoc theory which represents a compromise between the two
major categories of multiaxial fatigue criteria; namely critical
plane theory and effective stress amplitude. A review of the myriad
multiaxial stress theories has been presented by Kallmeyer et al.
[10] who conclude that the Findley parameter and the Manson-
McKnight model present the most convincing fit in a survey of a
large dataset of experimental LCF findings. These data are, how-
ever, for low cycle fatigue only and for non- hexagonal close
packed (hcp) metals, so not directly applicable in the context of
cold dwell fatigue.

In passing, we note that multiaxial stress states are often asso-
ciated with ductile fracture. Rice and Tracey [11] considered spher-
ical voids and developed a fundamental description of ductile
fracture based on void growth and coalescence. The Rice and Tra-
cey model was employed by Helbert et al. [12] who undertook a
detailed investigation of the effects of stress triaxiality on the dam-
age mechanisms of an equiaxed a/b Ti-6Al-4V. They found that in
the low triaxiality range (values less than 0.66) no significant
growth of voids is observed, even up to high plastic strains
ðep < 0:3Þ. This point has been demonstrated again in more recent
work on notched samples of IMI834 by Kumar et al. [13].

The Stroh model is not the only proposed explanation for dwell
fatigue in the literature. Lefranc et al. [14] investigated dwell fati-
gue in Ti-6242 with a bimodal a/b microstructure and argued that
crack nucleation was caused by the coalescence of cavities or voids,
induced by shear stresses. These voids nucleated at the a/b inter-
faces and were observed to be greater in size and number under
dwell fatigue loading, as opposed to static creep or normal fatigue
conditions. Shear induced porosities causing micro cracks under
dwell loading were also observed by Gerland et al. [15]. These
authors assert that it is the porosities developed under creep con-
ditions of the load hold that are responsible for dwell fatigue,
which is in keeping with classic ductile fracture theories [11].
The loading applied to generate this failure mechanism was close
to or exceeding macroscopic yield (r0.2%) and the failure may
therefore not be mechanistically the same as that occurring at
lower in-service stresses in aero-engine discs.

It is known from industrial experience that under in-service
conditions the stresses carried by the titanium alloy components
(compressor discs) are far lower than yield, at approximately 50–
70% of the yield stress. Small-scale laboratory dwell testing is typ-
ically found to require much higher stresses in order to induce
dwell fatigue failure. Importantly, it is noted that in the majority
of cases of failure resulting from dwell fatigue observed in indus-
trial testing, the ‘‘worst case” grain orientations are always present
(see later). Laboratory samples may consist of relatively small
numbers of grains across the gauge section and may not capture
the statistics of full-scale components. In such samples, the worst
case (rogue) combination of grain crystallographic orientations
[16] may simply not be present; a compressor disc contains a vol-
ume of material several orders of magnitude larger than that for a
simple tensile specimen. The high stresses required to generate
facets in the absence of a rogue pair may also be the cause of other
undesirable failure states. Bache et al. demonstrate that in the
absence of the worst case grain orientation, crack nucleation may
be forced onto other combinations, again at high applied stresses
[17]. Pilchak et al. [18] found that facets may occur on basal planes,
mis-orientated with the macroscopically applied load by approxi-
mately 43�. However, this test was also carried out at the relatively
high stress of 0.95 ry.

This paper presents an investigation on facet nucleation in a-
titanium alloy discs from a comprehensive industry spin test pro-
gramme in such a way to unambiguously avoid the small volume,
high stress problem associated with laboratory dwell fatigue test-
ing. We begin by considering the stress states in a rotating disc,
establishing the basis for a further in depth study of multiaxial
stress loading. This is followed by a detailed examination of stress
states and facet nucleation results from disc spin tests carried out
by an aero-engine manufacturer. This continuum level study indi-
cates the necessity of a detailed crystal plasticity sub-modelling
approach which is used to illustrate the effects of multiaxial stress
state on the rogue grain combination and facet nucleation. The nat-
ure of the hard grain crystallographic orientation with respect to
the principal stress is briefly assessed in the context of experimen-
tal observations reported in the literature. The macro-level stress
state analysis of the disc is then coupled with the crystal plasticity
analyses which allow us to investigate more fully the connection
between load shedding and facet nucleation in discs under dwell
fatigue. This facilitates prediction of the likely sites of facet nucle-
ation and the stress levels and states necessary to cause them.
2. Disc spin test studies

2.1. Introduction to spin tests

In the absence of predictive capabilities due to the complexities
of structure, texture and properties, aero-engine manufactures
have had to rely on an expensive (>£150,000 each) set of time-
consuming (5–8 weeks per test) spin tests to establish a reliable
applied stress-to-life (S-N) curve [2]. Spin tests are a form of qual-
ity control which involve taking full sample discs manufactured as
standard product hardware with fully representative geometric
features, which are cycled in a manner similar to in-service use,
often until failure.

Rolls-Royce have undertaken a comprehensive spin test pro-
gramme for a variety of in-service components and one particular
set of results is examined here. This set is defined as a series of spin
tests of discs, tested to failure, from the same forging and with the
same geometry.

The illustration in Fig. 1(a) shows a 3D rendering of the disc
using the geometry supplied by the manufacturer (with a 1/4 cut-
away for clarity). The inset figures illustrate an axisymmetric slice
of the disc and show the facet locations. These facet locations, iden-
tified by the black spots in the bore region, have been measured
and quantified as the failure origins for the various dwell cycle
tests. These sites are collectively similar, such that they represent
the qualities associated with classical facet behaviour seen in dwell
fatigue, i.e. basal plane orientation approximately perpendicular to
the principal stress direction (hoop), and quasi-cleavage fracture
planes.



Fig. 1. Compressor disc geometry from spin tests, (a) cutaway of a 3D rendering of a
disc, and (b) axisymmetric slice of disc highlighting the key bore region with facet
locations.

M.A. Cuddihy et al. / International Journal of Fatigue 97 (2017) 177–189 179
2.2. Stress distributions in compressor disc spin tests

An axisymmetric finite element (FE) model with isotropic, elas-
tic material properties representing the compressor disc material
(an a-Ti variant, Ti-834) is utilised to determine stress states for
disc spin tests. The model replicates the spin test temperature
(<200 �C, known to be the range conducive for dwell) and assumes
an isothermal state. Interestingly, a temperature of 120 �C is
argued to be the worst case for dwell fatigue [19]. The model is
loaded to replicate the typical cycling of the spin test, i.e., rota-
tional loading at minimum RPM and spinning up to a peak rota-
tional speed which is held for 2 min (dwell condition), after
which the speed is reduced back down to the idle condition.

Prior to spin loading, an initial step is carried out to include the
residual stresses developed by the post-forging heat treatment,
aging, and quenching operations. The thermal strains generated
by the quenching process are calculated in a separate model of
the bulk forged element, and the resulting strains are mapped onto
the rig test model. The calculation of the thermal strains induced
by the quenching process is verified against a measurement of
the strains by an incremental hole-drilling test.1 This involves
bonding standard copper strain gauges to the specimen, then drilling
a hole through the strain gauge and the material. As the material
relaxes around the hole, the displacements measured by the strain
gauge can be used to back calculate the surface residual strains
[20]. This technique is only suitable for near-surface measurements
of strain. Alternative methods of measuring the process residual
strains at depth have been developed using synchrotron X-ray
diffraction; this technique has been used to measure residual strains
in nickel superalloy turbine discs and may probe up to �50 mm
beneath the surface [21].

The contour plots in Fig. 2 show the principal normalised stress
distributions, corresponding to the hoop, radial and axial stress
directions respectively (there are minimal amounts of shear
1 The residual strain calculation was carried out at Rolls-Royce plc.
observed in these models) at full spin loading, and including the
initial residual stresses. These operating stresses have been nor-
malised by a representative tensile strength. Fig. 2 also shows
three representative facet locations.

Evidently, the hoop stresses dominate over the other two direc-
tions, and the peak concentrations are localised in the lower left
region of the disc bore. However, relatively large radial stresses
are carried by the diaphragm section of the disc where the radial
stress is almost 40% of the hoop stress for that region.

Fig. 3 shows a close up andmore detail of the hoop stresses with
respect to the 22 experimentally observed facet nucleation sites.
An immediate observation is the strong dependence on the hoop
stress i.e. no faceting is observed to occur when the normalised
hoop stress is less than 0.58 with the majority of facets occurring
at hoop stress values greater than 0.66.

A simple design paradigm may be to assume that peak hoop
stress is the dominant driver of facet nucleation, but the facet out-
liers (e.g. a13, a1) cannot be explained in this way. In addition, why
is there just the one observed facet location on the 0.58 stress con-
tour? For completeness, this is examined further at the continuum
level by determining the stress triaxiality ratio for the bore region,
which is shown in Fig. 4. The stress triaxiality v, is the ratio of the
hydrostatic mean stress and the von Mises effective stress given by

rH ¼ 1=3ðr1 þ r2 þ r3Þ ð1Þ

re ¼ 1ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 � r2Þ2 þ ðr2 � r3Þ2 þ ðr3 � r1Þ2

q
ð2Þ

v ¼ rH=re ð3Þ
Fig. 4 shows that the facet nucleation locations fall within a quite
tight banding of triaxiality ratio, with average triaxiality of �0.34,
which represents an approximately uniaxial tensile stress state.
The facet point a13, previously considered an outlier with respect
to hoop stress, is now observed to have the same stress triaxiality
as the majority of the other facet locations.

However, other bore locations with equivalent triaxiality values
on the right-hand side of the bore section (indicated in Fig. 4) do
not show any incidences of facet nucleation such that a triaxiality
of v ¼ 0:34 is clearly not a sufficient condition for faceting. Finally,
in contrast with the earlier discussion on stress triaxiality related
to laboratory specimens, high (tensile) triaxiality is definitively
not associated with dwell facets. The highest value of v, 0.55, is
far removed even from the closest facet location, a13. It is impor-
tant to note that the operating stresses in the bore region are much
lower than the r0.2% yield stress, such that classical multiaxial con-
tinuum stress theory or ductile fracture models are simply not rel-
evant. Hence, the next section seeks to provide mechanistic
understanding through the use of crystal plasticity sub-models
which replicate the location-specific crystallography, stress states
and load shedding resulting from the spin test loading.
3. Crystal plasticity modelling of biaxial loading in dwell fatigue

The previous section demonstrated that multiaxial stress states
develop within the disc, and that while the hoop stress due to rota-
tional speed is large, it is not the sole component of stress. Doquet
and DeGreef’s work [8] indicates that equibiaxial tensile loading
may have a positive effect on fatigue life, as opposed to uniaxial
tension. Secondly, the torsion testing work by Evans and Bache
[4] demonstrates that shear loading affects fatigue life, however
it is not a directly representative loading for disc components, so
it will not be considered further. Finally, the examination of disc
spin data above suggests a link to the multiaxial nature of the
stress state. Hence, an approach is presented based on crystal



Fig. 2. Distributions of normalised hoop (1), radial (2) and axial (3) principal stresses; values indicated on the isolines (except for r3). Example facet nucleation sites shown
by blue circles. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 3. Detailed assessment of facet location sites with respect to normalised hoop
stress distribution, with some facet locations labelled.

Fig. 4. Bore section contour plot showing stress triaxiality and facet nucleation
locations.
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plasticity sub-modelling which provides the link between facet
nucleation at the microstructural level with the continuum disc
stress states developed under in-service loading. With knowledge
of the facet nucleation sites within the spin tested discs, the macro-
scale stress states determined above at these locations are imposed
at the sub-model crystal plasticity level, as indicated schematically
in Fig. 5.

For each facet nucleation site, a multigrain representative vol-
ume element (RVE) is developed, each of which contains the clas-
sical hard-soft grain orientation combination conducive to dwell
load shedding. The macroscale stress state at each facet location
is extracted from the disc analysis above and imposed locally at
the sub-model crystal plasticity level. However, before presenting



Fig. 5. Schematic of sub-modelling procedure to calculate facet stress state.
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disc facet nucleation results, we briefly discuss the crystal plastic-
ity framework utilised in the analyses, and carry out systematic
studies of the role of biaxial stress states in load shedding, and
the effect of the orientation of the hard grain.

3.1. Crystal plasticity framework

The rate-dependent crystal plasticity framework utilised in this
study is based on that originally developed by Dunne et al. [22].
We begin by stating that the multiplicative kinematic decomposi-
tion of the deformation gradient (F), into elastic (Fe) and plastic
(FP) tensors is given by Lee [23] such that:

F ¼ @x
@X

¼ FeFp ð4Þ

Assuming crystallographic slip accounts for plastic deformation,
and for now considering just single slip,

Fp ¼ I þ @up

@X
¼ I þ cðs� nÞ ð5Þ

in which s and n are slip direction and plane normal respectively,
and c is the magnitude of the slip. Since the material properties at
a point are time-dependent, it is convenient to write the plastic
deformation gradient in rate form as

_Fp ¼ _cðs� nÞ ð6Þ
For a spatially varying velocity field, the velocity gradient is

defined and decomposed into the symmetric and anti-symmetric
parts as

L ¼ _FðFÞ�1 ¼ symðLÞ þ asymðLÞ ¼ DþW ð7Þ
where D and W are the deformation rate and spin tensors, respec-
tively. Both D and W may be further decomposed into elastic and
plastic parts as:

D ¼ De þ Dp ð8Þ

W ¼ We þWp ð9Þ
The rate of crystal plastic deformation is

Dp ¼ symðLpÞ ð10Þ
and the plastic spin

Wp ¼ asymðLpÞ ð11Þ
The plastic velocity gradient is that associated with plastic flow

through a fixed lattice, including contributions from all slip sys-
tems, and is given by

Lp ¼
Xn

i¼1

_cisi � ni ð12Þ

with normal vectors ni and slip direction vectors si corresponding to
the ith slip system. The slip rate, _ci, is computed according to a slip
rule, described next.

Dislocation pinning is taken to occur through the presence of
lattice obstacles, which may include solute atoms, the sessile sta-
tistically stored dislocations (SSDs) and their associated structures,
as well as geometrically necessary dislocations (GNDs), incorpo-
rated in the slip rule as an overall obstacle density. The resultant
slip rule (defined explicitly in Dunne et al. [22]) determining the
slip rate of a given slip system takes the form:

_ci ¼
0; jsij < s0
qm

s b
i2mexp � DF

kT

� �
sinh ðjsi j�sicÞDVi

kT

� �
; jsij > ðxþ s0Þ

8<
: ð13Þ

in which qm
s is the mobile SSD density, q0 the initial sessile disloca-

tion density, bi the Burgers vector magnitude for slip system i, m the
frequency of attempts (successful or otherwise) by dislocations to
jump the energy barrier, DF the Helmholtz free energy or activation
energy, k the Boltzmann constant, T the temperature in Kelvin (K), si

the resolved shear stress, sc critical resolved shear stress, c0 the
shear strain that is work conjugate to the resolved shear stress,

and DV the activation volume, DVi ¼ c0lb
i2
; where l ¼ 1ffiffiffiffiq0

p .

The density of sessile statistically stored dislocations is allowed
to accumulate in proportion to the accumulated slip, p with



Fig. 6. Hexagonal close packed slip systems for a-phase titanium.
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hardening factor, c0; chosen to ensure the experimentally observed
hardening is reproduced.

_qSSD ¼ c0 _p
qtþDt

SSD ¼ qt
SSD þ _qSSDDt

ð14Þ

This simple relation, with only one parameter, is chosen as it
allows for adequate representation of experimental data. It is well
understood that SSD evolution is a function of plastic slip, however,
the precise nature of this relationship is less clear (and likely varies
with temperature, strain rate, and material system). There remain
limited quantitative experimental techniques and studies of the
SSD evolution with strain, as opposed to GNDs where EBSD based
methods have shown excellent results [24,25]. We argue that
incorporation of a more complicated evolution rule (such as the
Kocks-Mecking rule) with additional fitting factors for dislocation
density without further mechanistic understanding does not add
much value. GNDs are not directly considered in this work as the
average grain size in this study is considered to be �500 lm likely
representative of the effective structural unit size of the industrial
material with respect to dwell fatigue; in this context effective
structural unit is analogous to the microtextured region referred
to in other studies, such as [18]. Previous experimental studies
have shown that length scale effects and strain gradient associated
dislocations are likely to be significant for much smaller length
scales (<50 lm) [26].

Each slip system becomes active when the resolved shear stress
is equal to or greater than the combined effects of the back stress
and the size-independent critical resolved shear stress (jsij P s0).
The back stress on a slip system is described by the following
relation:

xi ¼ aGb
ffiffiffiffiffiffiffiffiffiffi
qtotal

p ¼ aGb
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qGND þ qSSD

p ð15Þ

Note that: a ¼ 1
pð1�mÞ, and which is approximately 0.5 for titanium.

The crystal model is implemented within a combined Abaqus
user-defined element (UEL) [27], which facilitates strain gradient
calculations, and user defined material property (UMAT)
subroutine.
3.2. Material calibration of slip rule

This work focuses on the cold dwell susceptible, near-alpha
phase, titanium alloy Ti-6Al which is hexagonal close packed
(hcp), and has 24 slip systems. It is assumed that there is no twin-
ning and that crystallographic slip is the only source of inelastic
deformation [1]. The hai and hc+ai type systems are differentiated
(c/a ratio of 1.587 is used), and the slip systems for a single hcp
crystal are shown in Fig. 6.

Hasija et al. [5] conducted mechanical tests with samples of
single-phase a-Ti–6Al, for both single crystal and polycrystalline
samples. The single crystal tests were carried out at constant strain
rate, for basal and prismatic slip hai, and pyramidal slip hc+ai, and
the stress strain curves generated by these tests when coupled
with a CPFE single crystal model allow us to establish the base crit-
ical resolved shear stresses, see Fig. 7(a). Also, as hardening is
hardly observed in the tests, the hardening coefficient c0 in the
SSD hardening rule is set to a small non-zero value of 0.05. Equal
strengths are assumed here for basal and prismatic hai slip systems
for simplicity, since the difference between them has been
observed to be small in the experiments of Hasija et al., as well
as the micro cantilever experiments of Gong et al. [28]. However,
it is noted that in some reported studies in the literature, variance
is observed in the values of the critical resolved shear stress of the
basal and prismatic systems.
The slip strength of pyramidal hc+ai systems is often observed
to be about three times that for basal or prismatic systems,
recently demonstrated experimentally by Gong et al. [28].

The polycrystal experiments considered a compression test of
three samples at three strain rates, 8.4 � 10�4, 1.5 � 10�4 and
1.68 � 10�5 s�1, and have been used in combination with a repre-
sentative polycrystal CPFE model [19] to determine the activation
energy, DF, relating to strain rate sensitivity (see Eq. (13)). The
polycrystal model with a chosen activation energy of
DF = 9.913 � 10�20 J/atom is shown alongside the three experi-
mental strain rates indicated in Fig. 7(b), providing a good repre-
sentation of the polycrystal average stress-strain response. The
activation volume is established to be �18b3, which is consistent
with Conrad’s [29] range of values for a-Ti; �8 to 80b3.

The small amount of strengthening observed is captured simply
by means of the contribution from grains badly orientated for slip
within the polycrystal, such that the hardening factor, c0 remains as
would be expected from the single crystal tests. Latent hardening is
considered for the polycrystal models such that hardening on the
ith slip system increases the slip strength of all other systems
(incorporated in the slip rule via Eq. (15)). Elastic moduli (from
Hasija et al. [5]) and all the derived slip rule properties for the rep-
resentative Ti-6Al alloy are given in Table 1.

These derived slip rule constants have been utilised in a previ-
ous study, carried out by some of the authors, on the temperature
sensitivity of cold dwell fatigue [19]. CPFE polycrystal models
employing these slip rule parameters have been shown to accu-
rately predict the well-known ‘‘switching off” of the dwell effect
for temperatures in excess of �200 �C [19].
3.3. CPFE modelling of biaxial dwell stress states

We consider a representative hcp polycrystal sample with fixed
in-plane ligament width of 8000 lm and height of 7500 lm, com-
prising 240 grains. This model is subject to a combination of loads
used to represent the two major stress components as observed
from the disc operating stress model and indicated in Fig. 8(a).
The lateral load, referred to as the secondary load, is representative
of the radial stress and is applied in-phase with the primary verti-
cal load – representing the hoop stress. By testing a range of load-
ings from uniaxial to full equibiaxial states, we can demarcate
precisely the influence of the additional load component on the
dwell condition.
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Fig. 7. (a) Experimental and CPFE model curves for prismatic hai and pyramidal hc+ai slip system response based on single crystal creep experimental data from Hasija et al.
[5], and (b) Polycrystal strain rate sensitivity calibration results, experimental data also from Hasija et al. [5].

Table 1
Material property data for Ti-6Al.

Slip rule properties Value Elastic constants Value

qmobile
SSD 5.0 lm�2 Exy 85 GPa

qinitial
SSD 0.01 lm�2 Eyz 120 GPa

qinitial
GND 0.0 lm�2 txy 0.46

t 1.0 � 1011 Hz tyz 0.22
b hai 3.2 � 10�4 lm Gxy 29 GPa
b hc + ai 5.1 � 10�4 lm Gyz 40 GPa
DF 9.913 � 10�20 J
k 1.381 � 1023 J K�1

T 293 K
DV 18 b3

c0 0.05
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This study addresses microstructural quantities thought to be
the most sensitive indicators of local behaviour. Particularly, we
consider a combination of two grains buried within the polycrystal
orientated such that one is favourable for slip and the other is not;
Fig. 8. CPFE polycrystal model: (a) polycrystal model, a
this grain couple is indicated in Fig. 8(b) and is where key stress
magnitudes are extracted for analysis. Furthermore, grains have a
directionally solidified structure and rectangular morphology, giv-
ing prismatic grains, and all grains have the same depth in the out
of plane direction. Consideration is given to mesh refinement in the
region local to the hard/soft pair with 768 elements per grain,
whereas the mesh for the other grains is relatively coarse.

The nature of ‘realistic’ grain morphology has been addressed
by Sauzay and co-workers [30], who have found that it contributes
little to the overall mechanistic behaviour with respect to the enor-
mous computational expense in mesh generation, thus motivating
the use of simple geometry. Furthermore, as we consider only pure
a-phase Ti-6Al alloy, we are not explicitly addressing the b-phase
in this study nor a–b morphology effects. The latter are likely to
be important for some alloys (eg Ti-6246) and may well have the
effect of inhibiting load shedding and dwell. However, we do not
consider such systems in this paper. Recent work by Zhang et al.
[31] has shown that in micro pillar deformation studies, the
nd (b) the region surrounding the rogue grain pair.
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b-laths show some but limited resistance to slip transfer, such that
for globular and a–b lath structured grains, the simplified mod-
elling approach is appropriate.

Apart from the hard/soft grain couple with specific misorienta-
tion, all other grains in the model are assigned pseudo-random ori-
entations, but with the imposed constraint of having c-axes
inclined perpendicularly to the primary remote loading direction
(within ±10�) in order to favour easy slip.2 Pseudo-random here
refers to the generation of Euler angles via a random number gener-
ator. The material properties and slip rule constants are those
described in §3.2.

We examine the results of a systematic study of the effects of
the addition of a secondary applied stress, increasing from 0 to
700 MPa; that is, from purely uniaxial to equibiaxial loading.
Therefore, each analysis has a fixed primary load of 700 MPa, in
the yy-direction, with a differing secondary load, in the xx-
direction, from 0 to 700 MPa. These loads are reached after 12 s
and held for a dwell period of 120 s. It is during the dwell that
stress redistribution potentially occurs from the soft grain to the
adjacent hard grain (the load shedding), and in this study, the biax-
iality of the stress state and its influence on the load shedding is
examined. One typical dwell cycle is chosen for analysis, largely
for reasons of computational efficiency, while noting however that
there is anecdotal and some physical evidence, which posits that
damage may occur in the first cycle of loading, and evolve slowly
in subsequent cycles [19].

We choose a point in the hard grain, just inside the boundary
with the soft grain and examine the stress in the yy-direction. In
this study the hard grain is orientated such that the c-axis is paral-
lel with the primary load and the hcp unit’s basal plane is therefore
perpendicular to this stress. Therefore we refer to this stress as the
‘basal stress’ rbasal.

The results shown in Fig. 9(b) demarcate clearly the differences
arising from the various load histories for the differing stress
states. Firstly, we note the disparity between the two extreme
cases for which it is seen that after a two minute dwell period,
the difference in stress accumulated by the hard grain is almost
350 MPa. Focusing on the uniaxial load, we see that at the end of
the dwell period the basal stress is approximately 1150 MPa,
which is close to the commonly accepted value for tensile failure
in representative titanium alloy with strong hcp c-axis crystallo-
graphic texture. The results compare qualitatively with the work
of Doquet and DeGreef which suggests that equibiaxial loading in
dwell fatigue would show longer fatigue life. This may be under-
stood from the crystal plasticity model through the apparently
far lower accumulation of residual stresses in the hard unit from
cycles of equibiaxial dwell loads, as opposed to uniaxial loading.
The results in Fig. 9(b) are utilised further in the disc spin test dis-
cussion presented later.
3.4. Effect of hard grain orientation with respect to principal loading
axis

It has been well established, through experimental observation,
that facet fatigue nucleation is almost always associated with frac-
ture on a basal plane which is normally orientated perpendicular to
the applied loading. However, several studies have shown that
facets can often be upwards of 10–15� in misalignment with the
principal stress direction [31]. The figures below show a series of
polycrystal analyses in which the hard grain c-axis is rotated from
its hardest orientation, parallel to the applied stress, to perpendic-
ular to the applied stress. These analyses are stress hold tests, with
2 Euler angles will be in the set: ð/1;/;/2Þ ¼ ð/1 ¼ 0;�10 < / < 10;�360 <

/2 < 360Þ.
uniaxial loading only. We first consider the distribution of accumu-
lation of plastic slip in the region close to the soft/hard pairing.

When the hard grain is aligned parallel with the applied stress
as in Fig. 10(a), we see the development of strong slip bands
around the hard unit and even a shielding effect is provided for
by the hard grain, just below and to the right. Plastic strain devel-
opment is progressive and preferential, and this is demonstrated
by the intensity of the slip bands. The hard grain is rotated by
30� in (b) and by 45� in (c) and with this rotation, a diminution
of the intensity of the slip bands around the grain may be seen with
some slip activity occurring at the grain boundary of the now for-
mer hard unit. When the hard grain is rotated through to 90� the
former direction, it is seen to carry plastic strain. This allows for
slip bands to form through the rotated hard unit and for plastic
strain to be generated in the formerly shielded region.

As dwell facets are always characterised by the stark anisotropy
between soft and hard grains, it is of interest to investigate the
stress on the basal plane as a function of hard grain orientation,
which is considered next. The stress normal to the basal plane
illustrated in Fig. 11 is given in terms of the traction and the nor-
mal direction by:

rbasal ¼ ðt � nÞ ¼ ðrnÞ � n ð16Þ

in which n is the slip plane normal vector for the particular orien-
tation of the hcp crystal. The rotation of the hard grain from the
‘hard’ orientation (parallel to the principal tensile load) to the ‘soft’
orientation (perpendicular to the load) is indicated by the diagram
in Fig. 12(b).

Fig. 12(a) shows the effect of hard grain orientation with
increasing biaxial stress ratio (r2=r1 ? 1). These stress values are
for the consistent location in the hard grain and are taken at the
end of a 12 s load hold. It is observed that increasing the biaxiality
reduces the stress not only for the hardest orientation, but also for
the intermediate configurations (i.e. h ¼ 5� to h ¼ 20�) also.

Fig. 12(b) shows the effect on basal stress of rotating the hard
grain through 90� under uniaxial loading conditions; interestingly
the stress on the basal plane remains relatively flat until an orien-
tation of about 15–20�, after which it falls off considerably. This
finding may explain why facets may be found on basal planes
which are not uniquely normal to the principal stress direction
but often orientated away from this axis, as significant normal
basal stresses may be developed for c-axis orientations up to 20o

off the principal stress direction.
4. Analysis of disc component results: combining CPFE
modelling with spin test studies

In this section, we return to the sub-modelling approach devel-
oped above and shown in Fig. 5 in order to link microstructural
aspects of facet nucleation with the disc component spin test
results. For context, the dependence of single crystal resolved shear
stresses on biaxial stress states is considered first and is followed
by an assessment of the resolved shear stresses acting on prism
slip systems in a hard-soft grain combination located at each of
the experimentally observed facet nucleation sites in the spin test
data. The sub-modelling approach is presented next in which each
spin disc facet location is represented by an oligocrystal containing
the hard-soft grain combination subjected to the local disc multi-
axial stress state and dwell loading. The consequences of the stress
state, the dwell, and the presence of a hard-soft grain combination
on stress redistribution, load shedding, and basal stresses on the
hard grain are all assessed in the light of the nucleation of facets
at these corresponding locations in the disc spin data.

A single crystal is considered first, orientated with respect to the
biaxial stress state shown in Fig. 13. The resolved shear stress is
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calculated (simply by applying Schmid rule srss ¼ rn � s) on all
active slip systems and the highest value (normalised with respect
to the threshold value for Ti-6Al) is shown against the biaxial stress
ratio (i.e. the ratio of the two orthogonal stresses, r2/r1 = 0 corre-
sponding to uniaxial loading and r2/r1 = 1 to equibiaxial loading).
The single crystal is loaded with an increasing lateral load, and a
fixed primary load. From Fig. 13 it is clear that with increasing
biaxiality the resolved shear stress on the soft grain prism system
decreases. Naturally, the imposed biaxial stress state affects the
plasticity of initiation of slip in the soft grain, which in a



Fig. 11. Typical hexagonal close packed unit under arbitrary traction.

Fig. 13. Normalised single crystal resolved shear stress as a function of principal
stress ratio.

186 M.A. Cuddihy et al. / International Journal of Fatigue 97 (2017) 177–189
soft-hard grain combination is what is required to drive load shed-
ding under dwell fatigue conditions. The absence of slip in the soft
grain precludes stress redistribution to the hard grain.

Returning to the compressor disc geometry in Fig. 1, the stress
state at each facet nucleation site is extracted and used to deter-
mine the resolved shear stress which would develop on a prism
slip system occurring at that same location, on the basis that it is
known that a soft-hard grain combination (with respect to the disc
hoop stress direction) exists at each facet site in the disc. For the
purposes of visualisation, the same calculation is carried out every-
where in the disc section, and the corresponding resolved shear
stresses developed are shown in Fig. 14.

This rather simple approach, which recognises the role of the
hard-soft grain combination for facet nucleation, and takes full
account of the stress state in determining the resolved shear stress
on the soft grain prism slip system, provides a rational demarca-
tion of the disc regions in which facets are seen to nucleate and
those in which they are not, and the demarcation is given by a nor-
malised resolved shear stress of sRSS/sc = 1.0 where sc = 280 MPa.
Compared directly with the disc bore triaxiality distribution of
Fig. 4, it may be seen that the region to the right hand side of the
bore section, whilst having areas of low triaxiality comparable to
that at the facet sites, has very low normalised resolved shear
Fig. 12. Hard grain orientation and stress state effect for (a) biaxial loadin
stress. This reinforces the importance of the hard-soft grain combi-
nation and the role of slip in the soft grain in dwell facet nucleation
and demonstrates why triaxiality in its own right is not a good
indicator of propensity for facet nucleation. We note that all disc
facet locations are located in regions where the normalised
resolved shear stress is 1.0 or higher, indicating that slip on softly
orientated grains is a prerequisite for facet nucleation. Disc facet
sites are found to cluster in the region of high resolved shear stress.
So far, the role of dwell and load shedding in relation to the
observed facet sites has not been addressed, and this is the crucial
aspect of this study and is addressed next.
4.1. Assessment of soft-hard grain stress state, slip, and load shedding
at disc facet sites

The oligocrystal sub-models subjected to the appropriate stress
state dwell loading at each of the disc facet sites are utilised in
order to extract out the peak values of hard-grain basal stress at
the end of the dwell period (as demonstrated and developed in
g and, (b) crystal c-axis parallel with principal uniaxial stress loading.



Fig. 14. Normalised resolved shear stresses at the experimentally observed facet sites (and calculated everywhere with respect to a soft grain prism slip system) for the disc
bore section.

Fig. 15. Peak hard-grain stresses versus normalised resolved shear stress (a) from sub-model crystal plasticity study, and (b) predicted facet site stress state, as interpolated
from (a).
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Fig. 9). During the dwell, load shedding potentially occurs (depend-
ing on the stress state and hence the soft grain prism system
resolved shear stress). Peak hard-grain basal stresses are plotted
against the associated normalised shear stress for the site-
specific load history (which Fig. 14 shows to be equivalent to stress
state) as shown in Fig. 15(a) for loading conditions in which dwell
is both included and excluded.

Firstly, the graph in Fig. 15(a) shows again the role of the biax-
iality stress state, or equivalently, the soft-grain prism system
resolved shear stress on the resulting hard-grain basal stresses.



Table 2
Predicted disc hard-grain basal stresses for disc facet sites from CPFE model.

Facet number srss/sc Predicted expt. r (MPa) Facet number srss/sc Predicted expt. r (MPa)

a1 1.180 1027 a14 1.231 1144
a2 1.185 1039 a15 1.209 1097
a3 1.213 1105 a16 1.272 1249
a4 1.227 1135 a17 1.286 1287
a5 1.131 963 a18 1.174 1029
a6 1.286 1287 a19 1.272 1249
a7 1.274 1254 a20 1.286 1287
a8 1.199 1076 a21 1.174 1029
a9 1.221 1122 a22 1.091 920
a10 1.180 1039 a23 1.205 1088
a11 1.223 1126 a24 1.245 1177
a12 1.241 1168 a25 1.219 1118
a13 1.058 896 a26 1.203 1084
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More significantly, it makes very clear that the inclusion of the
dwell leads to very strong stress redistribution and load shedding,
pushing up the hard-grain basal stresses greatly. The magnitude of
the load shedding, interestingly, is also seen to be dependent on
the stress state (and hence equivalently, the resolved shear stress).
The increase in basal stress in the hard grain, due to load shedding,
is observed to be �350 MPa after dwell for a uniaxial stress state,
but less than 50 MPa for the equibiaxial loading case.

The results in Fig. 15(a) allow us to examine the load shedding
and the hard-grain basal stresses at the disc sites at which facets
are known to nucleate. With use of the map in Fig. 14, the prism
system resolved shear stresses at each disc facet site are extracted
and combined with the results of Fig. 15(a) in order to establish the
peak basal stresses after load shedding at each facet site. These are
shown in Fig. 15(b) against the disc facet site resolved shear stress.
This is reproduced in tabular format in Table 2.

We note that the majority of facet sites cluster around a peak
basal stress of 1100–1150 MPa with some outliers on either side,
both higher and lower, and are close to an approximate value for
the c-axis tensile strength of titanium (�1200 MPa) [32]. This
strength is quoted as a useful figure which provides a bound on
our analyses; as it shows that the peak basal stresses are in a region
close to the approximate tensile strength.

A clear message from these results is that the disc facet nucle-
ation sites are in locations for which high resolved shear stresses
exist on the soft grain of the hard-soft combination, for which con-
siderable load shedding occurs, significantly pushing up the hard-
grain basal stresses. In summary, all the disc facet locations gener-
ate high load shedding and high basal stresses. The primary signif-
icance of this is that load shedding is an essential factor in
identifying those disc locations where faceting is observed (where
also, the hard-soft grain combination also has to exist). This pro-
vides persuasive evidence that facet nucleation in discs is caused
by load shedding; what is clear is that were the load shedding
not to occur, the stresses at the facet sites would remain
unremarkable.

The results also provide persuasive evidence that the rogue, or
hard-soft grain combination, with respect to the primary (hoop)
loading, is also an essential feature of facet formation in discs.
Finally, it is also clear that the stress state local to the hard-soft
grain combination is also a key factor in facet nucleation, since it
determines the magnitude of the resolved shear stress on the soft
grain prism system, thus determining the slip activation and hence
the load shedding during dwell. A uniaxial stress state at the
microstructure level transpires as a result to be more damaging
than a biaxial (or more generally triaxial) stress state.

We have presented a multi-scale linkage of the details of
microstructure using crystal plasticity (which is the scale that
must be considered for cold dwell) right up to the component
in-service stress scale relevant to aero-engines in operation. A
methodology has been established which potentially provides a
strong criterion for dwell failure. The macroscale operating stresses
of the discs are far below macroscopic yield stresses, and discs may
be adequately and appropriately modelled using elastic analyses.
With knowledge of the hard-soft grain combination, resolved shear
stresses for any location in the disc geometry may be extracted
(assuming a rogue grain combination is present) from which we
can ultimately infer likely hard grain basal stresses, which provides
the criterion for failure.
5. Conclusions

This paper establishes the link between disc component level
testing and crystal plasticity finite element modelling, in the con-
text of cold dwell fatigue. Furthermore this paper has presented
a detailed examination of the contribution of load shedding to facet
nucleation in dwell fatigue in compressor disc geometries through
investigation of the local stress state at the rogue grain combina-
tion and how it relates to the macroscopically applied boundary
conditions.

The hard grain orientation with respect to the stress state is a
key requirement for faceting; misalignment of up to 15� with the
principal tensile loading axis shows equivalent basal stresses
whereas with further deviation from the principal tensile axis,
the stress on the basal plane drops off significantly. This explains
why most facets observed in dwell fatigue experiments have been
found to be orientated to the principal loading direction within
±15�.

The role of the biaxial remote stress state on the rogue pair has
been investigated, and results have been found to be commensu-
rate with the findings of Doquet and DeGreef [8], who hypothesise
that biaxiality may have an ameliorating effect on fatigue life (with
the caveat of a limited experimental dataset). The detailed micro-
level study presented here provides the mechanistic basis for this
phenomenon.

The disc component facet observations together with the crystal
plasticity sub-model oligocrystal approach provide persuasive evi-
dence that a hard-soft grain combination is required for facet for-
mation, that the remote stress state influences the resolved shear
stress on the soft grain initiating slip (with uniaxial stress state
more damaging than biaxial), and that the load shedding which
results is essential in pushing up the hard-grain basal stress to
nucleate facets. The absence of any one of the rogue grain combi-
nation, the stress state, or the load shedding renders the observed
disc facet locations unexplainable. However, together, they provide
a persuasive mechanistic basis and quantitatively predictive
methodology for facet nucleation in aero-engine discs.
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