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Abstract

In vector tomography (VT), the aim is to reconstruct an unknown multi-dimensional vector field
using line integral data. In the case of a 2-dimensional VT, two types of line integral data are usually
required. These data correspond to integration of the parallel and perpendicular projection of the vector
field along the integration lines and are called the longitudinal and transverse measurements, respectively.
In most cases, however, the transverse measurements cannot be physically acquired. Therefore, the VT
methods are typically used to reconstruct divergence-free (or source-free) velocity and flow fields that
can be reconstructed solely from the longitudinal measurements. In this paper, we show how vector
fields with non-zero divergence in a bounded domain can also be reconstructed from the longitudinal
measurements without the need of explicitly evaluating the transverse measurements. To the best of our
knowledge, VT has not previously been used for this purpose. In particular, we study low-frequency, time-
harmonic electric fields generated by dipole sources in convex bounded domains which arise, for example,
in electroencephalography (EEG) source imaging. We explain in detail the theoretical background, the
derivation of the electric field inverse problem and the numerical approximation of the line integrals.
We show that fields with non-zero divergence can be reconstructed from the longitudinal measurements
with the help of two sparsity constraints that are constructed from the transverse measurements and
the vector Laplace operator. As a comparison to EEG source imaging, we note that VT does not
require mathematical modelling of the sources. By numerical simulations, we show that the pattern of
the electric field can be correctly estimated using VT and the location of the source activity can be
determined accurately from the reconstructed magnitudes of the field.

Keywords: Vector tomography, electric field, Radon transform, line integral, inverse problem, sparsity

constraint

1. Introduction

Vector fields such as gravitational and electromagnetic fields are fundamental objects of study in
physics. Vector tomography (VT) is a framework that can be used to reconstruct such unknown vector

fields using line integral measurements [52, 57]. The longitudinal line measurements are obtained by
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projecting the studied field on lines that trace the domain and then integrating the projected field along
the lines. The transverse line measurements are acquired similarly but now the field components that are
perpendicular to these lines are integrated. VT methods are attractive because they can be used with
non-invasive measurement techniques (e.g. ultra-sound, [34, 31]) that can give a larger amount of data
[18, 36] compared to the one-sensor one-measurement set-up [44].

VT studies have been carried out both in theoretical level and applications, concentrating mainly
on the reconstruction of smooth vector fields [57]. Theoretical analysis for the reconstruction of smooth
velocity fields have been presented in [42, 43, 54, 33, 8, 39, 50, 59, 37, 29] using such methods as the
inverse Radon transform [25], the inverse Fourier transform with central slice theorem [41, 13] and back
projection (parallel beam tomography) [38, 53]. The VT framework has been used for the reconstruction
of particle distributions [5], ion fields in plasma [17, 27, 3, 4], velocity fields in blood veins [33, 30, 57,
magnetic field of the corona of the sun [37], Kerr effect in optical polarization tomography [26] and micro-
structures in oceanographic tomography [50]. Both linear and non-linear iterative algorithms have been

proposed for vector functions with appropriate smoothness [59, 41, 29, 48, 18, 36, 57].

1.1. Unbounded domain

The theoretical basis for reconstructing smooth vector fields that decay sufficiently rapidly to zero
in the spatial domain was introduced in [42]. Based on Helmholtz’s theorem [2], vector fields can be
decomposed as a sum of irrotational (curl-free) and solenoidal (divergence-free or source-free) components
and it was first shown that, for a 2-dimensional field, the solenoidal component can be imaged with the
help of longitudinal measurements [42]. It was subsequently shown that the transverse measurements
were required in order to recover the remainder of the field [8].

The problem was extended to three dimensions in [49] using the formalism of the 3-dimensional (3D)
vector Radon transform. First, a generalization of the integral measurement was introduced. It was
called the probe transform (or general product measurement) and it was formulated as an inner product
between the Radon transform of a field and a unit-vector in a specific direction. It was also shown
that three types of measurements were required for the recovery of a 3D field. In [57], the analysis was
generalized to multidimensional cases.

However, in most practical situations, it is difficult or even impossible to perform the transverse
measurements (i.e. the probe transform in the transverse direction). For example in Doppler techniques
[16] or in geophysics [43], this type of measurement is not physically realizable. In fact, the transverse

measurements can be obtained only in very specific set-ups [8, 34].

1.2. Bounded domain

In practical applications, vector fields are defined in bounded domains where the field is not identically
zero at the boundary. In fact, it is often the boundary that partially defines the field itself: for example,

the homogeneous Neumann condition implies that the field can have only tangential component on the
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boundary. The VT framework was extended to non-homogenous boundary conditions in [8, 46]. The field
decomposition included an additional harmonic field component that satisfied the boundary conditions
[8]. In 2D circular domains, it was found that the harmonic component is imaged equally in both
the longitudinal and transverse measurements but it had half of its magnitude [8]. In [46], the results
were generalized in 3D arbitrary shaped domains. In particular, it was shown that the longitudinal
measurement can be used to image both the homogeneous solenoidal component and the part of the
harmonic term that arises from the field component that is tangential to the boundary. Additionally,
transverse measurement reconstructs the irrotational component and the harmonic part that arises from

the field component that is normal to the boundary.

1.3. Electric field with non-zero divergence

There are theoretical studies in which arbitrary vector fields have been investigated [52]. However,
to the best of our knowledge, there are no previous studies in which numerical reconstructions of non-
zero divergence vector fields in a bounded domain have been carried out using only the longitudinal line
measurements. This kind of vector fields are common in physics and can be, for example, gravitational or
electromagnetic fields that are generated by unknown sources (and/or sinks) that are located inside the
domain of interest. In this paper, the aim is to use VT to reconstruct such non-zero divergence vector
fields. In particular, we employ VT for the reconstruction of low-frequency, time-harmonic electric fields
in a convex bounded domain that includes a dipole source. Strategies to estimate such electric activity
are of great interest especially in medical imaging modalities such as electroencephalography (EEG) in
which the imaging problem is traditionally parametrisized using source spaces [23, 61]. The proposed VT
modelling assumes the same physical conditions as the dipole source imaging problem i.e. the underlying
electric field is irrotational. The existence of a dipole inside the domain implies that the field has a
singularity. Previously, it has been shown that VT can be used also in such cases [15, 14].

The use of VT rather than traditional inverse source approaches [22, 44] offers two advantages. First,
the continuous VT problem for the recovery of the electric field using a set of line integrals is only a
moderately ill-posed problem [41] whereas the inverse source problem is a severely ill-posed problem that
cannot be solved from boundary measurements without a priori knowledge [1]. In practice, however,
prior information is also required by the VT formulation (e.g. introduced as a penalty term) in order to
obtain a stable solution since only a finite number of measurements is available for the reconstruction
(incomplete data problem [41]). Second, the VT approach does not require an explicit mathematical
model of the underlying sources. For example, in EEG source imaging there is an extensive literature on
different mathematical models of neural sources [32, 31, 9, 28, 51, 44, 6].

In the proposed VT approach, we use a set of line integrals that trace a conductive 2-dimensional
domain and result in a linear system of equations. We show that the longitudinal measurements are deter-
mined by the electric potentials on the domain boundary and by employing the vectorial Radon properties

and the homogeneous Neumann boundary condition that the transverse measurements give information
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on the underlying current sources. We describe in detail the theoretical background, the numerical ap-
proximation of the line integrals and finally present the discretized electric field inverse problem which
is solved with the help of the Li-norms of the transverse measurements and the discrete vector Laplace
operator. The resulting non-linear minimization problem is solved using convex optimization. Finally,
we show by numerical simulations that electric fields with non-zero divergence can be reconstructed in a

bounded domain.

2. Mathematical preliminaries

In this section, we explain the notations and define the function spaces and the different Radon

measurements. More general information on the Radon transform can be found from [25, 13].

2.1. Distributions

The theory of distributions (a.k.a. generalized functions) provides a powerful framework to describe
the potentials and fields of the electromagnetic theory [56]. It allows one to calculate such physical
quantities as point dipoles and electric fields with singularities and/or discontinuities which cannot be
estimated using the classical calculus [56]. Therefore, in the following analysis we consider that the studied
electromagnetic quantities belong to the space of distributions denoted by &' (R%; R?) in the unbounded
domain R? and &'(R%; Q) in  which is convex, open and bounded with smooth boundary 92 [55]. Here,
the index d denotes the dimension of the function i.e. d = 1 for scalars and d = 2 for vector valued
functions which are denoted by f and f, respectively. Moreover, the values (or measures) of f are given
by the scalar product (f,y) where ¢ € C§° is a set of smooth, compactly supported (usually localized)
test functions defined based on the properties of the electromagnetic problem [56]. Accordingly, in the

current problem the Radon transforms will be interpreted in the sense of distributions [13, 46].

2.2. Radon transform of a scalar function
We denote by x € R? a point, f : R? — R a scalar function and L(I,§1) := {x = (z,y) € R? : x-§+ =1}
a line where [ € R is the signed distance of the line from the origin and §+ = (cos ¢,sin ¢) is the unit
normal vector of L (see, Figure 1 for details). The angle ¢ € [0, 27) is measured counter-clockwise from
the positive x-axis. Similarly, we define § = (—sin ¢, cos ¢) that is the unit vector parallel to the line L.
The mapping defined by the line integral of f(x) along a line L is the two-dimensional Radon transform
of f and is given by
F=rin@st) = [ 16 a), (1)

where df(x) is an increment of length along L [41] and R : &'(R;R?) — D'(R x [0, 27)) where D’ denotes
the space of symmetric distributions [55, 13]. If the position vector on L is described by x = I8+ + #§

where ¢t € R, then the line integral can be written as

;o N
f_/Rf(ls + 8) dt.
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Figure 1: The integration path L is defined with the help of the signed distance from the origin [ and the unit normal vector
5+. In addition, § denotes the unit vector along L.

This equation implies that the integration is always performed in the direction of §. Using the Dirac-delta

function [13], the line integral can be expressed as the surface integral
f=R{fI1,8" :/ F(x)0(1 —x-81) dx. (2)
R2
The corresponding scalar inverse Radon transform is
_ 1 9 -
N T G P o
f=RMI} = RFHL], 3)

where R? is the adjoint operator of R, 'H% is the filtration part of the inverse transform and H denotes
the Hilbert transform [13].
Additionally, we will find useful the Radon transform of a directional derivative [13] along a unit

vector w

R{&-Vf} =

&

.. 0
LIRS, @)

which is valid for f,Vf € & and R{& -V f} € D’ because (R{&-Vf},¢) = (& §-ZR{f}, ) Vo € C&
[13].
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2.3. Q-Radon transform of a scalar function

In real applications usually we consider that f : ) — R where € is a simply connected domain, open

and bounded with smooth boundary 9. The Q-Radon transform is

= Ra{f}15) = [ f@) o1 —x-5") dx. (5)

If f¢ € £, defined on R?, is such that f¢ = f on €, then Q-Radon transform Rgq is the restriction of the

Radon transform to functions on R? that identically vanish outside of Q expressed as

fo = » Fo(x) v(h(x)) 6(1 — x - 8%) dx = R{fva}(l,5"). (6)

For simplicity, we write vq = v(h(x)). The indicator(Heaviside) function v : R — R is defined as

where h(x) is a signed distance function satisfying

d(x,00), x € (2o
oy = | 1699, xe@Ua N
—d(x,00), xecR?/(QoN)

where d(x,00Q) = infycoq d(z,y) is the shortest distance of the point x to the boundary 0. For the
signed distance function, we have that Vh(x) = —n(x) on a (piecewise) smooth boundary 92, where 7

is the outward unit normal vector [45].

2.4. Q-Radon transform of a vector function

In the current analysis, we operate in a bounded convex domain 2 C R? on a vector function f =
(fz, fy) : © — R2. The vectorial Radon transform of vector f is the Radon transform of its elements [46],
ie.

fo = (fou, foy) = Ra{f}(1,85). 9)

As we will see in the next section, the inner product of the vectorial Radon transform with a unit vector

yields to a scalar quantity which can be measured in some applications.

2.5. Line integral data

In 2-dimensional VT, two different types of line integral measurements are used to reconstruct vector

fields. The first is the line integral

imﬁ=A§MMWb@Mﬁw&» (10)



151 which is the product of the vectorial Radon with the unit vector § and called the longitudinal measurement

152 [52]. The second line integral is called the transverse measurement [52] and it is defined as
IH(1,64) = / st f(x) do(x) = 8 - Ro{f}(1,8). (11)
L

155 The unit vectors § = (s, s,) and 8+ = (—s, s;) are defined as in Section 2.2 and Figure 1.

152 3. Theory

155 3.1. Electric field with a current source in a bounded domain

156 Let us consider a bounded convex domain 2 C R? with electrical conductivity o(x), x €  and an
157 electric source with (primary) current density j* :  — R2. The electric source induces an electric field
s e : Q — R2. The total current density in the medium can be presented as a sum of the primary and
159 secondary current [35], i.e.

i) =J°(x) + o(x)e(x). (12)

For current signals with low frequencies, the quasi-static Maxwell equations can be used

V xe(x)=0 (13a)
V xh(x) =j(x), (13b)

where h(x) is the magnetic field intensity. The divergence of equation (13b) gives

V-V xh(x)=V-jkx) (14a)
0=V"-({°(x) +o(x)e(x)) (14b)
V-oe(x) = -V -j*(x), (14c)

1o which relates the electric field to the current source.

161 Because the electric field is irrotational, Equation (13a), the field can be expressed as

e(x) = —Vu (15)

where wu is a scalar potential [23, 61]. In this paper, we consider that u is uniquely defined as the solution

of the Poisson equation with the following boundary conditions

V-oVu=V-j’x) (16a)

gz — 0, on 9O, (16b)

/ wdS =0, (16¢)
o0
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where 0 is the boundary and 7 is the outward unit normal vector. The homogeneous Neumann condition
(16b) implies that the electric field is tangential at the boundary, 7 - e|gq = 0, and the condition (16¢)

ensures that the solution is unique [40, 2].

8.2. Line integrals through direct substitution

In this vector tomography framework, we consider two types of line integral measurements of the
electric field. If we directly evaluate the integrals (10) and (11) by substituting the electric field with the

negative gradient of the scalar potential, first, the longitudinal integral measurements are

I} oy = /L (Xa,me(x) 8 di(x) = / —Vu -8 di(x) = u(xa) — u(xp), (17)

L(Xq,Xp)

where u(x,) and u(x;) are the electric potential values at the intersections of the line L and the boundary
0 and § = (s, y) is the unit vector as defined in Section 2.2 and Figure 1. Second, the transverse line

integral measurements are

o = | st de(x) (18a)
L(Xa,Xp)
- / —Vu - o) (18b)
L(Xa,Xp)
ou Ou
_/an . (ax ay)-(—sy,sx) ae(x) (18)
ou ou
= —8, — — 8, | dl(x). 18d
L(Xa,Xp) (8$ Y ay ) ( ) ( )

As it can be seen, the longitudinal integral measurements are directly determined by the boundary
potentials; however, the transverse integral measurements in practice cannot be measured directly (or
only under special circumstances [8, 34]). This turns out to be a problem because the full recovery of
the electric field requires both types of integral measurements. In the Appendix, it is shown that only
the harmonic component of the electric field can be reconstructed from the longitudinal line integrals,
whereas the remaining irrotational part requires the transverse measurements. The transverse integral
formulations nevertheless turn out to be useful since, as will be seen in the following section, they give

information about the underlying current sources that generate the field.

8.8. Transverse line integral through Q-Radon transform

In this section, we show that the transverse line integral measurement is related directly to the
underlying current source when the homogenous Neumann condition holds. We start by taking the -

Radon transform of both sides of Equation (14c¢). For simplicity, we consider that the electric conductivity
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V-oe(x) = -V -’ (x) (19a)
oRa{V - e(x)} = —Ra{V-i*x)}. (19b)

Similarly as in [46], we define the extension of e¢ in R? such that e¢ = e in § in order to utilize the Radon
property (6) as follows
Ra{V - e} = / (V- e) vad(f —x - §)dx. (20)

JR2

Also, the divergence V - e‘vg equals to
V- (evq) = (V-e%) vg + (Vh) - e dpq, (21)

where dgpo = d(h(x)). From the gradient of the signed distance function and the boundary condition

(16¢), we get Vh -e|opq = —n - elag = g—}ﬂag = 0. Now, we can re-write Equation (21)
V- (e“vq) = (V- €°) vq. (22)
So, Equation (20) becomes
Ra{V e} =R{V - (¢“vq)} (23)

Using property (4), i.e. R{V - (¢°vq)} = §+ - ZR{e‘vq}, we finally have that
0
Rao{V e} =5 aRg{e}. (24)

Similarly, under the assumption that the (extended) source function is zero outside the domain €, we
obtain

Ro{V-J} = 5" DRafi’} (25)

Hence, Equation (19b) is re-writtten as

0 10
gl [pp— e 7AJ‘ [ 1S
8 alRQ{e} § UaZRQ{J }. (26)
Now, the inverse Radon transform (3) gives us
R -eq) = iR#HQ[éL -Ra{e}] (27a)
4r ol
1 0
- RFEH st s
Lo RFH [ Rafi)] (27h)
1 -
= fER*l{gL L (27c)
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Therefore, we have that the transverse measurements are
1
Iy =8 Rafe} = =" - —Ra{j"}. (28)
o

In other words, we have shown that the transverse integral measurements give us information about

the source activity inside the bounded domain.

3.4. Dipole sources and transverse measurements

In this paper, we consider focal source activity j*(x) € & (R?;Q) and dipoles in particular which can

be described with the help of Dirac delta functions as

N,
= Z qi(S(X — Xi), (29)

where q; is the dipole moment, x; the dipole source location and Ny the total number of dipole sources
[60].
Based on the theory of integral geometry for distributions [55], the values of the transverse integral
I+ = ,%gl - Ra{j®}, when j*(x) is given as above, can be estimated using the following scalar product
(T Ra{i*}, ) ¥V p(81,1) € C%((0,27] x U), §+ = (cos¢,sin¢g) with ¢ € (0,27] and | € U = {l =
LvVxeQ, ¢€(0,2r]} (See Figure 1). This scalar product gives us

(8" -Rali*}¢)

Jo Ly Jo 332 (x) 61 —x-85)p(34,1) dx do dl
— I fﬂs ()8, x - 81 dx do
= [, Jo5" (ZZN;"I Qb (x — xz-)) o(sL,x -84 dx do
Jo 2 st qz‘<P(§L7Xz"§L) do
S foman Sy 85 - qip(8h, k) dop dk
J LN 8t - ik — xi - 85 p(E* k) do dk

<25V§1 §t - qid(k —x; - 81), ).

Therefore, we can write for the transverse measurement that

fﬁs - Ra{j* }—f—z (k—x;-§%) (30)

This (30) implies that the transverse measurement is non-zero only when the line of integration passes
through the source location and the line is not parallel to the dipole moment, such as the black line in

Figure 2. In VT, we have a set of lines with different directions and only few of them meet these criteria.

10
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This knowledge that only few of the transverse measurements are non-zero is later used as a sparsity

constraint in the electric field inverse problem.

Line perpendicular to the dipole
Line parallel to the dipole

Figure 2: Electric field (arrows) that is generated by a dipole source (circle).Of the three shown lines of integration, the
gray one is parallel and the black one perpendicular to the orientation of the dipole. The transverse line integral along the
gray line is zero due to the dot-product in Equation (30), however the transverse integral along the black line is non-zero.
The transverse line integral along the dashed line is zero because the line does not pass through the source, and also the
longitudinal line integral is close to zero because the line is far from the dipole source.

3.5. Discrete observation model

For the numerical evaluation, the domain is discretized and the electric field is represented as

N
e(x) ~en(x) = Zeiqﬁi(x), (31)

where ¢ refers to the discretization level, ¢;(x) are the chosen basis functions, N is the number of
basis functions and e; = (e;s, ;) contains the electric field components. In the following, we denote
€= (€120, €Nz, €1y, €2y, ,ENy|T as the vector representation of ey (x).

The line integrals are evaluated along a set of straight lines which are formed by connecting pairs
of points on the boundary 9. In practice, a finite number of points (or electrodes) are used for the
measurements. If the number of electrodes is n, then the number of possible line integral measurements
ism=mn(n—-1)/2.

We stack the longitudinal line measurements into a vector Il = [Iil, e ,LU@]T € R™ and present the
observations in a matrix form as

II=Rle e, (32)

11
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where Rl € R™*2N is called the longitudinal ray matrix and it consists of the integration coefficients of
the m longitudinal line integrals, and ¢ € R™ is the measurement noise that is assumed to be random
(Gaussian) white noise.

For the transverse line measurements, a similar matrix can be formulated. This matrix is called the

c RmeN

transverse ray matrix R+ and it consists of the integration coefficients of the m transverse line

integrals. The numerical approximation of the ray matrices is described in detail in Section 4.1.

3.0. Discrete electric field inverse problem

For the estimation of the field, the VT methods require the values of both types of integrals for all
possible lines. However, two difficulties arise. The first one is that the transverse integral measurements
cannot be carried out using physical means. The second one is that in practice we have only a finite
number of lines and measurements available (limited data problem). This means that there are areas in
the domain that are not covered by any of the line integrals, thus no information can be retrieved from
these areas.

Here, we deal with these problems by using two penalty terms. We formulate the electric field inverse

problem as a minimization problem as follows
¢ =min{||Rle — 1|3 + af|[R e[y + B Well:}. (33)

The first term is the data fidelity term, the second term is the Li-norm of the transverse line integral
measurements with a regularization parameter « > 0, and the third term is the Li-norm of the discretized
vector Laplace operator with a regularization parameter 8 > 0. As discussed in Section 3.4, even though
the transverse integrals cannot be measured directly, we can still say that only a small number of them are
non-zero. Therefore, we employ this knowledge by formulating an Lq-type sparsity prior that promotes
such behaviour with the help of the transverse ray matrix R*.

To alleviate the limited data problem, we utilize the weighted vector Laplace operator. Loosely
speaking, the vector Laplace operator [19] relates the local field values to the average of the surrounding
points and thus imposes “connectivity” between the neighboring points. The vector Laplace is also related

to the current sources as
1
Vze:V(V-e)—Vx(Vxe):V(V-e)z—gV(Vjs). (34)

Because of this and the sparsity of the current sources, we use also here the Li-norm. Furthermore,
because it is known that minimizing the L;-norm of the vector Laplace yields harmonic solutions that
have their maxima on the boundary [10], we also use weighting factors in (33). The discrete weighted
laplace (in 2D) is defined as W = w(A ® I2%2?). The weighted Laplace operator ensures connectiv-
ity between neighbouring nodes (local smoothness) and reduction of the depth bias so that the maxi-

mum magnitude of the electric field will be correctly localized inside the domain [24, 47, 10]. In our

12
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implementation, we employ the symmetric/normalized discrete Laplace operator A which is given by
A =TV*N _diag(H)~'/?H diag(H)~'/?, where IN*¥ is the identity matrix and the elements of matrix

H are

1
dij’

if ¢ and j are connected with a vertex
ifi#j Hy

0 , otherwise (35)

ifi=j Hy :_ZjHij
where d;; is the distance between nodes ¢ and j. The weights w; are the diagonal elements of the so-called
resolution matrix [47] estimated in a similar way as in [24]. This resolution matrix is in our case given
by I' = KY(KKT)"'K, where K = (DTD)"'DTRI and D € R™*" is the difference matrix for the
potentials u such as I I'= Du. The matrix I relates the minimum norm solution, eyng, with the actual

field EMNE — Te [47].

3.6.1. Uniqueness of the solution

For a unique reconstruction of an arbitrary vector field in a two dimensional domain, both the longi-
tudinal and transverse measurements are required. Numerically, this means that the null spaces of the
longitudinal and transverse ray matrix do not coincide i.e. N'(RI) N AN(R*) = () where N(-) denotes the
null space of a matrix.

Now let us assume that we are reconstructing an irrotational field that is a sum of two terms e(x) =
ep + eg, where e, = —Vu, is non-zero on the boundary and ey = —Vug has vanishing boundary values.
This means that Rlleg = 0 and ey € N(R“) where ey € RN is the vector representation of the field
components. However, because N(RI) N NV(RY) = 0 we have that ey ¢ NV(R1) unless the field is trivial
i.e. identically zero everywhere.

Now, by considering sparsity of the transverse integral, we implicitly impose that component eg = 0
otherwise the equation R*+e =~ 0 cannot hold. Thus, our formulation does not allow reconstruction of
field components with vanishing values on the boundary. Therefore, our solution can be considered as
unique. In Section 5.1, we show through simulation the effect of the sparse transverse measurements on

the solution.

4. Numerical methods

In this section, we describe how the numerical approximations of the line integrals and ray matrices

were carried out and how the approach was tested with numerical experiments.

4.1. Numerical approximation of ray matrices

The domain €2 is divided into Ng disjoint triangular elements, ) = Uészle with N nodes and the

electric field is expressed in a vector form as e = [e,, e,]T € R?Y (as in Section 3.5). We use straight lines
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as the integration paths. The same lines are used for both the longitudinal and transverse integrals. For

the ith longitudinal measurement along the line L;, we can write

1] :/L‘ e(x) - & dl(x /AL -8 de(x), (36)

i

where L; = ZNE AL;j gives the line segmentation and AL;; = L; () is the jth segment of L; (that
is inside the element ;). Figure 3 illustrates these variables. Note that AL;; # @ only if the line L;

passes through the element €2;.

Figure 3: Left: The computational domain is discretized into triangular elements, and the domain is traced with lines that
connect pairs of points at the boundary. One of these lines L; passes through the elements that are colored with gray.
Right: The line segment AL;; is the intersection of the line L; and the triangular element ;. The coordinates of the points
on this line segment between A; and B; can be expressed as a linear combination of the coordinates of the corner points of
1 @ (3)

%5

the triangle x; and X;

4.1.1. Line segment in an element

Let us first examine a line segment AL;; # & that passes through an element €2; that has corner

points X§-1), ng) and Xg-g)

as shown in Figure 3. A point on a line segment AL;; has the position vector
p € R?

p:Xfi+(X;-3i* X )t*X + Ax;j t, (37)

where xj"i and xf i are the intersecting points between the line L; and the edges of element ; (see Figure

3), Axy; = xf" - x;‘"' and t € [0,1]. By changing variables, we obtain §; d/(x) = Ax;;dt and the line

integral in this element becomes

1l = /AXU e(p(t)) dt—HAXUH/ 8 -e(p(t)) dt, (38)

as AX” = ||AX”||§Z where |||| denotes the length Of the vector.
1) (2
e;

The electric field values at the corner points of the element are eE ) €; and egg). We approximate
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the field inside the element using the linear interpolation

op(t) = ¢+ [of? —ef? o~V d =+ Kid, (39)

7 J

where K; = [65-2) — e§-1) e;-S) — e§-1)] € R?*2 and d € R**! are the interpolation coefficients (or bary-
centric coordinates) [12]. For the estimation of d, we employ an iso-parametric mapping in which the
position vector in the element and the field are represented by the same interpolation polynomial [58].
In particular, a point x in £2; has position vector
1 1

X = Xg— ) + X§»2) — X§»1) X§»3) — Xél) d= X§- ) + J;d (40)
where d = [d; dy]" with d; >0, dz > 0 and dy +dz <1 and J; = [x\?) —x{" ¥ —x{V] € R?*2. Now
d can by solved as

d=J  (x—xM), (41)

When we set x = p and combine Equations (37) and (41), we can estimate the interpolation coefficient

on the line segment with respect to t

(y, (42)

d = Jfl(X?i +AXij t—XJ

J

Now, this results in

e(p(t)) = eg-l) + Kijfl(xfi + Ax;; t — xg-l)), (43)

and Equation (38) becomes

1
1y =l1ax| (5 - +/O S KGN 4 Axy t - xY) dt)

1 (44)
A 1 _ 1
Finally when we write K explicitly and denote Cj; = Jjﬁl(%AXij _ Xgl)) = [e1,¢2]T € R2X1 we get

Izuj = [[Axi| 8 - [(1 —C - 02)8;1) + C1e§2) + 02e§3)} . (45)

We use Equation (45) to create a procedure for constructing the ray matrices.

4.1.2. Construction of ray matrices
The ray matrices are used to operate on the electric field in order to obtain the line integral measure-

ments. We denote the relationship between the longitudinal measurements and the ray matrix operator
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as follows

€x
1" = Rle = [R] R}] . (46)
€y
Data Il = = [L,-- ,Im]T € R™ contains all the longitudinal line measurements where m is the number

@ where n is the number of measurement electrodes on the

of the line integrals that equals to m =
boundary. Matrix Rl € R™*2N is the longitudinal ray matrix operator and N is the number of nodes
of the discretized domain. R! consists of RQ e R™*N and Ru € R™*N that contain the contributions
of the integral coefficients of the x and y field components, respectively. The procedure that was used

to construct the longitudinal ray matrix is shown in Table 1. A similar procedure can be carried out to

construct the transverse ray matrix R+ by exchanging the vector §; with éf in the first step.

Table 1: Procedure to construct the longitudinal ray matrix.

for i=1:m, go through all the integration lines
take line L; and determine the corresponding unit vector §; = (sz, sy) along the line.
for j=1:Ng, go through all the elements
take element €2; that has corner points X;l), X§~2) and X§~3), where
7M. 5@ and j©® are the corresponding node indices.
ifAL; =LiNQ; =0
go to the next element.
else
calculate Ax;; and [|Axyj]|.
calculate J; and Cjj = [c1,ca]T.
update the following entries of the ith row of the ray matrix.

Rl j )—R”( 7Y 4 | Axijlsa (L = e1 — c2)

R”( =R/ (Z,J@)) + [|Axy | szc1

R, (3)) R, j) + || Axij sz ez

R, + N) = R(i,j + N) + || Axiy|sy (1 — e1 — c2)
R, j i@ +N) = RIE, 5% + N) + || Axij | syer

R\(i, j i +N) = RI(E, 5% + N) + | Axi | syca

end
end
end

4.2. Numerical experiments

In the experiments, we study electric fields generated by dipole sources in a bounded 2-dimensional
circular domain with homogeneous electrical conductivity o = 1 S/m. We note that the same methods
can also be applied to any other convex domain. The domain contained n = 32 equally spaced electrodes
around the boundary. Lines for the integration were formed by connecting all pairs of electrodes which
resulted in total of m = 496 lines. Two computational meshes were used: the finer one consisted of
Npg = 9721 triangular elements linking N = 3045 nodes, and the coarser one of Ny = 1408 triangular
elements with NV = 760 nodes.
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4.2.1. Simulated forward fields and integral data

For the estimation of the longitudinal integral data and the forward electric field, the finer mesh was
used. First, a single dipole source was selected and the corresponding scalar electric potential distribution
@ € RN was computed by solving the Poisson problem (16a) with boundary conditions (16¢) and (16b)
using finite element method (FEM) with linear nodal basis functions [61]. The dipole source function
was numerically approximated using the mathematical dipole model [51]. The longitudinal integral
observations were calculated by taking the differences of the potential values at the electrodes that locate
at the ends of the integration lines. Gaussian white noise was added to the data using two signal-to-noise

ratios, 40 dB and 20 dB. The signal-to-noise ratio (SNR) is given by

Il
SNR = 20 logwm (47)
lellz
The forward field, given by € = —Vu, was estimated numerically by applying the linear gradient

reconstruction approach [11]. The forward field € € R2N was then projected to the inverse mesh e =
Pé, where P € R?N x2N g a linear reduction mapping operator, in order to be able to compare the

reconstructed field with the correct one.

4.2.2. Electric field reconstructions

The electric fields were reconstructed using the coarse mesh. First, the longitudinal and transverse
ray matrices were constructed for the mesh by using the procedure described in Section 4.1. Then,
the non-linear minimization problem (33) was solved using convex optimization techniques and more
precisely CVX toolbox (SDP3 solver) [7, 21, 20]. The regularization parameters were kept constant in all
experiments (o = 0.06 and § = 0.016 in our case). The /3 value was used to scale the coefficients of the
discrete weighted Laplace operator (that promotes connectivity between neighbouring nodes) to match
the average distance between the mesh nodes. The choice of o was carried out empirically, and it was
found that « value has to be 3—4 times higher than 5 to ensure that the orientations of the field lines are

estimated properly.

4.2.8. Reconstruction error metrics
For the evaluation of the reconstructions, we used two different measures. First, the average magnitude

ratio (MR) between the reconstructed and the actual field was computed as follows

1 5 &, + e,
MR = — (48)
N =1 639: + 6221/

The closer the MR is to one the better the fields match with respect to the magnitude.

Second, the average cosine similarity (CS) was used to quantify the difference between the directions
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of the reconstructed and the actual field

N

1 1 Bizeiv + Ciye;
CS=—>» cos(é,e;)=— A A A (49)
N; N; e+ &y ek + el

CS has a value between —1 and +1, and the closer the value is to one the better the directions of the
fields match. Moreover, CS is close to zero when the reconstructed and the actual field are perpendicular

to each other, and finally CS is close to —1 when the directions of the fields are opposite.

5. Results and discussion

5.1. Effect of Li-norm constraint of transverse measurements

Figure 4 illustrates the benefit of using the Ly constraint of the transverse measurements. The first
column shows the true magnitude of the electric field that is generated by a dipole source and the
corresponding unit-length field lines with the location and orientation of the underlying dipole source
(circle). The last two columns show the reconstructed electric field magnitude and field lines from
noiseless boundary data with and without the L, constraint, respectively.

As we can see the magnitude distributions of the reconstructed fields have similar patterns as the
true field; however, the orientations of the field lines show significant errors when the L; constraint is
omitted. The same can be seen from the magnitude ratio numbers which are quite similar, 0.88 with and
0.75 without the constraint, and the cosine similarity numbers which decrease drastically from 0.90 to
0.31 when the L;—norm is not used.

The dipole can be viewed as a positive and an equivalent negative charge that are separated by a
vanishingly small distance. The corresponding field lines point outwards from the positive and inwards
from the negative end of the dipole. From the reconstructed field lines with the L; constraint, it can be
seen that the locations of the positive and the negative charge can be found but they are separated by
a small non-zero distance. When the L; constraint is not considered these locations cannot be found at
all.

The transverse measurements can be interpreted as fluxes across the integration lines. For an electric
field generated by a dipole source, the total flux across most of the integration lines is zero as already
discussed in Section 3.4 and Figure 2. The sparsity constraint of transverse measurements exactly ensures
this. Consequently, it first forces the field lines to orientate similar to the field of closely separated positive
and negative charge. Second, it forces that the flux across line integrals close to the boundary is zero
(see for example dash line of integration in Figure 2) thus making the field tangential on the boundary.
From the mathematical point of view, based on the analysis in Section 3.3, the sparsity constraint for
the transverse measurements implies focal activity and homogeneous Neumann conditions. Of course
these effects are limited by the discretization level of the domain, the numerical approximations of the

line integrals, the number of measurements and the measurement noise as we shall see in the next Section.
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Figure 4: The left column shows a test case from which the boundary data was extracted. The middle column shows the
reconstructed magnitude distribution and normalized electric field lines when the L sparsity of transverse measurements
was used (o = 0.06). The right column shows the corresponding reconstruction when this constraint was not used (a = 0).
It can be seen that by omitting the L; sparsity the quality of the reconstruction is reduced, especially the directions of the
electric field lines exhibit significant errors.

5.2. Reconstructions in the presence of noise

Figures 5—7 show the reconstruction results of the electric fields produced by a single dipole source
which has radial orientation (Figure 5), tangential orientation (Figure 6) and is located in the centre
of the domain (Figure 7). In the following Figures, the last two columns show the average electric
field magnitude and field lines that are calculated over 10 reconstructions. The 10 reconstructions were
computed using 10 different realizations of noisy boundary data with SNR=40dB (second column) and
SNR=20dB (third column).

From the upper row of the figures (showing the field magnitude), we see that the locations where the
reconstructed fields get their maximum value are very close to the correct locations (of the source) in all
the test cases: in fact, the location is exactly the same in the test cases shown in Figures 5 and 6, and
the location differences in Figure 7 correspond to the distance of a single node in the mesh.

From the reconstructed field lines in the lower row of Figures 5 and 6, it can be seen that the locations
of the positive and the negative charge are found correctly but that they are separated by a small non-zero
distance. When the dipole source is in the centre of the domain, Figure 7, the locations of the positive

and negative charge are not evident from the field lines.
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Figure 5: First column: Top picture shows the magnitude of the electric field that is generated by a radial dipole source.
Bottom picture shows the corresponding unit length field lines and the location and orientation of the underlying dipole
source. Second column: Top picture shows the average electric field magnitude that is calculated over 10 reconstructions
and the circle shows the correct location of the underlying dipole source. The 10 reconstructions were computed using 10
different realizations of noisy boundary data with SNR =40 dB. Bottom picture shows the corresponding unit-length electric
field lines. Third column: Top and bottom pictures show similarly the reconstructed electric field when SNR =20dB. The
average magnitude ratio (MR) and cosine similarity (CS) values are given under the reconstructions.

The maximum values of the reconstructed fields are lower by an order of magnitude when compared
to the actual ones. However, in the low noise cases (SNR = 40 dB) in Figures 5 and 6, the magnitude
ratio values are still very high which indicates that the magnitude errors are present only near the dipole
sources and elsewhere the magnitudes are reconstructed accordingly. Similarly in the field orientations,
there are differences merely close to the dipole sources, and especially for the low noise cases the CS
values are high which indicates that the field orientations are correct in most parts of the domain. These
reconstruction errors close to the source were expected because the dipole source causes a discontinuity
in the field.

By comparing the test cases, we can observe that the magnitude and orientation errors are larger
when the dipole is deep in the domain than close to the boundary. We also see that the reconstruction

accuracy decreases with increasing noise as expected.

5.8. Multiple sources

As we saw, the proposed approach gives stable estimates for both the magnitude and the orientation

of the electric field when it is generated by a single focal source. It can be said that the same L1-penalty
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Figure 6: First column: Top picture shows the magnitude of the electric field that is generated by a tangential dipole

source. Bottom picture shows the corresponding unit length electric field lines with the underlying dipole source. The other
columns show the electric field reconstructions as explained in Figure 5.

terms are also valid for multiple source cases, however, it seems that further information on the structure
of the field is required for stable reconstructions. As an example, we show in Figure 8 a preliminary result
of a two source case. As can be seen, the magnitude can still be recovered surprisingly well considering
the limited amount of (measurement and prior) information available: for example, the locations of the

sources can be determined based on the highest magnitude values. The field orientations, on the other

hand, show more errors here than in the one source cases.
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Magnitude of the field
Test case SNR =40 dB SNR =20 dB
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Figure 7: First column: Top picture shows the magnitude of the electric field that is generated by a dipole source in the
centre of the domain. Bottom picture shows the corresponding unit length electric field lines with the underlying dipole
source. The other columns show the electric field reconstructions as explained in Figure 5.
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Figure 8: First column: Top picture shows the magnitude of the electric field that is generated by two dipole sources. Bottom
picture shows the corresponding unit length electric field lines with the underlying dipole sources. The right column shows
the electric field reconstruction.
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6. Conclusions and future work

This was a proof-of-concept study to characterize non-zero divergence vector fields in a bounded
domain using the longitudinal measurements and appropriately chosen L1-penalty terms. To the best
of our knowledge, this is the first time that numerical reconstructions have been presented under these
conditions. This type of problem is of great interest due to its many applications, especially in the EEG
source imaging. As a comparison to the widely used source imaging methods, we argue that the VT
framework could be beneficial because it does not require an explicit mathematical model for the sources.

We first showed that the longitudinal measurements are directly determined by the electric potentials
at the boundary and the transverse measurements are related to the underlying current sources. We
explained that even though the transverse measurements cannot normally be physically measured, they
still can be utilized in the electric field inverse problem as a penalty term.

Our numerical test cases included reconstructions of non-zero divergence electric fields generated by
a focal source with varying direction and location. We showed that the pattern of the electric field
magnitude could be reconstructed correctly using VT, even though there were errors near the dipole
source. Nevertheless, for example, the correct location of the source activity could be determined based
on the reconstructed field magnitudes. Also, the reconstructed field lines follow similar trajectories to the
real ones with some deviations only near the dipole sources. These reconstruction errors were expected
because the field is discontinuous at the dipole source.

Therefore, we conclude that our approach is able to give stable estimates for single focal source cases,
however, the recovery of a field generated by multiple sources requires further research. Nevertheless,
we also note that our preliminary result for a two-source case was promising. In addition to multiple
source cases, in the future we shall extend the proposed approach for 3-dimensional VT problems with

non-homogeneous material properties.
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pendix: Electric field decomposition and line integrals

According to Helmholtz decomposition [2], any vector field can be decomposed into a sum of irro-

tational (curl-free) and solenoidal (divergence-free) component. When the field is zero on the domain

boundary, the irrotational and solenoidal components are unique, and they can be recovered from the

transverse and longitudinal measurements, respectively [8, 49]. However, when non-zero boundary condi-

tions are present the decomposition is not unique anymore. For this case, however, a unique decomposition
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can be found by adding a harmonic component which is both irrotational and solenoidal into the sum
[8, 46].

Let’s consider a similar electric field e : © — R? in a bounded domain as in Section 3. We set e|gq # 0
and e - fi|po = 0 on the boundary. The non-zero boundary conditions imply that the decomposition of
the field is of the form

e =e; +es +eq, (50)

where er, eg and ey are the irrotational, solenoidal and harmonic component, respectively. The following
properties apply for the irrotational and solenoidal components V-e =V -e;, V x e = V X eg and the
harmonic component satisfies both V-eg =0, V x eg = 0 and in addition also the boundary conditions.

Under the quasi-static approximation, the electric field is irrotational. It follows that the irrotational

component can be expressed using a scalar potential ef = —Vgq and the solenoidal component vanishes
es = 0. Furthermore, we write the harmonic component as ey = —Vr 4+ V x ¢ where Vx = (8%, —a@)

corresponds to the 2-dimensional curl-operator. Now, Vr = 0 due to the boundary conditions. Therefore,
the decomposition gets the form

e(x) = =Vq(x) + V x p(x). (51)
The Radon transform of e(x) can be expressed using the Radon property (4) as

where § is the unit normal vector perpendicular and § along the line L. Now, the longitudinal (10) and

transverse (11) integral have the form

11 = 5 Rafe}(ls") = 2 Ralp) (53)
= gL.RQ{e}(z,sL):%RQ(q). (54)

From these measurements, the electric field components can be solved as

1 0 1
_ pelgay # _ #q/7l
D R {p} 47T7?, HalR{p} 4ﬂ_R HI (55)

1 4 0 1 ;
1 ~
g = R {q}= . R H—SZR{q} = RTHI—. (56)

Thus, both types of line integral measurements are needed for the full recovery of an electric field in a
bounded domain with non-zero boundary conditions. I!l is associated solely with the harmonic compo-

nent, thus the boundary conditions, and I+ is needed to recover the irrotational component.
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