Relations Between Full Information and Kalman-based Estimation
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Abstract—For nonlinear state space systems with additive
noises, sometimes the number of process noise signals could
be less than the dimension of the state space. In order to
improve the accuracy and stability of nonlinear state estimation,
this paper provides for the first time the derivation of the
full information estimator (FIE) for such nonlinear systems.
We verify our derivation of the FIE by firstly proving the
unbiasedness and minimum-variance of the FIE for linear time
varying (LTV) systems, then showing the equivalence between
the Kalman filter/smoother and the FIE for LTV systems.
Finally, we prove that the FIE will provide more accurate state
estimates than the extended Kalman filter (EKF) and smoother
(EKS) for nonlinear systems.

I. INTRODUCTION

Given the system dynamics, people often want to forecast
future system outputs based on current information. For
example, in defense, the arrival time and exact target of an
incoming cruise missile have to be predicted, in order to
eliminate the threat as early as possible. Before predicting
a system’s outputs, we have to know the system’s internal
behavior, the so-called “states”, which are usually unknown.
If systems are disturbed by noise, which they usually are,
then the situation will become more difficult.

The Kalman filter is the most notable and widely used
linear state estimation algorithm of the past few decades.
Given previous system outputs, the algorithm recursively
estimates states in a noise-driven linear dynamical system
by minimizing the mean-square error between the true and
estimate state. If the complete outputs are available, the
state estimation error can be further reduced by the Kalman
smoother [12]. An “forward-backward” smoothing algorithm
was introduced in [12], where the forward step is a Kalman
filter and the backward step determines smoothed state esti-
mates by maximizing the likelihood of outputs given states.

For unconstrained nonlinear systems, the extended Kalman
filter (EKF) and smoother (EKS) estimate state error co-
variance by linearizing nonlinear dynamics with a first-
order Taylor expansion around the current estimate. How-
ever, when the error in the higher order terms neglected
by the linear (first-order) model are significant, the EKF
could exhibit poor convergence characteristics and biased
estimates [14]. Moreover, general recursive solutions, such
as Kalman filtering, are unavailable if there exists physical
limits or algebraic constraints on system states. In order to
solve these two challenges, for additive system noises, the
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full information estimator (FIE) avoids model linearization
by reformulating the original estimation as an optimization
problem, which allows for the natural addition of inequality
constraints [11].

In [4], the Kalman filter as well as the EKF are considered
from a different point of view, where the algorithms can
be derived from a single iteration of Newton’s method on
a certain quadratic form with a judiciously chosen initial
guess [4]. This idea is very important and allows us to
establish a relationship between Kalman-based algorithms
and the FIE, hence we could compare their performance for
both linear and nonlinear systems.

For a noise-driven nonlinear system, the number of addi-
tive process noises signals can be less than the number of
state variables, hence the process noise has to multiply a tall
matrix, before being added to the nonlinear dynamics'. The
main problem of applying the FIE to such a system is that
the probability density function of the successor state given
current state does not exist due to the covariance matrix not
being positive definite. The main contribution of this paper
is therefore to provide the derivation of the FIE for nonlinear
systems with additive noises, where the sizes of both process
and output noises are smaller or equal to the size of state and
output, respectively.

In order to verify our derivation of the FIE for nonlin-
ear systems with additive noises, we replace the nonlinear
dynamics with linear time-varying (LTV) terms and prove
the unbiasedness and minimum-variance of the FIE for such
LTV systems, followed by several results that show the
equivalence between the Kalman filter/smoother and the FIE
for linear unconstrained systems. Finally, we prove that the
FIE will provide more accurate state estimates than the EKF
and EKS for nonlinear unconstrained systems.

This paper is organized as follows: Section II provides
the derivation of the FIE for nonlinear systems with addi-
tive noises. Section III shows the relationship between the
Kalman based state estimators and the FIE. Finally, we draw
conclusions in Section IV.

II. FULL INFORMATION ESTIMATION FOR NONLINEAR
SYSTEMS WITH ADDITIVE NOISES
Consider a discrete-time nonlinear state space model:
1 = f(zr) + Grwg 0
yr = h(xy) + Hyop

where xp, € X is the unknown state, y; € RP is the output
measurement. G, € R™*" and H, € RP*? are two full

' An example can be found in [9].



column rank time-varying matrices®>. wy and v are two
unknown noise terms, which affect the state and output,
respectively.

Assumption 1: The noise sequences (wg)~L, and (vy,)
are two random variables having Gaussian (or normal) distri-
butions N(0, Q) and N(0, R), respectively, with zero mean
and positive-definite covariance matrices ) and R.

Assumption 2: The probability distribution p(z1) of the
initial state has Gaussian distribution p(z1) ~ N (icl, P1|0),
where 71 is the a priori most likely value of x1 and Pjg is
the corresponding error covariance.

Assumption 3: Functions f(-) and h(-) are twice differ-
entiable. The discrete-time nonlinear model (1) is uniformly
observable [7] and there exists a stable state observer for (1)
with nonempty feasible region.

Given measurements (yk)gle and initial conditions, we
would like to find the state x;, that maximizes the conditional
probability density p(zk|y1.as). Unfortunately, p(xg|yi.ar)
is difficult to obtain exactly for a nonlinear model, thus we
focus our attention on the entire trajectory of states (xk),iw:l,
rather than just one single state z;, by maximizing the proba-
bility density p(xz1.a]y1.07) of the whole state sequence [13].

Lemma 1: Consider two random vectors w € ™! and
z € 1 n > r where © = m + Gw, m is a constant
vector. If G is a full column rank matrix, w ~ N(0, Q) and
Q@ > 0, then the probability distribution of x is given by

M
k=1
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vV (2m)r W]

where W is positive definite matrix and S is a constant
matrix.

Proof: Because G is a full column rank matrix, the
random vector x has a singular joint normal distribution,
such that p(x) ~ N(O,GQGT), where GQGT > 0. By
using the singular value or eigenvalue decomposition, we
have ~

GQGT =UPUT =U {Q 0} U,
0 0
where Q € R" is a nonsingular matrix, U is a unitary matrix,
such that U~! = UT. Define a random vector z, such that

z = [zi'— Z;]T =U 'z =U"'Guw,

where z; € ">, Since z ~ N(U~1m, P), by definition of
the singular joint normal distribution [3, pp. 376-377], we
have

Oz = My "UTIm) g U
(2m)" Q)

because the Dirac delta function 6(z—.#," " U~'m) is the
probability mass function of the degenerate (deterministic)
variable z5, we have

p(z) =

1 6_%|‘Zl_<///1T’nU717”H%—1

(2m)71Q)

p(2) o

2This condition is required for uniqueness of the conditional densities
p(zk+1|zk) and p(yg|xy) to be defined later.

Using transformation of variables [15, p. 22] gives

.
(2m) W]

—LS(z—m)||%, _
e HIS@=m)lZ,

p(z) =p(2) [ 7 (U 2)|

where ¢ () denotes the Jacobian matrix, W = Q and S =
MU [
Proposition 1: For nonlinear system (1), given output
measurements (yk)ﬁil; if Assumption 1 and 2 hold, G}, and
Hj, are full column rank matrices, then p(z1.a7|y1.0) can
be written as a function of 7, (wy)M ; and (vg)M .
Proof: From Bayes’ theorem we have

p($1:M|y1:M) o8 P(y1:M|$1:M)p(CU1:M),
where

plyrleran) = TTis, p(yelar),
p(xiar) = p(ar) H;ﬁi_ll P(Thi1|on).

By Assumption 1 and Lemma 1, we have

Pyl o e AT R

elzg) o0 ————— |
(2m)4| Ry
(2a)
p(@ps1lz)) o ! 67%H//erm%kv_l(ﬂ?k+1*f(x1‘:))||%@;1
k1 |zn) X —— |
(2m)"| Qx|

(2b)

where 2}, and %, are unitary matrices, Qk =~ 0and Ry, = 0,

QG = 2, Pr 2T = %5, [%k g} 27

H.RH = %P9 =%, ﬁ)’“ g} A
Rearranging ||.#]" 2 " (z41 — f(xk))||%;1 in (2a) gives

" 2,7 (g — f(ﬂfk))\\2~;1 = H///f’"%[lewkH%ka
= wi G 2 T (P 27 Grwy,
= wl G} (2P 2)) G = w] G (GLQGT) G

= wy) Q lwy, (3a)

where (-)T denotes the MoorePenrose pseudo-inverse. Simi-
larly for the term ||.Z P %, (y, — h(mk))||%,1 in (2b),
k

AP D (e — b)) = ve Ry (3b)

Because |Qy| and |Ry| can be written as a linear function
of |@Q] and |R|, respectively. Substituting (3) into (2) gives

(k1)) o SN — e 2o
(2m)7|Q|
1 1 2
Rt 1 7
PlYk|TE) X e 2 R™1L,
(Yk|zr) TR



Hence, we have

Tp-1
v, R™ vy

M
(y1 M|$1M 1:[ ( ) |R|

—%w;Q’lwk

M—
p(l”l:M O<p 371 H \/7

Therefore, p(x1.p7|y1.0) can be written as a function of x1,
(wi)hLy and (ve)iL;. u

By taking the logarithm on both sides of p(z1.as]y1:)
and removing the constant terms, yields the FIE for (1) [13]

Drcnlnfllon -1+ 5 Z lwr - + 5 lekaR !

k)+kak7 kzl,...,M_1
k) + Hyog, k=1,.... M

st 1 = fx

yr = h(x
“4)

where the decision variables and their optimal solutions are

e [T T T T T T T TIT
Xim = [$1 Wy Uy Ty ot Tppog Waroq Va1 'rM]

)
T T T T AT AT 71"
* —_ 7 7 3 7 ...
XY = [%\M Wyinm Yim Toim War—1 VM1 mM} )
o = (A M B M - M
wWo = T1 — X1, (Ik|M)k:1, (wk|M)k:1 and (Uk|M)k:1 are
the estimates of the state and system noise sequence (xk),]cwzl

(wi)rly and (vg)yL,, respectively, with (-),, :=

given output sequence yi:s.

QIS

III. RELATIONS BETWEEN KALMAN-BASED STATE
ESTIMATION AND FULL INFORMATION ESTIMATION

Theorem 1: Consider the LTV system

Tt1 = Apzi + Grwy, 5)
yr = Crxy + Hyvg

where Ay, and C}, are full rank dynamics and sensor matrices,
Gy and Hj are full column rank matrices, given output
measurements (yk)ﬁzl, 1 < k < M. If Assumptions 1 and 2
hold, then the FIE (4) is a linear unbiased estimator [6, p.
11] of the state sequence (xk)Z:1 regardless of the choice of
covariances P, () and R; if covariances are accurate, then
the FIE is a best linear unbiased estimator (BLUE) [6, p.
555] of the state sequence (z);_,.

Proof: If both G and Hj are invertible matrices,
then (4) becomes a weighted linear least squares problem
and a proof of statement that the FIE is a unbiased estimator
and BLUE can found in [1]. However, if both G, and H, are
not invertible, a different approach is required, as presented
here. ~ ~

By involving Lagrange multipliers (ak)z;é and (Bk)Z:1
for equality constraints and the initial condition, respectively,
the FIE problem (4) can be written as the following uncon-
strained optimization problem:

Z; = argmin Sg, (6)
25

where
1 S
Sy = §||w0||?31—‘; +7 (@1 — 21 —wo) + §||v1|\%_1
+ B8/ (y1 — C1$1 — Hyvy),
Spi=5i1t+ 5 ||UkHR 1+ B (yg — Cgay, — Hyop) +
§||w1571HQ—1 +aj_, (25— A2, — G wiy)
-
Zy = [w(;r vir Tﬁf xir w? v; ozi'— g’x;}r] ,
— laT- T o7 AT AT
Z *'[ Wok l\k k:61|k g Wik Yo 0 Pr IE]
The necessary condition of Z; being an optimum of (6) is
95i(Zx)
TZ}} = /S,;(Z,’C) = '%;;Z]:; - bS;’C = 07 (7)

where the Hessian matrix /s, is defined by

. %1;71 0 ON;Cfl—n 0
e e 2]

No :=7r+q+2n+p, N;_; is the number of rows/columns
of the previous Hessian matrix 5,  ; matrices 7%,

+ .
and %;@71 are given by
Py 0 —I, 0 0
0 R' 0o -H' o
Hs, = |1, 0 0 0 -1,
0 —H; 0 0 -4
0 o I, -C] o0
and Ay =
0 0 0 -4 0 0
0 ! 0o -G, O 0
0 0 R! 0 -H/ 0
Az, -G, O 0 0 I, |’
0 0 —Hj, 0 0 —C5
0 0 0 L, -CI 0
respectively; the constant vector bg; is defined by
- T
bS;, = [01,n+q - .’17; - yir Ol,n T y];r Olm}

= Hs, Zj, = s ZF + Bg, Z¢

where Bg, =
. It I,
Hs, ><d1ag<[0 e ® 0 rrd
2n+p,n+q 2n+p,q+r
and
d._ [T T T T T T 17
Z¢:=[wy v wy vy wy o wp_y vp] o,
T 5T T T T T17
Zi=10 oy B 0 oy B 7]

Because Aj; and C} are full rank matrices, s, is non-
singular?, Z; can be uniquely determined using (7), such
that

= %ﬂsglbsk. (8)

3The non-singularity can be proved by recursively showing that the
determinant of {J‘figk }2:1 is non-zero using [2, Fact 2.14.9].



Taking the expectation on both sides yields
%_ElE {‘%EZI% + ‘BSTCZI%} = Zy.

Now, if we build the matrix ‘%%;; based on inaccurate P o, Q
and R, and called it f?fg,;, 131|0, Q and R, respectively, tljen
there exists a matrix Dy such that Dy = 5, — Hs,,
hence we have

% »—1
ZTC = %E bS;.
Taking the expectation on both sides yields
At (Ao, + D) 25 = 73 + A5 Dy 27 = 7.

Since (xk)Z:1 are parts of vector Z¢, the FIE is an unbiased

linear estimator of the state sequence (xk)],zzl, regardless the
choice of covariances Pjo,  and R. The covariance of Z;
is given by

C{Z;} = Hs " Bs, NBg A
where ¥ = diag (P, R, I;_, ® diag (@, R)). There exists
a matrix Dy -1 := %;1 - L%’g;l, hence we have
C{Z;} =
(57 + D) B, 583, (51 + D) =C(27)
+ 25 B NBg Dypoy + Dp-1Bg, SBg Dy
Since Dy-1Bg, EBEE D}, = 0and

Hs ' Bs, NB

k

5 [0 ] B0,
02n+p,3n+p+q 7k 9 02n+p,No ’

where @gzl Gy = diag (G1,--- ,GyN) and

e_[ln 0 —P 0 0
~lo I, 0 —HR 0]’

e | 0 —Gia@ 0 0
oo, 0 —~HyR 0|’

covariance of (xk)]Z:l is minimized if Dy-1 = 0. Thus, the
FIE is a best linear unbiased estimator (BLUE) of the state
sequence (xk)ﬁzl, if Pjjo, @ and R are all accurate. [ ]
Proposition 2: For the LTV system (5), given output
measurements (yk)zzl, 1 < k < M, if Assumptions 1 and 2
hold, then the FIE (4) and Kalman filter [5] are equivalent
methods for estimating the current state 2.
Proof: The proof should be straightforward by slightly
modify the results given in [4]. [ ]
Proposition 3: For the LTV system (5), given output
measurements (yi)n, and all estimated states (Z)r,,
if Assumptions 1 and 2 hold, then the FIE and Kalman
smoother [12] are equivalent methods for estimating the
smoothed state ZTy|ps, 1 < k< M.

Proof: Because yi.ps and Zp.5; are all given,
the smoothed state Zj ), can be estimated by maximiz-

ing p(xg.p7|y1:00), such that [12].

(g rly1:m) O<p($E+1:Mayl‘g+1:M|$Twy1:7q)p(371'c|y1:15)a
X p(xl}+1:Ma y%+1:M|ml€)p(xE|y1:I})7

o P(Y1:m | Th1:00) P11 28)P (TR Y1 7)),

hence, #57_1jps can be estimated by
L min loarllR-1 + lwar—1lg-1 + lear—1 = Enr—allpos
M1,
st. oy =Ap 1rm1+Gru1wap_1,
ym = Cuznr + Hiowr,

€))
By involving Lagrange multipliers «j; 1 and 3, for equal-
ity constraints, (9) can be written as the following uncon-
strained optimization problem:

Zy—a oy = arg min fjzarg — :%M,1||2P,1 + ||UJVI||2R—1
ZM—1,M M—1

+ Bar lynr — Cruzns — Hagon] + war—1]5-1

+ a;\r/[—l [m — Ap—12p—1 — Gy—1wpr—1] -

N e T T T T 717
where Zy—1v = [T 4 wi;_y v agrq Bap ] s

* _. |aT AT ST AT AT AT
oM = [IM—l\M Wy qiar Onr Qpgam B IM}
. . ~ \M . .
Since all estimated states (2),_, are given, vy is deter-
ministic and S3;; becomes a free variable, hence we have

min Sy =
Znm—1\m

min fzao = allpor, +{ lewilgo
Zyv—11m M1
T N
+ay_q B — Av—1zm—1 — Guo1wai—1] }, (10
— [T T T 1" _

where Zy v = [2i,0 wiy aga] o Zyga =
A N ~ T ..
[JJL_HM wL._HM a;\;._l‘M] . The. necessary condition
of ZJT/[A\ s being an optimum of (9) is that

OSyv—1m(Zn—1ym)

EYA :%JM—I\MZA4—1|M_I)SJM—1UW =0,
M-1|M

where the Hessian matrix 5, ,, and constant vec-
tor bg,,_,,, are defined by

Pyt 0 AL,
%Z\/f—l\]\/f = 0 Q_l _G]T/I—l
—Ap-1 =G 0
and
bS}vI—HM = [i{/[—lpjgfl—l 0 7£XI]T’

respectively. Since P]\}l_l is nonsingular, by using [2, Fact
2.17.3], we have

~ _ n,2n+r —1
IM—U]VI —%1 ‘%’iSM,HMbSM—l\M

=Tyo1+ PM71AL,1PJQ‘1M71 (Tn — Av—1@a-1) -



Now, for estimating % ps_g|5s, we have

. N A 2 B
ZLHJBM a2 xM?QHPlez
M
+ Z [lorllF=1 + B (Y — Crar — Hivg)]
k=M-1
M-1
+ [HwkHQQ,l + Oé;I (xg41 — Apzy — kak)] .
k=M-2

M . M
Since @71 (ars (2k)pe, and (Py )1151:1 are given, (vg)p_ /1
and wy/— are deterministic, (8;);_,,_, and ap/—; are free
variable, hence we have

min [|zp—2 — iM—2||?31;11_2 + [HwM—2H2271

ZM 2| M

T .
+an o (En—1y — An—22n—2 — Gu—2war—2) },
and

Enrom = Env—2 + Uni—2 (Bnr—1jn — Av—2@ar—2)

where Up;r_o = P]\/[_2AL 2P_ Therefore, by

) ) M—1|M—-2
induction, we have
~ ~ T -1 N N
Trivg = &x + PoAy Py, (Zpy1 v — Ardy)

which is the same as the Kalman smoother [12]. |

Proposition 4: For the nonlinear system (1), where Gy,
and Hj are full column rank matrices, given output mea-
surements (yk)];:v 1 < k < M, if Assumptions 1 to 3 hold,
then state estimation using the FIE (4) will have a smaller
estimation error ez compared to the EKF.

Proof: In [4], it was proven that the EFK is equivalent
to solving the FIE problem (4) by only one single Newton
step with a carefully chosen initial guess; hence, by opti-
mality, the state estimation using the FIE will have smaller
estimation error ez than the EKF. ]

Proposition 5: For the nonlinear system (1), given output
measurements (yy),_,, all estimated states (#j)r_, and
noise covariances, if Assumptions 1 to 3 hold, then the state
estimate using the FIE (4) will have smaller error ey =
lzx — &x)ar]| compared to the extended Kalman smoother
(EKS), such that

Friv = B+ PoAL Pty (B — f(@8))

where Ay := o7()

oxy :Ek:i[])‘.’ :
W=
Proof:  Similarly to Proposition 3, #);_yjas can be

estimated by

. 2 2 . 2
i losllg-r + llwar—1llg-+ + llzar—1 = Ear-allpor |

st. xy = flepy—1)+Gu-1wp—1,

ym = h(zn) + Hiopr.
(11)

By involving Lagrange multipliers «j; 1 and 3y, for equal-
ity constraints, (11) can be written as the following uncon-
strained optimization problem:

. 2
AVERRTE: = arg min ||zp—1 — Tyl p-1
Z\/f 1,M M-—1

+ loarl %o + Bag lyar — h(war) — Harvn]

+ ||wal||é71 + oy o — faa—1) — Guawar—1]

T T T T T 717
where Znar—1.m = [xM—l Wy_q Vpp Qg By xM]

. . N M . .
Since all estimated states (&) L—1 are given, vy is deter-
ministic and [3); becomes a free variable, hence we have

min Sy, 1M =
Zn—1\M
min

gl barallBon, + {5 a2
Zyv—1m 2 M1 M Pyt 2 WM-tlig-

+ay g [Bm — f@a—1) — Gru—1war—1] } (12)
Because (12) is an unconstrained nonlinear optimization
problem, in order to ensure the convergence of (12), one
could use a backtracking line search combined with New-
ton’s method. Moreover, for a non-convex optimization prob-
lem like (12), a pure Newton method is not guaranteed to
produce a descent direction when the current iterate is not
close to the solution [8, p. 31]. One has to keep monitoring
the positive definiteness of the Hessian % Lt and modify
the Hessian when necessary [8, pp. 49 56] Finally, the
optimum* of (12) can be found by recursively calculating

(i+1)  _ (i) - 3
Zy—Aim = Zy- 1M a“%ﬂsM lleSJM—HZW’
given initial guess Z;}Ill‘ > until ZJ(&HI)‘ s has converged to

its optimal value ZX{A\ e Where the scalar a; is called step
length, which is determined using a backtracking line search
method, with initial value a; = 1 [8, p. 37]. The expressions
for 7 Sar_1a A0d Ay are given by

M—1|M

_ N T
Pyl (en—1 —En1) — geb—an
Q 'wy—1 — Gu—1am—1 )
v — flepr—1) — Gu—1wn—1

/SIM—IUM =

-1 _ofT
PM_l 01 591_1%171
SZM—IUM ~ %f Q _GMfl ’
Y —Gu-1 0

where all the second derivatives of f(-) are ignored.

Since the system dynamics are nonlinear, the global op-
timum Z7 is not guaranteed to be found and line search
method usually takes several iterations to find a local opti-
mum. Let us pick an initial guess of the optimum, such that

ZV o T

T (D) .
M-1m = Tym 0 0] , where Ty—1m = TM-1

4In order to prevent converging to a stationary point rather than a

minimizer, negative curvature information from the Hessian JY’SM ey

may be required [8, p. 40].



Hence,
(2)
ZMA\M
R _ -1
xL—l PJV[£1 0 _A;[—l 0
= 0 — 0 Q! —G];Fl 0|,
0 _AM—l —GM_1 0 QA?;V[

where &, := Zar — f(Za—1). Hence we have

:i‘g\i)fl\M = :i‘g\i[)fl\M + PM%ALAPA}TMAQTW
It is clear to see that for the smoothed estimate 1|57, the
EKS is equivalent to solving (11) by only one line search
step with a carefully chosen initial guess Z](Vl[),u > hence, by
optimality, the optimum Z,;_15; obtained by solving (11)
will have a smaller ep;_1)5s than the EKS.
Therefore, by induction, the EKS is solving

M M—1
. 2 2 2
win o130+ 3 foslZos + 3 sl

LM k=1 k=1

S.t. Tp41 :f(xk)+kak, k=1,--- M—-1
yr = h(xy) + Hyop, k=1,--- | M

by single backtracking step, given (Zy 1\4)2/[:]~C +1 (i"k),iu:l
and a carefully chosen initial guess ’
1 . . 71T
Zl(u)w =100 & 0 &3 - 0 @] .

Hence, by optimality, the state estimate using the FIE will
have a smaller error ey|s than the EKS. |

IV. CONCLUSIONS

In this paper, we used the definition of singular joint
probability density to prove that the joint probability density
function of a full column rank matrix G' multiplying with a
normal distributed random vector w is directly proportional
to the joint probability density function of that random vector
w; hence provided the derivation of the FIE for nonlinear
systems with additive noises, where G} and Hy are full
column rank matrices. We compared the FIE with Kalman
based algorithms for both linear and nonlinear systems. We
proved that, for a linear system, the FIE is a BLUE of
the unknown system states, if initial and noise statistics are
accurate. The FIE and Kalman filter/smoother are completely
equivalent for a linear system and FIE will provide better
estimates for nonlinear systems compared to both the EKF
and EKS. Future work could involve deriving the FIE for the
nonlinear system

Tpp1 = f(on, w),
Yk = h(ifk,’l}k).

Because noise terms w; and v are not additive to the
nonlinear dynamics, evaluating the state and output transition
probability density functions p(x1.ps) and p(y1.as|1.01), TE-
spectively, will become difficult, which requires the solution
of a functional difference equation, namely the discrete-time
analog of the Fokker-Planck equation [10]. Alternatively,

p(zxt1|xr) and p(yx|xk) can be approximated by first order
Taylor series:

f(xr,0) = f(2r,0) + Ag (v — Tx) + ey,
h(zk,0) = h(Zg,0) + Cr(xg — Z1) + en,

(13a)
(13b)

and
f($k, wk) = f(ik,()) + Ak(xk - ik) + Grwy, + er, (14a)
h(zg, ve) = h(Zk,0) + Cr (2 — T) + Hpvp + ep, (14b)

. 0n() _ 9f() —
where C} = Dor | ey ? Gy = B | ety and Hy :=
v =0 wi=0
6;1)(};) iy Substituting (13) to (14) gives
v =0

f(ap, wr) = fan, 0) + Grwr + e — ey,
h(:ck,vk) = h(l‘k,O) + Hpvg + ep — €ho-

By ignoring all error terms, if G and Hj are both full
column rank matrices, then

[z, we) =f (2, 0) + Grws,
h(zg, vx) ~h(zk,0) + Hyvg.

So that p(z1.ps) and p(y1.ar|21.0) can be approximated
using Proposition 1.
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