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Abstract

In this thesis several new algorithms for the synthesis of
.communication networks are developed. More specifically, they are
concerned with the expansion of networks, that is the addition of
nodes and edges to a pre-existing network in some optimal fashion so

as to satisfy increased terminal capacity matrix requirements.,

The first problem to be considered is that of adding edges to
a network so as to meet increased flow réquirements between all
pairs of nodes in the network, such that the total capacity of the
resulting network is minimum. The algorithm proceeds by generating
a sub-optimal network which meets the flow requirements and then
modifies it by a sequence of branch exchanges which do not violate
the flow requirements until a minimum capacity network is obtained.
In the course of this work a new set of conditions under which it is
.easy to éélculate the terminal capacity matrix of>a network formed
by the superposition of two other networks are given and the
necessary conditions for an expansion to be realisable are

developed.

Then an extension to this problem is considered, in which
costs per unit capacity are attributed to each edge and the new
objective function to be minimised is the total cost of the network.
Again, the algorithm involves the development of a suB—Optimal
network which 1is modified by a series of branch exchanges, but in
this instance, the ordering of the exchanges to produce the optimal
network cannot be specified ‘a priori’ and so a tree search method
to locate the optimal ordering is developed. A bounding function to

speed the search is obtained through solving, by linear programming,



a relaxed version of the problem. The algorithm requires a large

quantity of computing resources and so some locally optimal

heuristics to solve the problem are suggested and evaluated.

Finally, these two algorithms are extended to the situation in
which it is desired simultaneously to add nodes and edges to a
network to synthesise a network satisfying a terminal capacity

matrix of higher order than that of the original network.
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Statement of Originality

The following ideas reported in this thesis are believed to be

original contributions to the study of networks of flow.

(1)

(2)

(3)

(4)

(5)

(6)

(7)

The development of a set of conditions under which the terminal
capacity matrix of a network formed by the superposition of two
other networks may be easily calculated (Section 3.3.2).

A branch exchange for reducing the capacity of a network whilst
not changing the terminal capacity matrix of the network
(Section 3.3.3).

An application of (1) and (2) in an algorithm for expanding a
network by the addition of branches such that the resulting
network has minimum capacity and satisfies a requirement
terminal capacity matrix (Sections 3.3.4 and 3.3.6).

The development of the necessary condi?ions which an{expansion
must satisfy to be exactly realisable (Section 3.3.5).

A branch exchange which is a generalisation of (2) for reducing
the cost of a network in which each branch has a different cost
per unit capacity (Section 4.2.2).

An application of (1) and (5) in an algorithm and two
sub-optimal heuristics for minimum cost expansion of nefworks
(Sections 4.3 and 4.4).

An extension of all the above to the simultaneous addition of

nodes and edges to a network (Chapter 5).
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INTRODUCTION



1.1 Graphs as Structural Models

Many physical systems involve the communication, transmission
or movement of commodities. The commodity transported may be such
things as 1information, electricity or traffic, and so such systems
as computer networks, radio and telephone networks and traffic
systems all involve the flow of a commodity through a network.
These networks may conveniently be modelled' by the mathematical

concept of a graph or network.

A graph may be considered as a set.of points, termed nodes or
vertices, which are connected together by lines known as edges,
branches, arcs or links. The nodes represent points between which
the commodity should be transported and the presence of an edge
shows that there 1s a transportation path between the nodes at
either end of the edge. Such a 'diagram represents the structure of-

the network.

Two networks may be structurally identical and yet have
different characteristics because of the different properties of the
elements of the network. This non-structural information concerning
the network may be included in the model by attaching parameters or
weights to the edges and vertices. Some typical parameters might be
the maximum quantity of the commodity which may be transferred
through a vertex, the cost of an edge or the reliability of an edge.
Graph theory is the mathematical study of the objects resulting from

this modelling process.

One aspect of graph theory is concerned with the development

of algorithms both for the analysis of networks =-that is the



determination of the properties of a network- and synthesis of
networks -that 1s the generation of networks satisfying certain
constraints or having certain properties, In many synthesis
problems there may be a number of networks which might satisfy the
constraints but there may be some criterion for choosing the best ie
some cost function of the network should be maximised or minimised.
Thus, the synthesis algorithms should not only generate a network
which satisfies the constraints but also find the optimum network

out of a number of candidate solutioms.
Some typical problems will be described below.

One class of problems, which may be termed structural
problems, is concerned with such questions as whether a path exists
between a pair of vertices or, how many paths there are and if there
are several. paths, whicb is the shortest or longest. A typical
synthesis prohlém of this class is concerned with the sythesié of
networks with prescribed connectivity properties and with minimum
total weight, where weights are ascribed to each candidate edge in

the network.

The existence of a path between a pair of nodes implies
nofhing about the quantity of flow which can sent along the path.
To include this information it is necessary to weight each edge (and
possibly also each vertex) with a number representing the maximum
quantity of flow it can accommodate. These numbers represent the
capacities of channels, sources, terminals and relay points of the
network. The Maximum Flow Problem is to find the maximum quantity
of flow which canAbe transported between a pair of vertices. There

are corresponding network synthesis problems where the aim 1is to



generate a network with the capacity to transport flow at
prespecified levels between pairs of nodes. These again may be
solved under some optimality constraint., It is problems of this

nature which will be considered in detail in this thesis.

An example of a situation where graph theory has been used 1is
the design of the Advanced Research Projects Agency Network

(ARPANET) . This is a computer communication network connecting

Computers across the USA. The design of this network brought together

the disciplines of graph theory, computer science, communication
theory, operations research and others. Many theoretical problems
were encountered in the topological optimisation of this network to
produce, at minimum cost, a network design which met the design
constraints for reliability and traffic handling capacity [FR3],

_ [FR41].

1.2 Definition of Terms

In this section some of the more common graph- theoretic terms
used in this thesis will be defined. Any undefined terms will be
used as in the books of Christofides [CH1] and Frank and Frisch

[FR1].

A graph G=(X,A) consists of two sets, a set of n elements
X={x1,x2,...,xn} termed nodes or vertices and a set of m elements

,x.E X} termed edges, arcs, branches or 1links. It
177

A={a

will often be convenient to refer to elements by their index only;

xi,xj | =

thus, the node X3 may be referred to as node 3 and edge

or even (1,2). The use and meaning of such symbols will be

a as
x1,x2

21,2

clear from the context.



Pictorially the set X may be represented by a set of points
and the set A by the set of lines between X5 and Xj' 1f the order
of 1,j is important then the graph is directed and this 1is shown by
an érrow on the line ai,j; otherwise the graph is undirected. A
path is any sequence of arcs where the final vertex of an arc is the

initial vertex of the next. A graph is connected if there is a path

between every pair of nodes, otherwise it 1is disconnected. For

undirected graphs, the degree of a node is the number of edges
incident upon the node; there are two corresponding terms for

directed graphs, indegree and outdegree with obvious definitionms,

Define two sets F(Xi) and l“‘l(Xi)
r(x,)={x.la, ,€A}
(ep=lxslay
-1
r (xi)_{xk|ak,i€ A}
The interpretation of these two sets is that F(xi) is the set of
nodes which can be reached from x, along a single edge and 1*7lxi is.

the set of nodes which can reach to X, along a single edge.

Given a graph G, a partial graph Gp of G is the graph (X,A’) where

A‘’CA, 1ie the partial graph has the same vertices but only some of
the edges of the original graph. A subgraph of G 1is a graph
GS=(XS,AS) such that XSC:X,and [g(xi)= F(xi)r]xs for every xiE'XS.
Thus a subgraph consists of a subset of the vertices of G but

contains all the edges in G between those vertices in the subset.

A tree 1is a special type of graph which is a connected graph

with n vertices and (m~1) edges. A spanning tree of a graph G is a

partial graph of G which is also a tree.

The most common branch weights are the flow along a branch

f. .=f(xi,xj), the capacity of a branch bi

1,7 j=b(xi’xj) which is the

b



upper bound on the flow along arc a and the cost cy j=c(xi’xj)
R ’

1,3

which is the cost of the branch ag e These parameters for the
s

whole graph are given by the matrices F, the flow pattern, B, the

branch capacity matrix, and C, the cost matrix. For wundirected

graphs the matrices B and C are symmetrical and the main diagonal

elements are undefined.

A flow pattern 1s feasible if it satisfies the following two

equations
Vs,t if X, =8
Bey - ka-’il =17 Vs,r M ox=T
ijl”(Xi) Xkefﬂ (%;) 0 otherwise

£, b, . ¥ a, .
1,58 %5,5 ¥ 34,5

The first is an equation of conservation of flow stating that there
are two vertices.s and t which source and sink'§10w and at all other
vertiges all the flow entering the vertex also leaves. The constant
v is the value of the flow. The second equation states that the

- flow in each arc is less than or equal to the capacity of the arc.

A branch cutset 1is a minimal set of branches, which when

removed from the graph will disconnect the graph. (A set X is
minimal with respect to some property P if no proper subset of ¥ has
property P.) Closely related to the concept of a branch cutset is

the concept of a cut. Let X1 and Xé be two subsets of the set of

vertices X. Define (xl,xz) to be the set of branches leading out of

an element of Xl and incident on an element of Xé ie (XI,XQ)

={ai’j|xi&‘Xl,ijX2}. 1f X1 is a set of nodes and Xl is the

complementary set then (Xl’il) is a cut. 1If each arc in the cut has

a capacity then the capacity of the cut c(X,,X,) is the sum of the
1’7




capacities of the arcs in the cut.

1.3 Description of Thesis

1.3.1 Subject Matter of Thesis

We examine in this thesis some new problems in the synthesis
of netwo%ks of flow. These are concerned with the expansion of
networks, viz. the situation where after an initial network has been
constructed, the flow requirements change and it becomes necessary
to modify the network by the addition of extra edges or by the
addition of extra nodes. The additions should be made such that the

new network is in some sense optimal.

This is a problem of combinatorial optimisation. The most
simplistic approach to problems of this type is to try all possible
expansions of ‘the network and choose that which is best, but this
approach 'fails-becéuée of ﬁhe "combinatorial explosion". It isknot
uncommon in work of this mnature for there to be 1020 or more
candidates for the optimum solution and so it is clearly impractical
to attemﬁt to solve the problem by this approach. Therefore it is
necessary to study the problem in great detail so as to develop an

algorithm which is able to 1locate the optimum solution in some

intelligent fashion and in a reasonable time.

A number of classical optimisation techniques such as linear
programming, dynamic programming and branch and bound search methods
together with some algorithms specific to graph theory will be used

in the course of this thesis,



1.3.2 Contents of Individual Chapters

Outlines of the individual chapters of the thesis. are given

below.

Chapter two reviews the analysis and synthesis techniques for
networks of flow. Single source/sink and multi-terminal network
flow analysis methods are described. The synthesis algorithms
described are for the generation of networks to satisfy flow
requirements where any pair of vertices can be considered as source
and sink. It is not possible to satisfy an arbitrary set of
requirements and so the necessary conditions for a set of
requirements to be realisable are given and a method for generating
realisable requirements from an unrealisable set is described. Some
algorithms for minimum cost synthesis are described and the previous

‘work in the expansion of networks -is presented.

Chapter three states a problem in the expansion of networks
and provides the theoretical basis for the solution of the problem.
The ‘problem is concerned with the addition of branches to a network
so as to satisfy a set ofvflow requirements greater than that which
the network c;n handle, under the constraint that the total capacity
added to the network should be minimum. An algorithm is proposed
and discussed and the results of some computational experience are

given.

Chapter four presents a generalisation of the problem of the
previous chapter in which a cost is given to each candidate edge in
the expansion and it 1is required that the total cost of the new

network should be minimum. Some more theoretical results to aid in



solving it are derived and an algorithm to find the optimal solution
is given. The algorithm is found to be computationally expensive

and so a number of suboptimal heuristics are proposed and evaluated.

Chapter five presents an extension of the algorithms of the
previous chapters in which nodes as well as branches may be added to
the network so as to satisfy a set of flow requirements between the
original nodes of the network and also some additional nodes. Thus

we shall here present a general method for network expansion.

The final chapter presents the conclusions of the thesis and

suggests some possible areas for further research,



SURVEY OF NETWORK ANALYSIS AND SYNTHESIS
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2.1 Introduction

A new area in graph theory which opened up in the late 1950’s
was the study of the steady state flow of information through a
network. This subject was first considered by Elias, Feinstein and
Shannon [EL1], although Mayeda [MAl] was the first to formulate and
solve significant new problems. The contributions made by these
workers and others which followed them will be reviewed in this
chapter. These network analysis and synthesis techniques will form
the theoretical background to the main topic of this thesis ie the

expansion of networks.

We shall begin by examining methods of analysis, that is
methods of determining the maximum quantity of commodity which can
be transported between a pair of nodes. This is then extended to
multiterminal network analysis_where all pdirs of nodes may generate-
or absorb flow and it is shown that for a certain cléss of graphs
termed pseudosymmetric the computation required to calculate the
maximum flow between all pairs of noées is much less than would be

expected.

Following the above, the synthesis of networks will be
examined. This section will be concerned Qith the generation of
networks which are able to transport prespecified quantities of
commodity between pairs of vertices. We shall examine the synthesis
of both wundirected and directed graphs and also methods for
synthesising minimum cost graphs where the <cost function for
determining the optimum graph may be either the total capacity of
the network or the total cost of the network where a cost per unit

capacity is applied to each candidate branch for the solution



network.,

The chapter will conclude with an examination of the work
which has already been carried out in the field of the expansion of
networks, which 1is concerned with the optimum addition of branches
to a network so as to increase the source to sink flow under a

number of different optimality criteria.

2.2 Network Flow Analysis

2.2.1 The Maximum Flow Minimum- Cut Theorem

A problem which often arises in flow problems is to find a
feasible flow pattern in a graph which maximises the wvalue of the

flow between source and sink ie to find the set {fi j} which
b

maximises Voot subject to
)

Vs,t if X =s
2 fi‘,j - -'ka"il S =V xSt
X EQ(xy) xEF (%)) 0 otherwise

f. Kb, ¥ a; .
,l, < 1’JV al’J

There are two questions to be answered here. (1) What is the

value of the maximum flow? (2) What flow pattern gives the maximum

flow?

The first question is answered by the Maximum-Flow Minimum- Cut

Theorem which states that the maximum flow between a source Xg and

sink X, is equal to the capacity of the minimum cut between Xg and

xt ie
Lo t€X

max(vs’t)=min(c(X1,X1)) X, CX, s €X 1

where the maximisation of Ve is over all flow patterns and the



minimisation of C(Xl,il) is over all sets XlCZX. In 1956 three
different proofs of this theorem were given. The proof of Ford and
Fulkerson [FOl] is combinatoric in that it relies on the structure
of the flow paths which maximises Vs,t; that of Elias, Feinstein and
Shannon [ELl] uses a graph theoretic technique of decomposition into
smaller graphs until such a point is reached that the solution 1is
obvious for the simﬁler graphs and from which the solution of the

original problem can be inferred; and the proof of Dantzig and

Fulkerson [DAl] is based on the theory of linear programming.

A number of algorithms exist for generating the flow pattern
which attains the upper bound on the flow set by the theorem [DI1l],
[ED1], [HULl], [JO1l] which are all improvements on the well known

labelling algorithm of Ford and Fulkerson [FO02].

2.2.2 Multiterminal Network Analysis.

We now consider the more general analysis problem of finding
the maximum flows for all source-sink pairs when each of the flows
is sent through the network separately. The information obtained
about all the minimum éuts between all pairs of nodes is stored in a

matrix T, the terminal capacity matrix (T-matrix) where the entry

ts i is the capacity of the minimum cut between Xy and Xj'
b

There is a number of physical situations in which the terminal
capacity matrix is useful. From the point of view of reliability or
vulnerability, the entry ti,j in the terminal capacity matrix
represents the "weakest" section between X5 and Xj' Indeed, if the

capacity of each edge is set to unity then the entry in the T-matrix

is the minimum number of edges which must be removed to disconnect
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X from Xj' From the point of view of communication networks, then

if only one user is allowed on the system at one time (as 1in a
teletype system where there is only one sender at a time) then the
T-matrix gives the communication capacity between all pairs of

nodes.

There are n(m~1) entries in the matrix -(the main diagonal
elements are meaningless)- and for general directed graphs this
number of flow calculations must be performed to calculate the

matrix. However, Gomory and Hu [GOl] showed that for wundirected

graphs the T-matrix can be calculated in (n-1) flow calculations.
This was later extended by Gupta [GU1l] to include a certain class of

directed graphs termed pseudosymmetric.
A graph is pseudosymmetric if
C(xi,x)=‘c(x,xi) ¥ x; €X

that is, if the sum of the capacities of the arcs directed towards a
node is equal to the sum of the capacities of the arcs directed away

from that node.
For a pseudosymmetric graph

2 c(x;,%)= 2 c(X,x) ¥ ¥CX
X, €% x; € X

or C(Xi,X)=C(X,Xi)
Since X=XiLJXi and Xif1X1=¢
the L.H.S. of this equation can be written

(X, % Ux;)=e (X, %)+ (X, X )=c(X,,X;)
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and the R.H.S. as
c(x, U Xy » X )=e (X, X e (X, X )=e (X, X))
Thus for a pseudosymmetric graph
C(Xi,xi)=c(xi,xi) ¥ X CX

This shows that the T-matrix of a pseudosymmetric graph (which is a

matrix of capacities of cuts) is symmetric.

An efficient algorithm for calculating the T-matrix of a

pseudosymmetric graph relies upon the concept of flow-equivalence.

Two graphs are flow-equivalent if the minimum cut between two nodes
in one graph is equal to the minimum cut between the corresponding

nodes in the other. The central idea of the algorithm is to take a

graph and calculate flow equivalent tree from which the entry €5 ;
. ; N ) ’
in the T-matrix is then easily determined-by finding the capacity of

the minimum capacity edge in the (unique) path between X, and Xj’

The flow calculations required to calculate the flow
equivaient tree may be simplified by wusing the idea of '"vertex
condensation". - Suppose that an s to t maximum flow problem for a
graph G=(X,A) hés been solved for two vertices selected at random.
The minimum cut partitions the vertices into two sets Xl, X .
Consider two vertices Xy and xj both in Xl (or XZ) and we wish to
calcula;e the wvalue of the minimum cut between them. All the
vertices in % (or Xl) may be "condensed" into a single vertex for
this flow calculation. The condensation is such that all nodes in
Xé are replaced by a single node, say x and all edges a, . with

k? i,]

xiEX of the same capacity.

1

and ij}& are replaced by edges ai,k
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The process of condensation is shown in figs 2.1(a),(b),(c). The
flow calculations to locate a minimum i-j cut may be performed on
this condensed graph. The correctness of this procedure is shown in
[GO1] where it is proved that all vertices in Xﬁ lie on the same
side of the cut separating X, and Xj’ so that the internal

properties of the subgraph x2 do not enter into the minimum i-j cut

calculation.

The method for generating the flow equivalent tree is as
follows.

gl) For any X X in a graph G, find the minimum i-j cut (Xl,Xé)
and represent the cut by two generalised vertices Xl’ &2 with a
branch of capacity c(Xl,gZ) joining them.

(2) Choose two vertices in Xl’ say Xy, X and condense all the
vertices in the remainder of G into a single vertex and find the
minimuﬁ k-1 cut (Xé,XZ). The resulting ciut with value C(XB’XZ)
is represented by a branch connecting Xé and X, with X3 or X

4 4

next to X? according to which of them is on the same side of the
cut (X3’XA) as X, .

(3) Repeat (2) until each generalised vertex cbntains only one node
and the resulting graph is a tree. This point is reached after

(n~1) flow calculations.

A formal proof of the correctness of the procedure is given in

[Gol].
Example

Consider the pseudosymmetric graph shown in fig 2.2(a).

Arbitrarily select X and x, and locate the minimum 2-4 cut
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({xl,x&,xs},{xz,x }) which has value 7. The graph is thus
represented by the tree with two generalised vertices shown in fig
2.2(b). Next select vertices x, and x, and find the minimum 1-4 cut
in the graph obtained by condensing X5 %y fig 2.2(c). This cut has
value 6 and the tree obtained is fig 2.2(d). Then find the minimum
2-3 cut with X, X, and Xg condensed giving fig 2 .2(e) and the

minimum 4-5 cut with %, and Xy condensed giving the final flow

equivalent tree of fig 2.2(f).

The terminal capacity matrix of this tree is easily calculated

and is equal to the T-matrix of the original graph.

- 66635
[g - 675
T= o 6 - 6 5
6 76 -5
5555 -

It should be noted that the flow equivalent tree is not unique; an

alternative tree is shown in fig 2.2(g);'

An alternative and useful view of the algorithm is to realise
that it generates a set of (n»1) nonintersecting cuts which
completely characterise the flow properties of the network. From
this viewpoint it is intuitively clear that only (n-1) f£flow
calculations need be performed‘ to construct the flow equivalent
tree. The set of non—interseéting cuts and their capacities for the

given example are shown in fig 2.2(h).

2.3 Multiterminal Network Synthesis

In this section we shall examine the problem of synthesising a
network where each entry in its terminal capacity matrix is equal to

the corresponding entry in a requirement matrix. Since not all



requirement matrices are realisable as networks, as the various
algorithms for realising requirement matrices are given, we shall
build up the necessary and sufficient conditions for a matrix to be
the terminal capacity matrix of a network. Finally we will give a
method of generating a matrix that can be realised from an

unrealisable matrix.

2.3.1 Properties of Terminal Capacity Matrices

In this section we will give some necessary conditions for a
matrix to be realisable as a network and note the special cases for

which the sufficiency conditions are particularly simple.

Two conditions which it is necessary for a matrix to satisfy

for it to be a terminal capacity matrix are that it should be

semiprincipally partitionable and that it should satisfy the

triangle inequality. The necessity of these conditions was proved

by Tang and Chein {TAl].

Definition

A matrix is said to be semiprincipally partitioned if, after
possibly permuting rows and éorresponding columns, the matrix
satisfies the following:

(a) T is square

(b) T has ohly real non-negative entries

(¢) T can be partitioned as below where T is square and all

11

entries in le are equal to the smallest entry in T

T

(d) Every submatrix on the main diagonal resulting from a
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partitioning can again be partitioned until all submatrices on

the main diagonal are of order one.

Theorem 2.1 [TAl]

If T is the terminal capacity matrix of a graph then T is

semiprincipally partitionable.

Theorem 2 .2 (The Triangle Inequality) [TAl]

If T is the terminal capacity matrix of a graph then

ti,jzmln(ti,k’tk,j)

Tang and Chein have shown [TAl] that for a graph with three
nodes or less then the necessary and sufficient conditions for a
matrix to be realisable as a network are that it should satisfy
the conditions of theorems 2.1 or 2.2, but that for graphs with four
or more nodes these conditions ‘are necessary but not sufficient. ft
is not guaranteed in these cases that the branch capacities will be

positive.

Mayeda [MA2] considered the realisation of a certain class of
semiprincipally partitioned matrices called completely partitioned,

for which a simple realisation scheme can be given.

Definition

A matrix R is completely partitioned if

(1) R is semiprincipally partitioned.

(2) When in semiprincipally partitioned form R can also be

partitioned (without rearranging rows and columns) as
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R, |R
| 11712

MR

where

(a) all elements in R are equal to the smallest element in R

21
below the diagonal and
(b) all resulting submatrices on the main diagonal can be

partitioned in the same way wuntil the resulting diagonal

matrices are of order one.

eg consider the semiprincipally partitioned matrix R

Thus, R is completely partitioned and can be realised as in fig 2.3.
All completely partitioned matrices can be similarly realised as

networks as proved by Mayeda [MA2].

If the requirement matrix is symmetric ie the network
realising the matrix is undirected, then again a simple method of

network synthesis can be given.

Definition
If a matrix can be semiprincipally partitioned and is symmetric it

is said to be principally partitioned.

Theorem 2.3 [MAl]

A symmetric matrix T is a terminal capacity matrix of a graph if and



only if, after possibly permuting rows and corresponding columns, it

can be principally partitioned.

Since a complete partitioning of a symmetric matrix is also a
principal partitioning, the realisation method for a principally

partitioned matrix is the same as that for a completely partitioned

matrix but with undirected arcs.

eg the matrix T below is realised as in fig 2.4.

- 5|3 11
§¥: 3111
T=|3 3[-jl1 1
111 :+g
21—

111
Thus, so far we have the following.

(a) The necessary and sufficient condition for a symmetric matrix to
be realisable as an wundirected graph is that it should be
principally partitionable.

(bj A necessaryiéondition for an hnsymmefrié ﬁatrix>to be realisable
as a directed graph 1is that it should be semiprincipally
partitionable, but this is not a sufficient condition.

(c) A sufficient condition for an unsymmetric matrix go be
realisable 1is that it can be completely partitioned, but this

condition is stronger than is necessary.

~2.3.2 Semigraphs

We shall now introduce some additional concepts which will
enable us to give general necessary and sufficient conditions for

realisability. The first of these is a semigraph,

We shall give methods for transforming a graph to and from a

graph with the same terminal capacity matrix but a different branch



capacity matrix so that our synthesis procedures can be limited to the

synthesis of this special type of graph known as a semigraph. The
transformation technique is known as shifting. The concepts of
semigraphs and shifting were introduced independently by Resh [RE1l]

and Sen and Frisch [SE1l].

Definition [SEl]

A semigraph is a graph with n vertices Xl’XZ”°"Xn such that

b, .=0 j>i+l1

i,j]

bi+1,i is unrestricted in sign for i=1,2,...,(n~1)

b. .>0 otherwise.
1,]—

Any graph with positive branch capacities can be converted to

a semigraph by a process called shifting, which is best described

using the ideas of forward, backward and double circuits, where a

circuit is a closed path. _—

Definitions [SE1]

A forward circuit Lf(i,j) is a directed circuit with two or more
branches containing (i,]).
A Dbackward circuit Lb(i,j) is a directed circuit with two or more
branches containing (j,i).
A double circuit Ld is a backward cirduit and a forward circuit such

that (k,1)€Lg(1,3) iff (1,k)€Lb(i,j).

For a given (i,j) and a given double circuit the procedure for
shifting is:
(1) For all (l,k)ETLf(i,j) increase b; , by a real number ;.5

’

(2) For all (l,k)EI%(i,j) decrease bl,k by Si,§"

To convert a graph to a semigraph shifting should be applied

to all forward circuits of three branches such that
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Lf(j)i)={(jsi) , (1,1+1),(i+1,3)}
and .=b, .
" %1,370,5
where 1 ranges from 1 to (n~2) in increasing order and j ranges from

(i+2) to n in increasing order.
Example

Consider the graph in fig 2.5(a), which is to be converted to

a semigraph. First select the circuit Lf(3,l)={(3,l),(1,2),(2,3)},
Sy 3=11. The shifting procedure gives fig 2.5(b). Note that b2 1
’ ’

has become negative which is acceptable. Selecting the circuits

{(4,1),(1,2),2,4)}, $).4=12 and {(4,2),(2,3),(3,6)}, s, ,=24 gives

the semigraph of fig 2.5(c).

Since we will not allow negative flow, the maximum s-t flow is
now no longer equal to the wvalue of the smallest s-t cut, and
fufther the value of the minimum s-t cut is not equal to the
smallest s-t cutset, Despite the fact that many of the intuitive
properties of graphs concerned with flows are modified we have the

following important result,

Theorem 2 .4 [SEl]

The terminal capacity matrix of a graph is invariant under shifting.

From these results we see that any terminal capacity matrix
realisable as a graph with nonnegative branch capacities is
realisable as a semigraph. We could then 1limit our synthesis
procedure to the realisation of semigraphs if we could find a method
for converting a semigraph to a graph with nonnegative branch

capacities.



The method for converting a semigraph to a graph is as follows

[SEl].

For each branch (i,j) with negative capacity bi . apply

]
shifting to all possible double circuits containing (i,j) in the

forward circuit., For the double circuit Ld(i,j) let
s; J.=MaX(O »,m(1,3))

’

where m(1i,j)= Min (b -b, .)
.y 1,k? i
(1,k) €L, (i,3) >

Theorem 2.5 [SEl] [RE1]

A semigraph can be converted to a graph with nonnegative branch
capacities if and only if in the semigraph by ,+b, 129 ¥ (1,k) and
b b]

all entries in the T-matrix are nonnegative.

From this theorem we have the corollary that a requirement
matrix is realisable as a graph with nonnegative branch capacities

>0

if and only if it is realisable as a semigraph in which bl k-+bk
’ 4+

¥ (1,k). ' We may therefore restrict our synthesis procedures to the

synthesis of semigraphs which may be then shifted to obtain graphs.

2.3.3 Cut Matrices

The other concept that should be introduced is that of a

cut-matrix. The idea was introduced by Mayeda [MA2].

Definitions

Consider an arbitrary matrix M whose rows and columns correspond to
the vertices of a graph. For an arbitrary subset of vertices XiC:X,
the cut-matrix Mi is the submatrix of M formed by deleting the set

of columns corresponding to Xi and the complementary set of rows,
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1f mk i is an element of Mi then Mi is said to be a cut-matrix of
, stmart e

m . and may be written explicitly as M,(k,j). If m, . is a largest
k,J 1 k,]

entry in Ni then Mi is said to be a min-cut matrix of my i and is
b

written as[li(k,j) or Lﬁ.

Theorem 2.6 [MA2]

1f T is the terminal capacity matrix of a graph, then every element

of T has at least one min-cut matrix.

It can be shown that the three necessary conditions for a
T-matrix to be realisable (1) it is semiprincipally partitionable
(2) the triangle inequality holds and (3) every element has a

min-cut matrix, are equivalent [MA2],[TAl].

Definitions

Consider a min-cut matrix L&(k,j). If LI is greater than or equal
. . ’ . .

to all other elements in Lﬁ then Lﬁ'is a semidistinct min-cut matrix

of my 5 denoted by S(k,j). If my 3 is the wunique largest element

then it is a distinct cut-matrix of m

k,j° !

Two elements M s O, g are said to be coupled if they are both
b} ’

equal to the largest element in the same min-cut matrix. Otherwise

they are uncoupled. If m and m are coupled they ﬁay be
a,b c,d .

realised by a single cut (xl,xl) ie ta,b=tc,d=c(xl’xl) with X

XCEXl, Xy xd&‘g(-l. Next, ma,b’ mc,d are completely coupled if

every min-cut matrix of LIRS is a min-cut matrix of m, o4 and vice
b b

versa. Finally m and m q are min-coupled if the set -of minimum

»D c,

a-b cuts is identical to the set of c~d cuts.

The next theorem shows that given a matrix R in

semiprincipally partitioned form, if a semigraph realises the



elements rk,k+1 k=1,...,(m1) then all other elements above the

diagonal are automatically realised if the semigraph has certain

properties. This implies that, if RO is the matrix R but with

'ri’j=0 for j>i+1, then our realisation methods need only counsider
0

the elements of RY, provided that the semigraph has certain

properties.

Theorem 2.7 [FR2]

Given a requirement matrix R in semiprincipally partitioned form and
a semigraph such that tk,k+1=rk,k+l for k=1,...;(n1) then ti,j=ri,j

for j>i+l if one of the following is true.

(1) Each entry r. . for j>i+l is coupled to some element r

.
1,3

a,b "i,]

by cut-matrix RO such that in the semigraph c¢(X ,X )=r when
q q° q a,b
X ,X ) is an i-j cut,.
(X 2% J

(2) b for k=1,...,(n-1).

Tk, ket 17 Pk ket 1
(3) The largest entry in RO above the main diagonal is smaller than -

all the entries below the diagonal.

(4) All branch weights in the semigraph are non-negative.

2.3 .4 Realisation Algorithms for Directed Graphs

We are now in a position to consider algorithms for the
realisation of directed graphs. Four algorithms, each more general
than the previous, will be presented. They are the Substitution
algorithm, the Perturbation algorithm, the Replacement algorithm and

the Terminal Capacity Realisation algorithm.



- 36 -

The Substitution Algorithm [SEl1] [RE1]

The Substitution algorithm 1is wused to realise maximally

distinct requirement matrices. A matrix if is maximally distinct if

all off diagonal entries in MO are numerically distinct. A simple
and direct algorithm can be given for the realisation of this type

of matrix.

The algorithm will first be illustrated with an example and

then described formally.

0

Consider the requirement matrix R and the matrix R formed
from it.
- 3 3 3 - 3 0 0
R= 10 - 4 4 which gives RQ= 0 - 4 0
11 6 - 5 11 6 - 5
12 8 7 - 12 8 7 -

The element 'rl i- has only oane min-cut matrix forméd by Xi={xli,
. , .
xi={x2,x3,x4}. Hence we must have c({xl},{xz,x3,x4})=3. The only
edge 1in the semigraph crossing this cut is a1 9+ Hence bl =
b b

5. Considering the entry

3.

Similarly we find that b, .=4 and b

2,3 3,4

Ty =6, we find that c({x;,x3},{x),x,})=6. But b, ,=3 and by ,=5

and so b3 2=—2. Similarly 3. The element =8 has two
b

4,37 A
min-cut matrices defined by ({xl,x3,x4},{x2}) and ({xl,xa},{xz,x3}).

Using the first matrix gives b4 =7 and the second gives b 2.

2 4,27

Choosing b4 2=7 will lead to a realisation of R but b4 2=2 will not.
b 3

In general we should select the min-cut matrix which gives the

largest value of branch capacity. Continuing similarly we obtain

the semigréph of fig 2.6(a) which can be shifted to the graph of fig

2 .6(b).

The formal statement of the algorithm to realise a maximally
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distinct matrix R is as follows.

(1) Find a semiprincipal partitioning of R and form r0.

(2) Relabel the elements of R with a single subscript such that a<b
implies that r <cy. The subscripts range from 1 to
(-1)(n-2)/2. The mapping of r, p onto r, will be notated as

9
ra’54>rc or réﬂ>ra’b.
(3) For d=1,2,...,(n-1)(n+2)/2 form R from RF! by letting
d
rd—Zrd

The minimisation is over the submatrices defined by Xi such that

d_l—Min ”/JS—IH ¢ ".Ug_l“= 2 elements in ,ui).

Rg is a min-cut matrix of r,.

d
(4) R(n—l)(n+2)/2 is the branch capacity matrix,.

The algorithm works because at each stage there 1is only one
‘unknown capacity in each cut. This will always be the case if we
consider the cuts in increasing order. Each mim-cut matrix will
only contain entries smaller than the one being considered énd the
branch capacities in the corresponding cut will all have been found

except one.

It 1is known [FR2] that a maximally distinct matrix can be
realised as a graph if and only if every element has at least one
min-cut matrix and the Substitution Algorithm yields a semigraph for
which

b, ’+bj,izp ¥ (1,1

1,3

and b for k=1,...,(n1)

k, k17 Tk ket 1

For non-maximally distinct matrices there may be elements
which do not have distinct min-cut matrices and so it will be

impossible to sequentially order the calculations so that there is



only one unknown element at each cut. DMore sophisticated algorithms

are necessary 1in these situations.

The Perturbation Algorithm [FR2]

To realise a nomrmaximally distinct matrix a first approach is
to convert the matrix to one that is maximally distinct and then try
to realise it using the Substitution Algorithm. The matrix is
converted to one that is maximally distinct by perturbing the equal
elements in the matrix by small amounts, then the Substitution

Algorithm is applied and then the perturbations are set to zero.

Formally the algorithm may be stated as follows.

(1) From RO form Ro(g) where e is a vector which perturbs the equal
elements of RQ. The set of 1, identical elements are perturbed

1

by quantities O,el,Zel,...,llel. Another set of 1 equal

2
elements are perturbed by 0,e 2285 ,.0+51,e, etc.
(2) Apply the Substitution Algorithm.

(3) Let e=0.

With the Perturbation Algorithm, we can realise some matrices
which cannot be realised with the Substitution Algorithm but there
are some realisable matrices which cannot be perturbed so that each
element has a distinct min-cut matrix ie some elements are
completely coupled so the Substitution Algorithm can not be applied.
Also the algorithm may produce are semigraph for which bi,j+bj,i<0'
The next most general algorithm which can be applied in such a

situation is the Replacement Algorithm.
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The Replacement Algorithm [IFR2]

The Replacement Algorithm is a variation on the Substitution

Algorithm in which there are cases in which a branch capacity may be

larger than that which would be given by the Substitution Algorithm.

The realisation method handles the problem of an element not
having a distinct min-cut matrix by insisting, in certain cases,
that the element should be coupled to another element of the same
value so that the two requirements can be realised by the same cut,

ie the two elements should be in the same semidistinct cut matrix.

The algorithm is
(1) Given R find any RQ.
(2) Relabel the entries in RO as before.

(3) For d=1,2,...,(n=1)(n+2)/2 £ind RY from R¥! by letting

ol 8 &1 es 41 . ‘ ' )
Max(; rg,Zrd ) Min“si (d)” if rd_brj+l,j’ s SN

Max(O,ng_l)—Min”Sg_l(d)”otherwise
i

(4) R(n—l)(n+2)/2 is the branch capacity matrix.

The modification to the first part of the equation in (3) is

>0 for

to constrain the branch capacities such that b. +b. .
P - #+1,3705, 15

j=1,2,...(n~1) so that the resulting semigraph may be shifted to

give a graph (Theorem 2.5).
For the second equation there are two possibilities.

1f ri=rd l—Min Is$ L]

then the value of rg is the same as would be calculated in the
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Substitution Algorithm where the branch capacity is being calculated

so as to set the capacity of the cut (Xi,ii) to that required by the

matrix R.
1f rj=tviin Is$ Lol

then the capacity of the cut (Xi,ii) is too large and the terminal
capacity matrix can only be realised if T4 is coupled to another r
such that

rl2ed 1—M?x”sgl‘l(q)ﬂ

so that the cut (Xj,ij) realises the entry T4 in the requirement

matrix.

There are still some matrices which cannot be realised by this
scheme. The Terminal Capacity Realisation Algorithm is an extension
of the Replacement Algorithm, and in terms of this algorithm the

necessary and sufficient conditions for realisability can be given.

The Terminal Capacity Realisation Algorithm [FR2]

In this algorithm all steps except the third are as before but

the calculation of the elements of the branch capacity matrix is

(3)

Ftacle 8 o =1y 1o &1 .
Max( rg,Zrd ) M;n"Si (d)”+ad if rdd>rj+1,j’ rg_brj,j+l

rd=

Max(O,ng-1)—Min"S§—1(d)”+ad otherwise
i
ad_>_0
The difference between this algorithm and the previous is the’
presence of the non-negative constants aye. The ad's are chosen so

that the following necessary conditions are satisfied.
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(L) by, 5t

ie the semigraph can be shifted to obtain a graph.

by, 5+120 for J=1,2,..,(x 1)

(2)
rdsmin 2 ba,b 7d
ra,b g’ui(d)
ie the sum of the capacities of the arcs across the cuts defining

the min-cut matrices of the network are greater than or equal to the

requirement.

These constraints give a set of inequalities in terms of the

ad’s and if these inequalities can be solved to give a set of

non-negative ad's then the matrix is realisable; otherwise it is

not. The resulting graph is not unique since the set of ad's is not

unique and neither 1is the ordering of the elements of the

requirement matrix by the mapping r; jﬂ>rd.
. b

Generation of All Solutions [AG1]

Agrawal and Arora [AGl] have given a method for systematically
enumerating all feasible realisations of a requirement matrix.
Consider an element ri,j of a requirement matrix; this element will
have a number of min-cut matrices, say n. Consider the set the set
of n cuts (Xk,ik), k=1,2,...,n corresponding to these n mincut
matrices. The arc capacities of the graph should be chosen such
that

c(Xk,ik)zyi,j k=1,2,.00,0
with the constraint being an equality for at least one cut. Adding

slack variables sk this can be written as



c(xk,ikwsk:ri,j k=1,2,...,0

=0

TTs,

There 1is a similar set of constraints for each element r, ., The
b

mathematical programming method to calculate the branch capacities

is a variation of the Simplex Algorithm in which at least one of the

slack wvariables 1is constrained to be nom-basic ie equal to zero.

The authors report the algorithm to be efficient for small problems.

2.3.5 The Minimum Excess Terminal Capacity Algorithm [GO1]

Given an arbitrary symmetric requirement matrix R, it may be
desired to generate from it a realisable matrix R’ such that the
elements of R’ are increased by the minimum value required to make
the matrix realisable. The algorithm is due to Gomory and Hu [GO1]
and is as follows.

(D Consi&er the'métrix R as the distance matfix of a graph.
(2) Find the longestvspanning tree of the graph.
(3) Considering the branch weights now as capacities, R’ 1is the

terminal capacity of this tree.

2 .4 Minimum Cost Network Synthesis

We have seen that in general it is possible to synthesise a
number of networks, each of which satisfies a requirement matrix.
If a cost function were to be applied to the branches of the network
from which a cost for the whole network could be calculated, then
one of the realisations could be selected as the optimum. If the
costs per unit capacity of each arc differ, then a linear

programming formulation is the only possible approach ([WI1l]. The



linear

Gomory and Hu [GO2] have given a method for simplifying

program

contains

a
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very large

program to give a tractable problem.

1f

capacity of the graph

solution is

algorithms have been proposed by Wing and Chein [WI1],

and Gomory and Hu [GOl].

the

unit costs are 1identical, and
that 1is to be minimised, then
available for symmetric matrices.

Hu will be described.

The algorithm of Wing

‘elementary

terminal

the

Chein

number of constraints but

linear

so it is the total
simple
Several different

[CH2]

The methods of Wing & Chien and Gomory &

can be put in the following form

tn—l

where t12_t2_>_t32. . .Ztn_

T-matrix is

1.

shown in fig 2.7Ca).

partitionable as follows

T= 1§70
Tol T
where Tl, T2 are elementary terminal capacity matrices
elements of the matrices T0 are equal &
T-matrix can be realised by linking two networks realising T
as shown in fig 2.7(b). The two 1linking branches can be

1

1

tl t2 t3 e tn_
- tz t3 cee tnr
t2 - t3 ces tn_
tn—l tn--l tn—l"'tn-

1

and Chien

-

A minimum

is

capacity

as

follows.

realisation

Let

of

an

capacity matrix’ be defined as a matrix which

this

Furthermore, if a T-matrix is

and all

1

then the complete

and T

2

placed
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between any two pairs of nodes. The generalisation of this method

to the case in which the matrix is partitionable into T TZ""Tp

17
is obvious and every realisable T-matrix is so partitionable [MAl].

Other minimum capacity structures are discussed in [WL1].

The algorithm of Gomory and Hu begins with a linear tree (ie a
chain) and transforms it into a graph with the same terminal
capacity matrix but with minimum total capacity by (1) splitting the
tree into a number of sections called uniform trees, (2) operating
on each section with a process called circuit formation and then (3)

recombining the resulting graphs.

A uniform tree is a tree in which all branches have the same

capacity. The linear tree is split into a number of uniform trees

as follows.

Let ¢0, ¢!, 2

g0, gl 82,

be three trees with branch capacity matrices

(1) Let the capacity of the minimum capacity branch in the linear

tree G0 be b

O.
(2) Form two linear trees Gl, G2 where G! is a uniform tree with

b% . =b for all a, . in GO, and G2 is a linear tree such that
l’J 0 l’J

2 .0 . 0

bi,j_bi,j—bo for all ai,j in G .

(3) Repeat this procedure on the resulting non-uniform trees wuntil

the graph is decomposed into a set of uniform trees.,

Circuit formation 1is then applied to each uniform tree
generated by the decomposition. Given a uniform tree capacity bO

the operation of circuit formation is

(1) Reduce the capacity of each branch to bo/z.
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(2) Add a branch capacity of b0/2 between the two end nodes of the

tree .

The minimum capacity graph is the union of the circuits so
formed. Figs 2.8(a)-(c) show an example. Gomory and Hu [GOl] prove
that the terminal capacity matrix is invariant under this procedure

and that the graph has minimum capacity.

2 .5 Expansion of Networks

Only one problem in the field of expansion of networks has so
far been satisfactorily covered. Suppose that there exists a
network with two nodes identified as source and sink, the costs of
increasing the capacity of each arc are known and there is a
budgetary constraint. How should the money be spent on increasing
the capacities of the various arcs so as to maximise the source to
sink flow of the network? This problém has beeﬁ examined) for the
case 1in which the cost of increasing the arc capacities is a iinear
function of the capacity by Fulkerson [FUl] and Hu [HU2] and for the
discrete case in which the arc costs are non-linear functions of the

arc capacity by Christofides and Brooker [CH3].

The algorithm of Fulkerson is a parametric variant of the
labelling algorithm wused to solve maximum flow problems. The
algorithm of Hu is based on the concept of modified costs and will

be described,

The algorithm can be wused to solve both the problem of
obtaining maximum flow v at fixed cost C at the problem of

minimising the cost to obtain a flow v. These problems are
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min c b, max
DL M
such that such that
-v j=s ~-v j=s
2f - 2f. . ={0 j#s,t £. .- Zf i£s,t
i 1,3 k ik its, E i,j k 0 J% ’
v j=t v j=t
0<f, .<b! .+b, . 0<E¥, <b' I Y
— 1,3~ 1,] 1,] —i,j=1,) "i,]
ey
2 i,j l’J
where b is the increment in the branch capacity.

i,3

The algorithm is
(1) Begin with the flow pattern F=0.

(2) Define modified costs ci ; based on the current arc flows
3

c! .= if £. .<b. .
l’J 0 1’J< l’J
¢! .=c. . if b.
i,] €i,3 * JZ i,]
¢! =—c., . if £. .,>b, .>0
l’J l’J » J)l 1’J

(3) Ship the : flow along the minimal cost path based on c; .. The

b

amount of flow is limited so that the c; p remain as defined 1in
b

(2).

(4) 1f the total flow is v or the total cost is C, stop. Otherwise

go to (2).

Consider the example in fig 2.9. Fig 2.9(a) shows the
original arc capacities and fig 2.9(b) the unit costs. We‘shall
increase the flow from 1 to 4 at minimum cost. The modified costs
are zero until the flow reaches the maximum for the unmodified graph
of 6. The arc flow with the modified costs in brackets for this

value of flow are shown in fig 2.9(c). The minimum cost path is the

arcs a1’3, a3’2, ) - Thus the capacity of the arc ) should be
Py . ’ - . R f
increased Note that cz’3 2 since 3 2>b 2 The f£low can be



increased until wv=10 without changing the modified costs (fig

2.9(d)) and so the solution up to this value of flow is.to continue

. b i .
to increase 3,2 Beyond this the least cost path is al,Z’ a2,3,
a3,4 so to increase the flow beyond v=10, bl,Z’ b3’4 should be
increased but b reduced. At v=1l4, b has returned to its

3,2
original value (fig 2.9(e)).

2,3

Christofides and Brooker [CH3] have given an algorithm for
expansion of networks in which new arcs may be added at discrete
levels of capacity and the cost of adding an arc is not necessarily
linearly related to the capacity. 1In contrast with the problem of
the previous section this 1is a problem of combinatorial optimisation
and the method proposed is a branch and bound tree search in which
dynamic programming techniques are used to calculate the bounds. As
candidate arcs are added in and excluded from the mnetwork, the
;lgorithm‘ notesv'the'set of cuts in the graph which it is nécessary
to span to increase the flow of tpe graph and calculates an wupper
bound on the flow which can be obtained with the remaining budget.

| :
I1f the upper bound is less than the current best solution then
backtracking can occur. The set of cuts 1is generated as the
algorithm progresses and for cqmputational reasons 1s restricted to
cuts which are '"disjoint" in the sense that the sets of arcs
spanning the cuts should be disjoint. This bounding procedure
greatly reduces the amount of the tree that need be explicitly

searched to locate the optimum solution, and the authors report the

technique to be very successful,



i

@<\

— ¢
\\@
Figure 2.1(a)

Figure 2.1(b)‘




- 49 -

‘Figure 2.1(c)
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Figure‘ 2.2(c)
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Figure 2.2(e)

Figure 2.2(f)
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Figure 2.2(g)

Figure 2.2(h)
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Figure 2.5(a)

Figure 2.5(b)
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Figure 2.6(a)
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Figure 2.7(a)
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Figure 2.8(a)

Figure 2.8(b)
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Figure 2.8(c)
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Figure 2.9(c)
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Figure 2.9(e)
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OPTIMAL EXPANSION OF NETWORKS SUBJECT

TO TERMINAL CAPACLTY CTYSTRALNTS
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3.1 Introduction

In this chapter we shall pose a problem in the expansion of
networks and give an algorithm for 1its solution. The problems
examined in this chapter and the succeeding will be generalisations
of those reviewed in Section 2.5 in the sense that we consider mnot
the synthesis of networks which satisfy the flow requirements
between one source and one sink but the multiterminal network
expansion problem in which all nodes may source or sink flow. We

restrict ourselves to the consideration of undirected graphs.

Suppose that there exists a network of flow such as a
communication network and, as time passes, the communication
requirements of the Qsers increase beyond the capacity of the
network. The prpblem'that arises is how to add additional branches
‘to the network, in'SOmé optimal fashion, such that the _egpanded
network once again satisfies the requirements of the users. The
simplest optimality criterion, which will be studied in this

chapter, is that the added capacity should be minimum.

This problem may be stated in graph theoretic terms as
follows. Let G=(X,A) be an undirected graph with branch capacity
matrix B and terminal capacity‘matrix T and let R be a realisable

requirement terminal capacity matrix such that 2 j>ti j ¥ (i,7).
s JT

How may a graph G'=(X,A’) with branch capacity matrix B’, terminal

capacity matrix T’ be synthesised such that ti j>ri 3 ¥ (i,1),
s JT o

b;,jzpi,j ¥ (i,j) and 2 bi,j is minimum?
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3.2 Theoretical Preliminaries

Before proceeding any further there are some preliminary ideas
which must be discussed. Suppose that we write a T-matrix as the
sum of two or more matrices: the question now is; can we realise the
individual matrices and add the corresponding branch capacity
matrices to obtain a realisation of the original T-matrix? The
difficulty with problems in the expansion of networks arises from
the fact that, in general, the answer to this question is no.
However, there are certain special cases in which T-matrices can be
added as 1is shown by the following theorem due to Tang and Chein

[TAl].

Theorem 3.1 [TAl}

The realisation G of a terminal capacity matrix T is

* obtainable by‘superimposing'tWo gréphé G1 and G2 (by the addition of
their branch capacity matrices Bl, BZ) whose terminal capacity
. 1 ) S v ' :
matrices are T~ and such that T=T"+T“, if and only if for each
node pair (i,j) there exists a cut which is minimum throughout G, G1
and G2.
Proof

1f, for each node pair (i,j), there exists a cut which is

1 1 2

minimum in G, G~ and GZ, then the terminal capacities in G, G, G

are determined by this cut. However, since aﬁy branch capacity in G

is just the sum of the corresponding branch capacities in G1 and G2,
1 2 . 1 2

we thus have t, .=t, .+t .. On the other hand, if t, .=t> .+t .

i, 1,3 1,] i1, 1,3 1,]

and if there exists no cut which is minimum in G, Gl and G2 then any
1 2

cut in G giving t, 5 cannot be a minimum cut for both G~ and G“.
b
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That is, the cut will assume values ci ] in Gl and ci ; in Gz, where
b ’
1 1 2 2
either c¢; ., Dt, ., or ¢, .,>t . or both. Therefore
1,37 71,3 i,] )

t. .=c% .+c2 . t% .+t:2. .
i, 71,3 i,37 71,3 1,3

which is a contradiction.

This result shows that when making additions to a network it
is necessary to consider not just the properties of the added
branches in 1isolation but also the way in which they interact with

the existing network.

It is also necessary to consider further the idea of the flow
equivalent tree discussed in Section 2.2.2. It was pointed out that
_in general the flow equivalent tree of a graph is not unique. We
shall now restrict the definition. of the flow equivalent tree a
little furthe; so that the tree is unique by i&entifying each edge
in the tree Qith one of the set of non-crossing cuts :generated .by
the . Gomory-Hu algorithm for multi-terminal network analysis. The
following theorem due to Hu {HU3] shows that tbis is possible. The
theorem 1is more general than we require in that it shows a spanning
tree can be identified with any set of non-crossing cuts but we
require the case where the cuts are those generated by the Gomory-Hu

algorithm.

Theorem 3.2 [HU3]

A spanning tree with (m1) nodes corresponds to a set of (m-1)
non-crossing cuts uniquely.
The proof is by construction. Remove any link in the spanning tree;

this will disconnect the tree into two components say T1 and TZ'
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Then let this 1link correspond to the cut (Tl’Té)‘ Continue to
repeat this process for each sub-tree generated until all links have
been removed. Thus from any spanning tree we get a set of (n1)
non-crossing cuts. Conversely, from a set of (n1) nomcrossing
cuts we can construct a spanning tree as follows. Take a cut (X,ﬁ);
we can draw two supernodes connected by a link whefe each supernode
symbolically represents a set of ordinary nodes. 1In one supernode
we list the nodes in X and in the other we 1list the nodes in X.
This creates one link in the spanning tree. Now consider another
cut (Y,?). Since (Y,Y) does not cross (¥X,X) we have YCX and Y X
(or Y DX and YCX); then we can create a tree with three éupernodes
Y, ¥Y, X (or X, ¥Y, ). Continuing to repeat this for (m-1) steps

creates a spanning tree with (m~1) links.

Henceforward, it is this restricted idea of a flow equivalent
tree which will be usedhand we shall use the terminology of Hu [HU3]

‘and refer to it as a cut-tree. We shall make use of some further

terminology introduced in this paper. OQuter nodes:and inner nodes
are nodes of a tree which have degree one and greater than one

respectively and a star-tree is a tree with only one inner node.

3.3 The Algorithm

In this section we give an algorithm to solve the problem
presented in the Introduction and prove that it converges correctly
to the optimum solution. The algorithm is analysed in terms of its
computational complexity and the analysis compared with the results

of computational experience. It is illustrated with examples.

Broadly speaking, the algorithm operates as follows. Firstly,
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the existing network is analysed. As mentioned above, when adding
to a network, it 1is necessary to know the characteristics of the
initial network so as to be able to predict the effect of the
expansion on the terminal capacity matrix. Next, additions are made
to the network so as to generate a new network which satisfies the
requirement terminal capacity matrix constraints. This network 1is
suboptimal  because effort is directed towards satisfying the
constraints rather than producing a minimum cost network. Finally,
a series of transformations are applied to the network which
progressively reduce the capacity of the network while still meeting

the terminal capacity constraints.

These steps will now be described in detail.

3.3.1 Initial Network Analysis

The analysis performed on ‘the initial network is to apply the
Gomory-Hu algorithm so as to locate the set of non-crossing minimum

cuts in the network and generate the cut-tree.

There is an alternative way oﬁ viewing the analysis which will
be useful later. It will be -explained by way of an example,
Consider the network of fig 3.1(a), the set of cuts from this
network in fig 3.1(b) and the cut-tree fig 3.1(c). The cuts
partition the graph into subgraphs (which correspond to the
supernodes of theorem 2.2) although some of the sub-graphs are
degenerate cases consisting of a single node. This partitioning
will be viewed in a hierarchical manner. If some of the nodes are
gathered together into clusters of nodes or supernodes then the

graph can be seen as a star-tree with some of the outer nodes being



~supernodes. In the example 1if {x7,x8} and {XA,X6} are taken
together as supernodes then a star-tree is formed of {xl}, {XZ}’
{XS}’ {x7,x8} and {XA’X6} as outer nodes and Xy as the inner node
(fig 3.1(d)). Each supernode may again be seen as a star-tree with
some of the outer nodes being supernodes. 1In this example the two
supernodes are star-trees of two nodes; X, and x, are. the inner

7

nodes and X6 and xg are the outer nodes. There are no further

supernodes consisting of star-trees of supernodes.

This hierarchical clustering of nodes into  groups of
supernodes will be wused in the description of the method for

progressively reducing the added capacity of the graph to a minimum.

3.3.2 Generation of Suboptimal Solution

The next stage of the algorithm is to add to the existing
network so .as to synthesise a suBéptimal network which meets the
requirement matrix constraints. We shall separate this problem into
two questions:

(1) What is the structure of the added network?

(2) What are the capacities of the added branches to be?

The structure chosen for the added graph is that it 'be the
same as the structure of the cut-tree of the original network. This
structure is chosen because the effect upon the T-matrix of the
original graph caused by adding this network is easily determined as
will shortly be demonstrated. We shall then propose a method of
calculating the branch capacities of the added network, illustrate
it with an example and finally give a proof that the method achieves

what we reauire of it.
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The following theorem relates the cut-tree of the old network,
the cut-tree of the new network and the capacities of the added

branches.

Theorem 3 .3

1f B1 is the B-matrix of the cut-tree of the original network

B2 is the B-matrix of the cut—tree of the expanded network

B3 is the B-matrix of the added network

, 3 ..
then if bi,j>0 for (l,J)EAt

3 .
d bl = ;
an 1,9 0 for (i,3) ¢At

2 1 3
then b7 =b, +b, . ¥ (i,]
i,j "1,3 1,7 (1,3

where At is the set of edges in the cut tree.
Proof

First consider a pair of nodes which are adjacent in the

cut-tree. All i-j cuts are spanned by the edge 3 j and some are’
b

spanned by other edges also so the minimum increment to an 1i,j cut

3

is bi i The expansion network is so constructed that the minimum
b
i=j cut in the original network is spanned only by a, . and so
1]
t! —bl +b3 . (1,j) adjacent in cut-tree

i,j 1,3 1,3

where ti i is the value of the minimum i-j cut in the expanded
’

network.

Now consider any mnode pair (i,j) and the path Pi 5 in the
b

cut-tree which joins them. TLet a be an edge in this path which

k,1

will represent a particular i-j cut say (X,,§i), From the above

i
argument the new capacity of this cut c'(Xi,ii) is
3

31
k,1°%%,17%k 1

This is not necessarily the minimum i-j cut. Therefore

c (Xi,Xi)=c(Xi,Xi)+b
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' 3
t
i,JSpk 1 k 1

where ti i is the capacity of the minimum i-j cut of the expanded
b

network. This argument holds for all a, 1€p; 3 Therefore
b )

, 3
t
i <m1r1(bk l+ ) ay leP .

Now suppose there 1is an i-j cut (Xj,Xj) strictly less than any of

these cuts

3
K
c (X )<m1n(bk 1 bk l)

This cut must pass through one of the edges in the path Pi Iy say

an and is thus an mn cut. Since it is not necessarily the
’

minimum mn cut

’ By 1 3
¢ (Xj’xj)zbm,n+bm,n m, n€P i,]
Thus we have found an i-j cut which does not satisfy the condition
of the above argument and hence the assumption of the existence of a

cut strictly less than the cuts represented by the edges in the path

in the cut tree joining i and j is,false. Hence,

¢ =mi
ti,Jmn(bkl kl) 2,1 €7 5
which is the property required of a cut-tree. Therefore B2=Bl+B3 is

the branch capacity matrix of the cut-tree of the new network and

from B2 it is easy calculate the T-matrix of the expanded network.

The remaining problem is that of choosing the capacities of
the added branches in such a way that the constraints imposed by the
requirement matrix are met. Clearly, it must be that the sum of the
capacities of the branches incident upon a node is greater than or
equal to the largest entry in the row or column of the requirement
matrix corresponding to that node

ie % b;’Lngx(rn,j) for all nodes n
where B’ is the branch capacity matrix of the expanded network

R is the requirement terminal capacity matrix.



Let the added branch capacities be chosen such that for the
outer nodes of the cut-tree of the network this inequality becomes
an equality

ie 2 bé .=ma:<(rn j) for n an outer node of the cut-tree.
i b j b

Clearly, adding any further capacity to these branches is

superfluous provided that all other constraints are met.

It remains to choose the capacities of the branches joining a
pair of inner nodes (j,k). Let the edge of the cut tree in question
correspond to the cut (Xi,ii). Form the cut matrix R, from the
requirement matrix R. The maximum entry in Ry indicates the maximum
quantity of flow .which must cross the cut (Xi,ii) and so the added
capacity should be chosen such that the capacity of the cut is
increased to this amount.

ie qf(Xi,§1)=max(Ri) )
=c(¥; ,)'ci)+b K
where c(Xi,ii)= capacity of cﬁt in original graph
c,(xi’gi)=‘capacity of cut in expanded graph
bj,k= capacity of branch added across (Xi,ii) between
nodes j and k.
the that the method used to calculate the <capacities of branches

ending on an outer node is a degenerate form of this procedure in

which the matrix Ri is the single row corresponding to the node.

This procedure will now be illustrated with an example which

will bring out some further salient points.

Consider again the network of fig 3.1(a) which has B and T

matrices
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- 511 1 0 0 3 4] - 2424 6 8 5 18 13
5 - 14 0 0 0 5 0 24 - 24 6 8 S5 18 13
1114 - 5 5 0 3 0 24 24 - 6 8 5 18 13
B=|1 0 5 - 0 5 0 O T™=| 6 6 6 - 6 5 6 6
0 05 0 - 030 8 8 8 6 - 5 8 8
0 0050 - 00 5 55 5 5 -~ 55
353 0 3 0 - 9 18 1818 6 8 5 - 13
4 00000 9 - 31313 6 8 513 -]

and a requirement matrix

[~ 26 40 40 22 6 22 20
D6 - 26 26 22 6 22 20 .
40 26 - 42 22 6 22 20
R= [0 26 42 - 22 6 22 20
P2 22 22 22 - 6 25 20
6 6 6 6 6 - 6 6
D2 22 22 22 25 6 - 20
PO 20 20 20 20 6 20 -

The cut-tree of the network is shown in fig 3.17c). The outer

nodes are X1y Xy gy Xg and Xg e The total capacity incident wupon

Xy is 24; the maximum value of the first row of R is 40; therefore

the cépacity of the added branch ai 3 must be bl 3=40—24=16.‘
b bl

i i l b = = = =]. i i
Similarly 2.3 2, b3,5 17, b7,8 7 and b4,6 1 The remaining

branches to be considered are a3’4 and a3,7. a3,4

is ({XA’X6}’{XI’X2’X3’X5’X7’X8})f the wvalue of this cut in the

The cut-set for

original graph is 6 and the cut-matrix of R is

40 26 42 - 22 % 22 20]
22 22 22 22 - 6 25 20

whose largest entry is 42. Therefore, =42-6=36. For the

P36 43,7
cut-set is ({X7’X8}’{X1’X2’X3’X4’XS’X6}) whose value is 18. The

cut-matrix is

22 22 22 22 25 6 - 20
20 20 20 20 20 6 20 -

“So b3 7=25418=7. The added network is shown in fig 3.1(e) and the
’

new network in fig 3.1(f). Summing the capacities of the added

network and the original cut-tree gives the cut-tree of the new

network from which the T-matrix
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of the expanded network can easily be calculated as

[~ 26 40 40 25 6 25 20

26 - 26 26 25 6 25 20

40 26 - 42 25 6 25 20
T'=140 26 42 - 25 6 25 20
25 25 25 25 = 6 25 20

6 6 6 6 6 - 6 6

25 25 25 2525 6 - 20

20 20 20 20 20 6 20 -]

ti that the entries t’ ’ ’ ’ ’ ’ ’
Notice 5,1° %520 B5 35 B5 40 t7 90 by 4 7 4

are larger than the corresponding entries in R. Examining the

and

cut-matrix of R corresponding to the cut
({XI’XZ’XB’XA’X6}’{XS’X7’X8}) indicates that we should have
c’(X,X)=22
but we have in our construction set this constraint to be the
inequality
¢’ (X,X)=25>22

by spanning the cut with more capacity than is necessary to meet the

requirements. Later; in the optimisation process, we shall permit

the capacity of this and similar cuts to be reduced, if possible, to
the amount specified by the requirement matrix. The reason for this

discrepancy is considered in Section 3.3.5

To prove that a network constructed in the ménner proposed
will aiways be a satisfactory expansion network, we need to prove
that eQery element in the T-matrix of the expanded network is
greater than or equal to the corresponding element in the
requirement matrix

ie t; Dr. . ¥ (1,3)

1i,13—1,)]

Consider any element of T’, say ti 5 The value of ti ; is equal to
3 b

the minimum capacity of the minimum capacity edge in the path from i

to j 1in the cut-tree of the expanded network. Suppose this is the



edge (k,l) which corresponds to a cut (Xm,EA)

therefore ti,j=tk,1

Now consider the cut-matrix corresponding to the cut <Xm’§m);
the elements (i,j) and (k,l1) are both in this matrix. But by
construction we have

tk’l=max(Rm)

therefore t! ,=t’ > any element in R

i,j k,1~
therefore ti,jzri,j since ri,j is an element of Rm

3.3.3 Network Transformations which Preserve T-Matrix

Having generated a suboptimal network which satisfies the
requirements, the final stage of the algorithm is *o modify the
network in such a way that the capacity of the network is reduced to
a minimum without violating any of the constraints imposed by the

requirement matrix.

The technique wused to optimise the network is that of local
search in which the solution neighbouring to the current solution is
generated by an elementary transformation which exchanges one set of
branches for another set with lower cost whilst still meeting the
requirements. The idea of exchanging sets of branches is a powerful
technique which has been successfully applied to a number of
difficult graphtheoretic problems such as the Travelling Salesman
Problem [LI1l], the synthesis of minimum cost survivable networks
[ST1] and the synthesis of small diameter ~networks [TSI1]. Unlike
these examples which are heuristic methods for locating good but
sub-optimal solutions, the transformations discussed here can be so

ordered that an optimal solution is obtained.



Consider fig 3.2(a) which shows three nodes Xl’ Xy s Xq and the

added branches between them al’3 and 32,3.

the type where the capacities of the added branches have been chosen

Nodes xl and x2 are of

so that
b! = max(r., .
E 1,n . ( l)l)
b! = max(r, ;)
E ny 2l
whereas this is not the case for node X Therefore we may not

3'
reduce the total capacity of the branches incident upon Xy % but

we may reduce the capacity incident upon x3.

Consider now the network of fig 3.2(b). This has been derived

from the network of fig 3.2(a) by reducing the capacities of 2y 4
b

3, 3 by an amount b, and adding an arc of capacity b This
’

0 0°

satisfies our requirements concerning the capacity of the branches

41,2

incident on each node but has reduced the capacity of the network by

b .
0
It now remains to investigate what values bO can take. There

!

are three constraints upon bo.

(1) Clearly we must have

bi 45,20
Py 370520

because the added branches cannot have negative capacity.

(2) We must also maintain the constraint at node X4

3,0~ 3,i)

(3) The third constraint is less obvious. Consider the minimum cut

2 b, > max(r
n i

(Xi,Xi) with Xl’ngxi’ X38Xi shown in fig 3.2(c). The

capacity of this cut is reduced by 2b. and in the modified graph

0

it should have sufficient capacity to transport the flow from
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all nodes xi&‘xi to node x3.

%, & Xi

c (Xi’xi)zc(xi’Xi>—2b02mix(r3,i) i

The value of bO may be maximised provided that it satisfies
all these constraints. Notice that it is necessary to perform only

one flow calculation for the location of the cut (Xi,ii) and so the

method is computationally efficient.

This argument may be significantly generalised so that the

nodes 3 and X, become supernodes X1 and X, . Instead of requiring

of the transformation that

b1,n=mi"‘(r1,i) by ,n=max(ry ;)
we require that
c(Xl,X1)=mix(R1) c(Xé,Xé)=m?x(R2)

All the constraints upon bO remain unchanged by this generalisation.

It was noted in Section. 3.3.2 that .the suboptimal network

generated may be such that ti j>ri i The constraints on bO have
b b

been expressed in terms of the requirement matrix so that, " where

possible the capacities of the various cuts in the network will be

reduced by the transformations so that ti j=ri j°
b} b

3.3.4 Minimisation of Network Capacity

A téchnique for applying these transformations so as to

minimise the capacity of any graph is developed in this section.

Consider fig 3.3(a) which shows a simple situation where the
added branches form a star tree such that

b! . a . ,) i=4
f 1,3 > mkx(rl’k
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The capacities of the branches are shown with each branch.
The possible paths of length two to which the transformation may be
applied are {al,A’aA,Z}’ {31,4’a4,3} and {32,4’34,3}' We need to
decide on the best order of applying the transformations so as to
minimise the capacity of the graph. Choosing to apply the

transformation first to the path {al 42 } results in the graph of
’

4,2
fig 3.3(b) which has capacity 5 whereas if the transformation is
applied to {82,4’34,3} and then to {31,4’84,3} the graph of fig
3.3(c) 1is obtained with capacity 4. Clearly, the rule that can be
deduced from this example is that paths containing arcs of large

capacity should be transformed first followed by those of smaller

capacity.

This technique is - generalised so that it can be applied to
any graph. In section 3.3.1 the clustering of nodes into supernodes
waé described in an Bierarchicél mannér.v This'viewpoint'will be
used below. At the highest level, a network is a star-tree with the
outer nodes clusters of nodes Xi and the 1inner node being an
ordinary node (fig 3.4(a)). The transformation technique for
star-trees may now be applied to this tree giving a result such as
that shown in fig 3.4(b). The internal properties of the sets Xi
are now considered as these clusters are expanded one at a time.
Each ‘node’ within Xi may again be a cluster of nodes. Consider the
graph of fig 3.4(c) where one of the clusters has been expanded. A
new star-tree, consisting of nodes {XZ’X3’XS’X6’X7’X8} has been
generated to which the minimisation technique can be applied. The
method continues by expanding clusters one at a time, On each
expansion a new star-tree is formed, the capacity of which can be

minimised by transformations.



An example of the application of the algorithm will now be
given. The capacity of the network of fig 3.1 will be minimised.
The star-tree at the highest level is shown 1in fig 3.5(a).
Transforming this tree by the rules given leads to the expansion
network shown in fig 3.5(b). The next stage 1is to expand the
supernode {4,6} into its component nodes to create a star-tree with
{4} as its inner node and {1,2,3,5,6,{7,8}} as its outer nodes.
This gives fig 3.5(c). Transforming this star-tree gives fig
3.5(d). Finally supernode {7,8} is split into its components and
transformations applied to the star-tree with {7} as its inner node
and {1,2,3,4,5,6,8} as its outer nodes. This gives the final

optimum expansion of fig 3.5(e).

It should be noted that the expansion may not be unique eg the
network of fig 3.5(f) also has the same total capacity but a

different structure.

There is a small problem which remains to be considered.
Under some circumstances the branch capacities may beconme
non-integral., From the constraints upon the transférmation factor
b0 we have

ZbOSF(Xi,ii)— max(Ri)

If this is an equality and RHS is odd then the value of bO is not an
integer. 1If this 1is wundesirable then it can be avoided by
multiplying all branch and terminal capacities in the network by a
suitable power of 2. Alternatively, the wvalue of the branch
capacities can be truncated; this may lead to a solution which is

not optimal but experience has shown that the error is always small.

That the capacity of the expanded graph is minimum may be seen



by counsidering the following points.

(1) The total capacity incident upon the outer nodes of the cut-tree
was initially set at the minimum value which would satisfy the
constraints and has not been changed at any time.

(2) The capacity of the arcs crossing minimum cuts in the graph have
been reduced to the minimum possible without violating any
constraints.

(3) The transformations have been performed in such an order as to

minimise the capacity of the network.

3.3.5 Exactly Realisable Network Expansions

It was noted earlier in the example that some of the entries
in the terminal capacity matrix of the sub-optimal expansion were
greater than the corresponding entries in the requirement matrix and
although the algqrithm was constructed so that. during the
minimisation process the capacities of the appropriate cuts could be
reduced, examination of the results shows that this did not occur.
This specific point 1is 1investigated below and the neéessary
conditions are given so that a graph may be synthesed in such a way

that it meets the requirement constraints exactly,
Theorem 3.4

A network expansion is exactly realisable if

ri,j_ti,jzmln(ri,k‘ti,k’rk,j_tk,j) ¥ (i,3,%)

Proof

Form the matrix D such that d, .=r t This matrix gives

1i,] i:j_ i3’

the increment in capacity that must be added to each cut 1in the



network to meet the new requirements. Now consider a pair of nodes

Xis Xy and the minimum cut between them in the original graph (K,i)

i

X. If xkE'X then the increment in capacity dj o can be no greater
b

X, € X, xjé'i. Any third node X belongs either to the set X or to

the i t i ity d i . X
than | e 1lncremen in capacity i,] ie dj,kSﬁi,J 1f xkETx then

similarly di k<d’ 5 Combining these results gives the inequality
»y N ’
di,j > min (di,k’dk,j)
and if this is not satisfied for all i,j,k then the expansion is not

exactly realisable.

In the example d < min (d 7) and hence the expansion
b

3,7 3,879

is not exactly realisable.

The algorithm as presented generates a ‘dominating”’
requirement matrix whose entries are larger than the original

requirements if necessary. .

3.3.6 Computational Complexity

By making a number of reasonable assumptions we can make an

estimate of the computational complexity of the algorithm.

The initial analysis procedure makes wuse of the Gomory-Hu
algorithm so a graph of N nodes requires (N~1) applications of the
FordFulkerson algorithm. The other computationally intensive
section of the algorithm is the calculation of the changes in branch
capacity in the transformations, each of which requires a flow
calculation. We therefore need to estimate the number of

transformations that need to be applied.

To obtain some estimate of this number let us assume that for



an N node graph, at each expansion of a supernode, the number of
nodes in the star-tree being transformed is increased over the
number of nodes in the previous star-tree by a certain fraction of
the total number of nodes (N/M). At the 1°th step in the
optimisation there are (IN/M) nodes in the star-tree so the aumber

of transformations in this stage is

N (I-1) ¥ 1N (N
TR + rulg-1)

Therefore in the whole algorithm we would expect to have to
perform O(NZ) flow calculations. Each flow calculation requires at
most 0(N3) applications of the Ford-Fulkerson labelling procedure
[DI1], [ED1] and so the algorithm may be regarded as (at worst)
O(NS). These are worst case figures and generally graphs
encountered in practice will require fewer transformations on
account of somé branches having zero capacity and fewer passes of
the labelling routine.and so, as the practical results below show,

the complexity will be less.

A computer program to implement the algorithm was written in

FORTRAN 77 and run on a CDC Cyber 170/855. Graphs to be used as
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input data for the algorithm were generated as follows., Beginning
with a set of N vertices, a spanning arborescence was randomly
generated and arc capacities were allocated from a uniform
distribution. Each additional arc was then randomly generated so as
to span the minimum cut in the network so far genmerated until the
required number of arcs was added. The capacities of these arcs
were also randomly selected from the same uniform distribution. It
was found possible to operate the algorithm on graphs of medium size
(up to about 40 nodes). The results from a number of these tests
are summarised in table 3.1 and figs 3.6 and 3.7. TFig 3.6 plots the
number of flow calculations against the size of the graph for a
number of examples. The upper and lower ends of the lines mark the
maximum and wminimum number of calculations encountered. Shown on
the graph is the line NZ/Z and it can be seen, as predicted, that
this is an upper bound for the number of flow calculations which was
reached in a few instances. Also shown is a regreséion liné giving

the average performance of the algorithm which is Nl'7.

The total running times of the algorithm are given in table
3.1 and fig 3.7. 1t can be seen that it is better than an O(NS) in

practice; it is somewhere between O(N3) and O(Na).

3.4 Discussion and Conclusion

There have been essentially three ideas presented in this"
chapter.
(1) A new set of conditions under which the T-matrix of a graph
formed by the addition of two B-matrices can easily be
calculated have been given and it has been shown that these can

be used for the generation of a sub-optimal network which



satisfies the flow constraints of a requirement matrix.

(2) An elementary network transformation for the reduction of the
capacity of a graph while not violating any requirement matrix
constraints has been given. To effect this transformation it is
necessary to perform a single flow calculation. Since there is
a strong 1interaction between the original network and the
expansion network it 1is <clearly necessary to perform some
investigation of the properties of the graph whilst performing
the optimisation and a single flow calculation.is the minimum
possible

(3) We have shown how a sequence of these elementary transformations
should be performed so as to reduce to a minimum the capacity of
an expanded network. A worst case analysis of the algorithms
computational complexity was given. Generally the optimisation
ran in less time than this- calculation’ would suggest but

occasionally a graph would attain to this worst case.

The algorithm can be viewed as a generalisation of algorithms
presented in the past for mnetwork synthesis and optimal mnetwork
synthesis where the extensions are to cope with the extra
difficulties which accrue from having to consider the properties of

the original network and its interaction with the expansion network.

Close connections with the algorithms of Wing and Chien [WI1]
and Gomory and Hu [GOl] for minimum cost network synthesis can be
seen. Firstly considering the method of Wing and Chien it can be
seen that what are termed elementary nets in that paper are similar
to the results of applying the transformation technique for the

minimisation of a star-tree. These elementary nets are constructed



such that each vertex has just sufficient incident capacity to
satisfy the flow requirements from that vertex. This can be
compared with the algorithm for network expansion in which initially
it 1s only at the outer nodes of the star-trees that the capacity
requirements are satisfied whereas the inner nodes have excess
capacity, but the algorithm attempts to reduce the excess capacity
on the inner nodes towards zero. 1f a T-matrix were to satisfy the
conditions specified by Wing and Chien and the properties of the
external network did not interfere with the optimisation process
then the final expansion network structure would be an elementary

net.,

There is also a similarity between the optimisation and thc
minimum cost synthesis procedure given by Gomory and Hu. In both
instances there is excess capacity at interior nodes of a path
(which are bf length two in the algorithm for network exﬁénsion but
of any length in that of Gomory and Hu) but not at the end nodes.
The excess capacity is reduced by reducing the capacity of the edges
within the path while adding an extra edge between the end nodes of

the path to maintain the capacity constraints at these nodes.
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Number of Flow Calculations Computing Time
Nodes Min Max Min Max
5 | 5 13 0.28 0.38
8 5 20 0.6 1.35
10 13 51 1.35 7.1
15 22 61 3.1 8.0
20 48 152 18 50
25 64 145 92 120

Table 3.1
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Figure 3.1(a)
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Figure 3.1(c)

Figure 3.1(d)
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Figure 3.1(e)

Figure 3.1(f)
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Figure 3.2(a)

Figure 3.2(b)
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Figure 3.2(c)
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Figure 3.3(a)

Figure 3.3(b)
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Figure 3.3(c)
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Figure 3.4(a)

Figure 3.4(b)
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Figure 3.4(c)
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Figure 3.5(a)

Figure 3.5(b)
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Figure 3.5(c)

Figure 3.5(d)
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Figure 3.5(e)

Figure 3.5(f)
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NETWORK EXPANSION
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4.1 Introduction

In this chapter we consider a problem which 1is a
generalisation of that considered. in the previous chapter and
suggest an algorithm for its solution. Since the problem is more
general, the solution technique developed is much more complex than
that developed 1in the previous chapter and takes considerably more
computation, so some alternative heuristics which lead to
sub-optimal solutions but with little computational effort are also

suggested and evaluated.

As before, we postulate a situation in which it has become
necessary to increase the terminal capacity matrix of a network in
some optimal fashion. But now we attribute to each edge a cost
proportioﬁal to the éapacity of the edge -different for each edge-
and require that the expansion should be such that the total cost of

the added edges is minimum.

Formally the problem may be stated as follows. Given a graph
G=(X,A) of branch capacity matrix B, terminal capacity matrix T, a
realisable requirement matrix R such that T .>ti j

s ’

cost matrix C, how may a graph G'=(X,A’) with branch capacity matrix

¥ (i,j) and a

B, terminal capacity matrix T’ be synthesised such that

£ Or. . ¥ (i,3), bl Db, . ¥ (i,] d . .bl . is minimum?
1,5251,5 ¥ (12305 by 326y 5% (1,9) and 2y bj

As in the previous chapter the algorithm proceeds by first
synthesising a sub-optimal network which meets the requirement
matrix constraints and then modifies the resulting network in such a
way that the total cost is minimised without violating any of the
constraints. As a preliminary to presenting an algorithm for
solving the problem, we examine some appropriate concepts in Section

4.2.
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4 .2 Theoretical Preliminaries

4.2.1 Edge Set in Expansion

At first sight, it might appear that for an N node graph all
possible branches in the graph (ie N(N-1)/2 branches) would have to
be examined as possible candidates for inclusion in the expansion,
but in fact ohly a subset of the branches need be considered and the

remainder can be eliminated ‘a priori’.

Consider the cost matrix of the network to be a distance
matrix and find the shortest paths between all pairs of nodes using
some such technique as Floyds algorithm [FL1]. It is argued below

that the only edges a; 3 in the network which need be considered are
b

those whose length (ci j) is the same as the length of the shortest

’

path between X; and xj ie those edges a; j which are themselves the
b

shortest,paths.

Consider a node pair (Xi’xj) where the shortest path between

them is of length li j and passes through nodes
1 ’

(xi’xl’XZ’f"’Xk’Xj)' Assume that a minimum cost network expansion

exists which contains edge a, . at capacity b. . and remove arc a. ,
. 1] 1,] 1,]

and insert instead the edges a at capacity

xi,xl’axl,XZ""’axk,xj

b The capacity of the minimum cut between X and xj has not

i,j°
been altered, and no other cuts have been reduced; in fact some
minimum cuts may have been increased in capacity. But the cost of
the network has been reduced since li,j<ci,j which contradicts the
original assumpﬁion that the expansion was of minimum cost.
Therefore, the only arcs which can be included in the solution are

those which are the shortest path between pairs of edges. Let these

edges be known as admissible edges.
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4.2 .2 Generalised Network Transformations

A more general network transformation is required to reduce
the cost of a network than was presented in the previous chapter.
We attempt to insert in the network arcs from the set of admissible
arcs and remove other edges. The approach we take is to identify
paths 1in the expansion whose end points are also end points of an
admissible edge and replace the path with the single edge at an

appropriate capacity level so as not to violate any constraints.

Consider the part of a network expansion shown in fig 4.1 in
which 3 5 is an admissible edge and Pi,j=(xi”"xm’xn""xj) is a
path 1in the expansion network. The transformation we propose is to
increase the capacity of the edge ai,j by an amount b0 and reduce
the capacity of the edges in the path, each by a different amount,
where the reductions in capacities are chosen so‘as not to violate
any flow constraints. To maintain the incident capacity constraint

at x; and Xj the first and last edges in the transformation should

be decreased by bo.

For convenience now and later on this transformation is
decomposed into a set of simpler transformations. For ease of
notation, let the edges in the path be labelled al, 3y s eesdn and
consider the set of ‘partial paths’ constructed as follows. Each
partial path should contain edges a1 and a_; simplest path is that
consisting solely of these two edges. The other paths are those
consisting of a, and a_ togethef with all combinations of the other
edges taken singly, in pairs, in threes, etc., the final path being

all the edges of the original path. The transformation that can be

applied to these simpler paths is also simpler in that the change of
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capacity to each to each element is the same. So the transformation

to the path P is to increment ay i by a capacity bm and decrement

3

ak,l by a capacity b, if ak,lE:Pm where i, j are the end points of

0
the path and k, 1 are interior points. Any general transformation
of the type described above can be constructed out of a combination
of these simpler transformations. 1t is necessary to include edges
al, a, in every path so that a transformation does not increase the

capacity incident upon any node which is never required.

Let us examine the constraints upon the transformation factor

(1) Clearly a transformation should only be performed if it reduces

the cost of the network ie we must have

bm( ZCk,I—ci,j) >0

so . §m=0 if Xck’l-ci’jsp

(2) The added branchés must have positive capacity

ie by - 2b >0 |

(3) The total capacity of the arcs incident upon every interior node
of the path should be sufficient to satisfy the requirement
matrix., These capacities are reduced by bm or Z*bm depending on
whether one or two edgesk in the path are incident upon a
particular node.

ie rZlbl’{,n-1\1*bm>mix(rk,l) {klxkE“Pm,kaéi,j}
n€&{l,2}

(4) 1t must be ;hat reducing the capacity of the arcs in the path
does not reduce any minimum cut in the network so much that the
network no longer satisfies the requirement matrix constraints.
Consider the networks of fig 4.2(a), (b), (c). For each node

k#i,j in the path, the minimum cut (Xk,ik) with X XjE'Xk,
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X & &y

path crosses the cut. The capacity of these cuts should remain

is reduced by an amount me, bm or 0 depending on how the

large enough to transport the required flow for all nodes xié'ﬁk

to Xko
ie c’ (Xk,s-(k)L"C( Xk’)—(-k)—' N*bm

>max(r xkE Xk , Ne{0,1,2}

k,1)
It should be borne in mind that the capacities of the cuts are
not constant but.depend upon any previous transformations that
may have occurred and it is from this fact that the difficulty
of the problem arises.

(5) Finally, 1if the path only crosses the minimum cut in one arc
only then there is a further constraint which must be satisfied,
which is that the minimum cut which crosses the path in two
places must also not be reduced excessively. Referring to fig
4.2(d) which jillustrates such.a'situation, it can be seen that
we must have

c'(Xh,iﬁ)=c(Xm,ﬁa)—z*bmzmix(rk,l)
The calculation of the maximum allowable value of bm requires 2 (N-2)

flow calculations for an N node path,

4.2 .3 Problem Relaxation

A useful technique is the consideration of a relaxed version
of the problem. A relaxation is a version of an optimisation
problem in which the objective function is unchanged but some of the
constraints are changed or relaxed so as to make the optimisation
more tractable. The solution of this simpler problem can often be

used as an aid in the solution of the complete problem.

The relaxation we make is to ignore the constraints (4) and
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(5) of Section 4.4.2, le to ignore the possibility that the results
of a transformation could violate any requirement matrix
constraints. This relaxed problem can be solved by linear

programming [DA2].

The linear programming formulation of the problém is as
follows. Let Ci,j be the reduction in network cost that arises from
a transformation which adds unit capacity to the admissible edge
ai,j and removes unit capacity from the path joining Xy and xj; let
bi,j be the total capacity added to edge a; 4 Then the total
" reduction in network cost arising from all network transformations
is

=20 50,5
where the summation is over all pairs (i,j) such that ai,j is an

admissible arc. This is the 1linear objective function “to be

maximised.

The constraints on the optimisation space to be searched are:
(1) The added arcs in the expansion should be all positive. This
can be rewritten in terms of our new variables as follows. Each
edge in the initial expansion tree is in a number of paths whosé
capacity 1is to be reduced. The total reduction in capacity

should be less than the original capacity of the edge

i b
e by 5

where the edge set {ak l} is the set of edges in the initial
b
network expansion and the summation is over all paths Pi i which
: b

contain a .
k,1l
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(2) The total capacity incident on all nodes should be sufficient
not to violate any constraints. Only the capacities incident
upon inner nodes of the flow equivalent tree are changed so only
these nodes need be considered. Let the initial added capacity
at inner node xk be Q. and the required capacity to meet the
constraints be qé. The sum of the reduction in capacity of the

paths passing through X, must not reduce g to less than qé

where the summation is over all paths Pi 3 passing through inner

’

node Xk'

The constraints which are ignored are that the bi .’s should be less
b

than some value so that the flow constraints are satisfied,

This problem 1is a linear objective function with 1linear

constraints and so can be solved by linear programming methods.

4 .2 .4 Branch and Bound Optimisation

The optimisation technique used in the algorithm proposed to
solve the problem described in the Introduction is the branch and
bound or decisiontree search method [LAl]. The basic principle
involved in decision-tree search methods is the partitioning of an
initial problem PO into a number of sub-problems Pl,Pz,;..,Pk (whose
totality represents problem PO) followed by an attempt to to resolve
each one of these sub-problems. By resolve we mean
either (1) find an optimal solution
or (2) show that the wvalue of the optimal solution to ;he

sub- problem is worse than the best solution obtained so

far.



- 110 -

This partitioning is represented by a tree (fig 4.3) in which
cach node of the tree represents a sub-problem. The reason for the
partitioning of a problem PO into a number of sub-problems is
usually that the sub-problems, because of their smaller size, are
easier to resolve. However, in general, it may still be impossible
to resolve a sub-problem P, and so this problem 1is partitioned
further. This partitioning, known as branching, is repeated for
every sub-problem which cannot be resolved. Once a complete tree
has been generated, then locating the optimum solution is a matter
of resolving all the problems at terminal vertices of the tree.

Obviously the problems at the leaves should represent fully the

For computational efficiency, it is also desirable (but not
essential) that there should be no duplications in the generated

sub- problems
ie Pif\Pj=0

The number of sub-problems generated increases exponentially
with the depth of the tree and so generating and storing all the
sub-problems before examination requires an impractically large
amount of memory, and so a technique is required to generate and
examine sub-problems sequentially. A commonly wused strategy is
known as depth-first search [TA2]. 1In this type of search,
branching is continued from the last generated sub-problem until
finally a sub-problem is generated which can bebresolved. At that

point, a backtracking step is taken ie the last-but-one sub-problem
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generated 1is selected and branching continues from that vertex of
the tree. The shape of the decision-tree when the first sub-problem
is resolved is shown in fig 4.4 where the order of priority for
investigation amongst existing sub-problems at this stage 1is

indicated by the numbering.

The method as described so far requires that all sub-problems
be generated and resolved directly, and as mentioned previously, the number
of sub-problems may be very large. The quantity of computation
required to fully investigate the tree may be reduced by the use of
bounding. If at any point during a minimisation (maximisation)
search a lower (uppér) bound on the minimum (maximum) value of the
solution of the sub-problem at this vertex can be calculated, and if
this bound is greater (less) than the currently best known solution
then it is unnecessary to resolve any further sub-problems emanating
frbm 'thié vertex and a béékgracking>step can bevtaken; .If £ight
bounds can be obtained, then it is possible to exclude large parts

of the tree from the search.

The order in which vertices should be examined when branching
forward has not been fully specified. The branching function is the
rule which determines this choice. The best function is that which
as early as possible 1locates the optimum solutién and for each
optimisation problem a heuristic should be developed. A common
strategy 1is to branch onto that vertex which has the lowest

(highest) lower (upper) bound.

This optimisation technique is used in the algorithm to solve
our problem with the bounds being calculated by solving, by linear

programming, the relaxed version of the problem.



4.3 The Algorithm

We are now in a position to describe an algorithm to solve the

problem presented in the Introduction.

The first section of the method is identical with that used in
the algorithm of Chapter 3. The initial network 1is analysed as
described in Section 3.3.1 and a sub-optimal solution which
satisfies the constraints of the requirement matrix is generated as
in Section 3.3.2. The remainder of the algorithm is concerned with
the minimisation of the network cost by the application of network

transformations.

Those transformations which are valid are identified first by
finding those edges which are admissible (Section 4.2.1) and then
examining the paths which join the ends of the edges in the set of

admissible edges.

We assert that if a sequence of transformations of the type
described in Section 4.2.2 1is performed on the sub—optimally
expanded network then a minimum cost network can be obtained. A
proof of this 1is given in Section 4.3.4. A crucial and difficult
question in the optimisation process is concerned with choosing the
order in which the transformations should be performed should be
rerouted so as to obtain a minimum cost network. Unlike the problem
of the previous chapter, a set of rules for ordering the
transformations cannot be given and it is the location of the
optimal ordering which is the subject of the remainder of this

section.

As was suggested above, we partition the problem into smaller
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and simpler problems by considering the constraints one at a time
until a tractable problem 1is obtained and search the tree thus
obtained using bounds generated by solving a relaxed version of the
problem to reduce the amount of the tree which need be explicitly

searched.

The partitioning of the prgblem to generate the tree to ge
searched 1is as follows. The branching at the top level of the tree
is to take each of the paths which are able to be transformed and
apply the transformation on each of them separately so as to
maximise the reduction of cost for the single transformation by
maximising the capacity being rerouted. Thus, if there are N paths
eligible for transformation chen there is an N-fold branching from
the top of the tree. From each resulting pendant vertex, branching
can occur in (N-1) directions as each of the remaining paths " are
takéen and tfansformed. ! The bfénching continues until éveﬁtually
there are N! terminal nodés to the tree. One of these termin&l
nodes is the optimum solution to the expansion problem (see Section
4.3 .4 below) and our task is to search the tree so as to locate the

optimum solution.

Two things are required to enable us to perform this search
efficiently
(1) A branching rule
(2) A bounding function‘

which are now be described.
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4.3.1 A Branching Rule

The branching rule determines in which order the nodes of the
tree should be wvisited; a good branching rule should guide the
search so as to visit the node representing the optimum solution
earlier rather than later. The determination of the rule is ‘ad
hoc’. In this instance the rule used is to branch first onto those
transformations which give maximum decrease on network capacity,
thus making the search akin to a steepest descent search; the global
optimum is not necessarily located at the first attempt and so
further searching is necessary. As the computational experience
with the algorithm presented later shows, this heuristic has proved

to be successful at rapidly locating the optimum.

4.,3.,2 A Bounding Function

" To avoid searching the ‘whoie of the  tree (which hasZTi[-
nodes, where N is the depth of the tree) it is necessary to
eliminate parts of the tree from the search using a bounding
function. Suppose we are at a certain point in the tree which is
not a terminal vertex. Solving the relaxed version éf the problem
as described in Section 4.2 .4 gives an upper bound on the reduction
in network cost available at any daughter node in the tree. This is
because solving the relaxed version of the problem ignores some of
the constraints and so the fully constrained optimum cannot be any
greater, 1f the upper bound on the reduction in cost is less than
the current best known reduction then a backtracking step can be
taken and the part of the tree emanating from this node need not be

explicitly searched.



- 115 -

The search terminates when all nodes have been searched either

explicitly or by elimination by bounding.

4 .3.3 Reduction of Tree Size

In Section 4.2.5 it was noted that it 1is desirable for
computational efficiency that there should be no duplication of
problems in the tree. The algorithm as ’'presented so far, does
generate a tree with duplications and in this section we suggest a

method for eliminating this overlap of sub-problems.,

Consider the situation in which two network transformations

Tl’ T2 are completely independent of each other so that whether they

are performed in the order 11T2 or Tle there is no difference in

outcome., Thus, whether in the decision tree we branch first om T1

and then on T2 or vice versa, the sub-problems generated after these
two transformations are identical and so the sub~trees are identical
(fig 4.5). The tree search is much more rapid if such duplication

can be avoided.

The way to store the vast amount of information concerning the
’transformations in a C?mpact form is to record the wvarious amounts
of capacity rerouted éach transformation and from these values a
decision can be taken on whether a problem exists in another part of

the tree.

Consider a part of a search tree depicted in fig 4.6. The
root of this sub-tree may be any node in the decision tree. Suppose
that the sub-problems emanating from node 2 have all been resolved.
Examination of the problem at node 3 can lead to two outcomes,

Either
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(1) the value of the transformation at node 3 has already been
generated in one of the problems emanating from node 2. In this
case sub-problems emanating from node 3 have been previously
generated in the part of the tree extending below node 2 and so
there is no need to consider sub-problems 5, 6 etc.

Or

(2) the value of the transformation at node 3 is novel so the graphs
corresponding to daughter mnodes of node 3 have not been
previously generated. Hence it 1is necessary to examine
sub-problems 5, 6 etc. In this search node 3 can become the
root of the tree corresponding to node 1 ‘and a similar

elimination process undertaken.

I1f the wvalue of the transformation at node 3 is new then
sub-problems 5 and 6 must be fully investigated. Sub-problem 5 must
be investigated by seaéching'alone but sub—prﬁblem 6 méy be compéred'
with 5 for elimination. Once sub-problem 3 and its successors have
been examined then all the values of the transformations which
occurred in the sub-tree may be collected together with those from
sub-problem 2 and then sub-problem 4 resolved by comparing the value
of . the transformation with this increased set of wvalues of

transformations.

4.3 .4 Convergence of Algorithm to Optimum Solution

In ﬁhis section we prove that the algorithm as presented
sythesises a minimum cost network. The argument used to prove that
the algorithm converges to the optimum solution is similar to that
used to prove that the Simplex Algorithm [DA2] solves the linear

programming problem.
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As was pointed out in Section 4.2.3, the objective function
and the constraints of the problem are linear. A simple example of
a constraint space with two variables and three linear constraints
is illustrated in £fig 4.7. The theory of linear programming says
that the optimum value of the objective function is at one of the
vertices of the space where several constraints meet so to locate
the optimum one need only examine the wvalue of the objective
function at these points and determine which 1s largest (or
smallest). The Simplex method of Dantzig is an algorithm for
performing this operation in a systematic way. However, this
algorithm is not applicable to the problem at hand because it is not
possible to give explicit expressions for the constraints on the
values of the transformations in terms of the flow requirements.
Nevertheless, it is still so that the solution lies at a vertex of

the notional polytope formed by all the constraints of the problem.

The fact that the global optimum lies at one of the vertices
searched by the branch and bound algorithm follows from the argument
below which is to the effect that for any vertex not searched by the
algorithm, there is a vertex that is searched where the

corresponding network has less cost.

Suppose there exists a vertex at which not all the
transformations are at the maximum value possible without violating
any constraints. Now the objective function to be maximised (to

give a minimum cost network) is

C=2b

. C. .
1,3 1,]

where the coefficients bi i are the wvalues of the network
b

transformations. Differentiating this expression wrt bi 3 gives
b
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dc
db, .
1,]

so increasing a transformation factor bi ; will increase the wvalue

=C .
1,3

of the objective function. The coefficient bi,j can be increased
until another vertex of the polytope is reached at which it is no
longer possible to increase the value of bi,' without violating any
constraints. The new vertex corresponds to a network with less cost
than that corresponding to the original vertex. This argument can
be repeated for all transformations not at the maximum value until a
vertex 1is reached at which all transformations are maximal. This

vertex has less cost than the original vertex and will be examined

by the algorithm.

4.3.5 An Example

An example showing the operation of the algorithm is given in

‘this section.

Figure 4.8(a) shows a graph whose branch capacity matrix is

- 810 19 O :
8 - 0 7 2
B= 100 0 - 0 O
19 7 0 - 2
0 2 0 2 -

and whose terminal capacity matrix is

- 17 10 27

17 - 10 17

T= 10 10 - 10
27 17 10 -

b 4 4 4

~ s

1

We wish to expand this graph with minimum cost to a network whose

terminal capacity matrix is



- 119 -

- 22 17 32 11
22 - 17 22 11
R= 17 17 - 17 11
32 22 17 - 11
11 11 11 11 -

where the cost matrix for the expansion is

- 10 8 10 5
100 - 6 7 6
C= 8 6 - 9 1
100 7 9 - 8
5 6 1 8 -

The first stage of the algorithm is to generate the suboptimal
network whose T-matrix meets the requirements, The expansion
network to achieve this is shown in figure 4.8(b). MNext we locate
the edges in the network which are candidates for the expansion as
described in Section 4.2.1. 1In this instance it turns out that all
edges except (1,3) may be in the solution, which are nine in number.
There are eight transformations which-reduce the network cost which
are

P,={(5,4),(4,1),(1,3)}
2,={(3,1),(1,4),(4,2))
Py={(5,4),(4,1)}
p,=1(5,4),(4,2)}
P5={(A,l),(l,3)}
P =1(2,4),(4,1)}

and the partial paths of P1 and P2
P7={(5,4),(1,3)}

The complete search tree is shown in fig 4.9. The 1labels on

the Dbranches of the tree indicate the values of the transformations
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applied to the paths to change the graph of the preceeding node to
the graph of the succeeding node. The first solution generated has
cost 57 and 1is obtained with the set of transformations

(4,0,0,0,0,1,1,2) ie edges in the path P, are reduced in capacity by

1
4 and the edge (5,3) increased by 4 and the edges in paths 6,7,8 are
changed in capacity by 1, 1 and 2 respectively fig 4.8(c). The

second solution to be located is the global optimum with cost 51

obtained by the set of transformations (4,0,1,0,0,0,1,2) fig 4.8(d).

4.3.6 Computational Results

Since a branch and bound algorithm is essentially an ‘ad hoc’
technique for solving a problem, the only way to assess the
effectiveness of a technique is to write a computer program for the
algorithm and run it with a wide variety of input data. Such a
proéram was written in FORTRAN 77 aAd rﬁn’qn a CDC Cyber 170/855
computer. The graphs used for testing the algorithm were generated
as described in Chapter 3 and the cost matrix was generated by
randomly selecting branch costs/unit capacity from a uniform
distribution. Table 4.1 details the results of some typical rums of
the computer program. (Many other graphs were synthesised during
the course of the research and these results may be considered
typical.) The information contained in the table is: the number of
nodes in the graph, the number of nodes in the tree which were
explicitly searched, an estimate of the total number of nodes in the
tree, the central processor time required to execute the complete
algorithm and the time taken to locate the optimdm. Several points
may be noted in this table

(1) For graphs of the same size, the time taken to reach the optimum



can vary considerably from problem to problem. Such behaviour
is quite common in branch and bound algorithms since the
effectiveness of the bounding function depends very much on the
way 1in which the cost function varies when some of the
constraints are relaxed.

(2) The complete search tree has an enormous number of vertices but
the bounding function is effective in reducing the space which
need be searched to a reasonable size.

(3) The size of graph which may be synthesised is quite small. This
is because both the computer memory and computer processing time
required for larger graphs would be excessive.

(4) There are several graphs (numbers 10,13,15) for which it was
impossible to resolve all the sub-problems in a reasonable time.
As is discussed below, these particular problems also gave rise

to unusual performance by the sub-optimal heuristics.

4 .4 Suboptimal Heuristics

Particularly for large problems, the branch and bound
algorithm for the solution of the problem discussed in this chapter
takes a large amount of computing time and memory and so there may
be instances when it is desirable to obtain a good solution (not
necessarily the best) with 1little effort. Some heuristics are
suggested in this section which locate a ‘good’- solution and the

solutions obtained are compared with the true optimum solutious.

’

Two heuristics are suggested for determining the order in
which the transformations should be applied and some arguments as to

why they might locate good solutions put forward.



(1) Sort ﬁhe transformations according to the decrease in network
cost obtainable for rerouting wunit capacity such that those
which give largest decrease are applied first. This heuristic
is equivalent to stopping the branch and bound algorithm when
the first solution has been found and is called the steepest
descent method.

(2) Sort the transformations according to the cost of the arc
inserted with minimum cost arcs being inserted first, If the
expansion network is to have minimum weight, it seems reasomnable
to construct it out of arcs having the least cost. This is

called the greedy algorithm.

These heuristics have been tried on a number of problems and
the results are given in table 4.2 which compares the costs of the
solutions located by the optimal algorithm and the two heuristics
‘for the 'same problems of Seégion 4.3.6. Témporarily ignoring the
awkward cases of -graphs numbers 10,13,15, in all cases the steepest
descent algorithm located a better solution than the greedy
algorithm. In 90% of cases the cost of the solution was within. 107%
of the cost of the optimum solution. These results are typical of a
large number of experiments performed. This shows that the
branching rule chosen for the branch and bound algorithm, which is
the same as the heuristic rule which guides the steépest descent
algorithm is a good one in that it quickly 1locates a close to
optimal network. In about 50% of cases, the solution found by the
steepest descent method 1is the optimum solution. For graphs
10,13,15, the greedy algorithm located a better solution and in two
out of three of these cases, the resulting network was of less cost

than the best solution found by the optimal algorithm before it
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terminated. This indicates that there are a minority of graphs for
which the suggested branching rule does not perform well and so
perhaps two versions of the algorithm should be available, one which

uses the suggested rule and the other using a greedy branching rule.

4.5 Discussion and Conclusion.

The method for synthesising minimum cost networks satisfying a
given terminal capacity requirement matrix which has been described
in this chapter is a generalised version of the method of Chapter 3.
Both began by generating a solution within the feasible space and

then move in the space searching for an optimum feasible solution.

The network transformation employed is more complex than in
the wuniform cost case. Furthermore, it is not possible to specify
‘a priori’ the order in'which the transformations should be applied
to minimise the network cost. This added complication means that
the optimisation strategy to apply should be a search method to
which end a tree search was developed. The tree which would arise
by permutating all possible transformations is vast and so three
devices were employed to reduce the tree size,

(1) It was shown that only a certain subset of the edges of the
graph should appéar in the solution and so the search need never
consider a solution which included any of the forbidden arcs.

(2) A method to avoid the explicit searching of sub-trees identical
with sub-trees in other parts of the tree was developed.

(3) Most importantly, a good bounding function was found which was
to solve a relaxed version of the problem amenable to solution

by linear programming. The bounds obtained were very effective
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in reducing the amount of the tree which needed to be searched

explicitly.

It must be admitted that the computer implementation of the
algorithm permitted only fairly small graphs to be synthesised with
reasonable computer resources, This is partly because the program
was not written with efficiency in mind but only to demonstrate that
the optimisation technique worked. " But also the problem 1is itself
very complex and so a large computer program would be expected.
These difficulties led to the investigation of heuristics which
locate sub-optimal solutions. In most cases these heuristics
identified good solutions but unfortunately there is no way of
determining whether the problem omne is trying to solve is one in
which a good solution is located by the heuristiés or one of the

rarer cases in which a good solution is not found.

A possible improvement to the algorithm was considered but not
implemented. Additional constraints on the relaxed version of the
problem can be generated by realising that the value of a
transformation cannot be more than the value of that transformation
applied to the original expanded network independently of any other
transformation. Hence a new set of constraints

b b*
msm
*
where bm is the value of the transformation in the initial network
can be added to the relaxed version of the problem which may speed
the convergence of the algorithm to the solution be generating

tighter bounds for the tree search.

For some of the problems, the amount of computation required

to locate the optimum solution was very large. If a sub-optimal
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solution is acceptable then the following test can be used for early

termination of
cost U and the
algorithm is

falls below an

the algorithm. 1If the best solution so far known has
lowest bound of any live node has cost 1 then the
within (U-L)/L of the optimum. When this parameter

acceptable value then the algorithm may be terminated

in the knowledge that a good sub-optimal solution has been located.
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Graph Number of Number of Total Number Total Time to
Graph Nodes Tree Nodes Tree Nodes Time Reach Optimum
Searched
] 5 6 10 0.10 0.08
2 5 6 103 0.11 0.10
3 5 87 107 0.53 0.27
4 5 58 10 0.44 0.15
5 8 1344 1022 36 6.7
6 8 276 10 3 5.1 4.2
7 8 222 10 3.3 2.7
8 8 16 10183 0.57 0.53
9 10 12 102 0.45 0.39
10 10 * 102§ * 76
11 10 589 107 17 1.2
12 10 451 10 9.2 0.8
13 11 * 1o§é % 46
14 11 2526 103 107 72
15 11 * 10 * 24
16 11 116 1020 18 4.9
17 12 436 1034 2.3 1.8
18 12 1236 10321 42 2.9
19 12 44 10 6.0 4.6
38 2.6

20 12 34 10 . 3.4

Table 4.1 Performance of Branch and Bound Algorithm.

* For these graphs, the computer job time limit was reached before
the optimal solution was located. The time given is that to locate
the best solution obtained.
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Graph Optimal Steepest Descent Greedy

Algorithm Algorithm Algorithm

1 52 52 52
2 76 76 76
3 51 57 57
4 24 24 24
5 82 100 100
6 118 118 119
7 111 117 120 -
8 48 48 48
9 106 106 108
10 120 170 156
11 142 142 157
12 62 62 62
13 78 88 68
14 93 104 101
15 128 130 124
16 108 113 113
17 101 101 101
18 89 90 94
19 117 117 128
20 158 158 168

Table 4.2 .Comparison of Costs of Networks Ldéatéd ‘by Optimal
Algorithm, Steepest Descent Algorithm and Greedy Algorithm.
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Figure 4.2(a)

Figure 4.2(b)
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Figure 4.2(c)

Figure 4.2(d)
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Figure 4.8(a)

Figure 4.8(b)
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Figure 4.8(c)

Figure 4.8(d)
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Figure 4.9
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NODE EXPANSION OF NETWORKS
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5.1 Introduction

So far, the discussions of the expansion of networks have been
confined to the question of adding branches to a network so as to
simultaneously increase the minimum cuts between all pairs of nodes.
As was explained in Chapter 2, the physical motivation for examining
this problem was from the point of view of increasing the traffic
handling capacity of a network. A further extension of the concept
of increasing the size and complexity of a network is to allow for
the possibility that additional subscribers may wish to be connecéed
to the network and request a certain communication gapacity with
each of the other subscribers to the network The problem may be
posed in graph theoretic terms as the optimal addition of nodes to a
network such that the minimum cuts between the new nodes and each of
the other nodes iq the network are greater than ;tipulated values.
We show ‘that this problem can be solved by a simple generaiiéation
of the methods given in Chapters 3 and 4 of this thesis and thus
give a method for tackling the general network expansion problem in
which nodes and edges are simultaneously added to a network so as to

meet new requirement matrix constraints.

5.2 Node Expansion of Networks

We shall now give a formal statement of the problem to be

examined in this chapter.

Let G=(X,A) be an undirected graph with branch capacity matrix
B" and terminal capacity matrix T? where the superscript n denotes

an n by n matrix. Let R™ be a realisable requirement terminal

capacity matrix with m>n, such that r? >l 3 for i{n and j<n and

b b
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r? jzp if id>n or j>n. How may a graph G'=(X’,A’) with branch
b
capacity matrix B’m, terminal capacity '™ be synthesised such that
ti,jzyi,j ¥ (i,71), bi,jzpi,j i<n and j<n, bi,jzp i>n or j>n and a

cost function is minimised. The two cost functions to be considered

are total network capacity 2 b’ . and total network cost Yc, .b’ ..
1,] 1, 1,]

It can be seen that this is a generalisation of the problems
considered in Chapters 3 and 4 in that in earlier problems it was

only edge set A which was changed to a new set A’ but now also the

node set ¥ is increased to the new set X’.

As before the problem will be divided into two stages
(1) generation of suboptimal network and (2) optimisation of this

network for minimum cost.

5.2.1 Generation of Suboptimal Network

The generation of a suboptimal network which meets the
requirement matrix constraints is an extension of the idea presented
in Chapter 3 for the generation of suboptimal networks. There are
essentially two parts
(1) The realisation of the flow requirements between the nodes of

the set X of the original graph.
(2) The addition of extra edges to join the extra nodes in the set
X’-X to nodes of the set X with arcs of sufficient capacity to

meet the requirement matrix constraints.

The method of solving the first section has already been
discussed in Section 3.3.2 which is to calculate the flow equivalent
tree of the original network and 1increase the capacity of the

branches of this tree until each element of the branch capacity
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matrix of the modified tree 1is greater than or equal to the

corresponding element in the requirement matrix.

We now discuss the method of extending the expansion network
to join the additional nodes to the network. The new network should
have the following properties.

(1) The network should be connected.
(2) The ,extension should not affect the values of the minimum cuts
established by the previous calculations to realise the cuts

between the nodes in the original network.

The simplest and most obvious ﬁetwork which satisfies these
conditions is a spanning tree. The values of the cuts between the
nodes of the original network cannot be affected because the added
network being a tree has only one path between any pair of nodes and
the capacities of the minimum capacity arcs between pairs of nodeg

of the original network have alreédy been specified.

The positioning and capacity of the additional edges is
determined as follows. Considering the requirement matrix as a
distance matrix and, taking the cut tree of the original network as
a starting point, edges from the requirement matrix should be added
to the network in such a fashion as to maximise the length of the

tree using a greedy algorithm [KR1], [PR1].

It can be seen that this longest spanning tree satisfies the
requirement matrix constraints as follows. Only those cuts in which
at least one of the nodes is an additional node need be considered
since all other cuts have already been satisfied. Consider any

cut~-matrix of the requirement matrix and the corresponding cut in
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the cut-tree. If the largest entry in the cut-matrix is larger than
the cut in the cut-tree then this flow constraint could be satisfied
by removing the edge from the tree and replacing it with an arc of
larger capacity between the nodes corresponding to the element in
the cut-matrix. But this would increase the length of the tree,
contradicting the fact that the tree was a longest spanning tree.

Thus the longest spanning tree is a suitable expansion network.

5.2.2 Minimum Capacity Network

Next to be considered is the modification of the expansion
network in such a way as to minimise the total capacity of the
network. It is clear that we have exactly the same problem that was
presented in Chapter 3. All that is necessary is to cluster the
nodes hierarchically according to the minimum cuts of the network
and minimise the capacities of the resulting star-trees according to

the method of Chapter 3.
Example

Consider the network shown in figure 5.1(a) which has branch

capacity matrix

- 511 1 0 O

5 - 1% 0 0 0

B= (11 14 - 5 5 0

1 05 -~ 0 5

0 050 - 0
|00 0 5 0 -]

We wish to expand this network by the addition of two mnodes and

edges such that it meets the requirement matrix
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—

- 26 40 40 22 6 22 20]

26 - 26 26 22 6 22 20

40 26 - 42 22 6 22 20

R= |40 26 42 - 22 6 22 20
22 22 22 22 -~ 6 25 20

6 6 6 6 6 - 6 6

22 22 22 22 25 6 = 20

(20 20 20 20 20 6 20 -]

The sub-optimal expansion which attains this requirement matrix is
shown in fig 5.1(b). The branches between nodes 1 to 6 are
determined as before. The capacities of the edges (7,8) and (5,7)
are determined by the longest spanning tree method described in
Section 5.2.1 above. When the optimisation has been carried out,
the minimum capacity network which results is shown in fig 5.1(c).
The terminal capacity matrix of this network is identical with the

requirement matrix.

5.2 3 Minimum Cost Network

The construction of a minimum cost network from the
sub-optimal expansion network can again be seen as a generalisation
of the method of Chapter 4 for which the branch and bound algorithm

presented there gives a solution.

With the cost matrix

- 3 310 6 5 6 8

3 -10 6 8 9 5 9

310 - 1 4 810 3

c= |10 6 1 - 1 5 5 2
6 8 4 1 - 8 5 1

5 9 8 5 8 - 10 2

6 510 5 510 - 4

(8 9 3 2 1 2 4 -]

the minimum cost network which satsfies the requirement matrix of

the previous section is shown in fig 5.1(d).
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5.3 Conclusion

The ideas presented in this chapter have been simple
extensions of the concepts of Chapters Three and Four where the
generalisation has been so as to handle the situation in which both
nodes and branches are to be added to a network to optimally

increase its terminal capacity matrix. In fact, the extensions are surprisingly
so slight that the term generalisation is scarcely warranted.
Almost no modification to the computer programs written to implement
the earlier algorithms was required to enable the more general
problem to be solved. Since the performance of the algorithm was as
before, no computational results have been presented in this
chapter. The major contribution of this chapter wa. to show how to

generate a sub-~optimal network which would satisfy a requirement

terminal capacity matrix when both edges and node are to be added.
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Figure 5.1(a)

Figure 5.1(b)
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Figure 5.1(c)

Figure 5.1(d)
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CONCLUSLONS AND SUGGESTIONS

FOR FURTHER RESEARCH
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6.1 Conclusions

In this thesis an attempt has been made to shed some light on
certain problems in network synthesis which have not been previously
considered viz. the optimal addition of nodes and branches to an
undirected network so as to satisfy multi-terminal flow
requirements. This work has come close to completing a sequence of
results 1in the theory of network flows begun thirty years ago. Thé
areas that have been previously studied are the analysis of single
source/sink networks, multi-terminal network analysis,

multi- terminal network synthesis and single source/sink expansion.

A number of algorithms were developed to solve network
expansion problems, which in some respects resemble the known
methods for synthesis of undirected networks. These similarities
were discussed in the conclusion to Chapter Three. anh.algorithm,
has two distinct pﬁases, firgt >the synthesis of a sub-optimal
network and second the optimisation of the network by branch

exchanges.

The problem of synthesising the sub-optimal ﬁetwork is tackled
through the concept of the cut-tree whereby *all the information
concerning the terminal capacities of the network can be compressed
into a tree. This greatly redﬁces the dimensionality of the problem
and enables an expansion network to be calculated with 1little
difficulty. From this aspect of the work, the conditions which
determine whether an expansion is realisable can be derived. This

section of the algorithm requires little computational effort.

Cost minimisation of the network is through the technique of
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branch exchange, but in contrast to most branch exchange algorithms,
an optimal solution rather than a local minimum can be obtained.

This is the most computationally expensive part of the algorithms.

Turning first to the algorithm for wuniform cost network
exapansion, the following general comments can be made concerning
it. The computation of the optimai network 1is made in a well
defined manner in the sense that after a known number of steps (or
less) the solution 1is generated. This wupper bound on the
computational time was calculated by an analysis of the
computational complexity of the algorithm which led to the result
that the algorithm is of complexity O(nS). Although the algorithm
is polynomially bounded in time, the high order of the polynomial
leads to a rapid increase in computational time with the size of the
graph which limits the size of network which can be synthesised.
‘ Thev inherenﬁ complexity of the problem would iead us to expect this
type of result, but as has been pointed out by Papadimitriou and
Steiglitz [PAl],

"For most problems, once any pol?nomial—time algorithm is
discovered, the degree of the polynomial quickly undergoes a
series of descgnts as various resegrcherg improve the idea.
Usually, the final rate of growth is 0(n”) or better."

Such a good result cannot be expected for this problem since a
single flow calculation is 0(n3) but an improvement on O(ns) may be

attainable.

The algorithm for synthesising a minimum capacity network is,
like ali branch and bound algorithms, somewhat unpredictable in its
performance, with computation times varying by orders of magnitude
for graphs of the same size. As is discussed in Chapter Four, in

the majority of cases the algorithm performs well, but a minority of
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examples are difficult to solve. It 1is suggested that an
examination of alternative branching rules and the inclusion of the
extra constraints mentioned in the conclusion of Chapter 4 would be
a useful exercise., There are no obvious reasons why some networks
should prove difficult to synthesise optimally, and an investigation

of this point would be interesting.

As a practical approach to the problem of syﬁthesising
networks, 1if a good but not optimal solution is sufficient, then it
would seem to be best to apply the two heuristics approaches and
choose the solution which has the lesser cost. Thus even if the
network were of the type that is difficult to synthesise optimally,
it is likely that a good low cost solution would be generated by one
or other of the algorithms. As was seen, such a solution could be
better even than the solution located by the optimal algorithm in a
reasbnable. time. Also, towards. the end of a Seérch; the optimal
algorithm can spend large amounts of time searching for a solution
only slightly better than the current best known solution and so,
provided that it is not essential to locate the globally optimum
solution, an early termination based on tﬂe lower bounds of the live

nodes may be a sensible approach. '

The algorithm for the simultaneous addition of nodes and
branches is an important generalisation of the above algorithms
because it provides a comprehensive approach to network expansion
and covers the very necessary case for the communication engineer

which is the addition of extra subscribers to an existing network.
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6.2 Suggestions for Further Research

As with many graph theoretic problems, there are a number of
possible variations on the basic idea discussed in this thesis. We
have here been concerned with the problems of synthesing undirected
networks of flow with wuniform branch cost and branch cost
proportional to the capacity of the branch. A further type of cost
function, and the most difficult to deal with, is that where the
edge cost is a non-linear function of the edge capacity. The paper
of Christofides and Brooker [CH3] contains an algorithm for the
solution of an expansion problem with this type of cost function but
for the single source/sink case. An approach along their lines
would seem to be most likely to produce results  in the
multi-terminal case, but the method would need to be extended to
examine cuts between all pairs of nodes as arcs are included and

excluded from the solution network.

Another aspect of the expansion problem is the fact that éll
edges have been considéred undirected. As can be seen from the
discussion ‘of network synthesis 1in Chapter Two, the problem of
directed network synthesis is much more complex than wundirected
network synthesis; it is likewise so with network expansion. Again,
a two stage approach seems promisimg- sub-optimal expansion followed
by cost minimisation, The problem of sub-optimal expansion is
greatly eased in the undirected case because all of the n(mx1)/2
elements of the requirement matrix can be represented by the (n~1)
edges of a tree, whereas for directed networks, all of the cuts must
be considered independently. The concept of a semi-graph will

probably be wuseful in enabling the cuts to be considered in



- 151 -

isolation so as to synthesise a sub-optimal network. Once this
network has been synthesised, a cost minimisation procedure along
the lines of those suggested in this thesis can be applied. The
realisability conditions will also be complex and probably only
expressible in terms of the algorithm as in the simple synthesis

case.
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