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Abstract
It has been recently shown that ultrathin spiral metamaterials can support localized spoof plasmon modes whose resonant wavelength is much larger than the size of the structure. Here, an analytical model is developed to describe the electromagnetic properties of the two-dimensional version of these devices:  a perfect conducting wire corrugated by spiral grooves. The emergence of localized spoof plasmons in this geometry is quantitatively investigated. Calculations show that these modes can be engineered through the spiral angle and the number of grooves. The theory also allows us to elucidate the contribution of magnetic and electric localized spoof plasmons to the optical response of these metamaterial devices. Finally, experimental evidence of the existence of these modes in extremely thin textured copper disks is also presented.
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Surface plasmons (SPs) are collective oscillations of the delocalized electrons that exist at metal-dielectric interfaces. Owing to their ability to confine light in subwavelength dimensions with high efficiency, SPs offer a route to overcome the diffraction limit of classical optics.1


 ADDIN EN.CITE , 2
 This enables a wide range of applications including surface-enhanced spectroscopy,3-5


 ADDIN EN.CITE 
 biomedical sensing,6-8


 ADDIN EN.CITE 
 solar cell photovoltaics,9-11


 ADDIN EN.CITE 
 and optical antennas.12-1
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 These applications, however, are generally limited to high electromagnetic (EM) frequencies (the UV, visible, and near infrared ranges). This is because metals behave akin to perfect electric conductors (PECs) at lower frequency regimes, and do not support SP modes. Early works showed that by corrugating metal surfaces, this limitation can be overcome, and reported the excitation of highly confined SP-like electromagnetic modes at microwave frequencies.1
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 In 2004, Pendry et. al. introduced the concept of spoof surface plasmons (spoof SPs), and demonstrated that plasmonic metamaterials constructed by patterning metal surfaces with subwavelength periodic features can mimic, at low frequencies (far IR, terahertz, or microwave regimes), the EM guiding characteristics of optical SPs.19, 20
 This metamaterial approach greatly facilitated exporting SP-related phenomena to lower frequency regimes of the EM spectrum, as it provided a direct link between the dispersion relation (and hence the spatial confinement) of spoof SPs and the geometrical parameters of the surface texturing of the supporting structure. Since then, highly confined spoof SPs have been reported at microwave.
 ADDIN EN.CITE 
21-25
 and terahertz 
 ADDIN EN.CITE 
26-28
 frequencies in both two-dimensional (2D) 
 ADDIN EN.CITE 
212, 25, 6, 28, 29
 and three-dimensional (3D) 
 ADDIN EN.CITE 
22, 23, 30
 configurations. 
Like flat surfaces, periodically corrugated particles also support spoof plasmon modes, usually termed spoof localized surface plasmon resonances (spoof LSPRs).31 Thus, a corrugated PEC wire is found to exhibit an EM response similar to a Drude metal wire,32-3


31 transferring the distinct properties of optical LSPRs to much lower operating frequencies. Based on this principle, the realization of a number of spoof LSPR-based devices has already been demonstrated.4
 Particles sustaining spoof LSPRs, as those proposed in Ref. (31), have a large scattering cross-section, which enables them to interact very strongly with  incident radiation.


3 ADDIN EN.CITE 2 However, their localized modes do not lead to strong EM field localization since the resonant wavelength, which is dictated by the depth of the corrugation decorating the particle surface, is comparable to its overall size. Lately, a strategy has been proposed to improve the mode-confinement characteristics of spoof LSPR devices. This is based on corrugating the metal surface with long spiral grooves.3
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 An appropriate choice of the spirals’ length allows the spectral shifting of spoof LSPRs to wavelengths much larger than the particle size, giving rise to strong EM field localization at its surface.3


 ADDIN EN.CITE 5,37
 This property also adds additional degrees of freedom for the design of spoof plasmon structures, greatly increasing the tunability of these devices. Importantly, an analytical effective medium treatment of spiral-shaped spoof LSPRs is still lacking. The quantitative description of their EM properties is limited to only numerical methods, 3


 ADDIN EN.CITE 6,3
7 which cannot provide insight into the intricate relationship between geometry and field confinement in spoof plasmon particles, especially for those presenting deep sub-wavelength dimensions.
In this work, we develop an effective medium theoretical model for the analytical description of spiral-shaped spoof LSPR devices, and use it to investigate quantitatively their spectral and light-confinement properties. This model allows for a comprehensive understanding of the electric and magnetic plasmonic resonances (both fundamental and higher order modes) supported by the structure. Decreasing the number of spiral arms gives rise to nonlocal effects in the optical response of these structures, which are beyond our effective medium model. Numerical simulations show that these nonlocal effects result in a blue-shift of spiral LSP modes and a decrease in the corresponding density of states. Finally, we present experimental measurements and numerical calculations on thin-film spiral spoof LSPR devices operating in the microwave. This allows us to discuss the differences in the optical response of these geometries compared to infinitely long spiral wires. 
Results and Discussion
Theoretical model. Our starting point is a two dimensional (2D) wire whose surface is decorated by N spiral-shaped grooves filled with a dielectric material of refractive index 
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. The resulting inner and outer radii, which correspond to the bottom and opening of the grooves, are r and R respectively, as shown in panel (a) of Figure 1. The period and width of the grooves along the wire perimeter are d and a. The spiral geometry is built in such a way that the intersection angle between the tangent to each spiral arm and the radial direction is the same along the spiral length, see Figure 1a. These are the so-called logarithmic spirals,38 characterized by a spiral angle 
[image: image2.wmf]q

, and can be parameterized as
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(1)
 In the limit a<d<<, a metamaterial approximation, in which the textured PEC is treated as a homogeneous effective medium, can be applied.19 In this homogeneous metamaterial picture, the effective permittivity and permeability in the region between the inner and outer radii acquire a diagonal, spatially independent tensor form. The component of the permittivity normal to the spiral arms (z-direction) is given by
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, while the parallel components diverge. The permeability components are set so that the EM radiation propagates at the speed of light inside the spiral grooves.20 This procedure yields the following effective permittivity and permeability tensors for TM waves expressed in Cartesian coordinates
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(2)
where the permittivity tensor is restricted to the xy-plane. 
Consider an incident plane wave with the magnetic field polarized along the z direction, propagating along the x axis with a wave number 
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. Substituting Equation 2 into Maxwell’s equations, we obtained the following partial differential equation for the magnetic field: 
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(3)
By solving Equation 3, the  analytical form of 
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 can be found as
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where
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 denote the zeroth order Bessel and Neumann function, respectively; n is an arbitrary integer denoting the azimuthal mode order; and 
[image: image13.wmf]1

C

 and 
[image: image14.wmf]2

C

 are constants which can be determined by applying the appropriate boundary conditions. Equation 4 allows for the calculation of the scattering cross-section of the corrugated wire (detailed derivations can be found in the supporting information): 
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where
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 denotes the scattering coefficient assoicated with the n-th order cylindrical harmonics. It takes the form
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(6)
with the constants p and q given by: 

[image: image18.wmf]0000

1111

0000

0110

coscoscoscos

coscoscoscos

gggg

gggg

nkrnkRnkRnkr

pJYJY

nkRnkrnkrnkR

qJYJY

qqqq

qqqq

æöæöæöæö

=-

ç÷ç÷ç÷ç÷

èøèøèøèø

æöæöæöæö

=-

ç÷ç÷ç÷ç÷

èøèøèøèø

.


(7)
The divergence condition for 
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in Equation (6) provides us with the transcendental equation for the complex resonant frequencies of the various spoof LSPRs supported by the geometry. These are characterized by the azmuthal angular momentum n, and fulfil 
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(8)
Analytical and numerical results. Figure 1b-e depicts the the scattering cross-section (SCS) of various spiral wires with the same inner and outer radii (r=1.1mm and R=13.8mm), a fixed filling factor a/d=2/3, and different spiral angles. The spectra, whose peaks originate from the excitation of spoof LSPRs, were calculated using our effective metamaterial approach. They show that spoof resonances redshift for increasing (, in agreement with Ref. 
 ADDIN EN.CITE 
(33)
. Remarkably, our analytical results also reveal that higher-order electric modes (electric quadropole, n=2, and hexapole, n=3) dominate the cross section for small spiral angles ((  < 60(), see Figure 1b-d. On the contrary, the electric dipolar resonance (n=1) becomes obversable only for relatively large ( , as shown in Figure 1e. In this panel, the emergence of higher radial order spoof LSPRs 39 is also apparent, leading to similar multipeaked scattering profiles at increasing spectral ranges. The occurrence of these different radial order modes illustrate the fact that spoof LSPRs are fundamentally different from conventional localized plasmons at optical frequencies, since the EM fields inside the particle are no longer evanescent but propagating along the grooves.39  
Figure 2 explores the dependence on ( of the scattering characteristics of the different electric and magnetic azimuthal multipolar spoof LSPRs (for lowest radial order). It plots the real (left) and imaginary (right) parts of the spoof LSPR frequency for the n between 1 and 4 obtained from Equation 8. At small (, the real part of the eigenfrequency for the electric and magnetic dipole spoof LSPRs (which overlap spectrally) is highest. On the contrary, all the modes merge and shift towards zero frequency as ( increases. The large imaginary part of the dipolar spoof plasmon modes explains their negligible contribution to the SCS, as they lead to broad (very low quality factor)  features in the cross section spectra. This explains why only quadrupole and hexapole LSPRs can be identified in Figure 1b-d.  At larger ( , the imaginary frequencies become similar, which causes the emergence of an apparent n=1 LSPR peak in the lowest scattering band in Figure 1e.     
Figure 3a1-c1 depicts the SCS for the corrugated wire in Figure 1e. The spectra are evaluated at frequency windows corresponding to the three lowest multi-peaked features supported by the geometry. The magnetic field distribution for the spoof plasmon modes originating the various cross section maxima in each case are shown in the right panels. As reflected by our analytical calculations, each scattering band results from the spectral overlapping of several spoof LSPRs, which share the same radial characteristics (the same number of field nodes along the grooves length) but present distinct azimuthal properties. The red dashed, blue dotted, and green dash-dotted lines in Figure 3a1-c1 render the SCS contribution corresponding to the magnetic dipole, the electric dipole, and the electric quadrupole, respectively. The direct comparison among the three panels evidences that, as anticipated above, magnetic modes are weakly excited and hence always overlap spectrally with  electric resonances. A strategy which makes magnetic dipolar modes observable consists in truncating  infinitely long spiral wires into finite ones.36 This will be discussed in more detail in the experimental section.

Our analytical model is based on the homogeneous metamaterial approximation given by Equation 2, whose validity requires the period (number) of the corrugations to be sufficiently small (large). Otherwise, the effect of spatial nonlocality40 resulting from the finite size of the surface textures must be considered. Since the fabrication of very small corrugations is experimentally challenging, it is vital to understand how spatial nonlocality affects the optical responses of the spoof LSP particles and how this effect can be minimized. To address these concerns, we performed numerical simulations (COMSOL MultiphysicsTM) on wires corrugated by a different number of spiral grooves. 

Figure 4 renders the numerical scattering spectra calculated for different number of grooves, N, perforated on corrugated wires with the same geometric parameters as in Figure 3. Panel (a) corresponds to the lowest radial modes, and panels (b) and (c) show consecutive scattering bands. Four different N are considered: 2 (black), 5 (red), 8 (green), 10 (blue) and 20 (orange).  Our numerical simulations indicate that by reducing the number of corrugations, spoof LSPRs redshift, while the associated density of states (DOS) decreases in all scattering bands (the number of spoof plasmon modes supported by the wire drops). This effect is similar to the nonlocal screening of metallic electrons observed for conventional LSPRs at optical frequencies.41, 42


 ADDIN EN.CITE 
 Since the DOS is directly related to the field confinement capabilities of the plasmonic devices, its reduction implies that the corrugated wires lose their sub-wavelength light confinement abilities when N decreases. This point is confirmed by the spoof plasmon field maps in the insets of Figure 4a, which show how the magnetic field amplitude increases with N. Our findings suggest that in order to realize spiral spoof LSPRs with significant field confinement abilities, the number of corrugations has to be of the order of 20. Notably, the analytical calculation of the scattering cross section for the spiral cylinder is also plotted in Figure 4 (gray dashed lines) for comparision. We can clearly observe that the numerical results approach the analytical results as the groove number N increases and alreay show good agreement as N reaches 20. In the next section, we will use this value for the experimental implementation of spoof LSPRs. 
Experiment. To further demonstrate the existence of the spoof LSP modes in subwavelength spiral particles, we fabricated an ultrathin disk with an spiral pattern and characterized experimentally its resonant  field confinement characteristics through a 2D EM field mapper.32 The ultrathin design has several advantages. First, an infinite spiral wire cannot be fabricated in practice and the ultrathin structure is easier to implement. Second, truncating the 2D spiral cylinder can shift the magnetic modes from the electric ones and increase their excitation strength and quality factor,36,37 thus allowing the magnetic resonances predicted by the theoretical studies to be clearly observed. Figure 5a shows the schematic of our experimental sample which consists in a copper disk whose perimeter is etched with  a spiral pattern, placed  on top of a 0.8mm-thick substrate with dielectric constant ε = 4.9. Other geometrical parameters of the structure are given in the figure caption. The fabricated sample and the measurement setup are displayed in Figure 5b. Note that by decreasing the thickness of the spiral disk, the number of high-order magnetic resonances increases. Two monopole antennas connected to an Agilent N5230A network analyzer are used to record the relative amplitude and phase of the local electric fields. 

The measured resonance spectrum and the near-field distributions for the spoof LSPRs supported by the sample are given in Figure 6. The comparison with Figure 3 shows that the LSPRs supported by the spiral disk shift to lower frequencies. This redshift can be attributed to the finite thickness of the copper disk and the presence of the dielectric substrate, which lower the energy of the modes.37  The fundamental, second, and third scattering bands now span from 0.5 to 1.5 GHz, from 2 to 3 GHz, and from 3.5 to 4.5 GHz, respectively. Both the electric and magnetic dipolar resonances are clearly apparent in all three bands. Remarkably, the experimental near-field profiles are in excellent agreement with the analytical field maps in Figure 3, which enables us to identify precisely the nature of the spoof LSPRs behind the measured scattering maxima. This way, we can conclude that our experiments allow us to observe high-order magnetic modes not reported before. In order to verify the experimental results, we performed CST microwave Studio simulations to calculate the extinction cross-section (ECS) of the structure, see Figure 5a. The system is excited by a linearly polarized plane wave incident from the top. The numerical ECS plotted as the black solid line in Figure 6a shows excellent agreement with the measured resonance spectrum.
Conclusion
To conclude, we have developed a theoretical model to design and investigate subwavelength localized spoof plasmon devices with spiral textures. This model allows quantitative study of fundamental and higher-order electric and magnetic plasmonic resonances, which can be engineered by the angle of the spiral and the number of grooves corrugating the perfectly conducting wire surface. Our method can be extended to study 3D spiral disk of finite thickness, where the optical response under oblique incidence must be considered. The insightful character of this approach provides new paths for optimizing plasmonic devices in long-wavelength regimes.
Method
Under plane wave illumination, the magnetic fields in the background medium and spiral wire can be written as:
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(9)
Applying the boundary conditions (continuity of Hz and E() yields: 
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(10)
Solving Equation (10), the unknown expansion coefficients can be obtained:
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where p and q are given by Equation (7).
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Figure 1. Localized spoof surface plasmons in a 2D subwavelength PEC wire corrugated with spiral grooves. (a) The cross section of the corrugated PEC wire with the inner and outer radii r and R, periodicity d, groove width a, and the spiral angle (. (b) Analytical calculations of scattering cross-sections for 2D corrugated wires with different spiral angles (  = 0( (cyan), 30( (red), 60( (green), 78.94( (black).  In these calculations, we set r = 1.1mm, R=13.8mm, a/d=2/3. 
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Figure 2. Real (left) and imaginary (right) parts of the resonance frequencies of different spoof plasmon modes (lowest radial order modes) as a function of the spiral angle (. The geometric parameters are taken from Figure 1e. 
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Figure 3. Localized spoof surface plasmons in a 2D corrugated wire with r = 1.1mm, R = 13.8mm, a/d = 2/3, and ( = 78.94(. The first column (a1-c1) shows the scattering peaks at different frequencies and the contribution due to spoof LSPRs of different orders. The red dashed lines, blue dot lines, and the green dashed lines plot the SCS contribution due to the magnetic dipolar (n=0), the electric dipolar (n=1), and the electric quadrupolar (n=2) ,odes. Magnetic field amplitudes corresponding to different spoof plasmon modes are plotted in the right columns.
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Figure 4. (a) Numerical scattering cross section for spoof plasmon wires formed of N spirals: 2 (black), 5 (red), 8 (green), 10 (blue) and 20 (orange), and the analytical scattering cross section obtained with the effective medium theory (gray dashed line). The right (left) insets render the magnetic field amplitude at the electric dipole (quadrupole) resonance for different N. The colour scale codes the magnetic field amplitude from red (positive maximum) to blue (negative maximum). Note that for N ( 5, the quadrupole mode is no longer supported by the structure. Hence, only three contour plots of the quadrupole resonance are given here. Panels (b) and (c) show the numerical and analytical scattering cross section for the same structures at higher frequency scattering bands.
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Figure 5. (a) Schematics of the fabricated ultrathin textured coper disk (thickness t = 0.018 mm) on a flexible dielectric substrate with permittivity ε = 4.9 and thickness t = 0.8mm. The geometrical parameters for the spiral structure are: d = 0.45mm, a = 0.3mm, r = 1.1mm, R = 13.8mm. (b) The experimental setup to measure the near-field resonance of the textured metallic disk, in which two monopole antennas are used as the source and the probe.
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Figure 6. Measured (red line) and simulated (black line) resonance spectrum for the textured coper disk shown in Figure 5. The insets show the corresponding measured near-field distributions at the resonance peaks: 1. fundamental electric dipole; 2. fundamental magnetic dipole; 3. second-order electric dipole; 4. second-order magnetic dipole; 5. third-order electric quadrupole; 6. third-order electric dipole; 7. third-order magnetic dipole.
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