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ABSTRACT

We investigate the gauge dependence and convexity 
properties of the effective potential using the Nielsen 
Identities which control the gauge-parameter dependence of 
physical quantities. We show that it is perfectly feasible to 
use the ’t Hooft gauge in effective potential calculations, 
contrary to some earlier claims. In addition to Nielsen's 
original derivation we show how the identities may be derived 
by extending the set of B.R.S. transformations which act on the 
theory and we demonstrate the utility of the method by 
rederiving our results for the ’t Hooft gauge and deriving the 
identities in the planar gauge, which is a variant of the axial 
gauge. We also show that it is possible to derive Nielsen 
Identities for an effective action which contains composite 
operators.

In the chapter on convexity we extend the results of 
Fujimoto et al. on producing a convex effective potential from 
the loop expansion for Xij)1* , to more general scalar Higgs 
representations, making use of a condition on admissible vacua 
that arises from the Nielsen identities when we choose an 't 
Hooft gauge. We also consider the constraint effective 
potential and show, using a computer simulation, that this too 
gives rise to a convex result.

The last chapter deals with the calculation of a convex 
effective potential at finite temperature. After giving a brief 
outline of the two complementary finite temperature formalisms 
and a brief reprise of Rivers' imaginary time formalism work we 
show how to produce a convex effective potential at finite 
temperature using the tadpole method of calculation in a real



t im e  fo r m a l is m .  We show t h a t  t h i s ,  as in  th e  im a g in a ry  t im e  

c a se , g iv e s  a r e s u l t  w h ic h  b re a k s  down a t  a te m p e ra tu re  w h ic h  i s  

be low  th e  supposed c r i t i c a l  te m p e r a tu re  o f  th e  th e o r y ,  

i n v a l i d a t i n g  th e  lo o p  e x p a n s io n  r e s u l t s  f o r  c r i t i c a l  

te m p e ra tu re s  i n  s p o n ta n e o u s ly  b ro k e n  gauge t h e o r i e s .
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1. INTRODUCTION.

The n o t io n  o f  s p o n ta n e o u s  symm etry b r e a k in g  has been 

i n t e g r a l  t o  many o f  th e  r e c e n t  d e ve lo p m e n ts  i n  quantum f i e l d  

t h e o r y .  The S a lam -W e inbe rg  S U ( 2 ) x U ( l )  [ l ]  t h e o r y  o f  th e  weak 

i n t e r a c t i o n s ,  a l th o u g h  now r e le g a t e d  t o  th e  r o l e  o f  a low  energy  

e f f e c t i v e  t h e o r y ,  r e l i e s  upon th e  sym m etry b r e a k in g  e f f e c t  o f  

th e  H ig g s  s c a la r s  to  p r o v id e  a gauge i n v a r i a n t  mass te rm  f o r  the  

gauge bosons t h a t  c a r r y  th e  s h o r t  ra n g e  weak f o r c e ,  th e  W’ s and 

th e  Z, w h ich  were o b s e rv e d  r e c e n t l y  f o r  th e  f i r s t  t im e  a t  CERN

[ 2 ] .  I n  a s p o n ta n e o u s ly  b ro k e n  th e o r y  th e  p o s s ib le  vacua a re  

l a b e l l e d  by some o r d e r  p a ra m e te r  ( f o r  in s ta n c e  th e  vacuum 

e x p e c t a t io n  v a lu e  o f  th e  p h y s i c a l  H ig g s  s c a la r  i n  th e  case o f  

th e  S a lam -W e inbe rg  m o d e l)  and i t  may happen t h a t  th e  vacuum 

e n e rg y  d e n s i t y  i s  lo w e r  f o r  some n o n -z e ro  v a lu e  o f  t h i s  

p a ra m e te r  th a n  f o r  th e  z e ro  c a s e .  The t r u e  vacuum o f  th e  th e o r y  

i s  th e n  ta k e n  t o  be t h a t  w i t h  th e  a s y m m e tr ic ,  n o n -z e ro  o r d e r  

p a ra m e te r  and th e  t h e o r y  i s  s a id  t o  be s p o n ta n e o u s ly  b ro k e n .

An e s s e n t i a l  t o o l  i n  th e  s tu d y  o f  spo n ta neo us  symm etry 

b r e a k in g  i s  th e  e f f e c t i v e  a c t i o n  and i t s  c o n s ta n t  f i e l d  l i m i t ,  

th e  e f f e c t i v e  p o t e n t i a l .  These w ere in t r o d u c e d  by S ch w in g e r [ 3 ] 

and l a t e r  e x p lo i t e d  by J o n a - L a s in io  [ 4 ] and Nambu [ 5 ] ,  who was 

th e  f i r s t  p e rs o n  t o  use th e  lo o p  e xp a n s io n  i n  a p e r t u r b a t i v e  

e v a lu a t i o n  o f  th e  e f f e c t i v e  a c t i o n .  We f o l l o w  be low  th e  

e x p o s i t i o n  o f  Coleman [ 6 ]  i n  o r d e r  t o  g e t  a f e e l  f o r  th e  

p h y s i c a l  meaning o f  th e  e f f e c t i v e  a c t io n  and d e m o n s tra te  why i t  

i s  th e  c o r r e c t  o b je c t  t o  c o n s id e r  i n  a d e te r m in a t io n  o f  th e  

vacuum o f  a s p o n ta n e o u s ly  b ro k e n  t h e o r y .

In  a c l a s s i c a l  f i e l d  t h e o r y  th e  o r d in a r y  p o t e n t i a l  U(<|>) i s
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th e  e n e rg y  d e n s i t y  p e r  u n i t  vo lum e f o r  th e  s t a t e  i n  w h ich  th e  

f i e l d  has th e  c o n s ta n t  v a lu e  <j>. The s i t u a t i o n  i n  th e  quantum  

th e o r y  i s  s i m i l a r :  V ( $ ) ,  th e  e f f e c t i v e  p o t e n t i a l ,  i s  th e  e n e rg y  

d e n s i t y  p e r  u n i t  vo lum e o f  t h e  t h e o r y  i n  w h ic h  th e  e x p e c ta t io n  

v a lu e  o f  th e  quantum  f i e l d  i s  d e f in e d  as

<0 <j> 0>

<0 0>
= $

J

6W[ J] 
6 J

( 1 . 1)

where W [ j ]  i s  th e  c o n n e c te d  g e n e r a t in g  f u n c t i o n a l .

We o b s e rv e  t h a t  f o r  a s l o w l y  v a r y in g  s o u rc e  J*we c o u ld  

w r i t e  th e  f o l l o w i n g  e x p a n s io n  f o r  w[j]

W[j]=/d‘,x(-5(J)+fx(J)(3 J)2+... ) (1.2)
2 ^

The e f f e c t i v e  p o t e n t i a l  may be d e f in e d  by u s in g  a s i m i l a r  

e x p a n s io n  o f  th e  e f f e c t i v e  a c t i o n  r ,  w h ich  one can show t o  be 

th e  g e n e r a t in g  f u n c t i o n a l  f o r  o n e - p a r t i c l e - i r r e d u c i b l e  ( 1 P I )  

d ia g ra m s  [ 7 ] .

r [  ] = / d i|‘x ( —V ( <|))+—Z (<i>)(d<l>)2 + . . .  )
2 ^

( 1 . 3 )

I f  we c o n s id e r  a s o u rc e  t h a t  has a c o n s ta n t  v a lu e  J 

th r o u g h o u t  a box o f  s id e  L f o r  a d u r a t io n  o f  t im e  T and i s  

s w i tc h e d  on and o f f  s lo w ly  we f i n d  th e  f o l l o w i n g  e x p re s s io n  f o r  

W (we have s e t  71=1)

0 "> = e x p ( i W [ J ] ) = e x p ( - i L 3T 5 ( J ) )  ( 1 . 4 )

T h ro u g h o u t  th e  box we have changed th e  H a m i l to n ia n  d e n s i t y  

f ro m  H t o  H-J4>, and as th e  change was a d ia b a t i c  we s h o u ld  s t i l l
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be in  th e  g ro u n d  s t a t e  o f  th e  new H a m i l t o n ia n .  I f  we t u r n  o f f  

th e  p e r t u r b a t i o n  th e  g roun d  s t a t e  w i l l  go back  t o  th e  g roun d  

s t a t e  o f  th e  o r i g i n a l  th e o r y  b u t  i t  w i l l  r e t a i n  i t s  phase. We 

e x p e c t  s t a t e s  t o  d e v e lo p  i n  t im e  as e x p ( - iE T ) ,  so we can 

i d e n t i f y  5 ( J )  f ro m  ( 1 . 4 )  as th e  e n e rg y  p e r  u n i t  volume o f  th e  

p e r tu r b e d  H a m i l t o n ia n .

Now c o n s id e r  th e  p ro b le m  o f  c o n s t r u c t in g  a s t a t e 0> w h ic h

i s  a s t a t i o n a r y  s t a t e  o f  <0 H 0> s u b je c t  t o  <0

<0
0>=1 and

0> = (j). T h is  may be s o lv e d  by u s in g  Lag range  m u l t i p l i e r s  E 

and J f o r  th e  f i r s t  and second  c o n s t r a i n t s  r e s p e c t i v e l y .  We a re  

t h e r e f o r e  c o n s id e r in g  m in im iz in g

<0 H-E-J<j>0> (1.5)

From ( 1 . 5 )  we can see t h a t

4> =  <0 °>= - f ! ( 1 . 6 )

and

<0 H 0>=E J 6E 
6 J (1.7)

A t t h i s  p o i n t  we r e c a l l  t h a t  th e  e f f e c t i v e  a c t io n  may be 

d e f in e d  as th e  Le gen d re  t r a n s f o r m  o f  th e  co n n e c te d  g e n e r a t in g  

f u n c t i o n a l

r [ <t> ] =w[ j ] — / J4> (1.8)

w h ic h  g iv e s ,  on s u b s t i t u t i n g  i n  f ro m  ( 1 . 2 )  and ( 1 .3 )

—V (4> )=-£ (J)-J4> (1.9)
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o r  a l t e r n a t i v e l y

V(cD)=5(J) - T 6 g ( J )
J  6 J ( 1 . 1 0 )

w h ic h ,  on i d e n t i f y i n g  £ ( J )  w i t h  E, ag ree s  w i t h  th e  d e f i n i t i o n  o f

<0 H 0>, th e  e n e rg y  d e n s i t y  o f  th e  sys tem  s u b je c t  to  th e

c o n s t r a i n t  <0 <{> 0>=<j>. The e f f e c t i v e  p o t e n t i a l  i s  th u s  th e  

e n e rg y  d e n s i t y  o f  th e  sys te m  and s o u rc e  s u b je c t  t o  t h i s  

c o n s t r a i n t .  We a ls o  n o te  t h a t  a t  J=0 th e  v a lu e  o f  th e  e f f e c t i v e  

p o t e n t i a l  g iv e s  th e  vacuum e n e rg y  d e n s i t y  o f  th e  sys tem , a 

p h y s i c a l  q u a n t i t y  w h ic h  s h o u ld  t h e r e f o r e  be gauge i n v a r i a n t  in  

gauge t h e o r i e s .

A f t e r  t h i s  g e n e r a l  d i s c u s s io n  we now c o n s id e r  p e r t u r b a t i v e  

e v a lu a t io n  o f  th e  e f f e c t i v e  p o t e n t i a l ^  and i n  t h i s  th e  d e f i n i t i o n  

( 1 . 8 )  and th e  e x p a n s io n  ( 1 . 3 )  p ro v e  to  be o f  v a lu e .  As r [ J ]  i s  

th e  g e n e r a t in g  f u n c t i o n a l  f o r  1PI d ia g ra m s  [ 7 ]  we can w r i t e

r [ $ ] = ! —  / d 4x i  . .d'+x r ( x i  . . . x  ) ( ? ( x i  ) - v )  . . . (< K xr1) - v )  ( 1 . 1 1 )
n ! n

where r ( x i . . . x  ) i s  th e  sum o f  a l l  1PI d ia g ra m s  w i t h  n e x t e r n a l  

le g s  and v i s  th e  vacuum e x p e c t a t i o n  v a lu e  o f  <j>. We now expand 

T ( x i . . . x n ) i n  momentum space t o  g e t

T(xi . . .xn )=/d4jfe1 . . ,dH:n6(k1+. +kn ) e x p ( i k i x i ) f ( k x .k  ) n ' ( 1 . 12)

I f  we now s u b s t i t u t e  t h i s  i n t o  ( 1 .1 1 )  we f i n d  th e  s e r ie s

r [ ^ ] = / d 1+x j i _ r ( o . . .0)(<t>(X ) - v ) n 
n!

( 1 . 1 3 )

where v i s  th e  vacuum e x p e c t a t i o n  v a lu e  o f  <}>
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To g e t  th e  e f f e c t i v e  p o t e n t i a l  v e r s io n  o f  t h i s  we l e t  th e  f i e l d  

4>(x) te n d  t o  a c o n s ta n t  and f i n d

v( <t . ) =- z— r ( O i . .  .0 m - v ) n
n !

( 1 .1 4 )

F o rm u la  ( 1 .1 4 )  g e n e r a te s  two o f  th e  s ta n d a rd  methods o f  

c a l c u l a t i n g  th e  e f f e c t i v e  p o t e n t i a l .  In  b o th  cases one w o rks  in  

th e  c o n te x t  o f  a lo o p ,  o r  e q u i v a l e n t l y  h, e x p a n s io n .  One c o u ld  

choose t o  ta k e  ( 1 .1 4 )  as i t  s ta n d s  and p e r fo r m  th e  i n f i n i t e  sum 

t o  a g iv e n  lo o p  o r d e r  t o  c a l c u l a t e  V. In  th e  c a n o n ic a l  exam ple  

o f  a s c a la r  ^ ^  t h e o r y  one c o u ld  e v a lu a te  th e  o n e - lo o p  e f f e c t i v e  

p o t e n t i a l  by summing o v e r  g ra p h s  o f  th e  fo rm  

( F i g .1 )

T h is  w ou ld  g iv e  f o r  th e  z e r o -a n d  o n e - lo o p  c o n t r i b u t i o n s  t o  V

V(<t> )=—|i2<}>2 +— 4>4 + i / d ^ E — X4)2 
2 4! 2n 2 ( k 2- | i 2+ ie )  

w h ic h  g iv e s ,  p e r fo r m in g  th e  sum,

)n ( 1 . 1 5 )

V(<}))=U(<t>) +— /dMs ln( 1+— ^ ------
2 2 ( k 2 -p.2 + ie  )

( 1 . 1 6 )  .
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A l t e r n a t i v e l y , in s t e a d  o f  p e r fo r m in g  th e  sum, we c o u ld  

d i f f e r e n t i a t e  ( 1 .1 4 )  w . r . t  4> and th e n  s e t  J= v . T h is  g iv e s

=-r1(0) o r  V(* )=-/l|>dvr1 (0) (1.17)
4>=v

w here  r1 (0 )  i s  th e  sum o f  a l l  1PI Feynman d ia g ra m s  a t  z e ro  

momentum w i t h  one e x t e r n a l  l e g ,  th e  s o - c a l l e d  ta d p o le  g ra p h s .

The method was f i r s t  s u g g e s te d  by W e inberg  [ 8 ]  and e la b o r a te d  

by Lee and S c ia c c a lu g a  [ 9 ]  i n  th e  c o n te x t  o f  d im e n s io n a l  

r e g u l a r i z a t i o n ,  where i t  p ro v e s  t o  be e s p e c i a l l y  c o n v e n ie n t .  We 

s h a l l  f i n d  i n  a l a t e r  c h a p te r  t h a t  th e  t e c h n i c a l  q u i r k s  o f  

c a l c u l a t i n g  an e f f e c t i v e  p o t e n t i a l  i n  r e a l - t i m e  f i n i t e  

te m p e ra tu re  quantum  f i e l d  t h e o r y  make i t  u s e f u l  th e r e  a l s o .

A n o th e r  method o f  c a l c u l a t i n g  V by u s in g  b a ckg ro und  f i e l d s  

i s  r a t h e r  more i n d i r e c t  b u t  i t  i s  p e rh a p s  th e  most c o n v e n ie n t  in  

p r a c t i c e .  I t  was f i r s t  i n t r o d u c e d  by J a c k iw  [ 1 0 ] ,  b u t  we f o l l o w  

h e re  th e  more l u c i d  e x p o s i t i o n  o f  F u j im o to  e t  a l .  [ 1 1 ] •  I f  we 

have th e  c l a s s i c a l  p o t e n t i a l  U

5V

5$

D( * ) =^ a b * a * b +̂ Fa b c * a * b * o +^ Ga b c d * a * b * c *d ( 1 .1 8 )

th e n  V(<j>) w i l l  be g iv e n  by

V(4>)=0(<|>)+£(M(<ti) ,F(<t>) ,G) ( 1 .1 9 )

where S d e n o te s  th e  sum o f  a l l  vacuum g raph s  in  a th e o r y  where 

we have made th e  s u b s t i t u t i o n s  and F ^ c ^ a h c ( <F) w i t h
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th e  f u n c t i o n s  g iv e n  by

Ma b (  ̂=Mab+Fa b c ^ c +^ Ga b c d ^ c ^ d

(1 .2 0)
Fabc  ̂^ _Fa b c+Gabcd^d

To p ro v e  t h i s  c o n s id e r  th e  e f f e c t  o f  a c -num ber s h i f t  i n  

th e  a rgum ent o f  th e  p a th  i n t e g r a l .  The measure w i l l  be 

unchanged and th e  L a g ra n g ia n  w i l l  behave as

L ( <J>) + J <}> ■> L (<}>+ c ) +J (<}>+c ) ( 1 .2 1 )

One c o u ld  r e w r i t e  th e  r i g h t  hand s id e  as

L(c)+Jc+<j> (— +J)+AL(<|)) ( 1 .2 2 )
dc

where AL(<t> )= L (< j)+ c )-L (c  )-<{>—
5c

We can a b so rb  th e  s h i f t  i n  AL i n t o  a s h i f t  i n  th e  

p a ra m e te rs  by w r i t i n g

A L ($ , p )= L (  , p ( c ) ) ( 1 . 2 3 )

where th e  n o t a t i o n  p ( c )  means we have made th e  re p la c e m e n ts  

( 1 .2 0 )  i n  th e  p a ra m e te rs  o f  th e  t h e o r y .  We now t r a n s l a t e  t h i s  

i n t o  th e  f o l l o w i n g  i d e n t i t y  f o r  th e  c o n n e c te d  g e n e r a t in g  

f u n c t i o n a l  W [ j , p ] ,  where we have e x p l i c i t l y  d is p la y e d  th e  

p a ra m e te r  dependence i n  th e  p a th  i n t e g r a l :



- 8 -

W[ J,p]=W [ J',p(c)]+Q((L(c)-c—  ) + c / J ' ) ( 1 . 2 4 )
ac

where Q i s  th e  s p a c e t im e  vo lum e and

j '=j + ^
ac

We now c o n s id e r  th e  L e g e n d re  t r a n s f o r m  d e f i n i t i o n  o f  th e  

e f f e c t i v e  a c t i o n  fro m  b o th  W and W'

r|>,p]=w[J,p]-J*J

r ’ [ * ' > p ( c ) ] = w ' [ J ' , P ( c ) ] - J f ' J 1

( 1 . 2 5 )

w he re , as u s u a l , -  6 W , <j> =—  and
6 J

6 W '—  . We now n o te  f ro m  (1 .2 4 )  t h a t  
6 J 1

x 6W 6J !_ _(J)=-- --+C = <j> +c
6 J1 6 J ( 1 .2 6 )

I f  we s u b s t i t u t e  th e  d e f i n i t i o n s  above back i n t o  ( 1 .2 4 )  we f i n d  

th e  f o l l o w i n g  i d e n t i t y  f o r  th e  e f f e c t i v e  a c t io n

r[?,p]=r[*' ,p(c)]+L(c)s+^/a' (1 .27)
ac

The c o n s ta n t  f i e l d  l i m i t  o f  t h i s  g iv e s  th e  r e q u i r e d  i d e n t i t y  f o r  

th e  e f f e c t i v e  p o t e n t i a l

V(a,p)=V' (*-c,p(c))-L(c)-(<F-c)—  (1.28)ac

W ith  o u r  s l e i g h t  o f  hand i n  s h i f t i n g  th e  f i e l d  we have 

succeeded i n  e x p re s s in g  th e  o r i g i n a l  V i n  te rm s  o f  a V' 
c a l c u la t e d  i n  a t h e o r y  w i t h  s h i f t e d  p a ra m e te rs  a lo n g  w i t h  

f u n c t i o n s  o f  th e  o r i g i n a l  L a g ra n g ia n .
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I n  p a r t i c u l a r  f o r  <f>=c we f i n d  t h a t  

V ( c , p ) = V ' ( 0 , p ( c ) ) - L ( c )

o r  ( 1 .2 9 )

V ( c , p ) = V ’ ( 0 , p ( c ) ) + U ( c )

We th u s  see t h a t  th e  sum o f  a l l  t h e  d ia g ra m s  w i t h  no e x t e r n a l  

le g s  ( t h e  vacuum g ra p h s )  added t o  th e  c l a s s i c a l  p o t e n t i a l  i n  th e  

s h i f t e d  th e o r y  g iv e s  th e  e f f e c t i v e  p o t e n t i a l .

As a f i n a l  method o f  c a l c u l a t i n g  th e  e f f e c t i v e  p o t e n t i a l  we 

can c o n s id e r  a s a d d le  p o i n t  e x p a n s io n ,  a l th o u g h  t h i s  becomes 

p r o g r e s s i v e l y  more te d io u s  as one p ro ce e d s  to  h ig h e r  o r d e r s .

The o n e - lo o p  r e s u l t  i s ,  h o w e ve r ,  f a i r l y  easy to  o b ta in  and we 

g iv e  a d e r i v a t i o n  b e lo w  f o l l o w i n g  [ l 2 ] , [ l 3 ] .  By a n a lo g y  w i t h  

f i n i t e  d im e n s io n a l  i n t e g r a l s  we lo o k  f o r  ex trem a o f  o f  th e  

e xp o n e n t i n  th e  p a th  i n t e g r a l ,  t h a t  i s  f i e l d s  w h ic h  s a t i s f y  th e  

c l a s s i c a l  e q u a t io n s  o f  m o t io n .

( v 2+m2 )i|>o+U'(<t>o)=J ( 1 . 3 0 )

I f  we have a convex c l a s s i c a l  p o t e n t i a l  U we assume t h a t  we have 

th e  t r i v i a l  s o l u t i o n  4>q =0 f o r  J=0 ( th e  case o f  a n o n -co n ve x  

p o t e n t i a l  i s  c o n s id e re d  i n  c h a p te r  3 i n  d e t a i l ) .  We now s h i f t  

th e  i n t e g r a t i o n  v a r i a b l e  i n  th e  p a th  i n t e g r a l  +4>' , keep th e

q u a d r a t i c  p o r t i o n  i n  <t> ' e x p l i c i t l y  and expand th e  h ig h e r  o r d e r  

te rm s  p e r t u r b a t i v e l y  t o  g e t

Z[ J ]= e x p (  iS [  <j>0 , J ] ) J[D<J> ' ] exp( i / d 4 x ^ ( V 2 <j> ' - (m 2+U" ( <J>o ) )<t>' 2 )
2

-g>3 — 1nVn ($0 )) d - 3 1 )
n !
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To o b t a in  th e  r e q u i r e d  lo o p  ( o r  h )  e x p a n s io n  we r e s c a le  th e  

f i e l d  <t>1 - > <t>' . As we s h a l l  o n ly  be i n t e r e s t e d  i n  th e  one—lo o p  

r e s u l t  we d ro p  th e  h ig h e r  o r d e r  te rm s ,  g i v i n g

Z [ j ]= e x p ( is [< | )o  ,J])/[D<)> ' ] e x p ( i / d ‘t x - ( v V 2-'t’ ' 2 (m2+U" O 0 ) ) )  ( 1 - 3 2 )H 2

W ith  W [ j ]  d e f in e d  i n  th e  u s u a l  manner by

W[ j ] = - i * h l n Z [  J ]  ( 1 .3 3 )

►

we see t h a t  th e  le a d in g  te rm  i n  W [ j ] ,  t o  o r d e r  h ° , i s  j u s t

S[ «t>o , j ]  • The o r d e r  H te rm  i s  g iv e n  by p e r fo r m in g  th e  G au ss ian

i n t e g r a t i o n

/ [ D<J> ' ] e x p ( -  i f  d ^x  -cfr ' (V 2 +m2+U" (<P0 ) )<p ' )  ( 1 . 3 4 )
2

w h ic h  g iv e s

e x p ( — T r . l n < V 2+m2+U” (4)o ) ) }  ( 1 .3 5 )2

where th e  t r a c e  o p e ra te s  on a l l  th e  in d ic e s  (s p a c e t im e ,  g ro u p  

. . ) .  We th u s  f i n d

W[ j]=S[<t>0 , J ] + — T r  . l n (  V2+m2+U" ( ( j )0 ) )  ( 1 . 3 6 )
2

We can now use th e  s ta n d a rd  L e g e n d re  t r a n s fo r m  d e f i n i t i o n  t o  

f i n d  r [ $ ] .  We r e c a l l  t h a t

r [ * ] = W [ j ]  -  J J *  ( 1 . 3 7 )
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6 W 6 S —and n o te  t h a t  ^ = £ - j + 0 ( ‘h)=<})o+0(T1), so <t> i s  g iv e n  by <t>o t o  lo w e s t  

o r d e r .  I f  we now expand S [ $ , j ]  o r d e r  by o r d e r  i n  h we f i n d  t h a t

s | > , j ]=  s U o  , J ]  + -  —
2 6 2 <t> <t>—4> o

because 6S 
5 4> . , = 0 . We th u s  f i n d  t h a t<p-<P0

s[<t>, j ] = s [ ^ 0 , J ]  + o c a 2 ) ( 1 . 3 8 )

We can a ls o  s u b s t i t u t e  <t> f o r  <j>o i n  th e  t r a c e ,  as th e  d i f f e r e n c e  

he re  w i l l  a ls o  be o f  0 (H 2 ) .  T h is  g iv e s  us f i n a l l y

W[j]=S[$] + + -^Tr ln(v2+m2+U"0))2
and

( 1 . 4 0 ) '

r  [ <t> ] =S[ <J) ] + — T r  l n (  V 2 +m2 +UM (<j>))  2 ( 1 . 4 1 )

T h is  i s  th e  r e q u i r e d  r e s u l t  f o r  th e  o n e - lo o p  e f f e c t i v e  

p o t e n t i a l .

T h e re  a re  two s u b t l e t i e s  h id d e n  i n  th e  fo r m a l is m  t h a t  we 

have d e v e lo p e d  so f a r ,  th e  p ro b le m s  o f  th e  gauge dependence and 

c o n v e x i t y  o f  th e  e f f e c t i v e  p o t e n t i a l .  In  a gauge th e o r y  an 

i n j u d i c i o u s  c h o ic e  o f  gauge, even one t h a t  m ig h t  be u s e f u l  i n  

o th e r  c o n t e x t s ,  may re n d e r  th e  e f f e c t i v e  p o t e n t i a l  a p p a r e n t ly  

gauge d e p e n d e n t,  w h ic h  c o n t r a d i c t s  th e  i n t e r p r e t a t i o n  o f  th e  

minimum v a lu e  o f  th e  p o t e n t i a l  as th e  vacuum e n e rg y  d e n s i t y .

T h is  a p p a re n t  p a ra d o x  was r e s o lv e d  by N ie ls e n  and i s  th e  s u b je c t  

m a t te r  o f  c h a p te r  2 . The o t h e r  p ro b le m  i s  t h a t  o f  th e  c o n v e x i t y  

o f  th e  e f f e c t i v e  p o t e n t i a l .  I n  a s p o n ta n e o u s ly  b ro ke n  th e o r y
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one may choose to  s t a r t  w i t h  a c l a s s i c a l  p o t e n t i a l  w h ich  i s  

n o n -c o n v e x ,  b u t  one can d e r i v e  a c o n d i t i o n  to  show t h a t  th e  

e f f e c t i v e  p o t e n t i a l  i s  c o n v e x ,  w h ic h  c o n t r a d i c t s  th e  r e s u l t  o f  

th e  lo o p  e x p a n s io n  i n  such c a s e s .  The d i f f i c u l t y  may be 

c i r c u m v e n te d  by a more c a r e f u l  t r e a tm e n t  o f  th e  ex trem a in  th e  

p a th  i n t e g r a l ^ a n d  t h i s  i s  th e  s u b je c t  o f  c h a p te r  3.

One m ig h t  a ls o  e n q u i r e  as t o  w h e th e r  th e  e f f e c t i v e  

p o t e n t i a l  ( i n  i t s  c o n v e x i f i e d  fo rm )  re m a in s  a v ia b le  t o o l  a t  

f i n i t e  te m p e r a tu r e ,  and we exam ine  t h i s  i n  c h a p te r  4 .  The 

an sw er, as t o  so many q u e s t io n s ,  i s  "Up t o  a p o i n t "  ( i n  t h i s  

case a p o in t  o f  i n f l e c t i o n ! )  [ 1 4 ] .  We s h a l l  f i n d  a l l  o f  th e  

methods o f  c a l c u l a t i n g  th e  e f f e c t i v e  p o t e n t i a l  t h a t  we have 

o u t l i n e d  so f a r  o f  some u t i l i t y  i n  ou r i n v e s t i g a t i o n s .  We 

exam ine th e  N ie ls e n  i d e n t i t i e s  by  u s in g  J a c k iw 's  f i e l d  s h i f t i n g  

method t o  v e r i f y  them a t  o n e - lo o p  o r d e r .  The p r o o f  o f  c o n v e x i t y  

a t  z e ro  te m p e ra tu re  r e l i e s  upon th e  s a d d le  p o in t  a p p ro a ch , as 

does an im a g in a r y  t im e  fo r m a l is m  c a l c u l a t i o n  o f  a f i n i t e  

te m p e ra tu re  e f f e c t i v e  p o t e n t i a l .  We s h a l l  f i n d ,  however, t h a t  

th e  ta d p o le  method i s  th e  m ost c o n v e n ie n t  f o r  c a l c u l a t i n g  a 

r e a l - t i m e  fo r m a l is m  f i n i t e  te m p e r a tu re  e f f e c t i v e  p o t e n t i a l .

A p a r t  f ro m  th e  c h a p te r  on c o n v e x i t y  we s h a l l  ta k e  th e  

A b e l ia n  H ig g s  m odel (c h a rg e d  s c a la r  e le c t r o d y n a m ic s )  as o u r  

p r o t o t y p i c a l  gauge t h e o r y .  We choose t o  ig n o r e  th e  p r o b a b le  

t r i v i a l i t y  o f  t h e o r y  i n  4 d im e n s io n s ,  a n o n - p e r t u r b a t i v e

e f f e c t ,  as th e  c a l c u l a t i o n s  a re  t y p i c a l  o f  n o n -  t r i v i a l

t h e o r i e s .
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2 .1  GAUGE DEPENDENCE: GENERAL CONSIDERATIONS

The t r e a tm e n t  o f  th e  H ig g s  [1 5 ]  mechanism u s in g  th e  

e f f e c t i v e  p o t e n t i a l  a t  t r e e  l e v e l  ( i . e .  th e  c l a s s i c a l  

p o t e n t i a l ) i s  a s ta n d a rd  e x e r c i s e  i n  most quantum f i e l d  t h e o r y  

t e x t  b o o k s . For in s t a n c e ,  i f  we c o n s id e r  th e  A b e l ia n  H ig g s  

m odel w i t h  th e  L a g ra n g ia n

L=(D^4») (D* m 2(j) - X(<|> <t>)

( 2 . 1 )
where

D <J) = d (|>-igA cf> and F = 5 A -  5 A
\ i (1 °  (1 (IV p, v V  (I

we f i n d  t h a t  th e  p o t e n t i a l  U has a minimum a t  II <}> II = v / / 2 , 

i s  / ( m 2 / \ ) .  I f  we now w r i t e  4> = ( 4>i+ i<t>2)/^2, w i t h  and

r e a l  f i e l d s ,  we c o u ld  choose  <0 0>=v and <0 <j) 0>=0.2 1

where v 

<t> 2
P ic k in g

o u t  one o f  th e  p o s s ib le  vacu a  on th e  r i n g  o f  m in im a as th e  

p h y s i c a l  vacuum has b ro k e n  th e  o r i g i n a l  U ( l )  sym m etry .

( F i g .2 )  The c l a s s i c a l  p o t e n t i a l  i n  ( 2 . 1 )
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Our i n i t i a l  p a r a m e t r i z a t i o n  o f  <t> p ro v e s  to  be r a t h e r  

in c o n v e n ie n t  f ro m  th e  p o in t  o f  v ie w  o f  a p h y s ic a l  

i n t e r p r e t a t i o n .  I f  we choose  in s te a d

<|>(x)= —  ( v + n ( x ) ) e x p ( i £ ( x ) / v )  ( 2 . 2 )
/ 2

and c a r r y  o u t  th e  gauge t r a n s f o r m a t io n  t o  th e  u n i t a r y  gauge

<t> ' ( x ) = e x p ( - i £ ( x ) / v ) < K x )  > B ^ ( x ) = A ^ ( x ) ~ a ^ ^ ( x )

we f i n d  t h a t  th e  L a g ra n g ia n  ( 2 . 1 )  i s  g iv e n  i n  te rm s  o f  th e  gauge 

t ra n s fo rm e d  v a r i a b l e s  as

L ^ O i l ) 2 -  -m 2n2— (8 B -3  B ) 2 +i ( g v ) 2B 
2 ^ 2 4 ^ ^ 2 ^

( 2 . 4 )

- 4 g 2B B % ( 2 v + n ) -  \ V 2H 3 - ixr)1*
2 ^ 4

The u n p h y s ic a l  H ig g s  mode £ ( x )  has been g o b b le d  up to  g iv e  a 

mass te rm  to  th e  o r i g i n a l  U ( l )  gauge f i e l d .

T h is  s e e m in g ly  t r a n s p a r e n t  c l a s s i c a l  a rgum ent does n o t  

c a r r y  o v e r  d i r e c t l y  t o  th e  quantum  th e o r y  because th e re  one must 

w o rk  w i t h  a L a g ra n g ia n  t h a t  i n c lu d e s  a g a u g e - f i x in g  te rm .  The 

e f f e c t i v e  p o t e n t i a l  as d e f in e d  i n  ( 1 .1 4 )

V (? )  = -2 —  F (0 ,  . . . 0 ) [ J ' - v ] n ( 1 . 1 4 )
n!

i s  an o f f - s h e l l  q u a n t i t y  and one w ou ld  n o t  e x p e c t ,  a p r i o r i ,  

such an o b je c t  t o  be gauge in d e p e n d e n t .
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Some e x p l i c i t  c a l c u l a t i o n s  ( a f t e r  J a c k iw  [ 1 6 ] )  f o r  m a ss le ss  

s c a la r  QED c o n f i r m  th e s e  s u s p i c io n s .  In d e e d , i f  we choose th e  

gauge f i x i n g  te rm  f o r  ( 2 . 1 )  t o  be o f  th e  fo rm

A ^ + e v .l T l ) 2 ( 2 . 5 )

we w ou ld  f i n d  t h a t  even th e  t r e e  l e v e l  p o t e n t i a l  c o n ta in e d  th e  

u n p h y s ic a l  q u a n t i t i e s  £ and v [ 1 7 ] ,  [ 1 8 ] .I

V(<j>)= —- ( v . < j ) . ) 2 -  -m 2 ^ 2 +— (j)4 ( 2 . 6 )
21 2 4 !

One p o s s ib le  s o l u t i o n  t o  th e  p ro b le m  i s  t o  ig n o r e  i t !  One 

c o ld  choose t o  s h i f t  th e  H ig g s  f i e l d s  by t h e i r  t r e e  l e v e l  vacuum 

e x p e c ta t io n  v a lu e s  ( p r o v id e d  we d id  n o t  choose a gauge such  as

( 2 . 5 ) )  and r e t a i n  t a d p o le  g ra p h s  i n  h ig h e r  o r d e r  c a l c u l a t i o n s

[ 1 9 ] .  T h is  w o u ld  o n ly  w o rk  i n  cases where th e  vacuum i s  a l r e a d y  

d e te rm in e d  a t  th e  t r e e  l e v e l ,  w h ic h  w ou ld  p r e c lu d e  th e  

c o n s id e r a t i o n  o f  th e  C o lem an-W e inbe rg  ty p e  symmetry b r e a k in g ,  

where i t  i s  th e  r a d i a t i v e  c o r r e c t i o n s  t h a t  le a d  to  th e  

sp o n ta n e o u s  sym m etry  b re a kd o w n . I t  w ou ld  a ls o  p r e v e n t  one 

e x a m in in g  m odels  i n  w h ic h  th e  c l a s s i c a l  H ig g s  p o t e n t i a l  has a 

l a r g e r  sym m etry  th a n  th e  r e s t  o f  th e  L a g ra n g ia n  (w h ic h  g iv e s  

r i s e  t o  th e  s o - c a l l e d  p s e u d o -G o ld s to n e  bosons [ 2 0 ] ) -  T h e se , too  

, r e q u i r e  th e  i n c l u s i o n  o f  o n e - lo o p  e f f e c t s  t o  d e te rm in e  th e  

t r u e  vacuum. F i n a l l y ,  one m ig h t  a ls o  l i k e  to  check t h a t  

r a d i a t i v e  c o r r e c t i o n s  do n o t  change th e  m in im a even i n  th e  

s ta n d a rd  case..

O th e r  s o l u t i o n s  t h a t  have been advanced a re  t h a t  o n ly  i n  

th e  " p h y s i c a l "  u n i t a r y  gauge does th e  e f f e c t i v e  p o t e n t i a l  have 

any s i g n i f i c a n c e  [1 8 ]  and t h a t  e x p re s s in g  V i n  te rm s  o f  

r e n o r m a l iz e d  q u a n t i t i e s  r a t h e r  th a n  b a re  ones r e s o lv e s  th e
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p ro b le m  [2 1 ]  . The c o r r e c t  a p p ro a c h  was, how ever, f i r s t  p roposed  

by N ie ls e n  [ 2 2 ] ,  and we exam ine  th e  i d e n t i t i e s  he d e r iv e d  in  the  

r e s t  o f  t h i s  c h a p te r ,  d ra w in g  h e a v i l y  on th e  l a t e r  work o f  

A i t c h i s o n  and F ra s e r  [ 2 3 ]  and Fukuda and Kugo [ 2 4 ] .

I f  one c o n s id e r s  th e  e f f e c t i v e  p o t e n t i a l  f o r  a gauge th e o ry  

such as ( 2 . 1 )  i t  w i l l  depend e x p l i c i t l y  on £, so we w r i t e  i t  as 

V(<}>,5). The vacuum i s  d e te rm in e d  by th e  c o n d i t i o n

dV—  = 0 ( 2 . 7 )
5 <j>

and sp o n ta n e o u s  sym m etry  b r e a k in g  o c c u rs  when ( 2 . 7 )  has a 

n o n -z e ro  ’s o l u t i o n ,  say $ q (£ )»  T h is  s i t u a t i o n  w ou ld  be gauge 

i n v a r i a n t  i f ,  u n de r a s m a l l  change i n  £ , th e  v a lu e  o f  V a t  th e  

minimum (w h ic h  i s  a f t e r  a l l  a p h y s i c a l  q u a n t i t y )  rem a ined  

c o n s t a n t .

V(<t>o+ 6<t>0,£+6£) = V(<t>o,0 = vmin (2 .8)

We c o u ld  w r i t e  t h i s  as

5V d<j> dV .
•  '

l  d£ 5 £
( 2 . 9 )

w h ic h  s t a t e s  t h a t  th e  t o t a l  d i f f e r e n t i a l  o f  V w r t  t o  £ a t  th e  

minimum i s  z e r o .

In  a s i m i l a r  manner th e  masses o f  th e  H ig g s  p a r t i c l e s  w i l l  

depend upon b o th  $ and £ .

m2=m2 (<j>0 , 1 ) (2 .1 0)
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I f  we demand t h a t  th e s e  to o  be gauge i n v a r i a n t  u n d e r a change in  

£ we f i n d ,  by a n a lo g y  w i t h  ( 2 . 9 )

dm2 dcj> dm2 ♦ * ——
3$ £ d£ 3$

(2 .1 1)

N i e l s e n ’ s re m a rk a b le  r e s u l t  was t o  d e r i v e ,  u s in g  th e  B .R .S . 

[ 2 4 ]  i n v a r ia n c e  o f  th e  t h e o r y ,  a s e t  o f  i d e n t i t i e s  o f  p r e c i s e l y  

th e  fo rm  above , th u s  g u a r a n te e in g  th e  gauge in v a r ia n c e  o f  

p h y s i c a l  q u a n t i t i e s .  They were

5—  + c(£ >5)ax =0
3£ 3 <f>

- 3 m 2 , ^ ,7 - x 9 m 2 _  ^l--------  +  C ( < D , 5 ) --------  =  0
bl 3 f

0

(a )

(2 .1 2)
(b )

The o b je c t  C(<}>,£) i s  o b ta in e d  as an e x p l i c i t  f i e l d - t h e o r e t i c  

e x p re s s io n  and c o u ld  be c a l c u la t e d  i n  some e x p a n s io n  scheme. 

We n o te  t h a t  e q u a t io n  ( 2 .1 2 a )  exceeds  o u r re q u ire m e n ts ^  as i t  

does n o t  j u s t  a p p ly  a t  th e  m inimum o f  V. A long  th e  

c h a r a c t e r i s t i c s  o f  V, th e  c u rv e s  i n  th e  f ,  £ p la n e  f o r  w h ic h

d ±  = C ( ? ,g )  

l

V i s  a c o n s ta n t  (see  F i g . 3 o v e r l e a f )

( 2 .1 3 )
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We m ig h t  a ls o  o b s e rv e  t h i s  by  d i f f e r e n t i a t i n g  (2 .1 2 a )  w r t  t o  $ .

+ C(<t>,£)d )5V + 1 5C((Dt g )  5V_ = 0 (2

A t  th e  minimum o f  V th e  l a s t  te rm  v a n is h e s  and we f i n d  t h a t

dV( <t>, )
6 0

C(4>o,S)
4> o +-- 1--- 6 5 ( 2 .1 5 )

w h ic h  means t h a t  an i n f i n i t e s i m a l  change £->£+6£, com pensated by 

a change <j>o-*-<|>o + (C(<t>o >5 ) /5  )6£ > kee ps  V a t  i t s  minimum v a lu e .  The 

b e a u ty  o f  N i e l s e n ’ s r e s u l t s  i s  t h a t  th e y  e n a b le  one to  c a l c u la t e  

i n  c lo s e d  fo rm  th e  change i n  $o t h a t  com pensates f o r  th e  gauge 

v a r i a t i o n .

( F i g .3 )  The c h a r a c t e r i s t i c s  o f  ( 2 .1 2 a )
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2 .2  THE NIELSEN ID E N TIT IES .

N i e l s e n ’ s o r i g i n a l  w o rk  was w i t h  an A b e l ia n  H ig g s  model i n  

th e  F e rm i gauge.

V  = ( V 1*)2 ( 2 - 1 6 )

b u t  e x p l i c i t  c a l c u l a t i o n s  a r e  p la g u e d  by i n f r a r e d  d iv e rg e n c e s  

e x c e p t  i n  th e  Landau (£ + 0 )  gauge . One must t h e r e f o r e  choose to  

r e g u la t e  th e s e  d iv e rg e n c e s  i n  a s u i t a b l e  manner o r  to  w ork  i n  a 

gauge such as ( 2 . 5 )  o r  th e  ’ t  H o o f t  gauge p ro p e r

Jg f - “ (9 n A ^+ esv.d, ) 
2 1  *

( 2 .1 7 )

where v .=  e - -<0X cJ 4> 0> w i t h  e = - l  and e =1, i n  w h ich  th e  12  21
d iv e rg e n c e s  do n o t  a p p e a r .

T h e re  a re  two o b j e c t i o n s  t o  th e  c h o ic e  ( 2 . 1 7 ) ,  w h ich  a re  

mooted i n  th e  p a p e r by A i t c h i s o n  and F r a s e r .  They a re ,  f i r s t l y ,  

t h a t  i t  i s  i n c o n v e n ie n t  and p o s s i b l y  i n c o n s i s t e n t  t o  in t r o d u c e  

i n t o  th e  L a g ra n g ia n  a q u a n t i t y  t h a t  one i s  supposed to  be 

c a l c u l a t i n g  and, s e c o n d ly ,  t h a t  i t  i s  im p o s s ib le  t o  d e r iv e  th e  

r e q u i s i t e  N ie ls e n  i d e n t i t y  f o r  t h i s  ca se . T h is  c la s h e s  w i t h  the  

com p lem e n ta ry  w ork  o f  Fukuda and Kugo [2 4 ]  who used an 

o ld - f a s h io n e d  a p p ro a ch  t o  th e  d e r i v a t i o n  o f  N ie ls e n  i d e n t i t i e s  

and who saw no im p e d im e n t to  th e  use o f  ' t  H o o f t  gauges. The 

d e r i v a t i o n  o f  th e  N ie ls e n  i d e n t i t y  a ls o  removes th e  o b je c t io n s  

o f  T a y lo r  and D o lan  and J a c k iw  [ l 7 ] , [ l 8 ]  t h a t  a re  e n c a p s u la te d  

i n  e q u a t io n  ( 2 . 6 ) .  A c o r r e c t  c h o ic e  o f  vacuum w i l l  remove th e

gauge dependen t te rm  t h a t  i s  p r e s e n t  a t  th e  t r e e  l e v e l .  

As a p r e lu d e  t o  N i e l s e n ' s  d e r i v a t i o n  we s k e tc h  th e
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ap p ro a ch  o f  Fukuda and Kugo, w h ic h  b e a rs  a s i m i l a r  r e l a t i o n s h i p  

t o  h i s  w ork  as th e  o r i g i n a l  d e r i v a t i o n  o f  th e  W a rd -T a ka h a sh i 

i d e n t i t i e s  does to  a d e r i v a t i o n  based on B .R .S  in v a r ia n c e  [ 2 5 ] ,  

We use t o  s ta n d  f o r  a l l  t h e  f i e l d s ,  w i t h  th e  in d e x  i  

b e in g  a g e n e r ic  one t h a t  l a b e l s  a l l  t h e i r  a t t r i b u t e s .  We s h a l l  

a ls o  use G reek l e t t e r s  f o r  g ro u p  i n d i c e s .  The g e n e r a t in g  

f u n c t i o n a l  i s  w r i t t e n  as

e x p (—W.»[ J ])=/[D<]>]A_p[<t>] e x p ( i ( S [  ♦ ] — F2+J<t> ) )  ( 2 . 1 8 )
-ft -n 2

where A^[ <J> ]=DetM ^ and i s  d e f in e d  by o b s e rv in g  th e  b e h a v io u r  

o f  th e  gauge f i x i n g  F u n d e r a gauge t r a n s f o r m a t io n

F«(*)+ Fa (*)+Uapu p

a .
. + V  (Ai +t

( 2 .1 9 )

OL 1where A.T=— d 64 ( x - x  ) f o r  th e  gauge f i e l d s  and i s  z e ro1 g p. CL

o th e r w is e .

I f  we now s u b je c t  ( 2 .1 8 )  t o  th e  t r a n s f o r m a t io n  [ 7 ]

. -> d>.l Yi + ( A ?  + t “  . . ) (M .  ) 0uPv l  i j  J f ( 2 . 20 )

we f i n d

[ " Fa ( f  f j )  + J i < Ai  + ] e x p ( i w [ j ] )  ( 2 .2 1 )IJ 
=  0

w h ic h  a l lo w s  us to  e s t im a te  th e  change i n  Wf [ j ]  under a 

v a r i a t i o n  i n  th e  gauge f i x i n g  f ro m  F t o  F+AF.
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exp(^W f + 6 f [ j ] )  -  e x p ( iw f [ j ] )  = 

/ [ D * ] A f [ $ ] e x p ( i ( S [ 4 . ] - i  F2 + J * ) ) i j i (A^+ * ) .

(2.22)

t V  ]pa •

We can w r i t e  t h i s  as [ 7 ]

Wf + 6 f [ j ]  -  Wf  . [ J ]  = J i < f i > ( 2 . 2 3 )

where f . =  (A? + t a . . t O T M ”  ] „ AF„(<b) and th e  e x p e c ta t io n  v a lu e  

i s  d e f in e d  i n  th e  u s u a l  m anne r. T h is  may be t r a n s la t e d  i n t o  the  

change i n  th e  e f f e c t i v e  a c t i o n  by  u s in g  th e  Legen d re  t r a n s fo r m s

rf+5f[<t>f+6f] = Wf+6ftJ] " J <|f+6f (2-24)
r f + 6 f [ * f ] = wf + 5 f [ j ]  -  J 

rf[*£] = wf[j] - J * f
t o  g iv e

rf+5f[ff+6f] - rf[<of] = -i (2.25)

I f  we w ork  t o  o r d e r  AF i t  i s  e a s ie r  t o  c o n s id e r

r f + 6 f [ * f ] “ r f L f ] = ( 2 . 2 6 )

w h ic h  i s  th e  p r e c u r s o r  o f  th e  N ie ls e n  i d e n t i t y .  The 

d i f f e r e n t i a l  v e r s io n  o f  ( 2 . 2 6 )  f o r  an A b e l ia n  H ig g s  model w i t h  

gauge f i x i n g  o f  th e  fo rm  ( 2 . 5 )  i s

£ S § §  = < ( J 1* 2 - J 2* l - |  a . J ) x f — , (5 . A—v<t>2 ) > ( 2 .2 7 )
^ 1 - V 2 - e v < p  ^  y  y
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S VI f  we now choose J i  = t— - = 0 we f i n d

( 2 .2 8 )

w h ic h  i s  th e  e f f e c t i v e  a c t i o n  v e r s io n  o f  th e  f i r s t  N ie ls e n  

i d e n t i t y .

H a v in g  seen i n  o u t l i n e  how th e  Fukuda and Kugo a p p ro a ch  

w orks  we now move on t o  c o n s id e r  N ie l s e n 's  work  i t s e l f ,  c l o s e l y  

f o l l o w i n g  th e  a p p ro ch  o f  A i t c h i s o n  and F ra s e r  i n  [ 2 3 ] .  I n s t e a d  

o f  k e e p in g  th e  d e t e r m in a n t a l  f a c t o r  i n  th e  p a th  i n t e g r a l  we 

i n t r o d u c e  th e  u s u a l  g h o s t  f i e l d s  and make use o f  th e  B .R .S .  

i n v a r ia n c e  o f  th e  gauge f i x e d  L a g ra n g ia n  to  d e r iv e  ou r r e s u l t s .  

The essence o f  th e  method i s  t o  append an e x t r a  te rm  to  th e  

a c t i o n  i n  th e  g e n e r a t in g  f u n c t i o n a l  and t o  a r ra n g e  f o r  th e  

B .R .S  v a r i a t i o n  o f  t h i s  new te rm  t o  he e q u a l ( t o  w i t h i n  a te rm  

t h a t  v a n is h e s  when one c o n s id e r s  th e  e f f e c t i v e  p o t e n t i a l )  t o  

. T h is  w i l l  become th e  te rm  i n  th e  N ie ls e n  i d e n t i t y .

We f i r s t  g iv e  a g e n e r a l  d i s c u s s io n  b e fo r e  e x a m in in g  th e  case  o f  

a ' t  H o o f t  gauge f i x i n g  i n  d e t a i l .  C o n s id e r  th e  g e n e r a t in g  

f u n c t i o n a l

where we have in c lu d e d  th e  s ta n d a r d  s o u rc e  te rm s  f o r  th e  f i e l d s  

and a s o u rc e  te rm  f o r  th e  B .R .S .  v a r i a t i o n s  (o r  c h a rg e s )  t h a t  

a re  n o n - l i n e a r  i n  th e  f i e l d s  (Q.=6d>., where 6 i s  th e  B .R .S  

v a r i a t i o n ) . The s u b s c r i p t  k  d e n o te s  t h e i r  p re se n ce  and th e  

t w id d le  d e n o te s  th e  p re s e n c e  o f  th e  o p e r a to r  0 .

Zk [ j ]  = J [ D * ]  exp i ( S [ 4> ]+ J i 4>i +Ki Qi + hO) ( 2 .2 9 )
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The KQ te rm  does n o t  a f f e c t  th e  B .R .S .  in v a r ia n c e  s in c e ,
2

f o r  th e  f i e l d s  t h a t  r e q u i r e  i t ,  6 <}> = 0 . I t  i s  i n s e r t e d  i n  o rd e r

t o  l i n e a r i z e  th e  r e s u l t i n g  i d e n t i t i e s .  We a ls o  t r y  to  p i c k  an

o p e r a t o r  0 such t h a t  60 = 0 = t o  g iv e  th e  r e q u i r e d  te rm  i n

5F 5 Wth e  N ie ls e n  i d e n t i t i e s .  T h i s  w o rks  because -rnr = (seeot, ot,

a p p e n d ix  A, c o u r te s y  o f  [ 2 3 ] )

B e a r in g  t h i s  i n  m ind we now r e w r i t e  ( 2 .2 9 )  e x p l i c i t l y  f o r  

an A b e l ia n  H ig g s  model t o  g e t

Zk [ j ]  = /  [ DA^ ] [ D<|> ] [ D<|> * ] [ D$ t  ] e x p i ( \ ) ( 2 .3 0 )

where th e  a c t i o n  i s  g iv e n  by

* *
Si — I’ d1* x( L + K.ecjjE. .$ . + J . 4) • + J Â 1 + ri 4> +cj> rj + hO]
k  J V 1  1 J  J  1 1  Ii I t  ' J

and we use th e  f u l l  g a u g e - f i x e d  L a g ra n g ia n  f o r  L

L = - — F F ^v + i  (5 .> ^  ) ( & % ,  ) -  ee, , ( 5 . . ^  )<}),A,i 
4 2

+-^e2A 2<{)2 + — m 2<{)2 — — — — — F 2 + (J; M({; 
2 2 4! 2£

( 2 . 3 1 )

( 2 .3 2 )

The B .R .S .  t r a n s fo r m s  f o r  t h i s  L a g ra n g ia n  a re  g iv e n  by

6A = e5 (J; , 6(^=0

6 ([> * = —

66 . = ze e  . .d»6 . i
( 2 .3 3 )

w here e i s  an a n t ic o m m u t in g  p a ra m e te r  and cj> and 4; a re  th e  g h o s t 

and a n t i - g h o s t  r e s p e c t i v e l y .  We now c a r r y  o u t  a B .R .S . 

t r a n s fo r m  on 2^  t o  f i n d  t h a t
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J d M D A ^ J  • - - [ D<t± ] ( J ^ a -  r i|-F (A | j ,4ii ) + =

= - i / d ^ z f D A ^ ]  . . . [ Dc()x ] h ( z ) 6 0 ( z ) e x p i [ S k )

We can r e w r i t e  t h i s  as an o p e r a t o r  i d e n t i t y  on Z^.

(2.34)

/ d M J  3 11 —  * - 4  F ( | j  , | j  ) + J i  f j j _ ) Z k = R .H .S . ( 2 .3 5 )
6 r) |i i  i

We now p e r fo r m  a Le ge n d re  t r a n s f o r m  to  o b t a in  an i d e n t i t y  on the 

e f f e c t i v e  a c t i o n .

r k  = wk  -  / d 4x ( j ^ A ti+ n f  + <jJ v + J i ^ i ) 

where ( 2 .3 6 )

6W
W, = - i h  In  2 , and = A e t c .
k  k  oJ LIM-

T h is  g iv e s

6I\
/ d l* z ( — 3  a <l>

6 A ^ l

6i\ 6i\__k __k j
6$. 6 K .Yi l

-Z Jd^zfDA^] • • .[D4>i]h(z)60(z)exp^(Sk) 
Z k

( 2 . 3 7 )

To o b t a in  th e  e f f e c t i v e  a c t i o n  p r e c u r s o r  o f  th e  N ie ls e n  i d e n t i t y

we d i f f e r e n t i a t e  ( 2 .3 7 )  w . r . t .  h and th e n  s e t  h t o  z e ro ,  w h ic h

<5 r1removes th e  t i l d e s .  We n o te  t h a t  ^  = r ( 0 ) ,  where we d e n o te  an 

i n s e r t i o n  o f  th e  o p e r a to r  0 i n  r  by T ( 0 ) .  We f i n d  ( d r o p p in g  k )

J d1* x j d 1* z( 5 ( j j(z )
SA^z) “

+ srf0(x)l l p 
6<l< (z)  5

a r f o ( x ) l 6r_____
6 ^ . ( z )  6 K . ( z )

( 2 . 3 8 )

6 r f o ( x ) l  6r____
6 Ki ( z )  6 ^ i ( z )

) = — / d 4x / [ D A (i ] . . [ D4> ] 6 0 ( x ) e x p t ^ S- l
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The l . h . s .  o f  ( 2 .3 8 )  i s  a l r e a d y  i n  th e  r e q u i r e d  fo rm ^so  i t  o n ly  

re m a in s  t o  t r a n s fo r m  th e  r . h . s .  We s h a l l  f i n d  i n  e x p l i c i t  

c a l c u l a t i o n s  t h a t

|  J d ^ x / tD A  ] . . [D < l) i ] 6 0 ( x ) e x p i  S = | f s  + -  Jd4X 7 i(x )§ ^  ( 2 . 3 9 )6W
5S 6 T)

From a p p e n d ix  A t h i s  e q u a ls

5§£ + \ f d 1'*  ------ * * ( * )  ( 2 . 4 0 )
95 6<F (x )

1 _ 5)C
The second te rm ,  o f  th e  fo rm  — ti4> , w i l l  v a n is h  when we c o n s id e r

2
th e  e f f e c t i v e  p o t e n t i a l .  I f  we s p e c i a l i z e  to  c o n s ta n t  f  and s e t  

th e  o th e r  c l a s s i c a l  f i e l d s  t o  z e r o ,  we f i n d

S5V
as Jd^x 6 r f 0 ( x ) l  5V = - F ( 0 , 4) ) 

6 K . ( 0 )i v '  5<t> Q
/d4z/d4x -^ Q

6(1; ( z )
( 2 . 4 1 )

T hus , p r o v id e d  t h a t  F (0 ,4> )=0 , a p o i n t  t h a t  we d is c u s s  i n  d e t a i l  

i n  th e  n e x t  s e c t io n ^ w e  f i n d

5—  + C ( * , | )  ^  = 0 (2 .1 2 a )
55 55

w i t h  C(4>,£) g iv e n  by th e  e x p r e s s io n

- / d1* x 6T (0 (x) 1
6K . ( 0 )

3
( 2 .4 2 )

To o b t a in  th e  N ie ls e n  i d e n t i t y  f o r  th e  mass o f  th e  H ig g s  

p a r t i c l e  we o b s e rv e  t h a t  th e  masses a re  g iv e n  by th e  p o le s  o f
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th e  p r o p a g a to r  o r ,  a l t e r n a t i v e l y ,  by th e  z e ro s  o f  th e  in v e r s e  

p r o p a g a to r

62r
6(t>i (x)6<()j ( y )

_1
= iG ( x - y ) .

1 3
(2.43)

We a re  i n t e r e s t e d  i n  th e  mass o f  th e  p h y s i c a l  H ig g s  p a r t i c l e

w h ic h  does n o t  c o u p le  t o  t h e  gauge boson . For ou r A b e l ia n  H iggs

m odel we can span th e  space i n  w h ic h  th e  H ig g s  f i e l d s  l i v e  by

th e  v e c to r s  ti=(1,0) and e = ( 0 , l ) .  I f  we a r ra n g e  f o r  th e  r\

d i r e c t i o n  t o  be th e  p h y s i c a l  H ig g s  (see th e  n e x t  s e c t io n )  we can 
_1

th e n  s p l i t  G i n t o

1i j  G phys T) . T | .1 'j (6 . . -ij r) • ti •) • r e s t  
i  J

(2.44)

The p h y s i c a l  H ig g s  mass i s  th e n  g iv e n  by

Gphys (P 2=m2) = 0 (2.45)

We have , i n  th e  A b e l ia n  H ig g s  m o d e l,

G” 1 ( x - y ) 62T_______
6$ (x )6 $  ( y ) <t> =

( 2 .4 6 )

We now p ro ce e d  by d i f f e r e n t i a t i n g  (2 .3 7 )  tw ic e  w . r . t .  <J>i t o  g e t  

th e  f o l l o w i n g  e q u a t io n ^  where we have d ropped  te rm s  t h a t  v a n is h  

i n  th e  e f f e c t i v e  p o t e n t i a l .
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^5______ fî r_______

< H i ( y ) 6 ^ i ( w )
J d - x d M  5 £ _ 5 M 0 O O j ----------

a^iSKi (z )64) 1 (y)64) 1 (w)
( 2 .4 7 )

62r 6 2rfo(x)l + 62r______  6 2rfo(x))
+6^1 (x)6$i (w) 6KX (z)64>i ( y )  6<t>1 (x)54>i (y) 5KX ( z ) 54>l (w)

_______ 6^r________  6rfo(x)l
6<t>i (x)6<t>i (y)6<t>i (w) 6 K i ( z )

)

I f  we e v a lu a te  th e  e x p r e s s io n  a t  —  = 0 and use t r a n s l a t i o n a l
6 4>

i n v a r ia n c e  t o  see t h a t  th e  second  te rm s  i n  th e  p r o d u c ts  on th e  

second l i n e  can be w r i t t e n  as f u n c t i o n s  o f  x - y  and x-w  we can 

w r i t e  ( 2 .4 7 )  as

($fr + C(4>,5)^) ( 1
3 <j) phys

/ d 1+x / d 1+z [G ” p h y g ( x - w ) F ( z , x - y )  + G phys

( 2 .4 8 )

( x - y ) F ( z , x - w ) ]

I f  we F o u r ie r  t r a n s f o r m  t h i s  we f i n d ,  u s in g  th e  c o n v o lu t io n  

th e o re m ,

U f ]T  + G" p h y s ( p2 ) ==2G" p h y s (P2 ) / d 1+r / d 1+z e x p ( i p . r ) F ( z , r )

( 2 .4 9 )

_1
From t h i s  we see t h a t  i f  G v a n is h e s  a t  a p a r t i c u l a r  v a lu e  o f  

p 2 i t  w i l l  a ls o  do so u n d e r th e  t r a n s f o r m a t io n s  and

<j>-»-$ + (C(<fr , 5 ) / s ) 6 5  • We t h e r e f o r e  have th e  second N ie ls e n  i d e n t i t y

(2.12b).
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2 .3  THE NIELSEN IDENTITY IN THE ' t  HOOFT GAUGE

We now g iv e  a c a r e f u l  d e r i v a t i o n  o f  th e  e f f e c t i v e  p o t e n t i a l  

N ie ls e n  i d e n t i t y  i n  th e  ' t  H o o f t  gauge p r o p e r ,  f o l l o w i n g  i n  

d e t a i l  th e  p r e s c r i p t i o n  o f  t h e  p r e c e d in g  s e c t io n  f o r  th e  A b e l ia n  

H ig g s  m o d e l.  The gauge f i x i n g  and g h o s t  p a r t  o f  th e  L a g ra n g ia n  

i s  now g iv e n  by ( c . f .  2 .3 2 )

_1
2£

(9 A1
2+ e £ v . <h. ) iYi ' + 9 <J> 9 e2 (\)Z . .gv . 4) . ij i J ( 2 .5 0 )

and th e  B .R .S .  t r a n s fo r m s  a r e  g iv e n  by

6A = e9 <1> , 6<J>=0 , 5$ . = see . . <J> .
H V- i  J

6** = *  (9X  
l  ^

+ e£v. <}>. )iY i

( 2 . 5 1 )

We now choose th e  o p e r a t o r  O t h a t  was in t r o d u c e d  i n  th e  

l a s t  s e c t io n  t o  be

0 = —  /
2 ^

-e5vi<|)i ) (2.52)

( t h e  change i n  s ig n  i n s i d e  th e  b r a c k e ts  w . r . t .  th e  gauge f i x i n g  

te rm  i s  c o r r e c t ,  see s e c t i o n  2 .7 )

The B .R .S .  t r a n s fo r m  o f  th e  o p e r a t o r  0 i s  g iv e n  by

60 = e [—  ( ( 9  A ^ ) 2-  e2£ 2 (v  .<j> . ) 2 ) + -  4> V24> -  -  e2£(j> c K . - v . * .  ]
2 1  ^ 1 1  2 2 i J i j

( 2 . 5 3 )



-29-

C T
I f  we use th e  e q u a t io n  o f  m o t io n  f o r  th e  g h o s t  f i e l d  — * = r\ we

S<\>

can w r i t e  t h i s  as

60 = e [— (b^A^)2-e2l2 (v ±cj>i )2) + i  (j; ri - e2?(|;*(l;eij.vi<})j ]
2 $

(2.54)

We now compare t h i s  w i t h

= [ — ( & tlAl1 ) 2 - e 2 S 2 ( V i ( t , i ) 2 )  _  e 2 ? < ! , % £ i J v i * j  ] ( 2 . 5 5 )
2E,

and we see t h a t ,  t o  w i t h i n  a te rm  t h a t  v a n is h e s  when we c o n s id e r

1 * 6Lth e  e f f e c t i v e  p o t e n t i a l  v ) , has been e xp re sse d  i n  te rm s

o f  a B .R .S .  t r a n s fo rm e d  o p e r a t o r .  We now f o l l o w  th e  a rgum en t o f  

th e  p r e c e d in g  s e c t io n  th r o u g h  t o  o b t a in  th e  f i r s t  N ie ls e n  

i d e n t i t y

w G ± , t )

as
-  Jd*4 x

sr(o(x))
6K (0)

av : 
a*. Q 6 4 * ( z )

( 2 .5 6 )

We n o te  a t  t h i s  p o i n t  t h a t  ( 2 .5 6 )  does n o t  q u i t e  have th e  

fo rm  r e q u i r e d  o f  th e  f i r s t  N ie ls e n  i d e n t i t y  because o f  th e  

inhom ogeneous te rm  on th e  r . h . s .  We p r e f e r  to  ta k e  a d i f f e r e n t  

v ie w  fro m  t h a t  espoused i n  b o th  [ 2 3 ]  and [2 4 ]  i n  d e a l in g  w i t h  

t h i s .  These say t h a t ,  h a v in g  p r e d e te rm in e d  a d i r e c t i o n  o f  

sym m etry  b r e a k in g ,  one th e n  chooses th e  d i r e c t i o n  o f  v t o  be 

p e r p e n d ic u la r  t o  t h i s  i n  4>-space, th u s  e l i m i n a t i n g  th e  

inhom ogeneous te rm .  To us t h i s  seems in c o n s i s t e n t ,  because one 

i s  supposed to  be c a l c u l a t i n g  th e  m in im a u s in g  th e  e f f e c t i v e  

p o t e n t i a l  c a l c u la t e d  f ro m  th e  g a u g e - f ix e d  L a g ra n g ia n ,  so one
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s h o u ld  n o t  p r e ju d g e  th e  d i r e c t i o n  o f  sym m etry b r e a k in g .  The 

c o r r e c t  a p p ro a ch  i s  t o  r e g a r d  th e  ho m o g e n e ity  o f  e q u a t io n  (2 .5 6 )  

( i . e .  th e  c o n d i t i o n  v^<t>^=0) as a c o n d i t i o n  on th e  s o lu t i o n s  o f
a V

th e  e q u a t io n  —  = 0 . For in s t a n c e  a t  th e  t r e e  l e v e l  w i t h  an ' t  
5 <{>

H o o f t  s t y l e  gauge f i x i n g  we f i n d  two p o s s ib le  s o l u t i o n s  f o r  th e  

m in im a o f  th e  c l a s s i c a l  p o t e n t i a l .  They a re

v ,j r 6m2 l /2
i j 'llvll \

* = li (6 (m2_5e2v2))1/2
i °  II v II \

( 2 .5 7 )

The second o f  th e s e  s o l u t i o n s  i s  gauge v a r i a n t ,  b u t  i f  we impose 

th e  c o n d i t i o n  v^$^=  0 on th e  s o l u t i o n s  we f i n d  t h a t  i t  i s  n o t  

a l lo w e d .  To r e i t e r a t e ,  th e  h o m o g e n e ity  o f  th e  N ie ls e n  i d e n t i t y  

e n s u re s  th e  absence o f  p o s s ib le  gauge dependen t m in im a and i s  to  

be re g a rd e d  as a c o n s t r a i n t  on th e  a l lo w e d  d i r e c t i o n s  o f  

sym m etry  b r e a k in g  i n  <})-space.
io ̂

The v . $ . =  0 does n o t  j u s t  a r i s e  i n  c o n n e c t io n  w i t h  th e
X I  A

N ie ls e n  i d e n t i t i e s ;  i t  i s  i n v o lv e d  i n  th e  b re a k in g  o f  B .R .S .  

sym m etry , w h ic h  i s  h a r d l y  s u r p r i s i n g  i f  we c o n s id e r  th e  means o f  

d e r i v a t i o n  o f  th e  N ie ls e n  i d e n t i t y .

I f  we c o n s id e r ,  a f t e r  de W it  [ 2 6 ] ,  th e  N o e th e r  c u r r e n t  f o r  

a B .R .S .  t r a n s fo r m ,  th e  s o - c a l l e d  T a y lo r - S la v n o v  c u r r e n t

j \ i  _ 5L 6<t> +
i

5L
6 A + 

a

5L

5(d 4, )p,
6 4>

a ( V i > 9(d A ) 
\i a '

(2.58)
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We f i n d  t h a t

8 C T C J ^ x )  X )> = i  <T(8 c^l-r -  e<|>e. -t t  -  F— * )  X > ( 2 .5 9 )

where X i s  any c o m b in a t io n  o f  f i e l d s  and F i s  th e  gauge f i x i n g  

te rm .  I f  we now choose X t o  be if/(0) we f i n d

a ^ T C . y x )  < j/(o) )> = - i <T F & q f t x y

( 2 .6 0 )

= - i 6 ( x ) < F >

The i n t e g r a t e d  fo rm  o f  ( 2 . 6 0 )  w i l l  g iv e  th e  s ta n d a rd  S la v n o v  

i d e n t i t y  i f f  th e  r . h . s .  i s  z e r o ,  i . e .  <F>=0. In  an ' t  H o o f t  l i k e  

gauge t h i s  may be w r i t t e n  as

<3 + e ? v . $ .>  = 0 ( 2 . 6 1 )(»i J. J.

o r  v . J  = 0 ,  w h ic h  i s  s l i g h t l y  w eaker th a n  th e  v.<£.= 0 
1 iO 1 1

c o n d i t i o n  t h a t  f o l l o w s  fro m  th e  N ie ls e n  i d e n t i t i e s  ( b u t  i s  

s t i l l  s u f f i c i e n t  t o  m a in ta in  th e  gauge in v a r ia n c e  o f  p h y s i c a l  

q u a n t i t i e s ) .

I f  we b e a r th e  p r e c e d in g  d is c u s s io n  i n  m ind we can choose 

v i = v e i  e = ( 0 , l ) ,  w h ic h  g iv e s  <j>̂ = 'Hi = ( l , 0 ) .  We can th u s

c o n s id e r  th e  e f f e c t i v e  p o t e n t i a l  as a f u n c t i o n  o f  o n ly .

+ C(4>, £ ^ = 0
5 <})

av(4),c)
as (2 .1 2 a )
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2 . 4 , ONE LOOP VERIFICATION OF THE EFFECTIVE POTENTIAL IDENTITY

V e r i f y i n g  th e  N ie ls e n  i d e n t i t i e s  t o  o n e - lo o p  o r d e r  i s  n o t  

o n ly  an i n s t r u c t i v e  e x e r c i s e  i n  i t s  own r i g h t  b u t  i t  a l s o  th row s

p o t e n t i a l  c a l c u l a t i o n s .  Our r e s u l t s  ag ree  w i t h  th o s e  o f  Fukuda 

and Kugo who s t a t e d  ( r a t h e r  o p a q u e ly )  t h a t  th e  c o r r e c t  way t o

o f  th e  d i f f e r e n t i a t i o n s  on t h e  e f f e c t i v e  p o t e n t i a l ,  a v o id in g  any 

p o s s ib le  c i r c u l a r  c a l c u l a t i o n s .  We s h a l l  b e la b o u r  t h i s  p o i n t  in  

o u r  v e r i f i c a t i o n  o f  th e  mass i d e n t i t y  t o  o n e - lo o p  o r d e r .  A l l  

o u r  c a l c u l a t i o n s  a re  c a r r i e d  o u t  i n  th e  fra m ew o rk  o f  a lo o p  

e x p a n s io n ,  u s in g  J a c k iw ’ s f i e l d - s h i f t i n g  method f o r  c a l c u l a t i n g  

V (and i t s  r e l a t i v e s  such  as C (< F ,£ ) ) .  We expand (2 .1 2 a )  o r d e r  

by o r d e r  i n  h , n o t i n g  t h a t  C(<j>,£) r e c e iv e s  i t s  f i r s t  

c o n t r i b u t i o n s  a t  o n e - lo o p  o r d e r  (a s  one may see fro m  c a r r y i n g  

o u t  th e  s ta n d a rd  f i e l d  r e s c a l i n g  <fr-»-/Ti<|> i n  ( 2 . 6 3 ) )

where th e  s u p e r s c r ip t s  d e n o te  th e  o r d e r  i n  h . The f u n c t i o n  

C ( $ ,£ )  i s  c a l c u la t e d  f ro m

l i g h t  ( i n  th e  mass i d e n t i t y )  on th e  v i a b i l i t y  o f  th e  ' t  H o o f t

gauge p ro p e r  (one w i t h  v . =  e. , < 0 U .  0> = e..<|>.o) i n  e f f e c t i v e
^ J J J J

h a n d le  th e  11 H o o f t  gauge p r o p e r  was t o  e x c lu d e  th e  <f> .q f ro m  any3

( 2 .6 2 )

C O , 5 ) = - i h / d 1*x<0 T ( i ) 2 [ - f | , * ( a  A^Cx) -  e !jv  ® ( x ) )  .O H- -L
(2.63)
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where we have used <$ f o r  th e  quantum  f i e l d  and <J) f o r  th e  

c -num ber s h i f t .  The e f f e c t i v e  L a g ra n g ia n  i n  th e  s h i f t e d  th e o r y  

i s  g iv e n  by

Sgffb.a] = s[«+$] - s O ]  - / d ^ K x ) ! ! $ = <|> (2.64)

The o n e - lo o p  te rm  comes f ro m  d r o p p in g  th e  i n t e r a c t i o n s  fro m  th e  

e xp o n e n t and i s

C1 ^ , ^ )  = i ‘h / d 1+x<0 T ( —) 2— c j , * (x ) (5  A ^ x )  -  e£v ® ( x ) ) ecKO)® (0 ) 0>
Ti

(2.65)
To e v a lu a te  t h i s  we use  W ic k 's  th e o re m  to  c o n t r a c t  o u t  th e  

f i e l d s ,  g i v i n g  a g h o s t  p r o p a g a t o r  m u l t i p l y i n g  e i t h e r  a H ig g s  

p r o p a g a to r  o r  a m ixed  gauge b o s o n /H ig g s  p r o p a g a to r .  These g iv e  

th e  g raph s

( F i g . 4 ) The g ra p h s  f o r  C1 (<{>,£)

w h ich  we e v a lu a te  u s in g  th e  v e r t i c e s  and p r o p a g a to rs  i n  a p p e n d ix

B to  g e t
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c i (£ >c) = —  /a^k ----i----- -ik2 C?^ + sv)
2 k 2+e2£v<{> Dn

- i e 2£v i ( k 2- g e 2<fr2 )
( k 2 +e2 £ v ^ )  Dn

(2 .6 6)

where

Dn = k^ -  k 2 (m£ - 2 e 2£v<})) + e 2 <t>2 ( e 2£2 v 2+£m£ )

and

m> = —  X d>2 - m 2 mf = — A. <j)2 -  m2

( 2 .6 7 )

We can s i m p l i f y  ( 2 .6 6 )  t o

Cl ( * , 5 )  = / a 1* !  ( 2 v + ^ ) k 2_— e 2Cv+2.
2 ( k 2 +e2^v<j) ) Dn

(2 .6 8)

We s h a l l  save o u r s e lv e s  th e  la b o u r  o f  e v a lu a t in g  ( 2 .6 8 )  

e x p l i c i t l y  by c o n s id e r in g  t h e  i n t e g r a l  e x p re s io n  f o r  th e  

o n e - lo o p  e f f e c t i v e  p o t e n t i a l ,  w h ic h  i n  o u r  gauge i s

V1 (5 ,C )  = i / d I+k (  I n ( k 2 +e2£v<£) -  |  l n ( - k 2+e2?2 )

-  l n ( k 2- m i ) -  -  I n  D ) 
2 2 n

( 2 .6 9 )

D i f f e r e n t i a t i n g  w . r . t  £ we f i n d

.av l  _ . f * u1. , e2S vij> 1 2k2e2$v* + 2 e S 25 2v 2 + ^
~ 1Ja K : r ----------------------------------------- J

^ k 2+e2^V(j> 2 D

( 2 .7 0 )
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We can s i m p l i f y  t h i s  to

5V
3

2
ie^<t>m2

2
(2v+(fr)k2 ~ v^e2(fr2 
( k 2+ e 2£ v l f )  Dn

( 2 . 7 1 )

To c o m p le te  o u r  e v a lu a t i o n  o f  th e  i d e n t i t y  we n o te  t h a t

dV° 
5 <j>

nv ( 2 . 7 2 )

So, m u l t i p l y i n g  t h i s  by ( 2 . 6 8 )  and a d d in g  th e  r e s u l t  t o  ( 2 . 7 1 )  

we o b t a in  th e  r e q u i r e d  o n e - lo o p  N ie ls e n  i d e n t i t y .

SdV1as
dV(+ C 1 (<D,C)^r = 0
5<j>

( 2 . 7 3 )

2 .5  ONE-LOOP VERIFICATION OF THE MASS IDENTITY IN THE * t  HQOFT 

GAUGE PROPER

In  v e r i f y i n g  t h i s  i d e n t i t y  we must e x e r c is e  some c a re  i n

th e  t r e a tm e n t  o f  th e  e. .j>-o te rm  t h a t  we in t r o d u c e  i n  th e  gaugeJ 3
f i x i n g .  We n o te  t h a t  th e  a rg u m e n t o f  th e  e f f e c t i v e  p o t e n t i a l  <j>, 

w h ic h  we g e n e ra te  by th e  f i e l d  s h i f t  used t o  p e r fo rm  th e  

c a l c u l a t i o n  i s  NOT th e  same as th e  <j>o i n  th e  gauge f i x i n g  

e x c e p t  a t  th e  m in im a o f  th e  p o t e n t i a l .  We s h o u ld  t h e r e f o r e  n o t  

i n c lu d e  th e  <j>o i n  th e  f u n c t i o n a l  dependence when we a re
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av a2vp e r fo r m in g  d i f f e r e n t i a t i o n s  such as •—  o r  - 3 -
5 <t> 5 <J>2

E a r l i e r

c a l c u l a t i o n s  by W e inberg  v i n d i c a t e  t h i s  v ie w p o in t  [ 2 0 ] ,  as w i l l  

o u r  f o l l o w i n g  c a l c u l a t i o n  o f  th e  mass i d e n t i t y .  W einberg  

e v a lu a te d  o n e - lo o p  t a d p o le  g ra p h s  i n  a ' t  H o o f t  gauge w i t h o u t  

d i s t i n g u i s h i n g  be tween $ and J’q and fo u n d  t h a t

T = - 1*1 -  m2 e<j>o /d ^ k
9<}) (j)-<j)o k2 ( £ k 2 - e 2 <j>0 )

( 2 .7 4 )

where h i s  p o t e n t i a l  was e q u i v a le n t  t o  ( 2 .6 9 )  w i t h  v s e t  e q u a l  to

-$  b e fo r e  th e  d i f f e r e n t i a t i o n  was p e r fo rm e d .  From th e  p re s e n c e

o f  th e  n o n - d e r i v a t i v e  te rm  i n  ( 2 .7 4 )  W einberg  co n c lu d e d  t h a t  the

e f f e c t i v e  p o t e n t i a l  was v a l i d  i n  th e  ' t H o o f t  gauge o n ly  when

H ow ever, one can o b t a in  a d e r i v a t i v e  e x p re s s io n  f o r  th e  o n e - lo o p

ta d p o le  g ra p h s  by d i f f e r e n t i a t i n g  ( 2 .6 9 )  w . r . t .  f  and th e n

s e t t i n g  v = “ ^0 > w h ic h  i s  c o n s i s t e n t  w i t h  o u r i n t e r p r e t a t i o n  o f

th e  gauge f i x i n g  v. b e in g  e. . q •
■ ^ ^ J  J

I f  we e x e r c is e  a s i m i l a r  d e g re e  o f  c a re  i n  th e  v e r i f i c a t i o n  

o f  th e  mass i d e n t i t y  a t  o n e - lo o p  l e v e l  we o b t a in  th e  c o r r e c t  

r e s u l t .  E q u a t io n  ( 2 .4 5 )  w h ic h  d e f in e s  th e  p o le  o f  th e  

p r o p a g a to r  g iv e s  th e  p h y s i c a l  mass as

m 2 - m? - £(m2 ) = 0 ( 2 . 7 5 )

where E (p 2 ) i s  th e  sum o f  th e  p h y s i c a l  H ig g s  s e l f  e n e rg y  g ra p h s  

a t  momentum p 2 . As we a re  w o rk in g  t o  one—lo o p  l e v e l  we can 

w r i t e  t h i s  as

nr - m? -
2

2 (mi ) + 0(fi2 ) = 0 ( 2 .7 6 )
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Now, f o l l o w i n g  [ 2 3 ] ,  we choose  X ~ 0 (e l+) t o  s i m p l i f y  ou r 

c a l c u l a t i o n s  (one makes a s i m i l a r  c h o ic e  i n  th e  Colem an-W einberg  

m o d e l) .  T h is  a l lo w s  us t o  expand E1 to  o r d e r  e2X, w h ich  i s  

where gauge dependence f i r s t  e n te r s  i n  th e  o n e - lo o p  e f f e c t i v e  

p o t e n t i a l .  We r e w r i t e  ( 2 . 7 6 )  as

m2 = m? + ^ ( o )  + m? p2=0 ( 2 .7 7 )

where th e  s u p e r s c r i p t  on th e  th e  £ d e n o te s  th e  lo o p  o r d e r ,  w h ich  

i s  n o t  in c lu d e d  on th e  m f o r  n o t a t i o n a l  c o n v e n ie n c e .  We can 

r e w r i t e  t h i s  as

m 2 = a2v-'x ^ 2 6E(P2)_—  + mi ---— L-
5 <J>2 5p2 p 2 =0

( 2 .7 8 )

C hoos ing  v .  = e . .4> .0 e l im in a t e s  th e  H ig g s -p h o to n  m ix in g  g ra p h s
^  J  J

and th e  e x p a n s io n  scheme e l i m i n a t e s  th o s e  shown be low  fro m  a 

c a l c u l a t i o n  o f  E.

( F i g . 5) Graphs t h a t  a re  n o t  n e c e s s a ry
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We a re  l e f t  w i t h  th e  t h r e e  g ra p h s  shown be low  in  o r d e r  t o  

e v a lu a te  Z 1 .

( F i g .6 )  G raphs to  be c a l c u la t e d

/ \
(b) ----------------f  f

\ '
\  . ✓

We e v a lu a te  them u s in g  d im e n s io n a l  r e g u l a r i z a t i o n  and th e  MS 

s u b t r a c t i o n  scheme to  g e t  th e  f o l l o w i n g  r e s u l t s

dZ 1 ( p 2 ) _ e 2S (
5p2 16n2

l

5 Z 1 ( p 2 ) _ e 2C
( b

dp2 16n;2 6

5 Z 1 ( p 2 ) -  e 2E, (•
16it2

2
dp2 3

— I n  £ 
1

In e 2£(fr2
M2

—  ) f i g  6a 
6

f i g  6b

---------- ln £  ) f i g  6 c
5 - 1

(2.79)

(2.80)

(2.81)

w h e re , i n  th e  above^M i s  th e  a r b i t r a r y  r e n o r m a l i z a t io n  mass
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As we a re  w o rk in g  t o  O(Ti) we can e v a lu a te  E1 a t  th e  c l a s s i c a l  

minimum o f  th e  p o t e n t i a l ,  w h ic h  we s h a l l  c a l l  c .  We n o te  t h a t

m ? ( c )  = |  Xc2
5mJ

and —  
5<|>

=  X c ( 2 .8 2 )
4> =c

A d d in g  up th e  te rm s  f ro m  th e  g ra p h s  e v a lu a te d  a t  c g iv e s

ap2
= { i n  _ ! )

1 6 ti: 2 M2i=C
( 2 .8 3 )

a2 vWe now c a r e f u l l y  e v a lu a te  t h e  te rm  i n  ( 2 . 7 8 ) ,  t a k in g  c a re
S(J)

n o t  t o  i n c lu d e  th e  te rm  f ro m  th e  gauge f i x i n g  i n  th e  

d i f f e r e n t i a t i o n .

2v l

d  <t>
A 2

_ e^g,Xcz j-1, e2g,c2 _ 1.  ̂
i= c  32-n;2 3 M2 3

( 2 .8 4 )

I f  we m u l t i p l y  ( 2 .8 3 )  by ( 2 .8 2 a )  and add th e  r e s u l t  t o  ( 2 . 8 4 )  we 

f i n d ,  f ro m  ( 2 .7 8 )  t h a t

5 nr

as
= eliXcz (in

<t> =c 32-n;2 M2
( 2 .8 5 )

In  o u r  e x p a n s io n  scheme and gauge we f i n d  t h a t

c1 (a,?)
|=C

_ e ^ c  l n  e2£ c 2 
M2

,2

32n2
(2 .8 6)

So fro m  ( 2 . 8 2 b ) ,  ( 2 .8 5 )  and ( 2 .8 6 )  we can see t h a t  th e  second 

N ie ls e n  i d e n t i t y  i s  v e r i f i e d .
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2 .6  THE GAUGE BOSON MASS IDENTITY.

Fo r th e  sake o f  c o m p le te n e s s  we g iv e  a b r i e f  d is c u s s io n  o f  

N ie ls e n  i d e n t i t y  f o r  th e  gauge boson mass, w h ich  i s  d e f in e d  as 

th e  z e ro  o f  th e  t r a n s v e r s e  p a r t  o f

6 2T______
6 A ^ (y )6 A v (w)

( 2 .8 7 )

We p ro c e e d  i n  a s i m i l a r  manner t o  th e  d e r i v a t i o n  o f  th e  N ie ls e n  

i d e n t i t y  f o r  th e  H ig g s  boson mass, s t a r t i n g  w i t h  ( 2 .3 7 )  and 

d i f f e r e n t a t i n g  i t  t w ic e  w . r . t .  A. T h is  g iv e s ,  a f t e r  d r o p p in g  

te rm s  w h ic h  v a n is h  because  o f  th e  c o n s e r v a t io n  o f  g h o s t  number 

o r  th e  s e t t i n g  o f  th e  c l a s s i c a l  f i e l d s  t o  z e ro  o r  because we 

demand v^<j>  ̂ = 0

4 -  — « i r ---------------- J d - x d - Z  M l -------------------  s-2- r ( , 0 ( x ) ) —
5 6 A ^ (y )6 A v (w) 8Ai i (y)6(H1 ( v )  6 K ( z ) 16Av (w)

(2.88)
,62r_________  s2r(o(x)1 + 6fr_______________  srfocx))
6Av ( w ) 6 $ i ( v )  5Kj ( z ) 6 A ^ ( y )  6A( i( y )6 A v (w )6 $ 1 ( v )  6 K i ( z )

+ 6T_ 63rf 0 ( x )  )__________
6 ^  SKj ( z ) 6 A | i ( y )5 A v (w)

The t h i r d  te rm  on th e  r . h . s .  may be ta k e n  a c ro s s  t o  g iv e  th e  

r e q u i r e d  i d e n t i t y  and th e  l a s t  te rm  w i l l  v a n is h  a t  th e  minimum 

o f  th e  e f f e c t i v e  p o t e n t i a l .  To d is p o s e  o f  th e  re m a in in g  f i r s t  

two te rm s  we n o te  t h a t  th e  m ixed  H ig g s /g a u g e  boson in v e r s e

p r o p a g a to rs



( 2 .8 9 )
a2r

6A (w )6 ? 1 ( v )

and i t s  com panion te rm  a re  p r o p o r t i o n a l  t o  and 

r e s p e c t i v e l y  i n  momentum s p a c e .  As we a re  i n t e r e s t e d  i n  th e  

t r a n s v e r s e  p a r t  o f  th e  gauge boson p r o p a g a to r ,  a p p ly in g  th e
k  k

t r a n s v e r s e  p r o j e c t o r ,  g -  ^ - -J nv k 2
te r m s .  ( 2 .8 8 )  w i l l  th e n  become

w i l l  g iv e  z e ro  f ro m  th e s e

( sfg + C(*,?)2- )
d <|>

6 2r_____
6 A ^ ( y )6 A v (w )

= 0
t r a n s .

( 2 .9 0 )

w h ic h  i s  th e  e f f e c t i v e  a c t i o n  p r e c u r s o r  o f  th e  r e le v a n t  N ie ls e n  

i d e n t i t y .  I n  a s i m i l a r  manner t o  th e  mass i d e n t i t y  f o r  th e  

H ig g s  s c a la r  we a rg u e  t h a t  i f  ( 2 . 9 0 )  i s  z e ro  a t  some m2 i t  w i l l  

re m a in  z e ro  u n d e r th e  t r a n s f o r m a t io n s  and J -*» £ +

( C(<F, £ ) / £ )  so we o b t a in

( 5§r + C(*,5)^- )
a <t>

m 2 , = 0v e c t o r ( 2 .9 1 )

The p r o o f  does n o t  q u i t e  f o l l o w  t h e  l i n e s  o f  t h a t  f o r  th e  H ig g s  

boson mass; where th e  v a n is h in g  o f  th e  in v e r s e  p r o p a g a to r  on 

s h e l l  d is p o s e s  o f  th e  te rm s  s i m i l a r  t o  ( 2 . 8 9 ) .  In  th e  p r e s e n t  

case th e  m ixed  p r o p a g a to r  has a gauge dependen t po le^ so we 

c a n n o t  use t h i s  a rg u m e n t.
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2 .7  AN ALTERNATIVE DERIVATION OF THE NIELSEN IDENTITIES

We p r e s e n t  i n  t h i s  s e c t i o n  an a l t e r n a t i v e  d e r i v a t i o n  o f  the  

N ie ls e n  i d e n t i t i e s  w h ic h  i s  based  on some w ork  by P ig u e t  and 

S ib o ld  [ 2 7 ] .  I t  does n o t  r a i s e  any new p o in t s  b u t  i t  does 

remove th e  e le m e n t o f  gu e ssw o rk  i n  c h o o s in g  th e  o p e r a to r  0 and 

i t  s e ts  th e  N ie ls e n  i d e n t i t i e s  i n  t h e i r  p ro p e r  c o n te x t  i n  a 

g ro u p  o f  i d e n t i t i e s  t h a t  c o n t r o l  th e  gauge dependence o f  th e  

g e n e r a t in g  f u n c t i o n a l s  i n  a gauge t h e o r y .  The t r i c k  i n  t h i s  

case i s  t o  e n la r g e  th e  B .R .S .  t r a n s fo r m s  to  a c t  on th e  gauge 

p a ra m e te r  as w e l l  and t o  use th e  a u x i l i a r y  f i e l d  method o f  

g a u g e - f i x i n g  t h a t  was f i r s t  p ro m o te d  by Kugo and O jim a  [ 2 8 ] ,

The a u x i l i a r y  f i e l d  a p p ro a ch  has th e  g r e a t  a d van tage  ( t o  

m a th e m a t ic ia n s ! )  o f  m ak ing  a l l  t h e  B .R .S .  t r a n s f o r m a t io n s  

n i l p o t e n t ,  w h ic h  s u g g e s ts  a p o s s ib l e  g e o m e tr ic  i n t e r p r e t a t i o n  

f o r  th e  B .R .S .  v a r i a t i o n  i n  te rm s  o f  e x t e r i o r  d e r i v a t i o n s .

P ig u e t  and S ib o ld  i n t r o d u c e  a B .R .S .  v a r i a t i o n  on th e  gauge 

p a ra m e te r  £

and show t h a t  u n d e r t h i s  e x te n d e d  s e t  o f  B .R .S .  t r a n s f o r m a t io n s  

th e  S la v n o v - T a y lo r  i d e n t i t y  becomes ( i n  a Y a n g - M i l l s  t h e o r y )

61 = z x X G ra ssm a n n ia n ( 2 .9 2 )

s(r) + x | £ =  0 ( 2 .9 3 )

where S i s  th e  u s u a l  S la v n o v  o p e r a t o r

( 2 .9 4 )
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In  th e  above a and p*1 a re  s o u rc e s  f o r  th e  B .R .S .  v a r i a t i o n s  o f  <j> 

and A r e s p e c t i v e l y  and B i s  th e  a u x i l i a r y  f i e l d  w h ich  a l lo w s  us 

to  w r i t e  th e  g a u g e - f i x i n g  p a r t  o f  th e  L a g ra n g ia n  i n  th e  fo rm

+ — x4> B + 5 (J> D̂ (|» ( 2 .9 5 )
2 ^

L « = -  B2 + B(5 )
gf 2 *

One can e a s i l y  check  t h a t  t h i s  i s  i n v a r i a n t  under th e  B .R .S .  

v a r i a t i o n s

6A = ed 4> , 6 =  0 , 6<J> =eB , = ex ( 2 .9 6 )(j.

We a ls o  n o te  t h a t  i n  th e  absence  o f  th e  l a s t  t r a n s f o r m a t io n  and 

th e  c o r re s p o n d in g  x<\> B te rm  i n  th e  L a g ra n g ia n ,  e l i m i n a t i n g  B 

by G au ss ia n  i n t e g r a t i o n  i n  t h e  p a th  i n t e g r a l  ( i t  has no k i n e t i c  

te rm s )  g iv e s  th e  s ta n d a rd  F e rm i g a u g e - f i x i n g .

L
g f

_1
2£

(a ( 2 .9 7 )

The e f f e c t i v e  a c t i o n  p r e c u r s o r  o f  th e  N ie ls e n  i d e n t i t y  i s  th e n  

s im p ly  o b ta in e d  by d i f f e r e n t a t i n g  ( 2 .9 3 )  w . r . t .  % and th e n  

s e t t i n g  x = 0 ( t a k i n g  c a re  w i t h  t h e  s ig n  o f  a n t ic o m m u t in g  

q u a n t i t i e s  i n  th e  p r o c e s s )

S ( -  ) + I f  = 0  ( 2 .9 8 )

We can now r e c a s t  th e  g a u g e - f i x i n g  te rm  in  o u r  A b e l ia n  H ig g s  

model i n t o  a fo rm  w h ic h  i s  s i m i l a r  t o  ( 2 .9 5 )  and w h ich  i s  

i n v a r i a n t  un de r th e  new B .R .S .  v a r i a t i o n  in t r o d u c e d  i n  ( 2 . 9 6 ) .  

We th e n  p e r fo rm  e x p l i c i t l y  th e  s te p s  le a d in g  to  ( 2 . 9 8 ) .  The 

gauge f i x i n g  i s  t ra n s m u te d  i n t o
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L g f  = -  82 + + e 5 v i ' t’ i ) +

( 2 .9 9 )

0 * 1 *  *
+ — x^ B + ex<\> v . ^

I f  we d e n o te ,a s  b e fo r e  th e  i n s e r t i o n  o f  an o p e r a to r  0 i n  r by 

r(0 ) we f i n d

—  = r( - + e<i,*v $ ) 
ax 2 1 1

(2 .100)

I f  we i n t e g r a t e  o u t  th e  a u x i l i a r y  f i e l d  we w i l l  r e p la c e  i t  by  

i t s  minimum v a lu e  i n  th e  e x p o n e n t  o f  th e  p a th  i n t e g r a l ,  w h ic h  i s  

g iv e n  by th e  s o l u t i o n  t o  i t s  e q u a t io n  o f  m o t io n

—  = 5B + (a, A11 + e ? v ,  $ ) + -  x<l>* = 0  
8B ^ 1 1 2

(2 .101)

U s in g  (2.101) we can s u b s t i t u t e  f o r  B i n  (2.100) and we 

t h a t  a t  x = 0
f i n d

—  = r( — -  (a a 11 -  e§ v  * ))  = r(p)
ax 25 ^

(2 .102)

ffe see t h a t  th e  o p e r a to r  i n s e r t i o n  i s  p r e c i s e l y  i  t im e s th e

o p e r a to r  0 t h a t  we had t o  c o n s t r u c t  i n  th e  p r e v io u s  d e r i v a t i o n  

The B .R .S .  v a r i a t i o n s  a r e  g iv e n  by

ScJ; = eB , 6<j; = 0 , 6B = 0 , 6A = sd cp , <5<J) . = see. .cp4> .* ’ \i p. ’ l ij j
(2.103)-

65 = ex
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We n o te  t h a t ,  as a d v e r t i s e d ,  62 = 0 on a l l  th e  f i e l d s .  Eq. 

( 2 .9 3 )  becomes

/ d ' M 6T_____
6A (x)

^4>(x) + 6T 6T
6K jL( x )  64>i ( x )

+ B ( x ) 6T_____
< H * (x )

(2 .1 0 4 )
6T _ 

*65 " 0

We can s u b s t i t u t e  f o r  B i n  t h i s  f ro m  (2 .1 0 1 )  to  g e t

Jd“x( ^ ---- a J(x) + ---  $1—
SS^Cx) 11 6K i ( x )  54>i ( x )

-f ( 3 ^(x) + eSv.^.Cx))^-----—  x ^ 3 5----
4 ^ 6<(> ( x )  2 5  5<J, ( x )

+ xf§ = 0 (2.105)

We now d i f f e r e n t i a t e  w . r . t .  % and s e t  x = 0 to  g e t  th e  

e q u iv a le n t  o f  ( 2 .9 8 )

J d - x d M  5 T [ P 1 z H  8 ^ ( x )  + 6 T LP1 z ) )ST------  + 6T--------  ILLPC z).)
65^(x ) * 6Ki (x) 5(Di (x) S K ^ x )  6<0± (x )

-  i  (a A ^ ( x )  + e5 v . ^ ( x ) )  S i m z J l  _ _ i  S l l P i z l )  - ( x ) )
4 ^ 6(1; ( x )  2? 6(1) ( x )

-  S I  = 0 ( 2 .1 0 6 )

M u l t i p l y i n g  th ro u g h  by £ , s p e c i a l i z i n g  t o  x - in d e p e n d e n t  <|> and 

s e t t i n g  th e  o th e r  f i e l d s  to  z e r o  g iv e s
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_ Jd*x M o i x i )  a v _  = _ ! 5 W  j ^ xd^  sr(0(x))
6K± (O ) 5<t> ± ( x )  Q 64> (z )

( 2 .1 0 7 )

w h ic h  i s  i d e n t i c a l  t o  ( 2 .5 6 )  i n  o u r  p r e v io u s  d e r i v a t i o n  o f  th e  

N ie ls e n  i d e n t i t i e s .

We c o u ld  a ls o  d e m o n s t ra te  th e  indepe nde nce  o f  p h y s ic a l  

q u a n t i t i e s  f ro m  th e  g a u g e - f i x i n g  v e c to r  v^  u s in g  th e se  

te c h n iq u e s .  I n  th e  o ld e r  a p p ro a c h  we w ou ld  have fou nd  t h a t

v . —  = - e v .  (5 + e?v.( j> .)  -  e2(|>*cj;£. .v.<j>. ( 2 .1 0 8 )i n i i ij i 3

w h ic h  can be g e n e ra te d  f ro m  th e  B .R .S .  t r a n s fo r m  o f  th e  

o p e r a to r

0 = e<|;*(J>i 5 v i  ( 2 .1 0 9 )

In  o u r  a p p ro a ch  we c o u ld  i n t r o d u c e  th e  new B .R .S . t r a n s fo r m

6v. = ep ( 2 . 110)

where th e  have th e  a p p r o p r i a t e  g roup  p r o p e r t i e s  b u t  a re  

a n t ic o m m u t in g  o b je c t s .  We w o u ld  m o d i fy  th e  gauge f i x i n g  te rm  to  

be i n v a r i a n t  u n d e r t h i s  new t r a n s f o r m a t io n

L , = -  B2 + B(a + e£ v . <}>. ) + a -  e d f z p . Q .gf o  LI 1 1  [i t  ^ K i Y i

-e2^ ( 2 . 111)



-47-

The N ie ls e n  i d e n t i t y  w o u ld  th e n  be , s y m b o l i c a l l y

s( - F )d p ± J

d r

d v i

= 0 (2.112)

where

-§£■ = r( eijiUj (2.113)

and c o r re s p o n d s ,  t o  w i t h i n  a m u l t i p l y i n g  f a c t o r  o f  , t o  th e  

r e s u l t  i n  th e  p r e v io u s  a p p ro a c h .

As a f o o t n o t e  we o b s e rv e  t h a t  th e  use o f  ex te n d e d  B .R .S .  

i d e n t i t i e s  c le a r s  up a s m a l l  p u z z le  i n  th e  c h o ic e  o f  th e  

o p e r a to r  0 .  W ith  a g a u g e - f i x i n g  o f  th e  fo rm

-  —  (&, A*1 + ev  (j) ) 
2 1  ^ 1 1

( 2 .1 1 4 )

0 i s  g iv e n  b y .

0 -  (5 A1 + evi<Di )

w he rea s , w i t h  a g a u g e - f i x i n g  o f  th e  fo rm

_1 < V + e? v i<t|i )

( 2 .1 1 5 )

(2.116)

i t  i s  g iv e n  by

0 (5 A1 e£v. <}> . )l i ' ( 2 .1 1 7 )

The d i f f e r e n c e  i n  s ig n  can be seen t o  a r i s e  f ro m  th e  e x t r a

JLx4>*v <t> te rm  i n  ( 2 .9 9 )  w h ic h  p r e s e r v e s  B .R .S .  i n v a r ia n c e  u n d e r 
2 i  i
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6$ ■> £X .

We have made no a t t e m p t  a t  d is c u s s in g  th e  r e n o r m a l i z a b i l i t y

o f  th e  e x te n d e d  a c t i o n s .  H ow eve r, P ig u e t  and S ib o ld  g iv e  an

e x te n s iv e  d is c u s s io n  o f  th e  r e n o r m a l i z a b i l i t y  p r o p e r t i e s  o f  a

Y a n g - M i l l s  t h e o r y  w i t h  th e  e x t r a  — x<J> B te rm  in  th e  gauge f i x i n g
2

and show t h a t  th e  t h e o r y  i s  e s s e n t i a l l y  unchanged in  c o m p a r iso n  

w i t h  th e  u s u a l  c a s e .  S i m i l a r  c o n s id e r a t io n s  w ou ld  a p p ly  t o  th e  

e x te n d e d  a c t io n s  i n  o u r  A b e l ia n  H ig g s  m o de l.

2 .8  NIELSEN IDENTITIES IN THE AXIAL GAUGE

In  o r d e r  t o  f u r t h e r  d e m o n s t ra te  th e  u t i l i t y  o f  th e  

P ig u e t - S ib o ld  a p p ro a ch  we s h a l l  g iv e  a d e r i v a t i o n  o f  th e  N ie ls e n  

i d e n t i t i e s  i n  th e  a x i a l  gauge . T h e re  a re  two p o in t s  t o  b e a r  i n  

m ind f o r  such a d e r i v a t i o n :  th e  f i r s t  i s  t h a t  th e r e  a re  v a r io u s  

p o s s ib le  ways o f  im p le m e n t in g  an a x i a l  gauge i n  th e  p a th  

i n t e g r a l  w i t h  gauge f i x i n g s  o f  th e  fo rm .

-  Ba ( f a b ) - 1 Bb + Ba (n  Al ia ) ( 2 .1 1 8 )
2 ^

abThe most o b v io u s  c h o ic e  w i t h  f  = -1  i s  p a t h o lo g i c a l  f o r  5 ^ 0  

because th e  p r o p a g a to r  i s  o f  th e  fo rm

—  [
1P‘

|J,V
n p + n p |i V v p,

(n p ^ )
p i

P P M 'pi v p p p ‘ *V V+ ]
(n  p 11) 2 (n p ^ ) 2

p i | !

(2 .1 1 9 )

w h ich  goes as 0 ( 1 )  f o r  l a r g e  p2 . T h is  i n v a l i d a t e s  th e  u s u a l



49

power c o u n t in g  a rg u m e n ts  used  i n  d e m o n s t ra t in g  th e  

r e n o r m a l i z a b i l i t y  o f  th e  t h e o r y  [ 2 9 ] .  A n o th e r  p o s s ib le  c h o ic e  

i s  th e  p la n a r  gauge w i t h

f ab r 5 2 > ab 

n2
( 2 . 120)

The p r o p a g a to r  ta k e s  a p a r t i c u l a r l y  s im p le  fo rm  i n  t h i s  gauge

I F  [ 5
p n + p n u v v a j

n p
( 2 . 121)

We n o te  t h a t  th e  a u x i l i a r y  f i e l d  method o f  g a u g e - f i x in g  used i n

(2 .1 1 8 )  w ou ld  o b v ia t e  th e  need f o r  N ie l s e n - K a l lo s h  g h o s ts  i f  one

abwere w o rk in g  i n  a b a c k g ro u n d  f i e l d  fo r m a l is m  where f  w o u ld  be 

D 2 ( A!abe q u a l  t o   *—L , where D (A ) i s  th e  b a ckg ro u n d  f i e l d  c o v a r i a n t
n 2

d e r i v a t i v e .  I f  we had w r i t t e n  th e  gauge f i x i n g  i n  th e  u s u a l  

fo rm

—  (n  a , ia ) f a b (n a ^ 3*) 
2£ 11 ^

( 2 . 122)

where a i s  th e  quantum  f i e l d ,  we w o u ld  have needed to  add th e  

te rm s

a „ab b , 1 a .a b  b /0
a ) f w + — y f y  (2 .2

where w i s  a com plex  a n t ic o m m u t in g  g h o s t  and y i s  a r e a l  

com m uting g h o s t  to  re p ro d u c e  th e  r e q u i r e d  / d e t f  f a c t o r  t h a t

e n s u re s  th e  in v a r ia n c e  o f  th e  m e asu re . T h is  i s  a u t o m a t i c a l l y
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re p ro d u c e d  upon th e  i n t e g r a t i o n  o f  th e  B f i e l d s .

The second p o i n t  t o  n o te  i s  t h a t  th e  a x i a l  gauges, l i k e  

th e  Fe rm i gauges, w i l l  s u f f e r  f ro m  i n f r a r e d  d iv e rg e n c e s .

However, i t  i s  a rg u e d  by Thompson and Yu [2 9 ]  t h a t  th e s e  may be 

r e g u la t e d  i n  th e  c o n te x t  o f  d im e n s io n a l  r e g u l a r i z a t i o n  and do 

n o t  a f f e c t  th e  v e r a c i t y  o f  th e  i d e n t i t i e s .  W ith  th e  p re c e d in g  

p r o v is o s  i n  m ind we w r i t e  th e  g a u g e - f i x i n g  te rm  in  th e  p la n a r  

gauge f o r  an A b e l ia n  H ig g s  m odel as

L_ f  = ^  B ( ^ 4 )  B + B (n  A1-1) -  4>*(n 3 ^ ) 4, ( 2 .1 2 4 )

We now choose t o  e x te n d  th e  s e t  o f  B .R .S .  t r a n s fo r m s  a c t i n g  on 

o u r  L a g ra n g ia n  by i n c l u d i n g

6 £ =  ex  a n d  6 n  =  ep ( 2 . 1 2 5 )r r

where b o th  x and th e  com ponents  o f  p a re  a n t ic o m m u t in g  o b j e c t s .  

I n  o r d e r  t o  m a in ta in  th e  B .R .S .  i n v a r i a n c e  o f  th e  gauge f i x i n g  

te rm  u n d e r th e s e  new t r a n s f o r m a t io n s  we must add th e  f o l l o w i n g

n t11 */> IL> *, nLLP—X't’ -  *  (p  A^1) -  u  ( —t5—  )B (2 .1 2 6 )
2 d 2 ^ s2

We now c o n s id e r  s e p a r a t e l y  t h e  change i n  r under a change

i n  5 and n . In  th e  f i r s t  case  we have th e  e q u a t io n  M-

----- J + —  = 0 w i t h  on =0 (2 .1 2 7 )
3 x  a s
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and i n  th e  second we have

S ( - —  ) + —  = 0 w i t h  = 0 (2.128)
5 p an

We f i n d  t h a t  th e  c o r r e s p o n d in g  o p e r a t o r  i n s e r t i o n s  a re  g iv e n  by

ar
ax X = 0

= r( i  B)2 52
(2.129)

and

ar.
ap

= r ( * V  + —) b)
p  = 0  a 2

(2.130)

I f  we now e l im in a t e  th e  a u x i l i a r y  f i e l d  B i n  th e  t im e -h o n o u re d  

manner we can see t h a t

ar
ax

= r ( ---- -<P*(n A1*))
x = 0  2 5  iL

(2.131)

and

ar
ap p =0

= r ( * * ( g ^  -  Aa )
n2

(2.132)

T h is  a l lo w s  us t o  o b t a in  th e  N ie l s e n  i d e n t i t y  i n  i t s  u s u a l  fo rm  

f o r  5

S—  + C(<j>,5)—
ac a <j)

0 (2 .1 2 a )
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C i s  now g iv e n  by

C ( * , £ )  = tn /d **x< 0  T ( i ) 2 [ -  i  <|>*(x)(n A ^ x J J e M O J ^ C O ) .
-ft

(2.133)

exp^  seff [ ^ I H 0>

I n  a s i m i l a r  manner we can w r i t e  th e  e q u a t io n  f o r  n^ dependence

—  + D^Ct.S)—  = 0 ( 2 .1 3 4 )
9n 5 <}>

w i t h  D11 g iv e n  "by

D^(<t>, 5 ) = iU /d^xC O  T ( i ) 2 [ ( g ^ CT-  s h l ) ' ( | , * ( x )A cr(x ) e < K 0 ) ll)2 ( 0 )
H  n2

( 2 .1 3 5 )

exp ( i  Se f f [® ,4 . ] )  |0>

We n o te  t h a t  C and do n o t  r e c e i v e  any c o n t r i b u t i o n s  a t  th e  

o n e - lo o p  l e v e l  because  t h e r e  i s  no m ixed A/<t> p r o p a g a to r  i n  th e  

p la n a r  gauge . The tw o - lo o p  c o n t r i b u t i o n  i s  g iv e n  by a g ra p h  o f  

th e  fo rm

( F i g . 7) Graph f o r  C2 (<j>,£)
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We th u s  see t h a t ,  f o r m a l l y  a t  any r a t e ,  d e r i v i n g  N ie ls e n  

i d e n t i t i e s  p r e s e n ts  no p ro b le m s  i n  a p la n a r  gauge; though  

e x p l i c i t  c a l c u l a t i o n s  w i l l  have t o  overcome i n f r a r e d  

d iv e r g e n c e s .

2 .9  A NIELSEN IDENTITY FOR AN EFFECTIVE ACTION CONTAINiNG . 

COMPOSITE OPERATORS

As w e l l  as th e  u s u a l  e f f e c t i v e  a c t i o n  w h ic h  has a s c a la r  

f i e l d  as i t s  a rgum en t one m ig h t  a l s o  l i k e  t o  c o n s id e r  a 

g e n e r a l i z a t i o n  w h ic h  depends n o t  o n ly  on £ ( x )  b u t  a ls o  on a 

p o s s ib le  e x p e c t a t i o n  v a lu e  f o r  Tcj> (x)<t> ( y )  w h ich  we s h a l l  c a l l  

G ( x , y ) .  The p h y s i c a l  vacuum f o r  such an a c t i o n  w ou ld  th e n  be 

g iv e n  by

Such a fo r m a l is m  i s  u s e f u l  i n  th e  s tu d y  o f  d y n a m ic a l sym m etry  

b re a k in g ^  where an o b je c t  such  as T4> (x)<J> ( y )  may d e v e lo p  a vacuum 

e x p e c ta t io n  v a lu e  [ 3 0 ] .

To d e v e lo p  th e  f o r m a l i s m ^ c o n s id e r  ( a f t e r  [ 3 0 ] )  th e  

f o l l o w i n g  a c t i o n  w i t h  a compound s o u rc e .

6rf it ,Gl s r U . o l  = Q
6G

(2 .1 3 6 )

where we have a g a in  la p s e d  i n t o  condensed n o t a t i o n

More e x p l i c i t l y
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-  <t>. L . . 4> . = -  /  d 4 xd4y <t>.(x) L . . ( x , y ) <J>.(y) (2 .
2 *̂J J 2 -**J J

We now d e f in e  W ^ [ j , L ]  by

Wk [ j , L ]  = - i h  I n  Zk [ j , L ]  (2 .

and th e  c l a s s i c a l  f i e l d  $ as 

6W [ J , L ]
— ----  = ^t (x) (2.
6 J . ( x )

We a ls o  have th e  new r e l a t i o n

6 W j j , L ]
= j [<l>iCx)4>1(y) + H G ± • (x ,y ) ]

6Li:j (x, y )
( 2 .

To o b t a in  th e  e f f e c t i v e  a c t i o n  we p e r fo rm  th e  Legendre  

t r a n s fo r m

r k [5 ,G ]  =Wk [ j , L ]  -  / d ‘*x  ♦ i ( x ) J 1 ( x )  - -  / d ‘*xd ‘*y$ i ( x ) L 1j ( x , y ) *

-  / d ^ x d ^ y  Gi j ( x , y ) L j i ( y , x )  
2

We o b s e rv e  fro m  th e  above d e f i n i t i o n  t h a t

6T.

( x )
= -  /d4x L±j (x,y)<j> i (y)

and

(2 .

( 2 .

srk
6 G ..(x,y ) = ----- Ti L ( x , y )o J (2.

138)

139)

140)

141)

j (y)
142)

143)

144)
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The s ta n d a rd  e f f e c t i v e  a c t i o n  c o r re s p o n d s  t o  r[<t>,G] e v a lu a te d  a t  

L = 0 , o r  e q u i v a l e n t l y  r[5>»G] f o r  th e  v a lu e s  o f  G w h ich  s a t i s f y  

^  = 0 . One may show t h a t  r[<J>,G] i s  th e  g e n e r a t in g  f u n c t i o n a l  

f o r  2 - p a r t i c l e - i r r e d u c i b l e  d ia g ra m s  w i t h  l i n e s  r e p r e s e n t in g  

h G ( x ,y )  [ 3 l ]  and i t  can be com puted i n  a s i m i l a r  manner t o  r[$] 
by c o n s id e r in g  th e  vacuum g ra p h s  f o r  th e  s h i f t e d  L a g ra n g ia n ,  b u t  

t h i s  t im e  r e t a i n i n g  o n ly  th e  2PI g ra p h s .

We now c o n s id e r  o u r  c a n o n ic a l  exam ple , th e  A b e l ia n  H ig g s  

m ode l, f o r  w h ic h  we can w r i t e  th e  g e n e r a t in g  f u n c t i o n a l  more 

e x p l i c i t l y  as

= / [D A i i ][D(J,][D4,*][D(t) i ] exp ^  Jd4x [ L  + K .e ^ e .  _.<Dj  + J  ̂

( 2 .1 4 5 )

+ J i 4>± + <|* t) + + hO + — / d 1+y(j)i ( x ) L i j . (x,y)4> . ( y ) ]
2

T
We have a g a in  chosen 0 so t h a t  60 = . We now c a r r y  o u t  a

B .R .S .  t r a n s f o r m  and use th e  in v a r ia n c e  o f  th e  measure and 

g a u g e - f ix e d  L a g ra n g ia n  t o  o b t a in

/  d1* x / [  D4> ] ( J 3 -  ri F (A  , $ ) + J .e ^ e .  +h60
r  H* -*■ -‘■ J J

( 2 .1 4 6 )

+ -  / d 1+y e ^ ( x ) e i l (|)1 ( x ) L i j . (x ,y )< } )J. ( y )
2

+ -  / d t+y e ( K y ) £ j. ]L(l)i ( x ) L i j . ( x ,y ) ( { )1 ( y ) ) e x p i  SQ f f  [$,<!>] = 0 
2 h

where F i s  th e  g a u g e - f i x i n g  te rm
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To e x p re s s  th e  te rm s  c o n t a i n i n g  L more s u c c i n c t l y  we w r i t e  them, 

as

e /d ^ x  ( ei ^ ( x ) $ 1 ( x ) f jL( x ) )  + e /d '+y ( e . ^ ( y  )4>1 ( y  ) f   ̂( y ) )

( 2 .1 4 7 )

w here

fi (x) = Jd^y L±j (x, y ) 4> ̂ (y) 

fj(y) = Jd'+x L±j(x,y) 4>i(x)

( 2 .1 4 8 )

We now n o te  t h a t  th e  i n v a r i a n c e  o f  th e  s o u rc e  te rm  c o n t a in in g

L . . u n d e r  th e  exchange o f  x and y im p l ie s  t h a t  L . . ( x , y )  =
1J l 2 1JL..(y,x)jSO f and f are equal, as are both the terms in

( 2 . 1 4 7 ) .  We can th u s  r e w r i t e  ( 2 .1 4 6 )  as

/ d1* x / [ D<(>] (<1^3% -  11 FCA^ ) +J jLe4,eid<t>j  + h60

( 2 .1 4 9 )

+ / d lty e ( K x ) e i l (})1 ( x ) L i  .(x ,y )( j>  . ( y ) ) e x p -  Se f f |>,<J>] = 0
tl

T h is  may be t r a n s fo r m e d ,  as i n  th e  s ta n d a rd  case , t o  an o p e r a to r  

i d e n t i t y  a c t i n g  on

J d M  j ^ a  ^ n  F ( -  , — ) + J -  —  + J d ^ y  —  L.  . —  1
^ 6 ti 5 6 J  6 J . 6K.  6 K . 1J  6 J  .

H  1  1  1  J

( 2 .1 5 0 )

. Zk [ j , L ]  = - i / d 4 x /  [ D<J> ] h ( x )  6 0 (x  )exp— Se f f [$,<|>]
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We now p r o c e e d  t o  w r i t e  t h i s  a s  an i d e n t i t y  on th e  2PI ( i n  $ 
o n l y )  g e n e r a t i n g  f u n c t i o n a l  r[(j>,G]. The f i e l d s  o t h e r  than  <j> a r e  

L e g e n d re  t r a n s f o r m e d  in  t h e  s t a n d a r d  manner but ( 2 . 1 4 0 )  and 

( 2 . 1 4 1 )  app ly  f o r  <j>. We f i n d  t h a t  ( 2 . 1 5 0 )  i s  t ra n s fo r m e d  i n t o

J d * x  ( 5 (b U M* S't’i

4 -  Jd-x/tD*]
Z,

h 6 0 ( x ) e x p — S f  f  [<& , <|> ] 
tl

( 2 . 1 5 1 )

where we have dropped th e  x dependence  in  th e  l . h . s .  f o r  i h e  

sak e  of  c o m p a c t n e s s .

R em arkably ,  t h i s  i s  of  e x a c t l y  t h e  same form a s  th e  N i e l s e n  

i d e n t i t y  on th e  s t a n d a r d  e f f e c t i v e  p o t e n t i a l ,  so we can f o l l o w  

t h e  p r o o f  thro ug h  t o  o b t a i n  an i d e n t i t y  on th e  e f f e c t i v e  

p o t e n t i a l  which i s  d e f i n e d  by

r[ <t> ,g ] t r a n s l a t i o n a l l y  i n v a r i a n t ( 2 . 1 5 2 )

S u b j e c t  t o  t h e  u s u a l  c o n s t r a i n t  on the  s o l u t i o n s  a r i s i n g  from  

t h e  g a u g e - f i x i n g  we f i n d  (SYrt&oucAu-Y)

l —  + D ( * .  G , ? ) ^  +  ( e O , & $ ) | Y  = 0  ( 2 . 1 5 3 )
a 4> b b

where V ,  D  and fc. a r e  t o  be c a l c u l a t e d  from 2PI vacuum g ra p h s  

w ith  i n t e r n a l  l i n e s  s e t  e q u a l  t o  *ftG.

The i d e n t i t y  s t a t e s  t h a t  under a change in  th e  gauge  

p a r a m e te r  £ -* £ + t h e  v a l u e  of  V i s  p r e s e r v e d  by the  

c o m p e n s a tin g  change <j> ■* $ + (D( <j> , £ ) / ? )  and t h a t  t h e r e  i s  (X Sim ilar
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change in  G.

2 . 1 0  CONCLUSIONS

What l e s s o n s  may be l e a r n t  from th e  p r e c e d i n g  somewhat

i n v o l v e d  c a l c u l a t i o n s ?  The most i m p o r t a n t  i s  t h a t  i t  i s ,

i n d e e d ,  p o s s i b l e  t o  use  t h e  ' t  H o o f t  gauge in  e f f e c t i v e

p o t e n t i a l  c a l c u l a t i o n s .  T h e r e  i s  no breakdown in  th e  N i e l s e n

i d e n t i t i e s  and t h e r e  i s  no c i r c u l a r  argument in v o lv e d  in

i n t r o d u c i n g  <j> . o i n t o  t h e  g a u g e - f i x i n g .  T h is  i s  r e a s s u r i n g ,  as  
J

t h e  gauge i s  not  o n l y  c o n v e n i e n t  from the  p o i n t  o f  view of  doing  

c a l c u l a t i o n s  b e c a u s e  o f  t h e  a b s e n c e  of  mixed gauge boson Higgs  

p r o p a g a t o r s ,  bu t  i s  a l s o  supposed t o  be a f i n i t e  £ v e r s i o n  o f  

t h e  U n i t a r y  gauge in  which o n l y  p h y s i c a l  p a r t i c l e s  appear  ( t h e  

£•*« l i m i t  of  t h e  ' t  H o oft  gauge i s  t h e  u n i t a r y  g a u g e ) .  Our 

d i s c u s s i o n  shows t h a t  t h i s  l i m i t  i s  no t  s i n g u l a r .

The o t h e r  main c o n c l u s i o n  i s  t h a t  th e  N i e l s e n  i d e n t i t y  s i t s  

in  a broad  c l a s s  of  i d e n t i t i e s  d e r i v e d  by P i g u e t  and S i b o ld  

which go v ern  t h e  gauge dependence  o f  th e  g e n e r a t i n g  f u n c t i o n a l s  

and we have used t h i s  r e l a t i o n s h i p  in  our a l t e r n a t i v e  

d e r i v a t i o n .  As a f i n a l  o b s e r v a t i o n  we n o te  t h a t  th e  v.d>. = 0i v i
c o n d i t i o n  t h a t  em erges  from t h e  N i e l s e n  i d e n t i t y  w i l l  be o f  some 

use  in  our i n v e s t i g a t i o n s  o f  c o n v e x i t y .



CHAPTER 3 CONVEXITY

3 . 1  I n t r o d u c t i o n

3 . 2  The c o n s t r a i n t  e f f e c t i v e  p o t e n t i a l

3 . 3  The i n t e r p o l a t e d  loop e x p a n sio n

3 . 4  G a u g e - f i x i n g  and e x p l i c i t  exam ples of  

c o n v e x i f i c a t i o n

3 . 5  D i s c u s s i o n



59

3 . 1  CONVEXITY: INTRODUCTION

I f  we c o n s i d e r  t h e  exam ple  o f  a s p o n t a n e o u s ly  broken  

t h e o r y  we f in d  t h a t  t h e  o n e - l o o p  e f f e c t i v e  p o t e n t i a l  i s  g iv e n  by 

( u s i n g  d i m e n s i o n a l  r e g u l a r i z a t i o n  and th e  MS s u b t r a c t i o n  

sch e m e )

V = —  ( U " )  ( ln ^ — -  - )  ( 3 . 1 )
64 it2 M2 2

where U" i s  t h e  seco n d d e r i v a t i v e  o f  t h e  c l a s s i c a l  p o t e n t i a l

The l o g a r i t h m i c  term  in  ( 3 . 1 )  becomes complex i n s i d e  th e  p o i n t s  

o f  i n f l e c t i o n  o f  t h e  c l a s s i c a l  p o t e n t i a l ,  <J> = ± / ( 2 m 2 / \ ) .  T h is  

b e h a v io u r  i s  n o t  s im p ly  a o n e - l o o p  a r t i f a c t ;  a t  h i g h e r  o r d e r s  

one s t i l l  f i n d s  l n nU" te rm s  ( s e e ,  f o r  example ,  Appendix F ) .  The 

e f f e c t i v e  p o t e n t i a l  m e a su re s  an e n e r g y  d e n s i t y ,  so such  

c o m p l e x i t y  would seem t o  s i g n a l  some kind of  i n s t a b i l i t y  in  our  

c h o i c e  o f  th e  vacuum c o n f i g u r a t i o n * O n e  might a l s o  o b s e r v e  t h a t  

t h e  o n e - l o o p  e f f e c t i v e  p o t e n t i a l  which we have c a l c u l a t e d  

i s  n o n -c o n v e x  in  form (one o f  t h e  s t a n d a r d  d e f i n i t i o n s  of  

c o n v e x i t y  f o r  a f u n c t i o n  f  ( 4>) i s  t h a t  f " .(4>) > 0 f o r  a l l  4>, which 

i s  m a n i f e s t l y  i n c o r r e c t  f o r  our  p o t e n t i a l ) .  However, one can  

show q u i t e  e a s i l y ,  f o r  a E u c l i d e a n  f i e l d  t h e o r y ,  t h a t  the  

e f f e c t i v e  p o t e n t i a l  sh ou ld  be co n v e x  [ 3 1 ] .  I f  we c o n s i d e r  the  

e x p a n s io n  f o r  w[j] w ith  a s l o w l y  v a r y i n g  s o u r c e
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w[j] = f d hx [ -5 (J) + -  X(J)(3 J)2 + ... '] (3.3)

2 ^

we h av e ,  f o r  a c o n s t a n t  s o u r c e

W [j]  * -  ( J ) ( 3 . 4 )

Now z[j] = exp-^ w[j], so we f i n d  t h a t ,  in  th e  c o n s t a n t  s o u r c e  

l i m i t

Z ( J )  = exp ( —  Q £ ( J ) )  
11

( 3 . 5 )

where

Z ( J )  = J[D<|>] exp(  -  i <s[ <J>] -  j / $ ) )  ( 3 . 6 )
t!

5 2 r
I f  we now c a l c u l a t e  — , u s i n g  ( 3 . 5 )  and ( 3 . 6 )  we f in d  t h a t  i t

3 J 2

i s  e q u a l  t o

---- ( < (J*)2 > - </4’>2 ) (3.8)
S B

where we have d e f i n e d  <0 > by

/[D<f>] 0 exp—  (S[4»] - j/<j>)
_________________ ft___________________

J[Dd>] e x p -  i  ( S[ <D] -  J/<D) ft.
( 3 . 9  )•

For  a w e l l - d e f i n e d  m e a su re ,  which we do have f o r  a E u c l i d e a n  

f i e l d  t h e o r y  (b u t  not  f o r  a Minkowski o n e ) ,  the  term in the  

b r a c k e t s  in  ( 3 . 6 )  i s  a v a r i a n c e  and hence a p o s i t i v e  q u a n t i t y .
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Hence 3 2 £ 

3 J 2
< 0 . I f  we now r e c a l l  t h e  f u n c t i o n a l  r e l a t i o n

J d 4 z_ 5 i r ------------ 6i w ------
6 < K x ) 6 <Kz) 6 J ( z ) 6 J ( y )

6 4 ( x - y ) ( 3 . 8 )

whose c o n s t a n t  s o u r c e  l i m i t  i s  g iv e n  by

d2 g S2V 
5 J 2 5 <}>2

( 3 . 9 )

h 2 Vwe can s e e  t h a t  ------ > 0 , o r  t h a t  V i s  c o n v e x .  T h is  i s
.S <t>2

o b v i o u s l y  a t  odds w ith  our o n e - l o o p  r e s u l t .

A f u r t h e r  h i n t  o f  p o s s i b l e  t r o u b l e  w ith t h e  fo rm alism  comes 

from o b s e r v i n g  some o f  th e  g e n e r a l  p r o p e r t i e s  o f  Legendre  

t r a n s f o r m s  [ l l ] .  Fo r  s i m p l i c i t y  c o n s i d e r  th e  f u n c t i o n  of  a 

s i n g l e  v a r i a b l e  f ( x ) .  I t s  L e g e n d r e  t r a n s f o r m  i s  d e f in e d  t o  be

f1 (y) = f ( x )  -  xy where y df
dx ( 3 . 1 0 )

G r a p h i c a l l y ,  t h i s  means t h a t  we a r e  p l o t t i n g  th e  i n t e r s e c t i o n  of  

t h e  t a n g e n t  t o  f  a g a i n s t  i t s  s l o p e .  The t r a n s f o r m  i s  

i n v o l u t i v e ,  p r o v id e d  t h a t  t h e  o r i g i n a l  f u n c t i o n  i s  convex

( f V ( x )  =  f ( x ) ( 3 . 1 1 )

and i t  s a t i s f i e s  ( c . f .  ( 3 . 8 ) , ( 3 . 9 ) )

d2 f~*~(y) d2 f ( x )  
dy 2 d x 2

- 1 (3.12)
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The t r a n s f o r m a t i o n  w i l l  t h u s  b r e a k  down i f  e i t h e r  of  th e  two 

te rm s  in  ( 3 . 1 2 )  i s  z e r o ,  which w i l l  happen u n l e s s  both a r e  

s t r i c t l y  co nv ex  o r  c o n c a v e .  As our e f f e c t i v e  a c t i o n  and hence  

e f f e c t i v e  p o t e n t i a l  a r e  d e f i n e d  by a Leg en dre  t r a n s f o r m  t h i s  may 

g i v e  r i s e  t o  p r o b le m s .

One can r a i s e  f u r t h e r  q u e s t i o n s  about  th e  s t a n d a r d  loop  

e x p a n s io n  r e s u l t ,  which we w i l l  h e n c e fo rw a rd  c a l l  "V" t o  

i n d i c a t e  i t s  d u b i e t y ,  by exam in in g  t h e  a n a lo g y  between E u c l i d e a n  

f i e l d  t h e o r y  and s t a t i s t i c a l  m e c h a n i c s ,  a f t e r  Haymaker and 

P e r e z - M e r c a d e r  [ 3 2 ] .  B e a r i n g  in  mind t h e  e x p a n sio n  ( 3 . 3 )  and 

t h e  argum ents  of  Coleman [ 6 ] s k e t c h e d  in  th e  i n t r o d u c t i o n ^  one 

n o t e s  t h a t  t h e  r e v e r s e  L e g e n d re  t r a n s f o r m  on "V" g i v e s  £ ( J ) ,  the  

vacuum e n e rg y  d e n s i t y  w ith  a s o u r c e  J .  To f i n d  £ ( J )  f o r  a g iv e n  

J  we can make use  o f  t h e  g r a p h i c a l  i n t e r p r e t a t i o n  o f  the  

L eg en d re  t r a n s f o r m .  We s e a r c h  f o r  a t a n g e n t  t o  V(<j>) of  s l o p e  J  

and i t s  i n t e r c e p t  w i l l  g i v e  us £ ( J ) .  For a no n -con v ex  "V" 

t h e r e  may be more than  one t a n g e n t  of  a g iv e n  s l o p e .

( F i g . 8 ) T a n g e n t s  t o  "V"

0
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However^the v a l u e s  o f  £ ( J )  t h a t  a r e  g e n e r a t e d  by the  

t a n g e n t s  t o  th e  n o n -c o n v e x  p o r t i o n  of  "V" a r e  h i g h e r  than t h o s e  

from t a n g e n t s  o f  i d e n t i c a l  s l o p e  o u t s i d e  th e  r e g i o n  of  

n o n - c o n v e x i t y .  T h i s  s u g g e s t s  t h a t  th e  n o n -c o n v e x  r e g i o n  

c o r r e s p o n d s  t o  an u n p h y s i c a l ,  h i g h e r  energ y  b ra n ch  of  th e  c u r v e  

and t h a t  th e  c o r r e c t  V s h o u ld  be tak en  t o  be th e  convex h u l l  of  

" V " .

A s i m i l a r  c o n c l u s i o n  may be r e a c h e d  by exam ining th e  

q u a n tu m -m e ch a n ica l  a rgu m en ts  o f  Evans and McCarthy [ 3 3 ] .

C o n s id e r  a s p o n t a n e o u s l y  bro ken  X$h p o t e n t i a l  w ith  minima a t  ±<t>0 

, g i v i n g  two d e g e n e r a t e  v a c u a ,  s a y  |+> and - > .  F o r  a f i n i t e  

s p a c e t i m e  volume t h e r e  w i l l  be m a t r i x  e le m e n ts  of  o b s e r v a b l e s  

c o n n e c t i n g  th e  two, a s  i t  r e q u i r e s  a f i n i t e  amount of e n e r g y  t o  

c r o s s  t h e  hump in  t h e  p o t e n t i a l .  In th e  i n f i n i t e  volune l i m i t ,  

how ever,  th e  m a t r i x  e l e m e n ts  w i l l  v a n i s h  and we may w r i t e

<± H ± > = E 0 5 + +

<± $ ± >  =  ±<{>o 6 + +

( 3 . 1 3 )

where H i s  t h e  H a m il to n ia n  d e n s i t y  and $ i s  t h e  quantum f i e l d  

o p e r a t o r .  Any l i n e a r  c o m b i n a t io n  o f  th e  two vacua  w i l l  be an 

e q u a l l y  good ground s t a t e  w i t h  e n e r g y  Eo , a s  we may s e e  from  

t h e  f o l l o w i n g

\>  = X +> + X - >  where ll\ + ll2 + \ \ \ J \ 2 = 1

(3.14)
<\ H \X> = E q and <X X >  = (II X . II 2 - II X II 2 ) <t> o
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Note t h a t  th e  s t a t e  \ >  has a f i e l d  vacuum e x p e c t a t i o n  v a l u e  

l y i n g  between th e  two minim a. S i n c e  the  e f f e c t i v e  p o t e n t i a l  may 

be d e f i n e d  as  t h e  minimum o f  <H> s u b j e c t  t o  <$> = f  we have  

found t h a t  i t s  t r u e  v a l u e  betw een - ^ q and +<j>o i s  E o ^ i . e .  a 

l i n e a r  i n t e r p o l a t i o n .  I f  t h e  s p a c e t i m e  volume i s  f i n i t e  t h e r e  

w i l l  b e ,  a s  we have a l r e a d y  s t a t e d ,  t r a n s i t i o n s  between t h e  two 

vacua  g i v i n g  a s i n g l e  minimum a t  f  = 0 , which shows up in b o th  

th e  p a th  i n t e g r a l  a p p ro a c h  [ l l ]  and l a t t i c e  c a l c u l a t i o n s  [ 3 4 ] .  

For  a s i n g l e  sy s te m  we would have t o  be in  one or  o t h e r  o f  th e  

v a cu a  so  i t  i s  p e r h a p s  b e s t  t o  t h i n k  of  th e  e f f e c t i v e  p o t e n t i a l  

a s  b e in g  u n d e f in e d  between t h e  two minima 

( F i g . 9 )  The co nv ex  e f f e c t i v e  p o t e n t i a l  V

t>

sa y

The r e s u l t  g e n e r a l i z e s  e a s i l y  i f  we have d i s c r e t e  minima,  

i >  , i = l , n  e a c h  w ith  e n e r g y  E q .

< i  H j >  =  E 0 6 ij
(3.15)

< i $ j >  = <t> cT 6 . . u 13
(no sum)
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I f  we t a k e  a s t a t e  \ >

( 3 . 1 6 )

w e  f i n d ,  in  a s i m i l a r  manner t o  ( 3 . 1 5 )

<x |h |x > =  E 0

( 3 . 1 7 )

<\ $ x> = 2 ii x. ii2 
i = l  1

which i s  j u s t  th e  convex  h u l l  o f  th e  s e t  of  minimum v a l u e s  { 5> o } ‘ 

Once a g a i n  t h e  l i n e a r l y  i n t e r p o l a t e d  r e g i o n s  c o r re s p o n d  t o  a  

mixed vacuum s t a t e .

Both th e  work o f  Haymaker and P e r e z - M e r c a d e r  and t h a t  o f  

Evans and McCarthy a r e  a p a t c h - u p  on th e  i n c o r r e c t l y  c a l c u l a t e d  

"V" t o  e x c i s e  t h e  n o n -c o n v e x  r e g i o n s .  I t  would o b v i o u s l y  be  

more s a t i s f y i n g  t o  c a l c u l a t e  t h e  c o r r e c t ,  l i n e a r l y  i n t e r p o l a t e d  

V from s c r a t c h .  T h i s  was done by F u jim o to  e t  a l . f o r  th e  c a s e  

o f  s p o n t a n e o u s l y  broken in  [ l l ] ,  where th e y  showed t h a t  a

c a r e f u l  t r e a t m e n t  o f  th e  s a d d l e - p o i n t s  in  t h e  path  i n t e g r a l  (we 

a r e  doing a s a d d l e - p o i n t  c a l c u l a t i o n  in  making a loop e x p a n s i o n  

f o r  t h e  e f f e c t i v e  p o t e n t i a l ,  a s  n o te d  in  t h e  i n t r o d u c t i o n )  l e a d s  

t o  a l i n e a r  i n t e r p o l a t i o n  o v e r  t h e  non co nv ex  p o r t i o n s  o f  " V " .  

B e f o r e  exam ining  t h i s  a p p ro a c h  i n  s e c t i o n  2 . 3  we make an a s i d e  

on an a l t e r n a t i v e  d e f i n i t i o n  o f  t h e  e f f e c t i v e  p o t e n t i a l  which i s  

u s e f u l  in  n o n - p e r t u r b a t i v e  c a l c u l a t i o n s  and which p r o v i d e s  

f u r t h e r  e v i d e n c e  f o r  c o n v e x i t y .
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2 . 2  THE CONSTRAINT EFFECTIVE POTENTIAL

R e t a i n i n g  th e  volume o f  s p a c e t i m e  e x p l i c i t l y  we d e f i n e  the  

f u n c t i o n  w (^)  by [ 3 5 ] , [ 3 6 ]

exp( -  Qw(<j>) ) = /  [ D<t> ] 6 ( c  -  4>) exp(-S[<j>]) ( 3 . 1 8 )

where we have s e t  h = 1 and c  = — f d4 x <J>(x). I f  we now m u l t i p l y
Q

bo th  s i d e s  o f  ( 3 . 1 8 )  by e x p ( Q Ji ' )  and i n t e g r a t e  o v e r  J  we f i n d

/d<j> exp Q(J? - u> (.?>)) = J[D(j)] exp (-S[ <|) ]+j/<J>) = exp(-Q£(J))
( 3 . 1 9 )

In t h e  i n f i n i t e  volume l i m i t  one may t a k e  th e  s a d d l e  pont  

e x p a n s i o n  f o r  t h e  l . h . s .  t o  be e x a c t  and f in d

sup “ <»(♦ )) = - Q*( J )  ( 3 . 2 0 )

which i s ,  in  e f f e c t  a L e g e n d r e  t r a n s f o r m  ( t h e  s u p / i n f  may be  

i n s e r t e d  i n t o  t h e  L e g e n d re  t r a n s f o r m  in o r d e r  t o  handle  

n o n -c o n v e x  f u n c t i o n s ) .  We s h a l l  d e n o te  t h i s  m od ified  t r a n s f o r m  

by a s u p e r s c r i p t  1 ’ . I t  a g r e e s  w ith  1 f o r  a convex f u n c t i o n .

We th u s  have

U 1 ’^ )  = 5 (J) (3.21)
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We a l s o  know t h a t  V(<J>), t h e  s t a n d a r d  e f f e c t i v e  p o t e n t i a l ,  i s  

g iv e n  by ^ 1 ( J )  so

(o1'1^) = 51(J) =  V ( * )  (3.22)

1 »
Now w w i l l  be s i n g l e  v a l u e d  by v i r t u e  of  t h e  s u p / i n f

1 '1d e f i n i t i o n  so  w w i l l  be t h e  co n v e x  h u l l  o f  oo and a V d e r i v e d  

in  t h i s  manner w i l l  be c o n v e x .

( F i g . 1 0 )  The double  L e g e n d r e  t r a n s f o r m  o f  w



- 6 8 -

We s h a l l  s e e ,  however,  t h a t  a computer  e v a l u a t i o n  o f  w ( n o t  V) 

u s in g  W ilson r e c u r s i o n  r e l a t i o n s  [ 3 6 ]  p ro d u ce s  a convex r e s u l t  

so t h a t ,  by v i r t u e  o f  1  e q u a l l i n g  1 ' f o r  convex f u n c t i o n s  and 

th e  i n v o l u t i v e  p r o p e r t y  o f  t h e  L eg en d re  t r a n s f o r m ,  th e  

c o n s t r a i n t  e f f e c t i v e  p o t e n t i a l  w i s  a c t u a l l y  i d e n t i c a l  t o  th e  

s t a n d a r d  V.

The i d e a  behind t h e  r e c u r s i o n  r e l a t i o n s  i s  q u i t e  s i m p l e .  

One c o n s i d e r s  t h e  F o u r i e r  d e c o m p o s i t i o n  of  th e  f i e l d s  in  t h e  

L a g r a n g i a n

<Kx) = 4>o(x) + < H (x )  ( 3 . 2 3 )

where we r e g u l a r i z e  t h e  t h e o r y  w i t h  a c u t o f f  A and where we 

s p l i t  th e  k i n t e g r a t i o n  so t h a t

<t>o ( x )  = /  exp ( ik .x )<j> (k)  d:dk ( 3 . 2 4 )
A /  2 < II k II < A

w ith  th e  <i>i b e in g  t h e  r e m a i n d e r .  We can c o n s i d e r  the  f i e l d
_1

v a r i a b l e s  a s  s i t t i n g  on a l a t t i c e  o f  s p a c i n g  A ( t h e  i n v e r s e  

h i g h e s t  momentum s c a l e  in  t h e  t h e o r y ) .  T h is  a l lo w s  us t o  

decompose th e  a c t i o n  and i n t e g r a t e  o u t  th e  h i g h e r  modes in  t h e  

f i e l d s  c o n t a i n e d  in  <$>q .

-  I  ( a / ) 2 = A2_d | * o n + -  I  ( d ^ i U ) ) 22 2
( 3 . 2 5 )

d 1  1
/ u ( $ ( x ) ) -  a"  g -  0 ( * „ n + * l n ) + -  D ( - >t>on+ * i n)

2 2

We have v e ry  c r u d e l y  r e p r e s e n t e d  t h e  w a v e l ik e  n a t u r e  of  th e  <j>o 

we a r e  i n t e g r a t i n g  o v e r  by a s t e p  f u n c t i o n  i n s i d e  each  l a t t i c e

c e l l  and we n o te  t h a t  t h i s  does  n o t  c o n t a i n  any zero,  component,
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which i s  c o n s i s t e n t  w ith  o u r  c o n s t r a i n t  e f f e c t i v e  p o t e n t i a l  

c a l c u l a t i o n  where we i n t e g r a t e  o v e r  e v e r y t h i n g  e x c e p t  th e  z e r o  

mode, and we have used d t o  d e n o te  th e  dim ension of  s p a c e t i m e .  

With th e  above a p p r o x i m a t i o n s  t h e  a c t i o n  becomes

s [ * ] .  = /  -  ( a ^ l O ) ) 2 +  |  i 2 d<Nn A du( <t> 0 n+4>i n)2 2
( 3 . 2 6 )

+ J  A - d D ( - * o n + * l n )

One now i n t e g r a t e s  o v e r  t h e  4>q i n  t h e  p a th  i n t e g r a l  and th e n  

r e p e a t s  t h e  p r o c e s s  w ith  A / 4  < llkll < A /2  (and so o n ) .  In t h i s  

manner one d e r i v e s  a r e c u r s i o n  r e l a t i o n  f o r  th e  c o n s t r a i n t  

e f f e c t i v e  p o t e n t i a l .

ux + 1 ( $ )  = - 2 -dX In ( F [ U x ( * ) ] / F [ U x ( 0 ) ] )  ( 3 . 2 7 )

where

F[U X(<|>)] = I"  dy exp ( - 2 (d 2 )X y2 -  2 ^  1  (U (y  + '« . )  
*00

“  U ^ C - y  +  $) )

( 3 . 2 8 )

and U]_ i s  g iv e n  by t h e  c l a s s i c a l  p o t e n t i a l .  As U.+ oj.

A F o r t r a n  program t o  p e r f o r m  t h e  above p r o c e s s  i s  g iv e n  in  

Appendix C, and i t  g i v e s  r e s u l t s  i d e n t i c a l  t o  Fukuda, who found  

t h a t  s t a r t i n g  w ith  a n o n -c o n v e x  c l a s s i c a l  p o t e n t i a l  the  

i t e r a t i o n  s e r v e d  t o  c o n v e x i f y  t h e  p o t e n t i a l .  For  s u f f i c i e n t l y  

l a r g e  v a l u e s  o f  (m2 / \ )  t h e  e f f e c t i v e  p o t e n t i a l  was f l a t  

b o tto m ed ,  w hereas f o r  s m a l l e r  v a l u e s  i t  had a t r u e  minimum a t  <j> 

= 0 .  With our p a r a m e t e r s  (m2 / \ ) > 2 . 5  gave a f l a t  p o t e n t i a l .
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L a t t i c e  f i e l d  t h e o r y  c a l c u l a t i o n s  [ 3 7 ]  g i v e  s i m i l a r  r e s u l t s ,  

w ith  a f l a t  bottomed o r  g e n u i n e l y  convex e f f e c t i v e  p o t e n t i a l  

em erging even when t h e  t h e  c l a s s i c a l  p o t e n t i a l  i s  n o n -c o n v e x .

We c o n c lu d e  t h a t  e x p l i c i t  e v a l u a t i o n s  o f  th e  p a th  i n t e g r a l ,  

i n s o f a r  a s  th e y  a r e  p o s s i b l e ,  s u p p o r t  the  n o t i o n  o f  a convex  

e f f e c t i v e  p o t e n t i a l .  Where, t h e n ,  i s  th e  p e r t u r b a t i v e  e xpan sio n  

b r e a k i n g  down?

3 . 3  THE INTERPOLATED LOOP EXPANSION

I f  we have a n o n -c o n v e x  c l a s s i c a l  p o t e n t i a l  U th e  minima

o f  U(<j>)-J5 a r e  n o t  u n i q u e l y  s p e c i f i e d  f o r  a l l  J .  For c e r t a i n

c r i t i c a l  v a l u e s  of  J ,  say  J  , a s m a l l  v a r i a t i o n  in  J  w i l l  ca u sec

t h e  a b s o l u t e  minimum o f  U( cf>) — J<J>, <}>o(J), t o  jump d i s c o n t i n u o u s l y

between t h e  l o c a l  minima. F o r  i n s t a n c e ,  in  a s p o n t a n e o u s ly

broken t h e o r y ,  J  i s  z e r o  and a s m a ll  v a r i a t i o n  e i t h e r  s i d ec

o f  t h i s  c a u s e s  th e  a b s o l u t e  minimum t o  jump between th e  two 

l o c a l  minima. To d e a l  w ith  t h i s  we s u b d iv id e  th e  p ath  i n t e g r a l  

i n t o  r e g i o n s  , e a ch  o f  which c o n t a i n s  one of  t h e  l o c a l  minima,  

which we s h a l l  d e n o te  by [ 1 1  ] .

exp ( - W [ j ] ) =  Z J R [ D<(> ] exp (  —  (S[  * ] - / J *  ))
71 i  i  71

= Z exp (-W [ J ] )  
i  71

(3.29)
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where

Wi[j] = exp((U(<}>o ) - J4>0 ))/R [D*] exp( —  J V l ) 
T i i  T i

A^'L = L(<J> + 4>o ) -  L(<})o) -  J4>
( 3 . 3 0 )

Q =  / d 4 x

The a p p r o x i m a t i o n  n e c e s s a r y  t o  e v a l u a t e  ( 3 . 2 9 )  i s  th e  e x t e n s i o n  

o f  t h e  r e g i o n s  t o  c o v e r  t h e  f u l l  ra n g e  of  <j>. We would 

e x p e c t  t h e  o v e r l a p  e r r o r  th u s  i n t r o d u c e d  t o  be e x p o n e n t i a l l y  

s m a l l ,  a s  th e  J a1L a r e  l a r g e  and p o s i t i v e  in  the  r e g i o n  of  

o v e r l a p .  With each  r e p l a c e d  by th e  f u l l  r a n g e  o f  i n t e g r a t i o n

( 3 . 2 9 )  can be th o u g h t  o f  a s  d e f i n i n g  a J a c k i w - s t y l e  e x p a n s i o n  

ab o u t  e a ch  4)q

exp ( -  W [ J ] ) =  Z e x p ( - 2 -  ( " V ' C * 1 ) -  J j 1 ))  ( 3 . 3 1 )
ti i H

The "V" i s  c a l c u l a t e d  in  t h e  s t a n d a r d  loop e x p a n sio n  about  t h e

a p p r o p r i a t e  4>o t o  any d e s i r e d  o r d e r .  O u ts id e  a c r i t i c a l  r a n g e ,

J - J  > 0 ( h )  one o f  th e  te rm s  in  summation ( 3 . 3 1 )  w i l l  dom inate  c
and we r e c o v e r  t h e  s t a n d a r d  lo o p  e x p a n s i o n ,  which i s  

a c c e p t a b l e  as  we would be o u t s i d e  th e  non convex p o r t i o n  o f  " V " . 

I n s i d e  th e  c r i t i c a l  r a n g e  we need t o  c o n s i d e r  the  f u l l  

summation.

Thus t o  e v a l u a t e  J  in  t h i s  i n t e r v a l  we would c o n s i d e r
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6W
6 J

2 l̂) 1  exp(  - — ( " V ' ^ 1 ) -  J(J)X))
i_______________ IT_______________________
E e x p ( - — ("V C ^1 ) -  J * 1 ))  
i  H

( 3 . 3 2 )

W r i t i n g  J  = J '  + J  we o b t a i nc

E it1  exp(  —  ( " V ' C * 1 ) -  J ' * 1  -  J j 1))

E exp( —  ( " V O 1 ) -  J ' * 1  -  J j 1 ) )  
i H  c

Now - J  + "V" ((J)1 ) i s  t h e  same f o r  a l l  th e  te rm s  in  t h e
v

summation, so we can d i v i d e  i t  o u t  t o  o b t a i n

E exp( - — J 1 (j>)
4> =   --------- -— — ------

E exp( J ’ $)  
i  -h

( 3 . 3 4 )

In t h e s e  summations t h e  e l e m e n t ,  or  e l e m e n t s ,  w ith  t h e  

l a r g e s t  component in  th e  J*  d i r e c t i o n  w i l l  dom inate  in  th e  

i n f i n i t e  volume l i m i t .  I f  J ' ^ 1  i s  maximized f o r  a s e t  of  ^ 1 , 

th en  J ,  as  d e f i n e d  by ( 3 . 3 4 ) ,  w i l l  l i e  a t  th e  c e n t r o i d  of  t h e  

f i g u r e  d e f i n e d  by t h e  ^ 1 . A lth o u g h  t h i s  might  a p p a r e n t l y  l i e  in 

a n o n -c o n v e x  p o r t i o n  of  "V" i t  has  r e s u l t e d  from a l i n e a r  

c o m b in a t io n  of  s t a t e s  o f  e q u a l  e n e r g y  which a r e  o r t h o g o n a l  in  

th e  H i l b e r t  s p a c e  in  t h e  i n f i n i t e  volume l i m i t  ( i f  J  « 0 th e y  

would be v a c u a ) ,  and i s  t h e r e f o r e  p a r t  of  a l i n e a r l y  i n t e r p o l a t e d  

r e g i o n .

We have th u s  shown t h a t  $ w i l l  l i e  a t  a J 1 , i n  which c a s e  

i t  w i l l  be o u t s i d e  a n o n -c o n v e x  r e g i o n ^ o r  i t  w i l l  l i e  on a 

l i n e a r l y  i n t e r p o l a t e d  s e c t i o n  o f  the  g ra p h .  The no n -con v ex  

p o r t i o n s  of  "V" have been e x c i s e d  in  th e  manner s u g g e s t e d  by 

t h e  argum ents  of  Haymaker and P e r e z - M e r c a d e r .
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To make t h e s e  g e n e r a l  c o n s i d e r a t i o n s  a l i t t l e  more c o n c r e t e  

c o n s i d e r  th e  c a n o n i c a l  exam ple  o f  a s p o n t a n e o u s l y  broken Xfy1* 
t h e o r y .  We h av e ,  a t  t h e  o n e - l o o p  l e v e l  f o r  J  ~ 0

exp (± W( J ) ) = e x p ( - ^  ( -v"1 ( * 0 ) -  J^o))71 71
( 3 . 3 2 )

+ e x p ( - 2 .  ( " V " i  ( - * 0 ) + J5o ) )
11

o r ,  a s  "Vn l ( $ )  = "Vn l ( - $ )

i o ^ J" <J) o
-  W (J)  = ln 2  -  =■  nVMl( $ 0 ) + In c o s h ( --------) ( 3 . 3 3 )-71 11 ti

We t h u s  f i n d  t h a t

1 5W -  Q Jet) o
<j) = --------= 4>o tanh  ( ---------- ) ( 3 . 3 4 )

q a j n
which e x h i b i t s  p r e c i s e l y  t h e  s t e p - f u n c t i o n - l i k e  b e h a v io u r  i n  the  

Q->«» l i m i t  t h a t  we have t a k e n  a s  a s i g n a l  of  c o n v e x i t y  

( F i g . 1 1 )  S t e p - f u n c t i o n - l i k e  b e h a v i o u r  of
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In t h i s  s im p le  example we may p r o c e e d  further and c a l c u l a t e  V 

i t s e l f ,  i n s t e a d  o f  d e m o n s t r a t i n g  t h e  l i n e a r  i n t e r p o l a t i o n  by 

more i n d i r e c t  means. We h a v e ,  f o r  J ~ 0

Q J<f) o
r x ( 5 )  = W1 -  QJQ1 = -Q "V n l (<}>0 ) + h l n 2 c o s h ( --------)

•ft
( 3 . 3 5 )

Q <J 4> o
—QJ<j)o t a n h ( --------)

tr

. Q J  ({) Q
Now 3  = tanh ( -------- ) ,  which a l l o w s  us to  e l i m i n a t e  th e  In co sh

<t>0 "R

term  and J  in  ( 3 . 3 5 )  t o  g e t

r X ((D)
<j> 0 +  <J> i / o  $ 0 — $ 1 / 0

-Q "V" 1 ( (J)0 ) + H  l n [  ( — ---- - ) 1 / 2  + ( - ------r - ) 1 / 2 ]
<j>0-<j) d>o+ ( t)

( 3 . 3 6 )

•ft
2

, <t>0 +  <t>
$ In ------3 )

$ 0 - <t>

U sing  V= -Qr we can r e w r i t e  t h i s  a s

<j>o+ $ <J>o + <J> $0" 4> <J>o- $
Vl ( * >  = " V" * ( 0  ) +-H ( — —  In — ------ + — —  In — ------)

2Q 0 $ 0 $0 4> 0

( 3 . 3 7 )

which i s  v a l i d  f o r  ll $ II < 0 - T h i s  e x h i b i t s  both  th e  l i n e a r

i n t e r p o l a t i o n  and f i n i t e  volume c o r r e c t i o n  we have mentioned  

p r e v i o u s l y .
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3 . 4  GAUGE FIXING AND EXPLICIT EXAMPLES OF CONVEXIFICATION

The d e m o n s t r a t i o n  of  t h e  c o n v e x i t y  of  th e  e f f e c t i v e  

p o t e n t i a l  from t h e  p r o p e r t i e s  o f  <}> depended c r u c i a l l y  on t h e  

v a r i o u s  s a d d l e  p o i n t  c o n t r i b u t i o n s  bein g  s e p a r a t e d .  In g e n e r a l  

w ith  a group G b e in g  broken t o  a (m axim al ,  u n l e s s  we a r e  

s u f f i c i e n t l y  p e r v e r s e  in  o u r  c h o i c e  o f  Higgs r e p r e s e n t a t i o n )  

subgroup H, th e  m a n ifo ld  o f  p o s s i b l e  minima w i l l  be g iv en  by G/H 

and we do no t  a c h i e v e  t h i s  s e p a r a t i o n .  One c o u ld  i g n o r e  t h e  

problem and s im p ly  e x t e n d  t h e  sum in  ( 3 . 3 4 )  t o  an i n t e g r a t i o n  

o v e r  th e  m a n i fo l d  o f  minima as  a d v o c a t e d  by F u jim o to  e t  a l . [ 1 1 ] 

and *0 R a i f e a r t a i g h  e t  a l .  [ 3 5 ] .  T h is  would then g iv e

/dp(<J)) (j> exp(

$ = ------------------------ --------------  ( 3 . 3 8 )
/ d p ( 4>) exp(  J  ' <t>) 

h

where t h e  i n t e g r a t i o n  i s  u n d e r s t o o d  t o  be o v e r  th e  m a n ifo ld  o f  

minima and dp((j>) i s  a s u i t a b l e  m e a s u r e .

For  example c o n s i d e r  t h e  c a s e  of  SO( 2 )  -* 0 as  in  th e  

A b e l ia n  H iggs m odel .  I f  we l e t  J  tend t o  z e r o  in  th e  <t>i 

d i r e c t i o n  we f i n d

izp f  cosQ e x p ( - X p c o s G ) d 9

* 1  = ------------------- 1----------------------- ( 3 . 3 9 )
J e x p ( - X p c o s 9 ) d 9
0

where we have p a r a m e t r i z e d  <|>i a s  pcosQ and X = ^  . T h is  g i v e s  

I l ( X p )

4>1 = P
I o  ( * P )

(3.40)
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T h i s  has th e  r e q u i r e d  s t e p  f u n c t i o n  l i k e  b e h a v i o u r .  I n s t e a d  of  

c h o o s i n g  an a d - h o c  p a r a m e t r i z a t i o n  we co u ld  c o n f i n e  th e  r e g i o n  

o f  i n t e g r a t i o n  t o  t h e  m a n i f o l d  o f  minima u s in g  6 - f u n c t i o n s  ( o r  

d i s t r i b u t i o n s ! ) .  T h i s  would g i v e

/d<J>i/d<t>2 S( /  (<J>?+ <t>^)-p) 6 1 exp (-\<}> i )
*i «  --- :--------:— :-----------------  (3.41)Jd(}> i/d<J>26 (/ (<t>i+<t>2 )“P ) expC-XcJ)!)

which a g a i n  i n t e g r a t e s  out  t o  g i v e  ( 3 . 4 0 ) .  As a n o t h e r  example  

c o n s i d e r  S 0 ( 3 )  S 0 ( 2 )  where t h e  m a n ifo ld  o f  minima i s  S2 . I f  

we a g a i n  t a k e  J  t o  z e r o  in  t h e  4>i d i r e c t i o n  we have

_ Jd $ i  Jd<j)2 /d(j)3 6 ( / ( 6  \  +  <j)̂  +  <t>3)-p) <t> i exp(- \<}> i)
<t>l = -----------------------------------------------------------------------------------------  ( 3 . 4 2 )

/  i /  d(t> 2 /  dcj) 3 6 ( / (<{>f +  4>5 +  4> 1 ) —p ) exp(- \< }>i )

A lthough th e  s p e c i f i c  f u n c t i o n  t h i s  p ro d u ce s  i s  d i f f e r e n t

6 i =  p ( -  -  c o t h \ )  ( 3 . 4 3 )
\

t h e  s t e p  f u n c t i o n  l i k e  b e h a v i o u r  i s  s t i l l  p r e s e n t .

D e s p i t e  th e  above r e s u l t s  t h e  i n i t i a l  r e p l a c e m e n t  Z -*

/ d p ( 4)) i s  dubious and i t  would be p r e f e r a b l e  t o  av o id  i t  in  a 

more r i g o r o u s  a p p r o a c h .  I f  we a r e  d e a l i n g  w ith  th e  Higgs s e c t o r  

in  a gauge t h e o r y  we c o u ld  make use  of our freedom of  c h o i c e  in  

c h o o s i n g  t h e  gauge f i x i n g  t o  d i s c r e t i z e  th e  minima. The gauge  

t o  ch o o se  i s  j u s t  t h e  ' t  H o o f t  g a u g e ,  w h i c h . p r o v i d e s  the  

r e q u i r e d  d i s c r e t i z a t i o n  b e c a u s e  o f  th e  v ^ 6 j_ = 0 c o n d i t i o n  

a r i s i n g  from t h e  N i e l s e n  i d e n t i t i e s .
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We n o t e  f i r s t  t h a t  th e  v ^ ^  c o n d i t i o n  r e q i r e s  some m o d i f i c a t i o n  

f o r  more c o m p l i c a t e d  gauge t h e o r i e s .  I t  should  a c t u a l l y  r e a d  

v i  ^ i  = 0 w^ e r e  th e  r| span th e  p h y s i c a l  Higgs s p a c e  and t h e  a 
i s  a group in d e x  ( s e e  [ 2 3 ] ) ,  which i s  s a y i n g  t h a t  t h e  v® l i e  in  

t h e  G o ld s to n e  boson s u b s p a c e .  The e a s i e s t  way t o  a c h i e v e  t h i s  

i s  j u s t  t o  ch o o se  th e  ' t  H o o f t  gauge p ro p e r

v“ =  T i j < o h l ° >  = ( 3 . 4 4 )

where th e  Ta a r e  g e n e r a t o r s  in th e  a p p r o p r i a t e  r e p r e s e n t a t i o n ,  

and we s h a l l  assume in  t h e  r e s t  o f  t h i s  s e c t i o n  t h a t  t h i s  has  

been done.

I f  we c o n s i d e r  f i r s t  a  r e a l  v e c t o r  r e p r e s e n t a t i o n ,  our  

c o n d i t i o n  w ith  th e  H iggs  f i e l d s  i n  th e  N of  SO(N) r e a d s

T“ .* =  0 ( 3 . 4 5 )

w hich,  in  p a r t i c u l a r ,  on t h e  m a n i fo l d  o f  minima w i l l  be

Ta .<b . 0 y . = 0ij ( 3 . 4 6 )

where x^ l i e s  on th e  m a n i f o l d .  We can w r i t e  any x^  as  th e  

group r o t a t i o n  o f  CK $ / q .

Xt  =  e x p ( i 9 a t “ j ) ( 3 . 4 7 )

So ( 3 . 4 7 )  r e a d s

_  /
---n ^ i 0 ) =
d0

0 (3.48)
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I f  we a r e  c o n s i d e r i n g  t h e  b r e a k i n g  SO(N)->SO(n-l) only  one o f  the  

Higgs f i e l d s  w i l l  a c q u i r e  a vacuum e x p e c t a t i o n  v a lu e ; so ( 3 . 4 8 )  

w i l l  be s a t i s f i e d  f o r  a d i r e c t i o n  t h a t  i s  e i t h e r  p a r a l l e l  o r  

a n t i p a r a l l e l  t o  i t .  The m a n i f o l d  of  minima f o r  th e  above  

b r e a k i n g  w i l l  be a h y p e r s p h e r e ,  so  t h i s  p i c k s  o u t ,  as  a l lo w e d  

minima, two a n t i p o d a l  p o i n t s  where th e  a x i s  a lo ng  th e  d i r e c t i o n  

o f  symmetry b r e a k i n g  i n t e r s e c t s  t h e  h y p e r s p h e r e .

Fo r  a complex v e c t o r  r e p r e s e n t a t i o n  we would w r i t e  the  

H iggs f i e l d s  a s  t h e  sum o f  two r e a l  f i e l d s  <j>̂  = (j>i i + i<j) i 2 and 

c o n s i d e r  t h e  g a u g e - f i x i n g

The argument f o r  th e  r e a l  c a s e  i s  now r e p e a t e d  w ith  the  number 

o f  components d o u bled .

For  a Higgs f i e l d  in  t h e  a d j o i n t  we can w r i t e  ( 3 . 4 5 )  a s

a r e  t h e  e l e m e n ts  of  t h e  a p p r o p r i a t e  L i e  a l g e b r a  ( 3 . 4 9 ) ^  becomes

_1
2 £

( 3 . 4 8 )

( 3 . 4 9 )

[ 9 , $ ]  =  0 ( 3 . 5 0 )

T h i s  means t h a t ,

a l g e b r a

c o n s t r a i n e d  t o  l i e  in  t h e  C a r t a n  s u b a l g e b r a N. A l l  the

e q u i v a l e n t  minima in  U -  J<J> a r e  d i s c o n n e c t e d  b e c a u s e ,  w ith  3? in  

t h e  C a r t a n  s u b a l g e b r a ,  th e y  a r e  ta k e n  i n t o  one a n o th e r  by t h e
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e l e m e n ts  of  th e  Weyl group which l e a v e  th e  p r o j e c t i o n  of  J  o nto  

th e  C a r ta n  s u b a l g e b r a  i n v a r i a n t .  T h is  i s  a d i s c r e t e  g ro u p .

For  th e  v e c t o r  r e p r e s e n t a t i o n s  th e  o n ly  c r i t i c a l  v a lu e  of  

th e  c u r r e n t  i s  z e r o  and we j u s t  c o n s i d e r  c o n v e x i f y i n g  between  

t h e  a b s o l u t e  minima.  T h i s  i s  no t  th e  c a s e  f o r  th e  a d j o i n t
?\ TT

r e p r e s e n t a t i o n ,  where t h e r e  may be s o l u t i o n s  t o  t-t- = - J  ando <p c
5 » V "

hence t o  r-r—  = - J „  f o r  v a l u e s  of  J .  o t h e r  than z e r o .0 <J) c C

As an example  o f  t h i s  one c o u l d  c o n s i d e r  an SU(3) a d j o i n t  

p o t e n t i a l ,  though t h i s  i s  n o t  r e p r e s e n t a t i v e  in  t h a t  th e  

r e l a t i o n  ( T r $ 2 ) 2 = 2 T r ^  e n s u r e s  t h a t  t h e  n o n - c o n v e x i t y  

v a n i s h e s  when t h e  q u a r t i c  t e rm s  become dom inant .  T h is  i s  n o t  

n e c e s s a r i l y  t r u e  in  o t h e r  c a s e s ; a s  one can s e e  from  

c o n s i d e r a t i o n  o f  a g e n e r a l  a d j o i n t  p o t e n t i a l  a t  l a r g e  II $ II .

U ( ? )  =  A + 1 Al ( 2 $ f )  ( 3 . 5 1 )
2

The m a t r i x  of  second d e r i v a t i v e s  f o r  t h i s ^

( 4A(I4>2 ) + + 8A i j f k ;  ( 3 . 5 2 )

would be p o s i t i v e  s e m i - d e f i n i t e  (which would e n s u re  c o n v e x i t y )  

i f f  v . U . . v .  > 0 f o r  a l l  v and <j>. I f  A were n e g a t i v e ,  which i s1 J
a l lo w e d  by t h e  p o s i t i v i t y  c o n s t r a i n t  on th e  p o t e n t i a l ,  c h o o s i n g

v = ( 0 , 1 , 0  . . . 0 )  and J  = ( II <j> II , 0 , 0  . . . 0 )  would g i v e  v . U . .v . < 0 ,
^ ^ J J

th u s  showing th e  p o t e n t i a l  was n o n -c o n v e x  a t  t h i s  p o i n t .

R e t u r n i n g  t o  t h e  SU (3)  case^w e can w r i t e  th e  SU(3) a d j o i n t  

p o t e n t i a l  a s  [ 3 8 ] .

_2  _  _
U(<t> ) = p(l-4> )2 + q(<l>i + >/3di jk<̂j  ̂k^2

a2u

(3.53)
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where p,q > 0 and the dijk are defined by 

4 
= - o .. + 2d1'J'kRk 3. lJ: (3.54) 

If we now restrict ~ to lie in the Cartan subalgebra, spanned by 

~3 and ~8 in the Gell-Mann basis, the potential may be written 

as 

(3.55) 

A plot of U(~3,~8) shows that there are now other solutions for 

J c • The form of U(~3) on the three sections A,B,C is also 

given below. c. 
(Fig.12) 

--- = 6OLU,'O ~ To aU-=c 
Q~ 

B 

--/ 
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x = ABSOLUTE HINH-1A 
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In s e c t i o n  B, f o r  i n s t a n c e ,  t h e  minima 1 , 2  a r e  s o l u t i o n s  t o  -r-r =o <J>
J  f o r  some J  in  t h e  8 d i r e c t i o n  and we would have t o  c o n v e x i f y  

between p o i n t s  1 and 2 .  By th e  t im e  we have r e a c h e d  C t h e  

q u a r t i c  te rm s  a r e  dominant and t h e  n o n - c o n v e x i t y  has  

d i s s a p p e a r e d .

In t h e  g e n e r a l  a d j o i n t  c a s e  t h e  shape of  th e  r e g i o n  t o  be 

c o n v e x i f i e d  can be d e t e r m i n e d  f o r  any giv en  d i r e c t i o n  o f  J  by 

u s in g  t h e  c o r r e s p o n d e n c e  between t h e  Dynkin diagram s t h a t  a r e  

used t o  c l a s s i f y  th e  symmetry b r e a k i n g  in  t h e  a d j o i n t  

r e p r e s e n t a t i o n  and t h e  C o x e t e r  g ra p h s  t h a t  a r e  used t o  d e s c r i b e  

t h e  symmetry o f  r e g u l a r  p o l y t o p e s  [ 3 8 ] .

In b o th  t h e  v e c t o r  and t h e  a d j o i n t  c a s e  we have e s s e n t i a l l y  

p ic k e d  o u t  a d i r e c t i o n  o f  a l lo w e d  symmetry b r e a k i n g  by our  

c h o i c e  o f  g a u g e .  We have n o t ,  how ever ,  de term in ed  our  

o r i e n t a t i o n ^ l e a v i n g  a r e s i d u a l  i n v e r s i o n  or  Weyl symmetry, and i t  

i s  t h i s  which p r o v i d e s  t h e  c o n v e x i f i c a t i o n .

3 . 5  DISCUSSION

The c o n v e x i f i c a t i o n  o f  t h e  e f f e c t i v e  p o t e n t i a l  which we 

have d e s c r i b e d  does not  c a n c e l  o u t  t h e  sp o n ta n e o u s  symmetry 

b r e a k i n g  d i s p l a y e d  by t h e  c l a s s i c a l  p o t e n t i a l .  I f  th e  

L a g r a n g i a n  a d m its  a H iggs  mechanism

-  (D * ) 2  ■> i  ( A“ T % ) 2 
2 ^ 2 ^

1
2

M qA A a p  |ia
P-P ( 3 . 5 6 )

where M Q = (<J>,T T _ <t>) and t h e  T ’ s a r e  the  group g e n e r a t o r s ,  t h i s  cc p oc p
i s  unchanged and g i v e s  t h e  same r e s u l t  when <j> i s  in  the  

neighbourhood of  a c l a s s i c a l  minimum. The r o l e  of  V i s  to
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s e l e c t  between th e  v a r i o u s  p o s s i b l e  minima. A v a lu e  o f  $ l y i n g  

in  t h e  l i n e a r l y  i n t e r p o l a t e d  r e g i o n  a r i s e s  from a mixed vacuum 

s t a t e  and we would not  e x p e c t  t h i s  in  a s t a t i c  s i t u a t i o n .  The  

c o n v e x i f i c a t i o n  m e re ly  s e r v e s  t o  remind us t h a t  our a ssu m p tio n  

o f  a c o n s t a n t  background f i e l d  t o  expand about  in  the  e f f e c t i v e  

p o t e n t i a l  i s  i n v a l i d  f o r  some v a l u e s  of  J .
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4 . 1  CONVEXITY AT FINITE T

I t  i s  o n e ’ s g e n e r a l  i n t u i t i o n  t h a t  sy m m etr ies  ought to  be 

r e s t o r e d  w ith  i n c r e a s i n g  t e m p e r a t u r e .  T h is  would s u g g e s t  th e  

q u a l i t a t i v e  b e h a v io u r  shown below f o r  a s p o n t a n e o u s ly  broken X*})1* 

p o t e n t i a l .

( F i g . 1 3 )  B e h a v io u r  o f  V w ith  i n c r e a s i n g  t e m p e r a t u r e .

At some t e m p e r a t u r e ,  s a y  T , t h e  t h e o r y  w i l l  undergo a 

t r a n s i t i o n  from i t s  s p o n t a n e o u s l y  broken s t a t e  t o  a sy m m etric  

vacuum ( < 0  0> = 0 ) .  In o r d e r  t o  t r y  and o b s e r v e  t h e s e

e f f e c t s  p e r t u r b a t i v e l y  in  t h e  c a l c u l a t i o n  of  th e  e f f e c t i v e  

p o t e n t i a l  one needs t o  know how t o  d e a l  w ith  quantum f i e l d  

t h e o r i e s  a t  f i n i t e  t e m p e r a t u r e .  We p r e s e n t  a s h o r t  re v ie w  o f  

two com plementary fo r m a l i s m s  in  t h e  n e x t  s e c t i o n  and c o n s i d e r  a 

co nv ex  e f f e c t i v e  p o t e n t i a l  e v a l u a t e d  in  b o t h .  U n f o r t u n a t e l y  

bo th  our a t t e m p t s  a t  p r o d u c i n g  a f i n i t e  t e m p e r a t u r e , convex  

e f f e c t i v e  p o t e n t i a l  come u n s t u c k  a t  a t e m p e r a t u r e  which i s  lo w er  

th an  th e  supposed c r i t i c a l  t e m p e r a t u r e  of th e  t h e o r y  ( t h i s  may 

n o t  s im ply  be a f a u l t  in  t h e  f o r m a l i s m ;  s e e  s e c t i o n  4 . 8 ) .
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4 . 2  FINITE TEMPERATURE CALCULATIONS

The i n i t i a l  a p p ro a c h  t o  f i n i t e  t e m p e r a t u r e  c a l c u l a t i o n s  in  

quantum f i e l d  t h e o r y  was in  t h e  s o - c a l l e d  i m a g in a ry  time  

f o r m a l i s m .  We f o l l o w  th e  e x p o s i t i o n  o f  B e rn a rd  [ 3 9 ] .  We 

c o n s i d e r  a quantum f i e l d  t h e o r y  d e s c r i b e d  by t h e  H a m ilto n ia n  

d e n s i t y  H (7t , $ )  where $ ( x , t )  i s  t h e  H e ise n b e rg  f i e l d  o p e r a t o r  and 

i t ( x , t )  i s  th e  c o n j u g a t e  momentum. The S c h r o e d i n g e r  p i c t u r e  

o p e r a t o r  i s  then  $ ( x , 0 ) .  L e t  <j>o> and |<}>i> be e i g e n s t a t e s  o f  

$ ( x , 0 )  w ith  e i g e n v a l u e s  <j>0 ( x )  and <|>i(x) r e s p e c t i v e l y .  The 

t r a n s i t i o n  a m p li tu d e  f o r  g o in g  from o > a t  t im e 0 t o  |<}>i> a t  

t im e  T  i s  j u s t  g iv e n  by

<<t>l e x p ( - i H T ) <Do> = N /[D<J> ] [D tt:]
T

exp i ( / d t / d 3 x 
0

_ h ))
a t

( 4 . 1 )

where th e  f i e l d  i n t e g r a l  r u n s  o v e r  a l l  c o n f i g u r a t i o n s  t h a t  s t a r t  

a t  <J>o(x) a t  t im e 0 and end a t  <t>i(x) a t  time t  = T .  The momentum 

i n t e g r a l  i s  u n r e s t r i c t e d .  I f  we now l e t  iT=p and make th e  

v a r i a b l e  change i t = x

<4>i e x p ( - p H ) <t>0 > = N J[D<|>][Dic] e x p ( f  dzf d3 x 
0

( i n ^ -  -  H)) 
dr

( 4 . 2 )

The f i n i t e  t e m p e r a t u r e  p a r t i t i o n  f u n c t i o n  Z = Tr ( e x p ( - p H ) ) ,  

where p i s  now i d e n t i f i e d  w i t h  t h e  i n v e r s e  t e m p e r a t u r e ,  can be 

c a l c u l a t e d  from ( 4 . 2 )  by r e s t r i c t i n g  o u r s e l v e s  t o  p e r i o d i c  f i e l d  

c o n f i g u r a t i o n s .  T h is  e s t a b l i s h e s  th e  form al  a n a lo g y  between  

E u c l i d e a n  quantum f i e l d  t h e o r y  (w hich we a r e  doing by v i r t u e  of  

th e  Wick r o t a t i o n  on t )  and s t a t i s t i c a l  m e c h a n ic s .
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Z = <ft) exp (-pH ) <t>> = N /  [ D<t> ] [ Die ] e x p ( / d t / d 3 x 
$ p e r i o d i c  0

(3
( i u ^ i  -  H)") 

( 4 . 3 )

We can now i n t e g r a t e  o ut  t h e  n 1s p r o v id e d  t h a t  H i s  no more than  

q u a d r a t i c  in  it. T h i s  r e p l a c e s  n by i t s  v a lu e  a t  t h e  s t a t i o n a r y  

p o i n t  and adds a d e t e r m i n a n t  i f  t h e  term in n i s  $ d ep en d en t .  

T h i s  g i v e s

Z = N'(P)J[D<|>] exp ( /dTj/d 3 x L e f  f  (<t>, i $  ) )  
p e r i o d i c

( 4 . 8 )

We n o t e  t h a t  th e  n o r m a l i z a t i o n  may c o n t a i n  t e m p e r a t u r e  

d e p end ence .  As t h e  f i e l d s  a r e  p e r i o d i c  we may c o n s i d e r  t h e i r  

F o u r i e r  e x p a n s i o n

<Kx ,t ) = i £ Jd3<k exp(ik.x)exp(iwnx) <t>n(k)

where ton 2 itn
P

I f  we now u s e  t h e  i d e n t i t y

( 4 . 9 )

P
/ d t  exp i(u>n -  um)T = p § nm ( 4 . 1 0 )

and s u b s t i t u t e  t h e  F o u r i e r  d e c o m p o s i t i o n  o f  $ i n t o  th e  

L a g r a n g i a n  we f in d  f o r  th e  q u a d r a t i c  p a r t

S = —  g f t 3 t  d,n ( k )  + k 2 + m2) 4>_n c—k )
2 p

( 4 . 1 1 )
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The p r o p a g a t o r  i s  th u s

1_________
co2 + k2 + m2 n

( 4 . 1 2 )

and t h e  Feynman r u l e s  a r e  o b t a i n e d  from th e  u s u a l  ones by t h e  

r e p l a c e m e n t s

*► — E fcT3Jk and ko -> iu) (4.13)
P n

+ k2 + . . . )  + - i p  6 6 3 ( E !  + E2 + . . )  ( 4 . 1 4 )cju ̂ ~  uj 2 •••

To d e t e r m i n e  t h e  t e m p e r a t u r e  dependent  n o r m a l i z a t i o n  one must do 

a Feynman s t y l e  d i s c r e t i z a t i o n  o f  t h e  p a th  i n t e g r a l  to  f i n d ,  

s y m b o l i c a l l y  [ 4 0 ]

In N ' ( p )  = - ( l n p )  g, J d 3k ( 4 . 1 5 )

One f u r t h e r  s u b l e t y  in  t h e  f o r m a l i s m  o c u r s  in  the  t r e a t m e n t  o f  

gauge t h e o r i e s .  Tr  ( e x p ( - p H ) )  must be e v a l u a t e d  in  a p h y s i c a l  

gauge t o  a v o id  i n t r o d u c i n g  s p e c i o u s  s t a t e s  in  th e  t r a c e  or  one  

must modify t h e  d e f i n i t i o n  o f  t h e  f i n i t e  t e m p e r a t u r e  p a r t i t i o n  

f u n c t i o n  t o  i n c l u d e  a p r o j e c t o r  o n to  p h y s i c a l  s t a t e s .

Z = Tr (P  e x p ( - p H )) ( 4 . 1 6 )

I t  i s  shown in  [ 4 0 ]  by H ata  and Kugo t h a t  t h i s  may be w r i t t e n  

as

Z = Tr ( e x p ( - p H  -itQc )) ( 4 . 1 7 )
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where Q is the Fadeev-Popov ghost charge, generated by a scale c
transformation on the ghost and anti-ghost fields.

Because of the presence of infinite sums for the energy 
modes explicit calculations in the imaginary time formalism tend 
to be rather unwieldy, especially at more than one-loop level.
An alternative approach is the real time formalism, which is 
also known as thermofield dynamics (T.F.D.). This has been 
developed largely by Umezawa and his collaborators at Alberta, 
who have explored both the basic formalism and the technical 
aspects of calculations in some detail. We shall give a brief 
review below; for a fuller treatment see, for example Umezawa’s 
book [4l] or the'forthcoming book by Rivers [42]. Both the 
imaginary time formalism and T.F.D. are, in fact, special 
applications of a more general complex time method that was 
first proposed by Mills as long ago as 1955 [43], T.F.D. has 
the conceptual advantage of having a clear physical picture 
behind it, instead of being based on a purely formal analogy 
between path integrals. We think of our universe as being 
divided into a large box in which we do our calculations and a 
remainder^ which we shall treat as a thermal bath at temperature 
T. At this stage we can see heuristically that there is likely 
to be some form of field doubling in such a theory because 
energy may be absorbed in our box by either the excitation of 
new quanta in the box or the annihilation of holes in the 
thermal bath. We would like to express the thermal equilibrium 
values in terms of expectation values between pure states |p> 
i . e .

<fj|o|f3> =
£ <nI 0 In> exp(-pEn )

£ exp(-pEn)
(4.18)
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With a single Fock space we would find it impossible to define a 
state to satisfy the above. If we defined

\> = Z n n> exp(-— pE )/£exp(-- pE )9 n h 9 n (4.19)

<\ 0 \\> would contain off diagonal terms coming from the matrix
elements <m 0 n>. To remove these we consider the product space 
n> x |m> where we adjoin a new Fock space to the first and 
label its elements with tildes. Operators would become 0 * 1 in 
the old space and 1 x 0 in the new. We can now define

p> =  2 |n> x n> e x p ( —  pE ) / £ e x p (  —  pE )n i g 11 k 2  n (4.20)

such that (4.18) is satisfied. The <m n> product in the new 
space ensures that the matrix elements of 0  are diagonal.

To see what this approach means in a path integral context 
consider the path of integration we use in the complex fc plane 
at finite temperature. In the imaginary time formalism we are 
integrating from t = 0  to t  = -ip, which we can translate to 
t  =-to to t  =-to - ip by the periodicity of the fields. The 
real time formalism corresponds to choosing the contour 2  to 
integrate along instead of 1 .
(Fig.14) Contours in the complex time plane
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The required doubling of the fields comes from fields defined on 
the contours Ci and C 2 (the portions C 3 and C 4 decouple in the 
to + 00 limit, which we take at the end of any calculation). In 
fact, any contour that starts at A and ends at B would be just 
as valid provided that ImT is monotonically decreasing along the 
contour, which is demanded by causality. We have chosen contour 
2 for calculational convenience and because it gives a Hermitian 
Lagrangian [44],[45]. Fields defined on C 2 can be thought of as 
thermal ghosts and correspond to the holes in the thermal bath.

<t>2 (x,t) = (J)(x,t - ip) (4.21)

We can write, formally for the path integral

z[j] = N'(P) /[D<t>] exp(ij (L + J*)) (4.22)
periodic c

where / means that the time integral is taken over the contour 2  

c
The Lagrangian is given by

L = —  ( a2 - V + m 2 ) $ + U (<(>) (4.23)
2 C

where the time derivative 5 is along the contour and the fieldsc
are defined on the contour. This can be recast into an integral 
with fields involving real time arguments (see for example
[44]). We find that we obtain a matrix propagator A . . i,j = 1,2 
, where the 1 field is defined on the contour and the 2 field 
is defined on the contour C2 . The mixing between the fields 
occurs only in the propagator and not at any vertices. The 
matrix propagator is given by
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0
1k 2 - m 2 -ie

0 k 2 - m *  - i e

2 ui6 (k2 -m2) 
exp (-p llko II )-l

I  1 exp ( p II k0 II )
2

i exp( p II ko II ) 1
' 2

\
(4.24)

The potential term in the theory becomes U(<j>i) - U (4>2) • The 
Green’s functions are defined as the vacuum expectation values 
of the physical 1 fields^so only these appear on the external 
legs of any diagrams that we are calculating. We have traded 
off a simplification in the individual graphs (integrals now 
instead of both integrals and sums in the imaginary time 
formalism) against an increase in the number of graphs. From 
the point of view of effective potential calculations there are, 
however, some technical difficulties lurking in the new 
formalism, particularly as the presence of the heat bath 
complicates Lorentz covariance (the ko-* 0  and S -> 0  limits do 
not necessarily commute [45]). We shall also note that the most 
obvious definition of the effective potential is identically
zero in T.F.D.
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4.3 IMAGINARY TIME EFFECTIVE POTENTIAL AT FINITE T

We follow the careful treatment of Rivers [46] in this 
section to show that it is possible to produce a convex 
effective potential at finite temperature, but only up to a 
temperature at which the minima have crept in to the classical 
points of inflection, at least for a classically spontaneously 
broken potential. The same problem does not arise in Coleman- 
Weinberg symmetry breaking, so calculations of the critical 
temperature performed in this context are still reliable (in so 
far as perturbative calculations ever are). The failure of the 
calculation in the spontaneously broken case means that much of 
the work of Dolan and Jackiw [18] is incorrect. We discuss 
briefly the criteria for the restoration of symmetry at finite 
temperature to show why this is so.

They note that for a reflection invariant effective 
potential

= 2 4> ^ 3  (4.25)
b <t> 5 <j>̂

V  _so symmetry breaking will be absent when —  4= 0 for $ $ 0. We
5  <f> ^

now decompose the effective potential into a zero temperature 
part V° and a finite temperature part . One can show that 
finite temperature effects do not introduce any new infinities 
into the theory [47], so one may still choose to perform 
renormalization at zero temperature and regard the contribution 
of as a finite temperature correction. The mass parameter of
the theory can be defined as
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m 2 a2v°

9 <j>2 <t> =0
(4.26)

To see whether we are sitting at a minimum or a maximum at the 
origin Dolan and Jackiw suggest that we consider

9 2 V 
9 <t>2 <t>=0

nr 9 2  

9 4>2 (j) = 0

(4.27)

If the r.h.s. > 0 we are supposedly at a minimum and the the 
critical temperature is defined to be that for which the r.h.s.
= 0. However, we know that this is too simplistic; because of 
convexity one cannot simply look at the origin of the effective 
potential to see whether one is rolling up or downhill. Even if 
one ignored the problem with convexity one would have to deal 
with the complexity of the higher order corrections at the 
origin ( at one loop and high temperature there is a fortuitous 
cancellation which does not persist at higher orders).

We now consider explicitly the' calculation of a convex 
one-loop effective potential at finite temperature to see 
whether it is possible to obtain some other criterion for the 
restoration of symmetry. We first decompose unity as

f d c  6 (c - — fd^x <j>(x)) (4.28)

and insert this into the path integral expression for the 
generating functional Z

N J[D<}>]/dc 6 (c - — Jd^x <j>(x)) exp(-i (S[ <}> ] ~J J<{>))
Q a

(4.29)
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where we have inroduced the artificial loop expansion parameter 
a because h appears in the limits of integration (via p) in the 
action. If we now write <Kx) as c + /ari(x), insert it into the 
path integral and exponentiate the delta fuction in (4.30) we 
find

Z = /dcda/[D<t)] exp( —  (S[c+i/ari] -JcQ )) exp( ia/d4 xtj) (4.30)
a

which we can expand in t) to get

Z = N f d c  A(c) exp (-- (U(c) - Jc)) (4.31)
a

where, dropping terms of 0 (ri3) and higher

A(c) = /da/[D t)] exp(ia/dJ+XT])exp(--/d'+xTi(-V2+UM(c))Ti (4.32)
2

If U"(c) >0 we may perform the Gaussian integration to get

A(c) = (UM(c) ) l y / 2  exp ( — E/dk In (k2 + U"(c)) (4.33)
2

Thus we get finally

Z = N./dc (U'^c ) ) 1 / 2  exp( -Q ("V " 1 (c) - Jc)) (4.34)

In a similar manner to our discussion of the constraint
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effective potential the Q -> ® limit will enforce the convexity. 
If we now enquire what happens to the expression at finite 
temperature we encounter difficulties. The high temperature 
limit of the one loop effective potential is given by [18]

V(?) = u(5) + Hliil + o(I) (4.35)
2 4 0  2 0

From the above we find that the minima creep in with increasing 
temperature

<t>o (- o»2 - 2
\ 24g2

\ ))
1/2 (4.36)

At some temperature they will reach the classical points of 
inflection

'•’inf = ± (—  ) 1 / 2  (4.37)
"k.

0 " will become negative and the whole expansion scheme will 
break down.
(Fig.15) Minima creep into the classical points of inflection

0 IN p <f>
T = 0
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The breakdown does not occur in the Coleman-Weinberg model, where
a similar expression to (4.34) may be derived^ but in this case
U"(c) is positive for all values of c because the spontaneous
symmetry breaking is induced by the radiative corrections. In
the spontaneously broken case we have here, however, we have not
reached the supposed phase transition when our calculation
breaks down. This might conceivably be a quirk of the imaginary
time formalism, so in the next section we will consider the
calculation of a finite temperature convex effective potential 
using the real time formalism.

4.4 REAL TIME CONVEX EFFECTIVE POTENTIAL AT FINITE T

We can exploit the presence of the source term for the 2 
field in the real time formalism generating functional to 
exhibit an exchange symmetry between the 1 and 2  quantities 
which will imply that the effective potential defined in the 
most natural manner is actually zero [45]. If we consider the 
finite temperature Lagrangian

We find that it has the following symmetry, where we denote 
complex conjugation by an asterisk

- U(<j>i) + U (<j> 2 ) (4.38)

[ 1 *r |- ^  T  ^

^ 1 > 4> 2 J = “L L $2 > <t>l J (4.39)

As a consequence of this the generating functional Z has the 
symmetry
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• Z[J1(J2] = Z*[-J2 ,-J1] (4.40)

where we have assumed real sources for simplicity. This gives
the following symmetry for W

W[J 1 (J2] = - w*[-ji(-u;] 

If we now define <{k  by

(4.41)

x <5W♦i —
6 J .

1

we find that

(4.42)

5l[Jl,J2] = i’2 [“J 2 ,-Jl] (4.43)

With an effective action defined by

r[^l>?2 ] = W[Ji,J 2 ] ~ Jifi - J 2 ^ 2  (4.44)

our symmetry becomes

r[*i ,*2] = - r[$* .,£*] (4.45)

with a similar identity applying to the effective potential.
The ground state of r is located by solving the equations

= 0, i.e. J. = 0, and we can see 
0 ©. 1  

1

that this implies from

(4.43) that the ground state values of <j>i and ^2 are identical.
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However,' if we consider the effective potential version of 
(4.45)

V ( <{> 1 , $ 2 ) --V(<t>2,4>i) (4.46)

we see that this must be zero for identical field arguments. 
Although this is true only at the minimum of the potential, 
explicit calculations show that the one-loop term in V is ill 
defined unless <Fi = $ 2  > in which case it is zero! We can 
sidestep the problem by considering the expansion for r[3>i,$2 ]

r Z Jd^xi . . .d^x /d4yi . . .dttym T n ,m(xi . . .yn ) 
n ,m

(4.47)

[ $ 1  (xi> - v]......[<t>2 (ym) - v]

where the superscripts denote the number of 1 and 2  field 
external legs ( the symmetry we have discussed means that v is 
the same for both <j>i and ^2 ) • We can insert the momentum 
expansion into this

r[?i,?2] = Jd^x ( -V(*i,*2 ) + ••) (4.48)

to obtain

V -  — Z -------  r n , m ( p = 0 )  [ <t>x- v ] n [ 4>2 — v]m ( 4 . 4 9 )
n,m n ! m!

If we now differentiate this w.r.t <J>i and set 0 1  = $ 2  = v we
find
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= - r 1 , 0 ( p = O )  ( 4 . 5 0 )
4>1 = <J>2 -  V

The l.h.s. equals the proper <j>i tadpole in the finite 
temperature quantum field theory defined by the shifted 
Lagrangian L(<J>i+ v,<j>2 + v) . For a constant field the result can 
trivially be continued to the imaginary time axis (by 
translational invariance) so we have

a v .dV _ __imaginary time
<H l <t>i =  <t>2= v  d $

We can thus integrate the sum of our tadpole graphs in the real 
time formalism to obtain the imaginary time effective 
potential. If we want to obtain a convex effective potential, 
however, we must find out how to incorporate convexity into our 
tadpole calculations and this is the subject of the next 
section.

= v
( 4 . 5 1 )

av
5^1

4.5 ZERO TEMPERATURE TADPOLES

We attempt to use the suggestion of Fujimoto et al., DlJ 
that the effects of subsidiary minima in the path integral 
should be taken into account. As in the saddle point case, for 
certain values of J more than one minima will contribute to the 
path integral. If we consider Xt} ) 4 we find that at J - 0
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In ( exp (ri) + exp (T2 ) ) = F (4.52)

where V i = r[$0] and r2 = r[-fo] and the f on the r.h.s. is the 
total convex effective action. If we differentiate r w.r.t. <Fq 
we find

ari a r 2— exp »-a t—■ + exp r 2

aF b <}>0—  = (4.53)
<Ho exp V i + exp r 2

recall that ri = r 2 we find

dF 1 ari CNPh(O

—  = - ( + —  ) (4.54)ol-e-<o 2 dcj>0 a<l>o

which we shall call the total tadpole, or F^ for brevity.
In general, if the Lagrangian has some symmetry group G the 
various minima, say <c|> >, can all be written as the group 
transform of one particular minimum, say <a>, so F1 can be 
thought of as a function of <a> for the purpose of integrating 
the tadpole to obtain V.

To see the implications of f or the form of the
effective potential consider again a spontaneously broken 
theory. For convenience in calculation we use dimensional 
regularization and follow the methods of Lee and Sciaccaluga 
[ <7 ]. To calculate the tadpole we must work order by order in 
h, to any desired degree of accuracy. The "zero-loop tadpole" 
is just the differential of the classical potential U. If we
choose
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0=-- m

2 4!
(4.55)

then the potential in the shifted theory is given by

1 * ' 9 1 9 ■ - F <{>3 + —  4>4U = -— M 2 <j) 2 +
2 3!

_ X  T l

4!
(4.56)

where

M = a2u
5 (j)12 4> — 4> o

v  =
&<jp (j) - ({>0

(4.57)

The tadpole is given by

U ' = — 4> + -— F 4>2 + — (})2  

2 6
(4.58)

For J$0 only one of the minima contributes and, upon 
integration, we recover U. However, at J=0, applies and we
have

f 1 =U *1 r +U ’ I r =0 (4.59)
I <P0 | -4>o

Thus our zero-loop effective potential at J=0, from the 
integration of is just a constant, giving the desired
linear interpolation.

If we now consider the one-loop tadpole we find it is 
given by

ri - iF 1r -------  Jtfk----  (4.60)
32U1* k 2 —M 2
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where F-U ' 1 ' and M =U''. After dimensional regularization and 
minimal subtraction this becomes

2

1 F Mr = —  In ^ (4.61)
2 2 

3 2 n  p.

2where \i is the arbitrary mass-squared introduced in the
2 _  2 _renormalization. Because F(-<|> )=-F(<j>) and M (-<j>)=M (<j>) the

contributions from <j>o and —<t>o when J=0 to the total tadpole will
cancel out, giving a constant contribution to V and preserving
the flat-bottomed bucket shape. When J$0 we recover the
standard one-loop effective potential upon integration of (8 )

1 4  V=— —  M 
264n

(4.62)

We can see on general grounds that this behaviour will be
maintained to all orders. The tadpoles must be of the form
shown overleaf. The tadpole in Fig.16(a) is proportional to F
and that in Fig.16(b) to F\. Inside the blobs the F's must
always occur in pairs; otherwise we would have more than one
external leg, as we can see in Fig.17(b). All the other

2elements occurring in the tadpole, such as M , are symmetric 
under <fro ~ -5 o interchange so, with a tadpole proportional to 
f, a sum over the two minima will give zero whatever the order 
in the loop expansion.
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(Fig.16) General form of tadpole graphs 

(6) 

(Fig.17) Two-loop graphs 

(a. ) (6) 
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4.6 TADPOLES AT FINITE TEMPERATURE AND FOR GAUGE THEORIES

If we consider the calculation of a finite temperature 
effective potential using T.F.D. we obtain a similar 
convexification. The only mixing between the physical "1 " 
fields and the thermal doublet M2" fields in T.F.D. occurs in 
the propagators and the vertices differ only in sign (not in 
structure). To obtain the required graphs for a finite 
temperature loop calculation of the tadpole one takes the zero 
temperature graph, fixes the external leg to be a "1 " field and 
then distributes "1 " and "2 M labels over the ends of the 
propagators in as many ways as possible. For example some of 
the two-loop tadpoles in the theory are shown below.
(Fig.18) Two-loop tadpoles

l  l l  1

1
1

1 1

1



Although the form of the propagators is different at finite 
temperature

2 2
(4.63)

k -M + ie exp ( p II ko II ) - 1

2 2 exp ( p II kg II /2 )
A 1 2 =A 2 1 = -2Tti6(k -M ) (4.64)

exp ( p II kg II ) - 1

2 2

(4.65)
k -M -is exp ( pllk0 H) - 1

they are still $ 0  ~ -<fro symmetric. We can therefore apply the
diagrammatic arguments of the previous section to each tadpole 
Fig. l£in turn and observe that the J=0 contributions from both 
minima cancel. The result generalizes in the same manner as 
the zero temperature case to all orders because we can take each 
distribution of "1 " and "2 " labels in turn and show that the 
contributions of the two minima in each cancel separately by 
virtue of the F(<J>) -► -F(-4>) reflection antisymmetry (we remember 
that the form of the vertices is the same for "1 " and "2 " fields 
and that the field shift we perform to evaluate the potential is 
the same for both "1 " and M2 M fields).

As a simple example of a spontaneously broken gauge theory 
we consider an Abelian Higgs model. In order to use the same 
cancellation mechanism as in the Xfy1* case we work in an ’ t Hooft 
gauge. The Lagrangian will be that given by (2.32) and the 
gauge fixing given by (2.50). With the given gauge fixing the
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allowed directions of symmetry breaking are constrained by the 
Nielsen identities to be parallel or antiparallel to <j>̂o (if we 
are in the 't Hooft gauge proper), picking out two points on the 
ring of minima of the potential as we discussed in chapter 3.
As in the theory only one of the minima will contribute to
an evaluation of the effective potential when J£0, whereas for 
J=0 both points contribute, giving a constant effective 
potential.

We can see this at the one-loop level (the zero-loop is 
identical to the* pure scalar) by considering the diagrams below 
(Fig. 19) One loop-tadpoles in the Abelian Higgs model
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The propagators and vertices necessary to evaluate these are 
listed in appendix B and the results are

Fig. 19(a)= - (b-o/d- k( 
3
\ - _1__

2 2

2 2 2 _ 2 k - l  e <j>0
+ ----------------------  ) (4.66)

k -mi Dn

Fig. 19(b)= e l  J<T k-~
1 2 k

(4.67)

2 2 2 _  2
2 _ u o 5(k -m2-e l  <t>0 )

Fig.l9(c)= 2e <fri0 J<Tk(--- ------  + -----------------  (4.68)
2 2 _ 2 k -e 4> o Dn

The proportionality to Jo which ensures the cancellation of 
tadpoles from the two minima is still present and the 
generalization of the one-loop result to all orders and finite 
temperature follows the same path as the scalar case.

4.7 DISCUSSION

We have seen that it is possible to produce a finite- 
temperature, convex effective potential using T.F.D. tadpoles. 
However, as the temperature increases the minima of the 
effective potential creep inwards. At some temperature Jo will 
reach the points of inflection of the classical potential where 
M 2 =u ''=0, and the loop expansion will break down. This is 
almost obvious from the presence of M 2 as the mass term in the
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propagators of T.F.D., and explicit calculations provide 
confirmation. For instance the two-loop effective potential of 
the pure scalar theory in the , M 2 ->0 limit is given by (see 
appendix!) )

V= 2 x _4 +— <j) +
4!

2 9
—  T + 
48

2 _2
\ $4

256n:
(4.69)

which not only diverges but also emphasizes terms in the 
expansion of higher order in h. As we noted before, in the 
imaginary time formalism, this problem will not arise for a 
theory with Coleman-Weinberg type symmetry breaking because 
there M 2 >0 for all values of <j>.

Our attempt at producing a finite temperature, convex 
effective potential in the real time formalism has thus run into 
exactly the same problem as the imaginary time calculation.
When the minima of the potential creep in to the points of 
inflection of the classical potential the expansion breaks down. 
That there may be something more to this breakdown than purely 
formal difficulties is sugested by some recent calculations that 
were carried out by de Carvalho et al. [48] who considered a 
one-loop effective action which, instead of being expanded about 
a uniform backpound^was expanded about the one-dimensional kink 
solution to the classical equations of motion.

4>k (x) = (— ) tanh (2£) (4.70)
K X. /2

Like a Block wall in a spin system the solution interpolates 
between the two possible vacua and could be thought of as a
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domain wall. One can now compare the free energy (given by the 
effective potential) at a given temperature for this solution 
with the uniform backround using the imaginary time formalism. 
This gives, on dividing by the area of the wall, a free energy 
per unit area.

f(T) = -  ( r(T,<t>. ( X ) )  - r (T , 0))) (4.71)
A

If we evaluate the one-loop approximation to (4.70) we find 
that, at sufficiently high temperature

f (T) = 4/2—  - — mT2- (4.72)
X 4

This will vanish., and hence it will become energetically 
favourable to have a kink solution rather than a constant 
solution, when T 2 = ——  , which is known as the percolation 
temperature. If we now recall the one-loop result for the 
minima at finite temperature

* 0  = ± (- (rn2 ---—  ) ) 1 / 2  (4.36)
X  2 4 p 2

We see that this is precisely the temperature at which the
_ Pm ?minima reach the points of inflection 4>inf = ± (—  J. The 

suggestion is that the breakdown in the loop expansion might 
signal the formation of domain walls. It might prove 
illuminating to examine the Coleman-Weinberg model where such a 
breakdown does not occur to see whether a percolation 
temperature appears here also, which would cast doubt on the 
interpretation above. The problem here is that the classical
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potential is really of order h because we impose \ ~ e4, so we 
must include the one-loop terms from the gauge fields in our 
equations of motion if we are attempting to find a kink solution 
similar to (4.70) to expand about. These will contain 
logarithmic parts and hence may not be very amenable to
solution.
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APPENDIX A: SOURCES WHICH ARE NOT LEGENDRE TRANSFORMED

Consider differentiating f w.r.t. a source which we do not 
Legendre transform, say h.

6T
Sh total

5T_
6 h

+ 6T
= constant 6 6 6 h (Al)

If we now use the standard Legendre transform definition of f

?[?] = w[j] - J* (A2)

We find

6 T 6 W
6 h total 6 h = constant

6  J 6 (]> - 
6 6  6 h

- j ii
6 h

6W 5J 66 
6 J 6 6  6 h

(A3)

The second and third terms cancel by observing that
5 ?we also note that J = - —  . This gives us
66

fir and

6r
6 h

6 W
constant 6 h = constant (A3)

Or, as we can express J as a function of 6 »

6T
6 h

6 W
constant 6 h J = J(6 ) (A4)



vP̂
H*

Now ^  is just equal to

/ [D4> ] 0 exp ( /d4x L + K^Qi + hO + )
Z

and we evaluate this at J = J(<F), which is exactly what 
have done in the standard Legendre transform definition, 
therefore write.

6T = 6W 
6 h 6 h

can be regarded as an x-independent source to give, in 
similar manner^

(A5)

we would 
We

(A6 )

a
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APPENDIX B: PROPAGATORS AND VERTICES FOR THE ABELIAN HIGGS 
MODEL

The vertices in the shifted theory that we actually make use of 
in our calculations are

I

/
/ \

\

-ie 2 £<j> .e .. 
3 Ji

(B2)

(B3 )

(B4)
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The propagators we use are

k 2 e2e . .£vij i 3
(B5 )

i J

i Ck2 _- l e 2X2
D 1  (5ij - ni»ij)
n

T) . T) . 
*1 ,1

k 2 -
( B 6  )

/ J U V

-i—
k 2 . 2X2

k kJL_V)
k2

S(k2 - ml -e2^v2) k^kv 
D k 2

(B7)



APPENDIX C: FORTRAN PROGRAM USED FOR WILSON RECURSION RELATIONS

We used the following Fortran 77 program running on the CDC 
machines at Imperial College computing centre to evaluate the 
Wilson recursion relations. The infinite integral in (3.28) is 
approximated by a finite range and evaluated numerically, using 
a NAG library routine. The results were sent to tape4=out and a 
graph plotted on the line-printer. Two typical graphs are shown 
after the program.
PROGRAM BFUK(INPUT,OUTPUT,TAPE5=INPUT,TAPE6=0UTPUT,TAPE4=0UT )
C LIST OF VARIABLES 
C
C M2 = MASS-SQUARED / LAMBDA = QUARTIC COUPLING /
C A = INTEGRATION RANGE / D = SPACETIME DIMENSION /
C DY = INCREMENT FOR INTEGRATION / C = CONSTANT IN
C CLASSICAL POTENTIAL (INSERTED FOR NUMERICAL REASONS)
C
C SETUP PARAMETERS 
C

COMMON/USEFUL/A,D ,D Y ,U (0:11,110),NYM 
INTEGER NPHIM,MAXINT,IFAIL,NGRAPH
REAL DPHI,LAMBDA,M2,TEMP(0:11,110),X(110),Y (110),Z ,ERROR, 

+UMID,C
DATA A/2.0/,D/3.0/,DY/0.05/,M2/.1/,LAMBDA/.1/,IFAIL/1/
DPHI = DY
NYM = IFIX(2.*A/DY)
NPHIM = NYM 
MAXINT = 2 
C = 2.

C
C FILL AN INTIAL ARRAY WITH CLASSICAL POTENTIAL VALUES 
C

DO 10 1=1,NYM
Z = -A + FLOAT(I)*DY
U(0,I) = -M2*(Z**2) + LAMBDA*(Z**4) + C 
TEMP(0,I) = U(0,I)

10 CONTINUE 
C
C INTEGRATION LOOP 
C

DO 20 I = 1,MAXINT 
DO 30 J = 1,NPHIM 

DO 40 K = 1 ,NYM
Y(K) = YINT(K,J , I)
X(K) = -A + K*DY 

40 CONTINUE
CALL D01GAF(X,Y,NYM,ANS,ERROR,IFAIL)

C
C ERROR HANDLING 
C

IF(IFAIL)9,9,8
8  IF(IFAIL.EQ.l)WRITE(6 ,995)

IF(IFAIL.EQ.2)WRITE(6,996)
IF(IFAIL.EQ.3)WRITE(6 ,997)
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ERROR ABORT 

STOP

I F  NOT CARRY ON WITH - IN TE G R A TIO N

9 U ( I , J )  = ANS
30 CONTINUE

RESCALE THE U VALUES

UMID = U ( I , I F I X ( N Y M / 2 . ) )
DO 35  L = 1 , NYM

T E M P ( I , L )  = U ( I , L )
U ( I , L ) = - 2 . * * ( - D * F L 0 A T ( 1 - 1 ) ) * A L 0 G ( T E M P ( I , L ) / U M I D )

35  CONTINUE  
20 CONTINUE

FORMATS FOR ERRORS

9 9 5  F O R M A T ( I X , M<4 P O I N T S " )
9 9 6  FORMAT( IX ,"W RONG ORDER")
9 9 7  FORMAT( I X , "NOT D I S T I N C T " )

PRINTOUT RESULTS

DO 60  I = 0 , M A X I N T
W R IT E ( 4 , 9 9 8 ) I , A , M 2 , LAMBDA 
W R IT E ( 4 , 8 9 8 )
DO 50  J = 1 , NYM , 2

Z = - A  + F L O A T ( J ) * D Y  
W R IT E ( 4 , 9 9 9 ) U ( I , J ) , T E M P ( I , J ) , Z , J 

50  CONTINUE
60 CONTINUE

GRAPHICAL OUTPUT

DO 70  I  = 0 , MAXINT
W R IT E ( 4 , 9 9 8 ) I , A , M 2 , LAMBDA 
W R IT E ( 4 , 8 9 8 )
NGRAPH = N Y M /4  
DO 80  J = NGRAPH,NYM-NGRAPH  

X ( J )  = U ( I , J )
80  CONTINUE

CALL P L O T ( X ,N Y M )
70  CONTINUE

FORMATS FOR PRINTOUT

9 9 8  FORMAT ( I X / / " I T E R A T I O N " , 1 3 , I X , " A " , F 6 . 2 , " M 2 " , F 6 . 2 , "LAMBDA"
+ , F 6 . 2 / )

8 9 8  FORMAT ( 1 X , 8 X , " U  VALUES " , 1 2 X , "T V A L U E S " , 1 2 X , "X VALUES" , 12X  
+ , " N " / )

8 9 8  FORMAT ( I X , "GRAPHICAL REPRESENTATION OF O U T P U T " / / )
9 9 9  FORMAT ( I X , 1 P E 2 0 . 6 , 1 P E 2 0 . 6 , 1 P E 2 0 . 6 , 1 1 0 )
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C
STOP 
END

FUNCTION TO CALCULATE THE VALUES OF THE INTEGRAND
FUNCTION YINT(NY,NPHI,NMINT)
COMMON/USEFUL/A,D ,DY,U (0:11,110),NYM 
REAL W
INTEGER NPLUS,NMINUS,NINT

LET NINT = NINT - 1 TO GET THE CORRECT INDEX VALUES
NINT = NMINT - 1 
W = -A + NY*DY
YINT = EXP (-2**((D~2•)*FLOAT(NINT))*(W**2))

IS -Y + PHI < -A OR > A. IF SO FORGET U(-Y+PHI)
IF((NPHI-NY+IFIX(NYM/2•)).LE.O)GOTO 1 
IF((NPHI-NY-IFIX(NYM/2.))*GT.0)GOTO 1 
NMINUS = NPHI - NY + IFIX(NYM/2.)

CALCULATE THE CONTRIBUTION OF U(-Y+PHI)
YINT = YINT + EXP(-2**(D-1. )*FLOAT(NINT))*U(NINT,NMINUS))

IS Y+PHI < -A OR > A. IF SO FORGET U(Y+PHI)
1 IF((NPHI+NY+IFIX(NYM/2.)).LE.O)GOTO 2 

IF((NPHI+NY-IFIX(NYM/2.)).LE.0)GOTO 2 
NPLUS = NPHI +NY -IFIX(NYM/2.)

CALCULATE THE CONTRIBUTION OF U(Y+PHI)
YINT = YINT + EXP(-2**(D-1. ) *FLOAT (NINT )) *U (NINT , NPLUS))

2 CONTINUE 
RETURN 
END

The subroutine 'PLoT called from the main program is concerned 
with producing a graph on the line printer and we have not 
reproduced it here.



Typical graphs for the effective potential produced by the 
program
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APPENDIX D: THE TWO LOOP FINITE TEMPERATURE EFFECTIVE POTENTIAL

The two-loop zero temperature effective potential for a X ^  
theory is given by [9]

V 0 = — -—  [ F 2 M2( - In2 - 2 - - ( In- 2 - 1)
2567: 4 4 [i2 7 n2

+ ..hMl. [ I ln2 M2 + 1 ln I2 _ 79 ]
256ti4 4 |i2 4 \l 2 28

and the two loop finite temperature effective potential by

V = pJ(pM) + -F--—  /dxdy B(0M)G(x,y) +
P 32tt:4 128t:4

(D2)

( I  + in—2 ) F]_ (pM) + -F-M2 ( -  + —  + I n - 2 ) Fx (pM)
128-rc4 2  \i2 128% 2 2 / 3  \i2

) ]

(Dl)

where

Fi(pM) = Jdx /(x 2 -l) ---- -------
exp(pMx) -1

1
(D3)

B
(exp(pMx)-l) (exp(pMy)-l)
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and

G (x,y) = In  f (l+2/(x2-l)(y2-l))2 - 4x2y2l 
[ (1-2/(x2-l)(y2-l))2 - 4x2y2]

Now as f!,M2 0 F i(fJM ) —-—  , , s o  i n  t h i s  l i m i t  th e  le a d in g
6pM2

c o n t r i b u t i o n  comes f ro m  (D2) and i s  g iv e n  by

V las-n1*
m 2

I n  - (D5)

w h ic h ,  on s u b s t i t u t i n g  F = \<j> and a d d in g  th e  o n e - lo o p  r e s u l t  

g iv e s  ( 4 .6 9 )
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