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Abstract

Accurately predicting the thermoacoustic modes of a combustor depends upon knowledge of the thermodynamic prop-
erties within the combustor; flame temperature, heat release rate, speed of sound and ratio of specific heats all have
a strong effect. Calculating the global equilibrium properties resulting from fuel combustion is not straightforward
due to the presence of complex multi-species and multi-step reaction mechanisms. A method which decouples the
calculations of species dissociations is proposed in this work: this improves the precision of calculation when using
few species and reduces the computational cost and complexity to a degree that embedding within low order ther-
moacoustic network codes is feasible. When used to calculate the combustion product mole fractions, temperature,
heat release rate, speed of sound and ratio of specific heats for hydrocarbon-air flames, the method is found to be
accurate and highly efficient across different operating conditions and fuel types. The method is then combined with
improved low-order wave-based network modelling, the latter employing wave-based acoustic models which account
for the variation of thermodynamic properties along the combustion chamber. For a laboratory-scale combustor with
a large downstream temperature variation, it is shown that accurate prediction of thermoacoustic modal frequencies
and growth rates does depend on accounting for the variation in thermodynamic properties.

Keywords: Combustion instabilities, Thermodynamic equilibrium properties, Thermoacoustic instability prediction,
Low-order wave-based network modelling, Temperature distribution

1. Introduction1

For both modern industrial gas turbines and aero-engines, lean premixed combustion offers the prospects of reduc-2

ing NOx emission while keeping other pollutants, e.g., CO, at low levels [1]. Unfortunately, lean premixed systems3

are highly susceptible to combustion instabilities, also known as thermoacoustic instabilities, which may lead to an4

early ageing of the combustion chamber or in extreme cases to severe structural damage [2, 3]. The thermoacoustic5

stability of a combustor is determined by the balance between the energy gain from the heat released from unsteady6

combustion and the dissipation due to the viscous thermal damping [3, 4], radiation from the boundaries [5] and7

various relaxation processes in flows with particles or droplets [2]. Flame perturbations arise in different ways and8

originate mainly from the convection of hydrodynamic perturbations [2] or disturbances in the fuel and air injection9

supplies [6, 7]. These are susceptible to acoustic disturbances, and may lead to flame wrinkles that are convected10

along the flame front, modifying the flame surface area due to spatially non-uniform hydrodynamic perturbations11

[8–11] and inhomogeneous reactant mixture compositions [3] .12
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Prediction and suppression of combustion instabilities at the early design stage of a gas turbine thus are a priorty,13

but this still constitutes a challenge due to the complex mechanisms and combustor geometries involved [2, 12]. Ap-14

proaches for analysing combustion instabilities generally fall within two categories. The first involves direct numerical15

calculation of the coupled acoustic oscillations and unsteady heat release from flames within the combustor, via com-16

plete 3D compressible Computational Fluid Dynamics (CFD) simulations [13]. Recent work investigated self-excited17

azimuthal modes using parallel LES in a full scale helicopter combustion chamber [14]. These simulations are highly18

costly and difficult to extend to industry analysis.19

An alternative approach is to decouple calculation of the acoustic waves and the unsteady flame response. The20

response of the unsteady heat release rate from the flame to acoustic disturbances can be characterised via a flame21

transfer function (FTF) for linear analysis [15], or a flame describing function (FDF) for (weakly) nonlinear analysis22

[16]. These can be obtained from experiments [17, 18], analytical models [15, 16, 19, 20] or numerical simulations23

[21, 22]. The generation, propagation and reflection/transmission of acoustic waves can be captured by either a low24

order acoustic network model or a Helmholtz solver, both of which exploit the fact that the acoustic wave behaviour25

is linear for lean premixed gas-turbine combustors [23]. The former simplifies the combustor geometry to series of26

simple modules, assumes that the acoustic wave behaviour is low-dimensional, typically just longitudinal and circum-27

ferential waves, and hence relates acoustic wave strength between modules using the flow conservation equations. The28

latter assumes zero time-averaged flow velocity and describes the acoustics using the Helmholtz equation [24, 25].29

The acoustics and flame models are then combined in order to predict the thermoacoustic modes of the combustor.30

It should also be noted that intrinsic flame instability owing to strong coupling mechanisms between combustion31

and flow perturbations occurs when the flame front propagates into premixed reactants confined by a duct [9, 26, 27].32

This type of instability differs from the system instability presented above and is out of scope of the present study.33

Accurately predicting these thermoacoustic modes requires the time-averaged thermodynamic properties within34

the combustor, such as flow temperature, speed of sound and ratio of specific heats, to be known. In practice, these35

will vary spatially, particularly across the flame due to the large temperature change, but also downstream of it if tem-36

perature gradients are present. Despite this, most low-order thermoacoustic analyses assume that these properties are37

uniform within the combustor. Many analytically implemented methods assume that some thermodynamic properties38

such as ratio of specific heats and heat capacities are constant over the whole combustor, including across the flame,39

despite the large temperature increase. Computationally-implemented methods tend to account for the difference40

across the flame only, predicting downstream properties using simple temperature dependent empirical formulae for41

air or a single species [28–30]. These approximations break down for richer flames and high temperature configura-42

tions due to dissociations of species. Furthermore, for long combustion chambers, smooth temperature changes along43

the combustor may lead to spatial variation in other thermodynamic properties, which should not be neglected [31].44

Although the thermodynamic properties can be calculated using separate chemical simulations, this greatly increases45

the computational time and complexity of low-order network modelling, requiring recourse to an external calculation46

tool for every change in flow or flame conditions.47

In this work, highly simplified and therefore computationally fast methods for calculating the global equilibrium48

properties of the combustion products are suggested. This provides a means of rapidly calculating the time-averaged49

thermodynamic properties either side of the flame; the methods are simple enough for embedding within low order50

thermoacoustic tools, allowing the effect of properties such as temperature, heat release rate, speed of sound and ratio51

of specific heats of combustion products to be efficiently accounted for.52

Calculating the global equilibrium properties of fuel combustion is not straightforward due to the complex multi-53

species and multi-step reaction mechanisms at play, especially when mixture compositions oscillate with time at54

considerable frequencies. Even in CFD simulations, reduced step schemes are widely used to model the complex55

combustion process [12, 13, 32, 33]. Calculations which account for relatively few species (e.g., 6 major species56

CO2, CO, H2O, H2, O2 and N2 for hydrocarbon-air combustion) are still not straightforward since multiple partial57

equilibrium equations with multiple unknowns need to be simultaneously determined, which becomes even more58

complicated when the flame temperature is also yet to be determined.59

This work proposes a simplified method which decouples the calculations of species dissociations, in order to re-60

duce the calculation cost and improve the calculation precision when using few species. This method is applied to the61

combustion products of hydrocarbon-air flames: the calculation of mole fractions (Section 2), flame temperature (Sec-62

tion 3) and speed of sound and ratio of specific heats (Section 4) is performed. Validation is carried out by changing63

the equivalence ratio, initial temperature, ambient pressure and fuel, and comparing results to those computed using64
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the CANTERA code [34] with the GRI-Mech 3.0 mechanism, comprising 325 elementary chemical reactions with65

associated rate coefficient expressions and thermochemical parameters for the 53 species. In Section 5, these methods66

are successfully applied to a well-documented laboratory-scale combustor comprising a long combustion chamber.67

The time-averaged temperature changes from 1591 K at the flame position to 1193 K at the downstream end, and68

so the effect of spatial changes in thermodynamic properties on the thermoacoustic modes cannot be neglected. An69

improved low order wave-based network modelling is proposed, which accounts for these changes. It is shown that70

by accounting for the spatial profiles in the thermodynamic properties, prediction of the thermoacoustic modes is71

improved. Conclusions are drawn in the final section.72

2. Calculation of the global equilibrium combustion product composition73

Fuel combustion is a complex process, comprising multiple species undergoing multiple chemical reactions. The74

reaction time for each chemical reaction differs, and the species and corresponding mole fractions in the combustion75

products change with time. Assuming that the reaction time for each elementary reaction is sufficiently small, a76

global chemical equilibrium may be attained rapidly [35]. The combustion products can then be considered “frozen”77

since the global reaction time is sufficiently small compared to the convection time of the flow disturbances, e.g.,78

perturbations in the fresh reactant mixture composition. The composition of the global equilibrium at a required79

instant can thus be resolved using the corresponding fresh mixture properties at that instant. For each elementary80

reaction, partial chemical equilibrium is attained when the chemical potential, e.g. Gibbs free energy, is minimised,81

and can be mathematically described using an equilibrium constant [36, 37]. For example, for the elementary reaction82

CO2 
 CO + 0.5O2, the equilibrium constant can be expressed as:83

Kp,1 =

(
pCO/p0

)nCO
(
pO2

/p0

)nO2(
pCO2

/p0

)nCO2
= exp

(
− ∆G0

T,1/RT
)

(1)

where, ∆G0
T,1 is the standard-state Gibbs free energy change of this elementary reaction, R = 8.3145 J mol−1 K−1 is the84

gas constant, p
Mk

denotes the partial pressure of speciesMk and p0 = 101325 Pa is the standard-state pressure. nCO2 =85

1, nCO = 1 and nO2 = 0.5 are mole numbers of corresponding species in the elementary reaction. The equilibrium86

constant Kp changes with temperature, e.g., the evolution of Kp,1 with temperature T is shown in Fig. 1. With87

increasing temperature, the equilibrium shifts to products, changing the mixture composition in the final products. To88

determine the equilibrium composition of the combustion products, a large number of partial equilibrium equations,89

e.g. CO2 
 CO + 0.5O2, are needed to close the system. It was suggested in [35, 38] that the minimum number of90

elementary reactions ne satisfies ne = ns − nk, where ns is the number of chemical species present in the final products91

and nk is the number of indivisible elements or atoms within the reactive mixture. Calculation of the equilibrium92

composition is thus not straightforward and solution of such multi-species and multi-step reaction mechanisms are still93

relatively costly, especially when disturbances in mixture composition oscillate with time at considerable frequencies.94

Even in CFD simulations, reduced step schemes are still widely used to model the combustion process [32, 33].95

A reduced order scheme is proposed in this work to simplify the calculation of mixture composition for thermoa-96

coustic stability analysis. As presented above, the calculation cost increases with the number of species accounted97

for in the products. To simplify the calculation, we only account for the major species, with the combustion prod-98

ucts assumed to be CO2, CO, H2O, H2, O2 and N2 for hydrocarbon-air combustion, although minor species are also99

present due to dissociations of major species at high temperature (T > 1200 K), even for lean premixed flames [36].100

Nevertheless, the combustion reaction for an arbitrary hydrocarbon-air flame can be simplified as:101

CxHy + a(O2 + 3.76N2)→ ν1CO2 + ν2CO + ν3H2O + ν4H2 + ν5O2 + 3.76aN2 (2)

where a = (x + y/4)
/
φ denotes the ratio of the mole number of O2 in the fresh reactants to that of fuel, and can be102

considered as a known constant, once the fuel type and mixing equivalence ratio φ are given. Air is assumed to consist103

of only O2 and N2 [37], as represented in the second component on the left side of Eq. (2). νk, 1 ≤ k ≤ 5 are the104

coefficients of the five major species in the combustion products. One now has four indivisible elements, C-, H-, O-105

and N-atoms. The minimum required elementary equilibrium reaction depends on the number of species present in106

the combustion products, which changes with equivalence ratio φ, initial ambient pressure p0, initial temperature T0107

[37], combustion efficiency [39], dilution rate [33], etc.108
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Figure 1: Evolution of equilibrium constants Kp with temperature T . Markers � and 5 represent the equilibrium constants Kp,1 and Kp,2 of partial
equilibrium equations CO2 
 CO + 0.5O2 and H2O 
 H2 + 0.5O2, respectively. These data are obtained using the seventh degree NASA
polynomial, which are available on the NASA Glenn Research Center website (http://www.grc.nasa.gov/WWW/CEAWeb/ceaHome.htm). The
two continuous lines represent their low degree fittings: Ǩp,1 = exp

((
84T − 2.79 × 105)/RT

)
and Ǩp,2 = exp

((
57.8T − 2.51 × 105)/RT

)
, which

are used in later calculations.

2.1. Non-dissociation approach (NDA)109

For the sake of simplicity, one first assumes that there is no species dissociation. Methods employing this assump-
tion are included in textbooks [36–38]; they are briefly outlined here as they are necessary for the presentation of later
work. For lean and stoichiometric conditions (φ ≤ 1), a common approach is to assume that all the fuel C and H react
to forms of CO2 and H2O, respectively. CO and H2 are thus not present in the combustion products and ν2 = ν4 = 0.
ns = 0 and it is not necessary to introduce any elementary reaction. The C-, H- and O-atom balance equations can be
used to resolve the coefficients νk, as:

ν1 = x ν3 =
y
2

ν5 = (1 − φ)a νt = x +
y
2

+ (4.76 − φ)a (3)

where νt denotes the total mole number of products per mole of fuel. Mole fractions can be calculated as Xk = νk/νt.110

For rich mixing conditions φ > 1, it is assumed that all the oxygen is consumed and none appears in the final products,111

so that ν5 = 0. One now has three equations but four unknowns. To close the system, the water-gas shift equilibrium112

equation is used, written as, CO + H2O 
 CO2 + H2. The coefficients for rich flames are calculated as [37]:113

ν1 = b =
2a(Kp,3 − 1) + x + y/2

2(Kp,3 − 1)
−

1
2
(
Kp,3 − 1

) [(2a
(
Kp,3 − 1

)
+ x + y/2

)2
− 4Kp,3

(
Kp,3 − 1

)(
2ax − x2)]1/2

(4)

ν2 = x − b ν3 = 2a − b − x

ν4 = −2a + b + x +
y
2

νt = x +
y
2

+ 3.76a (5)

where Kp,3 = (ν1ν4)
/
(ν2ν3) is the equilibrium constant of the water-gas shift reaction. Note here that Kp,3 = Kp,2/Kp,1.114

This method provides good estimates of the mole fractions of the combustion products when the flame temperature is115

not high, e.g., the fresh mixture is far from stoichiometric conditions. It can therefore be used to estimate the com-116

position of lean mixtures; most combustion instabilities occur for lean flames [2]. It has been widely used to quickly117

estimate the mole fractions of combustion products and, when combined with the conservation of the standardised118

enthalpy, to estimate the adiabatic flame temperature (as in Section 3 of this work). However, when the flame tem-119

perature is high or the fresh mixture approaches stoichiometric conditions, dissociations cannot be neglected: CO and120

H2 are present even in lean premixed flames and O2 is present in rich flames.121
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2.2. Two dissociated species approach (TDSA)122

We now consider that these six major species are always present in the final combustion products. The minimum
number of elementary reactions is thus ne = 2. To close the system, a commonly used approach is to assume an ε1
amount of CO2 and an ε2 amount of H2O dissociations, with their partial equilibrium equations CO2 
 CO + 0.5O2
and H2O 
 H2 + 0.5O2, respectively. The species coefficients are changed to [40]:

ν1 = (1 − ε1)x ν2 = ε1x

ν3 =
(1 − ε2)y

2
ν4 =

ε2y
2

ν5 = (1 − φ)a +
ε1x
2

+
ε2y
4

νt = (1 +
ε1

2
)x + (

1
2

+
ε2

4
)y + (4.76 − φ)a (6)

The values of ε1 and ε2 need to be simultaneously determined by the two partial equilibrium dissociation reactions123

with their equilibrium constants expressed as:124

Kp,1 =
ν2

ν1

(
p
p0

)1/2 (
ν5

νt

)1/2

=
ε1

1 − ε1

(
p
p0

)1/2 (
ν5

νt

)1/2

(7)

125

Kp,2 =
ν4

ν2

(
p
p0

)1/2 (
ν5

νt

)1/2

=
ε2

1 − ε2

(
p
p0

)1/2 (
ν5

νt

)1/2

(8)

where p indicates local ambient pressure. Kp,1 and Kp,2 are the equilibrium constants of these two partial dissociation126

reactions, respectively. Species dissociations depend on the flow pressure and temperature. As ambient pressure127

increases, ε1 and ε2 decrease and less dissociations occur. By solving these two equations, the two variables, ε1 and128

ε2 can be found, giving the mixture composition of the products.129

2.3. Simplified two dissociated species approach (STDSA)130

The above method provides a good estimate of the mole fractions of hydrocarbon-air combustion products. How-131

ever, these equations are complicated and solving these nonlinear algebraic equations is relatively costly for low order132

predictions of combustion instabilities or CFD simulations, especially when they are utilised in the calculation of133

flame temperature. A simplified approach, denoted STDSA, is proposed by combining the above two methods. Cor-134

rections deduced from the two dissociation equilibrium equations are added to the mixture composition obtained from135

the NDA method.136

We now assume that amount ζ1 of CO2 dissociates to CO and O2, and amount ζ2 of H2O dissociates to H2 and O2,137

based on the mixture composition from the NDA method. Denoting the mixture coefficients of these six major species138

from the NDA method by ν∗k, the final corrected coefficients can thus be expressed as the superposition of basic values139

ν∗k and corrections ∆νk, written as νk = ν∗k + ∆νk. The corrections can be calculated as ∆ν = [−ζ1, ζ1,−ζ2, ζ2, (ζ1 +140

ζ2)/2, 0]. For lean and stoichiometric conditions, the basic values ν∗k can be obtained from Eq. (3). Substitution of141

the final corrected coefficients νk into the expression of equilibrium constant Kp,1 (Eq. (7)) of the partial equilibrium142

equation of CO2 dissociation, followed by linearisation about ν∗k, leads to a simplified cubic function which contains143

only one unknown, ζ1. The equation can be expressed as:144

ζ3
1 + 2ν∗5ζ

2
1 − 2κ = 0 (9)

where the coefficient κ is related to the equilibrium coefficient, and is written as:145

κ = (Kp,1ν
∗
1)2ν∗t

p0

p
(10)

The solution can be expressed as:146

ζ1 =


− 2

3ν
∗
5 +

(
κ − 8

27ν
∗
5

3 +
(
κ2 − 16

27κν
∗
5

3
)1/2

)1/3
+

(
κ − 8

27ν
∗
5

3 −
(
κ2 − 16

27κν
∗
5

3
)1/2

)1/3
if κ ≥ 16

27ν
∗
5

3

2
3ν
∗
5

(
2 cos

(
arccos

(
27κ
8ν∗5

3 − 1
)
/3

)
− 1

)
if κ < 16

27ν
∗
5

3
(11)
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Figure 2: The mole fractions of the 6 major species in the combustion products of two hydrocarbon-air flames. Continuous lines: results calculated
using the CANTERA code. Crosses ×: results calculated using NDA. Circles ◦: results calculated using TDSA. Pluses +: results calculated using
STDSA. The first 5 species correspond to the left axis and the species N2 corresponds to the right axis.

Kp,1 increases with temperature, thus the corrections increase with temperature and decrease with ambient pressure.147

The coefficients ζ1 and ζ2 are connected by the water-gas shift equilibrium equation, which in simplified form can be148

written as:149

ζ2 =
Kp,3ν

∗
3

ν∗1
ζ1 (12)

These corrections change for rich flames, with the derivation method similar to that used for lean and stoichiometric150

flames. The basic values ν∗k are calculated using Eq. (5). The coefficient ζ1 can again be solved from a simplified cubic151

function, mathematically expressed as:152

ζ1(ζ1 + ν∗2)2 − 2κ = 0 (13)

with the solution:153

ζ1 = −
2
3
ν∗2 +

(
κ +

1
27
ν∗2

3
+

(
κ2 +

2
27
κν∗2

3
)1/2

)1/3

+

(
κ +

1
27
ν∗2

3
−

(
κ2 +

2
27
κν∗2

3
)1/2

)1/3

(14)

The correction coefficient ζ2 is again considered to be proportional to ζ1 with the same relation as Eq. (12). As154

presented above, the two dissociation amounts are decoupled and calculated separately. This method provides the155

explicit solution of the mixture composition of hydrocarbon-air combustion products and reduces the calculation cost156

compared to using coupled equations, as in the TDSA method.157

Validation was carried out using two laminar premixed flames. The first uses methane CH4 as a fuel, for which158

the ratio of mole number of H-atom to that of C-atom is large (y/x = 4 in the chemical formula). The second uses159

kerosene Jet-A (gas state) as a fuel, which has an equivalent chemical formula of C12H23. Tests were carried out160

with the fresh mixture at the state: Ti = 300 K and pi = 101325 Pa, where Ti is the temperature of fresh mixture161

and pi is the ambient pressure and is considered constant throughout the combustion. The results are compared with162

those computed using the CANTERA code [34] with the GRI-Mech 3.0 mechanism, comprising 325 elementary163

chemical reactions with associated rate coefficient expressions and thermochemical parameters for the 53 species.164

The adiabatic flame temperatures are also calculated using CANTERA and are then used to predict the mole fractions165

for each method. Figure 2 shows profiles of the mole fractions of 6 species with equivalence ratio φ calculated using166

the different methods. Results from all three methods, NDA, TDSA and STDSA, match the reference CANTERA167

results for very lean and very rich flames. When the mixture equivalence ratio φ approaches unity, the adiabatic flame168

temperature increases and dissociations cannot be neglected. The NDA predictions no longer match the reference169

results well: this difference increases with flame temperature. Both of the two dissociated species methods, TDSA and170

STDSA match the reference results, even for very high flame temperature. The simplification in STDSA does not result171

6



1 1.2 1.4 1.6
0

0.05

0.1

0.15

0.2

φ [-]

X
[-
]

CO2

CO

H2O

H2
O2

(a)

CH4 - air flame

+ : Ti = 300 K

× : Ti = 600 K

◦ : Ti = 900 K

1 1.2 1.4 1.6
0.6

0.63

0.66

0.69

0.72

X
[-
]

N2

0.1 0.2 0.3 0.4
0

0.2

0.4

0.6

0.8

1

1.2

1.4

(b)

Kp,3 [-]

∆
X

×
1
0
−
2
[-
]

 

 

CH4-air flame, Ti = 300 K

CH4-air flame, Ti = 600 K

CH4-air flame, Ti = 900 K

C12H23-air flame, Ti = 300 K

C12H23-air flame, Ti = 600 K

C12H23-air flame, Ti = 900 K

Figure 3: Left figure: calculation of the mole fractions X of six species for different fresh mixture temperatures Ti. Solid lines denote Kp,3 changing
with temperature, and symbols denote constant Kp,3 = 0.2. Right figure: calculation error ∆X with Kp,3 for two flames at different fresh mixture
temperatures, when Kp,3 is considered constant. φ ranges from 1.0 to 1.6 with step of 0.033.

in a loss of precision compared to TDSA. One can thus safely use the simplified method, STDSA, to quickly estimate172

the mole fractions of hydrocarbon-air combustion products. The STDSA method is also used in the following section173

to predict flame temperature.174

3. Simplified flame temperature calculations175

Prediction of thermoacoustic stability using low order modelling methods requires accurate knowledge of the176

temperature downstream of combustion – the “flame temperature”. A simplified and efficient method for predicting177

this is now presented. The flame front can be treated as an interface separating the fresh unburned mixture and burned178

gases, which is extremely thin compared to the dominant acoustic wavelengths due to large activation energy [41–179

43]. Only the average flame temperature then needs to be known – there is no need to calculate the temperature180

profile around the flame front [44]. The flame temperature of the global reaction can be calculated using the following181

enthalpy balance equation for either “frozen” or equilibrium processes [36, 37]:182

η

∆h0
f ,CxHy

−
∑

k

νk∆h0
f ,k

 =

combustion products︷             ︸︸             ︷∑
k

νk∆hs,k(T f )−

fresh mixture︷                                                        ︸︸                                                        ︷(
∆hs,CxHy

(Ti) + a
(
∆hs,O2

(Ti) + 3.76∆hs,N2
(Ti)

))
(15)

where Ti represents the temperature of fresh mixture and T f stands for the flame temperature, which is to be de-183

termined. ∆h0
f ,k represents the standard enthalpy of formation per mole of species Mk at standard-state tempera-184

ture T0 = 298.15 K (e.g. Table 1 shows ∆h0
f for the 6 major species in burned gases and three often used fuels),185

∆hs,k(T ) =
∫ T

T0
Cm

p,kdT stands for the difference of sensible enthalpy at temperature T compared to that at temperature186

T0. Cm
p,k represents the heat capacity at constant pressure per mole of speciesMk and also depends on temperature.187

The components on the left side of Eq. (15) denote the enthalpy of formation at standard reference state and can be188

used as the heat release rate, which is not straightforward to measure [45–47], and is important for thermoacoustic189

analysis. Once the flame temperature is determined, the value of time-averaged heat release rate can thus also be190

obtained. The components on the right side of Eq. (15) represent the sensible enthalpy change of the reaction. η is191

the combustion efficiency empirically accounting for heat losses and imperfect combustion [39, 48]. The final tem-192

perature of the burned gases drops as combustion efficiency decreases. As presented in the previous section, the mole193

fractions of the mixture also change with temperature. When the temperature of the burned gases is low or mixture194

compositions are far from stoichiometric conditions, dissociations of species are weak and the temperature of burned195
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gases can be calculated in a straightforward manner by substituting mole fractions ν∗k from the NDA method into196

Eq. (15).197

The mole fractions of the 6 product species do not depend on temperature for lean and stoichiometric conditions.198

For rich flames they depend slightly on flame temperature, as the equilibrium coefficient Kp,3 of the water-gas shift199

equilibrium reaction changes with temperature, and iterations are necessary even for approximate prediction of the200

flame temperature. It is interesting to note that the mole fractions of burned gases calculated from Eqs. (4) and (5) are201

very similar to those obtained when Kp,3 ≈ 0.2 is assumed, for rich flames. Figure 3(a) compares the mole fractions202

Xk of six species for different fresh mixture temperatures (Ti = 300, 600 and 900 K) with those calculated assuming203

Kp,3 = 0.2 for the CH4-air flame. The difference can be evaluated by:204

∆X =
1
6

6∑
k=1

∫ φ2

φ1

∣∣∣Xk − X̌k

∣∣∣ dφ/ ∫ φ2

φ1

dφ (16)

which is shown in Fig. 3(b) for CH4-air and C12H23-air flames, at different fresh mixture temperatures Ti = 300, 600205

and 900 K. X̌k denotes the mole fraction of speciesMk when Kp,3 is chosen as a constant. The difference changes with206

Kp,3 and is weak when the equilibrium coefficient approaches 0.2. For the sake of simplicity, Kp,3 = 0.2 is assumed in207

the prediction of flame temperature of rich hydrocarbon-air flames.208

Table 1: Standard enthalpy of formation per mole of the major species in burned gases and three often used fuels ∆h0
f (kJ mol−1).

CO2 CO H2O H2 O2 N2 CH4 C3H8 C12H23

-393.510 -110.540 -241.826 0 0 0 -74.800 -104.680 -249.657

Table 2: Polynomial coefficients of degree 2 for 6 major species in burned gases and three fuels for two ranges of temperature: [300, 1000] K and
[1000, 3000] K.

T ∈ [300, 1000] K T ∈ [1000, 3000] K
ǎ2 × 10−3 ǎ1 ǎ0 × 103 Λ (%) ǎ2 × 10−3 ǎ1 ǎ0 × 103 Λ (%)

CO2 11.6 32.9 -11.0 2.30 1.63 53.5 -22.0 0.12
CO 3.30 26.7 -8.19 0.55 0.85 32.6 -12.0 0.10
H2O 5.75 29.5 -9.28 0.52 3.77 36.1 -14.3 0.21
H2 0.69 28.5 -8.57 0.16 1.76 27.1 -8.25 0.07
O2 4.28 26.9 -8.40 0.38 1.20 32.9 -11.5 0.02
N2 2.91 26.7 -8.20 0.67 0.93 32.0 -11.7 0.10

CH4 28.6 18.2 -8.0 0.51 9.27 63.0 -34.8 0.33
C3H8 71.0 41.1 -19.2 3.78 13.1 166.4 -89.7 0.32

C12H23 242.9 185.3 -78.9 3.28 44.2 609.4 -314.7 0.30

We now proceed to approximate prediction of flame temperature using mole fractions when species dissociations209

are neglected. Mole fractions are now constant for constant equivalence ratio of the fresh mixture φ. However,210

the difference of sensible enthalpy ∆hs(T ) varies with temperature and empirical fitted polynomials, such as NASA211

polynomial coefficients, are generally employed. For the speciesMk, ∆hs,k(T ) can be computed by:212

∆hs,k

R
≈

∆̌hs,k

R
= −

ak,1

T
+ ak,2 ln T + ak,3T +

ak,4

2
T 2 +

ak,5

3
T 3 +

ak,6

4
T 4 +

ak,7

5
T 5 + bk,1 (17)

The symbol ( ˇ ) represents the empirical fitted polynomial. ak,n, n = 1, · · · 7 and bk,1 are polynomial coefficients of213

the species Mk and are available in the GRI-MECH 3.0 database (see the NASA Glenn Research Center website214
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Figure 4: Adiabatic flame temperature distribution with equivalence ratio of the fresh mixture calculated using different methods. η = 1. The
temperature of the fresh mixture equals Ti = 300 K. The ambient pressure pi = 1 Bar. Gray thick continuous lines: results calculated using NDA
using NASA polynomial coefficients and Kp,3 changing with temperature. Black thin continuous lines: results calculated using the Cantera code.
Boxes �: results calculated using NDA using proposed 2 degree polynomial coefficients with Kp,3 = 0.2 for rich flames. Stars ?: results calculated
using TDSA. Pluses +: results calculated using STDSA.

http://www.grc.nasa.gov/WWW/CEAWeb/ceaHome.htm). It is also possible to compute the heat capacity per215

mole at constant pressure Cm
p,k, written as:216

Cm
p,k

R
=

1
R

(∂hs,k

∂T

)
p
≈

ak,1

T 2 +
ak,2

T
+ ak,3 + ak,4T + ak,5T 2 + ak,6T 3 + ak,7T 4 (18)

These polynomials provide good estimation of ∆hs(T ). The flame temperature can then be calculated by combining217

them with mole fractions from the NDA method. The calculation can be further simplified using lower degree polyno-218

mials. Table 2 shows the polynomials of degree 2 for the 6 major species in the burned gases and three fuels for two219

temperature ranges, [300,1000] K and [1000, 3000] K. ∆hs(T ) now can be computed as:220

∆hs(T ) ≈ ˇ∆hs(T ) = ǎ2T 2 + ǎ1T + ǎ0 (19)

The fitting error can be evaluated using:221

Λ =

∫ T2

T1

∣∣∣∆hs(T ) − ˇ∆hs(T )
∣∣∣ dT

/ ∫ T2

T1

∆hs(T )dT (20)

where T1 and T2 are the lower and upper limits of the fitting temperature range, respectively. It should be highlighted222

that unlike for the high degree polynomials used in the NASA database, the heat capacity per mole at constant pressure223

Cm
p (T ) = ∂∆s(T )/∂T cannot be calculated precisely from these polynomial coefficients – they are only used to predict224

the flame temperature. The fitting errors are generally very small, except for those of CO2, C3H8 and C12H23 at lower225

temperatures, although calculations show that these errors have little effect on the final predicted flame temperature.226

Figures 4, 5 and 6 show the adiabatic flame temperature calculated using (1) the NDA method with NASA polynomial227

coefficients and Kp,3 varying with temperature, and (2) the NDA method using the 2 degree polynomial coefficients228

and Kp,3 = 0.2. Different flames, fresh mixture temperatures Ti and ambient pressures pi are considered. The229

differences are very small. It is thus possible to use the simplified method to predict the flame temperature when230

species dissociations are weak.231

One now progresses to precise prediction of the flame temperature. When accounting for 6 species, flame temper-232

atures are often calculated by combining mole fractions deduced from Eqs (6), (7) and (8) and the enthalpy balance233

equation Eq. (15). For consistent notation, this flame temperature calculation method is therefore named TDSA as234

well.235

The dissociation amounts of CO2 and H2O are coupled and also depend on the flame temperature – the calculation236

is complicated. The STDSA method shown in Section 2.3 can be used to simplify the calculation. Corrections are237
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Figure 5: Adiabatic flame temperature distribution with equivalence ratio of the fresh mixture calculated using different methods. η = 1. The
temperature of the fresh mixture equals Ti = 600 K. The ambient pressure pi = 1 Bar. See the caption of Fig. 4 for the representation of the
markers.
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Figure 6: Adiabatic flame temperature distribution with equivalence ratio of the fresh mixture calculated using different methods. η = 1. The
temperature of the fresh mixture equals Ti = 300 K. The ambient pressure pi = 100 Bar. See the caption of Fig. 4 for the representation of the
markers.

based on the NDA results. Denoting mixture coefficients from the NDA method by ν∗k, the final corrected coefficients238

can thus be expressed as the superposition of basic values ν∗k and corrections ∆νk, written as νk = ν∗k + ∆νk. We can239

also represent the flame temperature from the NDA method as T ∗f and the correction as ∆T f . Since ∆νk � ν∗k and240

∆T f � T ∗f , Eq. (15) can be linearised as:241 ∑
k

(
∆νk

(
∆hs,k(T ∗f ) + η∆h0

f ,k

)
+ ν∗kCm

p,k(T ∗f )∆T f

)
= 0 (21)

Corrections in coefficients of species can be expressed as ∆ν = [−ζ1, ζ1,−ζ2, ζ2, (ζ1 + ζ2)/2, 0], where the coefficients242

ζ1 and ζ2 can be calculated using Eqs. (11) and (12) for lean and stoichiometric flames and using Eqs. (14) and (12)243

for rich flames. Substituting ∆ν into Eq. (21) and making further simplification and approximation, one obtains the244

expression for lean and stoichiometric flames:245

η
(
α1 + α2

y
2x

) 3β + 2ν∗5
3β + 4ν∗5

β +

6∑
k=1

ν∗k
(
2ǎk,2T ∗f + ǎk,1

)
∆T f = 0 (22)
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Figure 7: Ratio of specific heats of combustion products, γ, against mixture equivalence ratio, φ, for different fresh mixture temperatures Ti of
300 K (black), 600 K (red) and 900 K (blue). Flames are adiabatic and isobaric. Continuous lines: results calculated using the CANTERA code.
Crosses ×: results using NDA. Circles ◦: results using STDSA. Dashed lines: γ of air at corresponding temperature.

where α1 = 2.78 × 105, α2 = 5.02 × 104. β is the function of ∆T f and can be expressed as:246

β =

(
2ν∗t (ν∗1)2 p0

p

)1/3

exp

56
R
−

1.86 × 105

RT ∗f

 exp

1.86 × 105

RT ∗f
2 ∆T f

 (23)

The values of ǎk,n are shown in Table 2. Eq. (22) only has one unknown ∆T f and is straightforward to solve. For rich247

flames, Eq. (22) becomes:248

η
(
α1 + α2

y
2x

) 2β2

2β + ν∗2
+

6∑
k=1

ν∗k
(
2ǎk,2T ∗f + ǎk,1

)
∆T f = 0 (24)

To validate the method, CH4-air and C12H24-air flames are considered. Figures 4, 5 and 6 show the comparisons249

between results from the proposed method (STDSA), reference results from the CANTERA code and results from250

the TDSA method. Compared to the TDSA method, results from the proposed STDSA method match the reference251

results better. At high temperature, more species dissociate and the real flame temperature is generally lower than that252

predicted by the two dissociated species methods [36]. The reason for the better prediction by the proposed method253

is the neglected high order terms in Eq. (21). Validation using other fuels and operating conditions confirmed that the254

proposed STDSA method always predicts the flame temperature accurately and is a reliable and efficient method of255

computing the flame temperature.256

4. Simplified calculation of the ratio of specific heats and speed of sound in the combustion products257

For prediction of thermoacoustic stability using low order methods, both the time-averaged ratio of specific heats258

and speed of sound in hydrocarbon-air combustion products must be known accurately. One now progresses to259

calculation of these. The heat capacity per mole at constant pressure for a “frozen” or equilibrium mixture can be260

expressed as:261

Cm
p (T ) =

∑
k

Xk(p,T, φ)Cm
p,k(T ) (25)

where Xk denotes the mole fraction of the species Mk and changes with temperature and pressure, as presented in262

Section 2. Cm
p,k(T ) represents the heat capacity at constant pressure for the speciesMk. It changes with temperature263

and cannot be considered constant for large changes in combustion chamber temperature. In most hydrocarbon-air264

flames, the nitrogen species dominates and the heat capacity of the mixture is close to that of nitrogen and air. The265

heat capacity of the mixture has always previously been treated as that of air, or considered a constant [29, 43]. A266
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Figure 8: Speed of sound, c, in the combustion products against mixture equivalence ratio, φ, for different fresh mixture temperatures Ti of 300 K
(black), 600 K (red) and 900 K (blue). Flames are adiabatic and isobaric. See the caption of Fig. 7 for the representation of the markers.

temperature change from 300 K to 3000 K results in air heat capacity changes of around 30% [24]. It therefore follows267

that these simplifications may introduce errors to the prediction of thermoacoustic modes. In this work, the effect of268

neglecting detailed changes in the heat capacity of the mixture is investigated, by taking advantage of the simplified269

method of calculating mole fractions presented in Section 2. The ratio of specific heats of the mixture can be written270

as:271

γ =
Cm

p

Cm
p − R

(26)

which also varies with temperature and mixture composition.272

Assuming that the reaction time or mixing time of combustion products with diluted gases (such as air) is suf-273

ficiently small, the flow can be considered “frozen” or in equilibrium. The speed of sound of the mixture can be274

calculated using [38, 49]:275

c =
(∂p
∂ρ

)
s,Xk

=

(
γ

R
W

T
)1/2

=

( Cm
p

Cm
p − R

R
W

T
)1/2

(27)

with the mixture molecular weight W :276

W =
∑

k

XkWk (28)

It is now interesting to examine the ratio of specific heats γ and speed of sound c in the combustion products as277

computed using the TDSA and STDSA methods. Validation is again carried out using methane CH4 and kerosene Jet-A278

C12H23 flames. The flame temperature for the STDSA method is computed using the method proposed in Section 3.279

All other flame temperatures are calculated using the CANTERA code.280

Figure 7 shows how the ratio of specific heats, γ, varies with the equivalence ratio of the fresh mixture for the281

different calculation methods. The variations of γair with equivalence ratio at the different temperatures are also282

shown for comparison. The ratios clearly vary with temperature and cannot be considered to be a constant 1.4.283

Furthermore, the difference between the ratio for air and for the combustion products cannot be neglected, especially284

for stoichiometric flames. The STDSA method predicts the variation well, particularly for high temperature conditions.285

Comparisons of the speed of sound c with equivalence ratio according to the different methods are shown in Fig. 8286

along with the speed of sound for air. The proposed STDSA method provides a very good estimation of the speed287

of sound in the combustion products across different mixtures and operating conditions. Furthermore, the speed of288

sound for lean and stoichiometric combustion products is close to that for air at the corresponding temperature. This289

can be explained as follows.290

As the heat capacities per mole at constant pressure Cm
p of the species CO, H2, O2 and N2 are close to those of air,
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Figure 9: Ratio (c − cair)/cair against flame temperature T f for different equivalence ratios φ. Continuous lines: results calculated using the
CANTERA code. Crosses ×: results calculated using Eqs. (29) and (30). Circles ◦: results calculated using the STDSA method. Pluses +: results
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Cm
p of the hydrocarbon-air combustion products can be simplified to:

Cm
p = Cm

p,air + ∆Cm
p ≈

(
1 + 0.655

ν1

νt
+ (0.1 + 1.6 × 10−4T f )

ν3

νt

)
Cm

p,air for T f ∈ [1000, 2000]K (29)

where the coefficient νk of speciesMk can be obtained using Eqs. (3), (4) and (5) or the STDSA method. It has been291

found that this approximation provides very good predictions for the flame temperature in the temperature range 1000292

K to 2000 K for different operating and mixture conditions. This expression also provides a fast method of evaluating293

both Cm
p and γ for hydrocarbon-air combustion products for a given mixture equivalence ratio φ.294

The speed of sound of the combustion products is related to that of air by:295

c ≈

1 − γair − 1
2

∆Cm
p

Cm
p,air
−

∆W
2Wair

 cair (30)

where, the molecular weight W of the mixture is linked to that of air by, W = Wair + ∆W, with the ratio ∆W/Wair

calculated using:

∆W
Wair

=
0.416x − 0.2155y

x + y/2 + (4.76 − φ)a
for φ ≤ 1 (31)

It is now straightforward to evaluate the difference between the speed of sound in the combustion products to that296

in air for lean and stoichiometric conditions. For lean and stoichiometric methane-air flames, the ratio of the mole297

number of H-atoms to that of C-atoms in the chemical formula has a large number, y/x = 4. The difference between298

the speed of sound in the combustion products and air ∆c/cair equals to 2.45 × 10−4φ/(9.52 + φ) when T f = 2000299

K, and −2.55 × 10−2φ/(9.52 + φ) when T f = 1000 K. These values are very small compared to unity, hence the300

difference between the speed of sound in lean and stoichiometric methane-air flames and that in air can be neglected.301

When the ratio of y/x is reduced, e.g., C12H23, for kerosene-air flames, ∆c/cair equals to −0.335φ/ (14.86 + φ) when302

T f = 2000 K, and −0.323φ/ (14.86 + φ) when T f = 1000 K. Again the difference between the speed of sound in lean303

and stoichiometric kerosene-air combustion products and air is small and can be neglected. The same results can be304

obtained by analysing equation (30). Compared to air, the combustion products have a larger heat capacity and smaller305

molecular weight [24], which in turn makes the speed of sound close to that in air. For rich flames, more species are306

present in the mixture and the effect of the molecular weight decrease is larger. The speed of sound in the combustion307

products thus cannot be evaluated by approximating to that of air at the corresponding temperature. This break down308

in the air-combustion product simplification is also validated by the results shown in Fig. 9. The simplified STDSA309

calculation models for calculating mole fractions, flame temperature, ratio of specific heats and speed of sound are310

now applied to thermoacoustic analysis of simple combustors in the following sections.311
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rest of the paper.
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Figure 11: (a): evolutions of the time-averaged gas temperature T (represented by continuous lines and corresponding to the left y axis) and time-
averaged gas density ρ̄ (represented by dashed lines and corresponding to the right y axis) with locations x. (b): evolutions of the time-averaged
speed of sound c̄ in the gas (represented by continuous lines and corresponding to the left y axis) and ratio of specific heats γ (represented by
dashed lines and corresponding to the right y axis) with locations x.

5. Application to the thermoacoustic analysis of a combustor with an axial temperature distribution312

Low-order thermoacoustic network tools have been widely used in the prediction and analysis of thermoacoustic313

instabilities [20, 29, 50–52]. They represent the combustor and its attached components as a network of simple314

connected acoustic modules, where each module corresponds to a certain component of the system. The acoustic315

wave behaviour is modelled analytically using linear wave-based methods, and are combined with a flame model,316

which captures how the heat release rate responds to the acoustic waves [22, 30, 53]. This coupled approach has317

been successfully used to predict the thermoacoustic modal frequencies and growth rates of experimental lognitudinal318

combustors [22, 30]. In the configurations considered thus far, the combustion chamber lengths are short, such that319

their time-averaged thermodynamic properties can be considered uniform in space. However, for long combustion320

chambers, changes in the time-averaged gas temperature, T , with axial distance may not be negligible. Then, the speed321

of sound, c̄, ratio of specific heats, γ, and time-averaged density ρ̄, all also change with axial location. Furthermore,322

species dissociations occur at high temperature, making the calculation of the distributions of these properties more323

complicated still. The methods presented in the previous sections are now used to accurately and efficiently calculate324

the axial profiles of these properties for a well-documented combustor comprising a long combustion chamber. These325

thermodynamic properties are then substituted into three low-order thermoacoustic analysis methods, in order to326

demonstrate the improved modal frequencies and growth rates predicted when spatial variations in properties are327

accounted for.328

The present study focusses on a well documented experimental premixed combustor at Pennsylvania State Uni-329
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versity, which benefits from a variety of combustion instabilities studies [31, 54]. The combustor geometry can be330

simplified to two connected ducts, a mixing section and a variable-length combustion chamber, shown schematically331

in Fig. 10. The mixing section is Lm = 333.5 mm long and has an annular cross-section bounded by a 19.1 mm outer332

diameter centerbody and a 38.1 mm inner diameter mixing tube. The dominant acoustic wavelength is sufficiently333

larger than the mean diameter of the annular duct and only longitudinal acoustic waves propagate, which in turn en-334

ables the representation of the annular duct by a circular duct with equivalent diameter dm = 33.0 mm, as shown335

in Fig. 10. The combustion chamber is also a circular duct with a dc = 109.2 mm inner diameter, whose length, Lc,336

can be varied continuously from 762 mm to 1524 mm [31]. Denoting distance along the combustor axis by x, the337

entrance and end of the combustion chamber are at x = x f = 0 and x = Lc, respectively. Methane and air are premixed338

in the mixing section with equivalence ratio φ = 0.6, and a swirling flame is stabilised at the combustion chamber339

entrance. The time-averaged pressure throughout the combustor is considered constant at p̄ = 112000 Pa, with the340

mean flow velocity in the mixing section u1 = 70 m/s. The time-averaged temperature of the fresh mixture in the341

mixing section is considered uniform at T 1 = 473 K; the flame temperature used in [31] is T 2 = 1591 K, which is342

consistent with the predicted temperature by setting the combustion efficiency η = 0.827 using the STDSA method.343

The time-averaged temperature at the end of the combustion chamber is T 3 = 1193 K when the combustion chamber344

length is Lc,max = 1524 mm; the time-averaged temperature profile with axial distance is unknown.345

In the current work, we assume that heat losses are mainly from the heat transfer between the burned gases and346

combustion chamber wall. The heat transfer coefficient is assumed constant, implying a time-averaged temperature347

profile with an exponential spatial form [55]:348

T (x) = (T 2 − T 0) exp(−ϑx) + T 0, x+
f ≤ x ≤ Lc,max where ϑ =

1
Lc,max

ln
T 2 − T 0

T 3 − T 0

 (32)

where T 0 is the ambient temperature and equals 293 K. Although this expression is obtained by assuming the ratio349

of specific heats γ and heat transfer coefficient constant in [55], it provides a simple and reasonable estimate of the350

temperature profile in a duct with a constant cross-sectional surface area. The resulting time-averaged temperature351

profile is shown in Fig. 11(a). By substituting this into the methods presented in previous sections, the profiles of the352

time-averaged density ρ̄(x), speed of sound c̄(x) and ratio of specific heats γ, can be predicted, as shown in Fig. 11(a)353

and (b).354

The unsteady heat release rate of the flame can be related to the incoming acoustic velocity perturbations using a355

flame transfer function:356

F (ω) =
̂̇Q/Q̇

û(x−f )/ū(x−f )
(33)

where Q̇ is the time-averaged heat release rate and equals 73.49 kW [31]. Fig. 12 shows the experimentally measured357

flame transfer function under the assumption that the flame is “compact” (it is also called “global” flame transfer358

function in [31]) and can be assumed infinitely thin compared to the acoustic wavelength. Fitting to the experimental359

results is also shown; note that the previously used fitting expression[31] was not provided; the present work uses an360

improved fitting of order 6 in the thermoacoustic predictions.361

Two low order wave-based methods are now used to predict the dominant thermoacoustic frequency and corre-362

sponding growth rate of the combustion system. They are compared to predictions obtained from a linearised Euler363

equation simulation, which acts as a reference check. The first low order method assumes constant thermodynamic364

properties within the combustion chamber, as used in [31], while the second accounts for the distributions of thermo-365

dynamic properties using the methods developed.366

5.1. Reference prediction of main thermoacoustic mode using the linearised Euler equations (LEE)367

The flow is taken to comprise a steady uniform time-averaged flow (denoted ()) and small perturbations (denoted368

()′). The mean flow speed is assumed negligible, and harmonic time variations are assumed for which all fluctuating369

variables have the form a′ = âeiωt. Neglecting viscous terms and linearising the governing flow conservation equations370

then yields the linearised Euler equations (LEE) for the acoustic velocity and pressure perturbations [24]:371

iωû +
1
ρ

∂p̂
∂x

= 0 (34)
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Figure 12: Evolutions of the gain (up figure) and phase (bottom figure) of the flame transfer function F with frequency f . Markers �: experimental
results. Dashed lines: previous fitted flame transfer function [31]. Continuous lines: current fitted flame transfer function.

372

iωp̂
γp

+
1
S
∂(S û)
∂x

=
γ − 1
γp

̂̇Q
S

(35)

where S is the cross-sectional surface area and ̂̇Q is the unsteady heat release rate, which is zero away from the flame373

zone. Assuming a compact flame and integrating Eqs. (34) and (35) across the thin flame yields:374

p̂(x+
f ) = p̂(x−f ) (36)

375

û(x+
f ) −

S c

S m
û(x−f ) =

γ − 1
γ p̄

̂̇Q
S m

(37)

The pressure reflection coefficient at the entrance of the mixing section has been measured as R1 = 0.2292−i0.1894376

[31], which enables the link between pressure and velocity perturbation terms at the entrance (x = −Lm):377

R1 + 1
R1 − 1

ρ̄c̄û − p̂ = 0 (38)

The outlet of the combustion chamber is a rigid wall; the velocity perturbation is thus û(Lc) = 0 and the pressure378

reflection coefficient R2 = 1. Combining Eqs. (34)-(35) for non-reacting flows, the jump conditions (Eqs. (36) and379

(37)), and the boundary conditions, one obtains an eigen-problem of the form:380

AV = iωV (39)

where the matrix A is a linear operator applied to the eigenvectorV = [ p̂, û]T , and ω = ωr − iσ is a complex-valued381

eigenvalue of the system. Eigenvalues correspond to thermoacoustic modes with angular frequency ωr = 2π f and382

growth rate σ, the stability of the mode being determined by the sign of the latter, with a positive value corresponding383

to an unstable system.384

The central finite difference method and the staggered grid method [56] are used for the 1-D spatial discretisation.385

The operator A depends on ω via the flame transfer function and the Matlab command ‘fsolve’ is used to solve the386

nonlinear eigen-problem. Provided small enough discretisation steps are used, the results from the LEE method are387

taken as a reference calculation, fully accounting for spatial variation in thermodynamic properties.388
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5.2. Low order thermoacoustic model prediction assuming constant chamber properties389

In a duct with a constant cross-sectional surface area, negligible mean flow speed and away from any heat sources,390

Eqs. (34) and (35), can be combined to give an equation with only one unsteady term p̂:391

d2 p̂
dx2 −

1
ρ̄

∂ρ̄

∂x
dp̂
dx

+
ω2

c̄2 p̂ = 0 (40)

In the mixing section, the time-averaged thermodynamic properties are assumed uniform, hence ∂ρ̄/∂x = 0,
and the solution to Eqs. (40) and (34), can be expressed analytically as the superposition of forward and backward
propagating plane waves [57]:

p̂(x) = A+
1 exp

(
−iω

x + Lm

c̄1

)
+ A−1 exp

(
iω

x + Lm

c̄1

)
(41)

û(x) =
1

ρ̄1c̄1

(
A+

1 exp
(
−iω

x + Lm

c̄1

)
− A−1 exp

(
iω

x + Lm

c̄1

))
, −Lm ≤ x ≤ x−f (42)

where A±1 are the strengths of downstream/upstream propagating pressure waves and ρ̄1 and c̄1 are the time-averaged392

density and speed of sound, respectively.393

The method that used previously[31] was to assume a uniform time-averaged temperature within the combustor,
equal to the average value T

∗
. The pressure and velocity perturbations then take the analytical form of plane wave

propagating in either direction:

p̂(x) = A+
2 exp

−iω
x − x+

f

c̄∗

 + A−2 exp
iω x − x+

f

c̄∗

 (43)

û(x) =
1

ρ̄∗2c̄∗2

A+
2 exp

−iω
x − x+

f

c̄∗

 − A−2 exp
iω x − x+

f

c̄∗

 , x+
f ≤ x ≤ Lc,max (44)

where A±2 are the strengths of the downstream/upstream propagating pressure waves. c̄∗ and ρ̄∗ are the average speed394

of sound and time-averaged density, respectively, here given by T
∗

= 1330 K, c̄∗ = 710.0 m/s and ρ̄∗ = 0.2582 kg/m3
395

[31]. By substituting Eqs. (41), (42), (43) and (44) into the jump conditions (Eqs. (36) and (37)), and combining with396

the flame transfer function (Eq. (33)) and the boundary conditions at the two ends, the acoustic wave strengths before397

and after the flame are found to satisfy:398 
1 −R1 0 0

e−iωLm/c̄1 eiωLm/c̄1 −1 −1
Ξ1(1 + QF (ω))e−iωLm/c̄1 −Ξ1(1 + QF (ω))eiωLm/c̄1 −1 1

0 0 e−2iωLc/c̄∗ −1

︸                                                                                         ︷︷                                                                                         ︸
M1


A+

1
A−1
A+

2
A−2

︸︷︷︸
A

= 0 (45)

where Ξ1 = (S m/S c)(ρ̄∗c̄∗)/(ρ̄1c̄1) and Q = (γ1 − 1)Q̇/(ρ̄1ū1c̄2
1S m). The eigenvalues of the system ω, obtained by399

solving the dispersion relation det(M1) = 0, where det is the matrix determinant, give the thermoacoustic modes.400

The evolution of the first longitudinal mode frequency and growth rate with the length of the combustion chamber,401

Lc, are shown in Figure 13, along with experimental frequency measurements for unstable cases. The difference402

between the current and previous predictions with the global flame transfer function is simply due to the different403

fitting expressions for the transfer function used.404

At this stage, it is worth noting that significant differences exist between the measured and predicted combustor405

lengths for which the mode is unstable (positive growth rate), and even for the modal frequency. In [31], this was406

attributed to the “compact flame” assumption; the flame length of around 150 mm is quite long and cannot be con-407

sidered compact. The use of a distributed flame transfer function improved the prediction, but with still quite large408

differences. Unfortunately, the distributed flame transfer function was not provided in [31]. The present work there-409

fore focusses only on the flame transfer function for the “compact flame”. Predictions using low order methods which410

account for spatial variation of the thermodynamic properties are seen to better match the reference LEE predictions,411

and furthermore to improve the match to experimental results, even with the compact flame assumption employed.412
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Figure 13: Variation of the first longitudinal modal frequency (top figure) and corresponding growth rate (bottom figure) with the length of the
combustion chamber Lc. Markers �: experimental results. Continuous lines: previous prediction using global flame transfer function. Markers +:
current prediction using the improved fitted global flame transfer function. Dashed lines: previous prediction using local flame transfer function.

5.3. Low order thermoacoustic model prediction with varying downstream chamber properties413

Assuming constant thermodynamic properties within the combustion chamber is likely to be an oversimplification,414

particularly when the coefficient ∂ρ̄/∂x/ρ̄ in Eq. (40) is large. At the upstream end, reflection of acoustic waves occurs415

at the interface where the gas temperature and hence the strengths of the acoustic waves change with axial position416

[57].417

Allowing the time-averaged thermodynamic properties to change with axial location complicates the use of analyt-418

ical solutions. Analytical expressions for the pressure and velocity perturbations associated with special temperature419

distributions have been derived for cases for which the ratio of specific heats γ is constant[55], but in this work we420

wish to let this vary.421

It was shown in [58] that, when f > max( c̄
πρ̄

∣∣∣∣ ∂ρ̄∂x

∣∣∣∣)1, the pressure perturbations can be approximately expressed as:422

p̂(x) =

 ρ̄(x)
ρ̄(x+

f )

1/4 (
A+

2 e−iωτ2(x) + A−2 eiωτ2(x)
)
, x+

f ≤ x ≤ Lc,max (46)

where the time delay term τ2(x) is expressed as:423

τ2(x) =

∫ x

x+
f

dx̃
c̄(x̃)

(47)

Note that the dependence of the acoustic wave strengths and propagation times on the local thermodynamic properties424

are both accounted for in these expressions. By substituting Eq. (46) into Eq. (34), the velocity perturbations can be425

expressed as:426

û(x) =
1

ρ̄(x)c̄(x)

 ρ̄(x)
ρ̄(x+

f )

1/4 ((
1 −

β(x)
iω

)
A+

2 e−iωτ2(x) −
(
1 +

β(x)
iω

)
A−2 eiωτ2(x)

)
, x+

f ≤ x ≤ Lc,max (48)

where427

β(x) =
c̄(x)

4ρ̄(x)
∂ρ̄(x)
∂x

(49)

1In the current configuration, min( f ) ≈ 250 Hz > max(c̄/(πρ̄) |∂ρ̄/∂x|) ≈ 50 Hz.
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Figure 14: Variation of the first longitudinal modal frequency f (figure (a)) and corresponding growth rates σ (figure (b)) with the length of
the combustion chamber Lc. Thin continuous lines: reference predictions from the LEE; thick continuous lines: predictions assuming constant
thermodynamic properties; markers ◦: predictions accounting for thermodynamic property variation downstream.
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Figure 15: Mode-shapes of the first longitudinal mode. Top figure: normalised pressure perturbations: | p̂(x)|/|û(0)|, where û(0) is the amplitude of
velocity perturbation before the flame. Bottom figure: normalised velocity perturbations: |û(x)|/|û(0)|. Continuous lines: reference predictions from
the LEE; dashed lines: predictions assuming constant thermodynamic properties; markers +: predictions accounting for thermodynamic property
variation downstream. (a): Lc = 1 m. (b): Lc = Lc,max = 1.524 m.

The governing equation (45) is now updated by substituting Eqs. (46) and (48) to give the form:428 
1 −R1 0 0

e−iωLm/c̄1 eiωLm/c̄1 −1 −1
Ξ2(1 + QF (ω))e−iωLm/c̄1 −Ξ2(1 + QF (ω))eiωLm/c̄1 β(x+

f )/(iω) − 1 β(x+
f )/(iω) + 1

0 0 (β(Lc) − iω)e−2iωτ2(Lc) β(Lc) + iω

︸                                                                                                                           ︷︷                                                                                                                           ︸
M2


A+

1
A−1
A+

2
A−2

︸︷︷︸
A

= 0 (50)

where Ξ2 = (S m/S c)(ρ̄(x+
f )c̄(x+

f ))/(ρ̄1c̄1). The thermoacoustic modes are given by the eigenvalues, ω, which satisfy429

the dispersion relation det(M2) = 0. The distributions of the thermodynamic properties are accounted for in the time430

delay term τ2, while the term β(x) affects the acoustic damping and modal growth rate.431

The effect of employing this new method, efficiently accounting for the downstream variation of the thermody-432

namic properties, is shown in Fig. 14. Predictions match perfectly the “reference” values from the LEE, validating the433
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approximations made in the analytical expression for the acoustic waves.434

The modal frequency predicted by assuming constant thermodynamic properties is close to the reference solution435

at large combustor lengths, the condition from which the values T
∗
, c̄∗ and ρ̄∗ were derived. However, large differences436

in the growth rate span all combustor lengths. Accounting for the mean thermodynamic property variation in the437

downstream direction clearly gives an improved match to the reference solution.438

The mode-shapes of the pressure and velocity perturbations for the first longitudinal mode are shown in Figure 15439

for two combustion chamber lengths Lc = 1 m and Lc = Lc,max = 1.524 m. The results accounting for thermodynamic440

property variation match perfectly the “reference” mode-shape predicted by LEE, with significant dfferences when441

uniform properties are assumed.442

Finally, it is noted that predicted instability onset (denoted by markers + and × in Fig. 14(b)) move closer to443

the experimentally measured instability onset when the variation of thermodynamic properties is accounted for, even444

without accounting for the distributed flame transfer function. It would therefore be interesting to combine the ability445

to account for thermodynamic property variation with a distributed flame transfer function, to see whether good fit to446

the experimental results can be obtained.447

Conclusions448

Accurate prediction of thermoacoustic modes depends not only on the geometrical properties of the combustor,449

but also on accurately calculating the time-averaged thermodynamic properties such as temperature, heat release rate,450

speed of sound, ratio of specific heats etc., in the different regions of the combustor. Calculation of the global equi-451

librium properties of fuel combustion is not straightforward due to complex multi-species and multi-step reaction452

mechanisms. Even calculations accounting for few species (e.g., 6 major species CO2, CO, H2O, H2, O2 and N2453

for hydrocarbon-air combustion are used in this work) are still not straightforward since multiple partial equilibrium454

equations with multiple unknowns need to be simultaneously determined, becoming yet more complicated when the455

flame temperature is to be determined. A method decoupling the calculations of species dissociations has been pro-456

posed in this work to reduce the calculation cost and improve the precision when using few species. This method is457

extended to the calculation of mole fractions, temperature, heat release rate, speed of sound and ratio of specific heats458

of the combustion products of hydrocarbon-air flames. Validation was carried out by changing the equivalence ratio,459

initial temperature, ambient pressure and fuel. Results were compared to those computed using the CANTERA code460

with the GRI-Mech 3.0 mechanism, comprising 325 elementary chemical reactions with associated rate coefficient461

expressions and thermochemical parameters for the 53 species. The match was perfect, even for high initial tempera-462

tures and large ambient pressures. The proposed method is thus a reliable and efficient method, which can be easily463

embedded in low-order thermoacoustic prediction tools.464

Due to their ability to capture the key physics combined with computational efficiency, low-order wave-based net-465

work models have been widely used in the analysis of thermoacoustic instabilities. Typically, the combustion chamber466

is considered as an acoustic element with uniform thermodynamic properties, greatly simplifying the calculation of467

the mode frequencies and growth rates. However, this approach has been shown to lack sufficient quantitative accuracy468

when large temperature changes occur along the combustion chamber. Approximations of acoustic waves in a uniform469

duct with a smoothly-varying temperature distribution were incorporated into a thermoacoustic network model. This470

was found to improve thermoacoustic modal predictions of the combustor. Future work will seek to combine varying471

thermodynamic properties with distributed flame transfer functions in order to further improve predictive capability.472
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[57] T. Lieuwen, Unsteady Combustor Physics, Cambridge University Press, Cambridge, 2012.572

[58] A. Cummings, Ducts with axial temperature gradients: An approximate solution for sound transmission and generation, J. Sound Vib. 51573

(1977) 55–67.574

22

http://www.ewp.rpi.edu/hartford/~ernesto/F2014/MMEES/Papers/ENERGY/4NaturalGas/PREMIX-1998-Sandia.pdf
http://www.ewp.rpi.edu/hartford/~ernesto/F2014/MMEES/Papers/ENERGY/4NaturalGas/PREMIX-1998-Sandia.pdf
http://www.ewp.rpi.edu/hartford/~ernesto/F2014/MMEES/Papers/ENERGY/4NaturalGas/PREMIX-1998-Sandia.pdf

	Introduction
	Calculation of the global equilibrium combustion product composition
	Non-dissociation approach (NDA)
	Two dissociated species approach (TDSA)
	Simplified two dissociated species approach (STDSA)

	Simplified flame temperature calculations
	Simplified calculation of the ratio of specific heats and speed of sound in the combustion products
	Application to the thermoacoustic analysis of a combustor with an axial temperature distribution
	Reference prediction of main thermoacoustic mode using the linearised Euler equations (LEE)
	Low order thermoacoustic model prediction assuming constant chamber properties
	Low order thermoacoustic model prediction with varying downstream chamber properties


